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We consider a free Dirac field in flat spacetime and we derive the representation of the Minkowski
vacuum as an element of the Rindler-Fock space. We also compute the statistical operator obtained by
tracing away the left wedge. We detail the resulting thermal state for fermionic particles.
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I. INTRODUCTION

The Unruh effect is the prediction that an accelerated
observer detects Rindler particles in the Minkowski vac-
uum [1–3]. The phenomenon was originally studied in the
context of scalar fields. Scalar particles in the accelerated
frame are expected to follow the bosonic thermal distri-
bution ðeβΩ − 1Þ−1, where ℏΩ is the particle’s energy and
β ¼ 2π=ðcaÞ is inversely proportional to the acceleration of
the observer c2a.
More recent works considered Dirac fields [4,5]. The

result is a fermionic thermal distribution ðeβΩ þ 1Þ−1 for
Rindler-Dirac particles in the Minkowski vacuum. Despite
these investigations, a complete description of the
Minkowski vacuum in terms of Dirac Rindler-Fock states
is missing.
The Bogoliubov coefficients relating Minkowski oper-

ators to Rindler operators have been derived in Ref. [4].
Here, we give the explicit algebraic representation of the
Minkowski vacuum in the Rindler frame and its thermal
representation in one wedge.
We follow the algebraic approach [6] to relate states of

the inertial frame to the accelerated frame. We show how a
Rindler-Fock representative for the Minkowski vacuum
exists. Notice that the algebraic approach does not always
guarantee the possibility to map the Fock space of one
frame to the Fock space of another frame. The approach
only guarantees the equivalence between mean values of
states up to an arbitrarily large precision and for finite sets
of operators.
We rederive the Bogoliubov transformation relating the

Minkowski operators to the Rindler operators and we
derive the Minkowski vacuum as an element of the

Rindler-Fock space. We, hence, use the Bogoliubov coef-
ficients to give a complete description of the Minkowski
vacuum in the Rindler spacetime.
We obtain different Rindler-Fock representations

depending of the choice for the spin basis in each wedge.
The dependence of the spin basis is due to the presence of a
spin coupling between modes of opposite wedges.
We also derive the statistical operator describing the

Minkowski vacuum seen by the accelerated observer with
positive acceleration. We compute the partial trace with
respect to the left wedge by adopting a many-body
approach for Dirac particles. The result is a fermionic
thermal state that completely describes the Minkowski
vacuum in the right Rindler spacetime.
The paper is organized as follows. InSec. IIwegive a brief

review of the Dirac field inMinkowski spacetime. In Sec. III
we consider the Rindler spacetime and derive the positive
and negative frequency solutions of the Rindler-Dirac
equation. In Sec. IV, we compute the Bogoliubov trans-
formations relating Minkowski to Rindler operators. The
Bogoliubov coefficients are then used in Sec. V to give the
representation of the Minkowski vacuum in the Rindler
spacetime. We compute the partial trace with respect to the
left wedge and obtain the fermionic thermal state in Sec. VI.
In Sec. VII we discuss the dependence of the results with
respect to the spin basis choice. Conclusions are drawn in
Sec. VIII. Proofs related to the Bessel functions appearing in
the Rindler-Dirac modes are provided in the Appendix.

II. MINKOWSKI-DIRAC MODES

In this section we give a brief review of free Dirac fields
in Minkowski spacetime ðt; x⃗Þ. We derive the Minkowski-
Dirac modes as orthonormal positive and negative fre-
quency solutions of the Dirac equation. We consider modes
with defined momentum, but we will not choose any
particular basis for the spin degrees of freedom.
The Dirac field in Minkowski spacetime ψ̂ðt; x⃗Þ is

described by the Dirac equation, that reads

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 107, 105021 (2023)

2470-0010=2023=107(10)=105021(22) 105021-1 Published by the American Physical Society

https://orcid.org/0000-0002-0959-0647
https://orcid.org/0000-0003-2583-3415
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.105021&domain=pdf&date_stamp=2023-05-25
https://doi.org/10.1103/PhysRevD.107.105021
https://doi.org/10.1103/PhysRevD.107.105021
https://doi.org/10.1103/PhysRevD.107.105021
https://doi.org/10.1103/PhysRevD.107.105021
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


�
icγμ∂μ −

mc2

ℏ

�
ψ̂ ¼ 0; ð1Þ

where c is the speed of light, m is the mass of the Dirac
field,

γ0 ¼ 1

c

�
I 0

0 −I

�
; γi ¼

�
0 σi

−σi 0

�
ð2Þ

are gamma matrices and

σ1 ¼
�
0 1

1 0

�
; σ2 ¼

�
0 −i
i 0

�
; σ3 ¼

�
1 0

0 −1

�
ð3Þ

are Pauli matrices. The following identities for gamma
matrices will be used throughout the paper:

fγμ; γνg ¼ −2ημν; ð4aÞ

ðγ0Þ† ¼ γ0; ðγiÞ† ¼ −γi; ð4bÞ

where

ημν ¼ diag

�
−

1

c2
; 1; 1; 1

�
ð5Þ

is the Minkowski metric.
The solution of the Dirac equation (1) is

ψ̂ðt; x⃗Þ ¼
X2
s¼1

Z
R3

d3k½usðk⃗; t; x⃗Þĉsðk⃗Þ þ vsðk⃗; t; x⃗Þd̂†sðk⃗Þ�;

ð6Þ

with ĉsðk⃗Þ and d̂sðk⃗Þ as annihilation operators for the
particle and antiparticle with momentum k⃗ and spin number
s and with usðk⃗Þ and vsðk⃗Þ as orthonormal positive and
negative frequency modes having the form

usðk⃗; t; x⃗Þ ¼ ð2πÞ−3=2e−iωðk⃗Þtþik⃗·x⃗ũsðk⃗Þ; ð7aÞ

vsðk⃗; t; x⃗Þ ¼ ð2πÞ−3=2eiωðk⃗Þt−ik⃗·x⃗ṽsðk⃗Þ; ð7bÞ

with

ωðk⃗Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
mc2

ℏ

�
2

þ c2jk⃗j2
s

ð8Þ

as the frequency of each mode.

The modes usðk⃗Þ and vsðk⃗Þ are solutions of the Dirac
equation (1). Their orthonormality condition reads

ðusðk⃗Þ; us0 ðk⃗0ÞÞM ¼ δss0δ
3ðk⃗ − k⃗0Þ; ð9aÞ

ðvsðk⃗Þ; vs0 ðk⃗0ÞÞM ¼ δss0δ
3ðk⃗ − k⃗0Þ; ð9bÞ

ðusðk⃗Þ; vs0 ðk⃗0ÞÞM ¼ 0; ð9cÞ

where

ðψ ;ψ 0ÞM ¼
Z
R3

d3xψ†ðt; x⃗Þψ 0ðt; x⃗Þ ð10Þ

is the Minkowski-Dirac product.
The functions ũsðk⃗Þ and ṽsðk⃗Þ are solutions of the

equations

�
ωðk⃗Þγ0 − kiγi −

mc
ℏ

�
ũsðk⃗Þ ¼ 0; ð11aÞ

�
ωðk⃗Þγ0 − kiγi þ

mc
ℏ

�
ṽsðk⃗Þ ¼ 0; ð11bÞ

ũ†sðk⃗Þũs0 ðk⃗Þ ¼ δss0 ; ð11cÞ

ṽ†sðk⃗Þṽs0 ðk⃗Þ ¼ δss0 ; ð11dÞ

ũ†sðk⃗Þṽs0 ð−k⃗Þ ¼ 0: ð11eÞ

One can use Eq. (7) and the fact that usðk⃗Þ and vsðk⃗Þ are
solutions of Eq. (1) to obtain Eqs. (11a) and (11b). The
orthonormality conditions (11c), (11d), and (11e), instead,
can be checked by plugging Eq. (7) in Eq. (9) and
using Eq. (10).
The index s is associated to the two independent spin

degrees of freedom. One can consider any couple of
solutions of Eq. (11) and associate each solution to either
s ¼ 1 or s ¼ 2. This freedom is due to the arbitrary
definition of the spin basis for positive and negative
frequency modes.
A possible basis is given by particles with defined spin

along one direction. For instance, states with spin up and
down with respect to z are such that in the particle
comoving frame (i.e., by performing a Lorentz boost with
opposite momentum −k⃗) the representative has only one
spinorial component different from zero. A basis of modes
with the same property is not available in the Rindler
spacetime. Indeed, the translational symmetry with respect
to the direction of the acceleration is absent, and particles
with defined energy do not have defined momentum
component along such a direction. Hence, no Lorentz
boost leads to the comoving frame of these particles.
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For this reason, Rindler-Dirac modes with defined fre-
quency and spin cannot be considered.
Since our aim is to relate Minkowski modes with Rindler

modes, there is no reason to prefer the basis with defined
spin. Hereafter, we consider the general solutions of
Eq. (11) and we do not choose any particular basis for
the spin degrees of freedom.

III. RINDLER-DIRAC MODES

In the previous sections we considered a Minkowski
spacetime ðt; x⃗Þ and studied the Minkowski-Dirac modes
usðk⃗Þ and vsðk⃗Þ as positive and negative frequency sol-
utions of the Dirac equation. Here, instead, we consider
Rindler coordinates ðT; X⃗Þ for the left and the right wedge,
defined as

t ¼ tνðT; X⃗Þ; x⃗ ¼ x⃗νðT; X⃗Þ; ð12Þ

where ν ∈ fL;Rg is the variable associated to the left (L)
and the right (R) wedges and tνðT; X⃗Þ and x⃗νðT; X⃗Þ are the
coordinate transformation from the Rindler to the
Minkowski frame. By assuming that the acceleration of
the Rindler observer is along the direction of z, one may
write

z ¼ zνðT; X⃗Þ; x⃗⊥ ¼ X⃗⊥; ð13Þ

where x⃗⊥ ¼ ðx; yÞ and X⃗⊥ ¼ ðX; YÞ are the transverse
coordinates in each frame. The functions tνðT; X⃗Þ and
zνðT; X⃗Þ appearing in Eqs. (12) and (13) read

tνðT; X⃗Þ ¼
esνaZ

ca
sinhðcaTÞ; ð14aÞ

zνðT; X⃗Þ ¼ sν
esνaZ

a
coshðcaTÞ; ð14bÞ

where c2a > 0 is the acceleration of the right Rindler
observer and sν is such that sL ¼ −1 and sR ¼ 1. The left
and the right wedges are defined by z < cjtj and z > cjtj,
respectively.
We study the Dirac field in Rindler coordinates Ψ̂νðT; X⃗Þ

defined by the Rindler-Dirac equation, which reads (see,
for instance, Refs. [4,5,7])

�
e−sνaZ

�
icγ0∂0 þ sνi

ca
2
γ3 þ icγ3∂3

�

þ icγ1∂1 þ icγ2∂2 −
mc2

ℏ

�
Ψ̂ν ¼ 0: ð15Þ

We derive the orthonormal positive and negative frequency
modes UνsðΩ; K⃗⊥Þ and VνsðΩ; K⃗⊥Þ that are solutions of
Eq. (15) have the form

UνsðΩ; K⃗⊥; T; X⃗Þ ¼ eiK⃗⊥·X⃗⊥−iΩTŨνsðΩ; K⃗⊥; ZÞ; ð16aÞ

VνsðΩ; K⃗⊥; T; X⃗Þ ¼ e−iK⃗⊥·X⃗⊥þiΩTṼνsðΩ; K⃗⊥; ZÞ ð16bÞ

and generate Dirac fields in Rindler spacetime as

Ψ̂νðT; X⃗Þ ¼
X2
s¼1

Z
∞

0

dΩ
Z
R2

d2K⊥

× ½UνsðΩ; K⃗⊥; T; X⃗ÞĈνsðΩ; K⃗⊥Þ
þVνsðΩ; K⃗⊥; T; X⃗ÞD̂†

νsðΩ; K⃗⊥Þ�: ð17Þ

The orthonormality condition for such modes reads

ðUνsðΩ; K⃗⊥Þ; Uνs0 ðΩ0; K⃗0⊥ÞÞν ¼ δss0δðΩ −Ω0Þ
× δ2ðK⃗⊥ − K⃗0⊥Þ; ð18aÞ

ðVνsðΩ; K⃗⊥Þ; Vνs0 ðΩ0; K⃗0⊥ÞÞν ¼ δss0δðΩ −Ω0Þ
× δ2ðK⃗⊥ − K⃗0⊥Þ; ð18bÞ

ðUνsðΩ; K⃗⊥Þ; Vνs0 ðΩ0; K⃗0⊥ÞÞν ¼ 0; ð18cÞ

with

ðΨ;Ψ0Þν ¼
Z
R3

d3XesνaZΨ†ðT; X⃗ÞΨ0ðT; X⃗Þ ð19Þ

as the Rindler-Dirac product.
The operators Ĉ†

νsðΩ; K⃗⊥Þ and D̂†
νsðΩ; K⃗⊥Þ appearing in

Eq. (17) create particles and antiparticles of the ν wedge
with spin number s, frequencyΩ and transverse momentum
K⃗⊥ and satisfy the following anticommutation rules:

fĈνsðΩ; K⃗⊥Þ; Ĉ†
ν0s0 ðΩ0; K⃗0⊥Þg ¼ δνν0δss0δðΩ −Ω0Þ

× δ2ðK⃗⊥ − K⃗0⊥Þ; ð20aÞ

fD̂νsðΩ; K⃗⊥Þ; D̂†
ν0s0 ðΩ0; K⃗0⊥Þg ¼ δνν0δss0δðΩ − Ω0Þ

× δ2ðK⃗⊥ − K⃗0⊥Þ; ð20bÞ

fĈνsðΩ; K⃗⊥Þ; Ĉν0s0 ðΩ0; K⃗0⊥Þg ¼ 0; ð20cÞ

fD̂νsðΩ; K⃗⊥Þ; D̂ν0s0 ðΩ0; K⃗0⊥Þg ¼ 0; ð20dÞ

fĈνsðΩ; K⃗⊥Þ; D̂ν0s0 ðΩ0; K⃗0⊥Þg ¼ 0; ð20eÞ

fĈνsðΩ; K⃗⊥Þ; D̂†
ν0s0 ðΩ0; K⃗0⊥Þg ¼ 0: ð20fÞ
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By extending the definition of the variable Ω also for
negative values, one may define the function

