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Curvature-squared invariants of minimal five-dimensional
supergravity from superspace

Gregory Gold,” Jessica Hutomo,” Saurish Khandelwal,” and Gabriele Tartaglino-Mazzucchelli

§

School of Mathematics and Physics, University of Queensland,
St. Lucia, Brisbane, Queensland 4072, Australia

® (Received 17 March 2023; accepted 13 April 2023; published 19 May 2023)

We elaborate on the off-shell superspace construction of curvature-squared invariants in minimal five-
dimensional supergravity. This is described by the standard Weyl multiplet of conformal supergravity
coupled to two compensators being a vector multiplet and a linear multiplet. In this setup, we review the
definition of the off-shell two-derivative gauged supergravity together with the three independent four-
derivative superspace invariants defined in Butter ez al. [J. High Energy Phys. 02 (2015) 111]. We provide the
explicit expression for the linear multiplet based on a prepotential given by the logarithm of the vector
multiplet primary superfield. We then present for the first time the primary equations of motion for minimal
gauged off-shell supergravity deformed by an arbitrary combination of these three four-derivative locally
superconformal invariants. We also identify a four-derivative invariant based on the linear multiplet
compensator and the kinetic superfield of a vector multiplet, which can be used to engineer an alternative
supersymmetric completion of the scalar curvature squared.
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I. INTRODUCTION

Almost five decades after the first (two-derivative) super-
gravity was constructed (for A" = 1 supersymmetry in four
dimensions), higher-order locally supersymmetric invariants
are still largely unknown. Higher-order curvature terms play,
however, a significant role in string theory, where quantum
corrections take the form of an infinite series potentially
constrained by supersymmetry order by order in the string
tension o and the string coupling g,. Many open problems
in string theory, for example, its vacua structure, are
unresolved due to the lack of information about the full
quantum corrected supergravity effective action. The com-
plexity of such an effective theory is even made worse by the
fact that the purely gravitational higher-curvature terms
are related by supersymmetry to contributions depending
on p-forms, which describe part of the string spectrum.
These terms, which have not yet been systematically under-
stood, play an important role in studying, for example, the
moduli in compactified string theory and the low-energy
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description of string dualities; see, e.g., [1-3]. In the
context of string-inspired holographic dualities, such as
the AdS/CFT, higher-order 1/N corrections in quantum
field theories translate into higher-curvature terms on the
gravity side, making these contributions fundamental for
precision tests in AdS/CFT. New interesting analyses on
this topic have been performed in the last few years—see, for
example, [4—12] and references therein.

One obstacle to constructing locally supersymmetric
higher-order invariants is that often supersymmetry is only
realized on-shell, meaning the symmetry algebra closes by
using equations of motion. In on-shell approaches—which
are, e.g., typically used in 10- and 11-dimensional theories—
one needs to intertwine the construction of higher-order
invariant terms in the Lagrangian of interest with a system-
atic and consistent deformation of the supersymmetry trans-
formations, making the problem remarkably involved. This
obstacle is simplified by using “off-shell supersymmetry,”
where one introduces extra (auxiliary) degrees of freedom to
obtain supersymmetric multiplets possessing model-inde-
pendent transformation rules. In a low number of space-time
dimensions (D), in particular, D < 6, off-shell techniques
are by now well developed and understood for up to eight
real supercharges—see [13—19] for reviews of off-shell
approaches to supersymmetry and supergravity. In these
cases, the construction of supergravity higher-derivative
invariants can, in principle, be systematically approached.
A restricted list of references using off-shell approaches to
construct locally supersymmetric higher-derivative invari-
ants includes [20-46].

Published by the American Physical Society
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The scope of our paper is to enhance the classification of
off-shell curvature-squared invariants of minimal five-
dimensional (5D) supergravity. Minimal on-shell 5D super-
gravity was introduced four decades ago in [47,48], and the
first off-shell description was given in [49] by the use of
superspace techniques. Since then, 5D minimal supergravity
and its matter couplings have been extensively studied at the
component level, both in on- [50-53] and off-shell [54-63]
settings. The superspace approach to general off-shell 5D
N =1 supergravity-matter systems has then been devel-
oped in [20,64-66]; see also [67] for a recent local super-
twistor description of 5D conformal supergravity.

In our paper, we will specifically use the 5D N =1
conformal superspace approach of [20]." This approach
merges advantages of the 5D superconformal tensor calculus
of [57-63] with the superspace approaches of [49,64—-66]. In
the superconformal setup (both in components and super-
space), one enlarges the supergravity gauge group to be
described by local superconformal transformations, plus
potentially internal symmetries. Local Poincaré supersym-
metry is then recovered by using an appropriate choice of
compensating multiplets that are used to gauge fix extra
nonphysical symmetries within the conformal algebra. For
instance, in this setup, the off-shell formulation of minimal
5D supergravity is achieved by coupling the standard Weyl
multiplet of 5D conformal supergravity to two off-shell
conformal compensators: a vector multiplet and a hyper-
multiplet, the latter conveniently described by a linear
multiplet. These will be the off-shell multiplets used in
our paper. Within this setup, locally supersymmetric com-
pletions of the Weyl tensor squared and the scalar curvature
squared were constructed for the first time, respectively,
in [25] and [32] by using component fields techniques. Up to
total derivatives, a generic combination of curvature-squared
terms in five dimensions should include also a Ricci tensor-
squared invariant. A third independent locally superconfor-
mal invariant that includes Ricci squared was indeed
constructed in superspace in [20] by using a 5D analog
of the “log multiplet” construction in 4D A = 2 super-
gravity of [33]. However, due to the computational complex-
ity of the log multiplet in five dimensions, the component
analysis of this invariant has not appeared so far—in a
follow-up paper, we will report on the component structure
of this invariant, which has been computed by making use of
the computer algebra program cadabra [72,73].

Note that the conformal approach described above is not
unique. In five dimensions it is known that an efficient
setup to describe general supergravity-matter couplings
make use of a vector-dilaton Weyl multiplet as a multiplet

'Conformal superspace was originally introduced by D. Butter
for 4D N = 1 supergravity in [68] and then extended to other
space-time dimensions 2 < D < 6 for various amounts of super-
symmetry in [20,38,41,69-71]—see also [18,19] for recent
reviews.

of conformal supergravity in place of the standard Weyl
one [59,61].> A remarkable property of systems based on
the use of a 5D vector-dilaton Weyl multiplet, which is
related to the Poincaré supergravity first introduced in [76],
is the simplicity to define a third locally supersymmetric
curvature-squared invariant. In fact, by employing a map
between fields of the vector-dilaton Weyl multiplet and an
off-shell vector multiplet, in [27] a locally supersymmetric
extension of the Riemann tensor squared was constructed (a
construction that, however, is not applicable for a standard
Weyl multiplet). This, together with the Weyl-squared
invariant of [25], was sufficient for Ozkan and Pang to
construct in [30,32] a locally supersymmetric extension of
the Gauss-Bonnet combination, which is expected to play a
key role in the description of the first o' corrections to
compactified string theory [77,78].

