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We discuss two different approaches to synthesize holographic nonrelativistic fluid from its relativistic
counterpart. In the first approach we obtain the nonrelativistic fluid by light-cone reduction of a relativistic
conformal fluid. In the second approach we consider the bulk dual of the relativistic fluid, uplift the solution
to 10 dimensions and perform TsT transformations on the bulk solution to change the asymptotic structure.
Reducing the TsT transformed geometry over S5 we find an effective 5 dimensional locally boosted
solution. We then use the bulk-boundary dictionary to compute the nonrelativistic constitutive relations. We
show that the nonrelativistic fluids obtained by these two methods are equivalent up to second order in
derivative expansion. Our results also provide explicit expressions for different constitutive relations and
transports of holographic Uð1Þ charged nonrelativistic fluids (both parity odd and even) up to second order
in derivative expansion.
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I. INTRODUCTION

Finding holographic descriptions of nonrelativistic sys-
tems is an interesting area of research as they are realized in
low energy experiments and various condensed matter
systems. One possible way to construct such descriptions
is to take nonrelativistic limits on both sides of the
AdS/CFT duality [1–3].
There are various distinct ways to derive nonrelativistic

systems from a given relativistic theory. Light-cone reduc-
tion (LCR) is one of such techniques. The technique is
based on the fact that a relativistic system respects Poincaré
invariance whereas a system is called nonrelativistic if it
respects Galilean symmetry. It is well known that the
Galilean algebra in d space dimensions can be obtained by
reducing the Poincaré algebra soðdþ 1; 1Þ in ðdþ 1; 1Þ
dimensions (dþ 1 space directions, one time direction) on
the light-cone directions x� ∼ x0 � xdþ1, where x0 is the
relativistic time and xdþ1 is a spatial coordinate. The light-
cone reduced theory respects the Galilean symmetry while

evolving along the light-cone time xþ. In the same way if
we consider conformal algebra soðdþ 2; 2Þ in ðdþ 1; 1Þ
dimensions, under LCR it boils down to Schrödinger
algebra [4–10] in d space dimensions.
In order to provide a holographic description of a theory

one has to first check the isometries on both sides. A
conformal theory in ðdþ 1; 1Þ dimensions is dual to a
gravity theory in AdSdþ3 whose metric is given by,

ds2 ¼ −r2ημνdxμdxν þ
dr2

r2
ð1:1Þ

where η is a dþ 1, 1 dimensional Minkowski metric and
μ; ν ¼ 0;…; dþ 1. The isometry group of AdSdþ3 is
SOðdþ 2; 2Þwhich is the conformal group of the boundary
theory. In a similar spirit, the holographic dual of a theory
with Schrödinger isometry was first proposed in [11–14].
The bulk metric is given by1

ds2 ¼ r2ð−2dxþdx− − r2ðdxþÞ2 þ dx⃗2Þ þ dr2

r2
ð1:2Þ

where x⃗ is a d dimensional vector. This spacetime is known
as Schrödinger spacetime, denoted by Schdþ3 and has the
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1In [12] the bulk metric was proposed for Galilean symmetry
algebra with an arbitrary scaling z. z ¼ 2 corresponds to
Schrödinger algebra with an extra generator corresponds to
special conformal transformation in time direction. Here we
consider the z ¼ 2 case.
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Schrödinger algebra as a global symmetry algebra [15,16].
Although the Schrödinger algebra of the boundary theory
can be derived from the conformal algebra by LCR, the
Schrödinger metric (1.2) cannot be obtained from the
AdSdþ3 metric (1.1) by LCR. However, there is a way to
get the Schdþ3 spacetime from the AdS geometry using the
solution generating technique [17–20], know as TsT
transformation [21] (or equivalently null-Melvin twist
[17,22–24]). One can start with a AdS5 geometry, uplift
the metric to ten dimensions to embed in a type IIB
solution. Identify two isometry directions in ten dimen-
sions: x− and ψ , say. The TsT transformation consists of
three steps. A T-duality along x− direction, followed by a
shift in ψ : ψ → ψ þ x− and finally a further T-duality along
x− direction. As a result the reduced five dimensional
spacetime is given by (1.2).
LCR on the boundary and TsT in the bulk are therefore

consistent at the level of isometry, in a sense that the
asymptotic symmetry of a TsT transformed bulk spacetime
matches with the corresponding Schrödinger symmetry of
the boundary theory. Our goal is to understand the con-
sistency between the LCR and TsT transformation beyond
the geometry, in particular at the hydrodynamic scale,
which is considered to be a low energy or long wavelength
departure from local thermal equilibrium. Our starting point
is a hydrodynamic system with conformal invariance and
its gravity dual. Since hydrodynamics is an effective
description, its evolution is governed by the set of con-
servation equations (known as constitutive equations). The
holographic description of a hydrodynamic system is given
by locally boosted black brane geometry [25]. In the LCR

method, we reduce the relativistic constitutive relations
over the light-cone directions to obtain a set of equations
consistent with Schrödinger isometry and thus we get a
nonrelativistic hydrodynamic system with stress tensor,
energy current, charge current etc. In the TsT method, we
uplift the locally boosted black brane geometry to ten
dimensions, perform the TsT transformation and get a
reduced locally boosted five dimensional Schrödinger
spacetime. Then we use the bulk-boundary dictionary
of [26] to write down the conserved quantities (stress
tensor, energy current, charge current etc) of the boundary
nonrelativistic system from the reduced effective five
dimensional effective action. The question is whether
these two reduced systems are identical. We describe the
problem with help of the following commutative diagram
in Fig. 1.
A partial answer to this question was given by [27]. It

was shown that both the paths (LCR and TsT) commute up
to first order in derivative expansion. The first order
calculations were somewhat trivial and it was not clear
whether the commutativity would hold at higher orders. In
this paper we address this question more rigorously. We
consider second order Uð1Þ charged conformal hydro-
dynamics with both parity-odd and parity-even sectors
and its gravity dual [28]. We show that the nonrelativistic
fluid obtained via LCR and TsT transformation are iden-
tical order by order in derivative expansion up to second
order in derivative expansion. As a byproduct of our
calculation we gave a complete holographic description
of nonrelativistic charged fluid with Schrödinger isometry
up to second order in derivative expansion.

Locally boosted black brane 

geometry in 4+1 dimensions

Boundary relativistic uid in 

3+1 dimensions

9+1 dimensional geometry 

embedded in type IIB

9+1 dimensional geometry 

asymptomatically Schrodinger
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Non-relativistic uid in 2+1 

dimensions

AdS/CFT dictionary 

Light-cone reduction

Uplift to 10 
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FIG. 1. Two different paths to obtain second order nonrelativistic fluids.
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II. LOCALLY BOOSTED BLACK BRANE
GEOMETRY AND THE RELATIVISTIC FLUID

We start with Einstein-Maxwell theory in AdS5 with a
Chern-Simons term

S ¼
Z

d5xðR − 2Λ − GabGab −
4κ

3
ϵabcdeCaGbcGdeÞ ð2:1Þ

where Λ ¼ −6=L2 is the five dimensional cosmological
constant, G field strength of the Uð1Þ gauge field. The
Einstein’s and the Maxwell’s equations obtained from this
action admit the following solutions

ds2¼−2uμdxμdr−r2fðr;m;qÞuμuνdxμdxνþr2Pμνdxμdxν

Cμ¼
ffiffiffi
3

p
q

2r2
uμ ð2:2Þ

where

xμ ¼ fv; x; y; zg ð2:3Þ

are boundary coordinates, uμ is a constant four velocity
whose different components are given by

uv ¼ −γ; ui ¼ γβi; γ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffi
1− β⃗2

q ð2:4Þ

such that u2 ¼ −1 and

fðr;m; qÞ ¼ 1 −
m
r4

þ q2

r6
: ð2:5Þ

Pμν ¼ ημν þ uμuν; ημν ¼ diagf−1; 1; 1; 1g:

is the projection operator given by

Pμν ¼ ημν þ uμuν; ημν ¼ diagf−1; 1; 1; 1g: ð2:6Þ

The solutions (2.2) are parametrized by five constant
parameters: three boosts β⃗, one mass parameter m and
one charge parameter q and represent an electrically
charged black hole with horizon at r ¼ R, given by
fðR;m; qÞ ¼ 0. In the rest frame (β⃗ ¼ 0) the metric
becomes the standard Reissner–Nordström metric written
in Eddington–Finkelstein coordinates. We have taken the
AdS radius L ¼ 1.
We now consider the black hole parameters β⃗,m and q to

be slowly varying functions of boundary coordinates xμ

m → mðxμÞ; β⃗ → β⃗ðxμÞ; q → qðxμÞ:

With such replacement the metric and gauge field (2.2) do
not solve Einstein’s as well as Maxwell’s equations any
more. In order to find the solutions with local parameters
we have to supplement the metric and gauge field in (2.2)
with extra terms proportional to the derivatives of the
parameters. Assuming m, q and β⃗ are slowly varying
functions of xμ, one can solve Einstein’s equations order
by order in derivative expansion. Up to second order in
derivative expansion the solutions are given by [28],

ds2 ¼ −2uμdxμdr − r2fðr;m; qÞuμuνdxμdxν þ r2Pμνdxμdxν þ
2r2

R
F2

�
r
R
;
m
R4

�
σμνdxμdxν þ

2

3
ruμuνð∂uÞdxμdxν

− 2ruμðuλ∂λuνÞdxμdxν − 2uμ

� ffiffiffi
3

p
κq3

mr4
lν þ

6qr2

R7
Pλ
νDλqF1

�
r
R
;
m
R4

��
dxμdxν þ r2αμνðrÞdxμdxν

þ 3hðrÞuμdxμdrþ r2hðrÞPμνdxμdxν − 12r2jαPα
νuμdxμdxν þ

kðrÞ
r2

uμuνdxμdxν ð2:7Þ

and

Cμ ¼
ffiffiffi
3

p
q

2r2
uμ þ

ffiffiffi
3

p
wðrÞ
2r2

uμ þ
3κq2

2mr2
lμ −

ffiffiffi
3

p
r5

2R8
Pλ
μDλqF

ð1;0Þ
1

�
r
R
;
m
R4

�
þ

ffiffiffi
3

p
r5

2
gμðrÞ: ð2:8Þ

σμν, lμ and the Weyl covariant derivative Dμ are given by

σμν ¼ PμαPνβ
∂ðαuβÞ −

1

3
Pμν

∂ · u; lμ ¼ ϵνλσμuν∂λuσ; Pλ
μDλq ¼ Pλ

μ∂λqþ 3ðu · ∂uμÞq: ð2:9Þ

The functions F1 and F2 are given by
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F1

�
r
R
;
m
R4

�
¼ 1

3

�
1 −

m
r4

þ q2

r6

�Z
∞

r
R

dp
1

ð1 − m
R4p4 þ q2

R6p6Þ2
�
1

p8
−

3

4p7

�
1þ R4

m

��

F2

�
r
R
;
m
R4

�
¼

Z
∞

r
R

dp
pðp2 þ pþ 1Þ

ðpþ 1Þðp4 þ p2 − m
R4 þ 1Þ : ð2:10Þ

The parameters m, q, and R are not independent at the
leading order, they are related by

q2 ¼ R2ðm − R4Þ: ð2:11Þ

The exact form of various scalar, vector and tensor
functions [hðrÞ, kðrÞ, wðrÞ, jμðrÞ, gμðrÞ, and αμνðrÞ] can
be found in [28]. We have also presented these functions in
light cone coordinates in appendix A.

The metric and gauge field given by Eqs. (2.7) and (2.8)
provide holographic description of Uð1Þ charged con-
formal fluid in flat 3þ 1 dimensions. One can use the
AdS/CFT dictionary to compute the constitutive relations
(stress-energy tensor and Uð1Þ current) of the relativistic
fluid up to second order in derivative expansion. They are
given by

Tμν ¼ ðEþ PÞuμuν þ Pημν − 2ησμν þN 1uλDλσ
μν − 2N 2ðωμ

λσ
λν þ ων

λσ
λμÞ þN 3

�
σμλσ

λν −
1

3
Pμνσαβσαβ

�

þ 4N 4

�
ωμ

λω
λν þ 1

3
Pμνωαβωαβ

�
þN 5q−1ΠμναβDαDβqþN 6q−2ΠμναβDαqDβqþN 7ΠμναβðDαlβ þDβlαÞ

þN 8q−1ΠμναβlαDβqþN 9q−1ϵαβλðμσ
νÞ
λ uαDβq ð2:12Þ

and

Jμ ¼ 4
ffiffiffi
3

p
quμ − 4

ffiffiffi
3

p
λrPμνDνqþ ξrlμ þ γ1PμνDλσ

λ
ν

þ γ2PμνDλω
λ
ν þ γ3lλσ

μ
λ

þ γ4q−1σμλDλqþ γ5q−1ωμλDλq: ð2:13Þ

The tensors ωμν and Παβμν is given by

ωμν ¼ 1

2
PμαPνβð∂αuβ − ∂βuαÞ ð2:14Þ

Παβμν ¼ 1

2

�
PαμPβν þ PανPβμ −

2

3
PαβPμν

�
: ð2:15Þ

One can independently construct this stress tensor by
demanding Weyl covariance [29]. The transport coeffi-
cients for such fluid in general depend on the temperature
and charge density. The holographic values of different
independent transport coefficients appear in (2.12) and
(2.13) are given in Table I.m0 and q0 appearing in different
transports are leading (unperturbed) values of m and q.
Also we have set the leading value of the horizon radius R
to be one.

TABLE I. Relativistic transports.