WνsðΩ; K⃗⊥; T; X⃗Þ ¼
�
UνsðΩ; K⃗⊥; T; X⃗Þ if Ω > 0

Vνsð−Ω;−K⃗⊥; T; X⃗Þ if Ω < 0
;

ð21Þ

that includes both positive and negative frequency solutions
of the Rindler-Dirac equation (15). Equation (17) can now
be written in the following equivalent ways:

Ψ̂νðT; X⃗Þ ¼
X2
s¼1

Z
R
dΩ

Z
R2

d2K⊥WνsðΩ; K⃗⊥; T; X⃗Þ

× ½θðΩÞĈνsðΩ; K⃗⊥Þ þ θð−ΩÞD̂†
νsð−Ω;−K⃗⊥Þ�;

ð22aÞ

Ψ̂νðT; X⃗Þ ¼
X2
s¼1

Z
R
dΩ

Z
R2

d2K⊥Wνsð−Ω;−K⃗⊥; T; X⃗Þ

× ½θð−ΩÞĈνsð−Ω;−K⃗⊥Þ þ θðΩÞD̂†
νsðΩ; K⃗⊥Þ�;

ð22bÞ

with θ as the Heaviside step function. The orthonormality
condition (18) with respect to the modesWνsðΩ; K⃗⊥Þ reads

ðWνsðΩ; K⃗⊥Þ;Wνs0 ðΩ0; K⃗0⊥ÞÞν ¼ δss0δðΩ −Ω0Þ
× δ2ðK⃗⊥ − K⃗0⊥Þ: ð23Þ

Notice that Eq. (21) is compatible with Eq. (16). Indeed,
one may define the function W̃νsðΩ; K⃗⊥; ZÞ such that

WνsðΩ; K⃗⊥; T; X⃗Þ ¼ eiK⃗⊥·X⃗⊥−iΩTW̃νsðΩ; K⃗⊥; ZÞ ð24Þ

and that

W̃νsðΩ; K⃗⊥; ZÞ ¼
�
ŨνsðΩ; K⃗⊥; ZÞ if Ω > 0

Ṽνsð−Ω;−K⃗⊥; ZÞ if Ω < 0
: ð25Þ

The modes WνsðΩ; K⃗⊥Þ are solutions of the Rindler-
Dirac equation (15); hence, W̃νsðΩ; K⃗⊥; ZÞ satisfies the
differential equation

�
e−sνaZ

�
Ωγ0 þ sνi

a
2
γ3 þ iγ3∂3

�

−
�
K1γ

1 þ K2γ
2 þmc

ℏ

��
W̃νsðΩ; K⃗⊥; ZÞ ¼ 0: ð26Þ

By multiplying Eq. (26) with cγ0 on the left and using
Eq. (4a), one obtains

�
e−sνaZ

�
Ω
c
þ sνi

ca
2
γ0γ3 þ icγ0γ3∂3

�

− sνiκðK⃗⊥ÞGνðK⃗⊥Þ
�
W̃νsðΩ; K⃗⊥; ZÞ ¼ 0; ð27Þ

with

GνðK⃗⊥Þ ¼ −
sνic

κðK⃗⊥Þ
γ0
�
K1γ

1 þ K2γ
2 þmc

ℏ

�
; ð28Þ

and

κðK⃗⊥Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
mc
ℏ

�
2

þ jK⃗⊥j2
s

: ð29Þ

The spinor W̃νsðΩ; K⃗⊥; ZÞ can be decomposed into
eigenvectors of cγ0γ3 with eigenvalues �1 by using the
following projectors:

P� ¼ 1

2
ð1� cγ0γ3Þ: ð30Þ

The projected modes W̃�
νsðΩ; K⃗⊥; ZÞ are such that

W̃νsðΩ; K⃗⊥;ZÞ¼ W̃þ
νsðΩ; K⃗⊥;ZÞþ W̃−

νsðΩ; K⃗⊥;ZÞ; ð31aÞ

W̃�
νsðΩ; K⃗⊥; ZÞ ¼ P�W̃νsðΩ; K⃗⊥; ZÞ; ð31bÞ

cγ0γ3W̃�
νsðΩ; K⃗⊥; ZÞ ¼ �W̃�

νsðΩ; K⃗⊥; ZÞ: ð31cÞ

By using Eqs. (4a) and (28) one can prove that

γ0γ3GνðK⃗⊥Þ ¼ −GνðK⃗⊥Þγ0γ3: ð32Þ

Hence, the projectors P� and the matrixGνðK⃗⊥Þ are related
by the identity

P�GνðK⃗⊥Þ ¼ GνðK⃗⊥ÞP∓; ð33Þ

which can be proved by using Eqs. (30) and (32). By
projecting Eq. (27) with respect to P� and using Eqs. (31b),
(31c), and (33), one obtains the following coupled equa-
tions for W̃þ

νsðΩ; K⃗⊥; ZÞ and W̃−
νsðΩ; K⃗⊥; ZÞ:

e−sνaZ
�
Ω
c
� i

�
sν
a
2
þ ∂3

��
W̃�

νsðΩ; K⃗⊥; ZÞ

¼ sνiκðK⃗⊥ÞGνðK⃗⊥ÞW̃∓
νsðΩ; K⃗⊥; ZÞ: ð34Þ

Equation (34) can be decoupled by applying
e−sνaZ½Ω=c ∓ iðsνa=2þ ∂3Þ� on the left, leading to
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e−sνaZ
�
Ω
c
∓ i

�
sν
a
2
þ ∂3

���
e−sνaZ

�
Ω
c
� i

�
sν
a
2
þ ∂3

���
W̃�

νsðΩ; K⃗⊥; ZÞ ¼ −κ2ðK⃗⊥ÞG2
νðK⃗⊥ÞW̃�

νsðΩ; K⃗⊥; ZÞ: ð35Þ

The derivative operator on left side of Eq. (35) can be computed in the following way:

�
Ω
c
∓ i

�
sν
a
2
þ ∂3

���
e−sνaZ

�
Ω
c
� i

�
sν
a
2
þ ∂3

���
¼ e−sνaZ

�
�sνia

�
Ω
c
� i

�
sν
a
2
þ ∂3

��
þ
�
Ω
c

�
2

þ
�
sν
a
2
þ ∂3

�
2
�

¼ e−sνaZ
�
�sνia

Ω
c
−
a2

4
þ
�
Ω
c

�
2

þ ∂
2
3

�

¼ e−sνaZ
��

Ω
c
� sνi

a
2

�
2

þ ∂
2
3

�
: ð36Þ

The right side of Eq. (35), instead, can be computed by using Eqs. (4a), (28), and (29),

G2
νðK⃗⊥Þ ¼ −

c2

κ2ðK⃗⊥Þ
γ0
�
K1γ

1 þ K2γ
2 þmc

ℏ

�
γ0
�
K1γ

1 þ K2γ
2 þmc

ℏ

�

¼ −
c2

κ2ðK⃗⊥Þ
γ0γ0

�
−K1γ

1 − K2γ
2 þmc

ℏ

��
K1γ

1 þ K2γ
2 þmc

ℏ

�

¼ −
1

κ2ðK⃗⊥Þ

�
−K1γ

1 − K2γ
2 þmc

ℏ

��
K1γ

1 þ K2γ
2 þmc

ℏ

�

¼ −
1

κ2ðK⃗⊥Þ

�
−K2

1γ
1γ1 − K2

2γ
2γ2 þ

�
mc
ℏ

�
2

−K1K2fγ1; γ2g
�

¼ −
1

κ2ðK⃗⊥Þ

�
K2

1 þ K2
2 þ

�
mc
ℏ

�
2
�

¼ −1: ð37Þ

By using Eqs. (36) and (37) in Eq. (35), one obtains the
differential equation

e−sν2aZ
��

Ω
c
� sνi

a
2

�
2

þ ∂
2
3

�
W̃�

νsðΩ; K⃗⊥; ZÞ

¼ κ2ðK⃗⊥ÞW̃�
νsðΩ; K⃗⊥; ZÞ: ð38Þ

The solutions of Eq. (38) that converge to 0 for
sνZ → þ∞ have the form

W̃�
νsðΩ; K⃗⊥; ZÞ ¼ Kð�sνΩ; K⃗⊥; sνZÞW�

νsðΩ; K⃗⊥Þ; ð39Þ

where

KðΩ; K⃗⊥; ZÞ ¼ KiΩ=ðcaÞ−1=2

�
κðK⃗⊥Þ

eaZ

a

�
ð40Þ

and KζðξÞ is the modified Bessel function of the second
kind. An integral representation for KζðξÞ can be found in
the Appendix. Notice that Eq. (38) is a necessary but not
sufficient condition for the modes W̃�

νsðΩ; K⃗⊥; ZÞ. Indeed,
Eq. (38) is a decoupled second order differential equation
originated from the first order differential equation (34).

Hence, we now look for the spinor functions W�
νsðΩ; K⃗⊥Þ

of Eq. (39) such that W̃�
νsðΩ; K⃗⊥; ZÞ satisfies Eq. (34).

The first order derivatives of W̃�
νsðΩ; K⃗⊥; ZÞ that appear

in Eq. (34) can be computed by using the following
recurrence relation for Bessel functions [8]:

∂ξKζðξÞ −
ζ

ξ
KζðξÞ ¼ −Kζþ1ðξÞ ð41Þ

and the fact that KζðξÞ is even with respect to the order ζ,
which means that

∂ξKζðξÞ −
ζ

ξ
KζðξÞ ¼ −K−ζ−1ðξÞ: ð42Þ

By considering ξ ¼ κðK⃗⊥Þ expðsνaZÞ=a and ζ ¼
�sνiΩ=ðcaÞ − 1=2, one may write Eq. (42) in terms of
the functions KðΩ; K⃗⊥; ZÞ [Eq. (40)] as follows:

e−sνaZ

κðK⃗⊥Þ

�
sν∂3 ∓ sνi

Ω
c
þ a

2

�
Kð�sνΩ; K⃗⊥; sνZÞ

¼ −Kð∓ sνΩ; K⃗⊥; sνZÞ; ð43Þ
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which, multiplied with �sνiκðK⃗⊥Þ, reads

e−sνaZ
�
Ω
c
� i

�
sν
a
2
þ ∂3

��
Kð�sνΩ; K⃗⊥; sνZÞ

¼∓ sνiκðK⃗⊥ÞKð∓ sνΩ; K⃗⊥; sνZÞ: ð44Þ

By using Eqs. (39) and (44) in Eq. (34) one obtains the
linear equation for W�

νsðΩ; K⃗⊥Þ,

W�
νsðΩ; K⃗⊥Þ ¼∓ GνðK⃗⊥ÞW∓

νsðΩ; K⃗⊥Þ: ð45Þ

The two equations appearing in Eq. (45) are equivalent.
This can be proven by acting on Eq. (45) with �GνðK⃗⊥Þ
and by using Eq. (37). Hence, one can consider a single
spinor function WνsðΩ; K⃗⊥Þ such that

W�
νsðΩ; K⃗⊥Þ ¼ ½GνðK⃗⊥Þ�ð1∓1Þ=2WνsðΩ; K⃗⊥Þ: ð46Þ

Notice that each spinorW�
νsðΩ; K⃗⊥Þ is an eigenvector of

cγ0γ3 with eigenvalue �1 [Eqs. (31c) and (39)]. Hence the
following identity must be considered together with
Eq. (46):

cγ0γ3W�
νsðΩ; K⃗⊥Þ ¼ �W�

νsðΩ; K⃗⊥Þ: ð47Þ

Equations (46) and (47) are outnumbered. Indeed, one may
consider one of the two equations appearing in Eq. (47) and
obtain the other by using Eq. (46). For instance, by
choosing cγ0γ3Wþ

νsðΩ; K⃗⊥Þ ¼ Wþ
νsðΩ; K⃗⊥Þ, one can use

Eqs. (32) and (46) to prove that

cγ0γ3W−
νsðΩ; K⃗⊥Þ ¼ cγ0γ3GνðK⃗⊥ÞWνsðΩ; K⃗⊥Þ

¼ cγ0γ3GνðK⃗⊥ÞWþ
νsðΩ; K⃗⊥Þ

¼ −cGνðK⃗⊥Þγ0γ3Wþ
νsðΩ; K⃗⊥Þ

¼ −GνðK⃗⊥ÞWþ
νsðΩ; K⃗⊥Þ

¼ −GνðK⃗⊥ÞWνsðΩ; K⃗⊥Þ
¼ −W−

νsðΩ; K⃗⊥Þ: ð48Þ

Both equations appearing in Eq. (47) are equivalent to the
single equation

cγ0γ3WνsðΩ;K⃗⊥Þ¼WνsðΩ;K⃗⊥Þ: ð49Þ

The third identity defining WνsðΩ; K⃗⊥Þ comes from the
orthonormality condition (23). The product ðWνsðΩ; K⃗⊥Þ;
Wνs0 ðΩ0; K⃗0⊥ÞÞν can be computed by using Eqs. (19), (24),
(31a), (39) and the orthogonality condition between eigen-
states of cγ0γ3 with different eigenvalues. Explicitly, the
product reads