Despite the remarkable features mentioned above, two
important disadvantages of the use of a vector-dilaton Weyl
multiplet are that (i) the spectrum of the on-shell theory does
not precisely match the one of minimal Poincaré super-
gravity as, in fact, it leads to an extra on-shell physical
multiplet that includes a scalar (dilaton) field; and (ii) it is not
possible to describe gauged supergravity and then anti—de
Sitter (AdS) supergravity.3 This second limitation has a clear
impact if one is interested in using off-shell supergravity in
the study of AdS/CFT. Indeed, the authors of [8,11,12]
employed a formulation of minimal gauged supergravity in
five dimensions based on the standard Weyl multiplet, for
which, however, they could only use two of the three
independent invariants, the ones of [25,30,32], explicitly
known in terms of the component fields. To this regard, it
is worth explaining that, as first discussed in [4], see
also [5,8,11,12], the use of two invariants might suffice in
five dimensions since a curvature-dependent redefinition
of the metric can reabsorb one of the three curvature-
squared terms. It remains, however, a nontrivial open
problem to prove this statement for whole locally super-
symmetric invariants (e.g., including fermions) and to have
clear control of the supersymmetry transformations under

The vector-dilaton Weyl multiplet terminology is used here
to stress that the variant multiplet of conformal supergravity
in [59,61] is defined as an on-shell vector multiplet coupled to
the standard Weyl multiplet. It was recently shown in [74,75]
that an on-shell hypermultiplet in a standard Weyl multiplet
background can be reinterpreted as yet another new variant Weyl
multiplet of off-shell conformal supergravity, which was re-
ferred to as hyperdilaton Weyl.

*It has been proposed in [79], and successively described also
in superspace in [20], how to gauge a system based on the vector-
dilaton Weyl multiplet by appropriately deforming the constraint
of the on-shell vector multiplet. However, so far, this construction
has not been systematically studied as for gauged supergravities
based on the standard Weyl multiplet, including curvature-
squared invariants. Interestingly, the hyperdilaton Weyl multiplet
of [74,75] has no apparent issues concerning gauging, at least for
matter systems not including extra physical hypermultiplets.
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this redefinition. All three invariants might also play a role
to construct general higher-derivative invariants beyond
four derivatives. It is also worth mentioning that the related
recent analysis of [9] was based on the three independent
curvature-squared invariants of [25,27,30,32] defined
using a vector-dilaton Weyl multiplet. However, it remains
unclear to us whether the analysis of [9] might have some
issues with supersymmetry, due to the constraints in
defining the gauging (or, equivalently, the cosmological
constant term) in a vector-dilaton Weyl formulation.

Considering the potential subtleties in the recent studies
in [5,8,9,11,12] it is natural to look back at [20] and
elaborate on properties of the three independent curva-
ture-squared invariants for minimal supergravity con-
structed in superspace. A fundamental property of these
locally superconformal invariants is that they can all be
constructed by using a standard Weyl multiplet, making
straightforward their addition to the 5D minimal off-shell
two-derivative gauged supergravity theory. In this paper, we
then start to report on new results based on these invariants.
More specifically, we will present here detailed expressions
of all the composite primary superfields associated with
each invariant—including a new expression for the log
multiplet—which can be readily used for component
analyses. We will then describe the primary equations of
motion in superspace that describe minimal 5D gauged
supergravity deformed by an arbitrary combination of three
curvature-squared invariants. Our results are defined in
superspace, but they can be straightforwardly translated in
components by using the analysis of [20]. In particular, since
all the expressions are fully covariant and described explic-
itly in terms of composites of descendants of the various
multiplets, one could, for example, straightforwardly obtain
the whole set of deformed supergravity equations of motion
by the successive action of Q supersymmetry. This will then
be a new step toward several applications of the three locally
superconformal invariants of [20]. Moreover, we also
introduce an alternative four-derivative invariant based on
the linear multiplet compensator and the kinetic superfield of
the vector multiplet compensator. This can be used to
engineer a scalar curvature-squared invariant also in alter-
native off-shell supergravities as, for example, the formu-
lation based on the recently introduced 5D hyperdilaton
Weyl multiplet [75].

Our paper is organized as follows. In Sec. II, we describe
the structure of 5D N = 1 superconformal multiplets that
will be used in this work. In Sec. III we give the salient
details of [20] concerning the superspace construction of
various locally superconformal invariants (including cur-
vature-squared ones), which will play the role of action
principles. One of our new results in Sec. III includes the
expression of a composite primary multiplet, which defines
the log multiplet curvature-squared invariant. Section IV
contains the main results of our paper: the superconformal
primary equations of motion of all the curvature-squared

terms for the minimal 5D gauged off-shell supergravity
based on the standard Weyl multiplet. An alternative
construction of a scalar curvature-squared invariant is
presented in Sec. V. Our notation and conventions corre-
spond to that of [20] (see also [75], where a handful of
typos from [20] were fixed).

II. SUPERCONFORMAL MULTIPLETS IN 5D
N =1 SUPERSPACE

In this section, we review several superconformal mul-
tiplets that will serve as building blocks for the various
curvature-squared invariants presented in this work. After
describing the standard Weyl multiplet of conformal super-
gravity in 5D N = 1 conformal superspace, we move on to
the discussion of the Abelian vector and off-shell linear
multiplets. Here we make use of the approach and results
given in [20]. We refer the reader to [49,64-66,80-83] for
other works on flat and curved superspace and off-shell
multiplets in five dimensions.

A. The standard Weyl multiplet

The standard Weyl multiplet of 5D N = 1 conformal
supergravity [61] is associated with the gauging of the
superconformal algebra F?(4). The multiplet contains 32 +
32 physical components described by a set of independent
gauge fields: the vielbein e,,, the gravitino ,, %, the SU(2)
gauge field ¢,,”/, and a dilatation gauge field b,,. The other
gauge fields associated with the remaining gauge sym-
metries—the spin connection w,,“?, the S-supersymmetry
connection ¢,,’, and the special conformal connection
f,,“—are composite fields, i.e., they are algebraically deter-
mined in terms of the other fields by imposing constraints on
some of the curvature tensors. The standard Weyl multiplet
also comprises a set of covariant auxiliary fields: a real
antisymmetric tensor w,,, a fermion y%, and a real auxiliary
scalar D.

The 5D N = 1 conformal superspace is parametrized
by local bosonic (x™) and fermionic (0;) coordinates
M= (x"0!), where m=0, 1, 2, 3, 4, u=1,....4,
and i =1, 2. To perform the gauging of the supercon-
formal algebra, one introduces covariant derivatives
V, = (V,, Vi), which have the form

1 .
Vy=E,— wAéXQ =E, - EQAabMab — D,

—BAD—%ABKB, (213)

1 - .
= Ej = 504" My, = 040 ;5 = ByD = §yS — Fa K,
(2.1b)

Here E, = E,M0d,, is the inverse supervielbein, M,
are the Lorentz generators, J;; are generators of the SU(2)
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R-symmetry group, D is the dilatation generator, and
K, = (K,,S,;) are the special superconformal generators.
The supervielbein l—form is EA=dME,* with
EyAE,N = &), and E\ME )2 = 65. We associate with each
generator X, = (M 4., D, Sa,,K ) a connection super
I-form w¢ = (Q%, ®V, B, F*, ) = dzMwye = EAw,“.
The algebra of covariant derivatives,

1 .
[VA9 VB} = _TABCVC - _R(M)ABLndd - R(J)ABk[Jkl
~ R(D) 45D = R(S)as" Sy = R(K) a5 Ko
(2.2)

is constrained to be expressed in terms of a single primary
superfield, the super-Weyl tensor Waﬂ.4 It has the following
properties:

W{lﬂ = W/}av KA Wa/i =0, DW{lﬂ = W(l/}’ (23)
and satisfies the Bianchi identity

VEW,, = VE W 2 e VW 24

rWap = Via"pr) T 580 s (2.4)

In (2.2) T 45€ is the torsion, and R(M) 45, R(J) 5",

R(D) 45, R(S)45™*, and R(K),p¢ are the curvatures
associated with Lorentz, SU(2), dilatation, S supersym-
metry, and special conformal boosts, respectively.

