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New formulation of Galilean relativistic Maxwell theory
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In this paper, we discuss Galilean relativistic Maxwell theory in detail. We first provide a set of mapping
relations, derived systematically, that connect the covariant and contravariant vectors in the Lorentz
relativistic and Galilean relativistic formulations. Exploiting this map, we construct the two limits of
Galilean relativistic Maxwell theory from the usual Maxwell’s theory in the potential formalism for both
contravariant and covariant vectors which are now distinct entities. Field equations are derived and their
internal consistency is shown. The entire analysis is then performed in terms of electric and magnetic fields
for both covariant and contravariant components. Duality transformations and their connection with boost
symmetry are discussed which reveal a rich structure. The notion of twisted duality is introduced. Next we
consider gauge symmetry, construct Noether currents, and show their on-shell conservation. We also
discuss shift symmetry under which the Lagrangian is invariant, where the corresponding currents are now
on-shell conserved. At the end we analyze the theory by including sources for both contravariant and
covariant sectors. We show that sources are now off-shell conserved.
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I. INTRODUCTION

The formulation of the nonrelativistic limit of classical
field theories received considerable attention recently. It
has found applications in holography [1], in studying
nonrelativistic diffeomorphisms [2—6], condensed matter
systems [7-9], fluid dynamics [10,11], gravitation [12,13].
This formulation is tricky and markedly different from the
relativistic case. Covariance in nonrelativistic physics is
subtle due to the absolute nature of time. The lack of a
single nondegenerate metric in the nonrelativistic limit
poses some additional difficulties. Here we are interested
in the nonrelativistic limit of Maxwellean electrodynamics
which is invariant under Galilean transformations. The
basic construction of Galilean electrodynamics was first
given by Le Bellac and Levy-Leblond [14] in the 1970s.
This was done in the field formulation. A similar field-
based analysis was done in [15] using embedding tech-
niques. Further directions in this type of analysis were
provided in [16]. Other references on different aspects of
Galilean electrodynamics and gauge theories are [17-23].
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In this paper we provide a detailed analysis of Galilean
relativistic Maxwell theory with and without sources.
While earlier findings are reproduced we also find several
new results with new interpretations. We know there are
two distinct nonrelativistic limits possible for electrody-
namics known as the electric and magnetic limits [14,16].
We derive these two limits from the Lorentz transformation
of an arbitrary four vector. Our derivation of the non-
relativistic scaling relations are consistent with [14,16].
All previous works so far treated only the contravariant
components of any vector quantity but the novelty of our
treatment is that we have considered both contravariant
and covariant components separately (which are distinct
quantities in the nonrelativistic case) and hence help us to
explore the rich symmetries involved in the theory. We
then derive the Lagrangians for both electric and magnetic
limits from which the equations of motion are obtained.
We also show that Maxwell’s equations under nonrelativ-
istic limit (electric and magnetic) yield the same equations
as those we get from the nonrelativistic Lagrangians. This
implies the internal consistency of the limiting process. We
observe that at the equations of motion level if we replace
the covariant vector components by the corresponding
contravariant ones then the electric limit and magnetic
limits get interchanged. We then define the Galilean
electric and magnetic fields for contravariant and covariant
cases. Along the way, we discuss the dualities and point
out some of the subtleties involved in the process. In this
regard we observe one unique aspect of the duality
symmetries called twisted duality which is valid only in
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the Galilean limit. Especially we show that the trans-
formations of the electric and magnetic fields under
Galilean boosts are connected with the familiar duality
transformations. Next we move to discuss gauge sym-
metry. We have shown that we can choose different gauge
parameters for contravariant and covariant four potentials
as they represent different entities in the Galilean limits.
We then compute the Galilean version of the Noether
currents and explicitly show their on-shell conservation.
We discuss shift symmetries which play an important role
in the study of low-energy effective Lagrangians in the
context of Goldstone’s theorem. Recently researchers have
explored shift symmetries from different aspects [24,25].
We compute corresponding currents and their conserva-
tions in this limit. In the end we introduce sources and
write down the Lagrangians for appropriate Galilean limits
(electric and magnetic) and the equations of motion just
like the sourceless case.

The paper is organized as follows: In Sec. II we derive
mapping relations between relativistic and nonrelativistic
vectors for electric and magnetic limits for both contra-
variant and covariant vectors. In Sec. III we derive the
nonrelativistic Lagrangian for both limits and write down
the equations of motion. We discuss Maxwell’s equations in
terms of fields and explore the duality relations in Sec. IV.
Gauge symmetry, Noether currents, and their conservations
are discussed in Sec. V. In Sec. VI we discuss shift
symmetry and its Galilean counterpart, corresponding
currents and their conservations. Section VII includes a
discussion of sources for both contravariant and covariant
sectors. Finally, conclusions are given in Sec. VIIL

II. MAPPING RELATIONS

Here we derive a certain scaling between special rela-
tivistic and Galilean relativistic quantities. As we know,
there exist two types of such limits for the vector quantities,
namely electric and magnetic limits. So first let us consider
the contravariant vectors. Let us consider a generic Lorentz
transformation with the boost velocity as u':

X0 :yxo—%x", (1)

S ! uu;
R R e A )