ðWνsðΩ;K⃗⊥Þ;Wνs0 ðΩ0;K⃗0⊥ÞÞν
¼eiðΩ−Ω0ÞTX

σ¼�

Z
R3

d3XesνaZeiðK⃗
0⊥−K⃗⊥Þ·X⃗⊥K�ðσsνΩ;K⃗⊥;sνZÞ

×KðσsνΩ0;K⃗0⊥;sνZÞ½Wσ
νsðΩ;K⃗⊥Þ�†Wσ

νs0 ðΩ0;K⃗0⊥Þ: ð50Þ

By using Eqs. (4) and (28), one can prove thatGνðK⃗⊥Þ is
anti-Hermitian,

G†
νðK⃗⊥Þ ¼

sνic

κðK⃗⊥Þ

�
γ0
�
K1γ

1 þ K2γ
2 þmc

ℏ

��†

¼ sνic

κðK⃗⊥Þ

�
−K1γ

1 − K2γ
2 þmc

ℏ

�
γ0

¼ sνic

κðK⃗⊥Þ
γ0
�
K1γ

1 þ K2γ
2 þmc

ℏ

�

¼ −GνðK⃗⊥Þ: ð51Þ

Equations (37) and (51) imply that GνðK⃗⊥Þ is also unitary

G†
νðK⃗⊥ÞGνðK⃗⊥Þ ¼ 1: ð52Þ

By using Eqs. (46) and (52) one can prove that for any
σ ¼ �,

½Wσ
νsðΩ; K⃗⊥Þ�†Wσ

νs0 ðΩ0; K⃗0⊥Þ
¼ W†

νsðΩ; K⃗⊥ÞWνs0 ðΩ0; K⃗0⊥Þ; ð53Þ

which means that Eq. (50) reads

ðWνsðΩ; K⃗⊥Þ;Wνs0 ðΩ0; K⃗0⊥ÞÞν ¼ eiðΩ−Ω0ÞT

×W†
νsðΩ; K⃗⊥ÞWνs0 ðΩ0; K⃗0⊥Þ

X
σ¼�

Z
R3

d3XesνaZ

× eiðK⃗
0⊥−K⃗⊥Þ·X⃗⊥K�ðσsνΩ; K⃗⊥; sνZÞKðσsνΩ0; K⃗0⊥; sνZÞ:

ð54Þ

Furthermore, one can use the property for the Bessel
function,

K�
ζðξÞ ¼ Kζ�ðξÞ; ð55Þ

with ξ ∈ R. A proof for Eq. (55) can be obtained by
considering the integral representation for the Bessel func-
tion (Appendix). In terms of the functions KðΩ; K⃗⊥; ZÞ,
Eq. (55) reads [Eq. (40)]

K�ðΩ; K⃗⊥; ZÞ ¼ Kð−Ω; K⃗⊥; ZÞ; ð56Þ

which can be plugged into Eq. (54) to give
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ðWνsðΩ; K⃗⊥Þ;Wνs0 ðΩ0; K⃗0⊥ÞÞν ¼ eiðΩ−Ω0ÞT

×W†
νsðΩ; K⃗⊥ÞWνs0 ðΩ0; K⃗0⊥Þ

X
σ¼�

Z
R3

d3XesνaZ

× eiðK⃗
0⊥−K⃗⊥Þ·X⃗⊥Kð−σsνΩ; K⃗⊥; sνZÞ

×KðσsνΩ0; K⃗0⊥; sνZÞ: ð57Þ

By computing the integral with respect to X and Y in
Eq. (57), one obtains

ðWνsðΩ; K⃗⊥Þ;Wνs0 ðΩ0; K⃗0⊥ÞÞν ¼ 4π2δ2ðK⃗⊥ − K⃗0⊥Þ

× eiðΩ−Ω0ÞTW†
νsðΩ; K⃗⊥ÞWνs0 ðΩ0; K⃗0⊥Þ

X
σ¼�

Z
R
dZesνaZ

×Kð−σsνΩ; K⃗⊥; sνZÞKðσsνΩ0; K⃗⊥; sνZÞ: ð58Þ

The integral with respect to Z, instead, can be computed by
using the following identity for Bessel functions:

Z
∞

0

dξ½K−iζ−1=2ðξÞKiζ0−1=2ðξÞ

þKiζ−1=2ðξÞK−iζ0−1=2ðξÞ� ¼
π2δðζ − ζ0Þ
coshðπζÞ : ð59Þ

A proof for Eq. (59) can be found in the Appendix. By
replacing ξ, ζ, and ζ0 with κðK⃗⊥ÞesνaZ=a, sνΩ=ðcaÞ and
sνΩ0=ðcaÞ, respectively, in Eq. (59), one obtains the
identity

X
σ¼�

Z
R
dZesνaZKð−σsνΩ; K⃗⊥; sνZÞKðσsνΩ0; K⃗⊥; sνZÞ

¼ π2caδðΩ − Ω0Þ
κðK⃗⊥Þ

�
cosh

�
β

2
Ω
��

−1
; ð60Þ

with

β ¼ 2π

ca
: ð61Þ

Equation (60) can be plugged into Eq. (58) to give

ðWνsðΩ; K⃗⊥Þ;Wνs0 ðΩ0; K⃗0⊥ÞÞν ¼ δðΩ −Ω0Þδ2ðK⃗⊥ − K⃗0⊥Þ

×
4π4ca

κðK⃗⊥Þ
W†

νsðΩ; K⃗⊥ÞWνs0 ðΩ0; K⃗0⊥Þ
�
cosh

�
β

2
Ω
��

−1
;

ð62Þ

which is equivalent to Eq. (23) only when the following
condition is met:

W†
νsðΩ; K⃗⊥ÞWνs0 ðΩ0; K⃗0⊥Þ¼ δss0

κðK⃗⊥Þ
4π4ca

cosh

�
β

2
Ω
�
: ð63Þ

Equation (63) suggests the definition of the spinor
function W̃νsðΩ; K⃗⊥Þ such that

WνsðΩ; K⃗⊥Þ ¼
1

2π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðK⃗⊥Þ
ca

cosh

�
β

2
Ω
�s
W̃νsðΩ; K⃗⊥Þ:

ð64Þ

The equations defining W̃νsðΩ; K⃗⊥Þ are given by Eqs. (49)
and (63) and explicitly read

cγ0γ3W̃νsðΩ; K⃗⊥Þ ¼ W̃νsðΩ; K⃗⊥Þ; ð65aÞ

W̃†
νsðΩ; K⃗⊥ÞW̃νs0 ðΩ; K⃗⊥Þ ¼ δss0 : ð65bÞ

For fixed ν, Ω, and K⃗⊥ and for varying s ¼ f1; 2g, the
spinors W̃νsðΩ; K⃗⊥Þ are an orthonormal basis for the
eigenspace of cγ0γ3 with eigenvalue 1. Hence, the only
freedom left by Eq. (65) is about the arbitrary choice for the
spin basis W̃νsðΩ; K⃗⊥Þ.
Any change of basis W̃νsðΩ; K⃗⊥Þ ↦ ¯̃Wνs0 ðΩ; K⃗⊥Þ is

defined by an unitary matrix M̄νss0 ðΩ; K⃗⊥Þ (with matrix
indexes s and s0) as

¯̃WνsðΩ; K⃗⊥Þ ¼
X2
s0¼1

M̄νss0 ðΩ; K⃗⊥ÞW̃νs0 ðΩ; K⃗⊥Þ; ð66aÞ

M̄νss0 ðΩ; K⃗⊥Þ ¼ W̃†
νs0 ðΩ; K⃗⊥Þ ¯̃WνsðΩ; K⃗⊥Þ: ð66bÞ

Notice that for any basis W̃νsðΩ; K⃗⊥Þ satisfying Eq. (65),
also the spinor functions W̃ν̄sð−Ω; K⃗⊥Þ (with ν̄ as the
opposite of ν, i.e., ν̄ ¼ L if ν ¼ R and ν̄ ¼ R if ν ¼ L)
satisfy Eq. (65). By acknowledging this symmetry, we
prove the existence of the change of basis Mνss0 ðΩ; K⃗⊥Þ
such that

W̃ν̄sð−Ω; K⃗⊥Þ ¼
X2
s0¼1

Mνss0 ðΩ; K⃗⊥ÞW̃νs0 ðΩ; K⃗⊥Þ; ð67aÞ

Mνss0 ðΩ; K⃗⊥Þ ¼ W̃†
νs0 ðΩ; K⃗⊥ÞW̃ν̄sð−Ω; K⃗⊥Þ: ð67bÞ

The unitarity of Mνss0 ðΩ; K⃗⊥Þ reads

X2
s00¼1

M�
νs00sðΩ; K⃗⊥ÞMνs00s0 ðΩ; K⃗⊥Þ ¼ δss0 ; ð68aÞ

X2
s00¼1

M�
νss00 ðΩ; K⃗⊥ÞMνs0s00 ðΩ; K⃗⊥Þ ¼ δss0 : ð68bÞ
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Hereafter we do not specify any particular solution of
Eq. (65). Instead, we consider a general basis W̃νsðΩ; K⃗⊥Þ
for the eigenspace of cγ0γ3 with eigenvalue 1. Wewill show
that for different choices of W̃νsðΩ; K⃗⊥Þ, different Rindler-
Fock representations of the Minkowski vacuum exist.
Then, by tracing the left wedge, the dependency of
W̃νsðΩ; K⃗⊥Þ will disappear. Only in Sec. VII, we will
discuss different choices for the spin basis W̃νsðΩ; K⃗⊥Þ.

IV. BOGOLIUBOV TRANSFORMATION

In the previous sections we considered the Minkowski
ðt; x⃗Þ and the Rindler ðT; X⃗Þ spacetimes and we studied the
respective Dirac fields ψ̂ðt; x⃗Þ and Ψ̂νðT; X⃗Þ. We defined
the operators ĉsðk⃗Þ, d̂sðk⃗Þ, ĈνsðΩ; K⃗⊥Þ, and D̂νsðΩ; K⃗⊥Þ as
the annihilators of positive and negative frequency modes
for each spacetime.
In this section, we consider both the Minkowski ðt; x⃗Þ

and the Rindler ðT; X⃗Þ spacetimes to describe the inertial
and the accelerated frame of a flat spacetime. The operators
ψ̂ðt; x⃗Þ and Ψ̂νðT; X⃗Þ define the same Dirac field in each
coordinate system. We compute the Bogoliubov trans-
formation relating Minkowski (ĉsðk⃗Þ and d̂sðk⃗Þ) and
Rindler (ĈνsðΩ; K⃗⊥Þ and D̂νsðΩ; K⃗⊥Þ) operators. We fol-
low the same method presented in [9] for scalar fields. A
different approach can instead be found in [4].
Equation (9) can be used to invert Eq. (6) as

ĉsðk⃗Þ ¼ ðusðk⃗Þ; ψ̂ÞM; d̂†sðk⃗Þ ¼ ðvsðk⃗Þ; ψ̂ÞM: ð69Þ

Equation (69) explicitly reads

ĉsðk⃗Þ ¼
Z
R3

d3xu†sðk⃗; t; x⃗Þψ̂ðt; x⃗Þ; ð70aÞ

d̂†sðk⃗Þ ¼
Z
R3

d3xv†sðk⃗; t; x⃗Þψ̂ðt; x⃗Þ: ð70bÞ

The Dirac field transforms as a spinor field under diffeo-
morphisms. In the case of Rindler coordinates, the trans-
formation Ψ̂ν ↦ ψ̂ reads [4]

ψ̂ðt; x⃗Þ ¼
X

ν¼fL;Rg
θðsνzÞ exp

�
1

2
γ0γ3Tνðt; x⃗Þ

�

× Ψ̂νðTνðt; x⃗Þ; X⃗νðt; x⃗ÞÞ; ð71Þ

where the functions Tνðt; x⃗Þ and X⃗νðt; x⃗Þ map the
Minkowski coordinates ðt; x⃗Þ to the Rindler coordinates
ðT; X⃗Þ and are the inverse of Eq. (12). When t ¼ 0, the
transformation (71) reads

ψ̂ð0; x⃗Þ ¼
X

ν¼fL;Rg
θðsνzÞΨ̂νð0; X⃗νðx⃗ÞÞ; ð72Þ

where X⃗νðx⃗Þ is the coordinate transformation from the
Minkowski to the ν-Rindler spacetime when t ¼ 0. The
function X⃗νðx⃗Þ explicitly reads

X⃗νðx⃗⊥; zÞ ¼ ðx⃗⊥; ZνðzÞÞ; ð73Þ

where ZνðzÞ is such that

az ¼ sν expðsνaZνðzÞÞ; ð74Þ

for any z such that sνz > 0. By choosing t ¼ 0 and using
Eq. (72) in Eq. (70) one obtains

ĉsðk⃗Þ ¼
X

ν¼fL;Rg

Z
R3

d3xθðsνzÞu†sðk⃗; 0; x⃗ÞΨ̂νð0; X⃗νðx⃗ÞÞ;

ð75aÞ

d̂†sðk⃗Þ ¼
X

ν¼fL;Rg

Z
R3

d3xθðsνzÞv†sðk⃗; 0; x⃗ÞΨ̂νð0; X⃗νðx⃗ÞÞ:

ð75bÞ

By plugging Eq. (22) into Eq. (75) one is able to relate the
Minkowski operators ĉsðk⃗Þ and d̂sðk⃗Þ to the Rindler
operators ĈνsðΩ; K⃗⊥Þ and D̂νsðΩ; K⃗⊥Þ through the
Bogoliubov transformation,

ĉsðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
R
dΩ

Z
R2

d2K⊥

×
Z
R3

d3xθðsνzÞu†sðk⃗; 0; x⃗ÞWνs0 ðΩ; K⃗⊥; 0; X⃗νðx⃗ÞÞ

× ½θðΩÞĈνs0 ðΩ; K⃗⊥Þ þ θð−ΩÞD̂†
νs0 ð−Ω;−K⃗⊥Þ�;

ð76aÞ

d̂†sðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
R
dΩ

Z
R2

d2K⊥

×
Z
R3

d3xθðsνzÞv†sðk⃗;0; x⃗ÞWνs0 ð−Ω;−K⃗⊥;0; X⃗νðx⃗ÞÞ

× ½θð−ΩÞĈνs0 ð−Ω;−K⃗⊥Þ þ θðΩÞD̂†
νs0 ðΩ; K⃗⊥Þ�:

ð76bÞ

By using Eqs. (7) and (24) and by performing the
integration with respect to x and y, the Bogoliubov trans-
formation (76) reads
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ĉsðk⃗Þ ¼
ffiffiffiffiffiffi
2π

p X
ν¼fL;Rg

X2
s0¼1

Z
R
dΩ

Z
R2

d2K⊥δ2ðk⃗⊥ − K⃗⊥Þ

×
Z
R
dzθðsνzÞe−ik3zũ†sðk⃗ÞW̃νs0 ðΩ; k⃗⊥; ZνðzÞÞ

× ½θðΩÞĈνs0 ðΩ; K⃗⊥Þ þ θð−ΩÞD̂†
νs0 ð−Ω;−K⃗⊥Þ�;

ð77aÞ

d̂†sðk⃗Þ ¼
ffiffiffiffiffiffi
2π

p X
ν¼fL;Rg

X2
s0¼1

Z
R
dΩ

Z
R2

d2K⊥δ2ðk⃗⊥ − K⃗⊥Þ

×
Z
R
dzθðsνzÞeik3zṽ†sðk⃗ÞW̃νs0 ð−Ω;−k⃗⊥; ZνðzÞÞ

× ½θð−ΩÞĈνs0 ð−Ω;−K⃗⊥Þ þ θðΩÞD̂†
νs0 ðΩ; K⃗⊥Þ�:

ð77bÞ

We now focus on the scalar products ũ†sðk⃗Þ×
W̃νs0 ðΩ; k⃗⊥; ZνðzÞÞ and ṽ†sðk⃗ÞW̃νs0 ð−Ω;−k⃗⊥; ZνðzÞÞ that
appear in Eqs. (77a) and (77b), respectively. By using
Eqs. (31a), (39), and (46), one can write

W̃νs0 ðΩ; K⃗⊥;ZνðzÞÞ¼
X
σ¼�

KðσsνΩ; K⃗⊥;sνZÞ

× ½GνðK⃗⊥Þ�ð1−σÞ=2WνsðΩ; K⃗⊥Þ: ð78Þ

Hence, to obtain ũ†sðk⃗ÞW̃νs0 ðΩ; k⃗⊥; ZνðzÞÞ and ṽ†sðk⃗Þ×
W̃νs0 ð−Ω;−k⃗⊥; ZνðzÞÞ, one firstly has to compute the
following scalar products: ũ†sðk⃗ÞGνðk⃗⊥ÞWνs0 ðΩ; k⃗⊥Þ and
ṽ†sðk⃗ÞGνð−k⃗⊥ÞWνs0 ð−Ω;−k⃗⊥Þ. The former can be
obtained by using Eqs. (4), (11a), (28), (49), and (51):

ũ†sðk⃗ÞGνðk⃗⊥ÞWνs0 ðΩ; k⃗⊥Þ ¼ −½Gνðk⃗⊥Þũsðk⃗Þ�†Wνs0 ðΩ; k⃗⊥Þ

¼ −sνic
κðk⃗⊥Þ

�
γ0
�
k1γ1 þ k2γ2 þ

mc
ℏ

�
ũsðk⃗Þ

�†
Wνs0 ðΩ; k⃗⊥Þ

¼ −sνic
κðk⃗⊥Þ

fγ0½ωðk⃗Þγ0 − k3γ3�ũsðk⃗Þg†Wνs0 ðΩ; k⃗⊥Þ

¼ −sνi
κðk⃗⊥Þ

��
ωðk⃗Þ
c

− ck3γ0γ3
�
ũsðk⃗Þ

�†
Wνs0 ðΩ; k⃗⊥Þ

¼ −sνi
κðk⃗⊥Þ

ũ†sðk⃗Þ
�
ωðk⃗Þ
c

− ck3γ0γ3
�
Wνs0 ðΩ; k⃗⊥Þ

¼ −sνi
κðk⃗⊥Þ

�
ωðk⃗Þ
c

− k3

�
ũ†sðk⃗ÞWνs0 ðΩ; k⃗⊥Þ: ð79Þ

Similarly, for the second scalar product one can use Eq. (11b) instead of Eq. (11a),

ṽ†sðk⃗ÞGνð−k⃗⊥ÞWνs0 ð−Ω;−k⃗⊥Þ ¼ −½Gνð−k⃗⊥Þṽsðk⃗Þ�†Wνs0 ð−Ω;−k⃗⊥Þ

¼ sνic

κðk⃗⊥Þ

�
γ0
�
k1γ1 þ k2γ2 −

mc
ℏ

�
ṽsðk⃗Þ

�†
Wνs0 ð−Ω;−k⃗⊥Þ

¼ sνic

κðk⃗⊥Þ
fγ0½ωðk⃗Þγ0 − k3γ3�ṽsðk⃗Þg†Wνs0 ð−Ω;−k⃗⊥Þ

¼ sνi

κðk⃗⊥Þ

��
ωðk⃗Þ
c

− ck3γ0γ3
�
ṽsðk⃗Þ

�†
Wνs0 ð−Ω;−k⃗⊥Þ

¼ sνi

κðk⃗⊥Þ
ṽ†sðk⃗Þ

�
ωðk⃗Þ
c

− ck3γ0γ3
�
Wνs0 ð−Ω;−k⃗⊥Þ

¼ sνi

κðk⃗⊥Þ

�
ωðk⃗Þ
c

− k3

�
ṽ†sðk⃗ÞWνs0 ð−Ω;−k⃗⊥Þ: ð80Þ
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Equations (8) and (29) lead to

ω2ðk⃗Þ
c2

−k23¼ κ2ðk⃗⊥Þ; ωðk⃗Þ> 0; κðk⃗⊥Þ> 0; ð81Þ

which suggests the definition of the function ϑðk⃗Þ such that

ωðk⃗Þ ¼ cκðk⃗⊥Þ coshðϑðk⃗ÞÞ; ð82aÞ

k3 ¼ κðk⃗⊥Þ sinhðϑðk⃗ÞÞ: ð82bÞ

In this way, Eqs. (79) and (80) read as

ũ†sðk⃗ÞGνðk⃗⊥ÞWνs0 ðΩ; k⃗⊥Þ

¼ exp

�
−sνi

π

2
− ϑðk⃗Þ

�
ũ†sðk⃗ÞWνs0 ðΩ; k⃗⊥Þ; ð83aÞ

ṽ†sðk⃗ÞGνð−k⃗⊥ÞWνs0 ð−Ω;−k⃗⊥Þ

¼ exp

�
sνi

π

2
− ϑðk⃗Þ

�
ṽ†sðk⃗ÞWνs0 ð−Ω;−k⃗⊥Þ; ð83bÞ

which means that

ũ†sðk⃗Þ½Gνðk⃗⊥Þ�ð1−σÞ=2Wνs0 ðΩ; k⃗⊥Þ

¼ exp

�
σ−1

2

�
sνi

π

2
þϑðk⃗Þ

��
ũ†sðk⃗ÞWνs0 ðΩ; k⃗⊥Þ; ð84aÞ

ṽ†sðk⃗Þ½Gνð−k⃗⊥Þ�ð1−σÞ=2Wνs0 ð−Ω;−k⃗⊥Þ

¼ exp

�
σ − 1

2

�
−sνi

π

2
þ ϑðk⃗Þ

��
ṽ†sðk⃗ÞWνs0 ð−Ω;−k⃗⊥Þ:

ð84bÞ

Equations (56), (78), and (84) and the fact that κðK⃗⊥Þ and
KðΩ; K⃗⊥; ZÞ are even with respect to K⃗⊥ [Eqs. (29) and
(40)] allow one to compute the following scalar products:

ũ†sðk⃗Þ½Gνðk⃗⊥Þ�ð1−σÞ=2W̃νs0 ðΩ; k⃗⊥; ZνðzÞÞ

¼
X
σ¼�

KðσsνΩ; k⃗⊥; ZνðzÞÞ exp
�
σ − 1

2

�
sνi

π

2
þ ϑðk⃗Þ

��

× ũ†sðk⃗ÞWνs0 ðΩ; k⃗⊥Þ; ð85aÞ

ṽ†sðk⃗Þ½Gνð−k⃗⊥Þ�ð1−σÞ=2W̃νs0 ð−Ω;−k⃗⊥; ZνðzÞÞ
¼
X
σ¼�

K�ðσsνΩ; k⃗⊥; ZνðzÞÞ

× exp

�
σ − 1

2

�
−sνi

π

2
þ ϑðk⃗Þ

��
ṽ†sðk⃗ÞWνs0 ð−Ω;−k⃗⊥Þ:

ð85bÞ

By plugging Eq. (85) into Eq. (77) and using Eq. (64), one
obtains

ĉsðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
R
dΩ

Z
R2

d2K⊥

× ανðk⃗;Ω; K⃗⊥Þũ†sðk⃗ÞW̃νs0 ðΩ; K⃗⊥Þ
× ½θðΩÞĈνs0 ðΩ; K⃗⊥Þ þ θð−ΩÞD̂†

νs0 ð−Ω;−K⃗⊥Þ�;
ð86aÞ

d̂†sðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
R
dΩ

Z
R2

d2K⊥

× α�νðk⃗;Ω; K⃗⊥Þṽ†sðk⃗ÞW̃νs0 ð−Ω;−K⃗⊥Þ
× ½θð−ΩÞĈνs0 ð−Ω;−K⃗⊥Þ þ θðΩÞD̂†

νs0 ðΩ; K⃗⊥Þ�;
ð86bÞ

with the Bogoliubov coefficient

ανðk⃗;Ω; K⃗⊥Þ ¼
1

π
δ2ðk⃗⊥ − K⃗⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
κðk⃗⊥Þ
2πca

cosh

�
β

2
Ω
�s

× exp
�
−sνi

π

4
−
ϑðk⃗Þ
2

�
Iνðk⃗;ΩÞ ð87Þ

and with

Iνðk⃗;ΩÞ ¼
X
σ¼�

Ĩνðk⃗; σΩÞ exp
�
σsνi

π

4
þ σ

ϑðk⃗Þ
2

�
; ð88aÞ

Ĩνðk⃗;ΩÞ ¼
Z
R
dzθðsνzÞe−ik3zKðsνΩ; k⃗⊥; sνZνðzÞÞ: ð88bÞ

The integral appearing in Eq. (88b) can be computed by
considering the identity for Bessel functions,

Z
R
dξθðξÞe−iξ sinhðτÞKζðξÞ ¼

π sin ðζðπ
2
− iτÞÞ

sinðπζÞ coshðτÞ : ð89Þ

A proof for Eq. (89) can be found in the Appendix. By
replacing the variables ξ, ζ, and τ with, respectively,
sνκðk⃗⊥Þz, sνiΩ=ðcaÞ − 1=2, and sνϑðk⃗Þ and by dividing
the equation with κðk⃗⊥Þ, one obtains

Z
R
dzθðsνzÞ expð−iκðk⃗⊥Þ sinhðϑðk⃗ÞÞzÞ

× KsνiΩ=ðcaÞ−1=2ðsνκðk⃗⊥ÞzÞ

¼
π sin

	
sνi

πΩ
2ca −

π
4
þ ϑðk⃗ÞΩ

ca þ sνi
ϑðk⃗Þ
2




κðk⃗⊥Þ sin ðsνi πΩca − π
2
Þ coshðϑðk⃗ÞÞ

: ð90Þ
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By using Eqs. (40), (61), (74), (82b), (88b), and (90), one can compute Ĩνðk⃗;ΩÞ in the following way:

Ĩνðk⃗;ΩÞ ¼
Z
R
dzθðsνzÞ expð−iκðk⃗⊥Þ sinhðϑðk⃗ÞÞzÞKsνiΩ=ðcaÞ−1=2

�
κðk⃗⊥Þ

esνaZνðzÞ

a

�

¼
Z
R
dzθðsνzÞ expð−iκðk⃗⊥Þ sinhðϑðk⃗ÞÞzÞKsνiΩ=ðcaÞ−1=2ðsνκðk⃗⊥ÞzÞ

¼
π sin

	
sνi

βΩ
4
− π

4
þ ϑðk⃗ÞΩ

ca þ sνi
ϑðk⃗Þ
2




κðk⃗⊥Þ sin ðsνi βΩ2 − π
2
Þ coshðϑðk⃗ÞÞ

¼ −
sνπ sin

	
i βΩ

4
− sν

π
4
þ sν

ϑðk⃗ÞΩ
ca þ i ϑðk⃗Þ

2




κðk⃗⊥Þ coshðβΩ2 Þ coshðϑðk⃗ÞÞ
: ð91Þ

By plugging Eq. (91) into Eq. (88a) one can compute the following function:

Iνðk⃗;ΩÞ ¼ −sνπ
�
κðk⃗⊥Þ cosh

�
βΩ
2

�
coshðϑðk⃗ÞÞ

�
−1X

σ¼�
exp

�
σsνi

π

4
þ σ

ϑðk⃗Þ
2

�
sin

�
σi

βΩ
4

− sν
π

4
þ σsν

ϑðk⃗ÞΩ
ca

þ i
ϑðk⃗Þ
2

�

¼ sνiπ

�
2κðk⃗⊥Þ cosh

�
βΩ
2

�
coshðϑðk⃗ÞÞ

�
−1X

σ¼�

�
exp

�
sνi

σ − 1

4
π þ σ − 1

2
ϑðk⃗Þ−σ βΩ

4
þ σsνi

ϑðk⃗ÞΩ
ca

�

− exp

�
sνi

σ þ 1

4
πþ σ þ 1

2
ϑðk⃗Þ þ σ

βΩ
4

− σsνi
ϑðk⃗ÞΩ
ca

��

¼ sνiπ

�
2κðk⃗⊥Þ cosh

�
βΩ
2

�
coshðϑðk⃗ÞÞ

�
−1
�
− exp

�
sνi

π

2
þ ϑðk⃗Þ þ βΩ

4
− sνi

ϑðk⃗ÞΩ
ca

�

þ exp

�
−sνi

π

2
− ϑðk⃗Þ þ βΩ

4
− sνi

ϑðk⃗ÞΩ
ca

��

¼ sνiπ

�
2κðk⃗⊥Þ cosh

�
βΩ
2

�
coshðϑðk⃗ÞÞ

�
−1

exp

�
βΩ
4

− sνi
ϑðk⃗ÞΩ
ca

�
½−sνieϑðk⃗Þ − sνie−ϑðk⃗Þ�

¼ π

�
κðk⃗⊥Þ cosh

�
βΩ
2

��
−1

exp

�
βΩ
4

− sνi
ϑðk⃗ÞΩ
ca

�
: ð92Þ

Equation (92) can be used in Eq. (87) to obtain the final expression for the Bogoliubov coefficients,

ανðk⃗;Ω; K⃗⊥Þ ¼ δ2ðk⃗⊥ − K⃗⊥Þ
exp

	
−sνi π4 −

ϑðk⃗Þ
2

þ βΩ
4
− sνi

ϑðk⃗ÞΩ
ca



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2πcaκðk⃗⊥Þ cosh ðβ2ΩÞ

q : ð93Þ

By using the fact that sν̄ ¼ −sν, Eq. (93) leads to the identity

αν̄ðk⃗;−Ω; K⃗⊥Þ ¼ sνie−βΩ=2ανðk⃗;Ω; K⃗⊥Þ; ð94Þ

which can be used in Eq. (86) to relate operators of opposite frequency and wedge. By inverting the variablesΩ ↦ −Ω and
ν ↦ ν̄ when Ω < 0, Eq. (86) reads
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ĉsðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥

× ũ†sðk⃗Þ½ανðk⃗;Ω; K⃗⊥ÞW̃νs0 ðΩ; K⃗⊥ÞĈνs0 ðΩ; K⃗⊥Þ
þαν̄ðk⃗;−Ω; K⃗⊥ÞW̃ν̄s0 ð−Ω; K⃗⊥ÞD̂†

ν̄s0 ðΩ;−K⃗⊥Þ�;
ð95aÞ

d̂†sðk⃗Þ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥

× ṽ†sðk⃗Þ½α�̄νðk⃗;−Ω;K⃗⊥ÞW̃ν̄s0 ðΩ;−K⃗⊥ÞĈν̄s0 ðΩ;−K⃗⊥Þ
þα�νðk⃗;Ω;K⃗⊥ÞW̃νs0 ð−Ω;−K⃗⊥ÞD̂†

νs0 ðΩ;K⃗⊥Þ�: ð95bÞ

By plugging Eq. (94) in Eq. (95) we get

ĉsðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥ανðk⃗;Ω; K⃗⊥Þ

× ũ†sðk⃗Þ½W̃νs0 ðΩ; K⃗⊥ÞĈνs0 ðΩ; K⃗⊥Þ
þsνie−βΩ=2W̃ν̄s0 ð−Ω; K⃗⊥ÞD̂†

ν̄s0 ðΩ;−K⃗⊥Þ�; ð96aÞ

d̂†sðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥α�νðk⃗;Ω; K⃗⊥Þ

× ṽ†sðk⃗Þ½−sνie−βΩ=2W̃ν̄s0 ðΩ;−K⃗⊥ÞĈν̄s0 ðΩ;−K⃗⊥Þ
þW̃νs0 ð−Ω;−K⃗⊥ÞD̂†

νs0 ðΩ; K⃗⊥Þ�: ð96bÞ

Finally, by using Eq. (67a) we obtain

ĉsðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥ανðk⃗;Ω; K⃗⊥Þ

× ũ†sðk⃗ÞW̃νs0 ðΩ; K⃗⊥Þ
�
Ĉνs0 ðΩ; K⃗⊥Þ

þsνie−βΩ=2
X2
s00¼1

Mνs00s0 ðΩ; K⃗⊥ÞD̂†
ν̄s00 ðΩ;−K⃗⊥Þ

�
;

ð97aÞ

d̂†sðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥α�νðk⃗;Ω; K⃗⊥Þ

× ṽ†sðk⃗ÞW̃νs0 ð−Ω;−K⃗⊥Þ
�
D̂†

νs0 ðΩ; K⃗⊥Þ

−sνie−βΩ=2
X2
s00¼1

Mνs00s0 ð−Ω;−K⃗⊥ÞĈν̄s00 ðΩ;−K⃗⊥Þ
�
:

ð97bÞ

From the definition of Mνss0 ðΩ; K⃗⊥Þ [Eq. (67b)], one can
compute its complex conjugate, that reads as

M�
νss0 ðΩ; K⃗⊥Þ ¼ Mν̄s0sð−Ω; K⃗⊥Þ: ð98Þ

By using Eq. (98), one can also conjugate Eq. (97b) to
obtain

d̂sðk⃗Þ ¼
X

ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥ανðk⃗;Ω; K⃗⊥Þ

× W̃†
νs0 ð−Ω;−K⃗⊥Þṽsðk⃗Þ

�
D̂νs0 ðΩ; K⃗⊥Þ

þsνie−βΩ=2
X2
s00¼1

Mν̄s0s00 ðΩ;−K⃗⊥ÞĈ†
ν̄s00 ðΩ;−K⃗⊥Þ

�
:

ð99Þ

In conclusion, we computed the Bogoliubov transfor-
mations relating Minkowski and Rindler operators
[Eq. (86)]. The explicit form of the Bogoliubov coefficient
ανðk⃗;Ω; K⃗⊥Þ is reported in Eq. (93). The symmetry
between Bogoliubov coefficients of opposite wedge
[Eq. (94)] resulted in a coupling between Rindler operators
of opposite wedge and frequency in the Bogoliubov
transformation [Eqs. (97a) and (99)]. In the next section,
we will show how this coupling is involved in the Rindler-
Fock representation of the Minkowski vacuum.

V. MINKOWSKI VACUUM IN THE LEFT
AND RIGHT RINDLER FRAME

In Sec. IV we derived the Bogoliubov transformations
relating Minkowski and Rindler operators. We obtained an
expression in which operators of opposite wedge and
frequency are coupled. Here, we will use these trans-
formations to show how the Minkowski vacuum can be
represented as an element of the Rindler-Fock space. We
will obtain two-modes squeezed states where each Rindler
mode is paired with the mode with opposite wedge and
frequency. The spin degrees of freedom are coupled
through the matrix Mνss0 ðΩ; K⃗⊥Þ defined in Sec. III.
Hence, we will obtain different representations depending
of the chosen basis W̃νsðΩ; K⃗⊥Þ.
The Minkowski vacuum j0Mi is defined as the state that

is always annihilated by the Minkowski operators ĉsðk⃗Þ and
d̂sðk⃗Þ, i.e.,

ĉsðk⃗Þj0Mi ¼ 0; d̂sðk⃗Þj0Mi ¼ 0; ð100Þ

for any s and k⃗. Conversely, the Rindler vacuum j0L; 0Ri is
defined in the following way:

ĈνsðΩ; K⃗⊥Þj0L;0Ri¼ 0; D̂νsðΩ; K⃗⊥Þj0L;0Ri¼ 0; ð101Þ

for any ν, s, Ω and K⃗⊥.
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In order to see j0Mi as an element of the Rindler-Fock
space, one has to plug the Bogoliubov transformations
(97a) and (99) in Eq. (100) and look for a Rindler-Fock
state such that

X
ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥ανðk⃗;Ω; K⃗⊥Þ

× ũ†sðk⃗ÞW̃νs0 ðΩ; K⃗⊥Þ
�
Ĉνs0 ðΩ; K⃗⊥Þ þ sνie−βΩ=2

×
X2
s00¼1

Mνs00s0 ðΩ; K⃗⊥ÞD̂†
ν̄s00 ðΩ;−K⃗⊥Þ

�
j0Mi ¼ 0; ð102aÞ

X
ν¼fL;Rg

X2
s0¼1

Z
∞

0

dΩ
Z
R2

d2K⊥ανðk⃗;Ω; K⃗⊥Þ

× W̃†
νs0 ð−Ω;−K⃗⊥Þṽsðk⃗Þ

�
D̂νs0 ðΩ; K⃗⊥Þ þ sνie−βΩ=2

×
X2
s00¼1

Mν̄s0s00 ðΩ;−K⃗⊥ÞĈ†
ν̄s00 ðΩ;−K⃗⊥Þ

�
j0Mi ¼ 0; ð102bÞ

for any s and k⃗. As a consequence of the generality of s and
k⃗, Eq. (102) reads

�
ĈνsðΩ; K⃗⊥Þ þ sνie−βΩ=2

X2
s0¼1

Mνs0sðΩ; K⃗⊥Þ

× D̂†
ν̄s0 ðΩ;−K⃗⊥Þ

�
j0Mi ¼ 0; ð103aÞ

�
D̂νsðΩ; K⃗⊥Þ þ sνie−βΩ=2

X2
s0¼1

Mν̄ss0 ðΩ;−K⃗⊥Þ

× Ĉ†
ν̄s0 ðΩ;−K⃗⊥Þ

�
j0Mi ¼ 0: ð103bÞ

A solution for Eq. (103) exists and reads as

j0Mi ∝ expðÔÞj0L; 0Ri ð104Þ

with

Ô ¼ −i
X

ν¼fL;Rg
sν
X2
s¼1

X2
s0¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

×Mνs0sðΩ; K⃗⊥ÞĈ†
νsðΩ; K⃗⊥ÞD̂†

ν̄s0 ðΩ;−K⃗⊥Þ: ð105Þ

Equation (104) is the representation of the Minkowski
vacuum in terms of left and right Rindler particles.
We now provide a proof for Eq. (104) as the solution of

Eq. (103). By using the anticommutation properties of the
Dirac operators (20), one obtains the following identities:

ĈνsðΩ; K⃗⊥ÞĈ†
ν0s0 ðΩ0; K⃗0⊥ÞD̂†

ν̄0s00 ðΩ0;−K⃗0⊥Þ
¼ δνν0δss0δðΩ −Ω0Þδ2ðK⃗⊥ − K⃗0⊥ÞD̂†

ν̄s00 ðΩ;−K⃗⊥Þ
þ Ĉ†

ν0s0 ðΩ0; K⃗0⊥ÞD̂†
ν̄0s00 ðΩ0;−K⃗0⊥ÞĈνsðΩ; K⃗⊥Þ; ð106aÞ

D̂νsðΩ; K⃗⊥ÞĈ†
ν0s0 ðΩ0; K⃗0⊥ÞD̂†

ν̄0s00 ðΩ0;−K⃗0⊥Þ
¼ −δνν̄0δss00δðΩ − Ω0Þδ2ðK⃗⊥ þ K⃗0⊥ÞĈ†

ν̄s0 ðΩ;−K⃗⊥Þ
þ Ĉ†

ν0s0 ðΩ0; K⃗0⊥ÞD̂†
ν̄0s00 ðΩ0;−K⃗0⊥ÞD̂νsðΩ; K⃗⊥Þ; ð106bÞ

Ĉ†
νsðΩ; K⃗⊥ÞĈ†

ν0s0 ðΩ0; K⃗0⊥ÞD̂†
ν̄0s00 ðΩ0;−K⃗0⊥Þ

¼ Ĉ†
ν0s0 ðΩ0; K⃗0⊥ÞD̂†

ν̄0s00 ðΩ0;−K⃗0⊥ÞĈ†
νsðΩ; K⃗⊥Þ; ð106cÞ

D̂†
νsðΩ; K⃗⊥ÞĈ†

ν0s0 ðΩ0; K⃗0⊥ÞD̂†
ν̄0s00 ðΩ0;−K⃗0⊥Þ

¼ Ĉ†
ν0s0 ðΩ0; K⃗0⊥ÞD̂†

ν̄0s00 ðΩ0;−K⃗0⊥ÞD̂†
νsðΩ; K⃗⊥Þ: ð106dÞ

By using Eqs. (105) and (106) and the fact that sν̄ ¼ −sν,

ĈνsðΩ; K⃗⊥ÞÔ¼−sνie−βΩ=2
X2
s0¼1

Mνs0sðΩ; K⃗⊥Þ

× D̂†
ν̄s0 ðΩ;−K⃗⊥Þþ ÔĈνsðΩ; K⃗⊥Þ; ð107aÞ

D̂νsðΩ; K⃗⊥ÞÔ¼−sνie−βΩ=2
X2
s0¼1

Mν̄ss0 ðΩ;−K⃗⊥Þ

× Ĉ†
ν̄s0 ðΩ;−K⃗⊥Þþ ÔD̂νsðΩ; K⃗⊥Þ; ð107bÞ

Ĉ†
νsðΩ; K⃗⊥ÞÔ ¼ ÔĈ†

νsðΩ; K⃗⊥Þ; ð107cÞ

D̂†
νsðΩ; K⃗⊥ÞÔ ¼ ÔD̂†

νsðΩ; K⃗⊥Þ: ð107dÞ

Recursively one may prove the following identity from
Eq. (107):

