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We discuss the construction of a free scalar quantum field theory on x-Minkowski noncommutative
spacetime. We do so in terms of k-Poincaré-invariant N-point functions, i.e., multilocal functions which
respect the deformed symmetries of the spacetime. As shown in a previous paper by some of us, this is only
possible for a lightlike version of the commutation relations, which allow the construction of a covariant
algebra of N points that generalizes the x-Minkowski commutation relations. We solve the main
shortcoming of our previous approach, which prevented the development of a fully covariant quantum
field theory: the emergence of a non-Lorentz-invariant boundary of momentum space. To solve this issue,
we propose to “extend” momentum space by introducing a class of new Fourier modes and we prove that
this approach leads to a consistent definition of the Pauli-Jordan function, which turns out to be undeformed
with respect to the commutative case. We finally address the quantization of our scalar field and obtain a
deformed, x-Poincaré-invariant, version of the bosonic oscillator algebra.
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I. INTRODUCTION

In the past few decades, quantum field theory (QFT) on
noncommutative spacetimes has been extensively studied.
An in-depth discussion of noncommutative spacetimes can
be found in [1-3], while here we just present a few main
conceptual motivations. The first one can be traced back to
the very early days of QFT: by introducing a noncommu-
tative structure for spacetime coordinates at small length
scales, the notion of infinitesimal point has to be relaxed
into some sort of “fuzzy”/nonlocal point. One then hopes to
get an effective ultraviolet cutoff and therefore to gain
control on the divergences of the theory [1]. On the other
hand, noncommutative spacetimes are expected to play a
crucial role in addressing the dichotomy between classical
gravity and quantum physics. Already at an effective level
of QFT coupled to classical general relativity, in fact, the
support of a quantum field cannot be localized better than
the Planck length Zp = \/GHh/c? (see [3] for details). QFT
could incorporate such a restriction on localizability via the
introduction of uncertainty relations among noncommuta-
tive coordinate operators. A further strong indication that
spacetime might be noncommutative at very small scales
comes from the only model of quantum gravity that is as well
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understood as a QFT: (2 + 1)-dimensional general relativity.
This theory lacks local propagating degrees of freedom
(gravitons) and can be therefore quantized with topological
QFT methods. Coupling the theory to matter and integrating
away the gravitational degrees of freedom gives rise to an
effective theory of matter propagation on a noncommutative
spacetime [4,5]. The Planck scale in this model ends up
playing the role of a scale of noncommutativity.

In this paper, we focus on a model of noncommutative
spacetime that is valid in any dimension and is maximally
symmetric under a deformation of Poincaré symmetry. This
model has been widely studied in the literature [6-32],
including many efforts to build a consistent QFT on it
[33-48]. A lot of progress has been made on the problem;
however a fully satisfactory formulation of QFT is still
elusive. In this paper, we build upon the results obtained by
some of us [49] and solve a technical issue that prevented
the construction of a fully Lorentz-invariant QFT. The
paper is structured as follows: in the first section, we
provide a detailed review of [49], reporting all the main
calculations and results. We end the section with a
discussion of the problem of constructing the Pauli-
Jordan function of our theory. This obstruction motivates
us to “extend” the Fourier theory of our model, introducing
new Fourier modes. The second section is devoted to the
characterization of such Fourier modes and their applica-
tion to the construction of a classical (nonquantum but
noncommutative) scalar field theory. Furthermore, we
show how these modes allow us to define the Pauli-
Jordan function, overcoming the problems that arose
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in [49]. In the third section, we apply the Pauli-Jordan
quantization procedure to our scalar field and obtain a
deformed bosonic oscillator algebra for the creation and
annihilation operators, that is compatible with the defor-
mation of Poincaré symmetry of the model. We conclude
by presenting different possible directions in which this line
of research might develop in the future.

A. k Minkowski

One of the most studied models of noncommutative
spacetime is the k-Minkowski model [7,9,10]. In this model
the algebra of functions on Minkowski spacetime is
deformed into a noncommutative * algebra .4, generated
by the coordinate operators x* such that

[x”,x”]zi(v”x’“—v”x”), u=0,....3, ()=x (1)
K

Here ¢* is a set of four real numbers and « is an inverse-
length scale, which one expects to be very small.

The symmetries of the x-Minkowski model can be
described within the formalism of Hopf algebras: let us
consider the algebra of continuous functions on the
Poincaré group C[ISO(3, 1)], generated by the translation
and Lorentz parameters, respectively, a* and A¥*,. We can
introduce a coproduct map A, an antipode S and a counit €
(see [50]) to codify the properties of group product, inverse
and identity as follows:

A[AMZ/] = Aﬂa ® Aal/’
S[A¥,] = (A1)
€[Aﬂv] = 55’

A[aﬂ] =N, Qa" +da ® 1,
$lar) = (A,
ela’] =0. (2)

v

Equation (2) encodes everything about the Lie group
structure of /SO(3,1) in a perhaps unfamiliar, “dual”
form (see [51] for an introduction). The Hopf algebra
C[1SO(3, 1)] is completed by trivial commutation relations
of the form [A¥,,A’,] = [a" a"] =[a",A")] =0. The
k-Poincaré Hopf algebra C.[ISO(3,1)] is a noncommuta-
tive deformation of the algebraic sector of C[ISO(3,1)]:

A, A ,] =0, [@#, a"] = ! (v'a* —v*a"),
K
i
[ay’ Aﬂlz] = ; [(Aﬂava - ’U'M)A}/y + (Aayga/; - gb/})l}ﬂgm/],

A,uaAvﬁg(l/)’ = g;w’ A/)ﬂA”ug/m = gﬂl/’ (3)

where g, is assumed to be a symmetric invertible matrix
with signature (+,-,-,-) and inverse ¢'*.

Consider the usual transformation of coordinates

Xt =N XY+ at. (4)
This can be wunderstood as a map “: A—
CISO(3,1)] ® A, where we assume [A¥ x| =

[a",x*] = 0. Given the deformed algebra (3), it is easy
to verify that the k-Minkowski commutators in Eq. (1) are
invariant, i.e., that the transformation is an algebra homo-
morphism: observers connected by such transformations all
agree on the commutation relations. As long as we deal
with single-particle coordinates, then, we can get a fully
relativistic theory out of three ingredients: a noncommu-
tative algebra of coordinates (1), its deformed symmetries
(3) and the usual transformation of coordinates under such
symmetries (4).

B. Braided tensor product algebra

As pointed out in [49], generalizing this construction
to more than one point (as required to discuss N-point
functions) is not straightforward. In the commutative case,
in fact, two-point functions belong to the tensor product of
two copies of the algebra of functions; however, the tensor
product algebra A ® A does not respect the deformed
symmetries. Let us denote by 1 the identity of the algebra
A, A® A is generated by

et = < (o — o), o] = = (g — o),

2] = W12 = [ 1% =0, (5)

where x| and x; are the coordinates of the first and second
point and 1®°=1@® 1 is the identity of A ® A. The
coordinates x/, each close a copy of x Minkowski, and
they commute with the identity and among each other.
Moreover, the natural transformation rule for x/ , is
XA XY+ a, X = A X+ a (6)
We can immediately see that, because (3) is non-Abelian,

the commutators between the transformed coordinates of
the first and second point is different from zero:

bt 3] = (A, @) () = x5) + [a @] £ 0. (7)

Therefore the tensor product algebra A ® A is not invari-
ant under the deformed symmetries.

A possible way out of this problem is to relax the
commutativity between x; and x,, requiring that the
transformation in Eq. (6) leaves the commutator covariant:
[x¥, x%] = [x,x4]. A similar concept has been used
in [52-57] to properly define QFT on the Moyal/canonical
spacetime. In [49], we proved that the only suitable form
for the commutator, which is also linear in the coordinates
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and vanishes in the commutative limit (¢# — 0), is the
following (from now on we choose units in which « = 1):

[, x5] = ivhx — X — ¢ gev” (] = x3)]. (8)

This can be immediately generalized to the case of N
points as

[, xp] = i[v"xG = v*x), = 9 Goo” (xG — X)),

ab=1,....N, 9)

which for a = b reduces to the usual k-Minkowski com-
mutator. We call this the “braided-tensor product” algebra
and we indicate it with the symbol A®If we now impose
the Jacobi identities, we ensure the associativity of the
algebra. These imply

(x4, x4, x2] 4 cyclic
= —gos 0™V [¢7 (X — Xfp) + g (x4 — x%) + g (x), — x2))]
=0, (10)

which is only satisfied for Jap v*pP = 0, that is, when v is a
lightlike vector with respect to the metric g. This is called in
the literature a lightlike x-Minkowski case [58—63].

C. Representation of the braided algebra

In [49], we found a Hermitian infinite-dimensional
representation for the braided algebra A®: here we just
want to sketch the main steps of the derivation. First
of all, one should notice that coordinate differences,
AxZ p = xh — xﬁ, commute among each other:

[AbevAde] =0, ab,c,d=1,....N and
u,v=20,...,3. (11)

Hence all the noncommutativity is collected by the center-
of-mass degrees of freedom:

1 N
Xem == x4 (12)

We can then define the relative positions, yi = xi — xb,.
These are 4N commutative coordinates, of which only
4(N —1) are independent since we have the four con-
straints 2’21 y’f, = 0. In this basis, the braided algebra (9)
takes the form of a semidirect product algebra:

[yll;v ym - ’qujctm),
[Xem, yo] = i(1"0,,0° Y5 — v*4). (13)

0, [x’clmv x?‘m] = i(vﬂxlc/‘m

The maximal Abelian subalgebra is 4(N — 3) dimensional
and generated by the Y, together with the projection w of
Xim along v
W= g5, [w.ya =0, [xem.w]=ivhw. (14)
Assuming, without loss of generality, g, =1, =
diag{1,—1,—-1,—1} and v* = (1, 1,0,0), we find that w =
%%, —xl, = x,, is the minus light cone coordinate of the
center of mass and, together with the y4s, it can be
represented as a multiplicative operator with a real spec-
trum. The other components of x%,,, the ones perpendicular
to v, xt, =x%, +x.,, x2,, and x},, are irreducibly
noncommutative and can be represented as a sum of
generators of Lorentz transformations of the N — 1 coor-
dinates y%; and the generator of dilations of the real line w:

0
xh, =2M'0 + 2iw% +1i, X2, = M"? — M,

Xim =M =M%, (15)

with M® = i 3201 (V™ 5 = Y 3.

The braided algebra also admits finite-dimensional
representations, but from the physical viewpoint it is not
clear in which sense they could provide a localization
procedure in the commutative limit v# — 0. Moreover, no
finite-dimensional representation of a noncompact Lie
algebra like (13) is Hermitian, which challenges the
interpretation of the x{, operators as coordinates. For these

reasons, we will work with the representation in Eq. (15).