1

where y = . Under such Lorentz transformations a

2
j

contravariant vector changes as

ox'H
ox

V=V,

We can write them component-wise as (also considering
u<Kc,s0y—1)

vo=yo_Liyi, (3)
C

i
V= V-V, 4)

We next provide a map that relates the Lorentz vectors with
their Galilean counterparts,]
VO = c1?, Vi=1l. (5)

This particular map corresponds to the case ;’,—0 =c 2—0 in the
¢ — oo limit. This yields largely timelike vectors and is
called the “electric limit.” Now using Eq. (5) in Egs. (3)
and (4), we get

1)10 — UO, (6)

v =t —uh”. (7)

The above two equations define the Galilean transforma-
tions. We can write them in a single matrix equation as

"0 1 0\ /2 (8)
RS AN
We now consider the magnetic limit which corresponds to
largely spacelike vectors

Vi=1l, 9)
Now using (9) in (3) and (4), we get

v =00 4 v, (10)
V' =, (11)

which is again a Galilean transformation. We can write
Egs. (10) and (11) as a matrix equation,

/0 1 u. 0
i (7). (12)
v 0 1 v/
We will now consider the covariant vectors. We will write

first the reverse transformations of Egs. (1) and (2) which
read as

x0 :yx’o—l—%x”', (13)

'Notation: here relativistic vectors are denoted by capital
letters (V°, Vi etc.) and Galilean vectors are denoted by
lowercase letters (¢°, o', etc.).
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) . u' uu,
xl:x’l+y—x’0+(y—1)—zjx”. (14)
c u
And we know covariant vectors transform as

ox”
V=g Ve

Componentwise we can again write them as
ul
Vi=Vo+—V., (15)
c
/ uj
Vi:Vi‘f'—V(). (16)
c
Now here we take the electric limit in the following way,

which will soon become clear:

Vo
Vo=—,
c

Using (17) in (15) and (16) we get

Vi = ;. (17)

vy = vy + u'v;, (18)
v = v, (19)

1

which are again Galilean transformations. We can write
(18) and (19) as a matrix equation as

(-6 DG ™

We will now consider the magnetic limit as
Vo = —cuy, V=, (21)

Using (21) in (15) and (16), we get
Vo = vo- (22)

v = v; — u;vg. (23)

We can write (22) and (23) as

()= DG) e

We can show that the transformation matrix in (8) and the
transpose of the matrix (20) satisfy

(o i) =lo ) o

Similarly the transformation matrix in Eq. (12) and the
transpose of the transformation matrix in (24) satisfy

TABLE I. Mapping relations.

Limit Contravariant mapping  Covariant mapping

Electric limit VO 5 e, Vi pf Vo= 2.V, =,

Magnetic limit VO o 2 i g Vo = —cvy.V; = v;
C

o V)0 V) =o 1) e

To justify the limiting prescriptions even further, we
consider the norm preservation for both electric and
magnetic limits. Let us first consider the norm in the
electric limit

VoV, + Viv, e?i? (c1?) (%) + (v)(v;) = vy + viv;
1mi1

(27)

which clearly indicates that under the scaling, the norm is
preserved. Likewise, the norm in the magnetic limit is also
conserved.

The mapping relations, systematically derived here for
both covariant and contravariant components, are essential
to the subsequent analysis. Any four vector in relativistic
theory will be replaced by the corresponding structure for
the Galilean theory by adopting this map. These relations
are summarized in Table L.

ITII. LAGRANGIAN AND FIELD EQUATIONS

Now let us start from the relativistic Maxwell theory
described by the Lagrangian

1 1
L= _ZF;me/ = _Zﬂu(lny/)’FaﬁFﬂD (28)

where F,, = d,A, —d,A, and 1, is the flat space metric
with signature (—, +, +, +).

A. Electric limit

Now using the relations given in Table I we can write the
two terms in (28) as

2 O I 00ia0(0,a; — diap), (29
.. Electric limit P . ..
Fl'jFlJ —_— (aiaj—ajai)(alaf —d/a’) Efijf”' (30)

Cc—>00

Here A* is the relativistic four potential while a° and a’
are its Galilean counterparts. So in the electric limit the full
Lagrangian takes the following form:

1. 1 .
L, = Ea’ao(ata,- - d;a9) — Zfijf”- (31)
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Now we derive the equations of motion. Varying the
Lagrangian (31) with respect to ay, a j,ao, a’ we get the
corresponding equations of motion:

0;0'a° = 0, (32)

0,0/a’ + 0;0'a’ — 9;0'a’ = 0, (33)
0'0,a; — d'd;ap = 0, (34)
dd,a; — d'0,a; = 0. (35)

We now derive these equations directly from the equations
of motion. The relativistic equations, in component form,
are given by

al‘FiO == O, 00F0j + O,F’/ = 0 (36)
The Galilean version of these equations is found by using
Table I, followed by taking ¢ — oo. It reproduces (32)
and (33) respectively. To get the remaining pair of
equations we have to interpret the relativistic equations
given in (36) as

0iFi0 = O, aOF()j + alF” = 0 (37)
Once again the Galilean version is obtained from Table I,
followed by taking ¢ — oo. Equations (34) and (35) are
reproduced. This shows the consistency of the equation of
motion in Galilean electrodynamics.

