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We consider quantum field theory with self-interactions in various patches of Minkowski and de Sitter
spacetimes. Namely, in Minkowski spacetime we consider separately the right (left) Rindler wedge, past
wedge, and future wedge. In de Sitter spacetime we consider expanding the Poincaré patch, the static patch,
the contracting Poincaré patch, and the global de Sitter itself. In all cases we restrict our considerations to
the isometry invariant states leading to maximally analytic propagators. We prove that loop corrections
in the right (left) Rindler wedge, in the past wedge (of Minkowski spacetime), in the static patch and in the
expanding Poincaré patch (of de Sitter spacetime) respect the isometries of the corresponding symmetric
spacetimes. All these facts are related to the causality and analyticity properties of the propagators for the
states that we consider. At the same time in the future wedge, in the contracting Poincaré patch and in the
global de Sitter spacetime infrared effects violate the isometries.
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I. INTRODUCTION

In the study of various phenomena in strong background
gravitational fields one frequently has to consider quantum
field theory within patches (aka regions or wedges, or
charts) of entire spacetimes rather than within whole
spacetimes themselves. For example, in the study of the
Unruh effect [1] one considers the right Rindler wedge,
which is a quarter of the entire Minkowski spacetime. At
the same time, in the study of inflation [2-5] one restricts
the consideration to the expanding Poincaré patch, which is
half of the entire de Sitter spacetime [2-5].

The Unruh effect originates from the fact that the
Poincaré invariant state (so-called Minkowski vacuum) is
seen as the thermal state (i.e., with the Planckian distribu-
tion for the exact modes) from the point of view of the
Rindler (eternally accelerated) observer. In the study of the
inflation one also frequently restricts the consideration
to the de Sitter isometry invariant states or to such
states which inevitably rapidly approach the invariant states
[6-8]. See, however, Ref. [9] for an alternative proposition:
to check the destiny of generic Hadamard states under the
time evolution and see whether equilibration happens first
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or the backreaction leads to a strong deformation of the
geometry, and only then does the equilibration happen.

For the isometry invariant states the tree-level propa-
gators are functions of the invariants (geodesic distances
and signs of the time differences) rather than functions of
each of their arguments separately. However, in the loops, if
one restricts the integration over vertices to a patch of entire
spacetime, the correction naively seems to violate the
isometry invariance. In fact, the measure of integration
associated with vertices violates the invariance, because
there are generators of the symmetry group of the entire
spacetime which move the patch.

Our goal here is to address the question of the isometry
invariance of the loop corrections to correlation functions in
various patches of Minkowski and de Sitter spacetimes. Such
a question was already addressed by several authors in the
right Rindler wedge and in the expanding Poincaré patch
[10-12]. We extend those considerations to the future (or
upper) and past (or lower) wedges of Minkowski spacetime,
to the contracting Poincaré patch of the global de Sitter
spacetime and to the global de Sitter itself. We also use a
different way of reasoning and by-product to prove several
statements concerning the Schwinger-Keldysh and Feynman
techniques in the patches and in general situations.

The deeper reason why we consider quantum field
theory in such unusual circumstances is as follows. We
still do not really know what was the initial state of our
Universe at the start of the inflation (if the inflationary
epoch did really take place). Namely we do not know the
geometry of the initial Cauchy surface, the basis of modes,
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and even whether one should use for the quantization the
basis in the entire spacetime or on the initial Cauchy surface
only. It is very hard to address such a problem in full
generality. To keep task small it is meaningful to consider
various initial Hadamard states (including initial Cauchy
surfaces of different geometry) and start from simple
symmetric situations. In this article we show that even
for such a situation the quantum field theory dynamics
strongly depends on the geometry of the initial Cauchy
surface, and infrared effects play the key role. At the same
time we study the dynamics in various patches of
Minkowski spacetime just as a simple training example.

In the standard cases (right Rindler wedge and expand-
ing Poincaré patch) we confirm the previously made
observations. Namely, we show that for the maximally
analytic invariant propagators loop corrections respect the
isometry. However, in some of the new cases (in the future
wedge, in the contracting Poincaré patch and in the global
de Sitter spacetime) we find that loop corrections violate
the corresponding isometry symmetry due to infrared
effects. We summarize our results and clarify their physical
meaning in the concluding section.

II. RIGHT RINDLER WEDGE

In this section we consider interacting massive real
scalar field theory in the d-dimensional Rindler wedge
of Minkowski spacetime:
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Here n > 3 and in our study the possible nonrenormaliz-
ability or stability of this theory is not important. We are
interested in the properties of the loop corrected correlation
functions under the action of the Poincaré symmetry. While
a similar question was addressed in [12], we will present a
different analysis which does not use the momentum space
and, hence, can be generalized to curved spaces. Besides
that, using the same method we will also consider other
charts of the Minkowski spacetime and of the de Sitter
spacetime as well.

The relation between Minkowskian, X#, u=0,...,d—1,
and the Rindler right wedge, X! > |X°|, coordinates is as
follows:

X9 = ¢¢sinhr, X! = ¢fcoshr, (2.2)

and the other d — 2 coordinates X4, a =2,...,d —1 are
unchanged. We use the standard Euclidean metric for them.
The corresponding Rindler metric induced from the
Minkowskian one is

ds? = e*(dr* — d&*) — (dX)%. (2.3)

We consider the Rindler thermal state with the inverse
temperature f = 2z in units of acceleration [1,13-17].
Namely in the Feymnan and Wightman propagators,

FX.X") = (TopX)p(X))o. WX, X) = (d(X)p(X"))o,

(2.4)

and correspondingly, the expectation value is taken over
the state that respects the Poincaré isometry of the flat
spacetime. As a result, for such a state ' and W are
functions of the geodesic distance between X and X’ and of
the sign of the time difference rather than of each of their
arguments separately. This is the standard state to consider
in high energy particle physics.

The correlator with the reverse time ordering, as well as
the Wightman function with swapped points, can be
expressed via (2.4) by the complex conjugation:

FX.X) = (ToX)p(X'))p. WX'.X)=W(X.X). (25)
For the Poincaré invariant state these propagators are also
functions of the geodesic distance and of the sign of the

time difference.

A. The Feynman perturbation theory
does not work

Let us consider for the beginning the standard
Feynman’s diagrammatic technique in the right Rindler
wedge, X! > |X°|, with the propagator given by (2.4).
Our goal is to show that it gives an incorrect result in the
circumstances under consideration. In the next subsection
we will show that the Schwinger-Keldysh technique
provides the correct result.

Consider a Feynman diagram and an internal vertex Y in
it connected with n external points X, ..., X,,. In x-space
the contribution of this vertex to the diagram is given by the
following integral:

I(X,....X,) = /ddye(yl -Y9o(y' + Yo)ﬁF(Y,Xj).

Jj=1

(2.6)

The #-functions restrict the integration region to the right
wedge, and we also assume that X; belong to the wedge
as well.

We wish to check whether 7 is Poincaré-invariant or not;
i.e., does the result of the integration over the internal
vertex Y in the last equation depend only on invariant
quantities such as geodesic distances and signs of the time
differences or not?

To do the check one can calculate the variation of / under
an infinitesimal coordinate transformation. For instance,
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consider the following translation, which moves the
right wedge:

Y' - Y +a. (2.7)

The coordinates X;, i =1,...,n are changed as well
accordingly, such that the Feynman propagators under
the integral do not change. The whole integral then changes
as follows:

S (X1, ... X,) = a/ddY[é(Yl - Y9o(y! +Y9)

+8(Y'+Y%)o(Y!' — Y9)] H F(Y.X)).

(2.8)

To proceed, we need to take into account that F(Y, X;) are
functions of the intervals (Y — X;)* and are defined as the
lower boundary value of an analytic function in the lower
half-plane:

F(Y.X;) = F[(Y — X;)* — ie]. (2.9)
The explicit form of this function is not relevant for our

considerations, but it is not hard to find out that in
|

flat spacetime it is proportional to one of the Hankell
functions.

It is also important to note that strictly speaking F(Y, X ;)
is a distribution rather than a function, and the limit ¢ — 0
should be taken in a distributional sense (see [18] for a
review). Besides that, this limit is defined in the complex
plane of the time coordinate, which we will discuss in
more detail in Sec. IIC (see, e.g., Fig. 3). Hence, in all
subsequent expressions terms with ie-prescriptions should
be understood as such distributional limits. Note that
outside of singular points at the light cone they nevertheless
admit representations in terms of ordinary functions.
Furthermore, the Pauli-Villars regularization, which we
discuss in Appendix B, removes all the singularities, and
the propagator becomes well-defined everywhere on the
real line.

The interval itself can be expressed as follows:

(¥ =X)? = (" = Y)(¥* + ¥') = (¥ = V) (X} + X))
— (YO + Y (X - X1) - (ve)?

+2X9Y + (X;)%.

; (2.10)

Taking the integral over Y' in (2.8) we find:

S I(Xy. ... X,) = a/dd—lya(yo) [H Fl(X! - X9)(2¥° - X} — X0 — ie) — (Y — X4)?]
j=1

J

where d?~'Y = dy°dy?..-dy?' and we used that
X]l. + X}) > 0, le- - X‘]? > 0, because all points that we
consider here are in the right wedge. Also, we have
changed —Y? — Y? in the second term under the integral.
The integrand is a lower boundary value of an analytic
function of Y°, but due to the presence of §(¥°) the contour
of integration cannot be closed (unlike, e.g., the case
considered in [19] for the Feynman technique in the
Poincaré region of the anti—de Sitter spacetime). Also note
that the two terms in the brackets cannot cancel each other,
as the first one is a function of le. - X?, while the second
one is a function of X} + X9.

In all, I(X,, ..., X,) is not Poincaré invariant, because it
changes under the action of the generators of the corre-
sponding group. This is just a revelation of the fact, as we
discuss in the next subsection, that the standard stationary
perturbation theory (Feynman diagrammatic technique) is
not applicable in the case under consideration. One has to
apply the Schwinger-Keldysh perturbation theory.

+ [ SIX! + X9)(2r° — X! 4 X9 — ie) — (v« — X9)?] |,
=1

(2.11)

B. The Schwinger-Keldysh time contour

As was mentioned above, we consider a thermal state in
the Rindler wedge of the Minkowski spacetime. Hence, it is
appropriate to use the Schwinger-Keldysh diagrammatic
technique rather than the Feynman one. That is the reason
why we have found problems with loop corrections in the
previous subsection. Similar observations for de Sitter
space were made in, e.g., [20,21].

In the Schwinger-Keldysh technique one has to use the
double time contour going from the past infinity (in the case
of an equilibrium state) to the future infinity and then
backwards [22-24]. As the result, one should assign to each
internal vertex either { + ) or ( — ), depending on which
part of the contour it belongs to, and use the following
propagators to compute diagrams:

G__(X.Y) = F(X.Y),
G_, = W(Y.X),

G, =W(X.Y),

G.,(X.Y)=F(X.Y), (2.12)
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where F' and W are the two-point functions which were
defined at the beginning of this section.

To calculate the contribution of a diagram one has to take
the sum over the signs of internal vertices. Also, each { — )
vertex has an additional —1 multiplier. Let us consider a
part of a diagram in which the external vertices X1, ..., X;

|

o(Y' +Y°) ﬁ

Ig(X,....X,) = /ddye(yl -

The loop integrals of course contain standard UV diver-
gences which have to be regularized. We assume the
Pauli-Villars regularization scheme, in which from the
propagators defined in (2.4) and (2.5) one subtracts a
sufficient number of propagators of massive fields to get a
finite expression for the diagram. For our further consid-
erations it is important that the expressions we use in the
diagrams instead of ' and W have exactly the same analytic
properties as functions of geodesic distances. Thus, below
we assume the Pauli-Villars regularization scheme, but use
the same notations F and W for the subtracted two-point
functions. More details are provided in Appendix B for the
case of the de Sitter spacetime.