η R3

λr mþR4

4mR
ξr 12κq2

m

N 1
2þ m0ffiffiffiffiffiffiffiffiffiffi

4m0−3
p log

�
3−

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
3þ

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
�

N 2
−1
2
ðN 1 − 2Þ

N 3 2
N 4 − ðm0−1Þ

m0
ð12ðm0 − 1Þκ2 −m0Þ

N 5 − ðm0−1Þ
2m0

N 6
1
2
ðm0 − 1Þð3 logð2Þ − 1Þ

N 7
ffiffi
3

p
κðm0−1Þ

3
2

m0

N 8, N 9 0

γ1 3
ffiffi
3

p
q0

m0

γ2 2
ffiffi
3

p
q3
0
κ2

m2
0

γ3 − 12q2
0
κ

m2
0

γ4 2
ffiffiffi
3

p
q0 log 2

γ5 −
ffiffi
3

p
q0ðm2

0
−48κ2q2

0
þ3Þ

2m2
0
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III. LIGHT-CONE REDUCTION AND
NONRELATIVISTIC SECOND ORDER FLUID

As we have already discussed, a nonrelativistic fluid can
be obtained by LCR of relativistic fluid. The idea follows
from the fact that LCR of conformal algebra renders
Schrödinger algebra in one lower dimension. We start with
relativistic constitutive equations and reduce these equa-
tions along a light-cone direction. As a result, the non-
relativistic quantities like energy density, pressure, stress
tensor, charge current etc. are given in terms of different
components of relativistic stress tensor and Uð1Þ current.
The conservation equations for a Uð1Þ charged relativ-

istic fluid are given by

∂μTμν ¼ 0; ∂μJμ ¼ 0: ð3:1Þ

We are considering the fluid in a flat background and in
absence of any external electric or magnetic fields. The flat
metric in ðdþ 1; 1Þ dimensions is given by

ds2 ¼ −ðdx0Þ2 þ ðdxdþ1Þ2 þ
Xd
i¼1

ðdxiÞ2: ð3:2Þ

In the light-cone frame x�, defined by

xþ ¼ x0 þ xdþ1ffiffiffi
2

p ; x− ¼ x0 − xdþ1ffiffiffi
2

p ð3:3Þ

the metric takes the form

ds2 ¼ −2dxþdx− þ
Xd
i¼1

ðdxiÞ2: ð3:4Þ

It turns out that [18,20,30] under LCR the relativistic
constitutive equations boil down to the nonrelativistic
constitutive equations in one lower dimension. These
equations describe a nonrelativistic fluid in one lower
dimension.
To obtain the Schrödinger algebra one has to look for the

subalgebra of the conformal algebra where all the gen-
erators commute with P− (translation along x−). Therefore
we consider only those solutions to the relativistic equa-
tions that do not depend on x−, i.e. x− is an isometry
direction. To make the reduced theory consistent with
discrete light-cone quantization we reduce the theory
along x− direction, and consider xþ to be the nonrelativistic
time.
In the light-cone frame (xμ ¼ fxþ; x−; xig) the nonzero

components of metric and partial derivatives are given by

gþ− ¼ gþ− ¼ −1; gij ¼ gij ¼ 1

∂μ ¼ f∂þ; ∂−; ∂ig; ∂
μ ¼ f−∂−;−∂þ; ∂ig: ð3:5Þ

After reduction, the relativistic constitutive equations are
given by

∂þTþ− þ ∂iTi− ¼ 0; ∂þTþþ þ ∂iTiþ ¼ 0;

∂þTþj þ ∂iTij ¼ 0; ∂þJþ þ ∂iJi ¼ 0:

These equations can be interpreted as dynamical equations
governing the motion of nonrelativistic fluid if we identify
different components of energy-momentum tensor and
charge current with nonrelativistic quantities as follows

Tþþ ¼ ρ; Tþi ¼ ρvi; Tþ− ¼ ϵþ 1

2
ρv2;

Tij ¼ tij; Q ¼ Jþ; ji ¼ Ji: ð3:6Þ

A relativistic fluid in four space time dimensions is
described in terms of its normalized four velocity uμ,
temperature T and charge density q. On the other hand
the nonrelativistic fluid in one lower dimension is described
in terms of its mass density ρ, pressure p, spatial velocity vi

and charge density Q. Hence the number of fluid variables
in both the theories are the same and a mapping between
them can be found. Since fluid dynamics admits derivative
expansion, the relations between the nonrelativistic and
relativistic fluids can be obtained order by order in
derivative expansion.
LCR of conformal uncharged and charged fluid up to

first order in derivative expansion have been derived in
[18,20,27,30]. In a recent paper [31] LCR of conformal
uncharged second order fluid has been considered thor-
oughly. It was shown that the Rivlin-Ericksen fluid [32] is a
subclass of such nonrelativistic fluid. In this paper we
further extend those calculations. We light-cone reduce a
(3þ 1) dimensional second order Weyl invariant Uð1Þ
charged fluid (2.12), (2.13) and obtain the corresponding
second order charged nonrelativistic fluid.
To perform the reduction we need to consider two sets of

constraints relations. The first set of relations is derived
from the conservation laws of the first order corrected stress
tensor and charge current. We list the independent first
order data in Table II. We have categorized the non-
relativistic fluid data in scalar, vector, and tensor with
respect to the SOð2Þ symmetry group, as the nonrelativistic
fluid has an SOð2Þ symmetry (rotation about z axis).
The second set of constraints can be derived by taking

derivatives of the zeroth order conservation laws. The
independent second order data are given in Table III. σ̃ij
and ω̃ij are given by

σ̃ij ¼ ∂
ivj þ ∂

jvi − δij∂kvk; ω̃ij ¼ ∂
ivj − ∂

jvi: ð3:7Þ
The angle brackets denote symmetric traceless combinations

AhiBji ¼ ðAiBj þ AjBj − δijAkBkÞ: ð3:8Þ
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The nonrelativistic temperature and Uð1Þ chemical potential
are defined as,

τ ¼ T
uþ

; μ ¼ ϕ

uþ
: ð3:9Þ

The relativistic variables satisfy Euler relation:
Eþ P − qϕ ¼ TS. Using the relation between relativistic
fluid variables and nonrelativistic fluid variable at leading
order [18,20,27]

ρ¼ðEþPÞðuþÞ2; p¼P; ϵ¼E−P
2

; Q¼ 4
ffiffiffi
3

p
quþ

ð3:10Þ

we see that the nonrelativistic variables satisfy

ϵþ p − ρρm − μ

�
Q

4
ffiffiffi
3

p
�

¼ τs ð3:11Þ

where ρm is given by,

ρm ¼ −
1

2ðuþÞ2 : ð3:12Þ

and s ¼ uþS is the entropydensity of the nonrelativistic fluid.
This equation is interpreted as the Euler relation for the
nonrelativistic fluidwith an extra fluid variable ρm, which can
be considered as chemical potential associated with particle
number conservation [30]. In [27] a new basis has been
introduced in terms of reduced chemical potential ν and
redefined mass chemical potential μm given by,

ν ¼ μ

τ
; ∂iμm ¼ ðuþÞ3∂iρm i:e: μm ¼ uþ: ð3:13Þ

In this paper we use the variables fμm; ν; τg to express the
nonrelativistic constitutive relations.
In Tables II and III all the nonrelativistic symmetric

tensors are traceless. After using the constraint relations we
have three independent second order symmetric traceless
tensors in the parity even sector and three in the parity odd
sector. In addition to these, we have composite symmetric
traceless tensors constructed from the independent first
order vectors. We have seven such vectors in parity even
sector and seven in parity odd sector.2 Thus, in total we

TABLE III. Independent nonrelativistic fluid data at second order.

Data Constraint Independent data

Scalar ∂
2þT, ∂2þϕ, ∂þ∂μTμþ ¼ 0, ∂

2
i τ, ∂

2
i ν

∂
2þuþ, ∂2i T, ∂

2
iϕ, ∂þ∂μTμ− ¼ 0, ∂

2
i μm

∂
2
i u

þ, ∂þ∂iui ∂i∂μTμi ¼ 0,
∂þ∂μJμ ¼ 0

Vector ∂jσ
ij, ∂jωij, ∂þ∂μTμi ¼ 0, ∂jσ̃

ij, ∂jω̃ij

∂þ∂iuþ, ∂2þui ∂i∂μTμþ ¼ 0, ϵil∂kσ̃
lk, ϵil∂kω̃lk

∂þ∂iT, ∂þ∂þϕ ∂i∂μTμ− ¼ 0

ϵil∂kσ̃
lk, ϵil∂kωlk ∂i∂μJμ ¼ 0

Tensor ∂
i
∂
jT, ∂i∂jϕ, ∂i∂μTμj ¼ 0 ∂

hi
∂
jiτ, ∂hi∂jiν

∂
i
∂
juþ, ∂þσij, ∂

hi
∂
jiμm,

ϵik∂k∂juþ, ϵik∂k∂jT ϵhik∂k∂jiμm, ϵhik∂k∂jiτ,
ϵik∂k∂jϕ ϵhik∂k∂jiν

TABLE II. Independent nonrelativistic fluid data at first order.

Data Constraint Independent data

Scalar ∂þT, ∂þϕ, ∂μTμþ ¼ 0, ∂ivi, ϵijω̃ij

ϵijωij, ∂þuþ, ∂iui ∂μTμ− ¼ 0, ∂μJμ ¼ 0

Vector ∂iT, ∂iϕ, ∂iuþ, ∂þui ∂μTμi ¼ 0 ∂iτ, ∂iν, ∂iμm
ϵik∂kT,ϵik∂kϕ, ϵik∂kuþ ϵik∂kτ, ϵik∂kν, ϵik∂kμm

Tensor σij σ̃ij

2In higher space dimensions there can be more composite
terms like σhikσkji which identically vanishes in two space
dimensions.
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have 10 parity even and 10 parity odd second order
independent symmetric traceless tensors. The light-cone
reduced fluid stress tensor is expected to depend on these
independent data.
After a careful computation and using the set of con-

straints we finally write down the stress tensor in a
simplified form given by,

tij ¼ ρvivj þ pδij − n1σ̃ij þ naþ1∂
hi
∂
jiXa þ c1σ̃hikω̃kji

þ cab∂hiXa∂
jiXb þ gaϵhik∂k∂jiXa þ gabϵ

hik
∂kXa∂

jiXb

þ g10ϵhikσ̃klω̃lji: ð3:14Þ

The indices a, b run over 1, 2 and 3, Xa ¼ fμm; ν; τg
denotes an array of nonrelativistic parameters, cab and gab
are 3 × 3 transport matrices given by

c¼

0
B@

c2 c3=2 c4=2

c3=2 c5 c6=2

c4=2 c6=2 c7

1
CA; g¼

0
B@
g4 g5 g6
g5 g7 g8
g6 g8 g9

1
CA: ð3:15Þ

The other nonrelativistic fluid variables: mass density ρ,
pressure p, velocity vi, energy density ϵ, energy current ei,
and nonrelativistic transports are given in appendix B.
The nonrelativistic charge current which comes with

eleven parity even and eleven parity odd transports are
given by,

J i ¼ Qvi þ qa∂
iXa þ q̃aϵ

ik
∂kXa þ nJ1 ∂kσ̃

ik þ nJ2 ∂kω̃
ik þ nJ3 ϵ

il
∂kσ̃

lk þ nJ4 ϵ
il
∂kω̃

lk

þ cJa σ̃ik∂kXa þ c̃Ja ω̃ik
∂kXa þþc̄Ja ð∂kvkÞ∂iXa þ gJ

a ϵ
ilσ̃lk∂kXa þ g̃J

a ϵ
ilω̃lk

∂kXa þ ḡJ
a ð∂kvkÞϵil∂lXa ð3:16Þ

where

qa ¼ fλq; σq; κqg; q̃a ¼ fλ̃q; σ̃q; κ̃qg; cJa ¼ fcJ1 ; cJ4 ; cJ7 g; c̃Ja ¼ fcJ2 ; cJ5 ; cJ8 g;
c̄Ja ¼ fcJ3 ; cJ6 ; cJ9 g; gJ

a ¼ fgJ1 ; gJ4 ; gJ7 g; g̃J
a ¼ fgJ2 ; gJ5 ; gJ8 g; ḡJ

a ¼ fgJ3 ; gJ6 ; gJ9 g ð3:17Þ

are different transport arrays. The nonrelativistic charge
density Q and different charge transports are given in
appendix B.
As a consistency check we see that in the limit q → 0 all

the constitutive relations reduce to those for uncharged
fluid found in [31]. In [31] the stress tensor at second order
was written in terms of a quantity Bij ¼ ∂

iaj þ ∂
jaiþ

2ð∂ivkÞð∂jvkÞ. The acceleration ai for charged fluid is
given by,

ai ¼ −
∂
iμm
uþ

−
∂
iτ

τ
−

μq
ðτsþ μqÞ

∂iν

ν
: ð3:18Þ

In order to match our results with [31] one has to replace
Bij using the above expression of ai (with q ¼ 0) and trade
∂
iμm with ai using the above relation.
Our next goal is to construct a holographic description of

the nonrelativistic fluid studied in this section.