B. Magnetic limit

Here again using the relations given in Table I we can
write the two terms in (28) as

2F P~ 2 29,a0(0,al — da0),  (38)

c—>00

.. Magnetic limit
i g
F Fi ——— (9,a

c—00

j—0ja;)(d'a’ —=da’) = fi;f. (39)
So the Lagrangian will take the following form:

1 ) ) 1 ,
L, = Ea,-ao(a,al - a’ao) - Zfijf”' (40)

Varying (40) with respect to ag, a;,a’, a/ we get

0;0,a' — 0'0,a° = 0, (41)
0,0d) —0,0a’ =0, (42)

I 0y = 0, (43)

0,0;a0 + 0'0,a; — dd,a; = 0. (44)

TABLE II. Field equations.

Variables Electric limit Magnetic limit

a® 0'0,a; — d'0;ay = 0 0'0,a90 =0

ai ()falaj—()/dja,:() 6,0ia0+6ja,~aj—()jajai :O
ay 00,a° =0 0;0,a' —'0;a° =0

a; 0,0'a° +0,0'a’ — 0,0'a’ = 0 0;0'al —0,0/a' =0

Here also we can show that the above equations agree
with those derived directly from relativistic Maxwell
equations (36) and (37) corresponding to contravariant
and covariant sectors respectively, by taking the mag-
netic limit.

The field equations for both the limits of Galilean
electrodynamics are shown in Table II.

IV. GALILEAN ELECTRIC AND MAGNETIC
FIELDS AND DUAL TRANSFORMATIONS

Here we introduce the Galilean limit of electric and
magnetic fields and write down the Maxwell equations. For
this purpose we will discuss contravariant and covariant
sectors separately.

A. Contravariant sector

Relativistic electric and magnetic fields are defined as
E' = A - 0A°, (45)
B = ¢"0;A%. (46)

First, we consider the electric limit.

1. Electric limit

Using the mapping relations given in Table I we can
write the electric field as

. 1. . .
E' = —Eﬁta’ —cd'ad, (47)

and we can define the Galilean electric and magnetic
fields as

i

¢l = lim —=-da’. b =limB =¢e"%d;a".  (48)
c—>o0 C cC—00
TABLE III. Fields in Galilean limit.

Electric field
E'— ce' E; - % B' - b B; - b;
Bi g bi,B,’ g bi

Limits Magnetic field

Electric limit

Magnetic limit Ei - ¢, E; - ce,
C
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Now we write the field equations that we derived in the
previous section in terms of the Galilean electric and
magnetic fields. From (32) we get

0,0a" =0=> 0,(=e)) =0 = V.2=0. (49)
Similarly Eq. (33) implies
0,000 + 0,00d' — 0,0a) =0 = (V x b)Y =del.  (50)
We can see clearly that
. ‘ y y
Vb = aibl = aieliajak = 61';(0,4(3]4(1]‘ =0. (51)
—
We now compute V X &,
(Vxe) =e%a;et = e0;(-0*a®) =0.  (52)

So in the electric limit, we get the following set of
equations:

— .
V.e=0 =0, (53)
_ - .
V.b=0b =0, (54)
— e ..
(V xe) =e0;e" =0, (55)
— - . . N
(V x b)f = €0,b* = 9,(¢)". (56)

It is now possible to obtain Egs. (53)—(56) directly from
Maxwell’s equations,

VE—0 VB-o0 VxE—_1%
c ot
— - 10E
VxB=-— 57
x c ot ( )

by using the identification in Eq. (48) and taking ¢ — oo.

For the electric limit, it is seen from (56), a change in the
electric field influences the magnetic field. But a change in
the magnetic field does not influence the electric field since
the right-hand side of (55) vanishes. This implies that the
electric field is considerably greater and dominates over the
magnetic field, justifying the nomenclature electric limit.
This is different from the relativistic case where electric and
magnetic fields are treated symmetrically. This asymmetry
in Galilean electromagnetism leads to physical effects,
some of which have been discussed in [26].

We will now consider the magnetic limit.

2. Magnetic limit

The electric field can be written in this limit from the
mapping relations in Table I as

. 1. . 1
E' = —-0,a" +—0;a°, (58)
c c

and we can define the Galilean electric and magnetic
fields as

¢ = limcE' = —(0,a' —d'a"), b’ = limB' = ¢"0;a".
CcC—00 Cc—00

(59)

Using these relations, Egs. (41) and (42) and two Bianchi
identities are expressed in terms of electric/magnetic
fields as

— .
V.é=o0,e =0, (60)
- - .
V.b=09;b' =0, (61)
= ij k >
(V xe) =e0;e =—0,(b), (62)
g = . i
(Vxb) = e”kdjbk =0. (63)

The above equations [(60)—(63)] also follow from
Maxwell’s Eq. (57), using the map (59) and taking the
limit ¢ — oo. In contrast to the electric limit, here a change
in the magnetic field influences the electric field but the
converse does not hold. In this case the magnetic field
dominates over the electric field.