Also note that the expression for Ix does not include
tadpoles. However, they will not change any of our
considerations. Namely, the contribution of a tadpole
connecting Y with itself to the integrand of (2.13) consists
of an additional factor F(Y,Y) in the first summand and
F(Y,Y) in the second one. These functions are constants
due to Lorentz symmetry, which become finite after the
regularization. To ensure the cancellation of vacuum
bubbles the constants F(Y,Y) and F(Y,Y) should
coincide,' i.e., ImF (Y,Y) = 0. It means that the contribu-
tion of tadpoles to the whole diagram is just a constant
factor, which is irrelevant for our considerations.

Let us consider now the transformation of (X4, ..., X,)
under the action of the same translation (2.7) as in the previous
subsection. We will show now that §./g(X;,...,X,) =0.
The same can be shown for other generators of the Poincaré
group. That is, by showing that I (X1, ..., X,,) is invariant,
we prove that it is a function of such isometry invariants as
geodesic distances and signs of time differences.

To start the proof we should express the Wightman
function in terms of the boundary value of a complex
function § of a complex variable as follows:

'Note that this condition can be violated only in a nonsta-
tionary situation for the in-out Feynman propagator. But we
consider here in-in Feynman propagators only (see, e.g., [25,26]
for a related discussion in de Sitter spacetime).

are of the {( — )) type, while the rest of them (X1, ..., X,,)
are of the {(( + )) type. Let all these vertices be connected to
an internal vertex Y. Then the contribution of the part of the
diagram under consideration corresponds to the integral
over the vertex Y with the summation over its signs and has
the following form [up to a common factor (—1)*]:

n

H W(Y,X;) - ﬁW(Y X))

n

I Fir.xp|. (213)
W(Y.X) = (Y — X)? — iesign(Y° — X0)].  (2.14)

Here we use the same function as the one that we used
to express the Feynman in (2.9). An explicit form of this
function is not relevant for our considerations. It is
important that it is an analytic function on the cut
complex plane of the geodesic distance. The cut is going
along such values of the geodesic distance, which
corresponds to timelike separations between X and Y
and starts with the light-cone separation. As a result,
ImE #0 on the cut and the commutator of the field
operators ¢(X) and ¢(Y) is not zero for timelike sepa-
rations, as it should be on the physical grounds. In fact,
this way one obtains a nonzero classical retarded propa-
gator in the field theory under consideration. At the same
time the function § is real for spacelike separations. That
is necessary to fulfill the condition of causality and to
have the commutator of the field operators zero for spatial
separations. Finally the written above ie prescriptions in
the expressions for W and F just specify which side of the
cut should be taken to define the propagator for timelike
separations.

To proceed with the proof it is convenient to introduce
the following notations for the squares of geodesic dis-
tances if Y is on the boundary of the wedge:

— (x! _ x0 1 _ 0 2
dy(Y,X;) = (X! = X0)(2¥0 = X! = X0) = (y4 — X9)?,
— (¥l 1 x0\(2y0 _ ¥l o x0 2
d(Y.X;) = (X! +X0)(27° — X!+ X0) — (¥ — X9)2,

(2.15)

In the first expression we assume that Y° = Y! and in

the second one that Y = —Y'. We also changed Y° — —Y°
in d, for future convenience. Then we find that the
transformation of 7, under the translation (2.7) can be
written as

S dx(Xy.....X,) =a(6WIg +6P1g), (2.16)
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where

n

5<‘>1K:/dd-‘Ye(YO){ﬁg[dl(Xj,Y)—ie] H &ld(X;.Y) + iesign(Y? - X9)]
j=1

k

j=k+1

— I 8ldi(x;.Y) —iesign(y* = x0) T] ldi(X;.Y) + ie]

=l

n
}, and
j=k+1

n

k
5<2>1K:/dd—lya(yo){ﬂg[dz(xj,y)—ie] I1 Slda(x;. ) — iesign(¥° + X9)]

k

=

Let us start with the consideration of (/1. Note that the
integrand in the corresponding expression vanishes, when
Yy is larger than all X?. In fact, in such a case the ie
prescriptions in the first and second terms under the integral
coincide, because sign(Y? — X?) = 1. Hence, when Y, is
larger than all X9 we find that 515 = 0.
Now assume that Y9 < X? for some j, then we have?
X9 > 710 >0, (2.18)
where the restriction Y° > 0 appears due to the theta
function under the integral in (2.17). From (2.15) we see
that then d, (Y, X;) < 0, because inside the Rindler wedge
X} > X?. Therefore the interval between X; and Y is
spacelike, so the ie prescription does not matter, because
the function § is real for such an argument: for spacelike
separations all four propagators from (2.12) with X = X;
coincide. Hence, the integrand in 6" I vanishes, and again
we find that 8V, = 0. This essentially completes the
proof that for the transformation in question &Iy
is always zero due to the analytic properties of the
propagators.

The case of 62 I is slightly more complicated. The
signs of the ie prescriptions in two terms in V coincide if
sign(Y? + X9) = —1, i.e., when

X9 < -y’ <o0. (2.19)
(The second inequality again appears due to the presence of
the step function under the corresponding integral for
8@ 1I¢.) In such a case the integrand of 81, obviously
vanishes.

From (2.19) it also follows that d,(Y, X;) < 0; i.e., the
interval is spacelike if sign(X® + X?) = —1. It means that if

*We can use strict inequalities as the sets of zero measure
obviously do not contribute to the integrals.

- Hg[dz(xj,Y) + iesign(Y? + X9)] H Flda(X,.Y) + ie]}.

J=k+1

(2.17)
j=k+1

|

the interval is timelike, sign(Y°+X9) =1 and the ie
prescriptions in two terms in 82)Iy are different—it is
the opposite situation to what we have observed for the
case of 8)Ix. As the ie prescription is irrelevant when the
interval is spacelike, we can replace sign(Y? + X?) with 1
for all X9 and obtain that

81, = /dd—lye(yo){ﬁ%[dz(xj, Y) — ie]

- ﬁ%[dz(xp Y)+ ie]}. (2.20)

Now let us consider the properties of the product
[1}-; Fld»(X;,Y)] as the function on the complex plane
of YO It is straightforward to see from (2.15) that
dy(X;.Y) <0 if Y <0 (assuming that X; belongs to
the right Rindler wedge). The interval first becomes
lightlike for some Y? > 0, which is the lowest value of
Y% such that d,(Y,X;) =0 for some of the ;’s. Hence,
[1}/=) Fld2(X;, Y)] has a cut along the half line (Y7, +co),
where YV is the smallest solution of the equations
d)(Y,X;) = 0.

Now, similar to (2.11) we can attribute the ie prescription
in (2.20) to the complex plane of Y? itself rather that to the
complex plane of d,(X;,Y). It means that the right-hand
side (RHS) of (2.20) is nothing but the integral around the
cut, as is shown in Fig. 1. We can close this contour by a
circle of the infinitely large radius going clockwise, on
which the propagator vanishes. As a result,” we obtain that
8@ 1, =0, because the integrand in (2.20) is analytical
inside the closed contour.

*It is worth stressing that for such manipulations with the
contour we need only the convergence of Y° integrals, which is a
much weaker condition than the complete convergence.
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0 vy

FIG. 1. The integration contour for 621 (blue), and the branch
cut is shown in red.

In all, we have shown that I (X, ..., X,) is invariant
with respect to the translations along X;. In the same way
one can show that 7 (X, ..., X,,) remains intact under all
other transformations of the Poincaré group.

Furthermore, note that by the translations along X; we
can move the hyperplane X' = X° =0, which is the
edge of the right Rindler wedge, to —co0. The loop integral
does not change under such a move. It means that extending
the integration region outside the Rindler wedge does not
change the integral. Hence, the integration over the Rindler
wedge inside the loop integrals in the Schwinger-Keldysh
technique is equivalent to the integration over the entire
Minkowski spacetime. At the same time, the Schwinger-
Keldysh technique in the whole Minkowski spacetime for
the Poincaré invariant state provides the same answer for
the loop integrals as the Feynman technique: the contri-
bution of the backward going part of the time contour just
cancels the vacuum bubble diagrams. We explain these
points in greater details in the next subsections.

C. Analytical continuation
to the Euclidean time contour

There is another way to show that the Schwinger-
Keldysh technique provides isometry-invariant expressions
for the loop corrected correlation functions over the
Poincaré invariant state. Furthermore, this way directly
shows that for the Poincaré invariant state in the right
Rindler wedge the Schwinger-Keldysh technique provides
the same answer for the loop corrections as the Feynman
technique in the entire Minkowski spacetime.

This way is based on the analytical continuation to the
Euclidean signature directly from the Rindler wedge.
Namely, note that the coordinate change 7 = —ix connects
the right wedge (2.3) with the Euclidean space R? with
polar coordinates in the (k,&)-plane, i.e., with the coor-
dinate x being 2z-periodic. In other words, this leads to the
same result as the standard Wick rotation X° = —iX¢ of the
whole Minkowski spacetime. Furthermore, as we pointed
out above, the Minkowski vacuum (Poincaré invariant

ImT

217

FIG. 2. The analytic structure of the thermal propagator in the
Rindler wedge. Red lines are the cuts in the complex z-plane.

state) is a thermal state, when expressed via exact
modes in Rindler coordinates. Hence, the analytically
continued Feynman propagator & (or Matsubara propaga-
tor) is 2z-periodic in imaginary time.

To perform the analytical continuation from the Rindler
wedge to the Euclidean space in the loop integrals, we need
to understand the analytic properties of the propagator & in
the complex plane of the time z. For simplicity let us
consider the function F[(X — ¥)?] when X° = 0, i.e., when
7y = 0, while 7 = 7y. Also note that & depends only on
the difference 7y — 7y as the metric (2.3) is z-independent,
i.e., static.

The analytic structure of § is shown in Fig. 2. We
assume that £ (the corresponding spatial Rindler coordinate
of Y) and Y“ are fixed, and 77 is the time coordinate when
the interval is lightlike (with 77 > 0). The propagator has
the usual cuts along the lines (77, 0) and (—o0,—77),
which correspond to the timelike separations between Y
and 0. The 2zi periodicity means that § also has additional
branching points at +7; 4 2zik, k € Z with the corre-
sponding cuts, as it is illustrated in Fig. 2. Hence,
Feynman’s integration contour over the 7 (polar) coordinate
in the loop integrals cannot be simply rotated to the
imaginary axis as it is usually done in Cartesian coordi-
nates.” Thus, again we see that in the Rindler wedge loop
corrections in the Feynman diagrammatic technique in
x-space representation cannot be mapped to the integrals in
the Euclidean space.

Let us consider the situation in the case of the
Schwinger-Keldysh time contour and of the corresponding
diagrammatic technique. Our analysis will be more or less
similar to the one presented in [11] for the static patch of the
de Sitter spacetime. Let us consider the same vertex integral
Ix as in (2.13) with 7 being the Rindler time of the Y
coordinate. We need to represent it as a contour integral in
the complex plane of 7 rather than of Y°. The propagators
can be represented as boundary values of the analytic

*Such a simple rotation is performed when one does the
analytical continuation in Feynman’s technique from the entire
Minkowski spacetime to the Euclidean space in the Cartesian
coordinates.
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Im7 Im7
Rer Ret
0 0)
W(Y,0) F(Y,0)
Im7 Im7
Ret Ret
0 0
wW(Y,0) F(Y,0)

FIG. 3. The propagators as boundary values; the red lines are
the cuts; the blue lines depict the sides of the cut where the
corresponding propagators are defined. We depict only those
contours and cuts which are laying in the stripe Im 7 € (-, 7).

functions F[(¥ — X;)?] as in (2.9) and (2.14). The cuts and
contours are deplcted in Fig. 3 for the case when 7; = 0.
Extra cuts coming from the periodicity in 7 are omltted to
simplify the picture. Note that the case with 7; # 0 can be
simply obtained via the translation 7 - 7+17; (7; is a
Rindler time of X)) in Fig. 3. In such a case the center of the
line segment whose end points are branching points is
shifted to z; from 0.

The representation of Eq. (2.13) in terms of a contour
integral can be achieved if we represent its integrand as a
boundary value of some analytic function similar to the
case of (2.20). It is convenient to split /¢ and its integrand
into two parts:

Fr = HF

k
k

~.
—_
;7.

F H f F(Y.X));

j=1 =k+1
I} = /ddy\/ F

Iy = | dy/—g(y)F;.