IV. HOLOGRAPHIC DESCRIPTIONOF SECOND
ORDER NONRELATIVISTIC FLUID

TsT transformation is a solution generating technique in
string theory which has been used to generate a black
hole solution with asymptotically Schrödinger isometry

[17,22,33–39]. The idea behind is based on the fact that
supergravity has more symmetry than the string theory. If
we perform TsT transformation on a string theory solution
then it generates new solution of string theory, which is
guaranteed to be a solution of supergravity theory. To
perform the TsT transformation on a five dimensional
geometry we first need to uplift the solution to ten
dimensions to embed in string theory [17,37,39]. This
uplift can be performed such that the 10 dimensional metric
is the direct sum of the five dimensional metric (AdS part)
and a five sphere which is written as a fibration over CP2.
Such ten dimensional uplift of the five dimensional metric
will be a solution of type IIB string theory.
We write the five dimensional metric and the gauge field

in the following form,

ds2 ¼ −2uμdxμdrþ Suμdxμdrþ Sμνdxμdxν

C ¼ Cadxa ¼ Cμdxμ: ð4:1Þ

The exact form of S and Sμν depend on the solution we are
considering. Since we are interested in the bulk dual of
second order charged fluid (2.7) and (2.8), S and Sμν are
given by
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S ¼ 3hðrÞ

Sμν ¼ −r2fðr;m; qÞuμuν þ r2Pμν þ
2r2

R
F2

�
r
R
;
m
R4

�
σμν þ

2

3
ruμuνð∂uÞ − 2ruμðuλ∂λuνÞ

− 2uμ

� ffiffiffi
3

p
κq3

mr4
lν þ

6qr2

R7
Pλ
νDλqF1

�
r
R
;
m
R4

��
þ r2αμνðrÞ þ r2hðrÞPμν − 12r2jαPα

νuμ þ
kðrÞ
r2

uμuν

Cμ ¼
ffiffiffi
3

p
q

2r2
uμ þ

ffiffiffi
3

p
w2ðrÞ
2r2

uμ þ
3κq2

2mr2
lμ −

ffiffiffi
3

p
r5

2R8
Pλ
μDλqF

ð1;0Þ
1

�
r
R
;
m
R4

�
þ

ffiffiffi
3

p
r5

2
gμðrÞ: ð4:2Þ

To uplift the five dimensional metric to ten dimensions we
introduce the five dimensional Sasaki-Einstein manifold,

ds2SE ¼
�
dψ þ P −

2ffiffiffi
3

p C
�

2

þ ds2CP2 ð4:3Þ

where,

P ¼ 1

3
ðdχ1 þ dχ2Þ − sin2 αðdχ2 sin2 β þ dχ1 cos2 βÞ

ds2CP2 ¼ dα2 þ sin2 αdβ2

þ sin2 α cos2 αðcos2 βdχ1 þ sin2 βdχ2Þ2
þ sin2 α sin2 β cos2 βðdχ1 − dχ2Þ2: ð4:4Þ

We uplift the five dimensional metric (4.1) to ten dimen-
sions as a fibration over CP2. The ten dimensional metric is
given by

ds210 ¼ −2uμdxμdrþ Suμdxμdrþ Sμνdxμdxν

þ
�
dψ þ P −

2ffiffiffi
3

p C
�

2

þ ds2CP2 ð4:5Þ

supported by a five form field strength

F 5 ¼ 2ð1þ⋆10Þ
��

dψ þP −
2ffiffiffi
3

p C
�
∧ J2 −

1ffiffiffi
3

p ⋆5G
�
∧ J2;

J2 ¼
1

2
dP; ð4:6Þ

a two form field strength G ¼ dC and a dilaton Φ ¼ 0.
To perform the TsT transformation on the ten dimen-

sional solutions (4.5) and (4.6) we need to identify two
isometry directions. One such isometry direction is ψ ,

useful to fabricate a nonrelativistic symmetry from the
relativistic one [40]. To identify the other isometry direction
we introduce the bulk light-cone coordinates x�

xþ ¼ ðvþ zÞ;

xþ ¼ 1

2
ðv − zÞ ð4:7Þ

and choose x− to be the second isometry direction.
In the light-cone frame the ten dimensional metric can
be written as,

ds210¼A1ðdx−þK1Þ2þds24þ
�
dψþP−

2ffiffiffi
3

p C
�

2

þds2CP2

ð4:8Þ

where,

A1 ¼ S−−;

K1 ¼
1

S−−

�
Sþ−dxþ − u−drþ S−idxi þ

S
2
u−dr

�
;

ds24 ¼ −2uādxādrþ Suādxādrþ Sā b̄dx
ā b̄ − A1K2

1: ð4:9Þ

Here i, j are running over fx; yg and ā; b̄ are running over
fxþ; x; yg. Different components of S: Sþ−; S−i; Sā b̄ can be
computed using (4.2) and the related expressions given in
appendix A.
The TsT transformations correspond to performing

T-duality along ψ direction, followed by a shift3 along
x−, i.e., x− → x− − ψ . Finally we perform T-duality back
along the ψ direction [39,41]. The TsT transformed
solutions are given by [39]

dŝ210 ¼ MA1ðdx− þ K1Þ2 þM
�
dψ þ P −

2ffiffiffi
3

p C
�

2

þ ds28; e2ϕ̂ ¼ M;

F 3 ¼ g ∧ dP; g ¼ 1

2
dC−; B̂2 ¼ A ∧

�
dψ þ P −

2ffiffiffi
3

p C
�
; F̂ 5 ¼ F 5 þ B̂2 ∧ F 3 ð4:10Þ

3Here we set the twist parameter to 1.

DUTTA, MANDAL, and PARIHAR PHYS. REV. D 107, 106011 (2023)

106011-8



where,

M ¼ ð1þ A1Þ−1 and A ¼ −MA1ðdx− þ K1Þ: ð4:11Þ

The TsT transformed ten dimensional fields can be trun-
cated over S5 directions [19,33]. After truncation the
effective five dimensional solutions consist of a metric,
massive vector coming from B̂2,

4 a scalar and a massless
vector field. The massless vector field was present in ten
dimensions even before the TsT transformation and it
remains unaltered after TsT and reduction. We also get
an one form in five dimensions but this one form is
not an independent excitation. The reduced five

dimensional metric in Einstein frame and other fields are
given by [17,19],

dŝ2E ¼ e
4ϕ
3 A1ðdx− þ K1Þ2 þ e

−2ϕ
3 ds24

Â ¼ −MA1ðdx− þ K1Þ; g ¼ 1

2
dC−; e2ϕ ¼ M:

ð4:12Þ

It can be verified that this reduced 5 dimensional geometry
and fields are solution of five dimensional effective action
given by [20],

S ¼ 1

16πG5

Z
dx5

ffiffiffiffiffiffi
−g

p �
R −

4

3
ð∂aϕÞð∂aϕÞ −

1

4
e
−8ϕ
3 F abF ab − 4AaAa − 4e

2ϕ
3 ðe2ϕ − 4Þ − 1

3
e
4ϕ
3 GabGab − 4e2ϕgaga

− e
−4ϕ
3 AaGbcAaGbc −

1

2
e
−2ϕ
3

�
−

2ffiffiffi
3

p Gab − 4gaAb

��
−

2ffiffiffi
3

p Gab − 4gaAb

�
þ 4κ

3
GabGcdCeεabcde

�
: ð4:13Þ

To find the boundary stress energy tensor the on-shell
variation of the action must be well defined. This can be
achieved by adding appropriate boundary terms (Gibbons-
Hawking term and counterterms) to the action [17,20]

Sboundary ¼
1

16πG5

Z
dξ4

ffiffiffiffiffiffi
−h

p
ð2K − 6þAaAa þ 3ϕ2Þ:

ð4:14Þ

To find the boundary stress energy tensor associated to this
five dimensional effective action we cannot directly use
Brown-York type analysis [42] as we do not have con-
formal structure at boundary, because of inhomogeneity in
the asymptotic fall off of different metric components. We
use the method developed in [26] to obtain the stress

tensors and other currents. We summarize the method in the
following subsection.

A. Stress energy complex

To determine the boundary stress energy complex for
Schrödinger field theory, we consider on-shell variation of
action with respect to boundary fields [26,27,43],

δS ¼ 1

16πG5

Z
dξ4ðsαβδhαβ þ sαδAα þ sϕδϕþ s̃αδCαÞ

ð4:15Þ

where,

sαβ ¼
ffiffiffiffiffiffi
−h

p �
παβ þ 3hαβ þAαAβ −

1

2
AγAγhαβ −

3

2
ϕ2hαβ

�

sα ¼
ffiffiffiffiffiffi
−h

p
ð−naF aαe

−8ϕ
3 þ 2AαÞ; sϕ ¼ −

ffiffiffiffiffiffi
−h

p �
8

3
na∂aϕ − 3ϕ

�

s̃α ¼ −
ffiffiffiffiffiffi
−h

p ��
4

3
e
4ϕ
3 þ 8

3
e−

2ϕ
3 þ 4e

−4ϕ
3 AbAb

�
naGaα þ

8ffiffiffi
3

p e−
2ϕ
3 naðgaAα − gαAaÞ −

16κ

3
naϵaαbcdCbGcd

�
ð4:16Þ

here na is outward directed unit normal to the boundary, and παβ ¼ Kαβ − Khαβ with extrinsic curvature Kαβ ¼ ∇αnβ.
As we have already mentioned, the TsT transformed asymptotic metric is not conformal to flat space time. Therefore we

cannot construct the stress tensor by naively varying the action with respect to the boundary data. In [26] a consistent
procedure has been developed to find out the stress energy complex when the boundary is degenerate. In this formalism, we
first need to write down the boundary fields (metric and other fields) in terms of tangent space indices

4To note, B̂2 is not an independent field, as mentioned in (4.10), thus either B̂2 or its field strength does not appear in the final reduced
action.
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ψαβ��� ¼ eαAe
β
B � � �ψAB��� ð4:17Þ

and consider the variation of the boundary action with
respect to independent ψAB���. In our case, the set of
boundary fields consists of a metric hαβ, a massive gauge
field Aa, a massless gauge field Ca and a scalar. We first
write these fields in terms of their tangent space indices

hαβ ¼ eαAe
β
Bη

AB; Aα ¼ eαAA
A; Cα ¼ eαAC

A; ϕ¼ ϕ

ð4:18Þ

and consider the variation of the action with respect to eAα ,
AA, Ca, and ϕ

δS ¼ 1

16πG5

Z
dξ4

�
Tα
βe

β
Aδe

A
α þ sαeαAδA

A

þ sϕδϕþ s̃αeαAδC
A
�

ð4:19Þ

where,

Tα
β ¼ 2sαβ − sαAβ − s̃αCβ: ð4:20Þ

The components of the boundary stress energy complex has
been identified as,

ϵ ¼ Tþ
þ; ϵi ¼ Tiþ; ρ ¼ Tþ

− ; ρi ¼ Ti
−;

tij ¼ −Ti
j; Q ¼ s̃þ; J i ¼ s̃i ð4:21Þ

This analysis has been done up to first order in derivative
expansion for charged nonrelativistic fluids [20,27]. Our
goal is to use this formulation to obtain the second order
stress energy complex for charged nonrelativistic fluids.

B. Holographic computation of nonrelativistic
constitutive relations

On the gravity side, the independent quantities are mass
m, charge q, and four velocity uμ of the boosted black
brane. The other quantities temperature T and chemical
potential ϕ are related to mass and charge by the following
relations [44],

m ¼ π4T4

16
ðγ þ 1Þ3ð3γ − 1Þ; q ¼ ϕffiffiffi

3
p π2T2

2
ðγ þ 1Þ2

ð4:22Þ

where,

γ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 8ϕ2

3π2T2

s
: ð4:23Þ

The horizon radius is given by,

R ¼ π

2
Tðγ þ 1Þ: ð4:24Þ

In all holographic calculations the unperturbed horizon
radius has been set to 1. So, at the leading (zeroth) order
these relations become,

m0 ¼ 1þ q20; ϕ0 ¼
ffiffiffi
3

p
q0
2

; T0 ¼
ð2 − q20Þ

2π
;

γ0 ¼
ð2þ q20Þ
ð2 − q20Þ

: ð4:25Þ

Following Eqn. (4.21), the zeroth order nonrelativistic
quantities are given by,

ρ¼ 4m0ðuþÞ2; p¼m0; ϵ¼m0; Q¼ 4
ffiffiffi
3

p
q0uþ

ð4:26Þ

and they satisfy the nonrelativistic Euler’s equation ϵþ
p − ρρm − μ Q

4
ffiffi
3

p ¼ τs with mass chemical potential ρm
given by (3.12).

1. Second order calculations

We expand the relativistic mass, charge, and velocities
about their values in local rest frame up to second order in
derivative expansion

m ¼ m0 þ xþ∂þmþ xi∂imþ 1

2
ððxþÞ2∂2þmþ ðxiÞ2∂2i mþ 2xþxi∂þ∂imÞ

q ¼ q0 þ xþ∂þqþ xi∂iqþ 1

2
ððxþÞ2∂2þqþ ðxiÞ2∂2i qþ 2xþxi∂þ∂iqÞ

uþ ¼ 1þ xþ∂þuþ þ xi∂iuþ þ 1

2
ððxþÞ2∂2þuþ þ ðxiÞ2∂2i uþ þ 2xþxi∂þ∂iuþÞ

ui ¼ xþ∂þui þ xj∂jui þ
1

2
ððxþÞ2∂2þui þ ðxjÞ2∂2jui þ 2xþxj∂þ∂juiÞ: ð4:27Þ
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Following the holographic procedure described in this
subsection and using the dictionary laid down in
Eq. (4.21) we calculate the components of stress energy
complex corrected up to second order in derivative ex-
pansion. In deriving different components of stress energy
complex, we use the constraints obtained from Einstein’s
and Maxwell’s equations. In Table IV we list the indepen-
dent first order holographic fluid data coming
form equations of motion. These holographic constraints
(Table IV) are similar to the constraints obtained by LCR of
relativistic conserved currents (Table II). Using the holo-
graphic constraints we write our independent data in terms
of derivatives of m, q, and uþ. In addition to these, the
holographic fluid also satisfies constraints same as given in
Table III, coming from the zeroth order holographic stress
tensor and charge current. Using those relations one can

obtain the independent second order scalar, vector and
tensor data in terms of derivatives of m, q and uþ.
We further use the holographic relations (4.22) to trade

derivatives ofm and qwith the derivatives of nonrelativistic
fluid variables: mass chemical potential μm, temperature τ
and chemical potential ν defined in (3.9) and (3.13). At first
order the relations are given by

∂im ¼ 4m0

∂iτ

τ
þ 6q20

∂iν

ν
þ 4m0ð∂iμmÞ

∂iq ¼ 3q0
∂iτ

τ
þ q0ð2þ 5q20Þ

ð2þ q20Þ
∂iν

ν
þ 3q0ð∂iμmÞ

and at second order they are given by

∂i∂jm ¼ 4m0ð∂i∂jμmÞ þ 4m0

∂i∂jτ

τ
þ 6q20

∂i∂jν

ν
þ 6q20ð2þ 5q20Þ

ð2þ q20Þ
∂iν∂jν

ν2
þ 12m0

∂iτ∂jτ

τ2
þ 12m0∂iμm∂jμm þ 24q20

ντ
ðð∂iνÞð∂jτÞ

þ ð∂jνÞð∂iτÞÞ þ
16m0

τ
ðð∂iμmÞð∂jτÞ þ ð∂jμmÞð∂iτÞÞ þ

24q20
ν

ðð∂iμmÞð∂jνÞ þ ð∂jμmÞð∂iνÞÞ

and

∂i∂jq ¼ 3q0ð∂i∂jμmÞ þ 3q0
∂i∂jτ

τ
þ q0ð2þ 5q20Þ

ð2þ q20Þ
∂i∂jν

ν
þ 4q30ð12þ 8q20 þ 5q40Þ

ð2þ q20Þ3
∂iν∂jν

ν2
þ 6q0

∂iτ∂jτ

τ2
þ 6q0∂iμm∂jμm

þ 3q0ð2þ 5q20Þ
ð2þ q20Þντ

ðð∂iνÞð∂jτÞ þ ð∂jνÞð∂iτÞÞ þ
9q0
τ

ðð∂iμmÞð∂jτÞ þ ð∂jμmÞð∂iτÞÞ

þ 3q0ð2þ 5q20Þ
ð2þ q20Þν

ðð∂iμmÞð∂jνÞ þ ð∂jμmÞð∂iνÞÞ:

Finally we write the holographic constitutive relations in
terms of independent nonrelativistic fluid data give in
Table II and III.
After a dedicated computationweobtain the expressions for

different holographic constitutive relations and transports.
Here we present the expressions for the stress tensor, charge
density and charge current. Other nonrelativistic quantities
(mass density, energy density, pressure, velocity,energy
current) can be found in appendix C. The stress tensor is
given by,

tij ¼ ρvivj þ pδij − n1σ̃ij þ naþ1∂
hi
∂
jiXa þ c1σ̃hikω̃kji

þ cab∂hiXa∂
jiXb þ gaϵhik∂k∂jiXa þ gabϵ

hik
∂kXa∂

jiXb

þ g10ϵhikσ̃klω̃lji ð4:28Þ

where ĉab and ĝab are holographic counterpart of cab and gab
defined in (3.15). Three sets of holographic transport coef-
ficients are given in Tables V, VI, and VII.