We can clearly see that equations in the electric limit are
mapped to those of the magnetic limit and vice versa under
the following duality transformations:

el — b, bl - —el, (64)
el = —b, b — el (65)

This is the analog of the electromagnetic duality in the
usual Maxwell’s source free theory.

B. Covariant sector

The relativistic electric and magnetic fields are defined as
E; = —(dA; — 9;Ao), (66)
B; = ¢/%0,a;. (67)

Now we consider the electric limit.

1. Electric limit
In this limit the electric field looks like

1 1
Ei = — <— 0,al- -+ —aia0> s (68)
c c
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and we can define Galilean electric and magnetic fields as

e; = limcE; = —(0,a; — 9;ay),

Cc—>00 Cc—>00

From Eq. (34) we get
. . . = -
Ol(atai - aiao) = al(—ei) = alel- = V.e =0.
Equation (35) yields
. . — -
adfij = _ejikalbk =0= (Vxb);=0.
—
Finally, calculation of V X ¢ yields

(V x &); = €/°0;e, = —€*0,(0,a; — 0y

= —ateijkajak = —a,bi.

So the Maxwell equations in the electric limit are

== .
V.é =de; =0,
— - .
V.b=db; =0,

— N , -
(Vxe), = eijkajek = —0,(b);.

— - .
(V X b)l = €ijk0/bk =0.

The above equations

bi = hmB, = €,»jk0jak.

(69)

(70)

(71)

(72)

(73)
(74)
(75)

(76)

[(73)-(76)] also follow from

Maxwell’s Eq. (57), using the map (69) and taking the

limit ¢ — 0.

2. Magnetic limit

AO — —Cay Ai — a;

In this limit the electric field is scaled as

1
Ei = —<—6ta,- + caia()) s
C

(77)

and we can define the Galilean electric and magnetic

fields as
. Ej . ik
e; = lim — = —diao, bi = hmB,» = €l‘j aiak.
-0 C c— ’

(78)

Equations (43) and (44) and two Bianchi identities are

now written as

- -
V.e=20de =0, (79)
—_- = .
V.b—ab; =0, (80)
- )
(V Xe) zeifk()jekzo, (81)
N .
(V Xb)izeijkt)fbk:@e,». (82)

The above equations [(79)—(82)] also follow from
Maxwell’s Eq. (57), using the map (78) and taking the
limit ¢ — oo. Here also we see that electric and magnetic
fields satisfy certain duality relations as follows:

e; — bi’ bi - —€;,

(83)

e; > —b;, bi — e;. (84)
The galilean limit scalings for the fields (electric/magnetic)

are shown in Table III.

C. Effect of the dualities at the level of Lagrangian

In the electric limit the Lagrangian is represented
by Eq. (31). Now in this limit, the contravariant and
covariant electric fields as well as magnetic fields are
represented by (48) and (69) respectively. Using these
definitions we can write the electric limit Lagrangian in the
following form:

L, = %(e"el- — b;b").
Similarly in the magnetic limit the Lagrangian is repre-
sented by Eq. (40). Here the electric and magnetic fields
for contravariant and covaraint cases are given in Egs. (59)
and (78) respectively. So now the Lagrangian in this limit
takes the following form in terms of the fields:

(85)

1, . .
Em :E(e’ei—b,-b’). (86)
We observe that both Lagrangians [Egs. (85) and (86)]
are identical,

L,=L, =L. (87)

In other words, expressed in terms of the gauge invariant
fields (electric and magnetic), the Lagrangians in the two
limits are the same. This is to be contrasted with the potential
formulation where £, and £, appear to be different.
However if we interchange the covariant and the contra-
variant indices then £, and £,, get interchanged. Similar
things happen when the Lagrangians are expressed in terms
of the electric and magnetic fields. However, since the
expressions are symmetrical with respect to the covariant
and contravariant indices, £, and £,, become identical. We
observe there is an overall sign change (i.e. £ — —L) under

105022-6
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TABLE IV. Effect of duality on the Lagrangian.

Duality relation Change in the Lagrangian

el - bl,bl — —e' e; - b, b; > —e; L—-L
el —» —b'. b — e e; > —b;,b; — e; L—-L
et = b b —» —ele; > —b;, b; — ¢; L—-L
e — —bi,b' — el e; - b, b; > —e; L—->L

the duality transformations (¢! — b',b" — —e',e; — b;,
b; » —e; or e/ — —b',b' — e',e; - —b;,b; — ¢;); how-
ever, the Lagrangians remain invariant (i.e. £ — £) under
the twisted duality relations (i.e. e/ — —b', b’ — el e; —
b;,b; > —e; or el - b b - —ei,ei — —b;,b; = e;).
This has been shown clearly in Table IV. We like to mention
that the twisted relations have not been discussed earlier.