(2.21)

where y# are the Rindler coordinates of ¥ with y° = 7 and
gy 1s the Rindler metric defined in (2.3). Note that the
determinant of the metric ¢(y) is independent of z.
Next, one can define the following function g, (Y|X|,
.,X,) on the complex z-plane:

%n(Y|X17---’X1) (222)

“TI8lr-x,2
=1

Evidently the cuts of this function are defined as the union
of the cuts of the functions in the product on the RHS,
which were described above. Of course, the cuts associated
with different X; overlap if all of z; are real. To avoid such
an overlapping we can assign infinitesimal imaginary parts
to 7;: Imz; = ¢;, where ¢; are pairwise distinct. Then F -

and F; can be represented as their boundary values using
the way of defining propagators via §[(X; — Y)?] presented
in Fig. 3. Namely, according to (2.21) we find that in the
case of F~ we should take the lower value for the cuts
associated with the { — )) vertices X (e.g., j < k) such that
7 > 7; and the upper value for the rest of the cuts. Similarly,

for F' we should take the upper value for the cuts
associated with { + )) vertices X; (e.g., j > k) such that
7 > 7; and the lower value for the rest of the cuts.

The integrals I and I} from (2.21) are contour integrals
if the sides of the cuts where F; and F; are defined can be
connected by a single curve which does not cross the cuts.
The definition of such a contour leads to a condition on €;:
€; > ¢; if one of the following conditions is satisfied:

(i) 7; <7; and X;, X; are {({ —)) vertices;

(i) 7; > r; and X;, X, are ( + )) vertices;

(iii) X; is a ((—)) vertex and X is a ( + )) vertex.
The possible choice is €; = Fie(l — tanhz;), where the
{ + ) sign should be used for { —) vertices and vice
versa. The contours C* for I3 which go along the branch
cuts as explained above can be defined via the same
prescription 7 — 7 £ ie(1 —tanhz), where the sign of
the ie term is opposite to the sign of the vertex Y. Note
that the ie prescription for each vertex among Y and X;
depends only on the vertex itself, but not on their relative
configuration. It means that we can apply the prescription
to the whole diagram simultaneously rather than just to the
subdiagram under consideration. This yields a representa-
tion of the whole diagram in terms of a multiple contour
integral.

As Iy = Iz — I, it can be represented as an integral
over the contour C = C~ — C*. This contour is depicted in
Fig. 4(a) for the case of two { — )) points X, X, and two
{ + ) points X3, X,. For convenience we deformed the
contour in the region Rez > z; for all j, as the correspond-
ing parts of C~ and C* do not go around any cuts or poles.
A similar contour for an expanding Poincaré patch of
de Sitter space is shown in [27].

Now we can perform the analytical continuation to the
Euclidean theory using this contour integral representation.
Due to 2z-periodicity in imaginary time, we can assume
that the time coordinates of the Euclidean vertices belong to
the line segment (—izx, iz) along the imaginary time axis.
To obtain the continuation of Ix as a function of X s
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X
x

O

Imr

X

T2

X

Ret

T4

T3

(b)

FIG. 4. An example of the contour in the loop integral when there are four external points. The contours of 7 integration: (a) the points
7; have small imaginary shifts, which we depict for clarity as finite shifts; the forward going part of the contour (along the real axis), C_,
corresponds to the first summand in (2.13), while the backwards going part, C_, to the second one (its negative sign is accounted for by

the orientation with respect to C_); (b) 7;

7; are analytically continued from the complex plane to the imaginary axis in the interval

(ir, —iz). The external points X; and X, have the { — )) sign while X3 and X, have the { + )) sign.

we need to move the time coordinates of X; to this line
segment in such a way that the cuts do not cross each other.
The contour C then can be represented as a union of
oriented line segments (—oo + iz,ix), (im,—iz), and
(—im, —o0 — im), where oo is the real infinity. The resulting
position of the external points of the diagram and of the
contour is depicted in Fig. 4(b). In particular, due to the
2rxi-periodicity the contributions from (—oo + iz, iz) and
(—im, —oo — im) cancel each other, and we are left with the
integration over the (i, —iz) segment along the imaginary
time axis. This is precisely the correct Euclidean contour
with k € (-, z) for the Euclidean or Matsubara diagram-
matic technique.

In all, the Schwinger-Keldysh technique in the Rindler
wedge can be analytically continued to the standard
perturbation theory in Euclidean space R?. This, once
again, proves the Poincaré invariance of loop corrected
correlation functions for the thermal state with the canoni-
cal temperature (f = 2z in the units of acceleration). All
this is true despite the fact that one integrates in the loop

integrals over the Rindler wedge in the vertices rather
than over the entire Minkowski spacetime. Besides that,
our observations show that loop corrections in the Rindler
wedge coincide with those in the Feynman technique
calculated in the entire Minkowski spacetime for the
Poincaré invariant state. In fact, the latter can be as well
analytically continued to the Euclidean space R

This observation completes our considerations of the
right Rindler wedge.

III. CAUSALITY OF THE SCHWINGER-KELDYSH
TECHNIQUE

Before we proceed with other charts of the Minkowski
and de Sitter spacetimes, let us discuss one important
property of the Schwinger-Keldysh diagrammatic tech-
nique. Namely, consider an arbitrary diagram with external
points Ey, ..., E,,—a contribution to the m-point correlator.
A property which we will refer to as causality is as follows:
The integration over the internal vertices in the diagram
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(a) (b)

FIG. 5. The union of past light cones of external points of a
diagram: (a) in Minkowski spacetime; (b) on the Penrose diagram
of the two-dimensional de Sitter spacetime; the blue line shows
the boundary between expanding and contracting Poincaré
patches.

can be restricted to the interior of the union of the past light
cones emanating from Eq, ..., E,,, as shown in Fig. 5.

Note that for regularized propagators one obtains that
F(Y,Y) = F(Y,Y). Hence, the commutator ([¢p(X), p(Y)])
vanishes not only for spacelike but also for lightlike
separations between X and Y. As in the proof below we
will rely only on causal properties of propagators; it is
convenient to treat lightlike separations similar to spacelike
ones. Also from now on by saying ((light cone)) we will
actually mean its interior.

To prove the statement in the first paragraph of
this section, let us start from a convenient observation.
Consider a vertex Y connected with n points X ;, similar to
the Sec. I B. Note that we do not specify whether X; are
internal or external vertices of the entire diagram (they are
external vertices only for the part of the diagram under
consideration). Thus, we deal with the integral of such a
form as (2.13). Consider its integrand:

X,.Y) =[] F(r.x)) H W(Y,X))
—ﬁW(Y,x,> H F(v.x)). (3.1)

j=1 j=k+1

Fo (X, ...,

First of all, if Y is outside of all the light cones emanating
from X; (both past and future), this expression vanishes,
because the Feynman and Wightman propagators coincide.
In fact, the propagators are real functions for spacelike
separations between their arguments, and the ie prescrip-
tions in F’s and W’s in (3.1) are irrelevant. Hence, the
integration over Y in (2.13) can be restricted to the union of
the light cones with the vertices at X o j= 1,n.

Next, assume that ¥ does not belong to the union of past
light cones. Let © be the set of all such indices that for
Jj € @wehave XY > Y (the set obviously can be empty). It
means that Y° cannot be in the future light cone of X?, and
by our assumption it cannot be in the past light-cone as
well. So for all j € @ the vertex Y is outside of the light
cone of X;. Let us define the following auxiliary objects:

F.e=
j=1,je& j=k+1,j€&
k n _
Fie= I wo.x) F(Y.X)).
j=1,je& Jj=k+1,j€&
. k n ~
Fre= 11 Fr.x)) W(Y. X)),
j=1.j¢® j=k+1,j¢®
A k n -
Fro= T w.x; F(Y.X)). (3.2)
j=1.j¢& Jj=k+1,j¢&
Then F, from (3.1) can be expressed as follows:
FoXp, o X Y) = Fob o = FigFT o (3.3)

If j € ©, the interval between X; and Y is spacelike as we
have just assumed and all of the propagators between these
points coincide, hence F e = F ;:@ On the other hand, if
Jj & @, then YO > XY; therefore F(Y,X;) = W(Y,X;) and
F(Y.X;) = W(Y,X;). It means that f’;@ = IA::@ Thus,
from (3.3) we obtain that £, = 0, and we conclude that the
integrand of the loop correction can be nonzero only if Y
belongs to the union of past light cones of X; for all j.

Now consider the integrand of the entire graph whose
vertices are V;, [ =1,...,N. The external ones among
them we denote as Ej, j = 1, ..., m just as at the beginning
of this subsection. We will use the notation V; < Vg if V; is
in the past light cone of V. Note that the relation ( < )
defines the strict ordering as we consider only the light-
cone interiors: Vg € Vg, and if Vg <V, and V; <V,
then obviously Vx < V), due to the structure of light cones.

Let V;, be an arbitrary internal vertex of the graph. For
the integrand of the graph to be nonzero it can be connected
only with such an other vertex V,, that V; <V, as we
have shown above in this section. If V; is an internal
vertex, the chain of relations can be extended further:
V; <V, <V,. Due to the properties of { <)), J3 is
distinct from J; and J,. If V. is internal, we can continue
the extension process: V,; <V, <V, <...<V, forsome/
with pairwise distinct Jq, ..., J;. Note that all vertices here
except for V;, are necessarily internal. Assume that V; is a
terminal vertex; e.g., there is no vertex V T such that
Vy, <V, -1t V, isinternal, it implies that the integrand is
zero. Hence, it should be external for the integrand to be
nonzero. Thus, e.g., V; = E,, for some m.

In all, the above defined causality property of the
Schwinger-Keldysh technique is proved. Note that to prove
this statement we have used only analytic properties of the
propagators, which are related to the presence of the cuts
along the timelike separations of their arguments. We did
not use in the proof the fact that the spacetime is flat.
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Hence, the statement formulated at the beginning of this
section is true for any spacetime including the de Sitter one.

IV. OTHER CHARTS OF MINKOWSKI
SPACETIME AND CAUSALITY

The property of the causality that we have discussed in
the previous subsection is very useful for the consideration
of various patches of Minkowski spacetime. To see that let
us prove the Poincaré invariance of the loop integrals in the
case when there is only one theta function in (2.13), which
restricts to a half of the entire Minkowski spacetime rather
than to a quarter (quadrant or wedge). In particular, let it be
O(Y° + Y"); ie., we have the restriction Y° > —¥' and
consider half of the entire flat spacetime cut off by the
lightlike surface Y° = —Y!. This region is somewhat
similar to the expanding Poincaré patch of de Sitter
spacetime which we will consider in Sec. VA. At the
same time the right Rindler wedge is similar to the static
patch of the de Sitter spacetime. The de Sitter invariance of
the loop corrections for the Bunch-Davies state in the
Poincaré patch was discussed in, e.g., [28,29] with the use
of the same methods as we apply here.

The variation of the analog of Ik, in which there is only
one 9(Y° + Y!) rather than two, is simply §)I ¢ from (2.17)
without @(Y?). Of course, we also remove the condition
X; > X? on the external points as well assuming only that

X} > —X9. Let us show that the variation can again be

represented as an integral around the cut. First, we can
rewrite d,(Y,X;) from (2.15) as follows:

d(¥.X;) = (X + X)R2(° + X7) — (X + XP)]

—(Y* - Xj“.)z. (4.1)
Let us analyze the connection between the sign of the
geodesic distance d, and signs of ie prescriptions in (2.17)
as in Sec. IIB. Let us start from the region where ie
prescriptions in the first and second summands associated
with X; have the same sign, i.e., sign(Y° + X?) =—.Ttis
easy to see that then d,(Y,X;) < O—the interval is space-
like. Furthermore, it follows that if d,(Y,X j) > 0, then
sign(Y? + X?) = + and the corresponding ie prescriptions
in the two terms under the integral in (2.17) are different
from each other.

In all, we have a situation similar to the one at the end of
Sec. I B: the variation can be expressed as in (2.20) but
without #(Y?). Hence the first summand of the variation
can be represented as the integral along the real line going
below the cut, and the second one—going above the cut.
Both of these contours can be closed by infinite semicircles,
so both summands in (2.20) [without (Y?)] vanish
independently.