The full algebra of covariant derivatives (2.2) (including
the explicit expressions for the torsion and curvature
components in terms of the descendant superfields) are
given in Refs. [20,75]. To make use of the results of [20], it
is important to note that in this paper we make use of the
“traceless” frame conventional constraints for the conformal
superspace algebra employed in Appendix C of [20], as well
as in [75]. We also refer the reader to these papers for the
description of how to reduce superspace results to standard
component fields.

It is useful to introduce the dimension-3/2 superfields

2.
Waﬁyk : = gvﬁlWﬁa’

= V](‘aW/jy), (25&)
and the dimension-2 descendant superfields constructed

from spinor covariant derivatives of W,

— V(i Xj)

(a™p)’ Y =iVrEX

(2.5b)

. )
Waprs =V Waon:  Xag"

It can be checked that only the superfields (2.5) and their
vector derivatives appear upon taking successive spinor

“Here and in what follows, an antisymmetric rank-2 tensor
Ty = =T, can equivalently be written as T, = (£,5,) T 5 and

Tu[)’ = I/Z(Zab)aﬂTab'

derivatives of W 4. The following relations define the tower
of covariant fields in the standard Weyl multiplet and are
particularly useful for analyzing the structure of curvature-
squared invariants:

VEW 5 = Wep* + £, X"

5 (2.6a)

afy
VX! = X, 4 eiley,Y — 2 il () 09, W
arp — “ap +§8 Eap _38( )a a'V pp

. i
- 21811 WapW/}/, + E €lj8a/3Wy5Wy5

i
STV, W, (2.6b)

1
V’ Wé}’/l = —58 (Waﬁj//{ -+ 31( )1(/,»V“W )

3

+ Siea(ﬁ(r‘a)y’V“Wﬁ)T) - EGQ(/}XM)U, (26C)

vilWﬂ}'/lp = —4i(Fa)a(ﬂV“WW, 61W W/lp)

+ 61W oWy + Gieq( (WX,

)
- 2(Fa)yrvaW/1p)ri - WyTW/l/J)Ti)’ (26d)

VX = ieV(=3W 5 Wy)ad") = eaip WW,,ct

3. | ]
= WaaWp, X =S Wy, X2 45 Wy X))

3 a
+ EEQ(ﬂW},)ﬁXkM + Z(F )apVaWﬁypk>

a a k
+ 2(F )(ﬂpvaWy)apk) - (F )a(/}vaxy))

Ea(p (ra)y)ﬂvaxk)i)’ (266)

VLY =8(0') V. X} + 8W./X],. (2.6f)

Because of (2.4), the X,4" and W, dimension-2
superfields of the standard Weyl multiplet obey the follow-
ing Bianchi identities:

V(a}'Xﬂ)yij (273)

= 1X<'W J)
=75 apy’s

V"W = 3V (W, Wo,). (2.7b)

The independent descendant superfields of W, are all
annihilated by K,. However, under S supersymmetry, they
transform as follows:

SaiW/iyﬁj = 65{8(1(/7’W75)7 SatX] - 45} Wa/}v (283)
S{liW/}y(‘ip = 248‘1(/}W75/’>i’ SmY = 8iXal', (28b)
SuiX gt = —46 W59 + 467 e, 5X1) (2.8¢)
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The conformal supergravity gauge group G is generated
by covariant general coordinate transformations Jggc(s
associated with a local superdiffeomorphism parameter
&4 and standard superconformal transformations 07, ASSO-
ciated with the local superfield parameters: the dilatation o,
Lorentz A“? = —Ab¢, SU(2)r AY = AJ', and special con-
formal transformations A% = (y*, A%). The covariant
derivatives transform as

gV = K, V4], (2.9a)
where
K =&Vq+ %A“bMab +AVJ; + 0D+ AK,. (2.9b)
A covariant (or tensor) superfield U transforms as
8gU = (8¢pet + 61)U = KU. (2.10)

The superfield U is a “superconformal primary” of dimen-
sion A if K,U = 0 (it suffices to require that S,;U = 0)
and DU = AU.

B. The Abelian vector multiplet

In conformal superspace [20], a 5D A =1 Abelian
vector multiplet [83,84] is described by a real primary
superfield W of dimension 1,

(W) =Ww, K,W =0, DW=W. (2.11a)
The superfield W obeys the Bianchi identity
i 1 o
ViV)w = eV VIw. (2.11b)

Let us introduce the following descendants constructed
from spinor derivatives of W:

= —iViW,  Xi= %vavvi)w = -2 Vi) (2.120)
These superfields, along with

i 1
Faﬂ 1= —ZV’(‘aVﬂ)kW - WaﬂW = Zv]{a}«ﬁ)k - WaﬂW’
(2.12b)

satisfy the following identities:

Vidy =26 (Fap+WaW) —eqpX" €'V W, (2.13a)

i 3 i H i 3i i i
VaFﬂy = —1Va(/3/1y> - 18a(ﬂvy)5ﬂé - 5 Wﬂ},ﬂa - Waﬂy w

i .31 .
+ = W(x([}ly) - Ega(ﬂwy)éiﬁ’

5 (2.13b)

o - 1 3
Vi X7k = 2jgili <vaﬂ,1,’§> -3 W) 4 ZIX]{? W> . (2.13¢)

We also note that F g = 3 (2?) .5 F . Because of (2.11b),
a dimension-2 supertfield of a vector multiplet in the traceless
frame obeys the following Bianchi identity:

1
V(ayF/});, — E/VkWaﬂ;,k. (214)

The actions of the S-supersymmetry generator on the
descendants are given by
SiAy = —2ieze W,

SixF/}y = 480((/}/1;),

Si Xk = —2¢1U)%) (2.15)
while all the fields are annihilated by the K, generators.