D. Dual transformation of electric and magnetic fields
under Galilean boost

1. Contravariant case

The field transforms as

ox'* ox™

F//ll/(x/) — ax/l axp

F¥(x). (88)

Boost transformations are written as

X0 =y - %xi, (89)

o i viv;
Xt=x —%xo +(y-1) 1)2] x. (90)

From (88) using (89) and (90) we get following relations:

N CoYY
FYU%=FE'=yE' + o v'oE —TF/‘ (91)
, i jo Ly = o
AL A N N AnE )
c c v
-1 o
I iRl (92)

2. Electric limit

From Eq. (91) using the electric limit scaling given in
Table I and keeping in mind that in this limit y — 1 as
¢ — 00, we get
= ¢l (93)
Similarly, Eq. (92) yields

[ =—vel vlel + fl= b =b—(ixe)l.  (94)

The transformations (93) and (94) manifest the same
asymmetry that was observed in the Maxwell’s Egs. (55)
and (56). A change in the electric field induces a change in
the magnetic field but the converse is not true. For the
magnetic limit, discussed right below, it is the other
way round.

There is a simple group theoretical argument for the
absence of any b-term in (93). For the sake of argument, if
we retain (94) but include a term in (93) like

¢ =é+(0xb) (95)

then the group composition law fails since

-

&=+ (uxb)=e+((F+i)xb)—iix(Fx&) (96)

and the last term spoils the transformation (95).

3. Magnetic limit

From Eq. (91) using the magnetic limit scaling from
Table I we get

el — of — vjfji = el = ¢l + (T x 5)1 (97)
Similarly from Eq. (92) we get
f9=fi=b =b. (98)

Adopting the same method, the transformations in the
covariant sector are obtained. All these results are sum-
marized in Table V. We can clearly see from this table
that under duality transformation (¢! — b’, b’ — —e' and
e; = b;,b; > —e;) the electric limit reproduces the mag-
netic limit and vice versa for both covariant and contra-
variant cases.

V. GAUGE SYMMETRY

We know in the relativistic case the Maxwell Lagrangian

1
L= Ful" (99)

is invariant under the following gauge transformation:

SA SAM = da. (100)

u = 0,

We consider the Galilean version of this gauge
invariance.

A. Galilean version

Here we can consider a relatively more general gauge
condition,

105022-7
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TABLE V. Transformation of fields under Galilean boost.

Limits

Contravariant case

Covariant case

Electric limit

Magnetic limit

el = el b'F = bk — (v x é)k

ei=e+(Txb).b=b

¢ =ei+ (Txb). b =b
¢ = e by =b—(Vxe)

0A, = 0,a,

L =0, SA" = &P

(101)

In the relativistic theory the covaraint and contravariant
vectors are related by a metric implying @ = f. This is not
true in the Galilean limit. Hence we take a # # when
deriving the Galilean version of the gauge transformations.
First we consider the electric limit.

1. Electric limit

From Eq. (101) and using the mapping relations given in
Table I we deduce the following relations:

S5A) = dpa = %500 = %ata = bay = 0,a, (102)
SA; = dia = ba; = d;a, (103)
540 = 8 = c6a = —%a,ﬁm—;aao —0,  (104)
AT = Jf = dai = d'p. (105)

Taking the variation of (31) in the electric limit,

1, |
5,66 = 50’5a0(a,ai — 0,-a0) + zala(](at&ai - (3,~5a0) = O,
(106)

and exploiting Egs. (102)-(105) shows the invariance
of L,.

2. Magnetic limit

From Eq. (101) and using the mapping relations given in
Table I and repeating the steps done for the electric limit,
we obtain similar results here also. These are given in
Table VI

Taking the variation of the Lagrangian (40) and using the
results in Table VI we get

TABLE VI. Variations of the Galilean potentials.

Variable Electric limit Magnetic limit
a® 6a’ =0 8a’ = 0,
al dal = d'p dal = d'p
ag 5610 = 0,0( 56{0 =0

a; 5al‘ = 0ia 561,- = 0l~a

1 ) ) 1 ) .
oL, = 551'5610(5,61' —dad%) + Eaiao(a;&l’ —0'6a’) = 0.

(107)

This shows the invariance of L,,.
B. Noether current conservation
We know in relativistic classical field theory the Noether

current is defined as

JH =

SA, (108)

which is conserved on-shell i.e. d,J* = 0. Specifically for
the Maxwell Lagrangian,

1
L=— FuF".

the current in Eq. (108) has the form

JH=—F"0,a (109)
and is on-shell conserved i.e.
o J' = —(()ﬂF””)aya - F"9,0,a = 0. (110)

The first term is zero because d,F** = 0 and the second
term is zero because of antisymmetry of F*.

We now consider here a suitable Galilean version of this
conservation. For this we will directly start from the
relativistic definition and substitute the Galilean results
in the proper limit (electric or magnetic).2 Analogous
conservation laws, either in electric or magnetic limit,
are obtained.

VI. SHIFT SYMMETRY

We know that Goldstone’s theorem is a crucial input of
the study of low-energy effective Lagrangians implying
that whenever a global symmetry is spontaneously broken,
a gapless mode will appear. In relativistic theories this leads
to a massless Goldstone particle described by a shift
symmetry of the field

*The details of the Noether current calculations are provided in
Appendix A.

105022-8



NEW FORMULATION OF GALILEAN RELATIVISTIC MAXWELL ...