Similarly one can prove the Poincaré invariance of the
integral (2.13) when only 8(Y"' — Y°) is present instead of

O(Y' +Y°). As in Sec. IIB one can use the translations
moving the surface Y' =0 to Y' - —oco to show the
coincidence with the perturbation theory in the whole
Minkowski spacetime.

Having these observations in mind, the Poincaré invari-
ance of the loop integrals in the Rindler wedge can also be
derived from the causality property: the intersection of the
past light cone of any point in the wedge with the wedge
itself is the same as the intersection of the same light cone
with half of the Minkowski spacetime, ¥Y' > —Y? contain-
ing the wedge. So, the result of any calculation in the
Schwinger-Keldysh technique in the right wedge coincides
with the result of the similar calculation in the half
containing the wedge. The analysis of Sec. II B is, however,
still instructive, as it will help us to consider the situation
in the future (or upper) wedge, X° > |X!'|, of Minkowski
spacetime.

In the same manner one can show the Poincaré invari-
ance of the loop integrals in the left wedge (Y' < —|Y?)).
Furthermore, note that a past light cone of any point in the
past wedge Y° < —|Y!| is contained in this wedge, so the
Schwinger-Keldysh perturbation theory there also coin-
cides with one in the entire Minkowski spacetime due to the
causality property and, hence, is Poincaré invariant.

The only remaining part is the future wedge X° > |X!| of
Minkowski spacetime. This case is more complicated: an
intersection of any past light cone with this wedge cannot
be represented as its intersection with any half of the entire
spacetime. Also it can be shown that unlike any other
wedge, intersection of the past light cone of any point in the
future wedge with the wedge itself has a finite volume. It
means that due to causality there should be no infrared
divergences even for massless theories, unlike the situation
in the whole Minkowski spacetime. So one needs to
consider the future wedge separately.

A. Future or upper wedge

In the future wedge, X° > |X!|, the following local
coordinates can be introduced:

X% = e*cosh ¢, X! = e7sinh &, (4.2)
Then, the corresponding induced metric,
dst = e*(d7* — d&*) — (dX“)?, (4.3)

depends on time. Hence, the free Hamiltonian is also time
dependent. This is another reason why one has to use the
Schwinger-Keldysh technique to do loop calculations in
the patch under consideration. The Minkowski (Poincaré
symmetric) propagator corresponds to a specific choice
of the basis of modes in the patch, which was found,
e.g., in [30]. Note that while such a state is not stationary in
the future wedge, as the free Hamiltonian in that region
depends on time, those modes still diagonalize it in the
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infinite past and by definition describe the exact quantum
evolution of the free theory. In Sec. V we will see that the
modes which do not diagonalize the free Hamiltonian in the
past lead to severe IR problems.

We want to check whether loop corrections respect the
Poincaré isometry or not. Similar to Sec. II B we need to
consider construction (a part of a loop integral) of the
following form:

k n k n
Ig(Xl,...,X,l)z/ddye(YO O(Y° 4+ v1) H x) [ wor.x)-T[w.x) [] Fr.x)|. (44
j=1 J=k+1 j=1 j=k+1
The step functions now restrict the integration region to the future wedge, and we should assume that all X;’s, i =1, ..., n,

are in the same wedge as well.

The variation of 7% under the time translation Y° — Y° + ¢ can be represented as 8./% = (815 + 51%) similar
to (2.16). Consider, for instance, 5! )If . It coincides with 81 x from (2.17):

k
Jj=1

k

- H%[dl (X;.Y) — iesign(Y°

J=1

Note that d, (X;, Y) from (2.15) can be rewritten as follows:
4i(Y.X)) = (X! = XY - X0) + X0 - X
— (Y= X9). (4.6)

Let us repeat the analysis of ie prescriptions once again.
As before, we will start with the region where the ie
prescriptions of two terms of the integrand of (4.5) have
the same signs, e.g., sign(Y? — X9) = +. It follows from
the definition of the upper wedge and from (4.6) that
di(Y,X;) < 0. So just as in the case considered above we
can write

sWIE /dd Ly (y") {Hg (X, Y) — ie]
—Hgdlx Y) —I—le]}

4.7)

However, the key difference from the cases considered
above in this section and in the subsection II B is a position
of the cut. From (4.6) it is clear that d; (Y, X;) > 0 if YO is
negative and |Y°| > 1, meaning that the cut is going along
(=00, ¥Y?). Here ¥? is the highest value of Y° such that
di(Y,X;) = 0 for some j. Note that d(Y,X;) = (X9)* -
(X})* = (Y* = X%)% if Y = 0. It can be positive for some
values of X” and Y, and in such cases Y9 > 0. This
situation is shown in Fig. 6. Note that the integration goes
around only a part of the cut (0, ¥9). Hence it cannot be

~x9)] ] §ldi(x;.7) +ic]

n

IT $ldi(x;.

j=k+1

n
; .
jkH1

Y) + iesign(Y° — X9)]

(4.5)

I
properly closed by an infinite circle and is not zero in
generic situations.

In the same way one can show that 62 1% # 0 in generic
situations. So the Schwinger-Keldysh technique in the
future wedge does not provide the isometry invariant
expressions. The reason why we encounter the differences
between loop calculations in the entire Minkowski space-
time and in the future wedge, although we use the same
tree-level propagators, is as follows: Cauchy surfaces in the
entire Minkowski spacetime and in the future wedge have
different geometry. That results in different infrared effects
in these different charts, as these effects are sensitive to the
boundary and initial conditions. We will encounter a similar
situation in various patches in de Sitter spacetime below.

Let us demonstrate the violation of the isometry invari-
ance in the future wedge on a simple example. Note that if

ImY"*

ReY”"

FIG. 6. The integration contour for sy 2 (blue), and the branch
cut is shown in red.
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the correlation functions in the theory are Poincaré-
invariant, they should coincide with those in the theory
in the entire Minkowski spacetime as we can move the
surface Y* = 0 to —co via time translations (part of the
Poincaré group). So it is enough to show that the result of
some calculations is different in entire Minkowski space-
time and in the future wedge. Consider the massless scalar
field theory in d = 4. Its Wightman function is as follows:

1

W) = 7~ fesign (0 = 1)

(4.8)

We can add the mass term # to the Lagrangian as a
perturbation and consider the first-order correction
F((0,X) to the Feynman propagator F(0,X), where
X* = (1,0,0,0). Of course, the point 0 is on the boundary
of the right wedge, but it can be considered as a limit of
some sequence of points inside the wedge. In the entire
Minkowski spacetime we can use the standard Feynman
perturbation theory to express the correction:

1
(V2 —ie)((Y—X)—ie)’

F\)(0.X) = —im? / d*y (4.9)
The Schwinger-Keldysh technique in the entire Minkowski
spacetime for the static state that we consider here will give
the same result.

In the future wedge we have to use the Schwinger-
Keldysh technique, as was explained above. First, note that
for the points under consideration F(Y,0) = W(Y,0) as in
the future wedge Y° > 0. Then, note that

F(Y.X) - W(Y.X)
1 1
T (Y=X)P?—ie (Y-X)?—iesign(Y® 1)

= 2inf(t — YO)5[(Y — X)?).

(4.10)

As a result, in the future wedge the correction to the
propagator for the two points under consideration is as
follows:

8((Y = X)*]

(1) 2 4
1 O,X =2mm ay .
d ( ) / (I 2 l€)

[Y!<YO<t

(4.11)

The integrals (4.9) and (4.11) are -calculated in
Appendix A. The results are

AZ
Fiy)(0.X) = —*m*log—, FU0.X)=imdm?,  (4.12)

where A is an IR cutoff. The results are clearly different
(but their imaginary parts, however, do coincide). In the
entire Minkowski spacetime for the massless theory there is
an IR divergence which becomes stronger with the increase
of the order of perturbation theory. So one has to sum the

whole series to obtain the correct result, which is diver-
gence-free and nonanalytic in m?.

On the other hand, the intersection of the future wedge
with the past light cone of an arbitrary point in it has a finite
volume as we pointed out above. Hence, due to the
causality property even the massless theory in this chart

is free from the IR divergences. This is definitely the case

for F 5;1), as one can see from the result. Hence, the theory in
the future wedge cannot be Poincaré invariant.

It is also worth stressing that the consideration above
also works in the case of the massive theory with mass u
such that r <« ,ll as i is a natural cutoff scale in this case.

The characteristic size of the past light cone of X is ~#, so
the theory is effectively massless and the expression for

F'9(0,X) from (4.12) is still valid. On the other hand, we
can consider Ff;l)(Xl,X2), where X/ = (7,0,0,0) and
X5 = (T +10,0,0) with T > /% The principal contribu-
tion to the integral in the perturbation theory comes from

the region around X; and X, of the size ~ ,ll which is

entirely contained in the intersection of the past light cone
of X, with the future wedge. Hence one can use the

Minkowski spacetime calculation and the first-order cor-
(1)

rection is given by F A; from (4.12) where A is replaced
with /% Now we explicitly see the violation of the isometry.

In particular, it follows that an adiabatic change of the mass
in the past moves the system from the isometry-invariant
state to some other state. Similar effects in the case of the
global de Sitter spacetime were observed in [31].

Another interesting consideration is that one can modify
the Schwinger-Keldysh technique to make the corrections
under consideration to be isometry invariant. Namely, the
arguments about analytic continuation from Sec. II C work
in the whole Minkowski spacetime as well, but one can
move the horizontal parts of the contour C from Fig. 4 to
positive and negative imaginary infinities. This is possible
as there is no periodicity in imaginary time and therefore no
additional cuts from Fig. 2, and we simply obtain the
perturbation theory in the Euclidean R¢. However, while in
Sec. II C the Euclidean contour is closed in the left half
plane, one can close it in the right half plane as well. This
allows us to redefine the calculations in such a way that
future and past infinities are effectively interchanged. The
contour now starts at future infinity above all cuts and
returns to it below them.

Thus, in this modification of the Schwinger-Keldysh
technique one exchanges the future and past infinities in
the calculations, effectively mapping the calculation from
the future wedge to the one in the past wedge. Namely the
{—» and ( + ) parts of the contour change their direc-
tions (the (( — )) part goes from the future to the past and the
{ + ) part goes from the past to the future). It means that
we should assign —1 multipliers to {( + )) vertices instead
of { —)) ones. Besides that, G__(Y, X ;) is now below the
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cut if Y0 < X9 and above it if Y > X)—the ( —)) part is
above cuts in the future as we discussed. Hence, we need to
conjugate it and define G__(Y.X;) = F(Y.X;). In the
same way G, (Y,X;)=F(Y,X;). Functions G_, (Y. X;)
and G, _(Y,X;) are still above and below the cut, respec-
tively, so they are unchanged.

Using the argument similar to the one in Sec. Il one can
show that the integration regions for internal vertices can be
restricted to the union of future light cones emanating from
the external points. Hence, this technique in the upper
wedge is the same as in the entire Minkowski spacetime
(with the reversed time) and is Poincaré invariant as a
result. However, unlike the case with the usual Schwinger-
Keldysh formalism it is questionable whether such a
technique has some sensible physical interpretation.

It is also instructive to note that one might choose
different modes than in [30]. However, as we will discuss in
Sec. V, another choice of the basis of modes might lead to
additional UV problems or the corresponding Fock space
ground state will violate the isometry. Besides that, the
proof of causality property above is based on the fact that
the commutator of the field operators vanishes outside the
light cone. The commutator is the c-numbers in the free
theory, so it does not depend on the choice of the basis of
modes. Hence, the causality always holds, so the argument
regarding the finite volume of the past light cone always
holds and we will never get IR divergences in the future
wedge. Therefore, any choice of modes cannot lead to the
same one-loop result as in the entire Minkowski spacetime,
which has IR divergences in the massless theory.