D. x-Poincaré-invariant N-point functions

The most relevant result of [49] for QFT concerns the
k-Poincaré invariance of N-point functions: these can only
depend upon coordinate differences and are therefore
commutative. This statement hugely simplifies the inter-
pretational framework of the theory, since, as in the
commutative case, all physical information is encoded in
a set of commutative N-point functions. Given the impor-
tance of this result, we reproduce here its proof. In the
commutative case, an N-point function f(x%) can be written
as the N-dimensional Fourier transform of the function

f(ki;) of momenta as
flxh) = / d4k1...d4kN]f(k;)e"Zak%. (16)

In our scenario, plane waves are replaced by elements of the
(component connected to the identity of the) Lie group G
generated by the algebra A®: [in the case of a single
coordinate, the group G} has been identified in the literature
with the Lie group AN(3) in the (3 + 1)-dimensional
case [64], and with the affine group Aff(1) in 1+ 1
dimensions]. Of course, given the noncommutativity (9),
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group elements can be written uniquely once we choose an
ordering prescription, i.e., a coordinate system on the group
manifold (which we identify with momentum space). All
physical predictions of the theory are independent of the
ordering choice. The theory we are describing is invariant
under general coordinate transformations of momentum
space. This has been illustrated quite explicitly in [49],
where all the main calculations are carried out with two
different ordering prescriptions and lead to the same result.
Let us choose, without loss of generality, the following
ordering:

etkuri | etkuxy (17)

then, a Fourier transformable function can be written as
flxt) = /d4k1...d4ka(kg)e”<M...eikM. (18)

Notice that the form of f(kﬁ) is not unique and depends
upon the ordering prescription. It is convenient to express
our plane waves in terms of center of mass coordinates:
o = eikiVatatn) = ¢idiYaeikixin  The last equality, with
q,, being a certain function of kP, is a consequence of the
Baker-Campbell-Hausdorff formula, given the form of the

commutators (13). The x&, and y% generators close two Lie

ik

subalgebras A,,,, BY ¢ A®. The commutation relations
(13) give A® the structure of a semidirect product
A X BY. This, in turn, reflects into an action of the
Lie group associated to A,,, on the one associated to BV:
eikikion o141y, = ¢i(K">4"),} piki¥in  where the map b is the left
action. Lastly, because 4., is a subalgebra, there exists an
associative deformed sum of momenta F: R* x R* - R4,
such that

eiPu¥en piuXim | oI (PBQ),Xem (19)
We can now use these identities to rearrange Eq. (18):
Py = /d4k1”.d4kN]c(kz)eik},x‘l‘.”eikﬁ’x‘}:,
= / ALY L (A A C L BT
Qi BICE. BN o gl vy ik B BKY) (20)

If we transform our coordinates according to (6), then we
obtain

’ ~ | vkl >ag? Hoyv
flxty = / Ak ARV (k) et e k)N
ei(klEEkz...EEIkN’l)DqﬁA”vijeipﬂ(N‘bem—O—a")’

where p# = (K'E...BkV)~. (21)

Let us focus on the last exponential, ¢/7«(Nw4enta"); from

Eq. (3) we see that the A¥, close an Abelian subalgebra and
their commutators with a* give a linear combination of a*.
So, again, using Baker-Campbell-Hausdorff formula we
can write ¢/(K'BBRY), (Nxttat) _ pict A, iK' BKY) 0
where ¢¥, = ¢¥, (x%m, p°) are nonlinear functions of the
center-of-mass coordinates and the momentum p°. The
only way to have f(x#) independent of a* is then to set
f(k) o 5*(p) = &*(k'®...BKY). If we use this condition
in Eq. (20), then we see that there is no dependence on the
center-of-mass coordinates.

E. Plane waves

From now on, we will focus on the (1 + 1)-dimensional
case. It is then convenient to write the braided algebra (9) in
terms of light cone coordinates x} = x0 + x/:

b x| =2i(xf —xy),

[xi.x,]=2ix;,, [x;,x,]=0

[Xem-ya]=0.
(22)

= (X Xom) =200, (X viE] = F2iyE,

An ordering choice for single-coordinate plane waves is
with x} to the right: E,[k] = e’*-% ¢+ (as we said, no
physical quantity will depend on the ordering choice); such
plane waves are closed under Hermitian conjugation:
Eilk] = E[S(K)].  S(k) = (—e*k_,~k;). (23)
where the map S: R? — R? is an involution called “anti-
pode.” The product between two plane waves of the same

point can be codified by a coproduct map @ : R> x R? —
R? as

E[KE,[q] = E [k & q].
k®q= (ko +eq_ k. =q.) (24)

From the Lie group axioms it follows that

k@) ®p=kD(q®p)=k®qg® p,
k@ S(k)=Sk)®k=o.

Skdq)=Sk)®S(q), o®k=k®o=k. (25)
Here o = (0,0) are the coordinates of the origin of
momentum space, so that o is the neutral element for
the coproduct; moreover the identity of the algebra is the
plane wave of momentum o, E,[o] = 1.

As we saw, to ensure translational invariance, N-point
functions can only depend upon coordinate differences. If
we want to build x-Poincaré invariant two-point plane
waves, then we need to consider products of different-point
plane waves E;[k] and E,[g], which depend upon the
coordinate differences x| — x4 only. In [49], we proved that
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this happens only for two possible products of plane waves,
plus their Hermitian conjugates:

E\[KEk]. EJ[KE[k]. E[KEj[k]. ES[KIE[k]. (26)

The explicit expressions for these two products are
given by

E[KEj[k] = ei-(i=3) gids (s =)

El[KE, [k] = eir-(i=) gir+ (=) (27)
where
ek —1
pu— k ) f— N
S =k &y 5
e 2k —1
x-=e Mk, e =% (28)

The expression for the Hermitian conjugate products can be
simply found by swapping the coordinates 1 and 2.

We notice that the functions &, (k.) map R? onto the
half-plane £, > —1 [and the same is true for y.(ky),
withy, > — %]; as we will see, this condition has important
consequences that are the main motivations for the
present paper.

F. k -Lorentz transformation of momenta exiting
momentum space

If we want to construct a x-Poincaré invariant field
theory, then we need to know how plane-wave momenta
transform under the x-Poincaré coaction on coordinates (6).
For this purpose, one evaluates the plane wave on the

transformed coordinates, E,[k] = e*-*¢ ¢*+%  This is
computed explicitly in [49]. The result is
Eq[k] = Ey[A(k, A)lalK], (29)

where a[k] = ¢’*-%"¢/*+" is an ordered plane wave of the
translation parameters (with a* =a® £4') and 1 is a
nonlinear representation of the Lorentz group:

2: R2x SO(1,1) - R? such that

Ak, A), N) = Ak, A - A,
Mk, 8") =k, Ao.A)=o. (30)

In 1 + 1 dimensions, A depends only on the parameter ,
i.e., the boost rapidity [A% = A!, =cosh(w),A'(=A" =
sinh(w)], and it takes the following form:

Mk, w)_ = ek_,

Ak o), = %mu + (e —1). (31)

Let us now recall the form of the momenta £, in terms of
k. given in Eq. (28); it is simple to verify that the nonlinear
transformations (31) act like usual linear Lorentz trans-
formations on &,:

5_ N 6_(”5_, §+ N e+a)§+‘ (32)
This result could be obtained directly from the trans-
formation of the product E; [k]E}[k]:

E/1 [k]E/; [k] — pl6- (¥ =xf) g (x]F=x57)

_ eif_e"“(xl‘—xg)ei§+e+‘”(xf—x;)’ (33)
because coordinate differences are insensitive to the trans-
lation part of the x-Poincaré transformation. The momenta
£, , then, transform linearly and for a large enough boost we
can violate the boundary &, = —% and “exit” momentum
space. In Eq. (31), this condition corresponds to the
argument of the logarithm becoming negative. This hap-
pens when

1
e” > 1= (34)

For k, <0 and

Even if we know how to impose k-Poincaré invariance

under infinitesimal transformations, this result seems an

obstruction to building a theory that is invariant under

finite transformations. We will see that this fact is going

to preclude the definition of a consistent Pauli-Jordan
function.

G. Mass-shell and x-Klein-Gordon equation

As noticed in [49], since the £, coordinates transform
linearly under x Lorentz, an invariant metric for momentum
space is given by

ds? = dé_de, = e+ dk_dk, , (35)

i.e., Minkowski’s metric written in light-cone coordinates.
Moreover any k-Lorentz-invariant function can be expressed
in terms of the geodesic distance between the origin 0 =
(0,0) and the point (£_,&,) as

C(k) = £.8, = Sk (& —1). (36)

This function generalized the notion of mass to the
noncommutative case (and reduces to the usual special-
relativistic mass at low energies k. < 1). On-shell plane
waves are defined by the constraint

- 2m?
C(k) = m2 = k_ == a),(k+) = ezT

- ; (37)
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positive (negative)-frequency mass shells correspond to
k. >0k, <0).

We now have all the ingredients to construct the classical
field theory of a Klein-Gordon complex scalar field ¢(x,).
The “k-Klein-Gordon” equation is written as

C e lx,) = m*p(x,), (38)

where we introduced the operator C: A — A, which acts
in the following way on Fourier-transformable noncom-
mutative functions:

Co / P/ =gV (k
= m’¢(x,). (39)
where \/—g(k) = § e**+. The generic solution to (39) is

Plx,) = / /=g R)(T(k) — m2)P(R)E, K],

- [ew=m =S dwe . o)
2

If we split the function ¢(k) into the two mass shells with
positive (k. > 0) and negative (k. < 0) frequencies,

p(k) = a(k,)O(k;) + b(=k;)O(=ky),  (41)

then Eq. (40) becomes

2k,

+oo dk e
$(xa) —/) e

0 62k+ —
+ [ b g Pk ek, (42)

a(k+)ecl(k+)

with e, (k,) = E,|o,(k, ), k. ] being on-shell plane waves.

One can easily prove that e,(—k, ) = e} (k. ) and so our
scalar field is written as

+o0 €2k+
#) = [k, i (e ek
ek el (k). (43)

H. Two-point functions

Relying on all the previous results, we can write a two-
point function that is a x-Poincaré invariant element of the
braided algebra A®: that solves the x-Klein-Gordon equa-
tion. As explained in Sec. I D, when we write an N-point
function in Fourier transform, we need to specify an
ordering prescription for different-point plane waves, i.e.,
E, (k) and E,(q) for a # b (we stress again that no physical
quantity will be affected by such a prescription). We here
choose to put the coordinates of the second point to the

right. In principle, there are two ways to do so as two are the
translation- invariant two-point plane waves with this order-
ing: E, [k|E}[k] and E][k]E,[k]. However, in [49] we proved
that the two expressions lead to identical results and we
here only focus on the first one:

F =) / i/ =g R E, [k )5(E(k)—m?),
-/ dzk\/—gac)El[k}E;wm%,

2
(44)

where \/—g(k) makes the integral measure x-Lorentz
invariant and f(k) is supposed to be a Lorentz-invariant
function of the momenta. As in the commutative case, we
can assume f(k) to be constant on the forward and
backward light cones in momentum space:

f(k) = f-O(=ky) + [ O(k,), (45)
where of course f_ and f, are constants. Such functions
are x-Lorentz invariant because, as we can see from
Eq. (31), x-Lorentz transformations do not change the sign
of k,. We recall that our two-point function, however,
cannot be invariant under finite boosts unless f_ = 0, since
the backwards light cone is not closed under x-Lorentz
transformations. If, in fact, we plug the expression (45) into
Eq. (44), then we find, for the two-point function (restoring
k for the rest of the section),

+o0 d

V p? + m?
e2l(\/p +m? (x—x9)+p(x]—x}))

X
mslnhln d
+ f/ p
p +m?

x 2l (v/ P2 4m? (x=x9)+ p(x}—x )) (46)

1
F(x’f—x’;):if+

The interested reader can find the explicit calculation in [49],
orin Appendix D. The first integral in (46) is the undeformed,
commutative, two-point function, while the second one is
clearly a non-Lorentz invariant because of the integration
boundary § — 7 = msinh(In(5%)). This issue does not affect
the definition of the Wightman function, which is the
positive-frequency part of the two-point function:

)= /de\/—g<k>E1 KESKIO(k,

T AP i/ (=) plal =)

o Vpim

Ay (¥y )5(C (k) —m?),

(47)
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However, the non-Lorentz-invariant term in (46) prevents
the construction of the Pauli-Jordan function, i.e., the
anti-Hermitian part of Ay. In fact, there is no way to
write

+o0 dp

N

=20/ P (=) 4 plxl )

Aot =) = [

—o0

(48)

in terms of our plane waves when the x4 coordinates are
put to the right. One could be tempted to write as a
workaround

In the second term above, the plane waves in the product
es(k, )el (k) are calculated at such momenta (k, > 51In(2))
that there is no way to write them as a product of the form
e1(p)ea(q). In other terms, there is no element of the
group GY that corresponds to the algebraic expression
es(k, )el (k. ) appearing in the last line of (51). As we will
show now, this actually holds only for the elements of GV that
can be expressed as an exponential with the prescribed
ordering, i.e., the component of GV that is connected to the
identity. The way out of this impasse is to bring into the
picture the other connected components of the group.

