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In this paper, we introduce new sets of boundary conditions for higher-spin gravity in AdS; where the
boundary dynamics of spin-2 and other higher-spin fields are governed by the interacting collective field
theory Hamiltonian of Avan and Jevicki. We show that the time evolution of spin-2 and higher-spin fields
can be captured by the classical dynamics of folded Fermi surfaces in the similar spirit of Lin, Lunin, and
Maldacena. We also construct infinite sequences of conserved charges showing the integrable structure of
higher-spin gravity (for spin-3) under the boundary conditions we considered. Further, we observe that
there are two possible sequences of conserved charges depending on whether the underlying boundary

fermions are nonrelativistic or relativistic.
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I. INTRODUCTION

The dynamics of classical gravity in three spacetime
dimensions has no bulk degrees of freedom, completely
fixed by the asymptotic boundary conditions. Using the
Hamiltonian formalism for gravity in three-dimensional
anti—de Sitter (AdS;) spacetime, Brown and Henneaux
showed that for a specific choice of boundary conditions
where the lapse and the shift functions are held constant at
the asymptotic boundary, the asymptotic symmetry group is
generated by two copies of Virasoro algebras [1]. Such
boundary conditions are known as Brown-Henneaux boun-
dary conditions and are considered to be the standard
boundary conditions. In the language of Chern-Simons
(CS) theory, Brown-Henneaux boundary conditions corre-
spond to fixing the temporal component of the gauge field
(known as chemical potential) to a constant value at the
asymptotic boundary.l However, gravity in AdS; admits a
new family of nonstandard boundary conditions leveled by a
non-negative integer k [4].> In such cases the chemical
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'"The condition on constant chemical potential was relaxed
in [2,3].

*Other consistent boundary conditions are also interesting and
discussed in the literature. For example [5—14]. The most general
asymptotically AdS; boundary conditions for Einstein’s gravity
were discussed in [15].
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potentials are no longer kept fixed at the asymptotic
boundary, rather they are allowed to explicitly depend on
the fields (asymptotic values of the angular components of
the gauge fields). The classical dynamics for these boundary
conditions are governed by the kth element of the KdV
hierarchy. The standard Brown-Henneaux boundary con-
ditions correspond to the special case k = 0. For k =1,
Einstein’s equations are similar to two independent copies of
Korteweg-de Vries (KdV) equations and the asymptotic
symmetry algebra is infinite dimensional, without any
central charge. The field theoretic realization of these
infinite-dimensional symmetry algebras has been discussed
in [16]. Another class of boundary conditions, known as
soft-hairy boundary conditions were considered in [7,9]
for fixed chemical potentials at the boundary. The soft-hairy
boundary conditions were further generalized in [11,14] by
choosing the chemical potentials as appropriate local func-
tions of the fields. It was shown that for this class of
boundary conditions the classical dynamics of gravity is
governed by the Gardner hierarchy of nonlinear partial
differential equations, known as mixed KdV (mKdV)
hierarchy. The story of pure gravity, discussed so far,
can also be generalized to higher-spin gravity in AdS;
[2,3,10,17-23]. In [24] a new set boundary conditions were
introduced for gravity coupled with spin-3 field where the
boundary dynamics is governed by the members of the
modified Boussinesq integrable hierarchy. See also
[22,23,25]. Tt is known that the KdV equation (also mKdV
and Boussinesq equations) describes an integrable dynami-
cal system due to the presence of an infinite number of
conserved quantities (constants of motion). The above
results thus show a connection between classical higher-
spin gravity in AdS; and certain special classes of integrable
systems (KdV/mKdV/Boussinesq) in 1 + 1 dimensions.
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Another example of simple and interesting integrable
system is the one-dimensional matrix model of N x N
unitary matrices with arbitrary potential. In the large N
limit, the one dimensional matrix model can be described in
terms of a classical cubic collective field theory in arbitrary
background potential [26,27]. The large N degrees of
freedom of the matrix model are captured by a real
collective bosonic field, called the eigenvalue density. A
generalization of collective field theory including the
interaction between the original collective fields and an
infinite set of supplementary fields was proposed in [28].
One interesting feature of the collective field theory is that
it admits a free Fermi phase-space description in terms
of two-dimensional droplets due to bosonization [29-36].
A similar phase space description also exists for interacting
collective field theory. It was shown in [37,38] that the
dynamics of interacting collective field theory can be
described in terms of folds on Fermi surfaces. It turns
out that one can construct an infinite sequence of classical
conserved charges (i.e., the Poisson brackets of these
charges vanish) in cubic collective field theory and
hence the theory admits an integrable structure [39,40].°
Therefore, it is natural to ask whether the free as well as the
interacting collective field theories have any dual-gravity
descriptions.