ĈνsðΩ; K⃗⊥ÞÔn ¼ −nsνie−βΩ=2
X2
s0¼1

Mνs0sðΩ; K⃗⊥Þ

× D̂†
ν̄s0 ðΩ;−K⃗⊥ÞÔn−1 þ ÔnĈνsðΩ; K⃗⊥Þ;

ð108aÞ

D̂νsðΩ; K⃗⊥ÞÔn ¼ −nsνie−βΩ=2
X2
s0¼1

Mν̄ss0 ðΩ;−K⃗⊥Þ

× Ĉ†
ν̄s0 ðΩ;−K⃗⊥ÞÔn−1 þ ÔnD̂νsðΩ; K⃗⊥Þ;

ð108bÞ

which holds for any n ∈ N. By acting on the Rindler
vacuum state j0L; 0Ri, Eq. (108) leads to
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ĈνsðΩ; K⃗⊥ÞÔnj0L; 0Ri ¼ −nsνie−βΩ=2
X2
s0¼1

Mνs0sðΩ; K⃗⊥Þ

× D̂†
ν̄s0 ðΩ;−K⃗⊥ÞÔn−1j0L; 0Ri;

ð109aÞ

D̂νsðΩ; K⃗⊥ÞÔnj0L; 0Ri ¼ −nsνie−βΩ=2
X2
s0¼1

Mν̄ss0 ðΩ;−K⃗⊥Þ

× Ĉ†
ν̄s0 ðΩ;−K⃗⊥ÞÔn−1j0L; 0Ri:

ð109bÞ

By multiplying Eq. (109) with 1=n! and summing with
respect to n, one obtains

ĈνsðΩ; K⃗⊥Þ expðÔÞj0L; 0Ri

¼ −sνie−βΩ=2
X2
s0¼1

Mνs0sðΩ; K⃗⊥ÞD̂†
ν̄s0 ðΩ;−K⃗⊥Þ

× expðÔÞj0L; 0Ri; ð110aÞ

D̂νsðΩ; K⃗⊥Þ expðÔÞj0L; 0Ri

¼ −sνie−βΩ=2
X2
s0¼1

Mν̄ss0 ðΩ;−K⃗⊥Þ

× Ĉ†
ν̄s0 ðΩ;−K⃗⊥Þ expðÔÞj0L; 0Ri; ð110bÞ

which proves that Eq. (104) is the solution of Eq. (103).
We now show how to write Eq. (105) in a more compact

form. By computing the sum with respect to ν and
performing the integral variables transformation Ω↦−Ω
and K⃗⊥ ↦ −K⃗⊥ when ν ¼ L, one obtains

Ô ¼ −i
X2
s¼1

X2
s0¼1

�
−
Z

0

−∞
dΩ

Z
R2

d2K⊥eβΩ=2

×MLs0sð−Ω;−K⃗⊥ÞĈ†
Lsð−Ω;−K⃗⊥ÞD̂†

Rs0 ð−Ω; K⃗⊥Þ

þ
Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2MRs0sðΩ; K⃗⊥Þ

× Ĉ†
RsðΩ; K⃗⊥ÞD̂†

Ls0 ðΩ;−K⃗⊥Þ
�
: ð111Þ

By letting Ĉ†
RsðΩ; K⃗⊥Þ and D̂†

Ls0 ðΩ;−K⃗⊥Þ anticommute
[Eq. (20e)], we get

Ô ¼ i
X2
s¼1

X2
s0¼1

�Z
0

−∞
dΩ

Z
R2

d2K⊥eβΩ=2

×MLs0sð−Ω;−K⃗⊥ÞĈ†
Lsð−Ω;−K⃗⊥ÞD̂†

Rs0 ð−Ω; K⃗⊥Þ

þ
Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2MRs0sðΩ; K⃗⊥Þ

× D̂†
Ls0 ðΩ;−K⃗⊥ÞĈ†

RsðΩ; K⃗⊥Þ
�
: ð112Þ

Equation (112) suggests the definition of the operators
ÊðΘÞ, with Θ ¼ ðν; s;Ω; K⃗⊥Þ ∈ fL;Rg ⊗ f1; 2g ⊗ R3,
such that

Ê†ðL; s;Ω; K⃗⊥Þ

¼
�P

2
s0¼1

MRs0sðΩ; K⃗⊥ÞD̂†
Ls0 ðΩ;−K⃗⊥Þ if Ω> 0P

2
s0¼1

MLss0 ð−Ω;−K⃗⊥ÞĈ†
Ls0 ð−Ω;−K⃗⊥Þ if Ω< 0

;

ð113aÞ

Ê†ðR; s;Ω; K⃗⊥Þ ¼
�
Ĉ†
RsðΩ; K⃗⊥Þ if Ω > 0

D̂†
Rsð−Ω; K⃗⊥Þ if Ω < 0

: ð113bÞ

In this way, Eq. (112) reads as

Ô ¼
X
θ

fðθÞF̂†ðθÞ; ð114Þ

with θ ¼ ðs;Ω; K⃗⊥Þ ∈ f1; 2g ⊗ R3,

fðs;Ω; K⃗⊥Þ ¼ ie−βjΩj=2; ð115aÞ

F̂†ðθÞ ¼ Ê†ðL; θÞÊ†ðR; θÞ; ð115bÞ

and where
P

θ is a generalized sum for the θ variables
consisting in a sum with respect to the discrete variable s
and an integral for the continuum variables Ω and
K⃗⊥, i.e.,

X
θ

¼
X2
s¼1

Z
R
dΩ

Z
R2

d2K⊥; θ ¼ ðs;Ω; K⃗⊥Þ: ð116Þ

Since the matrix Mνss0 ðΩ; K⃗⊥Þ is unitary, Eq. (113) is
invertible. Indeed, by using Eqs. (68) and (113) one can
prove the following identities:

Ĉ†
LsðΩ; K⃗⊥Þ ¼

X2
s0¼1

M�
Ls0sðΩ; K⃗⊥ÞÊ†ðL; s0;−Ω;−K⃗⊥Þ;

ð117aÞ
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D̂†
LsðΩ; K⃗⊥Þ ¼

X2
s0¼1

M�
Rss0 ðΩ;−K⃗⊥ÞÊ†ðL; s0;Ω;−K⃗⊥Þ;

ð117bÞ

Ĉ†
RsðΩ; K⃗⊥Þ ¼ Ê†ðR; s;Ω; K⃗⊥Þ; ð117cÞ

D̂†
RsðΩ; K⃗⊥Þ ¼ Ê†ðR; s;−Ω; K⃗⊥Þ; ð117dÞ

for any Ω > 0. For this reason, Eqs. (113) and (117) are a
one-to-one mapping between Ê†ðΘÞ and the creation
operators Ĉ†

νsðΩ; K⃗⊥Þ and D̂†
νsðΩ; K⃗⊥Þ.

Notice that, from the definition of the Rindler vacuum
j0L; 0Ri [Eq. (101)] and the operator ÊðΘÞ [Eq. (113)],

ÊðΘÞj0L; 0Ri ¼ 0: ð118Þ

The anticommutation properties for the operator ÊðΘÞ
read as

fÊðΘÞ; Ê†ðΘ0Þg ¼ ΔðΘ;Θ0Þ; ð119aÞ

fÊðΘÞ; ÊðΘ0Þg ¼ 0; ð119bÞ

where ΔðΘ;Θ0Þ is a generalized delta function for the
variables Θ ¼ ðν; s;Ω; K⃗⊥Þ and Θ0 ¼ ðν0; s0;Ω0; K⃗0⊥Þ. The
function ΔðΘ;Θ0Þ is the product of the Kronecker delta for
the discrete variables ν, ν0, s, and s0 and the Dirac delta
function for the continuum variables Ω −Ω0 and K⃗⊥ − K⃗0⊥:

Δððν; s;Ω; K⃗⊥Þ; ðν0; s0;Ω0; K⃗0⊥ÞÞ
¼ δνν0δss0δðΩ −Ω0Þδ2ðK⃗⊥ − K⃗0⊥Þ: ð120Þ

Equation (119) can be checked by using Eqs. (20), (68),
and (113). As a consequence of Eqs. (118) and (119), the
mapping from Ĉ†

νsðΩ; K⃗⊥Þ and D̂†
νsðΩ; K⃗⊥Þ to Ê†ðΘÞ is

canonical.
Equations (115b) and (119b) lead to

½F̂†ðθÞ; F̂†ðθ0Þ� ¼ 0; ð121aÞ

F̂†ðθÞF̂†ðθÞ ¼ 0: ð121bÞ

The representative of the Minkowski vacuum given by
Eqs. (104) and (114) and the algebraic properties of the
operators ÊðΘÞ and F̂ðθÞ [Eqs. (118), (119), and (121)] will
be used in the next section to derive the statistical operator
describing theMinkowski vacuum in the right Rindler frame.

VI. MINKOWSKI VACUUM IN THE RIGHT
RINDLER FRAME

In the previous section we derived the representation of
the Minkowski vacuum in both left and right Rindler
frames. Here, instead, we will focus only on the right
wedge, which describes the accelerated observer with
positive acceleration c2a. By performing a partial trace
over the left wedge, we will compute the statistical operator
representing the Minkowski vacuum as an element of the
right Rindler-Fock space. The result will be a fermionic
thermal state, which is at the origin of the Unruh effect for
Dirac fields.
In order to perform the partial trace, one needs a basis for

the Rindler-Fock space. The single particle space is defined
by the creation operators Ĉ†

νsðΩ; K⃗⊥Þ and D̂†
νsðΩ; K⃗⊥Þ

acting on the vacuum state j0L; 0Ri. Hence, a basis for
single particles and antiparticles in each wedge can be
defined through the quantum numbers s, Ω, and K⃗⊥.
Alternatively, one may take advantage of the canonical
transformation (113) and use the operator ÊðΘÞ and
the quantum numbers Θ ¼ ðν; s;Ω; K⃗⊥Þ to describe
single particles and antiparticles of both wedges in the
following way:

jΘi ¼ Ê†ðΘÞj0L; 0Ri: ð122Þ

Notice that Eq. (122) is an orthonormal basis for the single
particle and antiparticle space. The orthonormality con-
dition can be checked by using Eqs. (118) and (119a).
Many-particles states are given by the action of sequen-

ces of creation operators Ê†ðΘÞ on the Rindler vacuum. We
define the following Rindler-Fock state:

jΘi ¼ Ê†ðΘÞj0L; 0Ri; ð123Þ

with

Ê†ðΘÞ ¼
YjΘj

i¼1

Ê†ðΘiÞ ð124Þ

and where Θ ¼ fΘ1;…;Θng is an ordered set of quantum
numbers Θi and jΘj the cardinality of the set. By using
Eqs. (118) and (119), one can prove that the scalar product
of different states defined by Eq. (123) reads

hΘjΘ0i ¼
X
τ∈SjΘj

signðτÞΔðτðΘÞ;Θ0Þ; ð125Þ

with

ΔðΘ;Θ0Þ ¼ δjΘjjΘ0j
YjΘj

i¼1

ΔðΘi;Θ0
iÞ ð126Þ
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and where Sn is the space of all permutations of sets with n
elements.
Notice that the order of the creation operators Ê†ðΘiÞ on

the right side of Eq. (123) cannot be ignored because of the
anticommuting nature of the Rindler operators Ê†ðΘiÞ
[Eq. (119b)]. Any permutation of quantum numbers Θi
leads to the same many-particles state up to a sign. The set
of states jΘi cannot be chosen as basis, due to the presence
of the sign of permutations appearing in Eq. (125).
To define a basis for the particles space, one has to

consider an operator O that acts on any sequence of
quantum numbersΘ and rearrange their order by following
a fixed ordering rule. The set of states jOðΘÞi form an
orthonormal basis for the many-particles space. Indeed the
following equation holds:

hOðΘÞjOðΘ0Þi ¼
X
τ∈SjΘj

ΔðτðΘÞ;Θ0Þ: ð127Þ

Notice that in Eq. (127) the sign of permutations is absent,
as opposed to Eq. (125).
The orthonormality condition (127) can be proven in the

following way. Firstly notice that the ordering function O
acts on any sequence of quantum numbers Θ as a Θ
dependent permutation. Indeed, for anyΘ, one can define a
permutation PΘ ∈ SjΘj such that

OðΘÞ ¼ PΘðΘÞ: ð128Þ

Notice also that the ordering function O is unaffected by
any permutation. Explicitly, this means that