II. NEW-TYPE PLANE WAVES

We proved that, already at the classical level, we do not
have enough ingredients to construct a field theory on x
Minkowski. More specifically, we are not able to write the
Pauli-Jordan function for our theory because of the presence
of a non-Lorentz-invariant boundary of momentum space.
This issue was known, in one form or the other, for quite
some time in the k-Minkowski/noncommutative geometry
literature [38,65,66]. In some cases, it has been interpreted as
an outright breaking of Lorentz symmetry [38], and various
mechanisms have been proposed to circumvent it [39,47,67]
(notice however that all of the cited papers are concerned with
the timelike version of the k-Minkowski algebra, v#v, < 0in
our notation). Of particular interest for us is the recent [67],
which proposes to extend momentum space beyond the
border of the coordinate patch that is needed to parametrize
plane waves (i.e., the component of the G. Lie group that is

Ay = [ @y =gWEIKE] KOk, )6(C(K) ~ )

(49)

however, as we will prove, we can reorder x| and x} in the
product e, (k. )el (k) as

er(k)el(ky) = e, Gln(z - e”:)> e (‘;1“(2 - e”':)>.

Clearly this can only hold for k. < £In(2). The integral in
Eq. (49) can thus be divided as follows:

In2—ex) +o0 o )
2)+ |7 el k),
m2) er — 1
2%,
Ny [ er i
[ ek el ). (s1)
sm2) e — 1

connected to the identity). They then consider a certain
element of the k-Minkowski algebra that acts like a certain
reflection matrix in a certain finite-dimensional representa-
tion of A" and sends ordinary plane waves into elements of a
component of G that is not connected to the identity. This
component of the group acts like a “second” momentum
space, which is coordinatized by momenta with a constant
imaginary part. This interesting observation inspired us to
study with more attention what happens when a plane wave is
pushed by a x-Lorentz boost through the boundary &, =
—1/2 of momentum space.

Let us recall how momenta transform under x-Lorentz
transformations:

Mk, w)_ = e "k_,

Ak, @), = %ln[l +e? (e = 1)). (52)

For k, <0 and e” > 1—3%‘4’ the argument of the logarithm

in A(k, ), becomes negative. In this case the logarithm,
considered as a complex function, becomes multivalued

"The representation used in [67] is one of the finite-dimen-
sional representations mentioned at the end of Sec. IC. These
representations cannot be Hermitian (the representation of the
associated noncompact Lie group cannot be unitary). The algebra
element that realizes the reflection transformation acts in a
different way in different representations. In particular, it is
idempotent in the representation of [67], while it behaves
differently in other representations. In our case, we have good
physical reasons to refer to the Hermitian, infinite-dimensional
representation (see Sec. 1 C).
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with infinite branches spaced at an (imaginary) distance z
from each other. In formulas,
1 T .
A(k,a))+:21 n[e®(1 — e%+) — 1]+l§+l’llﬂ:. (53)
Here n is an arbitrary (integer) branch number. Plane waves
transform accordingly:

1 +
E k] = &, e‘“’k_,iln[e‘”(l — ) —1]|ema, (54)

where we introduced a new type of “plane waves”
Eula) = E,[qle™® = el-raellatd, (55)

which, having a complex phase, look like exponentially
damped waves. As we said, these plane waves are elements
of the algebra A (they can be written as a power series of
the algebra generators), but they are not obtained from the
standard exponential map of the generators. To parametrize
all new-type plane waves of the form (55), we need a
coordinate patch (¢_,q.) € R% As we will discuss in
Sec. I A, this coordinate patch covers exactly the “part” of
Minkowski space that is not covered by ordinary plane-
wave momenta, thereby restoring the closure of momentum
space under Lorentz transformations. We will prove that
using these new-type plane waves together with the
ordinary ones, we can write the Hermitian of the
Wightman function (47) and construct the Pauli-Jordan
one. We will further prove that no two-point function
depends on the choice of the branch number n, so we can
define them uniquely.

As we remarked in Sec. I C, we take the representation
(15) to be the definition of our noncommutative coordi-
nates. In 1 + 1 dimensions, said representation simplifies to

KB N=l Kl 9
&5 = 2ix, 2i
Xom = Xew» 4 = y;r, Y2 =i (56)
so that
e (x5, Ve va) = e~ f (672G, €2y e 20y7). (57)

We now want to apply these results to the new operators
e and e appearing in Egs. (54) and (55). First of
all, to isolate the x}, coordinate we can use a relation
derived in [49]:

. . 2k+
elkert;r P elk+(xztw+ya) fr— e ( !

).)a elk+x<‘m (58)

—_ + — +
So, for any value of y/, we have e "™« = =",

therefore

— + — — i —2i —
e~ "% f( Xoms Vi ’ya) —e mrzf( 2m7t X emeryt-;—’ e 2mﬂya)

:(_l)nf(x;m’ya ’y;)' (59)

The operator e~ s trivial—it simply acts as a phase. We
will discuss the role of the (—1)" in Appendix C, where it is
shown that all terms of the kind (—1)" that appear in our
calculations can only have even n and are therefore equal
to one.

The operator e in (55) can be written as e 3% =
e~a e and it acts as a reflection times a v+ -dependent
phase:

e B o o
e f(Xpm, Vo Va) =€ Pie ’Zf(e TXoms €74 €7 TYT)

= ie_iy;f( Xems ya > y;) (60)

This is the operator that, when multiplied by an ordinary
plane wave E,[k], turns it into a new-type plane wave E,,[k].

A. Two-point new-type plane waves

Equipped with our new-type plane waves &,[q] =
E,[gle 4, we can briefly retrace the steps of the analysis
of [49], highlighting similarities and differences. When we
now write a function of N points in Fourier transform, we
decompose it in “usual” Fourier modes (corresponding to
ordinary plane waves) plus “new” Fourier modes (clearly
corresponding to new-type plane waves), so that it can be
invariant under finite x-Lorentz transformations:

fid) = / d*kt AN F(KS)E K. En V]
+/d4q1...d4qN]f(q;)51[kl]...sN[kN}. (61)

In the second integral, we are essentially shifting the k, of
ordinary plane waves by a factor of iz/2. This clearly does
not affect the results of Sec. I D: N-point functions can only
depend on coordinate differences. We need to understand
which products involving new-type plane waves satisfy this
request. There are three possibilities to consider:

E,[k]&,]q].

but they all reduce either to the ordinary products in
Eq. (27) or to

EkEsql.  Eilk]Eq]. (62)

E\[(k_,k, +in/2)|E [(k_,k +in/2)]
— £, [HEL[K] = eir-(i=x3) gine (x|
B[k K, +in/2)

Ey[(k_, ky + in/2)]
)

= EN[K)&,[k] = et~ i+ 6/ —3) (63)

where
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ek 1
ne=——5—

n-=k_,

e~2ke 1

po=etko, pi=——m (64)

The calculations for the first product are reported in detail
in Appendix A and one can proceed analogously for the
other two products.

In order to better understand the meaning of the
coordinates 7 introduced in (63), we want to determine
how new-type plane waves transform under the x-Poincaré
model. Recall that &,[k] = E,[k, +i56,;] and E,[k] =
E,le™k_,3In[1 + e”(e*** —1)]]afk]. This result only
relies on the transformation rule (6) and on the algebra
(22) and it holds true for any value of &, real or complex.
For this reason, new-type plane waves transform as follows:

ELK] = E A (k, w)|a[k]e",

(k. @) = <e—wk_,%1n[ew(e2k+ +1)— 1]). (65)

We notice that for both positive and negative values of &,
if e < -, then the argument of the logarithm becomes
negative and new-type plane waves transform into ordinary
ones. Now, using Eq. (65), we can simply verify that the 7.
are linear coordinates on momentum space, i.e., they
transform linearly under the x-Poincaré model, just like
the £, of Eq. (28). We also notice that n, < —1/2. As
expected, new-type plane waves cover the second half of
momentum space.

To determine how the on-shell condition reads for our
new-type plane waves we can proceed as in Sec. I G. The
k-invariant line element for the second half of momentum
space is given by

ds* = dn_dn, = —e**+dk_dk,. (66)

‘We notice that the determinant of the metric is the same as

in the first half of momentum space: \/—g(k) = e+ /2.
We then have the following deformed mass:

Clk)y=n_n, = —%k_(e% +1). (67)

This is essentially the same as C in Eq. (36), apart from
having sent k, — k, + iz/2. On-shell new-type plane
waves, then, take the form
2m?
e 17
(68)

€.(ky) = E ks, Q,(ky)], where Q.(k.) =

B. k-Klein-Gordon equation

Let us consider again the k-Klein-Gordon equation (38),
given that now we decompose the field ¢(x,) both in
“usual” and “new” Fourier modes. As we saw, different
halves of momentum space have a different expression for
the Casimir: if f(x,) is a Fourier-transformable function,

flxg) = / /=g R + FREK).  (69)

we extend the action of the Casimir operator C onto the
new-type plane waves as follows:

o f(x,) = / kr/=g(0)

x (F)CK)E K] + F(R)C(K)E,[K]).  (70)

The solution to the x-Klein-Gordon equation can be
written as

$lxa) = / Pkn/=g(R) (B(C(K) — m2)P(K)E, [N

és(k)ea[k]). (1)

We can now split (k) e ¢ (k) in positive and negative
frequency modes:

ek +1

ﬂ*(—k+)€a(k+))
ek 41 '

+oo alk e, (k
$(xa)= /O dmm( ( §2+_1+)+

0 b*(—k k
+/ dk+€2k+< ( +)261§1+( +)+

l1—e

a(k+)€a(k+))

(72)

where we recall that e, (k, ) =E,[w,(k,),k. ] and €¢,(k,) =
£,0Q.(k.). k.]. As we know, e,(—k,) = e}(k,) and the
same is true for ¢,(—k, ) (see Appendix B).

Sending k, — —k, in the second integral, we find

“+oo 62k+
- dk, —o—
#) = [k

x (a(k,)eq(ky) + e b (k. )ed (k)

g
+ /0 ek 41

x (a(ky)eq(ky) + e‘2k+ﬁ*(k+)el:(k+)). (73)
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Before discussing two-point functions, we report a
useful relation on how to commute on-shell plane waves
of different points (the derivation can be found in
Appendix C):

E\[k]E>|q] = E, Bln(e2k+(e2’“ —1)+1), e_th_}

1
Bk + g, =@ (@0 = 1) 4 1)
(e2k+ (e24+ — 1) + l)k_]. (74)

Here, k and ¢ can be any complex numbers, so that the
result applies also to new-type plane waves. One can
simply verify that if we commute two on-shell plane
waves, we obtain again on-shell plane waves.