In this paper we introduce new sets of boundary
conditions (similar to generalized soft-hairy boundary
conditions) for higher-spin gravity in AdS; where the
boundary dynamics of spin-two and other higher-spin
fields is governed by the interacting collective field theory
Hamiltonian [28]. We show that the time evolution of spin-
2 and higher-spin fields can be captured by the classical
dynamics of folded Fermi surfaces in the similar spirit of
Lin, Lunin, and Maldacena (LLM) [42]. This allows us to
provide a free fermionic description of higher-spin gravity
in AdS;. For spin-three excitations we also construct
infinite sequences of conserved charges showing the
integrable structure of higher-spin gravity under the boun-
dary conditions we consider. In particular, denoting the
single free fermion Hamiltonian density by §(p, 6), we find
that the infinite sequences of conserved charges are given
by different integral powers of §(p, 0) integrated over the
phase space in presence of folds. Further, we observe that
there are two possible sequences depending on whether the
underlying fermions are nonrelativistic or relativistic. We
also show that the entropy of higher-spin black holes
connected to Bafados-Teitelboim-Zanelli (BTZ) black
holes is proportional to the total area of the droplets with
folds.

The organization of our paper is as follows. In Sec. Il we
review matrix quantum mechanics and the corresponding
bosonic collective field theory. We also provide a phase

The classical integrability was generalized to quantum
integrability in [41].

space description of the theory and discuss the notion of
folds. In Sec. III we discuss about AdS; gravity coupled to
higher-spin fields and their corresponding Chern-Simons
description. Asymptotic symmetries and the construction
of conserved charges have also been summarized in this
section. Droplet description of AdS; gravity coupled to
higher-spin is discussed in Sec. IV. We construct two
different sets of asymptotic conserved charges in higher-
spin gravity depending on whether the underlying fermions
are nonrelativistic or relativistic. We finally end with some
discussions and future directions in Sec. V.

II. THE COLLECTIVE FIELD THEORY AND
FREE-FERMI DROPLETS

In this section, we briefly review the basic ideas of
matrix quantum mechanics and their connections with
collective field theories. We also provide a phase-space
description of the theory and discuss the notion of folds.

We start with the partition function of a unitary matrix
model in (0 + 1) dimension

Zt:/[DU]exp Udt(TrUz+W(U)) L@

where U is a N x N unitary matrix, the trace is taken over
fundamental representation, W(U) is a gauge invariant
function of U and D[U] is the Haar measure over U(N)
group manifold. The matrix model (2.1) admits two
equivalent descriptions—one in terms of free fermions
[43] and the other in terms of collective bosonic field
[26,27]. These two descriptions are related by bosonization.

In a series of papers Jevicki and Sakita [26,27] showed
that the matrix model (2.1) can be described in terms of a
real collective bosonic field (the eigenvalue density)

N

p(1.0) =50~ 0),

i=1

(2.2)

where 6;s are eigenvalues of U and its conjugate momen-
tum 7(z,0). The corresponding bosonic Hamiltonian is
given by

b /deeaﬂgég)ﬂ(ﬁ 9 aﬂ((;ée)
NACT W(0)p(t 9)) (2.3)
6 P9 ) :
where W(0) is defined as
/ dOW (0)p(1,0) = W(U(1)). (2.4)

The dynamics of the collective field and its conjugate
momentum is governed by Hamilton’s equations,

106010-2



HIGHER-SPIN GRAVITY IN AdS; AND FOLDS ON FERMI ...

PHYS. REV. D 107, 106010 (2023)

0,0(1.0) + 9y(p(1.0)0(1.0)) = 0
1 2
0,0(1.0) +5050(1.0)* + %69/)(2‘, 0)> = —W'(0),

where v(t,0) = o (t,0). (2.5)
The above set of equations are coupled, nonlinear, and
partial differential equations. It is possible to decouple
these two equations by introducing two new variable
p+(t,0), defined as

_ 4 (1,0) = p_(1,9)

p(t,0) = , and
2r
v(1,0) :p+(t’8);p—(t’9). (2.6)
The equations for p.(z,0) are given by
0,p+(1.0) + pi(1.0)0pp.(1.0) + W(0) =0.  (2.7)

The collective Hamiltonian (2.3), written in terms of these
new variables p,(t,0), is decomposed into two disjoint
sectors H,, and H,, given by

where

3
H = izlﬂ/cm(pi(ge)+ W(0)p. (1, 9)). (2.8)

Hy = Hj; + Hj,

The equations for p, can be derived from this Hamiltonian
for the following Poisson’s structure

{p=(1,0), p+(1,0")} = F225'(0 - &),

{p+(1,0),p_(1,0)} = 0. (2.9)

A. The droplet description

Decomposition of the Hamiltonian enables us to give a
geometric description of collective field theory in terms of
two-dimensional droplets [29]. The set of decoupled
equations (2.7) governs the evolution of a free-Fermi
droplet in (p, @) plane whose boundaries are given by
p-(t,0). To understand this in detail, we consider a system
of N nonrelativistic free fermions (noninteracting) moving
on S! under a common potential W(@). The single particle
Hamiltonian is given by

2

b(p.0) = -+ W(O).

(2.10)
The Hamilton’s equations obtained from the single particle
Hamiltonian (2.10) are given by

dp do

-w — =p. 2.11
L_—we). = 1)

The single-particle phase space of this system is given by a
droplet with boundaries p_ (, 0). Using Egs. (2.11) one can
check that the boundaries of a droplet p — p.(z,0) follow
Eq. (2.7). Therefore, the equations in (2.7) determine
classical evolution of the Fermi surface with time. The
phase-space Hamiltonian for such free-Fermi system is
given by

2

Hy = %/ dodp <% + W(6)>w(p,9), (2.12)
where @(p, 0) is the phase-space density

w(p.0) = O((p.(1.0) — p)(p — p_(1.0))).  (2.13)

Integrating over p, it is easy to check that the phase-space
Hamiltonian H,, is exactly same as the bosonic
Hamiltonian given by Eq. (2.8).