Finally, one can consider the following Euclidean
version of the metric (4.3):

dsy p = e 2% (dk* + d&) + (dX*)2. (4.13)
It is 2z-periodic in k just as the usual static Rindler metric,
but also it is complex valued. The question whether a space
with a complex Euclidean metric admits a sensible quan-
tum field theory in a static sense was addressed in [32,33].
The criterion formulated by Kontsevich and Segal is as
follows: if the metric has a form

d
ds® = Jdx?,
i=1

then the inequality > ¢ | |Arg4;| < 7 where arguments are
defined in (-7, z) should be satisfied in each point of the
manifold. This is clearly not the case for (4.13) if, e.g.,
k =7, so the QFT in the upper wedge does not have a
Euclidean version.

(4.14)

V. CHARTS OF THE DE SITTER SPACETIME

In this section we will consider various patches of the
d-dimensional de Sitter (dS) spacetime. Our presentation in

the expanding Poincaré patch in many respects repeats
that of [11,15].

The dS spacetime is defined as a hypersurface embedded
in the (d+ 1)-dimensional Minkowski spacetime with
coordinates X/, I =0,...,d whose metric has signature
(4+,—,--+,—). The equation defining the hypersurface of
unit curvature is as follows:

X, X' =-1. (5.1)
It admits the following global coordinates:
X% =sinht, X°=y’cosht, o=1,....d, (52)

where w° are components of a vector on a (d— 1)-
dimensional sphere: (y°)? = 1. The corresponding metric
is as follows:

ds* = dr* — cosh? 1dQ%_,, (5.3)

where dQ? | is a metric on a (d — 1)-dimensional unit
sphere. It is also convenient to introduce the geodesic
parameter {(X, Y) = —X;Y! which is invariant with respect
to the dS spacetime isometries—the Lorentz group of the

embedding Minkowski spacetime. The sign is chosen

in such a way that {(X,Y) = @ + 1. So the interval
between X and Y is spacelike if { < 1 and timelike if { > 1.

In global coordinates we have that
C(X,X") =cosh(r—1") — (1 —y°y'")coshrcosh?. (5.4)

Hence, the standard ie prescription t—¢ —ie for the
Wightman function translates into {(X,X’)—iesign(z—1'),
which is similar to the ie prescription in the Minkowski
spacetime of the interval squared. Also note that
sign(r — 1) = sign(X° — X").

As before, we consider the scalar QFT in different
patches of dS spacetime and check whether it is isometry
invariant on the loop level if one chooses invariant states
(and, correspondingly, propagators) at tree level. The
isometries in this case are given by the connected compo-
nent of unity of the Lorentz group SO(d —1,1) of the
embedding Minkowski spacetime. As the metric (5.3) is
time dependent, there is no canonical choice of positive
energy modes. However, there is one particular choice that
corresponds to a state in which isometry-invariant corre-
lators are related to similar correlators in the Euclidean
theory on S via analytic continuation. In such a state
correlation functions obey the Hadamard conditions, i.e.,
behave as in flat spacetime for short separations.

This maximally analytic state is usually referred to as
the Bunch-Davies (BD) vacuum [6]. To simplify notations
we will denote the corresponding Wightman function by
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W(X,X') as before in the case of Minkowski spacetime.
It is as follows [7,8,26,29,34]:

WX.X) = (& + iﬂ)dr(% — ip) F <d -1 " d—1
(4n)r () 2 2
_iﬂ,%i;l—l—é’—ie;ign(t—t’))’ (5.5)
where
/42 —m?= (d_ 1)2 (5.6)

4

and ,F;(a,b,c;x) is a standard hypergeometric function
with the branch cut along (1, 4+o0). For more details about
analytic properties of this propagator see, e.g., [34-36].
Here m is the mass of the scalar field measured in units
of dS curvature, which we set to be one. Such a Wightman
function is clearly isometry invariant. As {(X,X') =
w + 1, the expression in terms of the analytic function
of the embedding Minkowski spacetime interval (2.14) can
be used as well.

This is not the only choice of modes which leads to
the isometry-invariant propagators in the dS spacetime.
In fact, there is a continuous family of so-called alpha
states respecting the symmetry [7,8]. The corresponding
Wightman functions can be expressed in terms of the BD
one (5.5) [37]:

W@ (X, X") = cosh? aW(X, X') + sinh? aW (X', X)
+ sinhacosha[W(X, -X') + W(-X, X')].
(5.7)

In the case a =0 it coincides with the BD Wightman
function, but for generic values of « it has different analytic
properties and does not obey the Hadamard conditions.
For instance, unlike W(X,X’) it does not admit the
representation of the form (2.14): W(X,X’) and
W(X’, X) have opposite ie prescriptions. As we will discuss
in Sec. VA, this fact has drastic consequences in perturba-
tion theory.

In loop integrals we need to use the dS-invariant volume
form, dVolgyg, defined by the metric (5.3). It is, however,
more convenient for our purposes to write all integrals in
terms of the embedding Minkowski spacetime coordinates
Y! inserting 5(¥? + 1) into the integrand. More precisely,
we can use the following expression for the volume form:

dVolgg = 26(Y? + 1)d?*'y. (5.8)
In these notations all of the integrals are manifestly
isometry invariant if we integrate over the whole dS

spacetime, but contain IR divergences, as we will discuss
below. Besides that, the Schwinger-Keldysh integrals have
a form similar to (2.13) with the measure defined above
(the step functions should, of course, be used only if we
wish to restrict the integration domain to some region of the
entire spacetime).

A. Loop corrections in the expanding Poincaré
and static patches

The expanding Poincaré patch (EPP) is half of the entire
dS spacetime defined, e.g., by the condition X° > —X¢9.
It admits the following local coordinates:

() .

onsinhr—l—Te , X! = xte?,

2
X4 = coshr—%eﬁ (5.9)

the metric for x' is &; ;- The induced metric on EPP from the
ambient one is as follows:
ds* = di* — % (dx')?. (5.10)

Usually the conformal time # = e™* is used instead of the
proper one 7 as then the metric becomes conformally flat:

) di’]2 _ (dxi)Z
1,12

ds (5.11)

For explicit expressions of modes corresponding to BD and
alpha states in the EPP see, e.g., [26].

We want to check whether the Schwiger-Keldysh
technique for the BD state in the EPP is isometry-
invariant. In Sec. IV we have considered the half of the
Minkowski spacetime defined by the similar condition
X% > —X'. As we noted above, the BD propagators have
the same analytic representations (2.14) as in the
Minkowski spacetime, so the only modification to the
analysis from Sec. IV is the use of the measure (5.8)
instead of d*'X. We also need to consider the Lorentz
transformations of the ambient spacetime instead of
translations, but the variation of 9(Y° + Y?) defining
the EPP is still proportional to §(Y° + Y¢). Note that this
S5-function turns (Y% + 1) into §[1 — (Y)?], which does
not affect the Y° integration domain and analytic proper-
ties of the integrand with respect to Y°. Therefore one can
perform the same contour manipulations as in Secs. II B
and IV and find that the Schwinger-Keldysh perturbation
theory in EPP is isometry invariant.

Another interesting region is the static patch (SP)
X4 > |X%—it is defined in a similar way as the right
Rindler wedge of the Minkowski spacetime considered in
Sec. II. The SP is half of EPP and, hence, is a quarter of the
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whole dS spacetime. The local coordinates in the patch are
as follows:

X% = sin@sinh¢,

0€0.7/2).

X = sinOcosht,

(5.12)

X' = cos Oy,
(') = 1.

The main advantage of these coordinates is that the
corresponding metric

ds* = sin® 0dr* — do* — cos® 0dQ3_,  (5.13)
is time independent, so we can define positive energy
modes and thermal states. Besides that, the change 1 = —ik
with k € (—z, z) transforms (5.13) into the metric on the
Euclidean S? of the unit radius. It is somewhat similar to
the Rindler space being an analytic continuation of the
Euclidean space R.

It turns out that the BD propagator corresponds to the
thermal state in the static patch with the inverse temperature
p = 2x [34,38-40]—another similarity with the Rindler
space. So as the metric is time independent one can use
exactly the same method as in Sec. II C to show that the
Schwinger-Keldysh technique for BD propagators in the
SP is the analytic continuation of the Euclidean perturba-
tion theory on S¢. Hence, the diagrammatic technique for
the BD state in the SP is manifestly isometry invariant.

Moreover, light cones in dS spacetime are just inter-
sections of ambient spacetime light cones with the dS
manifold itself. It means that the causality argument,
regarding the wedges Y' > |Y°| and Y' > —Y? of the
Minkowski spacetime from Sec. IV, also works in the
dS spacetime. Namely, the past light cone of a point in SP
coincides with the past light cone of the same point in EPP,
so the Schwinger-Keldysh perturbation theories for BD
states in these charts of dS spacetime exactly coincide. In
particular, we can use the analytic continuation to S¢ for the
BD state in the EPP as well. Some concrete computations
of loop corrections in the Euclidean signature with sub-
sequent analytic continuation can be found in [41-43].

Finally, we can consider the Schwinger-Keldysh tech-
nique for the alpha states’ with a # 0. But as we discussed,
the propagator (5.7) cannot be represented as the boundary
value of an analytic function of £, so the arguments with
contour deformations from Secs. II B and IV do not work.
In particular, let us look at 51 from (2.17). In Sec. II B
we argued that it can be represented as the integral around
the cut as the ie prescriptions of all propagators in each
summand were the same (but different for each of the two

Here we ignore the fact that for alpha states the leading UV
renormalization in dS spacetime is different from the one in
Minkowski spacetime. This means that alpha states are not
physically meaningful in the bare UV theory, because otherwise
by just measuring the running of coupling constants in local
experiments one can sense that one lives in the huge dS spacetime.

summands). On the other hand, if we use the propagator
(5.7) instead of the BD one, additional terms appear where
some of the functions & have reversed ie prescriptions.
Hence, e.g., in the first summand some of the propagators
are above the cut and not below it. It means that we cannot
close the contour at all and 61 is not zero.

Besides that, it was crucial for our argument that all of
the external points belong to the same patch, but (5.7) also
contains terms of the form W(X,—-X') and —X’ is in a
different patch. Hence, the perturbation theory for alpha
states in patches of the dS spacetime is not isometry-
invariant and an adiabatic change of the mass term or
turning on the interaction moves the system away from the
invariant state.

Another problem of alpha states is the possible appear-
ance of terms such as W(X, X" )W (X', X) as integrands in
the perturbation theory. As it was shown in [19], such terms
can lead to sever nonlocal UV divergences in the effective
action which span along the whole light cone of the point Y.
This is another revelation of the fact that alpha states have
problems with the UV renormalization.

B. One-loop correction
in the contracting Poincaré patch

The contracting Poincaré patch (CPP) is just the time
reversal of EPP and its complement within the global dS
spacetime: it is defined by the condition that X° < —X¢.
The local coordinates are very similar to (5.9):

i\2
X% = sinhz — (XZ) e’ X' = xler,
2
Xd:—coshr—l-(xz) et i=1,..d—1. (5.14)

The conformal time is now n = €7, so it flows fromn = 0 to
n = —+oo (in the reverse direction with respect to the EPP
time), and the metric in the conformal time is the same
as (5.11).

In principle, the Schwinger-Keldysh technique for the
BD state in the CPP should be manifestly isometry
invariant: due to causality the integration domains in
vertices can be extended to the whole dS spacetime.
However, as it was demonstrated in [28,29,44,45] infrared
divergences at n — 0 appear even if we use the BD
propagator for massive theories.

In this subsection we will show that even the first loop
correction in the CPP breaks the dS isometry due to explicit
IR divergences. As we will see, they are present for all
values of the mass. Note that if the mass is sufficiently
small, IR divergences of a different kind appear even in
EPP. They are, however, similar to the usual IR divergences
in massless theories in Minkowski space and admit a
systematic treatment [46—50]. To regularize the standard
UV divergences just as before we assume to work with
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Pauli-Villars regularization defined in Appendix B, which
respects the analytic properties of the propagators.