C. Pauli-Jordan function

We can now extend the two-point function of Sec. I H,
using the new-type plane waves of Eq. (63):

A(x) —xy) = F(x) = xp) + H(x; — x3),

F(x; —x5) /d2k\/ k)E, [k E2 (C(k) m?),

H(x, —x,) /dzk\/ D& KES KA R)S(E(K) —m).
(75)

As we did for f(k) in Sec. I H, we can assume h(k) to be
constant on the forward and backward light cones:

h(k) = h_©(=k, ) + h,O(k,). (76)

Under this condition (and restoring «), H(x; — x,) sim-

plifies to

H( ) 1 A /m sinh(In(%)) d

X1 —Xp) = 1n_

! : 2 sinh(In(s%)) 4/ p + m?
% e—2z[\/p +m? (x9—x —x})]

+Lh,

“+o0 d
2 / sinh( ln \/m
« e_2i[\/m x]—x2 +p Xl_xé)]‘ (77)

The calculation is reported in Appendix D, where we also
comment on the possibility to use the other invariant two-
point plane waves, like E|[k]E,[k] and E][k]E,[k], which
turns out to be redundant. We immediately notice that, for
h_ = h,, we get an integral that is complementary to the
second integral of (46). If we put f, =2A and
h_=h, = f_=2B, the two-point function becomes
the same as in the commutative case:

A(x) — x,) / dkr/—g(k)O(k — m?)E, [k]E}[k]
B/dzk\/—g(k)(®(—k+)5(5[k] — m?)E; [K|ES[k] + 6(C[K] = m?) €, [k]ES[K])

+oo d

p+m

The choice A=1 and B =0 corresponds to the
Wightman function Ay, defined in Eq. (47). We can now
write the Pauli-Jordan function as its anti-Hermitian part:

b= / Pkn/=g(R)O(k, )5(CIK] - m?)

x (E\[K|ES[K] = E,[K]ET[K])

= [Tk etk el k) = exlk el ()
(79)

Using the property (74) and as anticipated in Eq. (50), in
the region k, €10,11In(2)[, we can write

21V PP Hm? (3] =) +p(x]=x})] 4 B/Jroo

210/ PP (=) +p(xl=al)] (78)

. p2+m2

. 1 1
er(ky)el(ky) = e <§ln(2 - 62"+)) e (—Eln(Z - ezk+)> :
(80)
We define, for this region, the change of variables k', =
1In(2 — e*+), k', €] — 00, 0[. Analogously, in the region

ky >1In(2), if we commute e (k, )
product of new-type plane waves:

e} (k,), we obtain a

es(ky)el(ky)=—e Gln(ez’w —2))e <—éln( 2k, —2))
(81)

105018-10



NEW CLASS OF PLANE WAVES FOR ...

PHYS. REV. D 107, 105018 (2023)

We can define the change of variables £/ =
1In(e*+ —2), but this time k| € ] — 00, 4o0[. So if we
perform these changes of variables in the integral (79) and
we send k. — —k’ in the integral between —oo and 0, then
the Pauli-Jordan function simplifies to

o2k

+o0
A — = dk, ———
py(xX1 = x2) /0 + o2k,

— 131(k+)e§(k+)

+00 1 ¥
- dk+2k7€1(k+>ez(k+)
0 e+ —1
+o 62k+ +
+ —/0 dk+m€1<k+)€z(k+)

+00 1
- [Tk el oetk). (52

which corresponds to the choice A = —B =1 in the two-
point function (78). As we expected, having extended
momentum space beyond its non-Lorentz-invariant boun-
dary, we are now able to write the Pauli-Jordan function of
our theory. In particular, the algebraic expression
es(k,)el(k,), in the region k, > 1In(2), corresponds to
an element of G2 that can be obtained through multiplica-

tion by the reflection operator e~ This element, there-
fore, does not belong to the component of G2 connected to
the identity, and it is parametrized by our new-type plane

waves with the chosen ordering (x5 to the right).

III. FIELD QUANTIZATION

The Pauli-Jordan function (82) can be used to define a
quantization as follows:

[@(xl)@*(xz)] = iAps(x; — x3),
[&(Xl),f%(h)] = [&*(xl),c?ﬁ*(xz)] =0. (83)

In the commutative case, such a quantization maps a
classical field ¢ € C[Minkowski] to a quantum field ¢
that is an operator-valued function of Minkowski space-
time. In our noncommutative case, the quantization is a
map from the algebra A to the tensor product between A
and the algebra of operators on a Hilbert space H:

A—-> A® OpH]. (84)

This means that the quantized fields ¢(x,) are those
given in (73), in which, however, the Fourier coefficients of
on-shell plane waves are promoted to operators, which
commute with the x,:

-1

x (alky ey (ky) + e 2B (K, )eh(k,)
+oo €2k+

dk

* 0 * o2k +1

x (k. )eq(ky) + e BT (k. )ed (k). (85)

The Hermitian conjugate fields will be

N +o0 62k+
P (x,) = / dk ———
0 e+ — 1

x (&7 (ky)e(ky) + e b(ky)e,(k.))

+o0 dk 62k+
+ A ekt 41

x (6" (kyJeq(ky) + e plkyJeq (ki) (86)

In Appendix E we show how to deduce the algebra of these
Fourier coefficients from the commutation relations (83).
Here we report the final results of the calculation. There are
36 independent commutation relations between the eight
annihilation and creation operators &, b, &, 5, a', b, &', and
ﬁ*. Moreover, the form of the commutation relations might
depend on the values of the (on-shell) momenta at which
we are evaluating the two operators. Let us call k, the

FIG. 1. The products of the forms a(k, )at(q. ), a(k,)b"(q.),
and b(k,)a'(g.) take different forms in the different regions
shown here. These regions correspond to the following integrals
in Appendix E: 14 — I(2i), Ip = Jg’), e = J?, Ip = Jg),

and 1 — pr.
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momentum of the operator on the left and ¢ the other one. A. Products of the form a(k,)a'(q,),
The form of the commutation relations will depend on ak, )];I (q.), and I;(k+ )at(q.)

which region of the quadrant (k,,q,) € R% we are
considering. The 36 commutation relations divide into
eight groups, which partition the (k,,qg,) quadrant in
different ways.

The commutation relations that involve these products
take five different forms, according to the region of R2 to
which the two momenta &, and g, belong. The five regions
are represented in Fig. 1.

(1) Region 14: k; €]0,+oo[ and g, €]0,—3In(1 — e72%+)]

(@)

3

Ak gt 1 ot 11 e+ R l1 e+
akp)a'(qy) — ki 4 o2ar — g2(kitay) a 2 n ek 4 24 _ p2(kitay) a 2 n o2k 4 20 — p2(kitqy)

. (e 1)
=i6(qs — k+)(327"+’

ag as 1 e+ 1 ek
~ + O N
a(ky )b'(qy) =b <2 In sz* T e — ez(k++q+)}>a(zln sz+ + 20 — ez(k++q+)]>’

R . (1 e24+ ~ (1 ek
bk (q,) = (E tn L2k+ T — emw)Db (Eln L2k+ + et = ez(mqn] ) ®7)

Region 1p: k. €]0,3In(3)[ and ¢, €] —3In(1 — e7+), —%ln(%)[ and for k; €]1In(3),4oo[ and ¢, € ]—
$In(1 — e7+), = $In(1 — 2e72+ )|

a(ky)a’(q.) + ) 1 2% 2 at <lln[ 20k 62‘“2k 2 })6’(11“{ 20k 62"+2k 2 ])
e2kitay) _ o2k _ 524, 2| e2lkitay) _ g2k _ p2q. 2| e2kitas) _ g2k _ p244
—ia(g, —k) Y,
&(k+)BT(Q+) = _BT (%ln Lz(k++q+) 6_2[:2@ —_ 82q+:|>&<% In Lz(k++q+) 6_2]:2k+ _ equ >’
00— (e P o ]

Region 1¢: k. €]0,5In(2)[and g, €] — %ln(l_e;2k+), +oo[ and for k, € |1In(2),4In(3)[and ¢, €] —

o2kt
! lln(l )’
—2In(1 — 2e72%+)[

2 2

Ak gt 1 (L e+ a1 et o

a( +)a (q+) + 62(k++q+) —_ 62k+ —_ 62q+ a 5 n 62(k++4+) —_ e2k+ —_ 62q+ ﬂ _5 n 32(k++q+) _ 62k+ —_— 62q+ o
. (1 e+ a1 ek

~ i o i i

a(k )b’ (qy) =—p <§ln |:e2(k++q+) —o2ki _ equ )ﬁ <_§ln |:62(k++q+) — o2k _ 62q+:| )

R . 1 e+ 1 e+
At _ _AT - AT _
b(k )a'(qy) =-a (2111 Lz(k++q+) T e2q+:|)a < 2]n |:82(k++q+) T equ > (89)
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(4) Region 1p: k. €]3In(2),3In(3)[ and ¢, €]—1In(l —2¢7?*+),4o0[ and for k, €]3In(3),4oo0[ and
¢ €] —3In((:=57). +oo

R . 1 (1 e+ f 1 e2k+
a(kJr)a (q+) + 62(k++q+) — ek — o244 ﬂ<_§1n |:62(k++q+) — e2ks _ e2q+:| )ﬂ <_§1n |:e2(k++‘1+) — e2ki _ 324+:|>

. ek — 1
=id(q, — k+)e27"+’

s 1 e+ . 1 ek
A [ — A T
a(kJr)b (q+) ¢ <—2]1’1 |:62(k++q+) — 62k+ — e2‘1+:| )ﬂ <—211’1 |:ez(k++‘1+) — e2k+ — e2q+:| ) ’
A . ~ 1 e+ 1 e+

AT I __ AT —Z
b(k+)a (‘I+) = ﬁ( 2ln |:62(k++q+) — o2k equ)a < 2ln |:62(k++q+) — o — e2q+:| ) (90)

(5) Region 1z: k; € ]1In(3), +oo] and ¢, €] —LIn(1 —2e72+), —Lin(1=g™5)]

~ s ~ 1 e+ 1 o2k
alk)a'(qy) + 2050 _ 2k _ ﬂ<—§1n [62(k++q+) T 62%] )a(iln LZ(k++q+) — equ) =0,

R e 1 e+ (1 e2k+

a(k+)b (‘I+) = —a <—§ln |:62(k++q+) — o2k quJ)a(?n |:e2(k++q+) — o2k eZq+:| >

R . (1 24+ A (1 ek

b(ky)a'(q.) =—p <—51n LZ(kﬁtm — equ )ﬁ(iln L2(k*+"*) — 62%] ) (91)

B. Products of the form a(k, )a'(q, ), a(k,)B'(q,), and b(k,)d'(q,)

The commutation relations that involve these products take two different forms, according to the region of R2 to which
the two momenta k, and g, belong. The two regions are represented in Fig. 2.

0.8
24

9+ 0.6

2B

0.4}

0.2}

0.0 0.2 0.4 0.6 0.8 1.0 1.2
ks

FIG. 2. Regions of the products of the form a(k, )a'(¢. ), a(k, )p'(q.), and b(k, )&’ (q. ). Corresponding integrals in Appendix E:
2, — HY and 2, — HY.
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(1) Region 2,: g, €0, +oo[ and k, €0, _%ln(lJrgz*ZtH)[

1 1 24+ ~ 1 ez(k++4+) + e — 024+
= o [ =1n b'(=In T )
e (ky+qy) + ek — 024+ 2 62(k++’1+) + ek — 24+ 2 e+

. A s 1 €2q+ . 1 62(k++q+) —+ ng+ — 62q+
a(k.)p () =P <2 In Lz(k++q+) 4 ek — e2f1+} > b <2 ln[ ek })

" ) 1 24+ 1 e2(ki+a,) 4 ek — o244
A A A~
bk )a'(q.) =@ (E In Lz(k++q+) T equ)a <§ln[ g ]) (92)

(2) Region 25: g, €10,+co[ and k, €] —1In(t™), +oo]

. - 1 ~ /1 62(k++11+) + ek — o244 ot 1 62(k++‘1+) + ek — o244
a(k)a’(qy) = ﬂ(iln[ 224+ })b (Eln[ o2k })*

e2ki+ay) 4 ek — p244
~ 1 2<k++q+) + ezk+ — e
h( -1
(anf ]

1 In |:62(k++q+) + 62k+ — €2q+:| >
1 ek +q+> 2%, _
at (— In [ te e ] ) (93)

alk )b () o

|:e2(k++‘1+) 4 ek — 62‘1+:|>

e2a+

C. Products of the form b'(k,)a'(q,), b'(k,)p'(q, ), and &' (k. )& (q,)

The commutation relations that involve these products take three different forms, according to the region of R3 to which
the two momenta k, and ¢, belong. The three regions are represented in Fig. 3.