PHYS. REV. D 107, 105022 (2023)

P(x) = p(x) + ¢ (111)

where c is constant and is characterized by the scalar field
action

1
S = 3 / d'x0,p0" . (112)

The above action is invariant under (111). Since (111)is a
global transformation, the conserved currents can be found
by exploiting Noether’s first theorem

oL
9(9.9)

H—

5p = cd'¢, (113)

and corresponding conservations are demonstrated as

o, J' = cd, "¢ = 0. (114)
Consider a constant shift in the four potential
At = AF 4+ DH

A=A, +C, (115)

that leaves the Maxwell Lagrangian invariant. We take C
and D to be different for reasons stated in Sec. VA.

A. Electric limit

We can define the following:

Ay =Cy = %530 = Cy = bay = cCy, (116)
A, = C; = 8a, = C:. (117)
Similarly, from expressions for 5A°, A" we find
5 =0,  8a’ =D, (118)
From (31) Noether currents are found to be
1L 1
j'=3 Loave,  ji= = 0aCo = £1C;. (119)

And current conservation can be explicitly demonstrated as

Electric limit

0, =50, + 0;j' = = (0,01a°)C; ——(aa’ ¢,

N =

Il C—>00
1 i
—S@fNC =0 (120)
The covariant components of the currents are
. 1
Ji =0, Ji :_ifijD] (121)

The current conservation gives us

Electric limit

o, ——— d'j (a’f,]) = (122)
B. Magnetic limit
We can define the following:
5A0 CO = —céao CO = 5(10 = 0 (123)
5Ai = Ci = 5a,» = Ci' (124)

Similarly, from the expressions for 5A°, 5A’ we find

6a® = —cDP, dal = D' (125)
From (40) the Noether currents are found to be
=0 il e 126
So the current conservations are demonstrated as
Magnetlc limit 1 i
Similarly the covariant current components are
1 ; . 1 o 1 .
Jr = EaiaOD ; Ji = _iaiaOD _EfijD]~ (128)

The current conservations give

Magnetic limit

A
(3”.] —) 0,j; + a]z = (ataiaO)Dl _E(alaiao)D

NV
~ 50D = 0. (129)

VII. INCLUSION OF SOURCES

The relativistic Maxwell Lagrangian with source is as
follows:

1

L= FoF? = A", (130)

We can write the Lagrangian in the following form for
convenience:

1 . R | 1
LZ_Z(ZFOiFOl+FijFll)—§AaJa—§AaJa. (131)

We know that the Maxwell theory respects the following
gauge transformations:

A, = A, +9,A. (132)
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The gauge invariance of the action demands the following
condition:

AJF = (A, 40,A)JF = A" — N, J" = 0,J* =0. (133)

A. Electric limit

In the electric limit the scaling of the components of the
source J# will be

JO = ¢j°, Ji=jt, JQ*J—O, Ji—=ji. (134
c
In this limit the Lagrangian looks like
1. 1 N
L, = Ealao(atai — d,ap) — Zfijf” - 500]0 - Eai.ll
1., 1 ..
—anjo _Eal]i- (135)

Varying the Lagrangian with respect to a, a;, a®, a’ will
give following set of equations:

00;a° = 0, (136)

0,0/a + 0,0d" — 0;0'a) = —ji, (137)
d0,a; — 0'0;a0 = —Jo. (138)
d'oa;— 00,a; = j;. (139)

We now derive these equations directly from the equations
of motion. The relativistic equations are given by
0,F° = JO, 0y FY + 0,F' = Ji. (140)

Using maps given in Table I and (134) it is simple to verify
that they reproduce Eqgs. (136) and (137). Using the
covariant counterpart of Eq. (140) we can get Eqs. (138)
and (139). This shows the consistency of the equation of
motion in Galilean electrodynamics with source.

Taking the variation of the source part of the Lagrangian
we get

1 1 1.
_ 0 _ — 35 QiR
oL, = 2041] 251061 Zdﬂjl

1 A
= Ea(a,jo +09,j') + Eﬂalji =0. (141)

Since a, f # 0 we have two conditions:
0,j° +0,j =0, dj; = 0. (142)

The sources as given in Egs. (136)—(139) satisfy the above
conditions. We observe that sources are conserved off-shell.

B. Magnetic limit

Here the scaling relations are as follows

0

Pt s dys—cjo, T (143)
c

The Lagrangian in this limit is as follows

1 S 1 T A

L, = zaiaO(atal —d'a’) - Zfijf” - 5610]0 i
Lojo—Laij (144)
2 Jo ) Ji

Varying the Lagrangian wrt ao,aj,ao,aj we get the
following set of equations

0;0,a' —0;0'a® = —° (145)
00l — .0l = ji (146)
d'0;a9 = jo (147)

0,0,a0 — 0'0;a; + 0'0,a; = —J; (148)

These equations may also be derived directly from the
equations of motion following the same method adopted
for the electric limit. The field equations for both electric
and magnetic limit have been shown in Table VII. Taking
the variation of the source part of the Lagrangian we get

TABLE VII. Field equations.

Variables Electric limit Magnetic limit

a® 0'0,a; — 0'0;ay = —j° 0'0;ay = j°

aj aiaiaj - aidjai = -]j 0,0ja0 + didja,- - diaiaj = _jj
ay 00,a° = J° 0;0,a' —0'0;a" = —°

a; 0,0/a° + 0,0'a’ — 0,00} = —ji 0;0'al —0,0/a" = j/
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AUV DA N
oL, = —Eﬁia]’ - Eazﬂjo - zaﬁ]i
PR DO
= Ea(ad’) + Eﬁ(ado +6'j;) =0 (149)
Since a, f # 0 we have two conditions
0;j' =0, d,jo +0'j; =0 (150)

Here also sources given by Egs. (145) to (148) satisfy the
above off-shell conservation equations.