In 5D N =1 conformal superspace, there exists a
prepotential formulation for the Abelian vector multiplet,
which was developed in [20], see also [64,66,80,81] for
earlier related analyses in other superspaces. The authors
of [20] introduced a real primary superfield V;; of dimen-
sion =2, DV;; = =2V;;. It was also shown that V;; trans-
forms as an isovector under SU(2), transformations and is
the 5D analog of Mezincescu’s prepotential [85—87] for the
4D N = 2 Abelian vector multiplet. This then allows us to
represent the field strength W as

3
W= —ﬁvumklvkl, (2.16)

where we have defined the operators

L 1 P 1 . ..
ikl . apysoigi okl _ ij\7kl ijkl
AUKL = 96 ¢ Py VaVyViVys = _32v(1v ) = AliK),

(2.17a)

Vil = Valiv), (2.17b)

It should be noted that V;; in (2.16) is defined modulo
gauge transformations of the form
8Vig = Vo yp,

Aaklp - Aa(klp)’ (218)

with the gauge parameter A%, being a primary superfield,

5

SflAﬂjkl — O, DAﬂjkl - —EA/}jkl. (219)
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C. The linear multiplet
The linear multiplet [88-98], or O(2) multiplet, can be
described in terms of the primary superfield G/ = G//,
which is characterized by the properties

ViGH =0, (2.20a)

K,GU =0, DGV = 3GY. (2.20Db)
We assume G/ to be real, (GV)* = e;e;,G".
The component structure of G" is characterized by the

following tower of identities:

ViGH = 26Uy, (2.21a)
i i o

Vawy = =5 eeqF + 56 Hoy +iVGY, (2.21b)
. . R

ViF = =2V, = 3Wop — 3 X GV, (2.21c)

) .3 o1 )
vlaHa = 4(Zab)aﬂvb(plﬁ _E (Fa)aﬂwﬂy(pyl _E (Fa)yﬂ Wﬂa(ﬂyl 5
(2.21d)

where we have defined the independent descendant super-
fields

. 1 .
P = gvajG”, (2.22a)
[ — i
F = EV”V{,G” = —Zvyk§0yk, (222b)
i s
Hapea = Egubcde(re)aﬁvﬁtvﬁ(;ij = Eapede M- (2'220)
Here H“ obeys the differential condition
U abed
V., H* =0, H = —— e H e (2.23)

4!

The descendants (2.22) are all annihilated by K,. Under the
action of S supersymmetry, they transform as follows:
Silqof)’ = _68(1/}Gij’

SeF =6igh,  SiH), ==8i(T's), }.

(2.24)

We refer the reader to [20] for a superform description of
the linear multiplet.

As described in [20], the linear multiplet constraints
(2.20) may be solved in terms of an arbitrary primary real
dimensionless scalar prepotential €2,

SiQ =0,

DQ = 0, (2.25)

and the solution is

3i

Gij - —EAiﬂdvle. (226)

A crucial property of G defined by (2.26) is that it is
invariant under gauge transformations of Q of the form

i L.
59 — —i(F“)“ﬂVf,V;;Baij, (227)

where the gauge parameter is assumed to have the
properties
B,i—B,Ji,  SiBJ—0, DB, =—B,, (2.28)
and is otherwise arbitrary.

To conclude this section, we introduce another result that
will be used in the rest of the paper. Given a system of n
Abelian vector multiplets W/, with [ =1,2,...n, all
satisfying (2.11), we can construct the following composite
linear multiplet and its descendants [20]:

Hij— CJK{2WJXij1( _ M(IJ(%QK}’ (2.29a)

. i, . 3.
¢l = Crx {ixng = 20F P XL W WK

= WV = (Vg WA — 3iWaﬂWJ’1ﬁiK},

(2.29b)

F= CJK{Xiﬂxg — Fe FE 4w/ OwK

+2(VEW )V WK 1 2i(V /2 ) ek — oW ) WK
39 3 .
-3 WW W WK + g YW/WE - 6x2,WE

at

— 3iW A 20K } (2.29¢)
o = Coe{ = eunac PP

+ 4Vb <Wf F§ + % Wy W’ WK>

1 2i(2,) PV (145 } (2.294)

where [ := VV and Cjx = C k) is a constant symmet-
ric in J and K. Equation (2.29) is the superspace analog of
the composite linear multiplet constructed in [61].
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III. SUPERCONFORMAL ACTIONS

In this section, we review a main action principle that
was used in [20] to construct various locally superconfor-
mally invariants (including curvature-squared ones) in
superspace. A simple way to define it is based on a full
superspace integral

S[E] = /dSSZEE, d5|SZ = d5xd89, E:= Ber(EMA)’

(3.1)

where the Lagrangian £ is a conformal primary superfield
of dimension +1, DL = L. This invariant can be proven to
be locally superconformal invariant, that is, invariant under
the supergravity gauge transformations (2.9).

A. BF action

The action involving the product of a linear multiplet
with an Abelian vector multiplet is referred to as the BF
action. Analogous to the component superconformal tensor
calculus, this plays a fundamental role in the construction
of general supergravity-matter couplings, see [57-63] for
the 5D case, and it was a main building block for the
invariants introduced in [20] that we focus on. In super-
space, the BF action may be described by

Spp = / Pz EQW = / dBZEGIV,,. (3.2a)

As implied by the equation above, the BF action can be
written in different ways, see [20] for even more variants. In
the first form in (3.2a), it involves the field strength of the
vector multiplet W and the prepotential of the linear
multiplet Q. By using (2.26) and (2.16), and then integrat-
ing by parts, one may obtain the equivalent form of the BF
action involving Mezincescu’s prepotential V;; and the
field strength G/ described by the right-hand side of (3.2a).
One may also prove that the functionals [ d*®z EQW and
[ &8z EGUV,; are, respectively, invariant under the gauge
transformations (2.27) and (2.18), thanks to the defining
differential constraints satisfied by W and G%/, Egs. (2.11b)
and (2.20a).

In components, and in our notation, the BF action takes
the form [20]

Spg = — / dxe(v,H* + WF + X;;G7 + 2%
- Wa?(ra)aﬁ(p;jw - iWa?(Fa)aﬁﬂﬂjGij
=+ il//a?(zab)aﬂll/bﬂjWGij)- (3.2b)

In (3.2b), we have defined the usual component projection
to 0 =0, i.e., U(z)] == U(z)|p_o- We associate the same
symbol for the covariant component fields and the

corresponding superfields, when the interpretation is
clear from the context. Here v,, :=V,| denotes a real
Abelian gauge connection. Its real field strength is
Fmn = Fyn| = 20p,v,). Note that the field strength f,,,
may be expressed in terms of the bar-projected, covariant
field strength F,;, == F,| via the relation

1 a i
Fop=far+ I(F[a)a/}l//b]klz’ +3 Wl//[uzl//b]f’

2
fab = eamebnfmn' (33)
When projected to components, the lowest component
of the covariant superfield H, satisfies the constraint
V@H, = 0, where H, := H,|. It holds that

oo .
He = b+ 22 Lysf oy = 5 e (Soo) gty G

(3.4)

The constraint V¥H, = 0 implies the existence of a gauge
3-form potential b,,,, and its exterior derivative h

40D, pq)- See [20,75] for more details.

mnpq =

B. Vector multiplet compensator

The two-derivative invariant for the vector multiplet
compensator can be constructed using the above BF action
principle (3.2a), but with the linear multiplet being a
composite superfield. We denote by Hy,, the composite
linear multiplet (2.29), which is built out of a single Abelian
vector multiplet,

Hijy = i(VOW) VW + S WYeiv)w

= —iA%2) 4+ 2WXY., (3.5)
One can check that Hi{M is a dimension-3 primary super-

field, S’O‘,Hi{M = 0. Thanks to the Bianchi identity (2.11b)
obeyed by the field strength W, the composite superfield

H@M satisfies the analyticity constraint

k

Vi, =o0. (3.6)

The vector multiplet action may then be rewritten as an
integral over the full superspace,

1 i
Sym = Z/ FBZEV,; HYy. (3.7)
It is also possible to write the action as
! 5[8
SVM == Z d ZEQVMW, (38)
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where we have introduced the primary superfield Qyy
defined by [20]

i

Qv =7 (WVIV,; —2(VaV ) VLW = 2V, ViIW). (3.9)

This is a prepotential for H{{M in the sense of (2.26).