1.2

1.0

0.8}

3c

9+ 0.6

04}

0.2

0.0 0.2 0.4 0.6 0.8 1.0 1.2
ks

FIG. 3. Regions of the products of the form b'(k,)a'(q.), b'(k,)B"(¢,), and a'(k,)a’(q,). Corresponding integrals in
Appendix E: 3, — Héi), 35 — HgiO), and 3, — HEQ.
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(1) Region 3,: g, €10, +oo[ and k, €]0,3In(e™24+ + 1)]

A e

+ o 2k ot 1 e2(a+k.) e 1
b (k+)a (q+) - 1+ 24+ — QZ(Q++I‘+) a <§ In |:1 + 24+ — g2(51++k+):| > a (Eln |:1 + 24+ — g2(‘1++k+):| ) ’
. N (1 (a4 tky) 1 1

il T _agrlZ ~
b (k+)ﬁ (qu) - ﬁ (2 In |:1 + 24+ — 62(q++k+):|>a <2 In |:1 4 24+ — 62(q++k+):| > ’

1 e2(q.tky) ~ /1 1

At P — a7l Z _
a (k+)a (Q+) =a <2 In |:1 + eZ‘H — 52(4++k+>:|>b <2 In |:1 + 62Q+ - eZ(Q++k+):| ) ’ (94)

(2) Region 35: g, €]0,+0co0[ and k, € ]1In(e™% + 1),4In(2e72%+ + 1)]

A A 62k+ s 1 ez(k++’1+) . 1 1
b'(k)a'(q.) = 2@ k) 1 240 — a <§ln |:62(k++q+) — o2 — J )a(iln L2(k++q+) — e2a+ — J )’

. . Al e2ki+ay) 1
i i _ 7 -
b'(ky)p'(q4) = b <§ln Lz<k++q+> T 1])a<iln[ T 62% - D
o o o 1 62(k++q+) ~ /1
“ (k+)a (q+) —a <§ln |:e2(k++q+> — ezq+ — 1:| >ﬂ<iln|: 20k +qy) _ ezq+ — 1:|> (95)
(3) Region 3¢: ¢, €]0,+oo[ and k; € ]1In(2e724+ + 1), +o0]
" 2k 1 e2(a+ky)
¥ At _ e ~t i (q+tky) _ 5294+ _
b'(ky)a'(q4) ez( qi+ky) _ o240 — 1“ <2ln[ 2q.+ky) _ p2q4 _ J)ﬂ < n[e’ € 1])

2o At _ At Ao 2Aqitky) _ o240+ _
b (k+>ﬂ <Q+ =b q++k+ —€2q+ _ 4 1] ’

< (a+k2) _ g2, _ 1]). (96)

2(qy+ky)
2 Q++k — e2q+ -1

D. Products of the form b'(k,)f(q,), b (k,)a(q,), and a'(k,)p(q.)

The commutation relations that involve these products take four different forms, according to the region of R% to which
the two momenta k. and g, belong. The four regions are represented in Fig. 4.
(1) Region 4,: ¢, €10, +oo[ and k, €]0,1In(<=0)|

5 . e2lkitas) /1 e+ 1 — e\ /1 24+

b'(ky)p(q,) = mﬁ(iln [ez—h])a(Eln [—62% s 62,{J>,

s 1 e+ 41 — o2k 1 e24+
‘ A A A

b'(ky)a(gy) = 0{(5 In [—€2k+ ])a <§ln [—62% 1o ezk+] ),

it A A1 [e2 + 11—\, /1 e+

ki) = (3| =)o (Gl ) 7

(2) Region 45: g, €10,400] and k, € ]%ln(eh”T“),%ln(ezq+ + 1)

AT n 2<k++‘]+ (1 24+

e e e

bk ada) = (Eln[ ( [ 1_64),

D
atk)plg,) = & Gln[ S D ( { - :{”_e D (98)
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1.2

1.0

0.8}

9+ 0.6}

04}

0.2

FIG. 4. Regions of the products of the form b’ (k. )f(q. ), b'(k,)a(q.), and &' (k, )B(q, ). Corresponding integrals in Appendix E:
4y > HY 45 > HY, 4c - HY) and 4, - H').

(3) Region 4¢: g, €10, +00[ and k, €]1In(e?+ + 1),1In(2¢? + 1)[

. R 2(ki+qy) 1 2k, 1 2q,
+ __ ¢ 4 LR I P <
b (k+)ﬂ(Q+) - ek — 1 — 24+ at <§ln LZk+ — 1= 62q+:|)a<§1n LZk+ —1-= 62q+:|)’
. /1 e2ks 1 e+
HTRY —p 7 -
b'(k,)a(qy)=b <§ln Lzh 1 equ)a(iln Lzh 1o equ >,

ot . ] ek A (1 e%4+
a'(ky )plq.) =a <§ln [—e2k+ - eZqJ )ﬁ(iln {—ezh - equ > (99)

(4) Region 4p: g, €]0,+oo[ and k, €]3In(2%%+ 4 1), +-o0]

. . Akitqs) (] 2k A

¥ _ e i e : e e
b'(k)p(q.) = o2k — 1 — 24+ a (Eln Lzh _1— 62q+:|)ﬁ (Eln{ 24+ })’
A . ~i 1 ek A
bT(k+)0‘(CI+) = b <§ln Lzh 1 ez‘”] >ﬂT (Eln[ e2a+ })’

R n ! e+ 1 ek — 1 — 24+

E. Products of the form (k. )a'(q, ), &(k,)b'(q,), and p(k,)a’(q,)

The commutation relations that involve these products take two different forms according to the region of R2 to which
the two momenta k, and g, belong. The two regions are represented in Fig. 5.
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1.2

1.0

0.8}

5B

9+ 0.6}

04}

0.2

54

0.0 0.2 0.4 0.6 0.8 1.0 1.2
Ky

FIG. 5. Regions of the products of the form &(k, )at(q. ), @(k,)b'(q.), and p(k,)a’ (g, ). Corresponding integrals in Appendix E:
54— H(llz) and 55 — H(llé).

(1) Region 54: k, €]0,4o0[ and ¢ € |0, _%ln(1+e£2k+){

R » 1 ~(1 62q+ + 62(k++4+) — 62k+ . 1 62k+
a(ky)a'(q.) = 20T 1 24 — g2ks b(iln[ e24+ * Eln o2+ + o2(kitar) _ o2k | )
. . R 1 e2‘1+ + ez(k++‘1+) - 32k+ . 1 621{4r

a(ky)b'(q1) = a (Eln{ o240 ])a(iln LZw + 2(kitay) _ elkl )’

R . ~ /1 2+ + 62(k++‘]+) — 2kt ~ /1 e2k+
Blk,)at(q,) = b (Eln{ — ])ﬁ(zln Lz% P e2k+] ) (101)

(2) Region 55: k, €1]0,+o0[ and ¢, € | —%ln(%), +oo|

) . 1 /1 62[1* 4 62(k++q+) _ e2k+ . 1 €2q+ + ez(k++‘1+) — e2k+_q
a(ky)a (q.) = e2kita.) {200 _ g2k, b(iln[ 24+ p Eln eks ’

. o . 1 e2qJr + 62(k++q+) _ 82k+ - 1 eZ‘I+ + ez(k++‘1+) — 62k+_q

k)b (g,) = a3 [ ST (G ),

. » (1 [ 4 2kita) — g2k N /1 [e24r 4 @2(ki+as) — o2kimq

plky)at(q.) =b (Eln{ 4 at (Eln o . (102)

F. Products of the form a(k,)b(q, ), @(k,)i(q,), and p(k,)b(q,)

The commutation relations that involve these products take three different forms, according to the region of R2 to which
the two momenta k, and g, belong. The three regions are represented in Fig. 6.
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9+ 0.6}
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0.2}

FIG. 6. Regions of the products of the form a (k. )b(q.,), a(k,)a(q.), and p(k,)b(q. ). Corresponding integrals in Appendix E:
6A g H(IO)’ 63 - I‘I<> and 6C - HE()

(1) Region 64: k; €]0,+oo[ and g, €]0,41In(e2k+ +1)]

~ ~ e+ At 1 1 (1 e2(ki+q.)
a(ky)b(qy) = 1 + e2k+ — 2lkitay) a (Eln L 4+ g2k — 62(k++q+):| >a(§ln L + o2k _ 62(k++q+):|>’
~e 1 1 1 k++‘1+)
A A _ (L =
a(ky)a(g,) =b (21“ L ok 62(k++q+):| >a<21nL T ok _ 2kt D
A A § 1 1 ~ (1 (k +q.)
Pk )b(g.) =a <21n L T 62(k++q+)} )ﬁ(zln [1 T ez("++‘i+>] ) (103)

(2) Region 65: k. €10, +oo[ and g, € |1In(e™*+ + 1),1In(2e2%+ + 1)

A R o2 . 1 1 Na! 2(k++‘1+)

a(ky)b(qy) = e2+a.) _ 1 — p2ks a (Zln{ 2ki+q.) — p2%ks _ J>a<2ln{ 2kitqy) — p2ky _ J)

S0 VA e ! ! B

a(ky)a(q,) =p <§ln Lz(k++q+) ok _ J)‘l(iln[ 20k +47) — g2ks — 1])

X A 1 1 ~ /1 2(k++‘1+

ﬁ(k+)b(Q+) =a (21n|: 2(ki+q.) _ 82/@r _ 1:|>b<§h’l|: 2(ki+q.) _ €2k+ — 1:|> (104)

(3) Region 6¢: k, €]0, +oo[ and g, € ]5In(2e2+ + 1), +oo]

. “ eZQ+ ~ /1 2gutk,) ok . 1 ez(fl++k+)
R R R 1 5 ++k+ 2k+ . 1 32<q++k+)
a(ky)a(qy) = a<§1n[e (g:4k) — ek —1] | Eln o2atky) _ g2k _ 1| )

Bk )b(g,) =p lln[32(4++k+) _ ek 1) )b L et k) (105)
+ + 5 2 M 2tk — g2k 1| )"
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G. Products of the form f'(k,)b(q. ), ' (k,)i(q,), and &' (k,)b(q,)

The commutation relations that involve these products take four different forms, according to the region of R% to which

the two momenta k, and ¢, belong. The four regizckms are represented in Fig. 7.
(1) Region 7,: k; €]0,400[ and ¢, €]0,1In(H)]

N N 2(g++k) 1 2k, /1
B (k)b(q,) = (ln [] )fﬂ (21n
e

ek 41 — 24+ 2 2k 41 — e2a+

e 1 — e+
=)

. < (1 e+ a1 ek +1 =2+
Fe Vala ) — B i
p'(ky)a(g.) =b (5111 LM* T1- ezq+])ﬂ <§ln{ o4+ ])’

R 1 2k 1 2k 1 — 24+
& (k)b(q,) = a' <§1n [6—] )m (Eln {H—e} )

62k+ + 1 —_ 62q+ 62q+

(2) Region 75: k, €10, +oo[ and ¢, € ] In(<5H), Lin(e? s + 1)]

e N 32<‘1++k+) o 1 e2k+ R 1 32‘1+
B (ki)b(qy) = 25 11— o a <§ln LZk* 1o ezq+])a<§m Lz/q 1= equ)’

» /1 o2k 1 e2d+
i ~ _ 5t . I -
Pk )ale,) = <§ln |:€2k+ +1- e2’1+] )a(iln L2k+ +1—e%+

. A 1 ek A1 e+
At ot “nle——
a'(ky)b(gy) =a <21n|:€2k+ T 1- ezq+])ﬂ(2ln sz+ 11— e

(3) Region 7¢: k, €10, 4oo[ and g, € ]3In(e**+ + 1),1In(2¢**+ + 1)

)
l)

n n 2(q4+ky) 1 2k 1 24,
+ e ) e R e
Bk )b(qy) = 20 — ] — g2ks a' <§ln qu* —1- eza})“(ﬁln LZru 1 esz)’

N ! ek 1 e+
i ~ _ pof I I -
pki)alg.) =p <§ln [e24+ —-1- e2k+}>a(§ln L24+ — 1 — ek