There is a one to one correspondence between phase-
space variables and collective field theory variables.
Eigenvalue density and the corresponding momentum
can be obtained from the phase-space distribution by
integrating over p

p(t,H):;—ﬂ/dpw(p,H), v(t,@):ﬁ/dppw(pﬁ).

(2.14)

Thus, the relations (2.6) serve as a dictionary between
bosonic (collective field theory) and fermionic (phase-
space) variables.

Solving the field theory equations of motion (2.5) is
equivalent to solving for upper and lower fermi surfaces in
phase space picture. In either case, one needs to provide an
initial data on a constant time slice in (7, 6) plane. After that
the problem reduces to a Cauchy problem. Existence of a
unique solution depends on the geometry of initial data
curve.

B. Folds

The Fermi surfaces [p.(t,0)] we have discussed so far
are single valued functions of 8 at any time ¢. A more
generic Fermi surface can be multivalued in 0 (see Fig. 1).
Such a surface is called a folded Fermi surface. The folds
can appear both in the upper and the lower surfaces. The
folds can be connected to the main droplet or can also be a
separate droplet. The classical theory of folds were dis-
cussed in [37,45] in terms of p_(¢,6) and an infinite set of
variables w (1, 0) satisfying classical w,, algebra [28]. In
presence of folds one can parametrize different moments of

p as

*See Ref. [44] for an example.
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FIG. 1. Folds on Fermi surface.

/W(pﬁ) =P —p- (2.15)

1 n n
/"U(P»Q) = m(lMH - pth)
+ Y (Pt = prRwy),  (2.16)
p

up to some constants c}. These constants can be fixed from
the integrable structure of the model. We shall fix them
later. Presence of nonzero w,,s signifies nonquadratic
profile of the droplet. For example, we consider a droplet
with one fold in the upper surface as shown in Fig. 1. For a
given 6 we have {f,,f_;} and {f o, f_»}. From the
above set of relations in (2.15) we have

/ dp@(p.0) = fi1 = foy + fra—for = Py —po.
(2.17)

Since the fold is formed on the upper surface (in this
particular example) it is natural to parametrize

py=fa—fa+fp and p_=f,. (2.18)

From the equations for higher-order moments (2.16) one

can find all the w,,,. For the fold shown in Fig. 1, the first
few of them are given by

1
Wy = _C_{(f—l —fe)(foi = fi2)s
1
Wiy = pwﬁ-l(zc%f—l + (e} =2e1)(f41 + [+2))
2

(2.19)

and all w_,, = 0. From these relations we see that when fold
isabsentie., f,1 =f_jorf_ =f,,wehave p, = f,,
p— = f_» and wp, = 0. In general, there can be T folds on
the upper surface. Then the parametrization is given by

T T-1
p+:Zf+i_Zf—iv p-=fr (2.20)
i=1 i=1

and the w,,, can be found as functions of f; using (2.16),

T n+1 fn+1 1

A S n+l _ on+l
; n(n+1) n(n—&—l)(p+ P

+ Z p (P wg = pihwoy).
=1

(2.21)

The number of folds can depend on the position 6 and
time 7.

In the context of 2D string theory w,, represents an
infinite set of discrete fields and p, represent tachyon
fields [28]. The discrete fields themselves close a classical
W, algebra. Interpretation of w,, as folds on Fermi
surfaces was given by [37]. Classical evolution of folded
fermi surfaces is therefore governed by the dynamics of p,.
and w., for a given Hamiltonian [37]. Later we shall see
how the dynamics of higher-spin fields in AdS; is mapped
with the evolution of folded Fermi surfaces.

III. HIGHER-SPIN GRAVITY IN AdS; AND
CHERN-SIMONS THEORY

We consider gravity in AdS; coupled with integral
higher-spin fields with spin 3 <s < M. The bulk theory
can be formulated in terms of Chern-Simons theory with
the gauge group SL(M,R)x SL(M,R) [18,19]. The
matrix valued gauge fields can be separated in two chiral
sectors and denoted by A*(x). '+ and '—' correspond to
gauge fields associated with two copies of the gauge
groups. Two gauge fields A*(x) are related to generalized
vielbein e and spin-connection w and formally expressed as
[18] (the index structure is suppressed)

e
where [ is the radius of the AdS; space. Using the relation
between the generalized vielbein, spin connection and
gauge fields, the Einstein-Hilbert action can be shown to
be equal to the CS action

I =1Icsg(A") +1cs(A7), (3.2)

where

k 2
Icg(A*) = 4_—4—M/Tr [Ai A dA* +§(Ai)3 + By (A%).

T

(3.3)

The level k;, of the CS theory is related to the three-
dimensional Newton’s constant G and AdS radius / through
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l M(M? -1)

ky = 1Ge,, where €, = G

(3.4)

For M =2

l
ky = Yehni (3.5)
B, (A%) is a boundary term added to the bulk action to
make 61 -5(A*) = 0. The gauge fields A* are matrix valued
and the trace in (3.3) acts on the generators of the algebra
sl(M, R) in the fundamental representation.