VIII. CONCLUSIONS

Let us summarize, point by point, the new significant
findings of the paper, comparing with existing results found
in the literature.

®

(i)

An unambiguous construction of the nonrelativistic
Lagrangian, for both electric and magnetic limits, was
given. We have shown that it correctly reproduces the
equations of motion either in the potential or field
(electric/magnetic) formulation. This Lagrangian was
deduced from the standard relativistic Lagrangian
adopting the dictionary given here. It is expressed
either in terms of potentials or fields. In the later case
both electric and magnetic limit Lagrangians become
identical having the same functional form as the usual
Maxwell Lagrangian.

In Ref. [21], a nonrelativistic Lagrangian has
been given, also derived from the relativistic Max-
well expression, which has, however, several short-
comings.3
It is observed from Table II that if we replace the
covariant components by contravariant ones in the
electric limit case we will end up with the magnetic
limit case and vice versa. This fact manifests itself
only if we consider the covariant and contravariant
sectors separately as we have done here. The
interplay between the covariant and the contra-
varaint indices that leads to an interchange of the
electric and the magnetic limits of the theory is a
new feature observed here. The reason that it was
not noticed earlier stems from the fact that various
applications [14-23] only considered the contra-
variant components. There is a paper [27] that only
gives the Galilean transformation for both covariant
and contravariant components and that too confined
to the coordinates and derivatives, and not for an
arbitrary field. Our analysis is much more general
where we provide maps, for both covariant and
contravariant sectors, relating arbitrary four vectors
in the Lorentz relativistic and Galilean relativistic
formulations. These maps are the genesis of our

*Details are provided in Appendix B.

(iii)

@iv)

)

(vi)

105022-11

analysis where we use them to obtain Galilean
relativistic expressions from their corresponding
Lorentz relativistic counterparts. These issues are
not even remotely mentioned, much less discussed,
in [27].

A central point is the formulation of a dictionary
that translates four vectors in the relativistic theory
to their corresponding vectors in the nonrelativistic
theory. Thus the formalism developed in terms of
potentials was extended to field (electric and
magnetic) formulation. In this setup the duality
symmetry was discussed. One can clearly see that in
the nonrelativistic limit the duality relations are
quite nontrivial. In this limit we show that apart
from the usual duality relations a twisted duality
relation also exists. The feature of twisted duality
manifests precisely because the covariant and con-
travariant vectors are treated separately. This also
shows that, on the Lagrangian level, duality plays
quite a subtle role.

Duality symmetries have useful physical appli-
cations. For standard Maxwell’s theory, using
duality symmetry we can find new solutions from
given original solutions. Here duality symmetry
switches from the electric limit to the magnetic
limit. Thus the solutions of the Rowland-Vasilescu
Karpen’s effect, which is an example of the Galilean
electric limit, can be exploited, using the duality
relations, to find solutions of Wilson’s effect which
corresponds to the Galilean magnetic limit.*
Gauge symmetries play a pivotal role in the under-
standing of gauge theories. Since covariant (a,) and
the contravarinat (a*) vectors are not connected by
any nondegenerate metric, they have separate gauge
transformations. While this was noticed earlier [21],
its full implications were not analyzed, and not just
because of their problematic Lagrangian (B1). We
show how gauge symmetries in the relativistic case
naturally yield their nonrelativistic counterpart, but
with distinct gauge parameters. Both electric and
magnetic limits were analyzed. The conservation
laws were derived using Noether’s prescription.
Shift symmetries, which have an important role to
describe Goldstone particles in relativistic theories,
were introduced in the nonrelativistic context. Con-
servation laws, associated with such symmetries,
were derived in both electric and magnetic limits.
We have provided a completely holistic approach in
terms of both potentials and fields, clearly showing
the connection among them, starting from the
rudimentary structures of usual Maxwell’s theory.
Such an analysis is lacking in the literature.

“These effects and their implications have been discussed in
[26], but there is no mention of duality symmetry.
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A. Future prospects

This is quite a new research area and has gained attention
of late as a part of the resurgence of non-Lorentzian
structures in quantum field theories, holography and string
theory, and hence many aspects and directions are yet to be
looked at. There is no consistent Hamiltonian formalism for
Galilean electrodynamics for example. Also it will be
interesting to study the nonrelativistic limits of other gauge
theories for example Proca theory which describes a massive
spin-1 field or Maxwell Chern-Simons theory which is a
2 4 1 dimensional gauge theory, in the same way described
here. The analysis described here for vector field could be
extended to include tensor fields like the Kalb-Ramond
fields. Since the connection of these fields with nonrelativ-
istic fluid dynamics is known [28,29], though relatively less
studied, the present formulation could find application to
illuminate this connection. All these possibilities should be
tractable since we have provided independent maps for both
covariant and contravariant sectors. Finally, we hope to
elucidate the nature of Carrollian electrodynamics [16] using
the methods developed here. We expect we can address these
issues in the near future.
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Electric limit
a,J"

c—

APPENDIX A: NOETHER
CURRENT CALCULATION

1. Electric limit

The contravariant components of the current for the
relativistic case are

0__9% A, (A1)
a(aOAv)
Y. oL
I oA ot Sy (A2)