TABLE IV. Independent first order data from holography.

Data Constraint Independent data

Scalar ∂þm, ∂þq, grbEbþ ¼ 0, ∂iui, ϵijωij

ϵijωij, ∂þuþ, ∂iui grbEb− ¼ 0, grbMb ¼ 0

Vector ∂im, ∂iq, ∂iuþ, ∂þui grbEbi ¼ 0 ∂im, ∂iq, ∂iuþ

ϵik∂km,ϵik∂kq, ϵik∂kuþ ϵik∂kT, ϵik∂kq, ϵik∂kuþ

Tensor σij σij
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Nonrelativistic charge density Q is given by,

Q ¼ 4
ffiffiffi
3

p
quþ −

6q2uþκ
m

ϵijω̃ij −
ffiffiffi
3

p ðm0 − 2Þq0
4m2

0

σ̃ijσ̃
ij

þ
ffiffiffi
3

p
q30κ

2

2m2
0

ω̃ijω̃
ij þ n̂Qa ð∂i∂iXaÞ

þ λ̂Qab∂
iXa∂iXb þ ˆ̃λ

Q
abϵ

ij
∂iXa∂jXb ð4:29Þ

where,

λ̂Q¼

0
B@

λ̂1 λ̂4=2 λ̂6=2

λ̂4=2 λ̂2 λ̂5=2

λ̂6=2 λ̂5=2 λ̂3

1
CA; ˆ̃λ

Q¼

0
BB@

0 ˆ̃λ4=2
ˆ̃λ6=2

ˆ̃λ4=2 0 ˆ̃λ5=2
ˆ̃λ6=2

ˆ̃λ5=2 0

1
CCA:

ð4:30Þ

Different n̂Qi s,and λ̂is are given in Table VIII and
Table IX.
Nonrelativistic charge current can be written as,

TABLE VI. List of ĉi.

ĉ1 − m0

4
ffiffiffiffiffiffiffiffiffiffi
4m0−3

p log
�
3−

ffiffiffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
ĉ2

− 24κ2q4
0

m0
þ

3m0 log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
2

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p þ 2m0 þ 1

ĉ3
− 36κ2ðm0−1Þ3

νm2
0

þ
3ðm0−1Þ log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
2ν

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p þ ðm0−1Þð12m3
0
þ19m2

0
−3m0þ6Þ

4νm2
0
ðm0þ1Þ

ĉ4
− 24κ2q4

0

m0τ
þ

m0 log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
τ

þ 4m2
0
þ2m0−1
2m0τ

ĉ5
− 27κ2ðm0−1Þ4

2ν2m3
0

þ
3ðm0−1Þðm0þ3Þð7m0−9Þ log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
16ν2m0ðm0þ1Þ

ffiffiffiffiffiffiffiffiffiffi
4m0−3
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þ245m4

0
−502m3

0
þ390m2

0
−396m0−333Þ

32ν2m3
0
ðm0þ1Þ3

ĉ6
− 18κ2ðm0−1Þ3

νm2
0
τ

þ
3ðm0−1Þ log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
4ν

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
τ

− −3m2
0
−5m0þ8

2ντþ2νm0τ

ĉ7
− 6κ2q4

0

m0τ
2 þ

3m0 log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
4

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
τ2

þ 4m2
0
þ14m0−5
8m0τ

2

TABLE V. List of n̂i.

n̂1 R3uþ
n̂2

−
m0 log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
2

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p − 1

n̂3
−13m3

0
þ10m2

0
−3m0þ6

8νm3
0
þ8νm2

0

−
3q2

0
log

�
3−

ffiffiffiffiffiffiffiffi
4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
4ν

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
n̂4

1−4m0

4m0τ
−

m0 log

�
3−
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4m0−3

pffiffiffiffiffiffiffiffi
4m0−3

p
þ3

�
2

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
τ

TABLE VII. List of ĝi.

ĝ1 − 2
ffiffi
3

p
κq3

0

m0

ĝ2 − 3
ffiffi
3

p
κq5

0

2νm2
0

ĝ3 −
ffiffi
3

p
κq3

0

m0τ

ĝ4 6
ffiffi
3

p
κq3

0

m0

ĝ5 9
ffiffi
3

p
κq5

0

2νm2
0

ĝ6 3
ffiffi
3

p
κq3

0

m0τ

ĝ7 3
ffiffi
3

p
κq5

0
ð9q2

0
ðq2

0
þ2Þ−m0ð5q20þ2ÞÞ

2ν2m3
0
ðq2

0
þ2Þ

ĝ8 3
ffiffi
3

p
κq5

0

νm2
0
τ

ĝ9 3
ffiffi
3

p
κq3

0

m0τ
2

ĝ10 −
ffiffi
3

p
κq3

0

2m0

TABLE VIII. List of n̂Qi .

n̂Q1 − 2
ffiffi
3

p
κ2q3

0

m2
0

n̂Q2 −
ffiffi
3

p
q0ðm3

0
þ4m2

0
−15m0þ18Þ

8νm3
0

− 3
ffiffi
3

p
κ2q5

0

2νm3
0

n̂Q3 − 3
ffiffi
3

p
q3
0

4m2
0
τ
−

ffiffi
3

p
κ2q3

0

m2
0
τ

TABLE IX. List of λ̂i.

λ̂1 2
ffiffi
3

p
κ2q3

0

m2
0

λ̂2 − 3
ffiffi
3

p
q5
0
κ2ð5m2

0
−39m0þ60Þ

2ν2m4
0
ðm0þ1Þ − 3

ffiffi
3

p ðm0−3Þ2q30 log 2
4ν2m2

0
ðm0þ1Þ

−
ffiffi
3

p
q3
0
ðm4

0
þ28m3

0
þ24m2

0
þ108m0−369Þ

16ν2m4
0
ðm0þ1Þ

λ̂3
ffiffi
3

p ð5−4m0Þq0
2m2

0
τ2

þ
ffiffi
3

p
κ2ðm0−1Þ3=2
m2

0
τ2

λ̂4 −
ffiffi
3

p
q3
0
ð5m0−3Þ

νm2
0
ðm0þ1Þ − 12

ffiffi
3

p
κ2ðm0−3Þ2q30

νm3
0
ðm0þ1Þ

λ̂5 − 6κ2
ffiffi
3

p ðm0−3Þ2q30
νm3

0
ðm0þ1Þτ −

ffiffi
3

p ðm0−3Þ2q0 log 2
2νm0ðm0þ1Þτ

−
ffiffi
3

p
q0ðm4

0
þ55m3

0
−67m2

0
−15m0þ42Þ

8νm3
0
ðm0þ1Þτ

λ̂6 − 3
ffiffi
3

p
q3
0

m2
0
τ

ˆ̃λ4
3κq2

0
ð2m2

0
−9m0þ15Þ

νm3
0

ˆ̃λ5 − 3κðm0−3Þq20ð2m2
0
−7m0−3Þ

2νm3
0
ðm0þ1Þτ

ˆ̃λ6
6κq2

0

τm2
0
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J i ¼ Qvi þ q̂a∂
iXa þ ˆ̃qaϵ

ik
∂kXa þ n̂J1 ∂

kσ̃ik þ n̂J2 ∂
kω̃ik þ n̂J3 ϵ

ij
∂
kσ̃jk þ n̂J4 ϵ

ij
∂
kω̃jk

þ ĉJa σ̃ik∂kXa þ ˆ̃cJa ω̃ik
∂kXa þ ĉJa ð∂kvkÞ∂iXa þ ĝJ

a ϵ
ilσ̃lk∂kXa

þ ˆ̃gJ
a ϵ

ilω̃lk
∂kXa þ ˆ̄gJ

a ð∂kvkÞϵil∂lXa: ð4:31Þ

Again all the hatted transports are the holographic counter-
parts of the nonrelativistic transports defined in (3.17).
Holographic values of different charge transports are given
in Table X, XI, XII, and XIII.

V. DISCUSSION: COMPARISON BETWEEN LCR
AND TsT

In order to compare the two approaches to obtain the
nonrelativistic constitutive relations we first note that the
stress tensor (3.14) and charge current (3.16) obtained via
LCR have exactly same form as stress tensor (4.28) and
charge current (4.31) obtained via TsT transformations. Not
only the stress tensor and charge current, one can check that
other constitutive relations like mass density, charge
density, energy density, energy current etc. have the same
structure of terms. The expressions can be found in
appendix B and C. The transport coefficients appearing
in light-cone reduced stress tensor and charge current
depend on relativistic data (i.e., relativistic transports
and fluid variables). The same is true for other light-cone
reduced constitutive relations also. These relations are very
generic and depend on the parent relativistic system (2.12)
and (2.13) and do not depend on any holographic model. In
appendix B we have listed all these transports. However, if
we use the holographic values of the relativistic transports
(I) then it turns out that the values of the transports
appearing in light-cone reduced constitutive relations
exactly match those obtained via TsT. For example let
us look at the holographic (TsT) value of n̂3 in table V. The
value of n3 for light-cone reduced fluid depends on the
relativistic transports and other fluid variables [see
Eqs. (B1) and (B2)]. However, if one uses the holographic
values of relativistic transports (I) then it turns out that
n̂3 ¼ n3. The same is true for other transports. Thus we
find that the nonrelativistic fluid obtained by LCR or by
TsT transformation are identical order by order in

TABLE X. List of n̂Ji .

n̂J1
�

q0
ffiffi
3

p

2
ffiffiffiffiffiffiffiffiffiffi
4m0−3

p log

�
3þ

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
3−

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
�
þ

ffiffi
3

p
q0ðm0−2Þ
2m2

0

�
n̂J2

�
−

ffiffi
3

p
q0ðm0þ2Þ
4m2

0

þ
ffiffi
3

p
κ2q3

0

m2
0

þ q0
ffiffi
3

p

2
ffiffiffiffiffiffiffiffiffiffi
4m0−3

p log

�
3þ

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
3−

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
��

n̂J3
6q2

0
κ

m2
0

n̂J4 − 3ðm0−2Þq20κ
m2

0

TABLE XI. List of q̂J
a and ˆ̃qJ

a .

λ̂q
ffiffi
3

p
qR3

muþ þ 2qτ
ffiffi
3

p
mR

�
ð2R4þ3mÞ
Tð3γ−1Þ − ðmþR4Þ

γT

�
þ qντ

ffiffi
3

p
mR

� ffiffi
3

p
qð2R4þ3mÞ

m − ðmþR4Þð3γ−2Þ
γϕ

�
σ̂q qτuþ

ffiffi
3

p
mR

� ffiffi
3

p
qð2R4þ3mÞ

m − ðmþR4Þð3γ−2Þ
γϕ

�
κq 2quþ

ffiffi
3

p
mR

�
ð2R4þ3mÞ
Tð3γ−1Þ − ðmþR4Þ

γT

�
þ qνuþ

ffiffi
3

p
mR

� ffiffi
3

p
qð2R4þ3mÞ

m − ðmþR4Þð3γ−2Þ
γϕ

�
ˆ̃λq − 12κq2

m

�
1þ 2uþ

3γ−1 þ
ffiffi
3

p
qντ
m

�
ˆ̃σq − 12κq2

m

�
τuþ

ffiffi
3

p
q

m

�
ˆ̃κq − 12κq2

m

�
2

ð3γ−1Þτ þ
ffiffi
3

p
qνuþ
m

�

TABLE XII. List of ĉJa , ˆ̃c
J
a and ˆ̄cJa .

ĉJ1 2
ffiffi
3

p
q3
0

m2
0

− 2
ffiffi
3

p
κ2q3

0

m2
0

ĉJ2 2
ffiffi
3

p
q3
0

m0
− 2

ffiffi
3

p
κ2ð12m0−13Þq30

m2
0

ĉJ3 0

ĉJ4
ffiffi
3

p ð5m2
0
þ24m0−9Þq30

8νm3
0
ðm0þ1Þ þ 3

ffiffi
3

p
q3
0

4m0ν
ffiffiffiffiffiffiffiffiffiffi
4m0−3

p log

�
3þ

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
3−

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
�
− 3

ffiffi
3

p
κ2q5

0

2νm3
0

ĉJ5
ffiffi
3

p ð11m4
0
−4m3

0
−23m2

0
þ12m0−12Þq0

8νm3
0
ðm0þ1Þ − 3

ffiffi
3

p
κ2q3

0
ð12m3

0
−17m2

0
þ12m0−23Þ

2νm3
0
ðm0þ1Þ

ĉJ6 0

ĉJ7
ffiffi
3

p ð5m0−6Þq0
4m2

0
τ

þ
ffiffi
3

p
q0

2τ
ffiffiffiffiffiffiffiffiffiffi
4m0−3

p log

�
3þ

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
3−

ffiffiffiffiffiffiffiffiffiffi
4m0−3

p
�
−

ffiffi
3

p
κ2q3

0

m2
0
τ

ĉJ8
ffiffi
3

p ð4m2
0
−3m0−2Þq0
4m2

0
τ

−
ffiffi
3

p
κ2q3

0
ð12m0−13Þ
m2

0
τ

ĉJ9 0

TABLE XIII. List of ĝJ
a , ˆ̃g

J
a and ˆ̄gJ

a .