In this paper we consider the principal embedding of
sl(2, R) in sI(M, R) [10]. The generators of sl(M, R) are
given by L, and L, and W,(;f) where s = 3,...,M and
m=—(s—1),...,(s = 1). Important relations between
these generators, needed in this paper are given by

Tr(LoLy) = %M Tr(LoWS)) = 0,

() (s)y _ €M
Tr(W,'W = , 3.6
(W wy) = 32 (36)
where
(25 — 1)1(25 — 2)!
= . 3.7
78 \/48(s—1)!4Hi‘12(M2—k2) (37)

For other details see Ref. [10]. Different components of the
metric can be computed from the gauge fields

2 _ _
G =5 TH{(AT = A7), (AT =A7),].  (3.8)
In three dimensions gravity is locally trivial; all the
dynamics are localized near the boundary and hence
sensitive to the boundary conditions.

A. Boundary conditions

We parametrize the three-dimensional manifold by r, f,
and 6, where 6 is compact. r is the radial direction and the
asymptotic region (boundary) is at r — co. We consider the
following form of the gauge fields

A% = b3 (d + a*)b., (3.9)
where b* are gauge group elements, they depend on the
radial coordinate r only. The connections a* depend only
on the transverse coordinates ¢ and §. We must emphasize
here that the specific radial dependence of b, does not
affect the asymptotic charges and the boundary equations
of motion. However, in order to write an explicit form of the
bulk metric, one is required to make a specific choice
of b,. In order to satisfy the Maxwell’s equations (i.e.,
Einstein’s equation) we do not need to specify any

particular form of b,. We choose the connection in the
following form [10]:

a*(.0) = (£.(1.0)dt £ p.(1.0)dO) L,

M
+3 0, (Cay(r.0)dt £ us,(1.0)dOW,  (3.10)
s=3

where p, and u, are the dynamical fields associated with
gravity and higher-spin fields respectively. £, and (. are
corresponding chemical potentials. The Maxwell’s equa-
tions obtained from the action (3.3) are given by

dA* + A*2 = 0. (3.11)

Using the form of A* and a® one can check that the
dynamical fields and the chemical potentials satisfy
pi(t,0) = £&.(1,0), iig(1,0) = £ (1,6). (3.12)
Here - and ' denote the partial derivatives with respect to ¢
and O respectively.

In order to find the boundary term B% we demand that
0l =0 for any arbitrary variations of gauge fields. This
implies

k M
OB =F / dtd&(fiépi + Zcﬂéuﬂ) (3.13)
s=3

Therefore to get a well-defined boundary term one needs to
take the ¢ outside the integral. It is possible if the chemical
potential £, and ., can be written as variation of a
quantity H* with respect to p. and u., respectively, i.e.,

47w SH*
k 5uis ’

and {4 = (3.14)

where H* in general can be a functional of p., u,, and
their different 6 derivatives

o= [ (pu i) Ga13)
The boundary term, therefore, becomes
BL = i/dzdeHi = i/dtHi. (3.16)

Thus we specify the boundary conditions through the
choice of the function H*. The dynamics of the fields
p+ and uy, therefore depends on the choice of the

boundary conditions H*
) 47 0 (SH*
Uyy =F —— .
£ =F % o0 \ou,

s (6) —g 0 (O
P+l =+ k 00 §pj: s
(3.17)
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B. Conserved charges

The asymptotic symmetries are determined by a
set of gauge transformations that preserve the asymptotic
form of the gauge fields. The gauge transformation is
given by

da* = da* + [a*, AF], (3.18)
where AT are the gauge transformation parameters. One can
check that the asymptotic form of the gauge fields (3.10)

are preserved under (3.18) with the following choice of
gauge transformation parameters [10]:

M
2 =0 (t0)Lo+ Y o, (t.OWS.  (3.19)
s=3

With this choice the asymptotic fields p,, wui, and
chemical potentials &* transform as
(3.20)

op+ = iﬂ/f and 6. =1,

(3.21)

5”is = :l:rl/j;y and 5§is = ﬁis‘

Since the chemical potentials &£, and ., now depend on

p+ and u, ¢, their variations are not zero anymore. Hence,
we can use (3.14) to write

4z O SH*
1. (6,0) =F ——— [ dO'| —1 (1.0
11:|:< ) ) + k 5p:|:(t, 9)/ <5pi l/l:t( ’ )

M +
SH
+ 1y, (t, 9’)>, (3.22)
s=3 5uis -
47 1) SH*
t,0 do' | —' (1,0
hes(1.0) = o a0 (S 0.0)
M +
SH
+) (1,0 > 3.23
2B, L (1.6') (3.23)

The variation of the conserved charges for the local gauge
symmetry is given by [46,47]

k
5" (naon) = =51 [ d0'Te(z*0(a)

k M
=F 4—/ do’ <77i5pi + Z nisauis>'
g 5s=3

(3.24)
First we can check that if n, = —4% % and g, = — 4% gf:

then Eqgs. (3.22) and (3.23) are satisfied and hence

Q* (nesnss) = £ / doH* (3.25)

are conserved charges, which are the Hamiltonians for the
two chiral sectors. Moreover, one can also find some other
H;f = [dOH; such that

4z oH
k api

4r OHF
k al/lis

and 7y, = (3.26)

ny =

satisfy Egs. (3.22) and (3.23) for a given choice of
Hamiltonians H*. In that case