Now using the maps for the electric limit given in Table I
we get

oL oL 1.
0=c—¢5 —¢ Sa;= " ==0d'"a%0,a. (A3
T ) T o) T T =00 (A3)
Similarly,
. oL oL
A e S ¢ oa:
= 0a0) " " 9(0ra;) OV

1 1, ... o
= —Ed’aoata -3 (d'a’ —da')o;a. (A4)

So we can show the conservation of the Galilean currents as
follows:

-0 ) 1 i 0 1 i 0 1 i J j 0
M —oo>0t] +a,] ziataa 6,-05—!—(3,- —Eaa ata—i(aaf—afa )6](1

1 . 1 . . 1 1 1 ..
= — E (aialao)(),a + E (a,afao - aif”)aja + Ea’aod,()ia - Ealaodi()la - Ef”aiaja =0. (AS)

In the second line of Eq. (A5), the first and second term is
zero from equations of motion (32) and (33) respectively,
the third and fourth terms get cancelled and the fifth term
vanishes because of antisymmetry.

Following identical arguments current conservation for
covariant components can be shown as

Electric limit
otJ, ———

. dj; = 0. (A6)

c—00

2. Magnetic limit

Using the maps for the magnetic limit given in Table I
and exploiting Egs. (A1) and (A2) we get

oL, oL,

S = a0 o)

sa; =0, (A7)

oL, 1

—c)o da; =
(=c) “ﬁa(aiaj) a

j —Ef”aja

(A8)
Using these expressions,

" Magnetic limit " 1 i -
OMJ E—— 6,] = —5(610 a’ — aid/a )aja = O, (Ag)

c—>00

where the second equality vanishes from Eq. (42). Likewise
for the covariant case, following identical arguments
current conservation can be shown as

Magnetic limit

#J, — 0,jo+0'j; =0. (A10)
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APPENDIX B: PROBLEMS AND
INCONSISTENCIES OF THE LAGRANGIAN
FORMULATION GIVEN IN [21]

Any consistent Lagrangian formulation of Galilean
electrodynamics must yield all the equations of motion,
for either contravariant or covariant vectors in both electric
and magnetic limits. Simultaneously, these equations must
reduce to those given in [14] using the field (electric/
magnetic) formulation. This is not merely desirable, but
essential, since those equations were obtained directly [14]
using Galilean relativistic arguments, bypassing the use of
limiting prescriptions. Since the basic variables in the
Lagrangian are the potentials, equations of motion are
obtained in the potential formulation. One has to now
express the electric and magnetic fields in terms of
potentials and recast the equations of motion in terms of
these fields. Only then a comparison with [14] is feasible.
As we explicitly show, the Lagrangian given in [21] fails on
all counts. The covariant Galilean relativistic Lagrangian
given in [21] is

1

L 2 (0,a, —0d,a,)(d"a” — " a"), (B1)

which gives rise to following set of equations:
dﬂ(af‘a” —d’a") =0 (electric limit), (B2)
0"(d,a, — d,a,) =0 (magnetic limit). ~ (B3)

Let us first consider Eq. (B2). If we rewrite this equation
componentwise it gives the following set of equationss:
0,0'a’ = 0,

0,0'a" +0,0'a’ — 0,0/’ =0  (B4)

>According to the convention used in [21], & = (0,0') and
a}l = (at’ al)

which are nothing but Egs. (32) and (33) respectively. But
we cannot get Eqs. (34) and (35) from the Lagrangian (B1).
In fact we cannot get any equation involving a, and/or a;
simply because there are no covariant components.
Similarly we can open the magnetic limit Eq. (B3) com-
ponentwise as follows:
d'0,a; — d'0,ay = 0, ¥oa;—0/0,a;,=0.  (B5)
These two equations do not correspond to any of our
equations. On top of that there are no equations for a° and/
or a' simply because contravariant indices do not arise.

Thus the Lagrangian (B1) fails to yield, in the electric
limit, any equation involving covariant indices for poten-
tials. Likewise, in the magnetic limit, there are no
equations in the contravariant sector. It is also not possible
to express Egs. (B2) and (B3) in the field formulation
since no map relating potentials with fields has been
given. Hence the mandatory comparison with [14] cannot
be done. All these issues have been discussed successfully
in our approach.

If we push the analysis of [21] further, serious incon-
sistencies arise. The master equations (B5), from which
the Lagrangian (B1) was written, was claimed to be
derived by opening the relativistic Maxwell equation (36)
in space-time components and exploiting the map given
in [21],

1 .
AV = ——q,, Al = a;. (B6)
c
Doing this, however, instead of (B5) we find
aiaiao = O, Ola’al - 0/01611 =0. (B7)

Surprisingly, there is a mismatch with the first equality
in (B5). Thus the very construction of the Lagrangian and
the associated equations of motion in [21] are all riddled
with inconsistencies.
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