ĝJ1 0

ĝJ2 0

ĝJ3 0

ĝJ4
3q2

0
κ

m2
0
τ

ĝJ5
6q2

0
κ

m0τ

ĝJ6 0

ĝJ7
9q6

0
κ

m3
0
ðm0þ1Þν

ĝJ8
9q4

0
κ

m2
0
ν

ĝJ9 0
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derivative expansion. Motivated by this we speculate that
the observation is true for any order in derivative
expansions.
The matching of TsT and LCR results, we think, is

nontrivial for the following reason. It was studied in [22,33]
that the TsT transformation of asymptotically AdS space
generates a new solution which has Schrödinger isometry at
the boundary. On the other hand Schrödinger in the
boundary theory can be obtained by LCR of conformal
algebra. In this paper we tried to understand this connection
in the context of hydrodynamics. LCR reduction of
relativistic constitutive equations (in particular conserva-
tion equations) renders nonrelativistic constitutive rela-
tions, namely continuity equation, Euler equations,
energy current equations and charge conservation equation
at different orders of derivative expansion. These equations
are consistent with Schrödinger isometry. Different non-
relativistic fluid data, i.e., mass density, charge density,
fluid velocity, energy current, energy density and different
transports can be obtained in terms of relativistic fluid data
and transports. Obtaining the nonrelativistic fluid via TsT
transformation is rather nontrivial. First of all we need to
obtain the correct holographic dual of a relativistic fluid.
We then uplift the solution to 10 dimensions and perform
the TsT transformation after identifying two isometry
directions. The transformation mixes different components
of the metric non trivially. In order to find the boundary
currents we first reduced the TsT transformed 10 dimen-
sional solution to 5 dimensions and wrote an effective
action (following [26]). The boundary currents are obtained
from the variation of this effective action following the
dictionary [26,27,43]. Since the variation is done with
respect to the tangent space variables of the asymptotic
fields, there is a further mixing in different components of
boundary currents.
Thus after very dedicated calculations we see that the

two sides indeed match exactly at every order in derivative
expansion which is very nontrivial as well as interesting in

its own right. It is worth mentioning that, while performing
the TsT transformation, not all of the isometry choices will
provide the Schrödinger isometry at the boundary. Here our
specific choice of isometry directions is goal driven. As we
have mentioned in this paper, the LCR of relativistic
conformal algebra boils down to Schrödinger algebra
and the TsT transformed black brane solution has
Schrödinger isometry at the boundary. Hence, it is not
very surprising to expect that such identifications hold
between the constitutive relations of a light-cone reduced
conformal fluid and a holographic fluid obtained from a
TsT transformed local black brane solution. However, this
agreement is not very straightforward to see. We had to go
through very rigorous calculations at each order in deriva-
tive expansion to verify the matching. We believe that it
requires further study to understand this agreement at the
fundamental level. We keep that for future endeavors.
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APPENDIX A: RELATIVISTIC BULK METRIC

Here we have written down the leading order pieces of
the components of bulk charged relativistic metric which
appear in the second order correction.
Scalars:

hðrÞ ¼ −
1

12r2
ð2ð∂iuþÞ2 þ 2ð∂þuiÞ2 þ 2ð∂xuyÞ2 þ 2ð∂yuxÞ2 þ ð∂xux − ∂yuyÞ2Þ þO

�
1

r5

�

kðrÞ ¼ r2

6m0

ð2∂2þmþ 2∂2i mþ 6m0ð∂iuþÞ2 þ 16m0ð∂iuþÞð∂þuiÞ − 22m0ð∂þuiÞ2 − 11m0ð∂þuxÞ2

− 3m0ð∂xuxÞ2 − 3m0ð∂yuyÞ2 þ 6m0ð∂yuxÞ2 þ 16m0ð∂yuxÞð∂xuyÞ − 34m0ð∂xuxÞð∂yuyÞÞ þO
�
1

r

�

wðrÞ ¼ 1

24m2
0r
ðð1þm0Þð−3q0∂2þm − 3q0∂2i m −þ4m0∂

2þqþ 4m0∂
2
i qþ 20m0ð∂þqÞð∂þuþÞ

þ 20m0ð∂iqÞð∂þuiÞ þ 72m0q0ð∂þuþÞ2 þ 72m0q0ð∂þuiÞ2 þ 4q0m0ðð∂iqÞ2 þ ð∂þqÞ2 þ 9q20ð∂þuþÞ2
þ 9q20ð∂þuiÞ2 þ 6q0ð∂þqÞð∂þuþÞ þ 6q0ð∂iqÞð∂þuiÞÞ − 32

ffiffiffi
3

p
q0m0κϵ

ijðð∂iqÞð∂þujÞ

− ð∂iqÞð∂juþÞ − 3q0ð∂þuþÞð∂iujÞ þ 3q0ð∂iuþÞð∂juþÞ − ð∂þqÞð∂iujÞÞÞ þO
�
1

r2

�
ðA1Þ
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Vectors:

jμðrÞ ¼ −
1

12r2
ðPν

μDλσ
λ
ν þ Pν

μDλω
λ
νÞ þO

�
1

r5

�

gμðrÞ ¼ −
2ffiffiffi
3

p
q0r7

�
3q3κ
2m2

ðlλσλμÞ −
3

ffiffiffi
3

p
q2

8m0

Pν
μDλσ

λ
ν −

ffiffiffi
3

p
q4κ2

4m2
Pν
μDλω

λ
ν

−
ffiffiffi
3

p
q log 2
4

σλμDλqþ
ffiffiffi
3

p
q0

16m2
0

ðm2
0 − 48q20κ

2 þ 3Þωλ
μDλq

�
ðA2Þ

Tensors:

αμν ¼
1

r2

�
ωμλσ

λ
ν þ ωνλσ

λ
μ þ σμλσ

λ
ν −

Pμν

3
σαβσαβ − ωμλω

λ
ν −

Pμν

3
ωαβωαβ

�

þ 1

4r4

�
N 1ðuλDλσ

μνÞ þN 2ðωμ
λσ

λν þ ων
λσ

λμÞ þN 3

�
σμλσ

λν −
1

3
Pμνσαβσαβ

�

þN 4

�
ωμ

λω
λν þ 1

3
Pμνωαβωαβ

�
þN 5ðΠμναβDαDβnÞ þN 6ðΠμναβDαnDβnÞ

þN 7

�
ΠμναβðDαlβ þDβlαÞ − ϵαβγμuαaβð∂νuγÞ − ϵαβγνuαaβð∂μuγÞ þ

2

3
ðlαaαÞPμν

��
ðA3Þ

Here i, j runs over ðx; yÞ and μ, ν over ðþ;−; x; yÞ.

APPENDIX B: NONRELATIVISTIC CHARGED FLUID FROM LCR

The transport coefficients involved in the stress tensor are given by,

n1 ¼ ηruþ; n2 ¼ ν0ñ3τ0 þ ñ4τ0 þ ñ2; n3 ¼ ñ3τ0; n4 ¼ ν0ñ3 þ ñ4;

c1 ¼
N 2

2
; c2 ¼ c̃5ν20τ

2
0 þ c̃6ν0τ20 þ c̃3ν0τ0 þ c̃7τ20 þ c̃4τ0 þ c̃2;

c3 ¼ 2c̃5ν0τ20 þ c̃6τ20 þ c̃3τ0 þ 2ñ3τ0;

c4 ¼ 2c̃5ν20τ0 þ 2c̃6ν0τ0 þ c̃3ν0 þ 2c̃7τ0 þ c̃4 þ 2ν0ñ3 þ 2ñ4; c5 ¼ c̃5τ20;

c6 ¼ 2c̃5ν0τ0 þ c̃6τ0 þ 2ñ3; c7 ¼ c̃5ν20 þ c̃6ν0 þ c̃7

g1 ¼ τ0ðg̃2ν0 þ g̃3Þ þ g̃1; g2 ¼ g̃2τ0; g3 ¼ g̃2ν0 þ g̃3;

g4 ¼ τ0ðg̃7ν20τ0 þ 2g̃8ν0τ0 þ 2g̃5ν0 þ g̃9τ0 þ 2g̃6Þ þ g̃4; g5 ¼ τ0ðg̃8τ0 þ g̃7ντ þ g̃2 þ g̃5Þ;
g6 ¼ g̃7ν20τ0 þ 2g̃8ν0τ0 þ g̃2ν0 þ g̃5ν0 þ g̃9τ0 þ g̃3 þ g̃6; g7 ¼ g̃7τ20; g8 ¼ g̃8τ0 þ g̃7τνþ g̃2;

g9 ¼ 2g̃8ν0 þ g̃7ν20 þ g̃9; g10 ¼ −
N 7

2
ðB1Þ

where,

ñ2 ¼ −
ηr

2

4p0

; ñ3 ¼ −
1

16p2
0q0

ð2p0ðN 1q0 þ 3N 5q0Þð∂ϕpÞ − 8N 5p2
0ð∂ϕqÞ − q0ð∂ϕpÞηr2Þ;

ñ4 ¼ −
1

16p2
0q0

ð2p0ðN 1q0 þ 3N 5q0Þð∂TpÞ − 8N 5p2
0ð∂TqÞ − q0ð∂TpÞηr2Þ ðB2Þ
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c̃2 ¼ −
1

8p0

ðð4N 2 −N 3 þ 4N 4Þp0 − 3ηr
2Þ;

c̃3 ¼
1

16p2
0

ðp0ðð2N 1 −N 3 − 4N 4Þð∂ϕpÞ − 4ηrð∂ϕηrÞÞ þ 4ð∂ϕpÞηr2Þ;

c̃4 ¼
1

16p2
0

ðp0ðð2N 1 −N 3 − 4N 4Þð∂TpÞ − 4ηrð∂TηrÞÞ þ 4ð∂TpÞηr2Þ;

c̃5 ¼ −
1

128p3
0q

2
0

ð16p2
0ð2ð4N 5q0 þ 3N 6q0Þð∂ϕpÞð∂ϕqÞ þ q0ðN 1q0 þ 3N 5q0Þð∂2ϕpÞÞ

− p0ððð20N 1 þ 4N 2 þN 3 − 4N 4Þq20 þ 108N 5q20 þ 36N 6q20Þð∂ϕpÞ2 þ 8q20ð∂ϕpÞηrð∂ϕηrÞ
þ 8q20ð∂2ϕpÞηr2Þ − 64p3

0ðN 6ð∂ϕqÞ2 þN 5q0ð∂2ϕqÞÞ þ 17q20ð∂ϕpÞ2ηr2Þ;

c̃6 ¼ −
1

64p3
0q

2
0

ð16p2
0ðð4N 5q0 þ 3N 6q0Þð∂TpÞð∂ϕqÞ þ ð4N 5q0 þ 3N 6q0Þð∂ϕpÞð∂TqÞ

þ q0ðN 1q0 þ 3N 5q0Þð∂ϕ∂TpÞÞ − p0ðð∂ϕpÞððð20N 1 þ 4N 2 þN 3 − 4N 4Þq20
þ 108N 5q20 þ 36N 6q20Þð∂TpÞ þ 4q20ηrð∂TηrÞÞ þ 4q20ηrðð∂TpÞð∂ϕηrÞ þ 2ð∂ϕ∂TpÞηrÞÞ
− 64p3

0ðN 6ð∂ϕqÞð∂TqÞ þN 5q0ð∂ϕ∂TqÞÞ þ 17q20ð∂ϕpÞð∂TpÞηr2Þ;

c̃7 ¼ −
1

128p3
0q

2
0

ð16p2
0ð2ð4N 5q0 þ 3N 6q0Þð∂TpÞð∂TqÞ þ q0ðN 1q0 þ 3N 5q0Þð∂2TpÞÞ

− p0ððð20N 1 þ 4N 2 þN 3 − 4N 4Þq20 þ 108N 5q20 þ 36N 6q20Þð∂TpÞ2 þ 8q20ð∂TpÞηrð∂TηrÞ
þ 8q20ð∂2TpÞηr2Þ − 64p3

0ðN 6ð∂TqÞ2 þN 5q0ð∂2TqÞÞ þ 17q20ð∂TpÞ2ηr2Þ

g̃1 ¼ −N 7; g̃2 ¼ −
1

4p0

ðN 7ð∂ϕpÞÞ; g̃3 ¼ −
1

4p0

ðN 7ð∂TpÞÞ g̃4 ¼ N 7

g̃5 ¼
1

32p0q0
ðð8N 7q0 þ ð6N 8 − 3N 9Þq0Þð∂ϕpÞ þ 4ðN 9 − 2N 8Þp0ð∂ϕqÞÞ

g̃6 ¼
1

32p0q0
ðð8N 7q0 þ ð6N 8 − 3N 9Þq0Þð∂TpÞ þ 4ðN 9 − 2N 8Þp0ð∂TqÞÞ

g̃7 ¼ −
1

64p2
0q0

ð4ð2N 8 þN 9Þp0ð∂ϕpÞð∂ϕqÞ − 3ð8N 7q0 þ ð2N 8 þN 9Þq0Þð∂ϕpÞ2 þ 16N 7p0q0ð∂2ϕpÞÞ

g̃8 ¼ −
1

64p2
0q0

ðð∂ϕpÞð2ð2N 8 þN 9Þp0ð∂TqÞ − 3ð8N 7q0 þ ð2N 8 þN 9Þq0Þð∂TpÞÞ

þ 2p0ðð2N 8 þN 9Þð∂TpÞð∂ϕqÞ þ 8N 7q0ð∂ϕ∂TpÞÞÞ

g̃9 ¼ −
1

64p2
0q0

ð4ð2N 8 þN 9Þp0ð∂TpÞð∂TqÞ − 3ð8N 7q0 þ ð2N 8 þN 9Þq0Þð∂TpÞ2 þ 16N 7p0q0ð∂2TpÞÞ: ðB3Þ