The version of the Schwinger-Keldysh perturbation
theory with (( + )) and ( — )) vertices is rather inconvenient
for practical computations, so let us perform the Keldysh
rotation as in [22,29]:
|

dd—lq—1>dd—lq—2>
(zﬂ)z(d—l)

o dnsdny
1o (’73’74)

DY (plni.m) =/12/

b+ ¢,

¢cl = )

bo=d-—¢i. (515
After such a rotation the one loop correction to the Keldysh
propagator in the ¢ theory is as follows (see [29,51,52], for

the details):

=8(P + q1 + 02)[DE(pln1.n3) D (q1|n3.14) D (q2|n3.14) DY (plina.m2)

+2D§(plny.n3) D (q1|n3.14) D (qa|n3. 1) DE (plna. m2)
+ 2D(1)((P\7717'I3>D(I)((91 |’737 ﬂ4)D3(Q2|ﬂ3, ’74)D61(P|’747 ’72)

1
4

4

1
- _Dg(l’|’71, ﬂ3)D3(Q1 |13, 774)D6‘(‘I2‘773, ’74)D6‘(P|’747 )],

_Dg(P|’71 ) ’73)D0R(Q1 n3. '74)D§(‘12|’73, ’74)D3(P|’74, )

(5.16)

where 7, is the moment after which the self-interactions are adiabatically turned on, 0 < 77y < 17,7, < +00; i.e., 77 is the
position of the initial Cauchy surface. In the above expression we use spatially Fourier transformed Keldysh, retarded, and

advanced propagators, which have the following form:

DY (plny.m) =
D (plni.m) = 26(m
Dy (plm.m) = —20(n,

where h(pn) =

(mn2) T Re[h (pm) 2
- ’72)(’11’72) [
- '11)(’71772)T

I
(pm)h(pna)].

Im[h(pmy ) h(pio)]. (5.17)

‘/TEe%Hgi)( pn) is the Hankell function, which defines the BD modes.

In the limit 7, — 0 and /77,77, =5 > n,/n, the leading one-loop contribution to DX (pli;,7,) can be expressed as

DX (plny.m) ~

where c.c. means complex conjugated terms; meanwhile

812 n L
ny (1) & / ' qid" g | dnsdna(n3na) T 5(P +
(27[) Mo
and
1622 = ] — 13 u
Kp(ﬂ) (27) > 2(d-1) A qd q; d’73 d’14 N304)

For the scalar field with such a mass that m > (d — 1)/2 in
the limit prn;4 < ¢ we can use the following asymptotic
expansion of the Hankel function:

h(piza) A (psa)® +A_(prza)™.  (5.21)
where A, are some known complex constants whose

explicit form is not important for our consideration at this

(mm) T [h(pm)h(pra)n, () + h(pm)h(pra)x, (n) + c.c.],

(5.18)

a1 + @) h(pns)h(pna)h(quns)h(qins) h(gan3 ) h(qans)

(5.19)

8(P+d1 +a:)h(pns)h(pna)h(qins)h(qina) R(qans) (qans).

(5.20)

|
point. We will see now that even for the heavy fields in the
CPP and global dS one encounters infrared divergences.

Then the largest contribution to 7, (1) and «, () in the
limit under consideration comes from the region where
g1, > p, because for g;, < p the integrals are finite.
Hence, we neglect p in S-functions under the integrals
on the RHS of (5.19) and (5.20). Then we make the
following change of variables under the integrals:
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u=nmn, v= Z—i X\ =m4q), X =134, and take the
integrals over ¢,. As the result we obtain

N 8A2S,_, [minlr’ /P du d
np(’/l) ~ (2”)2(d—1) 2 7 X1
dv 2, —i 2, (T ENIND)
X E[lfhl v+ [A_[Fo™[A(x)) R (xv7)]
(5.22)
and
( ) 16/12Sd_2 - - /min[ﬂzsllz/Pz] dlxt d
K N o—_—— — — x
p\1 (27)2@1) + 2 1
dv . _; 7 -1y]2
X o [0 A v [h(xg ) h(x 07 h)]7, (5.23)
V2

where S,;_, is the volume of the (d — 2)-dimensional sphere
and min[n?, 4%/ p?] means the smallest value among #>
and u?/p>.

There are two possible limits for the integration over du:
for pn < u the contributions to n, and k, are proportional
to In(1/ny), while for pn > u they are proportional to
In (u/ png)- In both situations we cannot take 7, to the past
infinity due to the explicit infrared divergence in n,, and k.
It is not very hard to trace that one encounters such
divergences in CPP for the same reason as loop corrections
in EPP do grow with time (see, e.g., [29] for a review). To
cut the divergence in the loop integrals one has to keep
the initial Cauchy surface at 775, which explicitly breaks the
dS isometry. In the EPP the initial Cauchy surface can be
safely taken to the past infinity (1, — oo in the EPP)
because due to such a shift of the surface every physical
momentum on it experiences a blueshift. Meanwhile the
highly blueshifted BD modes behave as in flat spacetime
and do not sense the background geometry, as it should be
expected on general physical grounds. But in the CPP the
movement toward the past infinity results in the infrared
shift of the physical momentum. Hence, for the same
reason that one gets secular growth in the EPP, one obtains
the secular infrared divergence in the CPP. Note that this
divergence is present for any value of mass.

At the same time, the situation in the global dS is similar
to the one in the CPP if one restricts attention to the infrared
divergences. In fact, the global dS contains simultaneously
the CPP and EPP. An approach to this IR problem typically
employed in literature is just to calculate all loop correc-
tions in Euclidean dS space with subsequent analytic
continuation to Lorentzian signature [41-43]. One can
think of this as preparing the interacting theory in a
maximally analytic state akin to the BD one. However,
we cannot use Euclidean theory at all for nonequilibrium
processes for a generic initial state, so the study of the
Lorentzian situation is also very important. The IR

divergences we encountered then mean that the theory is
unstable under small time-dependent perturbations happen-
ing in the past.

C. Adiabatic switching vs ie prescription

So far we have performed the Keldysh rotation (5.15)
without thinking about the ie prescription which was
relevant in the previous sections. We did not need it as
we imposed a hard cutoff at some finite time and calculated
only the most divergent part. This is possible to do in the
Schwinger-Keldysh approach. However, as it was pointed
out in, e.g., [53], and as we discuss in Appendix C, there is
a different softer regularization scheme. Instead, one can
modify the modes as

h— h,=e“h (5.24)
and integrate along the entire timeline without any past
cutoff. Note that it is only necessary to regularize in the
7 — —oo region as in Schwinger-Keldysh formalism; we
always have a natural upper cutoff for time integration. Two
approaches, with the sharp and soft cutoffs are possible in
nonstationary situations with the use of the Schwinger-
Keldysh technique. They describe two different physical
situations and have different consequences. We do our best
to consider both situations separately.

In [53] it was shown that in EPP regularization (5.24) is
equivalent to using the standard ie prescription such as the
one shown on Fig. 3. However, the situation is different in
CPP. The free Wightman function in terms of the modes is
expressed as follows:

Wo(plni.m) = (mm)=h(pm)h(pm).  (5.25)

For regularization of the time integrals we only care about
regions in the past, so we assume 7; < 0 with n; = €% as
usual. Then the standard prescription 7; — 7, — i€ can be
achieved if we shift 7; — 7, + ie7q, 7, = 7, — ieT,. If the
modes have only positive energy exponentials, i ~ e~°
with a > 0, then such shifts are clearly equivalent to
(5.24). However, from (5.21) we see that this is not the
case in CPP as h — A e e " + A_e "¢, The first
term has ill-defined behavior at past infinity, so the
regularization based on analytic properties is not suitable.
This is to be expected: in EPP the BD modes diagonalize
the Hamiltonian H at past infinity and have positive
energy [29], so we can use the standard Minkowski space
trick with shifting ¢ — 7 + ier in the expression e~ in
the past to select the interacting vacuum [54]. In CPP,
however, the free Hamiltonian is not diagonalized by the
BD modes, so such a shift does not have a clear physical
meaning.

Nevertheless, the regularization (5.24) still admits a
physical interpretation. Namely, instead of assigning the
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e“" factor to the modes we can assign it to the interaction
term L;, in the Lagrangian:

Eint - ‘Cinteer' (526)
It simply means that the interaction is slowly turned on
starting from the time 7 ~ —%. It is a well-known fact that
for the usual stationary QFT this adiabatic approach yields
the same results as the analytic ie prescription [22,23]. As
in our case the latter is inapplicable, so we will stick to this
approach. Besides, it will allow us to practically resum all
loops in the next subsection by computing the exact modes.

Next, while the analysis of [53] used the {( + )) and
{ — ) representations of the diagrams, the Keldysh rotation
described in the above subsection is just its linear trans-
formation. Hence it should yield the same results as long as
we use the regularization (5.26)—note that then we always
integrate over real 7 without any imaginary shift. Such a
prescription makes integrals of oscillating exponentials
convergent at —oo and well-defined in the limit € — 0
(we will return to this in the next subsection). However,
if there is no oscillating part the limit is still divergent:
SO e =1 This is exactly what we get in (5.22) and (5.23)
if we use this prescription instead of the hard cutoff
and change u = ¢*. Hence the divergent part was computed
correctly in the previous subsection. There were also
oscillating exponentials of the form u*%* which we did
not include in (5.22) and (5.23). The corresponding
integrals are technically cutoff dependent but bounded in
the case of the hard cutoff, but there are no problems in the
adiabatic regularization scheme.

Finally, as this regularization is not connected with
analytic properties, we cannot expect any resemblance with
the Euclidean theory. This is precisely what we observed: in
Euclidean signature there are no IR divergences.

D. Tree-level infrared divergences
in the contracting Poincaré patch

The infrared divergences for the BD state discussed in
the previous subsection are, in fact, not a property just
of loop corrections. In this subsection we will show that
somewhat similar problems for the BD state are present
even on the tree level, but they can be solved by choosing a
different Hadamard initial state, which, however, violates
the dS isometry on the tree level.

To show the origin of the tree-level divergence, let us
consider the scalar theory with the following Lagrangian:

L= ("0 h0.6 — mh — af (). (5:27)

where f(7) >0 is a function which slowly changes from
f(t = —o0) — 0 at past infinity to f(z) - 1 at 7~ —A,
where A > 1 has a meaning of the infrared cutoff. It is
responsible for the adiabatic switching described in the

previous subsection. It is convenient to define this A as
follows:

A= /_ " f(e)de. (5.28)

For instance, we can use f(7) = e’” if we wish to consider
the evolution till the point 7, such that |zo|ly <1 so
e’ =~ 1. In this case A = %

Note that within the Schwinger-Keldysh technique there
is no particular physical restriction to change the mass
adiabatically. Namely, in Minkowski space we use adia-
baticity to keep the system in the stationary Poincaré-
invariant ground state, while the dS states that we consider
are not stationary in the usual sense. However, we can think
of the maximally analytic BD state as an analog of
Minkowski vacuum in the sense that in it all correlation
functions depend only on the geodesic distances rather than
on each of their arguments separately and have well-
defined analytic properties. So it is natural to check whether
the maximal analyticity is preserved under the adiabatic
change of the mass term. Besides that, in Appendix C we
discuss that the instant change of the mass term causes even
more sever peculiarities.

Let us first consider the perturbation theory in a. After
the Keldysh rotation of the fields (5.15) the Lagrangian
takes the following form:

L= gﬂyaﬂ¢clau¢q - m2¢cl¢q - af(r)d’dd)q' (529)
Treating the last term as the vertex, we can compute the
first-order correction to the Keldysh propagator:

o d
DX (plny.m) = aA+ é—gf(logé) [D§ (Pl €)DE (pl&.na)

+ D§ (pln1, €)DG (pl& o)) (5.30)

Here we assume that | log 77, ;| << A. Due to the presence of

f-functions in Dg /A the upper limit of integration is actually
n, for the first summand and 7, for the second one. Note
that a finite change of the upper limit shifts the integral by a
finite value when A — oco. As we are only interested in the
most divergent contribution Df r» We can for simplicity fix
it at, say, £ = 1 and forget about O-functions. Using the
expressions for the propagators via the modes (5.17),
we find that the leading infrared contribution to DX is
contained in the expression

DX (plni.n)

<amm)s [ a0

[Se]

h(pnn)flz(ée’)h(pnz)

+c.c.|,

(5.31)
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where we have made the change of variables as follows:
E=e".