Qi (aansy) = + / dOHE (3.27)

are also a conserved charges of the theory under the

boundary conditions specified through H*. Apparently

the right-hand side does not depend on 7. and #.;

however, it depends on the choice of these quantities.
Poisson brackets of charges satisfy [46]

5{ﬁti,ﬂ}Qni(’7i777is) = {Qﬂ’?iv’?is)v Qf(ﬁrﬁﬂ)}-
(3.28)

From these relations we can deduce the Poisson brackets
for the field py and u

4z 0

{po(1.0), ps(1.0)} =F ~3g00-0).  (329)
4z 0

{Mis([’ 9)’ uis’(t’ 9/)} =+ 7%5(9 - 9/)5”/, (330)

{p+(1,0),usy(1,6)} = 0. (3.31)

Once we have the Poisson brackets of the field variables the
field equations (3.12) can be written as

pe(t.0) ={p.(1.0). H}. and

itj:s(t’ 0) = {u:ts(t70)’Hi}' (332)

In [11,24], H,s are chosen to be generalized Gelfand-
Dikii polynomials (or modified Gelfand-Dikii polynomials
for modified Boussinesq hierarchy in presence of
higher-spins) and the field equations are give by left and
right members of Gardner hierarchy (or modified
Boussinesq hierarchy for higher-spin). In the next section
we shall see that a different set of H,,s is possible and such
choices will provide a gravity dual of integrable collective
field theory.

IV. COLLECTIVE FIELD THEORY
AND AdS; GRAVITY

In this section we discuss the gravity dual of interacting
collective field theory. Our construction allows us to
provide a geometric description of the bulk solution in

106010-6



HIGHER-SPIN GRAVITY IN AdS; AND FOLDS ON FERMI ...

PHYS. REV. D 107, 106010 (2023)

terms of the shapes of Fermi surfaces. We first do the
exercise for pure gravity and show how the boundary
dynamics is captured by the time evolution of free-Fermi
droplets. After that we discuss the higher-spin case.

To match the classical dynamics of gravity and that of
collective field theory given by Egs. (3.12) and (2.7)
respectively we take the Hamiltonian H* to be proportional
to the cubic collective field theory Hamiltonian (2.8)

k

k
H* = EHE,‘F = :I:E/ dodpy(p,0)w@(0,p).  (4.1)

The equations of motion satisfied by p_. are given by (2.7).
These are dispersionless KdV equations with the source
term.’ Further, we can check that for this choice of
Hamiltonian, 7, ~ 0H* /dp . satisfy Eq. (3.22) and hence
the Hamiltonian is a conserved quantity.

Thus we introduce the new boundary conditions for
AdS; gravity by choosing the boundary Hamiltonian H* in
(3.14) to be proportional to the collective field theory
Hamiltonian and hence the dynamics of boundary gravitons
is captured by that of noninteracting nonrelativistic
fermions.

These boundary conditions also admit infinite sequences
of conserved charges in the theory. Following [33,39,40]
we can construct an infinite sequence of phase-space
integrals of different integer powers of the single-particle
Hamiltonian §(p, 0) [given by (2.10)]

Hopes =4 [ d0dpo(p.0)5(p.0) = [ dot 1 (0).
(4.2)

Separating these conserved charges into two chiral sectors
for each n we have

H2l1—1 = H;n—l + Hgn—l’

k P 2 n
Hi | = 1471/516/) *dp<’;+ W(9)>

where Hi = H* is the Hamiltonian. Expanding the power
on the right-hand side and integrating over p, one can write

/ dez <2k %) pzik“vv(e)"—k)

(4.4)

where

(4.3)

+ _
HZn—l -

It turns out that for these H5,_,, the gauge transformation
parameters 7. given by (3.26), satisfy Eq. (3.22) for the
Hamiltonian given by Eq. (4.1) for all n. Thus the phase-

*Our boundary conditions are related to the standard boundary
conditions [4] by a gauge transformation on shell [7].

space integrals (3.27) provide two infinite sequences (for
two chiral sectors) of conserved charges of the AdS;
gravity. Using (3.29) we see that the Poisson brackets of
charges H,,_, for all n > 2 with the Hamiltonian vanish
and hence they are constants of motion. One can also
construct the conserved current associated with these
charges. We define a current density J{, , = = {H}, J{ 0 )

such that

9,J¢ . =0 on shell.

" (4.5)

It turns out that to satisfy the on shell conservation equation
the spatial component of the current is given by

n+1
7 (0)= iWkH) (p =4 W(9)> . (4.6)

Given the Poisson structure (3.29), one can show that
the Poisson brackets of any two conserved charges
vanishes

n>1

(QF.Qi} =0 ¥ m, (4.7)

implying the integrable structure of the AdS; gravity for the
chosen boundary conditions.

One can also take the boundary Hamiltonian to be H3,
for any fixed n > 1 to specify the boundary conditions. In
that case the equations of motion become

ps +nh(ps,0)" (pLp’ + W) =0. (4.8)
These are the set of hierarchical equations with respect to
(2.7). For this choice the other H3,_s turn out to be the
conserved charges of the motion. ThlS shows the hierar-
chical nature of the AdS; gravity under the boundary
conditions we considered.