624+

A
021
0.0 :
0.0 0.2 0.4 0.6 0.8 1.0 12

)

(106)

(107)

(108)

FIG. 7. Regions of the products of the form ' (k,)b(q. ), p' (k. )a(q. ), and &' (k. )b(q. ). Corresponding integrals in Appendix E:

1

7A - H(l4)’ 7B — H<110>, 7C e H§i>, and 71) - H‘(‘l)
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(4) Region 7p: ky €]0,+o0 and ¢, € |3In(2e** + 1), +o0]
R ( k) n 24+ — 1 — a! 2q
s b 2]
N 1. [e?+ — 1 - e2d+
s ool 2 ol 2
~ (1 2q+ — 1 — 2q,
R Sl ok |

H. Remaining products, valid in all of R%
For k, €10, +oo[ and ¢, €]0, +o0[

),
—

bl
+
~—

o

~ e2a+ ~ /1 1 e2(q++k+)
a(ky)b(q) = e2aith) — o2ki 4] b(i Infe?(+ ) — ¢ 10&(51[1 [62(q++k+> — e 4 1] ) (110
Z)T(k+)2l+(q+) _ €2k+ (AIT (lll’l|: 2(qy+ky) :|> ¥ ( 2(q +ky) _ €2q+ + 1]) (111)
e2(a+ky) _ p2q. +1 2 e (‘I++k+ — 24+ +1 ’

AT ~ ez(q++k+) ~ 1 T 1 q+
b'(ky)b(q,) -mb<‘§m[ 2ar 1 62k+ — 1]) < h { 2 4 g2k — 1D

— id(g, — k) — 1), (112)
. 1 (1 e+ 1 e+
A AT _ } _
a(k,)a' (q.) + 2@t 1 g2y 4 ks b( 21n |:62(q++k+) T 62k+:|)b < 21n |:e2(q++k+) T+ eza])
. (e +1)
= l5(‘1+—k+)ez—k+» (113)
. N eth ~(1 2gutk,) ok . 1 62<‘I++k+)
k)M a+) = = e o b(iln[e Tte ”)b <_§ln LZ(4++/<+> + ek 1D (114)
2k 2(q4+ky) 1
B G (aL) = — e (-1 ¢ b [ Lnfeteth) 4 20
Pk )a(q4) = e2a+h) 4 o240 4 b( 2ln Lz(q++k+) + o2 4 1 b 21n[e daetet] ), (1)
ot n e2(q++k+) n 1 62k+ e 1 62‘1+ ) -
Pk )Blas) + g iy (‘51“ {m})b <‘§1“ [m]) =i3lgy—ky)(e+1). (116)
4k, )a(q,) = a infedle ko — 2t 1)) a( Ly et 117
a(ki)a(qy) =a ) nle —e*r+1])a 2 n 2aith) Z g2k 1| ) (117)
R R ot 1 62(q++k+) ~ /1
bi(k:)b'(q:) = b <2 In LZ(q++k+) T IDb* <21n[ez<‘f++k+> — e 1]>, (118)
1 e2k+ A 1 e+
b (k = nl— | )b -—=In|———— s 119
(k)alg,) = “( 2“LM++e2k+—1D ( 2“L2f1++e2’<+—1]> (119)
1 e+ A e+
_ _ - T _
<k+) (Q+) a( 2111 |:e2(4++k+) + e2‘1+ + 62k+:| > b ( 2111 |:ez(‘I++k+> + eZQ+ + 62k+:| > ’ (120)
1 N " 1 62(‘1++k+)
A A — —al = (q1+ky) 2k, L
alky)a(g,) a <21n[e + e + 1])1) ( 2ln Lz(q++k+) o 1l) (121)
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B (k)P (q.) = —a( - 21 et b (L mmfe2tari) 4 200 41 122
ﬂ ( +)ﬂ (q+) =—a _E 1 62({1++k+) + 024+ +1 5 n[e +e + } ’ ( )
2k, 29
+ . . e . 1 e
pky)alqg,) = —a< B Lz% T ek 1 1]>b <—§ln qu+ T o2k 4 J) (123)
7 2 (L gk _ ok 2 (1 2asth)
bk, Jb(a,) = b 5o = 1)) (3| ). (124)
t t (1 e At (L ik _ g2
a'(ky)at(gy) =a <§1 Lz(q++k+) o 1]>a <§ln[e arthe) — @24 4 1]>, (125)
- (1 e2k+ (1 e+
P _ _ Al —— _—
a'(k)b(qy) = b< 5 quA T — J>a < 21n Lz% e 1]>’ (126)
. ~( 1 e+ 1 e?k+
AT — __ At -2
ﬁ(k+)a (Q+) N b( 2111 |:e2(q++k+) + 24+ + 62k+:| > 4 ( 2111 |:€2(q++k+) + 24+ + 62k+:| > ’ (127)
Pk )Ba,) = =b(5mmle2o ) 1 e 1))at (S n - (128)
+ q+ 2 2 ‘1++k+) + ng* + 1
&t (k, )&t (-t . 2qetks) 4 o240 4 129
=-b|—= Ry +
'k, )a (g, ( i (++k++ezq++l}) (gnter st e 1) (129)
A 2 ~ 1 €2k+ N 1 32’1+
@k ba) = =b(~3m | ] ) (<5 o] ) (130)
N 24+ ~ /1 (ky+qy) + ek — 1
a = kitq, 2k, _
a(k)Pla.) = - 1ﬁ<§m[ 2t 4 o ) ( [ ithds ]) (131)
A A R 1 2 (ky+qy) + €2k+ -1
a(k+)a(q+) = a(iln[el(hﬁrqﬂ 4 e2ks ) < |: T :|), (132)
. . /1 Q2lkitay) 4 g2k _ g
b(k+)ﬂ(q+) = ﬂ(iln[ 2(k+qy) + €2k+ — 1 ) ( |: 20q, k) :|>, (133)
.~ 2k ~ /1 62(k++q+) + e+ — 1
T At — ¢ _ i 2(ks+q,) 2q; _
p(ky)a(q4) 20Ta) 1 g2ar _ lb(zln{ 206 +q,) })ﬁ < nle +e 1]) (134)
N n (1 2k +ay) + 2 — 11\ ~. /1
R e ) A L GRS} (135)
) . A1 [erketas) 424 — 17\ . /1
a'(kp)a'(q.) =b <§ln|: AT ])(ﬂ <§ln[62<k++q+) + &2+ — 1]> (136)

IV. CONCLUSIONS

In our previous work [49], we proved that one can define
a QFT on x Minkowski in terms of N-point functions, only
in the so-called lightlike case: g, v*v* = 0. This condition
is in fact needed to construct a xk-Poincaré-covariant algebra
of functions of more than more point. However, the

momentum space of such theory turns out to have a
boundary, which can be crossed with a finite x-Poincaré
transformation of momenta. In this work we showed how
this boundary represents an obstruction to the definition of
the Pauli-Jordan function and hence to the quantization
procedure itself. Inspired by [67], we proposed an
“extension” of momentum space beyond said boundary
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through the introduction of what we called new-type plane
waves. These arise naturally from the observation that
momentum space is a group manifold and the action of k
Lorentz on it brings one out of the component connected to
the identity into a disconnected component [67]. We then
studied explicitly all possible two-point functions, which can
be written in terms of ordinary as well as new-type plane
waves. We proved that, if we require invariance under finite
k-Poincaré transformations, we end up with the commuta-
tive, undeformed, two-point function. The fact that two-point
functions are undeformed suggests that all N-point functions
of the free classical field theory might be so. However, we
leave the investigation of this conjecture to future works,
together with the study of interacting theories.

Using the undeformed Pauli-Jordan function (82), we
imposed the quantization rules for free complex x-Klein-
Gordon fields. We obtained a deformed bosonic oscillator
algebra for the creation and annihilation operators, sim-
ilarly to other results in the x-QFT literature (see for
instance [36,37]).

Future investigations will need to address the issue of the
fate of discrete symmetries, i.e., C, P, and 7, in the theory,
their (necessarily deformed) action on the bosonic oscil-
lator algebra, and their interactions with the x-Poincaré
transformations. With the results at our disposal at this
point, we can only conjecture that these symmetries might
not be broken in this theory, because they certainly are
present at the level of the two-point functions.

There is a number of directions in which this line of
investigation might develop in the future: the first ones are
the already-mentioned study of N-point functions and of
interacting scalar field theories. Further down the road,
gauge theories and fermions might be explored.
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APPENDIX A: TWO-POINT NEW-TYPE
PLANE WAVES
Using the identity derived in [49],
ei}’_xl’eihr)c;r eis_xgeihx;

i TSy 2 + 4,2 2 +
_ ei(r_xl’—&-e’z“rs_xz’)ellﬁz(qﬂ”[(l_e x| et (1=e* )xy ]

(A1)
we can reorder the product E; [k]E,[q] in Eq. (62) as
E\[K€;]q) = Eq[KEs[gqle ™

_ ei(k_xl_-k—e‘z’“rq,xz‘)

ik tay t+in/2 2k Yyt 4,2k 2 +
X ell+62("++q+)[(l_e )y et (e )x]

. (A2)

There are two cases in which this expression only
depends upon x| — x4, according to whether one solves
the corresponding conditions for k, or g,. The first case is
when

{ g = —e*k_

e2lkit+ar) — 1
{q_ = S(k)_
qy ==k, —i5+nin =S(k), —i5+nix, neZz
(A3)

Notice that, if the second equation is satisfied, the denom-

inator of the prefactor % in (A2) vanishes. This

means that the prefactor itself can only be finite if n = 0. In
this case:

_=S8(k)_
{ q- = S(k) ; B (Ad)
g. =~k —i5=S(k), i3
The second solution again requires k, + ¢, = —iz/2 and
takes the following form:
k.=e*q_=S(qg_,q. +irn/2)_
ky=-q,—i5=S(q_.q, +in/2),

In the first case (A4), the product simply reduces to
E, [k|E}[K] as in Eq. (27). In the second case (A5), instead,
the product becomes

E\[S(q-, q4 +in/2)]|E5[(q-, g+ + in/2)]
= Ej[(q-.q+ + in/2)|Ex[(q-. q. + in/2)]

= &{[q)Ealq). (A6)

The same reasoning can be applied to the product &, [k]E,[q]
in (62), which either reduces to E{[g]E,[q] or to

Ey[(k_.ky +in/2)|E[(k_ .k, +in/2)] =& [KIESK]. (A7)

Lastly, the product &[k]E,[g] reduces either to (A6) or
to (A7).

APPENDIX B: HERMITIAN CONJUGATE
OF ON-SHELL PLANE WAVES

We want to prove that e,(—k, ) = e} (k. ). First of all
notice that

" Cat _ 4
€(L(k+) — e pmikixT iQ,(k)x; — e~ €a1(k+)

= —e;' (k}), (B1)
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where we used the relation e = —1 [see Eq. (59)]. We will now verify that e,(—k. ) = —¢;' (k. ). Using the commutator
[x}.x;] = 2ix; of Eq. (22), we can show that e~("/2)% x7 = —x=¢~(7/2)xi

xfxg = xgxt 4 2ix; = x5 (xf +2i) = (x7)"x; = x5 (xf + 20)"

—+o00 n +0o0 n
= e Pix; = Z <— g) (x5)"x; = x5 Z (— g) (x} +2i)" = e~ x e (B2)

n=0 n=0
This implies that the product of two new-type plane waves of the same point gives an ordinary plane wave:
Eq [k]ga {q] =E, [k]e_%x;rEa [q}e—%ﬁ = Ea[k]Ea[(_Q—’ Q+)}e_ﬂx2r7
= —E KE,[(-q-.9.)] = —E [k ® (-q-.q,)] = —E,[(k- — e™*q_.k, +q,)]. (B3)

Setting the momenta in Eq. (B3) on shell, we can finally compute the product €,(—k, )e, (k. ):

2m? 2m?
eo(—ky)ea(ky) =&, [— pe T —k+} Ea [— P k+]

2m? 2m?