The representations (3.7) and (3.8) allow us to compute
the variation of Sy, with respect to the Mezincescu’s
prepotential,

3 .
5Svm —Z/d5l8zE5v,,H3M. (3.10)

Note that the above variation vanishes when 6V;; is a gauge
transformation (2.18). This implies that

/ Bz EA, VEHD, =0, (3.11)

that is, VY H(,kl\),l = 0. This result is true for any dynamical
system involving an Abelian vector multiplet [20]. The
variation with respect to the prepotential V;; couples to a
composite linear multiplet that depends on the specific form
of the associated action principle—Iet us call this, in general,
H'/, which satisfies by construction the constraints (2.20).
The equation of motion (EOM) for a vector multiplet is then
H"Y = 0. In the case of Eq. (3.7), the EOM for the vector
multiplet compensator is Hi{M =0.

The superspace action Syy; can be reduced to compo-
nents. The bosonic part of the component action reads [20]

1 3
SVM:/d5xe{—§W3R+§W(D“W)DaW

8
9 39 3
ZW2weab ZW3webw ,, ——W3Y S, (3.12
+4 fah+32 ab 32 ( )

3 y 1 , 3
_ZWXUXI']' +78abcdevafhcfde +1Wfabfab

where R denotes the scalar curvature. In the above, we
have introduced the spin, dilatation, and SU(2), covariant
derivative D,,,

1
Da = eamDm = eam (am -5

2wmbchc - meD - ¢mij‘]ij> .

(3.13)

The action is two-derivative and, upon gauge fixing
dilatation by imposing W = 1, the first term gives a scalar
curvature term R. The gauge fixing W = 1 can be achieved
by requiring W # 0, meaning that the vector multiplet is a
conformal compensator.

C. Linear multiplet compensator

The action for the linear multiplet compensator can also
be constructed using the BF action principle (3.2a). In this
case, the dynamical part of the action is described by a
vector multiplet built out of the linear multiplet. We denote
by W the composite vector multiplet field strength,

i (G 1 i .
W= %vavé <G—2/) = ZFG_l - % Gij(/’la(P{zG_3’
(3.14)
with
1 i
G = EG]G” (315)

being nowhere vanishing, G # 0. At the component
level, the vector multiplet (3.14) was first derived by
Zucker [99] as a 5D analog of the improved 4D N = 2
tensor multiplet [96]. The field strength W obeys the
constraints (2.11).

The action for the linear multiplet compensator may then
be rewritten as

S = /d5|8zEQW. (3.16)
Varying the prepotential Q leads to
58, = /d5|8zE6£2W. (3.17)

Similar to what we discussed for the vector multiplet case,
the previous form holds for the first-order variation of a
matter system that includes a linear multiplet with respect
to its prepotential Q. In particular, the variation must vanish
if Q2 is the gauge transformation (2.27). This holds if W
obeys the Bianchi identity (2.11b). In general, any dynami-
cal system involving a linear multiplet then possesses a
composite vector multiplet W. The EOM for the linear
multiplet is W = 0 and for the specific case of the linear
multiplet action of Eq. (3.16) this is given by W defined
in (3.14).
The bosonic part of S; is given by [20]

3 3 1 3
S, = [ dxed =GR+ GY — — F? — — WeW,.G
L / xe{ g T 8G. 32 ab

1 . 1
+2 G (D,G7)DG;; — 3 G '"HH,
g beae (z G(DuGi)(P4G )G

+ G—IR(J);",JG,,) } (3.18)
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The action is two-derivative, and, with G = 1, the first term gives an R term.

For later use, it is useful to provide the explicit expressions of the composite descendant superfields of W. These are

given by
A= —iViW
3i
= G_l{—— a/;(/)ﬂ + Waﬁ(/)ﬁ + = Gleaj}
i - i .. i L1
+ G_3 { - g FGl](paj - g Gl'/Ha[M”l/]'} + Z ijwjkva[}GU + Z (P/}l¢f;¢aj}

3 .
+ G_S{—gG”GM(/’ﬁkfﬂfg%j},

i

X0 = 2 VvIW
1 .. 3 N N
— -1 Z0OG ab ij _ YGi _Xa(l é)
G {2 G+ WOW Gl = 2 Y G 42Xy
Y (I | S B 1 " .
+ G~ PG = MM, G + T HYG (V,G) —Zle(V”G HVv,G)

3 i 3i
— 3 GIGuX gl = S Fipl] +- S WGl

8

+ 3¢ )P (Hapio) +8G(Vogi Yoy + 20 <vaGf)k><oﬁk>}

3i . 3i 3i ) )
+ G_S {EFGZ]Gk q)ak(pfl +— 16 Gk( Gl ( )aﬁHuqa - g GmnGk(l(vaﬂGmJ))(pZ(/)ﬁ

3 3
+ SGk f/’a al€0ﬁ€0ﬁz - gleﬁﬂ iy (/’ﬂ(ﬂﬂl}

15 ..
+ G_7 {32 GY leGmnqoakwfl(pﬁm(oz } s

1
Fab =7 (Zab)aﬂvé{alﬂ)k - Wabw

N

1 3i
:G_l{ V Hh] G Xb +4Wuba(ﬂl}

|
+G-3{ZG,»,H[avb]Gu—ZGUN V4G + 3Gy (T (V0o

31

i . o
- TGyl b + 65 =5 6446 ) (TuGulolo) -

D. Gauged supergravity action

(3.19a)

(3.19b)

(3.19¢)

An off-shell formulation for 5D minimal supergravity can be obtained by coupling the standard Weyl multiplet to two off-
shell compensators: vector and linear multiplets [20,54—63]. This is the 5D analog of the off-shell formulation for 4D A/ = 2
supergravity [96,100]. The complete (gauged) supergravity action Syg is given by the following two-derivative action:

T )
SgSG = SVM + SL + KSBF = /dSSZE{Z Vle\iM + QW + KVl'le]}

1 .
= /dssZ E{Z ViiHyy + QW + KQW}.
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The BF action xSgp describes a supersymmetric cosmo-
logical term. The case x = 0 case corresponds to Poincaré
supergravity, while « # 0 leads to gauged or anti—de Sitter
supergravity.

Upon gauge fixing dilatation and superconformal sym-
metries (dilatation, S, and K) and integrating out the various
auxiliary fields, one obtains the on-shell Poincaré super-
gravity action of [47,48]. The contributions from the scalar
curvature terms in Egs. (3.12) and (3.18) combine to give
the normalized Einstein-Hilbert term —%R plus a cosmo-
logical constant, see, e.g., [20] for details.