OðτðΘÞÞ ¼ OðΘÞ; ð129Þ

for any τ ∈ SjΘj. By using Eq. (128) in Eq. (129), one can
also write

PτðΘÞτðΘÞ ¼ PΘðΘÞ; ð130Þ

which means that

signðPτðΘÞτÞ ¼ signðPΘÞ: ð131Þ

Equations (125) and (128) lead to the following scalar
product:

hOðΘÞjOðΘ0Þi¼
X
τ∈SjΘj

signðτÞΔðτPΘðΘÞ;PΘ0 ðΘ0ÞÞ: ð132Þ

Notice that from the definition of ΔðΘ;Θ0Þ [Eq. (126)], by
rearranging the order of the product index i ↦ τðiÞ with
any permutation τ ∈ SjΘj one obtains

ΔðτðΘÞ; τðΘ0ÞÞ ¼ ΔðΘ;Θ0Þ: ð133Þ

This can be used in Eq. (132) to obtain

hOðΘÞjOðΘ0Þi ¼
X
τ∈SjΘj

signðτÞΔðτPΘP−1
Θ0 ðΘÞ;Θ0Þ: ð134Þ

By using the fact that the sum
P

τ∈SjΘj runs over all

permutations of SjΘj, one can perform the transformation
τ ↦ τPΘ0P−1

Θ in Eq. (134) and write

hOðΘÞjOðΘ0Þi ¼
X
τ∈SjΘj

signðτPΘ0P−1
Θ ÞΔðτðΘÞ;Θ0Þ: ð135Þ

Notice that the ΔðτðΘÞ;Θ0Þ function in the right side of
Eq. (135) is nonvanishing only when Θ0 ¼ τðΘÞ. Hence,
Eq. (135) reads

hOðΘÞjOðΘ0Þi¼
X
τ∈SjΘj

signðτPτðΘÞP−1
Θ ÞΔðτðΘÞ;Θ0Þ: ð136Þ

By using Eq. (131) in (136), one obtains Eq. (127).
Equation (127) is the orthonormality condition for the

many-particles states jOðΘÞi defined as follows:

jOðΘÞi ¼ Ê†ðOðΘÞÞj0L; 0Ri: ð137Þ

Notice that Eq. (137) is symmetric with respect to any
permutation of the quantum numbers Θ⃗i [Eq. (129)].
Hereafter, we choose any ordering function O such that

for any couple of quantum numbers Θ ¼ ðν; θÞ and
Θ0 ¼ ðν0; θ0Þ,

Oðfðν; θÞ; ðν0; θ0ÞgÞ ¼
�
Qðfðν; θÞ; ðν0; θ0ÞgÞ if θ ≠ θ0

Wðfðν; θÞ; ðν0; θ0ÞgÞ if θ ¼ θ0
;

ð138Þ

where Q is any ordering function with respect to the
nonrepeating quantum numbers θ ¼ ðs;Ω; K⃗⊥Þ. The order-
ing function W, instead, is with respect to the wedge
variable ν. We choose the following definition for W:

WðfðL; θÞ; ðR; θÞgÞ ¼ ðfðL; θÞ; ðR; θÞgÞ; ð139aÞ

WðfðR; θÞ; ðL; θÞgÞ ¼ ðfðL; θÞ; ðR; θÞgÞ: ð139bÞ

We do not choose any particular definition forQ. However,
for completeness, we give a possible example by consid-
ering the lexicographical order as follows:

Qðfðν;s;Ω; K⃗⊥Þ;ðν0;s0;Ω0; K⃗0⊥ÞgÞ

¼
�fðν;s;Ω; K⃗⊥Þ;ðν0;s0;Ω0; K⃗0⊥Þg if s< s0

fðν0;s0;Ω0; K⃗0⊥Þ;ðν;s;Ω; K⃗⊥Þg if s> s0
; ð140aÞ
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Qðfðν;s;Ω; K⃗⊥Þ;ðν0;s;Ω0; K⃗0⊥ÞgÞ

¼
�fðν;s;Ω; K⃗⊥Þ;ðν0;s;Ω0; K⃗0⊥Þg if Ω<Ω0

fðν0;s;Ω0; K⃗0⊥Þ;ðν;s;Ω; K⃗⊥Þg if Ω>Ω0 ; ð140bÞ

Qðfðν; s;Ω;K1;K2Þ; ðν0; s;Ω;K0
1;K

0
2ÞgÞ

¼
�fðν; s;Ω;K1;K2Þ; ðν0; s;Ω;K0

1;K
0
2Þg if K1 < K0

1

fðν0; s;Ω;K0
1;K

0
2Þ; ðν; s;Ω;K1;K2Þg if K1 > K0

1

;

ð140cÞ

Qðfðν; s;Ω;K1;K2Þ; ðν0; s;Ω; K1; K0
2ÞgÞ

¼
�fðν; s;Ω; K1; K2Þ; ðν0; s;Ω; K1; K0

2Þg if K2 < K0
2

fðν0; s;Ω; K1; K0
2Þ; ðν; s;Ω; K1; K2Þg if K2 > K0

2

:

ð140dÞ

We now show how to write the Minkowski vacuum
[Eq. (104)] in terms of the many-particles basis (137).
Equation (114) leads to

Ôn ¼
X
θ1

…
X
θn

Yn
i¼1

fðθiÞ
Yn
i¼1

F̂†ðθiÞ; ð141Þ

for any n ∈ N. The operators F̂†ðθiÞ that appear in
Eq. (141) are defined by Eq. (115b) and can be written
in terms of Ê†ðΘÞ [Eq. (124)] as follows:

F̂†ðθÞ ¼ Ê†ðfðL; θÞ; ðR; θÞgÞ: ð142Þ

Notice that the couple of quantum numbers appearing in
Eq. (142) follow the W order [Eq. (139)]. This means that

F̂†ðθÞ ¼ Ê†ðWðfðL; θÞ; ðR; θÞgÞÞ: ð143Þ

Consider the chain of operators
Q

n
i¼1 F̂

†ðθiÞ that appears
in Eq. (141). The operators F̂†ðθiÞ commute [Eq. (121a)],
and, hence, one may write Eq. (141) by following any order
for the sequence of F̂†ðθiÞ. Notice also that as a conse-
quence of Eq. (121b), no repetition of the quantum
numbers θi occurs. Therefore one may choose the Q order
for the sequence of F̂†ðθiÞ. By sorting the F̂†ðΘ⃗iÞ operators
in Eq. (141) with respect to theQ order and by considering
the fact that the Ê†ðΘÞ operators appearing in Eq. (115b)
already follow the W order [Eq. (143)], one derives the
following identity:

Yn
i¼1

F̂†ðθiÞ ¼ Ê†
	
O
	
⋃
n

i¼1

fðL; θiÞ; ðR; θiÞg




: ð144Þ

By plugging Eq. (144) in Eq. (141), one obtains

Ôn ¼
X
θ1

…
X
θn

Yn
i¼1

fðθiÞ

× Ê†
	
O
	
⋃
n

i¼1

fðL; θiÞ; ðR; θiÞg




: ð145Þ

By acting on the Rindler vacuum and by using Eq. (137),
Eq. (145) reads

Ônj0L; 0Ri ¼
X
θ1

…
X
θn

Yn
i¼1

fðθiÞ

×
���O	

⋃
n

i¼1

fðL; θiÞ; ðR; θiÞg

E

: ð146Þ

By multiplying Eq. (146) with 1=n! and summing with
respect to n, one obtains

expðÔÞj0L; 0Ri ¼ j0L; 0Ri þ
X∞
n¼1

1

n!

X
θ1

…
X
θn

Yn
i¼1

fðθiÞ

×
���O	

⋃
n

i¼1

fðL; θiÞ; ðR; θiÞg

E

; ð147Þ

which provides a representation for the Minkowski vacuum
[Eq. (104)] with respect to the basis (137).
We now compute the partial trace with respect to the left

wedge. From Eq. (147), one obtains

TrL½expðÔÞj0L;0Rih0L;0Rj expðÔÞ†�

¼ j0Rih0Rj þ
X∞
n¼1

X∞
m¼1

1

n!m!

X
θ1

…
X
θn

X
θ0
1

…
X
θ0m

Yn
i¼1

fðθiÞ

×
Ym
i¼1

f�ðθ0iÞ
D
O
	
⋃
n

i¼1

fðL;θiÞg

���O	

⋃
m

i¼1

fðL;θ0iÞg

E

×
���O	

⋃
n

i¼1

fðR;θiÞg

ED

O
	
⋃
m

i¼1

fðR;θ0iÞg

���: ð148Þ

The orthonormality condition in the left wedge reads

D
O
	
⋃
n

i¼1

fðL; θiÞg

���O	

⋃
m

i¼1

fðL; θ0iÞg

E

¼ δnm
X
τ∈Sn

Yn
i¼1

ΔððL; θτðiÞÞ; ðL; θ0iÞÞ: ð149Þ

By plugging Eq. (149) in Eq. (148) and by computing the
sum

P∞
m¼1 and the generalized sums

P
θ0
1
…

P
θ0m , one

obtains

MINKOWSKI VACUUM IN RINDLER SPACETIME AND UNRUH … PHYS. REV. D 107, 105021 (2023)

105021-17



TrL½expðÔÞj0L; 0Rih0L; 0Rj expðÔÞ†� ¼ j0Rih0Rj

þ
X∞
n¼1

1

ðn!Þ2
X
τ∈Sn

X
θ1

…
X
θn

Yn
i¼1

fðθiÞ
Yn
i¼1

f�ðθτðiÞÞ

×
���O	

⋃
n

i¼1

fðR; θiÞg

ED

O
	
⋃
n

i¼1

fðR; θτðiÞÞg

���: ð150Þ

By using Eq. (129) and the fact that the cardinality of Sn is
n!, Eq. (150) reads as

TrL½expðÔÞj0L; 0Rih0L; 0Rj expðÔÞ†�

¼ j0Rih0Rj þ
X∞
n¼1

1

n!

X
θ1

…
X
θn

Yn
i¼1

jfðθiÞj2

×
���O	

⋃
n

i¼1

fðR; θiÞg

ED

O
	
⋃
n

i¼1

fðR; θiÞg

���: ð151Þ

The right side of Eq. (151) is proportional to the thermal
state in the right wedge. This can be seen by considering the
following eigenstate decomposition of the Hamiltonian
operator:

ĤR ¼
X∞
n¼1

1

n!

X
θ1

…
X
θn

�Xn
i¼1

hRðθiÞ
�

×
���O	

⋃
n

i¼1

fðR; θiÞg

ED

O
	
⋃
n

i¼1

fðR; θiÞg

���; ð152Þ

where

hRðs;Ω; K⃗⊥Þ ¼ ℏjΩj: ð153Þ

The 1=n! factor comes from the repetition of any inde-
pendent n particles state due to the permutation symmetry
(129). Notice that Eqs. (151) and (152) have the same
eigenstate decomposition but with different eigenvalues.
By comparing Eq. (115a) with Eq. (153), one can derive the
following identity relating the eigenvalues of Eqs. (151)
and (152)

Yn
i¼1

jfðθiÞj2 ¼ exp

�
−
β

ℏ

Xn
i¼1

hRðθiÞ
�
; ð154Þ

which means that

TrL½expðÔÞj0L; 0Rih0L; 0Rj expðÔÞ†� ¼ exp

�
−
β

ℏ
ĤR

�
:

ð155Þ

By using Eqs. (104) and (155) we prove that

TrLj0Mih0Mj ∝ exp

�
−
β

ℏ
ĤR

�
; ð156Þ

which is the fermionic thermal state with temperature
ℏ=ðkBβÞ, where kB is the Boltzmann constant.
Equation (156) represents the Minkowski vacuum seen
by the accelerated observer with acceleration c2a.