A. BTZ black holes and droplets

In case of pure gravity the dynamical equations (2.7)
admit time-independent solutions. For p, =0 we have
&Y =0. This implies &* are functions of time only.
Since we are interested in time-independent solutions
we consider é* = ¢ (constant) and hence we get p, (0) =

+/21/c, — W(0). The metric is given by

[
ds?> = dr? +4cosh2<l>((c+—c_)dt
+do(p

_(0)+p+(9)))?

~psint () (et c.)ar a0l 0) = p- (O

(4.9)
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The explicit form of the above metric is written using the
maps (3.8), (3.9), and (3.10) where the gauge group
element b, is given by

b, = exp [i%(LH —L_l)} (4.10)

Such solutions are called black flower solutions [9,13,14].
Since the eigenvalue density is given by p(@) =
(p4(6) — p_(0))/2m, such solutions correspond to gapped
or no-gap solution in the matrix model side depending
whether p. (@) is defined over the whole range of @
or not. A further special case is constant solution; p, () =

++/2,/kL. After a suitable coordinate transformation

b (ko 4Kk )P =27 — /47 —4(xk_ 4+, )PP + (k, — k)21
2% NG ’
__ aEE , _ g VeV (4.11)
l(co\ /KD = c\/KD) l(coy/KZ = c_\/K5)

the metric can be written in the standard Schwarzschild
coordinate,

d~2 2
S (d¢> - %m) . (4.12)

52 = —(F)dv?
A NTE

The function f(7) is given by

7.2 J2
A VA
JO =g =M+5
where M = (k, +«_)
and J=I(k, —k_). (4.13)
The solution has horizons at
[
ry = —(/kp £ k). 4.14
+ ﬁ(‘/ L+ V) (4.14)
The entropy is given by
2nr,
Spu = G V2rk(JKS + KD).  (415)

The constant configuration p.(6) = £/2k. corresponds
to droplet as shown in Fig. 2. The area of the droplet is
given by

A=22(p,(0) = p—(0)) = 2VBR( K + V&) = 2 S
(4.16)

The black hole mass M and angular momentum J are
specified in terms of droplet data x,. A symmetric
distribution about 6 axis (i.e., k, = k_) corresponds to
J = 0; the zero angular momentum. The extremal black
hole corresponds to x_ = 0. Therefore, any droplet with

[

p+(0) = constant with |p| > |p_| corresponds to a BTZ
black hole.

B. Higher-spin droplets and conserved charges

Since the classical algebra (Poisson brackets) satisfied by
p+ and u, is a disjoint unions of M — 1 Poisson brackets,
a trivial generalization of the above exercise is to construct
a Hamiltonian which is a direct sum of M — 1 copies of
mutually noninteracting Hamiltonians (4.1). As a result one
can construct M —1 copies of asymptotic conserved
charges (4.4). The boundary dynamics, similarly, can be
described by M — 1 copies of free-Fermi droplets. Such a
generalization is not interesting. One can, in fact, find a
much more interesting boundary dynamics where higher-
spin excitations are coupled with spin-2 fields in a non-
trivial way and hence conserved charges.

To specify nontrivial boundary conditions we first
turn on all the integer higher-spin fields and define
a set of infinite number of collective variables w.,
from u

S (1.0)

t,0) = 4.17
W:tn( ) 4 n+1 ( )
s=3
p+(0)
p+(0) = V/2r4
VA(J/R + VRO

—m s ]

p-() = —/2r—

FIG. 2. Droplet for BTZ black hole.
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Using (3.31) we see that w.,, satisfy the classical wg,
algebra

47
{Wim(t’ 9)’ Win(l’ 9/)} =+ ?(mwim+n—l(t’ 0)
3}
1,0))—=56(0-0
+nwim+n—l( ) )) 00 ( )
(4.18)

In order to specify the boundary conditions in presence
of higher-spin excitations we again integrate the single-
particle Hamiltonian (6, p) over phase space with folds.
The boundary Hamiltonian, therefore, is given by

k
H=_ / d9dpw(9, p)h(6, p)

k > p
=1,/ % [(F - ?> + (Pywir = p-w_y)

2 =) + WO, =) (4.19)
Here we have chosen
¢2=1 and 3 =1. (4.20)

The equations of motion satisfied by p, and different
higher-spin fields are given by

Pi + pip’i + Z uixu’is + W' = O,
s=3

gy + plttys + pruly +2u i’y = 0. (4.21)

In terms of collective excitations w., these equations can
be written as

0 and
(4.22)

P+ pLpl + W +W =
W + (4 1)phwi, + pawly, + 2w, ) = 0.

Considering p, and w,, to be independent fields, these
equations can also be obtained using the Poisson brackets
of w, (4.18) for the Hamiltonian (4.19). One can check
that the Eqgs. (3.22) and (3.23) are satisfied for the choice,
|

p 15 25
/d@{ i‘i‘ piwil +—piwo+—=piwis + =

4 2

20

+ 3W(9) <pi + piwil + 3PiWiZ + Spiwﬂ + 3Wi4) + 3W2(9) <

Ny ~ ap and 7, ~ 2%, Therefore the Hamiltonian (4.19)
provides consistent boundary conditions for higher-spin
gravity. In presence of arbitrary higher-spins, the above sets
of equations (4.22), in general, neither admit any integrable

structure nor a free-Fermi description.