In the remaining subsections, we elaborate on the
structure of three independent curvature-squared invari-
ants [20,25,27,30,32]. These invariants were constructed
in superspace [20] in the standard Weyl multiplet back-
ground. In particular, we present the full expressions of all
the composite primary multiplets that generate these
invariants with the log multiplet appearing for the first
time in its expanded form in terms of the descendants of W
and W ;.

E. Weyl squared

We first consider a composite primary superfield that
may be used to generate a supersymmetric completion of a
Weyl-squared term. In superspace, it was described in [20]
in terms of the super-Weyl tensor,

} St 3P
Hioy o= —%W‘W’ W + 51 Wb 1 — ZIX"”X{,. (3.21)

It can be checked that H i,{,eyl satisfies the constraints (2.20).

The superfield H{{,eyl corresponds to the composite linear

multiplet first constructed in components by Hanaki et al.
in [25].

With the aid of the relations (2.6), the component fields
of the composite linear multiplet are straightforward to
compute. They include the # = 0 projection (or the “bar
projection”) of H{{,eyl, together with the bar projection of

the following descendant superfields of H{,{,eyl:

. 1 ..
('0%’75)’1 = g vj{Hi’]Veyl’ (3223)
i .
FWeyl = E v?vang/eyly (322b)
i .
uWeyl = E (Fa)a/}vaiv/}jH{{/eyl- (3220)

Equation (3.22) play an important role in analyzing
superconformal primary equations of motion in the next
section. The resulting expression coincides, up to notations,
to the results of [25]. We will give the full component
expressions (3.22) in a follow-up paper.

By inserting the components of the composite linear
multiplet (3.21) and (3.22) into the BF action (3.2), one
may construct the following higher-derivative invariant in a
standard Weyl multiplet background [20]:

SwWeyt = / Bz EVHY,y, (3.23a)

-~ / dsxe(vaH%\/eyl + WFWCYI + Xi]'H{{’eyl

+ 2/1k§0kWeyl - l//aira(p{VeyIW - il//air‘a/le{?{ley]

+ i Sy WH o) (3.23b)

where the spinor indices here are suppressed. This defines
a locally supersymmetric extension of the Weyl-squared
term [25,27,30,32].

F. logW

We now consider a composite linear superfield that
includes a supersymmetric Ricci tensor-squared term. In
superspace, it was described for the first time in [20] in
analogy with the construction of a higher-derivative chiral
invariant in 4D N = 2 supergravity [33]. The composite
superfield makes use of the standard Weyl multiplet
coupled to the off-shell vector multiplet compensator. It
takes the form’

3i

1280 V(ijvkl)vkl lOg w.

y 3
Hl(j)gW = _EAUHVH lOg W =

(3.24)

In general, such a linear multiplet could be defined by
replacing W with any primary scalar superfield of weight ¢
for which it is possible to prove that (3.24) satisfies all the
linear multiplet constraints, Eq. (2.20), see [20]. However,
for various applications, we choose to construct it in terms
of the vector multiplet superfield strength W. Because of
the complexity in computing the action of six spinor
derivatives on the log multiplet, the component analysis
of Hf{;gw has not appeared so far. This calculation can be
performed with the aid of the cadabra software. Here we
find that the full expression of Hf(J;gW in terms of the
descendant superfields of the vector and standard Weyl
multiplets is given by

>Note that there is an overall minus sign difference between the
definition of the log W invariant in this paper and the one of [20].
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3i G Sl 9 3i 9 .
Hyl = -3 =W, XU 6—41X“’X{, + w-! { e XY - glFabX“b’J — 5 XY — = X1 WeW

1 o
+ = WabW ba(%{x) _

3 a\apy (i 7) ayap (i 7)
i . Z(r )PXGV A +1(F )V X}

1 o NP S
+ W2 { SXUOW 45 (va )V, X +ZF”bWab“(‘/1{,)—%/1“</D/1a)

i 4 ;31 ; ho 3i i

= 5 (VoI Ay = 2 e () PW g, 2V ) = (D) PR g VW

+ = Ylmﬂj + E (Z )rx/)’Fahx< ﬂ]) 3i WabW i{liﬁj + 9 eabcde (F )(lf)’W W /'Li /'LI _ E)(ij)((zk)v
64 4 ] a 128 ab a 256 a be "V deta’tp ] ak

1 1 1 i A o
+ W {§X”F“”Fab - glexklxk, —  XU(VW)VW geabch(za,,)aﬁFde,lg Vedy =5 (C)PF s V')
(Fa)aﬁﬁz p chaC 4+ - i (F“)“ﬂX"fll’g,Vaﬂ,;k + i (Fa)aﬂxk(%é)vaﬂﬂk
)5 (VX)) Ay + ~ L iow + L (Vaw) iy 22)
g

3i 3i
6 (Fa)a/}W /ull] th + = 2 Wa Fab/lalllj

3i
32

(Zap) (VOW)AVPA) —

9 "de Q i9]
+ a€ah‘d (Ca)PW o F godiphly —

N = 4>|~ -lkl

) i i, B
(S )P XIW Ny = S X2 by~ ;xauﬂ%;,xak}

3 3i i 0J
+ W—4{_1_é/1“',1{,(V“W)VaW - §1 (TP X 178 30 W

3i a\a i 9] 3ia ai g 3iace a i9J 3i af yij ra
+3 (D) P F o 22y V"W + HF PE A% 2 + € bede(Ly )P F o Fgodiphy — 6 (Zap) PXTF 25D gy
3i ijyklja 3i kl ai ) 15 a\ap qi 1J 37k 9 avap 1 (i1pj) 1k
e XXM = 3 XM d e = 2 (T PRIV g = = (TP ALV
15 15
— 55 (PP RI DN Ay = o (D)W oy
9 Lapj 9 a a i)
+ 35 (Za)” Wb 25200 2 + o (Zap) P Werie z{,wﬂk}

3 3 o 3o
+ WS {8 (D) P22 DA W+ = < (Zap) P22y + gxklxwmfi,,l}

— 3i aiyJ 3i ai j
+W 6{3—21 Bl Wy idon + 1A A’g,zﬂu;}wﬂ}. (3.25)

Using the explicit expression (3.25), together with the

relations (2.6), (2.8¢), (2.13), and (2.15), we have shown e L(ra)aﬂv v pi (3.260)
that HlogW is indeed a primary and linear superfield logW ™ 12 ai YAj" log W ’
satisfying (2.20). Furthermore, we have computed the

descendants of the primary superfield H;(])gW defined as By using (3.25) and the BF action, Eqs. (3.2a) and

(3.2b), one may construct the following locally super-
conformal invariant in a standard Weyl multiplet back-

(/’fgg w= vaH f(j)g wo (3.26a) ground:

Flogw = v"v L (3.26b) Siogw = / SBLEVHY (3.27a)
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=- / Pxe(v M,y + WFiogw + XiH)lgw
+ 2/1k(pklogW - V/airaggfog WW - il//aira;{jH;(J)gW

+ iWaiZabijWH;Z)g W) . (327b)

The resulting component action includes, for example, a
(OOW) term which, upon gauge-fixing W = 1, includes a
Ricci tensor-squared combination. A more detailed discus-
sion of the (fairly involved) component structure of (3.26)
will be given elsewhere.