In the same way, we can verify that €,(k_)e, (k) = —1.
To recap, we proved the following chain of identities:

el(k,) = €' (k,) = ea(=k.). (BS)

APPENDIX C: FLIPPING NEW-TYPE PLANE WAVES

In [49], we proved that, given the commutator [A, B] = icB (with ¢ being some constant), then

eiPoApir1B — ,ie™PpiB 4ip)A  gpq ei(l—e’c"ﬂ)plBeipoA —_ eipo(A-‘rcplB)' (Cl)

Recalling the commutation relations (22) and the result in Eq. (57), we can write how the product of two plane waves acts
on a function f(x5,,y>):

E\[KE>[q)f (xgn.yE) = e—<’<++q+)ei[k—(x?mﬂ?H(“ZkI“)y?] eile ™ q_(xgtyy ) +ets (=17 fle2ktas)xo  oF2kita) )y (C2)

for any complex value of k and g. This result is obtained by moving the operator e/(k++4+)%n to the right. If we now ask
E\[k|E,[q] = E,[r]E;[p], then we obtain the following conditions:

e = €2k+(624+ _ 1) +1 re = %1n(62k+(62q+ _ 1) + 1) + nin

ro=eg_ e

P = o = { Py =k +qy =5 (24 — 1) + 1) + mix, (C3)
p_ = (¥ (2 —1) + 1)k_ po = (e (2 — 1) + 1)k_

ro +py =k, +q.+2lin ro+p. =k, +q, +2lir

where n, m, [ € Z. Replacing the first and third equations into the last we get the constraint n + m = 2/, i.e., n 4+ m has to
be even. From Eq. (C2), we notice that e, [k* + inzd.]e;[q" + imad] = e "+ e, (K] ey [q] = ey [k]es[q] ¥ m.n: (m+n)
is even. We conclude that, although reordering plane waves requires us to invert some multivalued functions, the appearance
of the corresponding branch numbers does not introduce any ambiguity because they cancel out from the final expression.
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APPENDIX D: TWO-POINT FUNCTION WITH NEW-TYPE PLANE WAVES

Let us compute the term in the two-point function (75) that involves new-type plane waves:

00 2k I 20 . 2
H(x; —x;) = /+ di Le_pziHl(x] =) it b = =)y <k+’ _ZL> ,

. ek 4 ek 1

[ e oo (T, - 2.

_ %/%0 dzze 22 (37 x7) 5] —xz>h<2ln(y 2:1 1>,

_ %/wo%e_zqyz(xl—xz)e—%(x,*—x;)h(%ln(z - 1), —27’”2) (D1)

If we now apply the condition (76) and restore «, then we get

2d im2 — — Kz
h | T ) i ) 4

+°°d im2 —_ . — K2
h, / 8 2 -15) il =51,
1 < 2 z
wdu

1
2
27 oy =xg) gimu(xf =x7) + %th /+°° @ o im(xy =x7) pmimu(xf —x7)
u

H(xl_XZ):%
1
277 ) u
1
2
1
2

’

2m m

In(X ©
h_/ G dxe—ime'z(x]'—x;)e—zme”(x -x3) + 1h /+ d)(e—ime'l(x]'—x;)e—ime*(xr—x;)’
In(z5) 2 i

. /msmhmnm ;lp 2e—i<\/W—m(xr—me—i(Wm(xr—x;)
msinh(In(s)) \/ p~ +m

I, [ dipe (PP =p) (5 =x3) i (/P4 p) (=)
+ B + 3 ’
msinh(In(£)) v/ p= + m?

_ lh_ /m Sinh(lII(ﬁ)) dip e_Zi( /pz+mz(x(l,_x(2)>+p(xi_xé))

2 msinh(In(s5)) 4/ p2 + m2

+%h+ /+oo jp - e—2i(\/m(x?—xg)+p(x}—x;))' (D2)
msinh(In(£)) \/ p= + m

In principle, we could also have used the other invariant two-point plane waves to write a different two-point function:
A'(x) = xp) = L(x) —xp) + M(x; — x3),
Lt =) = [ @R MERI0ER) = ),

M(x, —x) = / PKE KE K m(K)S(C (k) — m?). (D3)

However, if we assume /(k) and m(k) to be constant on the forward and backward light cones, I(k) = [_O(—k,) +
1,0(k,) and m(k) = m_O(—k,) +m, 0O(k, ), then a similar calculation gives

(o —x) = I /Hodp 2V P (=) p(xi=)) 4 ] /msmh(ln(Z”’)) dipe—zi(\/p +m? (1) =x9)+p(x]=x}))
- \/pz—f—m2 -0 \/pz—f—m2

+m, /m sinh(In(£)) dipe_%( /p (0 —x0) 4 p(x! —x))

msinh(n(%)) \/ p? + m?

+m_ /Jroo d—pe—%(\/m(x —)+p(x=x)) (D4)
msinh(n(%)) \/p? + m>

So for m, = m_ =1, we obtain again the commutative two-point function.
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APPENDIX E: BOSONIC OSCILLATOR ALGEBRA

We want to derive the conditions that the commutators in Eq. (83) imply on the Fourier coefficients of the fields. Let us
consider the first equation in (83), [$(x;).$" (x2)] = iApy(x; — x,). The left-hand side can be written as the sum of 32
integrals:

8 16
[B(x1).d ()] = > 1Y zyuzw» (E1)
= i=1

i=1 i=1

The first 16 integrals involve products of plane waves of the same type:

e2kit+q.) R ot i
(e = 1)(20 — 1) a(ky)a' (g4 )ei(ky)ey(qy ),

\
§:
\
&
f

o2ki+a,
dq. S Zz*(qﬁ&(l@)e*(q Jer (k).
(@ =D 1) e

+
8
+
8

-

&
=~
+

I\)

e2k+ R
dq (& 1) (2 — 1) a(k,)b(q.)ei(ky)ex(q.),

+
8
+
8

~
w3

U

=
+

o2k R R
dq (e2k+ —1)(e24+ — 1) b(g,)a(k,)ex(qy)er(ky),

+
8
+
8

|
~
-
Il
QU
bl
+

+
8
+
8

6211+ NS

s oy kD @ek e ).

~
=

|

U

>~
+

e+ . ax .
A i T i
dq. (e = 1)(20 — 1) a'(q)b'(ky)ey(qy ey (ky),

+
8
+
8

|
~
o=
|
U
>~
+

+
8

I
%NO\JO\,NNN%N%NNN%N
8 Q_‘S
IS
%NN:\NNM%N%NNN%N
8

+
8

1 ay R
dq,. (e — 1) (e = 1) b (k+)b(‘1+)ei(k+)32(4+),

Q.
=
+

~
I

() _ [ e 1 2o NRE +
—Iy = dk. dq. (2% —1)(e2 — 1) b(q)b'(ky)es(qy)e;(ky),
e2(kitq.) . ¢ ;
dq.. (e +1)(e2r + l)a(k+)a (g )e1(ky)ex gy ),
J(l) Y Ik +o0 p e2ki+a,) ot . .
e T + 9+ (2% + 1)(e2+ + 1)0‘ (g )a(ky ey (g )er (ks ),
K= [k | da, - a(k )P, e (K, ealgs)
(62k+—|—1)(62q+—|—1) +/¢1 2\4+ )
= [ Tak, [ ag, e Bla)atk, er(q)er (k)
(e2k++1)(€2‘1++1) + +/€2\4+ )51 \"+ )
K= [ak, [ dg o Bk )at (q,)el (K, )eb(q)
5 + +(e2k++1)(62q++1) + +/)€1\R )€ 4+ )
A= [ [ g (g (el e k)
6 + +(62k++1)(62q++1) + +/)€2\d+ )€1 \Rt )
+oo +oo 1

=
I
QL
»
+

ﬁT(k+)ﬁ(CI+)€T(k+)€2(CI+)’

d
DS

I
~
®=
I
U
>~
+

B(‘I+)ﬁf(k+)€2(Q+)€I(k+)- (E2)

1
d
TR DE@E

The remaining 16 integrals involve products of plane waves of different types:
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H<1> +oo dk +00d ez(k++q+) Ak at X +
= [Tk [ e o e atkd @ e (ke ).
) T +o0 e2(ki+ay) At . T
—H, _/) dk+A dQ+( 2 1)(e2r + ])a (q+)alky)ey (g )er (k).
HY = / "k, / " dq, e a(k)B(a)er(ki)ex(q, ),
0 0 (e —1)(e*+ +1)
Y = [T [Cda e ak el e )
0 0 (e —1)(e*+ +1)
(1) +00 +00 e+ At A~ T +
H. = dk d b'(k k ,
V= [k [ g e D 00 )6l ()0
1) +o0 +o0 €2q+ At 4 T T
—HWY = dk d b'(k ki),
6 \/0 +A q+ (ezkJr _ 1)(€2q+ + l)a (q+) ( +)€2(q+)el( +)
Y = [Cak [T : bk )B(a. el (k) estan)
7 o + o +(€2k+—1)(€2q++1) + +/C1\M+ +/
Y = [Tk [ 1 Plab! (kJeala. el (k)
8 o + o +(€2k+—1)(€2q++1) + + +/)C1\ M)
H(1> +oo i +oo P 62(k++q+) k k t
0= [T [ g o ) e el a).
() +o0 +00 2k +a.) at . §
- = [T [ g o g ak el e k).
Y :/+°°dk /+°odq e a(k;)b(g.)er (ky)ex(qy)
11 0 + 0 +(€2k++1)(62q+_ ) +/EINEH ST+
—El) = / ke, / g, e blgy)a(ky)es(qy Jer(ky),
2 0 (e + 1)(e2t 1)
(m _ [* e e Bk )at (q,)el (k. )el
Hy; :/ dk+/ dq (2 4+ 1)(e2 — l)ﬁ (ky)a' (g )ey(ky)es(qy ).
—+o0 2q+ + A.}. + +
_H14 —/ dk / dq, (e +1)(e29r — )‘1 ()P (ky)ey(qy)er (ky),
Foo 1 + o il
15 = dk dq. (& F1)(20 = l)ﬁ (k1)b(q)ei (ks )ex(q.),
+o00 1 N A
—E) = dk d b(q )P (k T(k). E3
16 A +[) q+ (@ 1+ 1) (e — 1) (q: )" (ks )ex(q )ey (k) (E3)

In order to compare this commutator to the compact expression of the Pauli-Jordan function (82), we need to move x, to

the right in the even-numbered integrals. In Igl), for instance, we can rewrite the product eZ(q +)ep(ky) according

to (74):

1 1
ellaen(k) = e (hle + =11 =g, el (Gl 4 e 1=k, ). (E4)
If we make a change of variables
1 1
K. = Eln[ez‘” + e —1]—q,, q. = Eln[ez‘“ +e 1] -k, (ES)

then
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1
K, €]0. 400l ¢, €]0.~5In(1 —e)], (E6)

and the integral becomes

+o0 —Ln(1—e72+) e2(ki+ay) 1 24+
= di, [ ° d o' ~1In
) + 0 9+ (ezk+ _ 1)(62% _ 1)(62k+ + 24 — 82(q++k+))a 2 | e2ki 4 o244 _ p2(aitky)
« % et er(k,)el(q.) (E7)
2 62k+ + ez‘H — e2(4++k+) IS EARAS S A
Analogously we can prove that
it dk 400 J e2kitay) 5 11 s ths) %, 41
4 q+ (2% —1)(eX —1)(e 2qi k) — g2y 4 0 B nfe e ]
‘I++k+
xa <2 In Lz( k) g2k 1]

+o0 e (ki+q.) At 1 e2(q++k+)
/ dk / dq+ ki _ ])(32‘1+ - ])(e 2(qyt+hy) 24+ + ]) a (511’1 |:ez(‘1++k+) — 24+ + ]:|>

B (Gl st - e u) el (k,)el(as). (ES)