The transports appearing in the charge current are given by,

λq ¼ ηr

� ffiffiffi
3

p
q

Puþ
−

ffiffiffi
3

p
qTuþð∂TpÞ
4P2

−
3q2ð∂ϕpÞ
8uþP2

�
þ λr

� ffiffiffi
3

p ð3q∂Tp − 4P∂TqÞTuþ
P

þ 3qð3q∂ϕp − 4P∂ϕqÞ
2uþP

�

κq ¼
ηr
τ

�
−

ffiffiffi
3

p
qTðuþÞ2ð∂TpÞ

4P2
−
3q2ð∂ϕpÞ
8uþP2

�
þ λr

τ

� ffiffiffi
3

p ð3q∂Tp − 4P∂TqÞTðuþÞ2
P

þ 3qð3q∂ϕp − 4P∂ϕqÞ
2uþP

�

σq ¼ ηr

�
−

ffiffiffi
3

p
qð∂ϕpÞT
4P2

�
þ λr

� ffiffiffi
3

p ð3q∂ϕp − 4P∂ϕqÞT
P

�
;
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λ̃q ¼ −ξr
�

1

uþ
þ ð∂TpÞTuþ

4P
þ ð ffiffiffi

3
p

q∂ϕpÞ
8uþP

�

κ̃q ¼ −
ξr
τ

�ð∂TpÞTðuþÞ2
4P

þ
ffiffiffi
3

p
qð∂ϕpÞ
8uþP

�
; σ̃q ¼ −ξr

�ð∂ϕpÞT
4P

�
ðB4Þ

cJ1 ¼ c̃J1 þ uþτνc̃J4 þ uþτc̃J7 ; cJ2 ¼ c̃J2 þ uþτνc̃J5 þ uþτc̃J8 ; cJ3 ¼ c̃J3 þ uþτνc̃J6 þ uþτc̃J9
cJ7 ¼ νuþc̃J4 þ c̃J7 ; cJ8 ¼ νuþc̃J5 þ c̃J8 ; cJ9 ¼ νuþc̃J6 þ c̃J9

cJ4 ¼ uþτc̃J4 ; cJ5 ¼ uþτc̃J5 ; cJ6 ¼ uþτc̃J6
gJ1 ¼ g̃J1 þ uþτνg̃J4 þ uþτg̃J7 ; gJ2 ¼ g̃J2 þ uþτνg̃J5 þ uþτg̃J8 ; gJ3 ¼ g̃J3 þ uþτνg̃J6 þ uþτg̃J9
gJ7 ¼ νuþg̃J4 þ g̃J7 ; gJ8 ¼ νuþg̃J5 þ g̃J8 ; gJ9 ¼ νuþg̃J6 þ g̃J9

gJ4 ¼ uþτg̃J4 ; gJ5 ¼ uþτg̃J5 ; gJ6 ¼ uþτg̃J6 ðB5Þ

where,

nJ1 ¼ −
ffiffiffi
3

p
p0q0ðN 1 þ 12ηrλrÞ þ 2γ1p2

0 þ
ffiffiffi
3

p
q0η2r

2p2
0

nJ2 ¼ −2
ffiffiffi
3

p
p0q0ðN 1 þ 6ηrλrÞ þ 2ðγ1 þ γ2Þp2

0 þ
ffiffiffi
3

p
q0η2r

4p2
0

nJ3 ¼ ηrξr
2p0

; nJ4 ¼ ηrξr − 4
ffiffiffi
3

p
qN 7

4p0

c̃J1 ¼
ffiffiffi
3

p
p0q0ðN 1 − 2N 2 −N 3 − 12ηrλrÞ þ 2ðγ1 − γ2Þp2

0 þ
ffiffiffi
3

p
q0η2r

4p2
0

c̃J2 ¼
ffiffiffi
3

p
p0q0ðN 1 þ 2N 2 − 4N 4 þ 12ηrλrÞ − 2ðγ1 − γ2Þp2

0 −
ffiffiffi
3

p
q0η2r

4p2
0

c̃J3 ¼ 1

8p2
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

� ffiffiffi
3

p
q0ðηr − 12p0λrÞð3ηrðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

þ q0ð3ð∂ϕpÞð∂TηrÞ − 3ð∂TpÞð∂ϕηrÞÞ þ 4p0ðð∂TqÞð∂ϕηrÞ − ð∂ϕqÞð∂TηrÞÞ
��

c̃J4 ¼ 1

16p2
0q0

�
p0ð8

ffiffiffi
3

p
q0ðN 5ð∂ϕqÞ − 6q0λrð∂ϕηrÞÞ þ ð6γ1q0 − 2γ2q0 − 6γ4q0Þð∂ϕpÞÞ

þ
ffiffiffi
3

p
q0ððð−3N 1 − 2N 2 þN 3Þq0 − 6N 5q0Þð∂ϕpÞ þ 4q0ηrð∂ϕηrÞÞ þ 8γ4p2

0ð∂ϕqÞ
�

c̃J5 ¼ 1

16p3
0q0

�
2p2

0ð4
ffiffiffi
3

p
N 5q0ð∂ϕqÞ þ ððγ1 þ γ2Þq0 − 3γ5q0Þð∂ϕpÞÞ

−
ffiffiffi
3

p
p0q0ð∂ϕpÞðq0ðN 1 þ 2N 2 þ 4N 4 þ 12ηrλrÞ þ 6N 5q0Þ þ

ffiffiffi
3

p
q20η

2
rð∂ϕpÞ þ 8γ5p3

0ð∂ϕqÞ
�

c̃J6 ¼ −
1

32p3
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpð∂TqÞÞ

� ffiffiffi
3

p
q0ð∂ϕpÞðηr − 12p0λrÞð3ηrðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

þ q0ð3ð∂ϕpÞð∂TηrÞ − 3ð∂TpÞð∂ϕηrÞÞ þ 4p0ðð∂TqÞð∂ϕηrÞ − ð∂ϕqÞð∂TηrÞÞÞ
�
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c̃J7 ¼ 1

16p2
0q0

�
p0ð8

ffiffiffi
3

p
q0ðN 5ð∂TqÞ − 6q0λrð∂TηrÞÞ þ ð6γ1q0 − 2γ2q0 − 6γ4q0Þð∂TpÞÞ

þ
ffiffiffi
3

p
q0ððð−3N 1 − 2N 2 þN 3Þq0 − 6N 5q0Þð∂TpÞ þ q0ηrð∂TηrÞÞ þ 8γ4p2

0ð∂TqÞ
�

c̃J8 ¼ 1

16p3
0q0

�
2p2

0ð4
ffiffiffi
3

p
N 5q0ð∂TqÞ þ ððγ1 þ γ2Þq0 − 3γ5q0Þð∂TpÞÞ

−
ffiffiffi
3

p
p0q0ð∂TpÞðq0ðN 1 þ 2N 2 þ 4N 4 þ 12ηrλrÞ þ 6N 5q0Þ þ

ffiffiffi
3

p
q20η

2
rð∂TpÞ þ 8γ5p3

0ð∂TqÞ
�

c̃J9 ¼ 1

32p3
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

ð
ffiffiffi
3

p
q0ð∂TpÞðηr − 12p0λrÞðηrð3ð∂ϕpÞð∂TqÞ − 3ð∂TpÞð∂ϕqÞÞ

þ 3q0ðð∂TpÞð∂ϕηrÞ − ð∂ϕpÞð∂TηrÞÞ þ 4p0ðð∂ϕqÞð∂TηrÞ − ð∂TqÞð∂ϕηrÞÞÞ
�

g̃J1 ¼ 1

4

�
2γ3 þ

ηrξr
p0

�
; g̃J2 ¼ γ3

2
−
2

ffiffiffi
3

p
N 7q0
p0

g̃J3 ¼ 1

8p0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ
ðξrð3ηrðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ þ q0ð3ð∂ϕpÞð∂TηrÞ

− 3ð∂TpÞð∂ϕηrÞÞ þ 4p0ðð∂TqÞð∂ϕηrÞ − ð∂ϕqÞð∂TηrÞÞÞÞ

g̃J4 ¼ 1

16p2
0q0

�
2p0ð−2

ffiffiffi
3

p
N 9q0ð∂ϕqÞ þ γ3q0ð∂ϕpÞ þ 2q0ξrð∂ϕηrÞÞ þ 3

ffiffiffi
3

p
N 9q20ð∂ϕpÞ

�

g̃J5 ¼ 1

8p2
0q0

� ffiffiffi
3

p
q0ð4N 7q0 þ 3N 8q0Þð∂ϕpÞ − p0ð4

ffiffiffi
3

p
N 8q0ð∂ϕqÞ þ γ3q0ð∂ϕpÞÞ

�

g̃J6 ¼ 1

32p2
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

�
ξrð∂ϕpÞðηrð3ð∂ϕpÞð∂TqÞ − 3ð∂TpÞð∂ϕqÞÞ þ 3q0ðð∂TpÞð∂ϕηrÞ

− ð∂ϕpÞð∂TηrÞÞ þ 4p0ðð∂ϕqÞð∂TηrÞ − ð∂TqÞð∂ϕηrÞÞÞ
�

g̃J7 ¼ 1

16p2
0q0

�
2p0ð−2

ffiffiffi
3

p
N 9q0ð∂TqÞ þ γ3q0ð∂TpÞ þ 2q0ξrð∂TηrÞÞ þ 3

ffiffiffi
3

p
N 9q20ð∂TpÞ

�

g̃J8 ¼ 1

8p2
0q0

� ffiffiffi
3

p
q0ð4N 7q0 þ 3N 8q0Þð∂TpÞ − p0ð4

ffiffiffi
3

p
N 8q0ð∂TqÞ þ γ3q0ð∂TpÞÞ

�

g̃J9 ¼ 1

32p2
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

�
ξrð∂TpÞðηrð3ð∂ϕpÞð∂TqÞ − 3ð∂TpÞð∂ϕqÞÞ þ 3q0ðð∂TpÞð∂ϕηrÞ

− ð∂ϕpÞð∂TηrÞÞ þ 4p0ðð∂ϕqÞð∂TηrÞ − ð∂TqÞð∂ϕηrÞÞÞ
�
: ðB6Þ

Density,

ρ ¼ ðEþ PÞðuþÞ2 þ ñðρÞ1 ð∂k∂kμmÞ þ ñðρÞ2 ð∂k∂kϕÞ þ ñðρÞ1 ð∂k∂kTÞ þ c̃ðρÞ1 ð∂kμmÞð∂kμmÞ
þ c̃ðρÞ2 ð∂kϕÞð∂kϕÞ þ c̃ðρÞ3 ð∂kTÞð∂kTÞ þ c̃ðρÞ4 ð∂kμmÞð∂kϕÞ þ c̃ðρÞ5 ð∂kTÞð∂kϕÞ
þ c̃ðρÞ6 ð∂kμmÞð∂kTÞ þ c̃ðρÞ7 σijσij þ c̃ðρÞ8 ωijωij þ g̃ðρÞ1 ϵijð∂iμmÞð∂jϕÞ
þ g̃ðρÞ2 ϵijð∂iμmÞð∂jTÞ þ g̃ðρÞ3 ϵijð∂iTÞð∂jϕÞ ðB7Þ
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where,

ñðρÞ1 ¼ −
η2r
2p0

; ñðρÞ2 ¼ 1

24p2
0q0

ðð6N 5p0q0ð∂ϕpÞ þ 3q0η2rð∂ϕpÞ − 8N 5p2
0ð∂ϕqÞÞÞ

ñðρÞ3 ¼ 1

24p2
0q0

ðð6N 5p0q0ð∂TpÞ þ 3q0η2rð∂TpÞ − 8N 5p2
0ð∂TqÞÞÞ

c̃ðρÞ1 ¼ 1

12p0

ððð12N 2 þN 3 − 4N 4Þp0 þ 8η2rÞÞ

c̃ðρÞ2 ¼ −
1

192p3
0q

2
0

ðð16q20η2rð∂ϕpÞ2 − 16p2
0ð2ð5N 5q0 þ 3N 6q0Þð∂ϕpÞð∂ϕqÞ þ 3N 5q20ð∂2ϕpÞÞ

þ p0ððð12N 1 þ 12N 2 −N 3 þ 4N 4Þq20 þ 132N 5q20 þ 36N 6q20Þð∂ϕpÞ2
− 24q20ηrð∂ϕpÞð∂ϕηrÞ − 24q20η

2
rð∂2ϕpÞÞ þ 64p3

0ðN 6ð∂ϕqÞ2 þN 5q0ð∂2ϕqÞÞÞÞ

c̃ðρÞ3 ¼ −
1

192p3
0q

2
0

ðð16q20η2rð∂TpÞ2 − 16p2
0ð2ð5N 5q0 þ 3N 6q0Þð∂TpÞð∂TqÞ þ 3N 5q20ð∂2TpÞÞ

þ p0ððð12N 1 þ 12N 2 −N 3 þ 4N 4Þq20 þ 132N 5q20 þ 36N 6q20Þð∂TpÞ2
− 24q20ηrð∂TpÞð∂TηrÞ − 24q20η

2
rð∂2TpÞÞ þ 64p3

0ðN 6ð∂TqÞ2 þN 5q0ð∂2TqÞÞÞÞ

c̃ðρÞ4 ¼ −
1

24p2
0

ðð5η2rð∂ϕpÞ þ p0ðð−6N 1 þN 3 þ 4N 4Þð∂ϕpÞ þ 12ηrð∂ϕηrÞÞÞÞ

c̃ðρÞ5 ¼ 1

96p3
0q

2
0

ðð−16q20η2rð∂ϕpÞð∂TpÞ þ 16p2
0ðð5N 5q0 þ 3N 6q0Þð∂ϕqÞð∂TpÞ

þ ð5N 5q0 þ 3N 6q0Þð∂ϕpÞð∂TqÞ þ 3N 5q20ð∂ϕ∂TpÞÞ
þ p0ð−ð∂ϕpÞððð12N 1 þ 12N 2 −N 3 þ 4N 4Þq20 þ 132N 5q20 þ 36N 6q20Þð∂TpÞ
− 12q20ηrð∂TηrÞÞ þ 12q20ηrðð∂ϕηrÞð∂TpÞ þ 2ηrð∂T∂ϕpÞÞÞ − 64p3