As the divergence may occur at 7 — —oo, we can use the
asymptotic expansion for i(p&) from (5.21). Note that in
the discussion of this subsection so far we did not explicitly
used the fact that i(p¢&) are BD modes: Eq. (5.21) can be
used for any choice of modes. The only nontrivial condition
comes from the canonical commutation relations [26]:

1
A = AL P = e (5.32)

For instance, in the case of BD modes these coefficients are
as follows:

ABD _ \/Ee%
T 2MHDP(1 +iu) sinhp”
ABD — Ve (5.33)

215M0(1 — ip) sinh

Returning to our situation, not all contributions from
the expansion (5.21) produce divergent terms in (5.31).
Namely, the integral of f(z)e®" is finite and well-defined
when A — oo for a # 0 due to the properties of f(z). For
example,

0 .
lim dre’™e'® = —.
=0 J_oo i

(5.34)
(This property is definitely not the case if f changes rapidly,
e.g., if f(r) =0 for z < —A and f(z) =1 for 7 > —A)
Therefore, to pick up the leading divergence we only need
to consider the terms without oscillating exponentials.
Using (5.28) we find

h(pn )h(P’h)A+A—
i

+cc.|. (5.35)

DX ~2aN ()= l

It is evidently divergent when A — oco. In the last expres-
sion we simply picked out the most singular term of (5.31)
and (5.30).

It is interesting that according to (5.18) this correction

corresponds to the generation of a nontrivial anomalous

average k, = MA%A* with respect to the initial state. Of

course, the mass of the state is changed by a when 7 > —A,
but we can take @ - 0, A - oo in such a way that
a/ = const. Effectively it means that in the CPP the BD
state acquires a finite anomalous average and, hence, is
destroyed by an infinitesimal change of the mass if the
cutoff is taken to infinity.

The only alpha state which has the immunity to this
effect is the one with A, = 0. The modes then are given by

h(x) = z

st 7! —in (x) Which corresponds to the In-state in

CPP [26]. However, it is an alpha state with @ # 0 and
therefore has UV problems in perturbation theory, which
were discussed in Sec. VA.

It is worth noting that our consideration is not always
applicable if the cutoff is finite. Namely, it can be used if
the expansion of i(p&) from (5.21) is valid near the cutoff
scale, i.e., when & ~ e~ It means that p < ue”. On the
other hand, when p > ue®, we need to use a different
asymptotic expansion:

e—ix
Vx

For the BD state B, = 0 and, hence, 712( p&) contains only
oscillating terms.

In all, the modes with high enough momentum do not
feel the correction (5.35) if the cutoff is finite. It means that
if one chooses such modes that behave as In-modes in the
CPP when p < pe” and as the BD modes when p > pe?,
then correlation functions have the same UV behavior
as the BD state and at the same time are not sensitive to
a small change of the mass term that we are discussing in
this subsection. It is possible to choose such modes by
considering a linear combination of the BD modes with
momentum-dependent coefficients. Namely, one can
choose as the mode functions the following canonically
transformed expressions:

h(x) :B+e7)_C+B_ x> (5.36)

9p(n.3) =17 / AP gl h(qn)e®™ + B h(qn)e ™15,
(5.37)

where the complex x-independent coefficients @ and f
should obey certain conditions to fulfill canonical commu-
tation relations for the field operator and the corresponding
conjugate momentum and for the ladder operators. Also
one can impose such conditions on a and f that the
corresponding correlation functions for the Fock space
ground state will obey the Hadamard conditions. For
example, one can take a,, =a,6(p—¢q) and f,, =
p,6(p — q) so the modes g, are still given in a Fourier
basis and interpolate between ones with A, = 0 for small p
and BD modes for large p. However, the corresponding
correlation functions, which are build with the use of the
Fock space ground state for these modes, will explicitly
violate the dS isometry already at the tree level.

A similar calculation for the global dS space was
performed in [55] in one- and two-loop orders. However,
the two propagators in each product in the integrand of the
first-order similar to (5.30) had different mass parameters
w1y and u,. Hence, the terms with oscillating exponentials
of either u; + p, or p; — p, were always present, so IR
divergences did not appear. Besides that, we will now show a
rather simple way to resum all of the loops.
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For the Lagrangian (5.27) the straightforward resumma-
tion of the infrared divergences is possible. Let us perform
it to conclude this subsection. Instead of dealing with
diagrammatic series, it is much easier to explicitly solve the
quadratic theory defined by (5.27) in the semiclassical
approximation (WKB). The equation for exact modes fza (7)
is as follows:

02 4 p2e® + u? + af (1)]h,(r) =0.  (5.38)

Due to the properties of f(z) solutions of this equation
are modes for the theory with the mass parameter 4 when

7 — —co and with the mass parameter \/u> +a when
|tl < A or 7> 0. Let us for simplicity perform the
computation in the following limit:

a—0, A — o0, aA = const.  (5.39)
Then the modes when 7 <0, |7| <A or when 7> 0

correspond to the theory with the mass parameter y as well:

o [ h(pe),
ha(f) - {iz(pe’),

We assume that the modes (x) are given (i.e., we know A
and A_ in the expansion of /) and we need to find /.

It is more convenient to work in the region where
pe’ < 1, s0 (5.21) can be used. We can then neglect the
term pZe” in (5.38). As f changes slowly, the solution
of the resulting equation can be found in the WKB
approximation:

hu(7) = C, exp <i A Vit +a f(r’)dr’)
+ Crexp (—i/OT Vi + af(r’)dr’). (5.41)

Here we preserved a-terms only in the exponents, where
the aA combination may arise, neglecting them in the

preexponential factor W which also appears in

WKB solutions. Let us also expand the square roots in the
exponents to the first order in a. When 7 < 0 and |7] > A,
we find

roTe (5.40)
|z] < A or 7> 0. .

5o A

ho(t) = Cie et 4 Cyeideiir, = (5.42)

Here we used that f(z) =0 for 7 <0 and |z] < A, so
Jof(@)de = [y f(7')de = —A. The second-order terms
in the square root expansion lead to the correction to the
phase & of the order a®A, which is zero in our limit. Using
(5.21) and (5.40) we find
C,=A,p"e®, C,=A_p e  (5.43)

On the other hand, when 7 < 0, |7| < A (it intersects
with the region pe® < 1 for sufficiently large A), we have
h,(t) = Cie® + Cye™ite, (5.44)

as a [§ f(7')d7’ can be neglected after (5.39). Assuming

that A+ and A_ are coefficients in the expansion (5.21) of h
and using (5.43) we obtain

A, =A e A_=A_e" (5.45)
In particular, it means that
~ |A, |>e — |A_|?e7?® 2iA,A_sind -
h(x) ~ h(x) + —5——5h(x),
AL - 1A AP = AL P
(5.46)

as this holds for asymptotic expansions, and the relation
of h with & and h should be linear. Using (5.32) we can
simplify the last expression to

h(x) = (e7 — 4ip|A , |* sin 8)h(x) + 4iuA, A_ sin 5h(x).
(5.47)

We can use this relation to express the propagators DX/R/4
(5.17) for the modes % in terms of Dg /RIA for the modes h.
Retarded and advanced propagators are defined in terms of
the field commutator, so they do not depend on the choice
of the basis of modes and stay the same, while the Keldysh

propagator acquires the form

DX (plny.m) = DK (plm.m) + (nim2)= BulA L P(1 + 2u|A, [2) sin® 5h(pn, ) h(pyy)

—4uA [ A_sinS(ie™ + 4u|A, |* sin 8)h(pn, ) h(pn,) + c.c.).

We see that infrared divergence turned into the phase 9,
which is a rather standard phenomenon for such situations.
When 6 — 0 one can easily see that the perturbative
answer (5.35) is reproduced.

(5.48)

|

By finding the exact modes we effectively resummed all
orders of perturbation theory. Hence this computation
shows that IR divergences do not completely disappear
even after such a resummation if A, # 0. While the result is
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no longer divergent, there is no well-defined limit A — oo
as the cutoff scale only enters the phase terms. On the other
hand, the limit that makes sense is A — oo, a — 0,
aA = const, and the corresponding correction to the
Keldysh propagator does not vanish in this limit. It means
that the initial state acquires a nonvanishing particle density
and anomalous averages under an infinitesimal shift of the
mass term as long as A, # 0.

Hence, we once again find that the BD state in the CPP is
unstable, and we need to explicitly break the dS isometry
symmetry by introducing some form of cutoff and chang-
ing low-momentum modes to improve the situation.
Besides that, note that this consideration is somewhat
universal. Namely, if we have a theory with the modes
behaving as (5.21) at past infinity, i.e., satisfying the wave
equation with mass parameter y, we can reconstruct the
WKB solutions to it in the same way and obtain (5.47).
This is the case in, e.g., global dS space, so just as we noted
in Sec. V B the global dS space also suffers from the IR
divergences.

VI. CONCLUSIONS

We consider loop corrections to tree-level correlation
functions in various patches (regions, wedges, or charts)
of Minkowski and de Sitter spacetimes for the isometry
invariant states. Namely in Minkowski spacetime we
consider the Poincaré invariant state, while in de Sitter
spacetime we mainly consider the Bunch-Davies state. We
essentially use the consideration of various patches of
Minkowski spacetime as model examples for the study of
the patches in de Sitter spacetime.

Our main goal is to find out if the loop corrections
respect the isometries or not and to check if the loop
integrals can be mapped to the Euclidean signature via
analytical continuation of the propagators and rotations of
the integration contours in the loop corrections. By product
we prove that the Feynman technique does not provide
correct answers for the loop integrals, if one integrates in
the vertices over the regions rather than over the entire
spacetimes. That is true even if one restricts the consid-
eration to the static charts. Our consideration was rather
general; in the case of de Sitter space it was pointed out
in [20,21]. Furthermore, we prove that the Schwinger-
Keldysh technique is causal: the integration over the
vertices in the loops can be restricted to the union of the
past light cones of the external vertices of the correlation
functions. The integrals beyond the past light cones provide
vanishing contributions. This fact is mentioned in,
e.g., [11,28] without a formal proof, so we find it instructive
to provide one. We use these observations to prove our
statements.

Using a method similar to one of [11], we prove that
for the Poincaré invariant state the loop corrections in the
left and right Rindler wedges of Minkowski spacetime can
be mapped to the integrals over the Euclidean space.

Hence, loop corrections in such cases respect the
Poincaré isometry. Besides that, we give a simple proof
of isometry invariance which is not related to analytic
continuation. While a similar result was proven in [12], it
used an explicit momentum-space representation. We use a
more general coordinate-space approach which is based
solely on analytic properties and provides a simpler proof.
The same is true for the past or lower wedge. However,
in the future wedge loop corrections do not respect the
isometry.

All these observations are heavily relying on the analytic
properties of the propagators and on the causality of the
Schwinger-Keldysh technique. Thus, obviously although
we consider the same tree-level invariant propagators loop
corrections still depend on the choice of the patch. Namely,
loop corrections strongly depend on the choice of the
geometry of the initial Cauchy surface. In other words, they
depend on the choice of the initial state. That is due to
infrared effects, which are sensitive to the initial and/or
boundary conditions.

We encounter a similar situation in the patches of
de Sitter spacetime. Namely, for the Bunch-Davies state
(for the massive scalar field) we show that loop corrections
in the static patch and in the expanding Poincaré patch
respect the isometry and can be mapped to the calculation
on the sphere. While the analysis of the static patch case is
close to the one of [11], we prove the EPP isometry
invariance independently uses arguments similar to those
in [28,29]. Then we show that for generic alpha states loop
corrections violate the de Sitter isometry. That is related to
the analytic properties of the propagators for generic alpha
states as opposed to those for the Bunch-Davies state.

Furthermore, we show that loop corrections for the
Bunch-Davies state in the contracting Poincaré patch
and in global de Sitter spacetime contain infrared diver-
gences. Namely, even after the subtractions of the UV
divergences loop integrals are infinite, if the initial Cauchy
surface is placed at past infinity. They are also present for
all values of the mass, unlike the usual IR divergences
studied in [46—50]. Our results include one-loop corrections
studied before in [28,55], but we also compute an exact
correction for ¢p? theory. To remove the divergence one has
to keep the initial Cauchy surface at a finite initial time ¢,.
But such a cutoff violates the de Sitter isometry, because
there are generators of the latter symmetry that can move
the position, #(, of the initial Cauchy surface. Another way
considered in the literature is based on the analytical
continuation of the Euclidean theory [41-43], but it is
not suitable for generic nonequilibrium initial states. And,
as we see, it does not lead to the same result obtained in the
Lorentzian signature for adiabatic evolution in the future
Minkowski wedge, contracting the Poincaré patch and
global de Sitter spacetime.