For what concerns Iél), again using (74), we obtain

1 1
ex(aJel(k) =l (k. =g (1= ) 4.2 Jer (g, - Jmlee (1= )+ 4 ]).(E9)

When g, > —3In(1 — ¢7%+), the argument of the logarithm becomes negative and we can write
¥ L a2k 2k T L a2k 2,7 .
ex(q.)ei(ky)=e —k++§ln[e (e —1)—e +]—|—l§—|—nm e q+—§ln[e (e —1)—e +]—z§+mm ., (E10)

where m + n is even, as we proved in Appendix C, so that the right-hand side can be written as €] (k, — In[e??+ (e2*+ — 1)

—e**+])ey(q4 —3In[e??+ (e*+ — 1) — e?*+]). If we now proceed as for 1), then we get

" p ez<k++‘ﬁ) B 1 1 €2k+
/ +/ ‘1+(62k (e — 1) (&2 + X — 1) <_§anq++62k+_J>
x b’ (‘51 {m})ﬂ(h)ez(%)

+oo 2k +ay) ~ /1 29 2k 41
dk dq. . bl =1n e e 4l
2k+ + )(62q+ + )(e2q+ + 82k+ + 1) 2 62k+

1 2‘?+ + ek +1
S

ezq+

+00 +o0 2(=ki+q,) ~ /1 2q4 2k 41
_/ dk+/ dq, —¢ 5 ¢ ; — bl =In #
0 0 (e7* + 1)(e* + 1)(e*+ + e +1) \2 e~

a1, e e 11
x b (5111 [T} )61(k+)€z(C1+)
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dk +00 62(k+ q+)
- T [ e (& (e + (e 1 e 1 1)

A e 4 2k 41 1, [e29+ + e+ + 1
i i i
b<21n[T]>b <ZIH{T}>€1(/€+)€2@+)

too ” too J (kitq.)
_/0 +/O q+ (e—ZkJr 4 1)(3—2q+ + 1)(6—2q+ + e~ 2k+ + 1)

1 e 2 + 72k 11\ 4+, /1 e 2 4 2k 4
<§ln[ T ])bT <§ln[ prs ])el(k+)e;(q+). (E11)

S

X

1)

Analogously, the J f integrals are given by

1= e2kitay)

_ng) _ _/%ln(3) dk. /—%ln(‘ g,
0 n(1—e24) (e%+ — 1) (e2a+ = 1)(e2hetas) — o2k — 24+
x &t <_11n[e2k+(1 ek - 1])&(%{ G Del(k Jel(q.)
2 2 e (1 —e29) =1 HIma
+00 n(1—2e"2+) 2(ki+q.)
— /éln( dk, /_'ln . (62k+ —1)(e2 — 1><ez(k++q+) — ek — 24+

o 1 - 5 . 1 62<k+—(J+) +
X & —Eln[e “(1—e)=1] )a Eln (=)~ 1 e(ks)ey(qy ).

2k+

e2(a+ky)

+00 1ln loett =&
_/%ln( dk /lln 1-2e72k+) ( 2k _ 1)( 2q, _ ])( 2(q+ky) _ ek 62‘1+)

A~ 1 ( q++k+) —_ e + — 32q+ 1 2k+ +
b (5 1n|: e24+ Eln 2gtky) _ p2ke _ o244 )el(k+)62(q+)’

J(1> %ln(Z) ” +00 P e 2(k+qy)
e T +/—%ln(l_‘”_22k+) q+ (e — 1)(e20+ — 1)(e2kita.) — g2k — 241)

1 eZQJr A (e k +q+) —_ 62k+ —_ 62‘”)
AT T T
e <§ln [62(k++q+) — kv — 62‘”} )'B (2 ln[ o2k ])el(k+)ez(61+)
1In(3) —$In(1-2¢72+) (ki+q.)
- dk d
[m(z) * /—lln(#) 9+ (62k+ — 1)(62‘I+ — 1)(e2(k++11+) — ek — €Z(I+)
1 e+ Al (62<k++‘]+) — o2k — 62‘“)
At + ¥
o <§ln [62(k++4+) — ke — e2q+} )'B <§ ln[ o2k ])e, (ki)ex(q).

J(]> 1In(3) dk +o0 J (kitqy)
8 [ln(Z) + /—%ln(l—Zez’“r) 9+ (62](* — 1)(82‘1+ - 1)(62(k++q+) — eZQ+ — 82k+)

1 e2kitar) _ p2q0 _ o2k, 1 e2kitas) _ p2q, _ o2k,
i i
2111[ 24 ])ﬂ <2ln[ o2k ])el(k+)ez(q+)

“+oo0 Jk +oo J 32(k++’1+>
I3 /—%m(#) T+ (e%+ — 1)(e2a+ — 1)(ePhtas) — 24+ — 2kt
~ /1 62(k++‘I+) — 024+ — o2k e 1 62(k++‘I+) — 24+ — 2k
xﬂ(zln[ TR ])ﬂT <21n[ pn ])el(/@r)e;(cu). (E12)
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Lastly, the Hl(.l) integrals can be written as

_ H(zl)

I In(2¢%+-1) 4 e2lai—ky)
/%1n<3/2> " /%1n<2<e2’f+—1>> T =0 (20 1) (@) 4 ek =)
il L k) L ok /1 e2la—ky) .
X a —Eln[e Te) ek — 1] |a Eln P B e (ki )exq,)

Lin(3/2) Hin(2e%+ 1) e~k
+ A dk+A dq.. (1 — e %) (e2+ 4 1) (24K 4 =2k _ 1)
1 1 62(q+_k+> .
x af <—§ln[62(q+_k+) + e — ”) a (Eln LZ(q+—k+) + e 2k — J > alkr)erla:)
1n(3/2) ~4In(2(e*+ -1)) e 2tk
—I—A dk+[) dq+(1—e_2k+)(e_zq++1)(e_2<q++k+)+€_2k+—1)

i Ly ok 2k (1 e etk T ¥
X & —Eln[e ) 4 e — 1] |a Eln g IR B ei(ky)es(qy)

11n(3/2) i —Ln(e*+-1) P e~ 2q.+ky)
+
/O + [%]n(2(62k+_1)) q+ (1 _ e—2k+)( —2C[+ + 1)( —2(q++k+) + e—2k+ _ 1)

sl L gk ok (1 e 2astky) t ¥
X & —Eln[e ) e — 1] |a Elne PR BT — ey(ky)es(qy)

1In(2) " —Ln(e?+—1) J 2(q++k )
+
/1n(3/2) +A q+ (1 — e2k0) (720 4 1) (e 2 +k) 4 =2k — )
R 1 . 1 e 2(q+ky) ¢
xal <—§ln[e_2(q++k+) e - 1]):1 <§ln L_Z(Q++k+) T2k 1] ) ei(ki)es(a)
/%m(z) " /%m(z( 2k+_1))d e2(a1—k,)
+
inG2) o Jo q+ (1 — e72ke)(e24+ 4 1)(e2+7K) 72k — 1)
it (— Linle2a—ko) 4 p=2 A (1 ek :
X & —zln[e ) e — 1] )a zln Py B e (ky)ex(qy)

400 (e*+-1)) 62(q+—k+)
+ / dk /
%ln( In ezm 1) (1 — e_2k+>(624+ —+ 1)(62(q+_k+> —+ e_2k+ — 1)

] 2gamks) o /1 e2lar—ky) .
X a —zln[e TRe) e — 1] |a Eln I T e (ki )ex(q,)

+) +e 2k

o In(142¢~2+) 2tk
T e S T
1 1 e2kitqy)
x &t <—§ln[e2(k++q+) — ek — 1]) a (5 In |:62(k++q+) ~ 2k 1]>€1(k+)€2(q+)

+oo In ]+2@2’<+ 62(q+—k+)
/ /ln 14e+) (e‘2k+ + 1)(62‘I+ — 1)(e2(—k++%> — e 2k _ 1)

o 1 ki) _ =2k (1 e hitay) T
X & <—2ln[ +144) — o2k 1]>a<2ln |:e.2(—k++q+) T J )el(k+)ez(q+), (E13)
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o 2(q,—ky)
_H(l) _ / /
! 0 I n(2¢2+ —1) (1 — e72k)(e24+ 4 1) (ea—hs) 4 =2k — 1)

ﬁ [ q+—k+) +€_2k+ _ 1] a lln ez(Q+—k+> eT(k )6 ( )
2 |e2ai—ke) 4 =2k _ 1Ky )€2(q 1

+oo e2(q.+ky)
+
/0 / e %4 41)) (1 4 e ) (€20 — 1) (eX e+ The) — o2k — 1)
62(‘1++k+)

A1 1
2 ki) _ o2k _ al —
X ﬁ(iln[e (44+k0) — o 1]>a(2 In [62(61++k+) ok 1]>el(k+)ez(q+)

+oo dk too d e (q4—ky)
A + Aln(Z(e2k++l)) q+ (1+ e~k )(e2+ — 1)(62(q+—k+) — ek )
1 (1 e2(a—k)
(Eln[ez(th—/q) — e—2k+ — 1]> a (Eln |:e2<‘I+_k+) _ €—2k+ _ 1:| >€I(k+)ez(q+)

400 " Ln(2(e 2+ +1)) J 2(q4+ky)
A + /%ln(262k++1) q+ (1 + e2k+)(e2q+ —_ 1)(62(q++k+) — e2k+ — 1)
1 e2la+ky)

(1 2 k 2k A
xﬂ(iln[e (@ethe) — o2k — 1] )a Eln T — e(ky)ex(qy)

+o0 Ln(2(e2+ +1)) 4 e2a—k:)
/0 /%ln(292k++1) T (14 e72k+)(e29+ — 1) (e2a+7k) — e=2ks _ 1)

v Tak,
A1 ) 1 e2(a—k,)
— (qr=ky) _ ,=2ky _ AL "
xﬂ(zln[e e 1]>a<21n Lz<q*_k*) ST €i(ky)ea(qy),

+

>

X

_|_

HO) In(2) " 40 p e2kitqy)
e A * /—%1n(262k+—1) 9+ (62]{* — )(eZ‘I+ + 1)( 2(k;+q4) + €2k+ — ezlh)

1 62‘” ~ 1 (62(k++q+) + 62k+ — €2q+) .
/\T - T + :
e <2 In LZ<k++q+) 4 e — e2q+])b <2 ln{ o2ks ])el(kwt)%(%)’

21 e dk +°°a, e2(kitay)
—Hg _/;m(z) +A q+ (e — 1) (e + 1) (e 20k +47) 4 g2k 1)

A1 A 1 ez(q++k+)
Bt e 4 )6 (< ml )erteesta

e2kitar) 4 2k ]

+oo dk d (ki=q4)
+
[ln(Z +/ T+ (62](* - l)(e_2‘1+ + 1)(62(k+—q+) + ek — 1)
e2(—q.+ky)

~ (1 A 1
2(ky— 2k, _ T _ - +
X ﬂ(iln[e (ki=qy) 4 ¢ 1]>b < 2ln [62(k+—q+) peTI J)el(kgez(ch)

e2(ki+ay)

$In(2 +o0

+/0 dk+/ dq.. (e — 1)(e29+ 4 1)(e2kitas) 4 g2ks _ 1)

XB lln k++q +62k _ 1] BT —ZIn 62(q++k+) ¢ (k )
<2 + + ) ( 5 [62(1‘*“*) Iy 1]) 1Ky €2(Q+>
I ~n(2e72k+ —1) 2(ki—qy)

+A korA dQ+ (€2k+ _ 1)(6—2q+ + 1)(62(](*_[]*) + 62k+ — 1)

. /1 2esas) " - 1 e2(—q.+ky) ¥
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Also in this case, we rewrote the even-numbered integrals by moving x, to the right.
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Lastly, the left-hand side of the third equation in (83), [$'(x;), ¢ (x,)] = 0, can be written as
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The resulting algebra is deformed and x-Poincaré invariant and it is reported in Sec. IIL
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