0ðN 6ð∂ϕqÞð∂TqÞ þN 5q0ð∂ϕ∂TqÞÞÞÞ

c̃ðρÞ6 ¼ −
1

24p2
0

ðð5η2rð∂TpÞ þ p0ðð−6N 1 þN 3 þ 4N 4Þð∂TpÞ þ 12ηrð∂TηrÞÞÞÞ

c̃ðρÞ7 ¼ −
p0N 3 − 4η2r

12p0

; c̃ðρÞ8 ¼ N 4

3

g̃ðρÞ1 ¼ 1

24p0q0
ðð2N 8 þ 3N 9Þð3q0ð∂ϕpÞ − 4p0ð∂ϕqÞÞÞ

g̃ðρÞ2 ¼ 1

24p0q0
ðð2N 8 þ 3N 9Þð3q0ð∂TpÞ − 4p0ð∂TqÞÞÞ

g̃ðρÞ3 ¼ −
1

24p0q0
ðð2N 8 − 3N 9Þðð∂ϕqÞð∂TpÞ − ð∂ϕpÞð∂TqÞÞÞ: ðB8Þ

Velocity,

vi ¼ ui

uþ
þ ηr
16P2uþ

�
∂iP − 4P

∂iuþ

uþ

�
þ ñðvÞ1 ∂kσ

ik þ ñðvÞ2 ∂kω
ik þ ñðvÞ3 ϵil∂kσ

lk þ ñðvÞ4 ϵil∂kω
lk

þ c̃ðvÞ1 σikð∂kμmÞ þ c̃ðvÞ2 ωikð∂kμmÞ þ c̃ðvÞ3 ð∂kvkÞð∂iμmÞ þ c̃ðvÞ4 σikð∂kϕÞ þ c̃ðvÞ5 ωikð∂kϕÞ
þ c̃ðvÞ6 ð∂kvkÞð∂iϕÞ þ c̃ðvÞ7 σikð∂kTÞ þ c̃ðvÞ8 ωikð∂kTÞ þ c̃ðvÞ9 ð∂kvkÞð∂iTÞ þ g̃ðvÞ1 ϵilσlkð∂kμmÞ
þ g̃ðvÞ2 ϵilωlkð∂kμmÞ þ g̃ðvÞ3 ð∂kvkÞϵilð∂lμmÞ þ g̃ðvÞ4 ϵilσlkð∂kϕÞ þ g̃ðvÞ5 ϵilωlkð∂kϕÞ
þ g̃ðvÞ6 ð∂kvkÞϵilð∂lϕÞ þ g̃ðvÞ7 ϵilσlkð∂kTÞ þ g̃ðvÞ8 ϵilωlkð∂kTÞ þ g̃ðvÞ9 ð∂kvkÞϵilð∂lTÞ ðB9Þ
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where,

ñðvÞ1 ¼ N 1p0 − η2r
8p2

0

; ñðvÞ2 ¼ 2N 1p0 − η2r
16p2

0

; ñðvÞ3 ¼ 0; ñðvÞ4 ¼ N 7

4p0

;

c̃ðvÞ1 ¼ ð−N 1 þ 2N 2 þN 3Þp0 − η2r
16p2

0

; c̃ðvÞ2 ¼ ðN 1 þ 2N 2 − 4N 4Þp0 − η2r
16p2

0

c̃ðvÞ3 ¼ 1

32p2
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

ðηrðηrð3ð∂ϕpÞð∂TqÞ − 3ð∂TpÞð∂ϕqÞÞ þ ð∂ϕηrÞð3q0ð∂TpÞ

− 4p0ð∂TqÞÞ þ ð∂TηrÞð4p0ð∂ϕqÞ − 3q0ð∂ϕpÞÞÞÞ

c̃ðvÞ4 ¼ −
1

64p2
0q0

ð−3N 1q0ð∂ϕpÞ − 2N 2q0ð∂ϕpÞ þN 3q0ð∂ϕpÞ − 6N 5q0ð∂ϕpÞ þ 8N 5p0ð∂ϕqÞ þ 4q0ηrð∂ϕηrÞÞ

c̃ðvÞ5 ¼ −
1

64p3
0q0

ðN 1p0q0ð∂ϕpÞ þ 2N 2p0q0ð∂ϕpÞ þ 4N 4p0q0ð∂ϕpÞ þ 6N 5p0q0ð∂ϕpÞ − 8N 5p2
0ð∂ϕqÞ − q0η2rð∂ϕpÞÞ

c̃ðvÞ6 ¼ 1

128p3
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

ð4p0ηrð∂ϕpÞð∂TqÞð∂ϕηrÞ − 4p0ηrð∂ϕpÞð∂ϕqÞð∂TηrÞ

þ 3η2rð∂ϕpÞð∂TpÞð∂ϕqÞ − 3η2rð∂ϕpÞ2ð∂TqÞ − 3q0ηrð∂ϕpÞð∂TpÞð∂ϕηrÞ þ 3q0ηrð∂ϕpÞ2ð∂TηrÞÞ

c̃ðvÞ7 ¼ 1

64p2
0q0

ððð3N 1 þ 2N 2 −N 3Þq0 þ 6N 5q0Þð∂TpÞ − 4ð2N 5p0ð∂TqÞ þ q0ηrð∂TηrÞÞÞ

c̃ðvÞ8 ¼ 1

64p3
0q0

ð−p0ððN 1 þ 2N 2 þ 4N 4Þq0 þ 6N 5q0Þð∂TpÞ þ 8N 5p2
0ð∂TqÞ þ q0η2rð∂TpÞÞ

c̃ðvÞ9 ¼ 1

128p3
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

ðηrð∂TpÞð3ηrðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ þ q0ð3ð∂ϕpÞð∂TηrÞ

− 3ð∂TpÞð∂ϕηrÞÞ þ 4p0ðð∂TqÞð∂ϕηrÞ − ð∂ϕqÞð∂TηrÞÞÞÞ

g̃ðvÞ1 ¼ 0; g̃ðvÞ2 ¼ −
N 7

2p0

; g̃ðvÞ3 ¼ 0; g̃ðvÞ4 ¼ 1

64p2
0q0

ðN 9ð4p0ð∂ϕqÞ − 3q0ð∂ϕpÞÞÞ;

g̃ðvÞ5 ¼ −
1

32p2
0q0

ð−4N 7q0ð∂ϕpÞ − 3N 8q0ð∂ϕpÞ þ 4N 8p0ð∂ϕqÞÞ; g̃ðvÞ6 ¼ 0;

g̃ðvÞ7 ¼ 1

64p2
0q0

ðN 9ð4p0ð∂TqÞ − 3q0ð∂TpÞÞÞ;

g̃ðvÞ8 ¼ 1

32p2
0q0

ðð4N 7q0 þ 3N 8q0Þð∂TpÞ − 4N 8p0ð∂TqÞÞ; g̃ðvÞ9 ¼ 0: ðB10Þ

Pressure,

p ¼ Pþ ñðpÞ1 ð∂k∂kμmÞ þ ñðpÞ2 ð∂k∂kϕÞ þ ñðpÞ1 ð∂k∂kTÞ þ c̃ðpÞ1 ð∂kμmÞð∂kμmÞ
þ c̃ðpÞ2 ð∂kϕÞð∂kϕÞ þ c̃ðpÞ3 ð∂kTÞð∂kTÞ þ c̃ðpÞ4 ð∂kμmÞð∂kϕÞ þ c̃ðpÞ5 ð∂kTÞð∂kϕÞ
þ c̃ðpÞ6 ð∂kμmÞð∂kTÞ þ c̃ðpÞ7 σijσij þ c̃ðpÞ8 ωijωij þ g̃ðpÞ1 ϵijð∂iμmÞð∂jϕÞ
þ g̃ðpÞ2 ϵijð∂iμmÞð∂jTÞ þ g̃ðpÞ3 ϵijð∂iTÞð∂jϕÞ ðB11Þ
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where,

ñðpÞ1 ¼ 1

4p0

ðηr2Þ; ñðpÞ2 ¼ 1

48p2
0q0

ð−6N5p0q0ð∂ϕpÞ þ 8N5p2
0ð∂ϕqÞ − 3q0ð∂ϕpÞηr2Þ

ñðpÞ3 ¼ 1

48p2
0q0

ð−6N5p0q0ð∂TpÞ þ 8N5p2
0ð∂TqÞ − 3q0ð∂TpÞηr2Þ

c̃ðpÞ1 ¼ 1

24p0

ð−11ηr2 − 12N2p0 − N3p0 þ 4N4p0Þ

c̃ðpÞ2 ¼ 1

384p3
0q

2
0

ð−160N5p2
0q0ð∂ϕpÞð∂ϕqÞ − 96N6p2

0q0ð∂ϕpÞð∂ϕqÞ − 48N5p2
0q

2
0ð∂2ϕpÞ

þ 12N1p0q20ð∂ϕpÞ2 þ 12N2p0q20ð∂ϕpÞ2 − N3p0q20ð∂ϕpÞ2 þ 4N4p0q20ð∂ϕpÞ2
þ 132N5p0q20ð∂ϕpÞ2 þ 36N6p0q20ð∂ϕpÞ2 þ 64N6p3

0ð∂ϕqÞ2 þ 64N5p3
0q0ð∂2ϕqÞ

− 24p0q20ð∂ϕpÞηrð∂ϕηrÞ − 24p0q20ð∂2ϕpÞηr2 þ 13q20ð∂ϕpÞ2ηr2Þ

c̃ðpÞ3 ¼ 1

384p3
0q

2
0

ð−160N5p2
0q0ð∂TpÞð∂TqÞ − 96N6p2

0q0ð∂TpÞð∂TqÞ − 48N5p2
0q

2
0ð∂2TpÞ

þ 12N1p0q20ð∂TpÞ2 þ 12N2p0q20ð∂TpÞ2 − N3p0q20ð∂TpÞ2 þ 4N4p0q20ð∂TpÞ2
þ 132N5p0q20ð∂TpÞ2 þ 36N6p0q20ð∂TpÞ2 þ 64N6p3

0ð∂TqÞ2 þ 64N5p3
0q0ð∂2TqÞ

− 24p0q20ð∂TpÞηrð∂TηrÞ − 24p0q20ð∂2TpÞηr2 þ 13q20ð∂TpÞ2ηr2Þ

c̃ðpÞ4 ¼ 1

48p2
0

ð−6N1p0ð∂ϕpÞ þ N3p0ð∂ϕpÞ þ 4N4p0ð∂ϕpÞ þ 8ð∂ϕpÞηr2 þ 12p0ð∂ϕηrÞηrÞ

c̃ðpÞ5 ¼ 1

48p2
0

ð−6N1p0ð∂TpÞ þ N3p0ð∂TpÞ þ 4N4p0ð∂TpÞ þ 8ð∂TpÞηr2 þ 12p0ð∂TηrÞηrÞ

c̃ðpÞ6 ¼ 1

384p3
0q

2
0

ð−32p2
0ð5N5q0ð∂TpÞð∂ϕqÞ

þ 3N6q0ð∂TpÞð∂ϕqÞ þ 5N5q0ð∂ϕpÞð∂TqÞ þ 3N6q0ð∂ϕpÞð∂TqÞ þ 3N5q20ð∂ϕ∂TpÞÞ
þ 2p0ð12N1q20ð∂ϕpÞð∂TpÞ þ 12N2q20ð∂ϕpÞð∂TpÞ − N3q20ð∂ϕpÞð∂TpÞ þ 4N4q20ð∂ϕpÞð∂TpÞ
þ 132N5q20ð∂ϕpÞð∂TpÞ þ 36N6q20ð∂ϕpÞð∂TpÞ − 12q20ð∂TpÞηrð∂ϕηrÞ − 12q20ð∂ϕpÞηrð∂TηrÞ
− 24q20ð∂ϕ∂TpÞηr2Þ þ 128p3

0ðN6ð∂ϕqÞð∂TqÞ þ N5q0ð∂ϕ∂TqÞÞ þ 26q20ð∂ϕpÞð∂TpÞηr2Þ

c̃ðpÞ7 ¼ 1

24p0

ðN3p0 − 4ηr
2Þ; c̃ðpÞ8 ¼ −

N4

6
;

g̃ðpÞ1 ¼ 1

48p0q0
ð−6N8q0ð∂ϕpÞ − 9N9q0ð∂ϕpÞ þ 8N8p0ð∂ϕqÞ þ 12N9p0ð∂ϕqÞÞ;

g̃ðpÞ2 ¼ 1

48p0q0
ð−6N8q0ð∂TpÞ − 9N9q0ð∂TpÞ þ 8N8p0ð∂TqÞ þ 12N9p0ð∂TqÞÞ

g̃ðpÞ3 ¼ −
1

48p0q0
ð−2N8ð∂TpÞð∂ϕqÞ þ 3N9ð∂TpÞð∂ϕqÞ þ 2N8ð∂ϕpÞð∂TqÞ − 3N9ð∂ϕpÞð∂TqÞÞ: ðB12Þ

Energy,

ϵ ¼ E − P
2

þ 1

2
ρv2 þ ñðϵÞ1 ð∂k∂kμmÞ þ ñðϵÞ2 ð∂k∂kϕÞ þ ñðϵÞ1 ð∂k∂kTÞ þ c̃ðϵÞ1 ð∂kμmÞð∂kμmÞ

þ c̃ðϵÞ2 ð∂kϕÞð∂kϕÞ þ c̃ðϵÞ3 ð∂kTÞð∂kTÞ þ c̃ðϵÞ4 ð∂kμmÞð∂kϕÞ þ c̃ðϵÞ5 ð∂kTÞð∂kϕÞ
þ c̃ðϵÞ6 ð∂kμmÞð∂kTÞ þ c̃ðϵÞ7 σijσij þ c̃ðϵÞ8 ωijωij þ g̃ðϵÞ1 ϵijð∂iμmÞð∂jϕÞ
þ g̃ðϵÞ2 ϵijð∂iμmÞð∂jTÞ þ g̃ðϵÞ3 ϵijð∂iTÞð∂jϕÞ ðB13Þ
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where,