G. Scalar curvature squared

Given a composite vector multiplet (3.14) and its
corresponding descendants (3.19), we can then construct
a composite linear multiplet defined by [20]

i
H1§2 =

= —iA%AL + 2WX,

i [W] = (VW) VW + - WO T) W
(3.28)

Inserting the composite field H %2 and its independent
descendants ((p‘l”é , Fg2, and H{%,) into the BF action principle
(3.2) leads to the following supersymmetric invariant:

Spe = / & EV HY, (3.29a)

= — / dsxe (ﬂaH%Q + WFR2 + XIJH;;Z + 2;{‘k¢kR2

— Yl Qi W = iy T2 H, + iy 2w, WH XZ) .
(3.29b)

At the component level, the above action generates the
scalar curvature-squared invariant constructed in [30,32].

IV. SUPERCONFORMAL EQUATIONS
OF MOTION

Let us now combine the gauged supergravity action S5
with the three independent curvature-squared invariants
described by Eqgs. (3.23), (3.27), and (3.29) to form a
higher-derivative action

Sup = SgSG + aSWeyl +ﬂSlogW + 7Sk (41)

The goal of this section is to obtain superconformal primary
equations of motion in superspace that describe minimal
5D gauged supergravity deformed by an arbitrary combi-
nation of the three curvature-squared invariants described
by the action above.

We can obtain these equations of motion by varying the
superspace action (4.1) with respect to the superfield
prepotentials of the standard Weyl multiplet (2[), the vector

multiplet compensator (V;;), and the linear multiplet com-
pensator (€2). Such variations lead to the supercurrent
superfield 7, the linear multiplet of the EOM of V,;, and
the vector multiplet of the EOM of €, respectively.
Alternatively, we can reduce (4.1) to components and vary
it with respect to the highest dimension independent fields
(Y, Xjj, and F) of the corresponding multiplets. The resulting
equations of motion then describe the primary fields, i.e., the
bottom components, of the multiplets of the equations of
motion that arise from the variation of the full superfields. Itis
then straightforward to reinterpret them as the primary
superfields of the equations of motion. By making use
of code developed in cadabra, the full higher-derivative
action in components has been obtained by substituting the
explicit form of composite primary multiplets described in
Secs. IIIE-III G together with their descendants. These
results, and details of the derivation of the equations of
motion that we derived by using a combination of both
superspace and components arguments, will be presented in
an upcoming paper. The important point to stress is that the
equations of motion are fully locally superconformal covar-
iant. From them, successively acting with spinor derivatives
(which is equivalent to taking successive Q supersymmetry
transformations), one can obtain the whole tower of inde-
pendent equations of motion. Note that the component action
computed from (4.1) includes thousands of terms when
fermions are considered, and it is not manifestly covariant
due to the presence of naked gravitini and Chern-Simons
terms. These would become covariant only after taking field
variations and several integration by parts. An efficient
alternative, and algorithmic, way to attack this problem is
then by analyzing the multiplets of the equations of motion
starting from their primaries. Moreover, one could extract as
much information as possible about the structure of the on-
shell action (including all fermionic contributions) by
directly working with the equations of motion in superspace.

In the next subsections, we will simply state the final
results and show that the three primary equations of motion
satisfy all necessary consistency checks dictated by their
general structures. From this point of view, the results of
this section stand on their own.

A. Vector multiplet

The vector multiplet equation of motion is obtained by
varying (4.1) with respect to the superfield V;; or, equiv-
alently, the field X;;. The resulting EOM is

0=~ Hyy + kG + aHy,, + PHy)gy + yH .

4 log (42)

Note that the first two terms correspond to the EOM for
the vector multiplet in the two-derivative supergravity
theory S,s5, while the remaining three terms describe
the contribution coming from the three curvature-squared
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invariants. It is clear that, as expected, the right-hand side of

(4.2) is a linear multiplet satisfying (2.20).

B. Linear multiplet

The linear multiplet equation of motion is obtained
by varying (4.1) with respect to the superfield Q or,

1

y 1
We =G {EXUXU 5 FUFy + WOW + WOW + (VW) VW

3 3
16

39
+ —YWW — 5 W (F , W + F, W) — 6 Webw ,, WW

i, i, . 3_. 3i .
=+ E A Va/})\’ pi + 5 A" Va/u’/fi + 5 X (W;" ai T W Aai) - E W{lﬁﬂé{)\' pi

— 1 ij o7 fe7 1 ij o a
+G 3{ZG1(pﬂl(laJV ﬂW—l—XWV ﬂW) +§Gj(ﬂ/3,(Wv ﬂ)\a]-i—WV ﬂ/ia])

1 .. 1 ..
- EGZ.I(pm.(F"ﬁ)\’ Bi + F(l//’lﬁ]) - ZG”F(WX” + WXU)

3 P 3N
= GIW i (Wi + Wh ) + iFG’//l?k it Zl G X gl WW

4

1 oo . 1. 1 .
+ = G (XN g + X ) — Z€0mfﬂj (X;; W+ X;;W) - ZW“P”% Bj

equivalently, the auxiliary field F. The resulting
EOM is
0=W+xW+yWg, (4.3)
with
|
(4.4)

B s
+ G| g UG pfpu (X W+ X W = idfh ) |.

It is possible to check explicitly that Wy is primary,
Si,W g = 0. Moreover, we find that W can be expressed
as

i i
Wge = 3 GVyRY. (4.5a)
where
ij IRy AU B
R =G~ (5k5f ~52 %" sz) Hiiear:  (4.5b)
and
H{()illinear = ZWXkl + ZWXM — 21/1(1(1(7» Q. (450)

This is exactly the structure of the composite vector
multiplets W, in (5.1) with n =1 and with a precise
choice of composite linear multiplet H* := HfL. . See
Sec. V for more detail on these composite vector multiplets.
In addition to the remarkably simple form of (4.5), this

result guarantees that the right-hand side of Eq. (4.3), and in

|

particular (4.4), is a primary superfield satisfying the vector
multiplet constraints (2.11), as expected. This is a very
nontrivial consistency check of Eq. (4.4).

C. Standard Weyl multiplet

The conformal supergravity equation of motion is
obtained by varying (4.1) with respect to the standard
Weyl multiplet prepotential superfield 2 or, equivalently,
the field Y. The resulting EOM is

O:j:JEH+aJWey1+ﬁJ10gW+yJR27 (46&)
with

J —i(G—W3) (4.6b)

EH ™ 3 ’ '
3 3 3 3 .
Jwer] = —— WY +—WWPW _, +—F Wb - — jaxi
Wel = T Mg ab T35 Fab 16717
(4.6¢)
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3 69 3
Taw =103 "

Y ——— Webw W+ —0OW ——
1024 aW + 3 64

3 .
ab ay/
Fa W = 55645 %

3 9 . 3i : 3
+ o FF W — ——XUX, W™ + %) (T)PWAN g +—WH VW)V, W

128 128 64
—3—i(zab)aﬁF Ja W2 = Sk xiia, w2 —3—i(r )AL WRVPW — ezl W (4.6d)
128 ab%a”pi 64" 17 3 b b 256" T '
[
T =2 WW2 -G (WGX, + G, W—iGIA%, Vi ag = 2 WHY (4.10b)
R="g T3 ( ij+GYXW—iGY2Th ). ¢ 4 0g
4.6¢e . 3i 30
(4.6¢) VilJ e = fWH;gz —ZIGUWRZ. (4.10¢)

Here Jgy is the EOM from the gauged supergravity action
Sesg, Which does not have any contribution from the
cosmological constant term x.