1. Integrable structure

It turns out that if we turn on a single higher-spin (spin
s =3)ie.,
n+1

+s5
n—+1

(no sum), (4.23)

Wpt =

then it is possible to construct an infinite sequence of
conserved charges for each chiral sector. The conserved
charges are obtained by integrating §” over phase space in
presence of folds.

k
H,,_, :—/depf)”(H,p) =H; ,+H;_, n>1.

47
(4.24)

The integrals are determined up to the constants c/,, defined
in (2.15) and (2.16). It turns out that one we can fix this
constants [for a given choice of c1 and c2 in Eq. (4.20)] by

2" Land 7y, ~ ag’:” L such that Egs. (3.22) and

(3.23) are satlsfied. We fix the coefficients ¢3", ..., 3" to
find the conserved charge H, . Thus, H5,_, generate two
infinite sequences of conserved charges of the higher-spin
(spin-3) gravity in AdS; with the boundary conditions
specified through the Hamiltonian given in (4.19). The first
few conserved charges (for n =2, n =3 and n = 4) are
given by [for w,, given by Eq. (4.23)]

taking n4 ~

p
Hf =4+ — / d@[ S piway +3piwiy +5piwis
+3way +2W(0) <p6i + piWwyy + Wﬂ)
+ W2(9)pi] , (4.25)
45 87 35
5 Piwis +— g PEWas +— e

Pi

6 + P+w4y +W:tZ> + WS(Q)Pi]s (4.26)
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7
Hy =+ _/d9[144 2P¢Wi1+2piwi2+

169

+ 2 P 1o 5

5 PiWig + =

2

3

3
+5piwis + 3Wi4> +4w () (% + pewig + Wi2>:| .

Using (3.29), (3.30), and (3.31) we find that the Poisson
brackets of H;, Hs, etc. with the Hamiltonian (4.19) vanish.
Thus we find two infinite sets of conserved charges and
hence an integrable structure for higher-spin gravity.

We can also find a different set of conserved charges if
we consider that the boundary dynamics of gravity and
higher-spin fields is governed by a system of relativistic
fermions with single-particle Hamiltonian §) = p + V().
The total Hamiltonian is therefore given by

= / dodp(p + W(0))w (6. p)

_ E/de[%ﬂtwﬂ —p—;—w_l +W(O)(py —p_)}
(4.28)

Here again we have chosen the constant ¢} = 1. The
equation of motion for this Hamiltonian is given by

i’i = p/j: + W’, L‘tis = M;:S. (429)

For the relativistic Hamiltonian the infinite set of conserved
charges are defined by

- k - -
H, = 4/ dodp(p +W(0))" = H,, +H,. (4.30)
T
As before we fix the set of coefficients ¢!, .- c21] by
demanding that Eqs (3.22) and (3.23) are satisfied for . ~
?Z—i and 7y, ~ 52 The first few such charges are given by
- k 3
i = i—/ d0|2E L op w4 2w,
4n 3
2
+2W<2 +wyy ) +W2p4, (4.31)

®Some of the ¢! that remain unfixed after satisfying (3.22)
and (3.23) have been fixed by demanding {H,,H,,} = 0.

51
piwig + 3W(‘9)<

50 35
+ fpiwig + 30p2iwi4 + 29piWiS + 3Wi6> + 6W(9)2<

35 105, 203

3
PiW+s

5
PiWis +—F— 5

DiWxq +

2 2

7

) + piwil + 5Piwi2

20 + piwi +3piwae,

(4.27)

- k 4
Hy =+— [ do L 3piway + 6pawis + Swis
4 4

3

+6W( 6 + pLwig +W:t2)

2
+3W2 <p7i + w+1> + W3pi] : (4.32)

- k S
Hf = iﬂ/dt‘) [ps—i+4piwi1 +12p2win +20piwis
4

12 12w
+ 2wy + <12

5
+ piwe +2piwis + 3W¢3>
3
+ 12w? <% +piwar + W+2>

2
+4W3< 5 +wi1> + W4pi} (4.33)

One interesting point to note here is that for constant (or
zero) potential both the sectors merge together and provide
a larger class of conserved charges.

2. Free-Fermi description

There are two possible cases. First we consider that only
a single higher-spin (i.e., spin-3) is turned on such that the
integrable structure is preserved. In the second case we give
up the integrable structure and turn on all possible higher-
spins. In both the cases it is possible to give a free-Fermi
description of the AdS; solution.

In presence of single higher-spin the equations of motion
are given by (4.21). Suppose the dynamics is governed by

folded Fermi surfaces with boundaries f.;,. The fold
boundaries f.; satisfy
Fait feifei +W(0) =0 (4.34)

for nonrelativistic fermions. These equations are obtained
from the single-particle Hamiltonian (2.10).