ñðϵÞ1 ¼ η2r
4p0

; ñðϵÞ2 ¼ −
1

48p2
0q0

ð6N 5p0q0ð∂ϕpÞ − 8N 5p2
0ð∂ϕqÞ þ 3q0η2rð∂ϕpÞÞ

ñðϵÞ3 ¼ −
1

48p2
0q0

ð6N 5p0q0ð∂TpÞ − 8N 5p2
0ð∂TqÞ þ 3q0η2rð∂TpÞÞ;

c̃ðϵÞ1 ¼ −
1

24p0

ðð12N 2 þN 3 − 4N 4Þp0 þ 11η2rÞ

c̃ðϵÞ2 ¼ 1

384p3
0q

2
0

ð−16p2
0ð2ð5N 5q0 þ 3N 6q0Þð∂ϕpÞð∂ϕqÞ þ 3N 5q20ð∂2ϕpÞÞ

þ p0ððð12N 1 þ 12N 2 −N 3 þ 4N 4Þq20 þ 132N 5q20 þ 36N 6q20Þð∂ϕpÞ2
− 24q20ηrð∂ϕpÞð∂ϕηrÞ − 24q20η

2
rð∂2ϕpÞÞ þ 64p3

0ðN 6ð∂ϕqÞ2 þN 5q0ð∂2ϕqÞÞ þ 13q20η
2
rð∂ϕpÞ2Þ

c̃ðϵÞ3 ¼ 1

384p3
0q

2
0

ð−16p2
0ð2ð5N 5q0 þ 3N 6q0Þð∂TpÞð∂TqÞ þ 3N 5q20ð∂2TpÞÞ

þ p0ððð12N 1 þ 12N 2 −N 3 þ 4N 4Þq20 þ 132N 5q20 þ 36N 6q20Þð∂TpÞ2
− 24q20ηrð∂TpÞð∂TηrÞ − 24q20η

2
rð∂2TpÞÞ þ 64p3

0ðN 6ð∂TqÞ2 þN 5q0ð∂2TqÞÞ þ 13q20η
2
rð∂TpÞ2Þ

c̃ðϵÞ4 ¼ 1

48p2
0

ðp0ðð−6N 1 þN 3 þ 4N 4Þð∂ϕpÞ þ 12ð∂ϕηrÞÞ þ 8η2rð∂ϕpÞÞ

c̃ðϵÞ5 ¼ 1

48p2
0

ðp0ðð−6N 1 þN 3 þ 4N 4Þð∂TpÞ þ 12ð∂TηrÞÞ þ 8η2rð∂TpÞÞ

c̃ðϵÞ6 ¼ 1

192p3
0q

2
0

ð−16p2
0ðð5N 5q0 þ 3N 6q0Þð∂TpÞð∂ϕqÞ þ ð5N 5q0 þ 3N 6q0Þð∂ϕpÞð∂TqÞ

þ 3N 5q20ð∂T∂ϕpÞÞ þ p0ðð∂ϕpÞððð12N 1 þ 12N 2 −N 3 þ 4N 4Þq20 þ 132N 5q20

þ 36N 6q20Þð∂TpÞ − 12q20ð∂TηrÞÞ − 12q20ηrð2ηrð∂T∂ϕpÞ þ ð∂TpÞð∂ϕηrÞÞÞ þ 64p3
0ðN 6ð∂ϕqÞð∂TqÞ

þN 5q0ð∂T∂ϕqÞÞ þ 13q20η
2
rð∂ϕpÞð∂TpÞÞ

c̃ðϵÞ7 ¼ 1

24

�
N 3 −

4η2r
p0

�
; c̃ðϵÞ8 ¼ −

N 4

6

g̃ðϵÞ1 ¼ 1

48p0q0
ðð2N 8 þ 3N 9Þð4p0ð∂ϕqÞ − 3q0ð∂ϕpÞÞÞ; g̃ðϵÞ2 ¼ 1

48p0q0
ðð2N 8 þ 3N 9Þð4p0ð∂TqÞ − 3q0ð∂TpÞÞÞ

g̃ðϵÞ3 ¼ −
1

48p0q0
ðð2N 8 − 3N 9Þðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞÞ: ðB14Þ

Energy current,

ei ¼
�
eþ Pþ 1

2
ρv2

�
vi þ ηr

�
∂iuþ

ðuþÞ2 −
∂iP
4Puþ

�
− ηrσijvj þ ñðecÞ1 ∂kσ

ik þ ñðecÞ2 ∂kω
ik þ ñðecÞ3 ϵil∂kσ

lk

þ ñðecÞ4 ϵil∂kω
lk þ c̃ðecÞ1 σikð∂kμmÞ þ c̃ðecÞ2 ωikð∂kμmÞ þ c̃ðecÞ3 ð∂kvkÞð∂iμmÞ þ c̃ðecÞ4 σikð∂kϕÞ

þ c̃ðecÞ5 ωikð∂kϕÞ þ c̃ðecÞ6 ð∂kvkÞð∂iϕÞ þ c̃ðecÞ7 σikð∂kTÞ þ c̃ðecÞ8 ωikð∂kTÞ þ c̃ðecÞ9 ð∂kvkÞð∂iTÞ
þ g̃ðecÞ1 ϵilσlkð∂kμmÞ þ g̃ðecÞ2 ϵilωlkð∂kμmÞ þ g̃ðecÞ3 ð∂kvkÞϵilð∂lμmÞ þ g̃ðecÞ4 ϵilσlkð∂kϕÞ þ g̃ðecÞ5 ϵilωlkð∂kϕÞ
þ g̃ðecÞ6 ð∂kvkÞϵilð∂lϕÞ þ g̃ðecÞ7 ϵilσlkð∂kTÞ þ g̃ðecÞ8 ϵilωlkð∂kTÞ þ g̃ðecÞ9 ð∂kvkÞϵilð∂lTÞ ðB15Þ
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where,

ñðecÞ1 ¼ 1

2

�
η2r
p0

−N 1

�
; ñðecÞ2 ¼ η2r − 2N 1p0

4p0

; ñðecÞ3 ¼ 0; ñðecÞ4 ¼ −N 7;

c̃ðecÞ1 ¼ 1

4
ðN 1 − 2N 2 −N 3Þ; c̃ðecÞ2 ¼ 1

4

�
N 1 þ 2N 2 − 4N 4 −

η2r
p0

�

c̃ðecÞ3 ¼ 1

8p0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ
ðηrð3ηrðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ þ 4p0ðð∂TqÞð∂ϕηrÞ

− ð∂ϕqÞð∂TηrÞÞ þ q0ð3ð∂ϕpÞð∂TηrÞ − 3ð∂TpÞð∂ϕηrÞÞÞÞ

c̃ðecÞ4 ¼ 1

16p2
0q0

ðp0ððð−3N 1 − 2N 2 þN 3Þq0 − 6N 5q0Þð∂ϕpÞ þ 4q0ηrð∂ϕηrÞÞ þ 8N 5p2
0ð∂ϕqÞ þ q0η2rð∂ϕpÞÞ

c̃ðecÞ5 ¼ 1

16p2
0q0

ð−p0ððN 1 þ 2N 2 þ 4N 4Þq0 þ 6N 5q0Þð∂ϕpÞ þ 8N 5p2
0ð∂ϕqÞ þ q0η2rð∂ϕpÞÞ

c̃ðecÞ6 ¼ 1

32p2
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

ðηrð∂ϕpÞðηrð3ð∂ϕpÞð∂TqÞ − 3ð∂TpÞð∂ϕqÞÞ þ 3q0ðð∂TpÞð∂ϕηrÞ

− ð∂ϕpÞð∂TηrÞÞ þ 4p0ðð∂ϕqÞð∂TηrÞ − ð∂TqÞð∂ϕηrÞÞÞÞ

c̃ðecÞ7 ¼ 1

16p2
0q0

ðp0ððð−3N 1 − 2N 2 þN 3Þq0 − 6N 5q0Þð∂TpÞ þ 4q0ηrð∂TηrÞÞ þ 8N 5p2
0ð∂TqÞ þ q0η2rð∂TpÞÞ

c̃ðecÞ8 ¼ 1

16p2
0q0

ð−p0ððN 1 þ 2N 2 þ 4N 4Þq0 þ 6N 5q0Þð∂TpÞ þ 8N 5p2
0ð∂TqÞ þ q0η2rð∂TpÞÞ

c̃ðecÞ9 ¼ 1

32p2
0ðð∂TpÞð∂ϕqÞ − ð∂ϕpÞð∂TqÞÞ

ðηrð∂TpÞðηrð3ð∂ϕpÞð∂TqÞ − 3ð∂TpÞð∂ϕqÞÞ þ 3q0ðð∂TpÞð∂ϕηrÞ

− ð∂ϕpÞð∂TηrÞÞ þ 4p0ðð∂ϕqÞð∂TηrÞ − ð∂TqÞð∂ϕηrÞÞÞÞ

g̃ðecÞ1 ¼ 0; g̃ðecÞ2 ¼ −2N 7; g̃ðecÞ3 ¼ 0; g̃ðecÞ4 ¼ 1

16p0q0
ðN 9ð3q0ð∂ϕpÞ − 4p0ð∂ϕqÞÞÞ

g̃ðecÞ5 ¼ 1

8p0q0
ðð4N 7q0 þ 3N 8q0Þð∂ϕpÞ − 4N 8p0ð∂ϕqÞÞ; g̃ðecÞ6 ¼ 0;

g̃ðecÞ7 ¼ 1

16p0q0
ðN 9ð3q0ð∂TpÞ − 4p0ð∂TqÞÞÞ

g̃ðecÞ8 ¼ 1

8p0q0
ðð4N 7q0 þ 3N 8q0Þð∂TpÞ − 4N 8p0ð∂TqÞÞ; g̃ðecÞ9 ¼ 0: ðB16Þ

Charge,

Q ¼ 4
ffiffiffi
3

p
quþ − ξrðuþÞ2ϵijð∂ivjÞ þ ñðqÞ1 ð∂k∂kμmÞ þ ñðqÞ2 ð∂k∂kϕÞ þ ñðqÞ1 ð∂k∂kTÞ þ c̃ðqÞ1 ð∂kμmÞð∂kμmÞ

þ c̃ðqÞ2 ð∂kϕÞð∂kϕÞ þ c̃ðqÞ3 ð∂kTÞð∂kTÞ þ c̃ðqÞ4 ð∂kμmÞð∂kϕÞ þ c̃ðqÞ5 ð∂kTÞð∂kϕÞ þ c̃ðqÞ6 ð∂kμmÞð∂kTÞ
þ c̃ðqÞ7 σijσij þ c̃ðqÞ8 ωijωij þ g̃ðqÞ1 ϵijð∂iμmÞð∂jϕÞ þ g̃ðqÞ2 ϵijð∂iμmÞð∂jTÞ þ g̃ðqÞ3 ϵijð∂iTÞð∂jϕÞ ðB17Þ
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ñðqÞ1 ¼ 1

2p0

�
ðγ1 − γ2Þp0 − 6

ffiffiffi
3

p
q0ηrλr

�

ñðqÞ2 ¼ −
1

8p2
0

�
p0ð∂ϕpÞðγ1 þ γ2 − 24

ffiffiffi
3

p
q0λ2rÞ − 6

ffiffiffi
3

p
q0ηrλrð∂ϕpÞ þ 32

ffiffiffi
3

p
p2
0λ

2
rð∂ϕqÞ

�

ñðqÞ3 ¼ −
1

8p2
0

�
p0ð∂TpÞðγ1 þ γ2 − 24

ffiffiffi
3

p
q0λ2rÞ − 6

ffiffiffi
3

p
q0ηrλrð∂TpÞ þ 32

ffiffiffi
3

p
p2
0λ

2
rð∂TqÞ

�

c̃ðqÞ1 ¼ 1

2p0

�
ðγ2 − γ1Þp0 þ 8

ffiffiffi
3

p
q0ηrλr

�

c̃ðqÞ2 ¼ 1

32p3
0q0

�
4p0q0ð−p0ð∂2ϕpÞðγ1 þ γ2 − 24

ffiffiffi
3

p
q0λ2rÞ þ 6

ffiffiffi
3

p
q0ηrλrð∂2ϕpÞ − 32

ffiffiffi
3

p
p2
0λrðλrð∂2ϕqÞ

þ ð∂ϕqÞð∂ϕλrÞÞÞ þ 4p0ð∂ϕpÞð6
ffiffiffi
3

p
q20λrð4p0ð∂ϕλrÞ þ ð∂ϕηrÞÞ − p0ð∂ϕqÞðγ4 þ γ5 − 24

ffiffiffi
3

p
q0λ2rÞÞ

þ ð∂ϕpÞ2ð4γ2p0q0 þ q0ð3ðγ4 þ γ5Þp0 − 16
ffiffiffi
3

p
q0λrð6p0λr þ ηrÞÞÞ

�
c̃ðqÞ3 ¼ 1

32p3
0q0

�
4p0q0ð−p0ð∂2TpÞðγ1 þ γ2 − 24

ffiffiffi
3

p
q0λ2rÞ þ 6

ffiffiffi
3

p
q0ηrλrð∂2TpÞ − 32

ffiffiffi
3

p
p2
0λrðλrð∂2TqÞ

þ ð∂TqÞð∂TλrÞÞÞ þ 4p0ð∂TpÞð6
ffiffiffi
3

p
q20λrð4p0ð∂TλrÞ þ ð∂TηrÞÞ − p0ð∂TqÞðγ4 þ γ5 − 24

ffiffiffi
3

p
q0λ2rÞÞ

þ ð∂TpÞ2ð4γ2p0q0 þ q0ð3ðγ4 þ γ5Þp0 − 16
ffiffiffi
3

p
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APPENDIX C: HOLOGRAPHIC NONRELATIVISTIC CHARGED FLUID

Here we are presenting all the quantities (not presented in the main text) describing nonrelativistic charged holographic
fluid, in terms of mass, charge, and local velocities of black brane.
The pressure of the holographic fluid is given by,

p ¼ mþ 1
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Mass density is given by,
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Nonrelativistic velocity has the following expression,
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Energy density is given by

e ¼ mþ 1
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Finally, the energy current is given by,
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