VII. SPIN BASIS CHOICE

The result obtained in Sec. V depends of the basis
W̃νsðΩ; K⃗⊥Þ. Indeed, the matrix Mνss0 ðΩ; K⃗⊥Þ appears in
the Rindler-Fock representation of the Minkowski vacuum
[Eqs. (104) and (105)]. From Eq. (67b), one can see the
relation between Mνss0 ðΩ; K⃗⊥Þ and W̃νsðΩ; K⃗⊥Þ. We find
out that different choices for the basis W̃νsðΩ; K⃗⊥Þ lead to
different representations of the Minkowski vacuum in the
Rindler spacetime.
In Eq. (105), the matrix Mνss0 ðΩ; K⃗⊥Þ couples modes of

one wedgewith modes of the opposite wedge. Hence, in the
Minkowski vacuum, any solution W̃RsðΩ; K⃗⊥Þ of Eq. (65)
in the right wedge is coupled with a solution of Eq. (65) in
the left wedge that is proportional to W̃Rsð−Ω;−K⃗⊥Þ.
The spin coupling of j0Mi is then averaged away by the

partial trace over the left wedge in Sec. VI. Indeed, the trace
is computed by considering a basis for the left wedge
[Eqs. (113a), (124), and (137)] that absorbs the matrix
Mνss0 ðΩ; K⃗⊥Þ in Eq. (112) and gives an expression for j0Mi
without Mνss0 ðΩ; K⃗⊥Þ [Eq. (114)].
Consequently, the result obtained in Sec. VI is indepen-

dent of the choice for the solutions of Eq. (65). Indeed, the
thermal state describing the Minkowski vacuum in the right
wedge [Eq. (156)] is independent of W̃νsðΩ; K⃗⊥Þ. One can
see this by plugging Eqs. (113b), (124), (137), and (152) in
Eq. (156) and noticing that W̃νsðΩ; K⃗⊥Þ never appears in
the explicit form of TrLj0Mih0Mj.
In this section, we go back to the representation

of the Minkowski vacuum in both wedges [Eqs. (104)
and (105)] and we discuss different choices for the
basis W̃νsðΩ; K⃗⊥Þ that lead to different representations
of j0Mi. We study the operator Ô for different choices
of W̃νsðΩ; K⃗⊥Þ and, hence, for different matrices
Mνss0 ðΩ; K⃗⊥Þ. In other words, we consider different outputs
of the function Ô½Mνss0 ðΩ; K⃗⊥Þ�.
By looking at Eq. (105), one may conclude that the most

natural choice for W̃νsðΩ; K⃗⊥Þ is such thatMνss0 ðΩ; K⃗⊥Þ is
proportional to the identity. This choice can be made by
adopting any spin basis for the ν wedge and choosing the
spin basis in the other wedge ν̄ such that

W̃ν̄sðΩ; K⃗⊥Þ ∝ W̃νsð−Ω; K⃗⊥Þ: ð157Þ

In this way, Eq. (67b) reads

Mνss0 ðΩ; K⃗⊥Þ ∝ δss0 ð158Þ
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and the Minkowski vacuum couples each particle mode of
one wedge with the antiparticle mode of same spin number
s of the other wedge [Eq. (105)].
Possible choices for the unitary matrix Mνss0 ðΩ; K⃗⊥Þ

that satisfy Eqs. (98) and (158) are ∓ signðΩÞiδss0 and
∓ sνiδss0 , which, respectively, lead to

Ô½−signðΩÞiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½Ĉ†
sLðΩ; K⃗⊥ÞD̂†

sRðΩ;−K⃗⊥Þ
− Ĉ†

sRðΩ; K⃗⊥ÞD̂†
sLðΩ;−K⃗⊥Þ�; ð159aÞ

Ô½signðΩÞiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½−Ĉ†
sLðΩ; K⃗⊥ÞD̂†

sRðΩ;−K⃗⊥Þ
þ Ĉ†

sRðΩ; K⃗⊥ÞD̂†
sLðΩ;−K⃗⊥Þ�; ð159bÞ

Ô½−sνiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½−Ĉ†
sLðΩ; K⃗⊥ÞD̂†

sRðΩ;−K⃗⊥Þ
− Ĉ†

sRðΩ; K⃗⊥ÞD̂†
sLðΩ;−K⃗⊥Þ�; ð159cÞ

Ô½sνiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½Ĉ†
sLðΩ; K⃗⊥ÞD̂†

sRðΩ;−K⃗⊥Þ
þ Ĉ†

sRðΩ; K⃗⊥ÞD̂†
sLðΩ;−K⃗⊥Þ�: ð159dÞ

By letting the creation operators anticommute [Eq. (20e)],
Eq. (159) reads as

Ô½−signðΩÞiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½Ĉ†
sLðΩ; K⃗⊥ÞD̂†

sRðΩ;−K⃗⊥Þ
þ D̂†

sLðΩ;−K⃗⊥ÞĈ†
sRðΩ; K⃗⊥Þ�; ð160aÞ

Ô½signðΩÞiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½D̂†
sRðΩ;−K⃗⊥ÞĈ†

sLðΩ; K⃗⊥Þ
þ Ĉ†

sRðΩ; K⃗⊥ÞD̂†
sLðΩ;−K⃗⊥Þ�; ð160bÞ

Ô½−sνiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½D̂†
sRðΩ;−K⃗⊥ÞĈ†

sLðΩ; K⃗⊥Þ
þ D̂†

sLðΩ;−K⃗⊥ÞĈ†
sRðΩ; K⃗⊥Þ�; ð160cÞ

Ô½sνiδss0 � ¼
X2
s¼1

Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½Ĉ†
sLðΩ; K⃗⊥ÞD̂†

sRðΩ;−K⃗⊥Þ
þ Ĉ†

sRðΩ; K⃗⊥ÞD̂†
sLðΩ;−K⃗⊥Þ�: ð160dÞ

Notice that the result we obtained for fermionic fields is very
similar to the bosonic case. Indeed, the Minkowski vacuum
of scalars inRindler spacetimes is equal toEq. (104), butwith
Ô replaced by the following operator [7,10]:

ÔB¼
Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½Â†
LðΩ;K⃗⊥ÞB̂†

RðΩ;−K⃗⊥Þþ B̂†
LðΩ;−K⃗⊥ÞÂ†

RðΩ;K⃗⊥Þ�;
ð161Þ

where ÂνðΩ; K⃗⊥Þ and B̂νðΩ; K⃗⊥Þ are annihilators of scalar
particles and antiparticles. Such operators commute. This
means that the order between ÂνðΩ; K⃗⊥Þ and B̂ν̄ðΩ;−K⃗⊥Þ
can be switched to give the following equivalent equations:

ÔB¼
Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½B̂†
RðΩ;−K⃗⊥ÞÂ†

LðΩ;K⃗⊥Þþ Â†
RðΩ;K⃗⊥ÞB̂†

LðΩ;−K⃗⊥Þ�;
ð162aÞ

ÔB¼
Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½B̂†
RðΩ;−K⃗⊥ÞÂ†

LðΩ;K⃗⊥Þþ B̂†
LðΩ;−K⃗⊥ÞÂ†

RðΩ;K⃗⊥Þ�;
ð162bÞ

ÔB¼
Z þ∞

0

dΩ
Z
R2

d2K⊥e−βΩ=2

× ½Â†
LðΩ;K⃗⊥ÞB̂†

RðΩ;−K⃗⊥Þþ Â†
RðΩ;K⃗⊥ÞB̂†

LðΩ;−K⃗⊥Þ�:
ð162cÞ

For Dirac fields, such an equivalence does not occur
because of the anticommuting property of the creation
operators [Eq. (20e)]. Indeed, any swap between creation
operators generates a minus sign. However, any of these
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minus signs can be canceled out by a change of spin basis.
One can see this in Eqs. (160a), (160b), (160c), and (160d),
which are different representations of j0Mi that are
equivalent up to a change of spin basis. By comparing
Eqs. (160a), (160b), (160c), and (160d) with Eqs. (161),
(162a), (162b), and (162c), respectively, one can see a
complete analogy between scalar and Dirac fields.

VIII. CONCLUSIONS

We derived the representation of the Minkowski vacuum
j0Mi in the Rindler spacetime for Dirac fields [Eqs. (104) and
(105)]. The result is a two modes squeezed state that pairs
particle modes of one wedge with antiparticle modes of the
other wedge. At variance with the scalar case, the
coupling also occurs with respect to the spin number s.
The coupling matrix Mνss0 ðΩ; K⃗⊥Þ can be diagonalized by
suitable choices for the spin basis of the Rindler-Dirac
modes [Eq. (160)].
By computing the partial trace of j0Mih0Mj with res-

pect to the left wedge, we derived the statistical operator
representing the Minkowski vacuum in the right wedge.
This gives a complete description of the state seen
by the accelerated observer with acceleration c2a. The
result is a fermionic thermal state expð−βĤR=ℏÞ, with
β ¼ 2π=ðcaÞ and ĤR as the Hamiltonian in the right
wedge. The consequent thermal distribution of fermionic
particles is at the origin of the Unruh effect for Dirac
fields.
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APPENDIX: BESSEL FUNCTIONS

This section is dedicated to the modified Bessel function
of the second kind KζðξÞ considered throughout the paper.
Here, we use the following integral representation forKζðξÞ
with positive argument [11]

KζðξÞ ¼
Z

∞

0

dτe−ξ coshðτÞ coshðζτÞ; ξ > 0: ðA1Þ

From Eq. (A1) it is straightforward to prove Eq. (55).
At the end of this section, we will also prove Eqs. (59)
and (89).

Alternately to Eq. (A1) one may use the following
integrals [4]:

f�ζ ðξÞ ¼
1

2

Z
R
dτ exp

�
iξ sinhðτÞ � ζ

�
−i

π

2
þ τ

��
: ðA2Þ

When ξ > 0, both functions f�ζ ðξÞ are a representation
of KζðξÞ,

KζðξÞ ¼ fþζ ðξÞ ¼ f−ζ ðξÞ; ξ > 0: ðA3Þ

Equation (A3) can be proven by using Eq. (A1) and by
performing a contour integral of expð−ξ coshðτÞ þ ζτÞwith
respect to τ along the rectangle with vertexes −∞, þ∞,
þ∞ ∓ iπ=2, and −∞ ∓ iπ=2, respectively, for f�ζ ðξÞ.
Notice that, for any ξ > 0,

KζðξÞ ¼
eiπζfþζ ðξÞ − e−iπζf−ζ ðξÞ

2i sinðπζÞ

¼ 1

2 sinðπζÞ
Z
R
dτeiξ sinhðτÞ sin

�
ζ

�
π

2
− iτ

��
ðA4Þ

and that, for any ξ > 0,

0 ¼ f−ζ ðξÞ − fþζ ðξÞ
2i sinðπζÞ

¼ 1

2 sinðπζÞ
Z
R
dτeiξ sinhðτÞ sin

�
ζ

�
π

2
þ iτ

��

¼ 1

2 sinðπζÞ
Z
R
dτe−iξ sinhðτÞ sin

�
ζ

�
π

2
− iτ

��
: ðA5Þ

By considering both Eqs. (A4) and (A5) one obtains the
following identity that holds for any ξ ∈ R:

θðξÞKζðξÞ ¼
1

2 sinðπζÞ
Z
R
dτeiξ sinhðτÞ sin

�
ζ

�
π

2
− iτ

��
:

ðA6Þ

Equation (A6) can be used to prove both Eq. (59) and
(89). Regarding Eq. (59), the proof reads as
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Z
∞

0

dξ½K−iζ−1=2ðξÞKiζ0−1=2ðξÞ þKiζ−1=2ðξÞK−iζ0−1=2ðξÞ�

¼ 1

4

Z
R
dτ

Z
R
dτ0

��
sin

�
−iπζ −

π

2

�
sin

�
iπζ0 −

π

2

��
−1

sin

�
−i

πζ

2
− ζτ −

π

4
þ i

τ

2

�
sin

�
i
πζ0

2
þ ζ0τ0 −

π

4
þ i

τ0

2

�

þ
�
sin

�
iπζ −

π

2

�
sin

�
−iπζ0 −

π

2

��
−1

sin

�
i
πζ

2
þ ζτ −

π

4
þ i

τ

2

�
sin

�
−i

πζ0

2
− ζ0τ0 −

π

4
þ i

τ0

2

��Z
R
dξeiξ½sinhðτÞþsinhðτ0Þ�

¼ −
π

8 coshðπζÞ coshðπζ0Þ
Z
R
dτ

Z
R
dτ0

�
exp

�
π
ζ − ζ0

2
− iðζτ − ζ0τ0Þ− i

π

2
−
τþ τ0

2

�

þ exp

�
−π

ζ − ζ0

2
þ iðζτ − ζ0τ0Þ þ i

π

2
þ τþ τ0

2

�
− exp

�
π
ζþ ζ0

2
− iðζτþ ζ0τ0Þ− τ − τ0

2

�

− exp

�
−π

ζþ ζ0

2
þ iðζτþ ζ0τ0Þ þ τ − τ0

2

�
þ exp

�
−π

ζ − ζ0

2
þ iðζτ − ζ0τ0Þ− i

π

2
−
τþ τ0

2

�

þ exp
�
π
ζ − ζ0

2
− iðζτ − ζ0τ0Þ þ i

π

2
þ τþ τ0

2

�
− exp

�
−π

ζ þ ζ0

2
þ iðζτþ ζ0τ0Þ− τ − τ0

2

�

− exp

�
π
ζþ ζ0

2
− iðζτþ ζ0τ0Þ þ τ − τ0

2

��
δðsinhðτÞ þ sinhðτ0ÞÞ

¼ π

8 coshðπζÞ coshðπζ0Þ
Z
R
dτ

1

coshðτÞ
�
exp

�
π
ζþ ζ0

2
− iðζ − ζ0Þτ − τ

�
þ exp

�
−π

ζ þ ζ0

2
þ iðζ − ζ0Þτþ τ

�

þ exp

�
−π

ζ þ ζ0

2
þ iðζ − ζ0Þτ − τ

�
þ exp

�
π
ζ þ ζ0

2
− iðζ − ζ0Þτþ τ

��

¼ π

4 coshðπζÞ coshðπζ0Þ
Z
R
dτ

�
exp

�
π
ζ þ ζ0

2
− iðζ − ζ0Þτ

�
þ exp

�
−π

ζ þ ζ0

2
þ iðζ − ζ0Þτ

��

¼ π2
eπζ þ e−πζ

2cosh2ðπζÞ δðζ − ζ0Þ

¼ π2δðζ − ζ0Þ
coshðπζÞ : ðA7Þ

Equation (89), instead, can be proved by using Eq. (A6) to compute the following Fourier transform:

Z
R
dξθðξÞe−iξ sinhðτÞKζðξÞ ¼

Z
R
dτ0

Z
R
dξ

eiξ½sinhðτ0Þ−sinhðτÞ�

2 sinðπζÞ sin

�
ζ

�
π

2
− iτ0

��

¼ π

sinðπζÞ
Z
R
dτ0δðsinhðτ0Þ − sinhðτÞÞ sin

�
ζ

�
π

2
− iτ0

��

¼ π

sinðπζÞ coshðτÞ sin
�
ζ

�
π

2
− iτ

��
: ðA8Þ
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