Analogous to the case of 4D N = 2 conformal super-
gravity [101,102], the 5D Weyl multiplet may be described
by a single unconstrained real prepotential U [20]. Given a
system of matter superfields ¢’, one can construct a
Noether coupling between U and the matter supercurrent
J of the form

Sie’] :/d58zEuJ:/d5xe(YJ+---), (47)

where J =7 | The supercurrent 7 is a dimension-3
primary real scalar superfield. The conformal supergravity
EOM (4.6) is obtained by varying the supergravity action
with respect to 2,

5[]
BT

=J=0. (4.8)
The supercurrent multiplet in five dimensions was con-
structed by Howe and Lindstrom [83]. It satisfies the
conservation equation

Vig =0, (4.9)
when all matter superfields equations of motion are
satisfied. Thus, as a consistency check, we shall prove
that the expression J in (4.6) satisfies the conservation
constraint (4.9). It has been shown in [20] that this
constraint holds for Jgy. For each invariant, we have
indeed verified that the corresponding J is a primary
superfield of dimension 3. It also satisfies V/J =0
provided the vector and linear multiplets equations of
motion of Egs. (4.2) and (4.3), respectively, are imposed.

Using cadabra, an explicit calculation shows that, off-shell,
it holds

. 3i i
vl']JWeyl =7 WHQ’(’eyl’

1 (4.10a)

It is then clear that the right-hand sides of (4.10) are
proportional to the composite vector and linear multiplets
appearing in (4.2) and (4.3). Consequently, the supercurrent
conservation equation (4.9) is satisfied once the equations
of motion for the compensators are used. This represents a
very nontrivial consistency check of (4.6b)—(4.6e).

V. AN ALTERNATIVE SCALAR
CURVATURE-SQUARED INVARIANT

Recall the action defined in terms of a composite vector
multiplet superfield W written in Eqs. (3.16) and (3.14),
respectively. There also exists an infinite number of alter-
native vector multiplets composite of a linear multiplet
compensating superfield G;; and a superfield associated

with a primary real O*") multiplet H" "2 = H(12)  such
that VVH1) = 0. In five dimensions, this was con-

structed in [20] by extending the 4D A/ = 2 analysis of [87].
We refer to [20] for details, including the precise definition

and literature on O®") multiplets, and simply state the final
result here. The following superfields

_ i(2n)! ij
Wn_22n+3(n+l)l(n_l)!GVinnv (51)
where
. L 1 .,
R =G (52% ~52 %" Gk1>
% I_]k/il-~-i2n,zG(1_li2 e Gi2n73i2”72), (52)

all satisfy the constraints (2.11) for any positive integer n.
In fact, W, is precisely the structure seen in Wy of
Eq. (4.5a). By considering n = 2 and choosing H/* to
be the square of a linear multiplet H" (distinguished
from G¥), H/* = HWH*) we can engineer an alterna-
tive scalar curvature-squared invariant. The result is in
spirit similar to the scalar curvature-squared invariant
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engineered for 4D N = 2 in [24] and directly related to
5D N =1 results in [39].6 Let us show how this works.
Consider the n = 2 composite superfield,

i i

where

i, L. 1 .
Ry =G™* (5;5{ T G”le> H¥H™G,,,. (5.4)

By explicitly computing (5.3), we may define W, as a
linear combination of real functions, P, and P,,"/, which
are themselves composed of descendants of the linear
multiplets,

W, = 2Py F* + 2iPas" ot gf;

wj (5.3)
Here the index A = 1, 2 indicates the two linear super-
fields, G}; = G;; and G}, = H,;. Note that this is analogous
to Eq. (2.5) in [39] with the first A index fixed so that
Fap — Pp and with an appropriate normalization factor
added to the second term. All functions, P, and P,z , are
defined as follows:

1 3
7)1 = gI'IZG_3 - 3—2 (leHkl)zG_S, (568.)
1
Pz - g(leHkl)G_3, (56b)
P ij — —iGinzG_S —i(G Hkl>HijG—5
. 16 16 M
15 .
+ o (GuH")2GIGT, (5.6¢)
’ o3 s
P]z” — PZ]U :gH”G - —R(GHH )GUG N (56d)
R IS
Pyl = th/G 3, (5.6e)

It is then a straightforward exercise to show that
functions with two A indices are derivatives of functions
with one, that is,

0P,

Pas’ =5
oG}

(5.7)

They also satisfy the following constraints:

°G. T.-M. is grateful for discussions with M. Ozkan on scalar
curvature-squared invariants.

Pap" = Pap)", Pas’ Gl = —5527)/&- (5.8)
Last, we may define functions of two derivatives on Py,

T :=6PAB"/: PPy
ABe 9GS  0GPIGS’

(5.9)

which satisfy

ijkl

ikl _ ijkl
Papc”™ =Papcy”™, J

PABC €jk =0. (510)
These are the constraints needed to ensure that W, in (5.5)
satisfies (2.11), which in our case are satisfied by
construction.

To engineer the alternative scalar curvature-squared
invariant, consider G;; to be a compensator and H,; to
be composite of a vector multiplet, which is built out of a
single Abelian vector multiplet, as in Eq. (3.5),

H = HY\,. (5.11)
In finding the X;j descendant of W,, we are interested in
squared contributions of Fyy; being a descendant field of

Hi\,. This is apparent from the fact that Fyy, satisfies

where [JW gives rise to an R contribution. Roughly
speaking, by considering (5.5)—(5.6e) with the choice
(5.11), we are squaring the kinetic term of the vector
multiplet compensator which, in turn, leads to a scalar
curvature-squared invariant. In fact, if we look at the
dimension-2 scalar descendant of W,, we obtain

XY = 2 Veiviw,

1 .. i
— gGlJG—3F%/M 4+ = PRl e, (5.13a)

G Xy =4G'W2(OW)? +---.  (5.13b)

Specifically, Eq. (5.13b) is one term in the component
action given by the BF action principle. If one proceeds in
setting to constants G and W, by gauge fixing dilatation
and using (two-derivative) equations of motion, we are left
with an R? contribution to the four-derivative component
action. Although we have not yet analyzed in detail the
equations of motion and the component structure of this
invariant, we expect it might play a role in studying higher-
derivative invariants in alternative off-shell superspace
settings, as, for example, the recent off-shell supergravity
constructed in [75] by using the variant hyperdilaton Weyl
multiplet of conformal supergravity. We leave for the
future more investigations along this line.
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