The phase space Hamiltonian in presence of folds is
given by
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H = %/ dO¢(0, p)h(6, p)
:gz[gm,.- A WO (Fri—f)|.  (439)

Equating this with the collective field theory Hamiltonian
we get

Z(eri_f—i) =P+~ P-s
1 1 z
Zg( L) :g(Pi_Pi)‘F%PJr
2

U—y
2‘ p-+ g (uis - uis)

(4.36)

However, in order to make the fold equations (4.34)
consistent with the field equations (4.21), fold variables
f+; satisfy some further constraints given by Eq. (2.21)
with the same ¢, obtained for the calculations of conserved
charges. This is little surprising that the ¢} were determined
by choosing H, such that the gauge transformation
parameters satisfy the corresponding equations. Such con-
ditions have a priori no connection with the consistency
between the fold equations and the higher-spin field
equations. The dynamics of higher-spin gravity is captured
by the evolution of folded Fermi surfaces. Therefore
different geometries or shapes of droplets (with folds)
correspond to different solutions of higher-spin gravity.
However, for a given higher-spin solution the droplets/folds
are highly constrained because of (2.21).

If we give up the integrable structure and turn on all the
higher-spins, then it is possible to parametrize Eqs. (2.21)
in a different way such that the fold equations (4.34) and
equations for w,, are consistent. However, this imposes an
infinite sequence of restrictions on w,, depending on the
choice of parametrization.

V. SUMMARY AND DISCUSSION

We introduce new sets of boundary conditions (follow-
ing the work on generalized soft hairy boundary conditions
[11,14]) for higher-spin gravity in AdS; where the boun-
dary dynamics of spin-2 and other higher-spin fields are
governed by the interacting collective field theory
Hamiltonian [28]. However there is a difference between
this Hamiltonian and the Hamiltonian introduced by Avan
and Jevicki. In our case the collective field theory
Hamiltonian is defined over a cylinder (i.e., the spatial
direction is a circle) and hence can be obtained from a
unitary matrix quantum mechanics in presence of an
arbitrary potential W(#). The interaction of this free
Hamiltonian with the w,, excitations was introduced in
[28]. We consider this interacting Hamiltonian to impose
the boundary conditions on spin-2 and other higher-spin

fields. We show that the classical evolution of metric and
other higher-spin fields are governed by the dynamics
collective fields and other supplementary fields. Since the
dynamics of collective and other supplementary fields has a
geometric interpretation in terms of evolution of free-Fermi
droplets in presence of folds [37,45], our construction
therefore provides a phase-space description of higher-spin
gravity in AdS; in the spirit of LLM [42]. We also show
that for spin-3 gravity one can construct an infinite number
of gauge transformations (for a given Hamiltonian) that
preserve the asymptotic structure of the bulk spacetime and
hence render infinite sequences of conserved charges
whose mutual Poisson brackets are zero and thus exhibit
an integrable structure.

From the relation between p., wy, and folds f;
Egs. (2.20) and (2.21)] we see that if folds are developed
on the upper (for example) Fermi surface then all w_ ;s are
nonzero in general and are given in terms of f.; and
vice versa.

For the static solutions of the field equations (3.12) we
have

£, =constant and (., =constant V s. (5.1)
In order to maintain the regularity of the Euclidean black
hole solution it was shown in [2,3,10,24] that the chemical
potentials £, and ¢, depend linearly on M — 1 arbitrary
integers when M spin fields are turned one. Black holes
which are connected to BTZ black holes the above
conditions are given by
£o=2m {u=0. (5.2)
We consider spin-3 black holes whose dynamics is gov-
erned by the Hamiltonian (4.19). For such black holes these
conditions are given by

p2
7i+w+l +V =2z, (5.3)
up3(py +uys) =0. (5.4)

From the second condition (5.4) we see that one trivial
solution is u,3 = 0, i.e., no higher-spin modes are turned
on. The nontrivial solution is u, 3 = —py. To find the
droplet geometry one has to solve the equations in (4.36) to
find possible values of f.;. The entropy of the black hole,
which is connected to the BTZ black hole, is proportional
to 2z(p, — p_) [2,3,10,24]. Therefore, from Eq. (4.36) we
see that the entropy of such black holes is equal to the total
area covered by the droplets. However, for other black hole
solutions (not connected to BTZ) the entropy is no longer
equal to the area of the droplets. This is worth mentioning
that any arbitrary droplet geometry may not satisfy the
regularity conditions at the horizon.
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Following the Hamiltonian reduction method developed
in [14,16,24] one can show that the total action is governed
by left and right moving chiral bosons for a specific choice
of boundary term in (3.16). The CS action (3.3) receives
contributions only from the boundary degrees of freedom
and is given by

1gsve)=[ | [ao(wdus i) 5 17|

(5.5)

The Euclidean AdS; partition function for specific boun-
dary conditions, given by the choice of boundary action,

can be written as
/ (D®]ePH.

In general this is a difficult problem to address [48].
However, we can try to compute the partition function
for a given classical solution. In absence of higher-spins,
one can consider the classical solution to be a BTZ black
hole which is given by a constant droplet as discussed in
Sec. IVA. Thus excitations about this classical solution
correspond to different deformations of the droplet and one

Z:

classical solutions

(5.6)

has to sum over all such deformations. Expanding p in
Fourier modes we can classify all possible deformations as
quantum states in the Hilbert space. The problem was
discussed in [36]. It turns out that the partition function is
equal to 2D Yang-Mills partition function on torus. It would
be interesting to find the partition function in presence of
different higher-spin fields in the bulk. In classical theory
one needs an infinite number of fields (w,,) to describe
folds on the Fermi surface. However, the situation is
different in quantum theory. It turns out that w,, are not
additional degrees of freedom in quantum theory; rather
they represent O(1) quantum dispersions of the collective
fields [38].
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