Moreover, we show that in the contracting Poincaré
patch and in global de Sitter spacetime one has to consider
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initial noninvariant Hadamard states to avoid some (but not
all) of the infrared problems at every perturbative order. To
study the destiny of the other infrared contributions one has
to resum at least the leading loop corrections. The physical
reasons for the violation of the isometry in the loops in
the patches of de Sitter spacetime are discussed in [52]
in detail. Briefly speaking, in the simplest situations the
violation of the isometry appears due to the fact that in
nonstationary situations level populations and anomalous
averages are changing in time, while in stationary situations
they remain zero.

The violation of the dS isometry at the loop level
potentially may have strong physical consequences. In
fact, if the isometry is not broken, then the expectation
value of the stress-energy tensor of the quantum field
theory on the background in question is proportional to the
metric tensor with the constant coefficient of proportion-
ality. Then the result of the backreaction of quantum
fluctuations is just a renormalization of the cosmological
constant. However, if the isometry is broken, then in the
renormalization one can potentially obtain a screening in
time of the cosmological constant, which is similar to the
|

1
FSEI)(O, Xg) = _mz/d4YE'Yz =
E

(Ye—Xp)?

screening of strong electric fields in QED. The latter may
happen due to the generation of nontrivial stress-energy
fluxes caused by the change in time of level populations
and anomalous averages.
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APPENDIX A: THE CORRECTIONS TO THE
PROPAGATOR IN THE FUTURE WEDGE AND
IN THE MINKOWSKI SPACE

We wish to compute the integrals (4.9) and (4.11). Let us
start from the first one. As the integration goes over the
whole Minkowski spacetime, we can use the analytic
continuation to the Euclidean space R* with Y° = —iY%
to obtain:

1 1
2 4Y
" / d”/ YT YLt u(rs X0

= —7t2m2/1 du /ﬂo vdv
0 o [v4+u(l-u

where A is an IR cutoff scale. Here we have made the
following changes: Y, — Yz —uXy, Y2 =wv,and A — e '/2A.
As we use in Minkowski spacetime such a signature that
spacelike intervals have negative squares, we find that:

A? A?
1
FEVI) (O’ X) = —2m? 10g_—)(2 = —?m? IOg_—l‘2 . (A2)

Now let us move on with the calculation in the future
wedge of the integral (4.11). It is convenient to represent
the S-function as follows:
|

A? A?
X2 = —n’m? <log— - 1) = —n’m?log

= (A1)
X3 X

|
1

S[(Y = X)] = V04|

(YO —r—1)+6(Y° +r—1)],

(A3)

where 2 = (Y?)2,i = 1, ..., 3. Note that the first 5-function
on the RHS is always zero as in the integration region
Y% <t It is convenient to switch from Y’ to spherical
coordinates with angles 6,¢, and Y' = rcosf. Then
we have:

S[(Y = X)? 2
FY(0,X) = 22m? / d‘WM = 22m? / drd(cos 0) ————
[Y!<y0<s (Y - l(:') | cos O <t—r r(t —2tr — l€)
1/2 t (t=r)/r
= 22%m? {2 / dr———— / dr—— / d(cos 9)] . (A4)
0 t= —2tr — ic 2 1 =2tr—ie ) (i—nr
In the second integral one can change r — t — r to obtain that
(1 _g:2 o [ re I )
FF (O,X)_Slﬂ'm /}r drm—mm . (AS)
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APPENDIX B: PAULI-VILLARS
REGULARIZATION

In this paper we use the Pauli-Villars regularization to
deal with UV divergences in the loop integrals. That is,
we introduce several massive fields to replace the original
Green function by the regularized one of the form

[D/2]

G(&) =G(&m)+ > aG(&m). (B

where «; are constants, m; are masses of additional fields,
and ¢ is the dS or Poincaré invariant, depending on whether
we are dealing with dS or Minkowski spacetime.

For the BD state in dS spacetime the propagator G({) has
a singularity at { = 1, which is the standard UV divergence.
In the limit { — 1 the BD propagator can be represented as

A g, (my)
GEom)= > @ﬁ‘f‘g(%)log(l—é)‘FﬂC)v

n=0
(B2)

where g,(m;) and g(m;) are constants that depend on the
masses and Hubble constant, f({) is a de Sitter invariant
bounded function that has a well-defined finite limit as
¢ — 1 and branch cut from 1 to +oo. The logarithmic term
in (B2) is present only in even dimensions.

Hence to make G(¢) a well-defined finite function in the
limit { — 1, ; should obey the following relations:

[D/2]
ga(m) + > ag,(m;) =0, forn=0.1,....[D/2] -1
i=1

(B3)
and

[D/2]

g(m) + Y aig(m;) = 0. (B4)
i=1

After this regularization the propagator G is still dS
invariant, since each propagator in (B1) is separately dS
invariant and has the same analytic properties in the
complex {-plane as the original propagator. We suppose
that m; > 1 in the units of the dS curvature. In this paper
we assume that all propagators are regularized in the way
described here.

APPENDIX C: CHANGE OF THE MASS TERM
IN MINKOWSKI SPACETIME

To illustrate the situation with switching on the mass
term in CPP on a simple example in this appendix we
consider the case when the mass is changed rapidly in
Minkowski spacetime and compare it with the adiabatic

case. The modes in Minkowski spacetime are just the
standard plane waves, but we choose them mixed:

t t

e—ia),,
9,(1) =B, +B_ ;

P V2w, V2w,

w, =\/m*+ p?, |B_|>—|B > =1.

The last condition is needed to satisfy the canonical
commutation relations. Of course, the standard choice of
positive energy modes is B, = 0, B_ = 1, but the situation
with nonzero B, mimics the one we encounter for the BD
modes in the CPP.

The Wightman function for the Fock space ground state
for these modes is as follows:

eta),,

(C1)

Wy(X.X') = |B_PW(X.X') + |B.PW(X,. X))

+B_B,W(X,X}) +B_B,W(X,X). (C2)
Here X, is X with the reversed time: X! = —X°, Xi = X7,
and W(X,X’) is the standard Wightman function for the
scalar field theory with mass m. From here it is clear that
such states are not Poincaré invariant® if B, # 0. We will
still consider them, however, to compare with the CPP case.

Now let us assume that at r = —A the mass is instanta-
neously changed as follows: m? — 2. It means that the
exact modes g, satisfy the following equation:

07 + p* +m? + (> = m*)0(t + A)]g,(1) = 0. (C3)
Assuming that ¢(7) is defined by (C1) when r < —A, one
can easily find the modes when ¢ > —A:

iyt e—idpt

gp(t):B+ = +B_ —;
A /2a)p \ /2a)p
B :B+(a,p+d)p)eiA(6)p—wp)_|_B_(d,p_wp)eiA(a;p+wp)‘
' 2w, ’
i :B_(wp +@,)e MO 0) LB (@, —w,)e M Prter)

- 2\/w,o,

(C4)

where @, = \/m? + p*. Note that the first summands in
the equations defining B, and B_ are expressions which
appear in the WKB approximation (although with different
preexponential factors), while the second ones do not
appear in the WKB approximation. In particular, even in
the case of invariant vacuum B, = 0 we have B # 0. Itis

®Furthermore, these propagators do not obey the proper UV
Hadamard behavior. To obtain the propagator with the proper
Hadamard behavior one should take such B which depend on p
and B, (p) = 0 as |p| - .
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not surprising, because an instant change of the mass term
should move the theory away from the vacuum state.
Now let us find the Keldysh propagator. It is convenient
to express §,(f) when ¢ > —A in terms of the modes ,
defined for the mass 7z with B, and B_ being the same:
|

= B

(C5)

We find

(@ + @) (|B_PeNar) = B ReNam) 4 (@, = 0,) (B, Be Now ) — BB e\

2\/w,w,
é(t) ~ iN&@,+o —iN(@,+w ~ iN&@,—o —iN(@,—®
—|—2177~[(a)1, —w,)(B2eNOtep) — B2 o=iN@T0)) 4 (@, + @,) B, B_(eMNP=) — gmiMN@p=wp))], (C6)
Dp@p
Now the Keldysh propagator at t > —A can be expressed as follows:
DK(p|tl’ t2) = D(I)((p|z‘1’ t2) + [gp(tl)ép(IZ)np + gp(tl)gp(tZ)Kp + C'C]’ (C7)

where D (p|t,,t,) is the Keldysh propagator for the modes g, and

1

{(w, — w,)*[l = (B2 B**M@rt@) +c.c)] +2|B,B_|*[2(0? + @3) — (0, + @,)* cos2A(®, — w,)]]

—e¥hop) +ccl};

n, = —
P dw,m,
— (m* —m*)[(|B_]* + |B,[*) B, B_(e*"r
1 I - o
Kp _ {(a)p + (T)p)zB+B_(|B_|2€_21A(w/’_w/’) _ |B+|2)(1 _ e2tA(wp—w,,))

4copa)p

+ (&') _ wp)Z(B+B_ _ B_B+62iA(mp+r7)p))(B%e—2iA(a)p+(bp) _ Bi)

p

+ (M2 —m?)[(|B_|* + |BL|?)(B2e~2iA0y + B2 ¢%A0y) —2B_B_ (B, B_e*» +c.c.)]}.

These expressions define particle density and anomalous
averages with respect to the state with the mass m
and modes (CS5). Note that they have terms which do
not vanish when /i — m and A(m?> — m*) = const and the
limit A — oo is undefined.

For comparison let us also find these coefficients in the
adiabatic case. In the same way as in Sec. VD we find
the relevant modes:

it oidpt

— B_e—iA((D —w,) &
26 o

P 20,

(©9)

g;d(t) — B+eiA(d)1,—wl,)

Then the particle density and anomalous averages are as
follows:

nid = 4B, *|B_*sin*[A(&, — w,)],

K?)d — —2iB+B_(|B_|2e_iA(‘b/7_“’/’) _ |B+|2eiA(‘b/’_“’/’))

x sin[A(@, —,)]. (C10)

We see that these expressions are much simpler than those
from (C8). First, all the phases here are proportional to

(C8)

|
A(®, — ,), while in (C8) some of them are proportional
to A(@, + ,). From the perturbation theory perspective,
it happens because when we integrate ¢/® with a hard
cutoff at —A instead of a soft one as in (5.34) there is
a nonzero contribution from the lower limit. Second,
nid =k =0 for the invariant vacuum B, =0 and
B_ =1, which is not the case for n,, and k,. Let us denote
the latter by n;, and «,,. They have the following form:

P
~ 2 ~2 2
0, — 0 — o
n;:—( L Np) , K;:—m T p-2ia,, (C11)
4a)pa)p 4a)pa)p

It is something to be expected as an instant change of the
mass term should distort the ground state.

Finally, it is instructive to compare the result with the
case of CPP. The modes in the past are still oscillating
exponential, so the similar analysis is applicable. However,
the crucial difference is that the momentum in Eq. (5.38) is
exponentially suppressed, so the frequencies of the modes
at the past infinity are momentum independent (¢ when
7<-—A and ji when 7> —A) as long as pe™ < pu.
Hence the phases in CPP computation are proportional
to A(fr — p) and A(fi + p) (if the mass is rapidly changed).
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When A — oo, the frequencies of all modes become
constant.

On the other hand, the momentum dependence of @, in
Minkowski space becomes relevant when we do the Fourier
transformation to the coordinate space. Then we can treat
DX(plt;.1,) not as a function of momentum p, but as a
distribution, so the limit A — oo becomes well-defined in
some cases. Namely, the terms with phases proportional to
A(wp + va), Aw, and A®,, are suppressed as A — oo, as
they effectively restrict the momentum integration region to
V2B \/% For instance, «, vanishes as a distribution, but n),
is A-independent. Thus, the invariant vacuum state is still
distorted after the rapid change of the mass term even if
we take the limit A — oo in the generalized sense. The
correction, however, is of the order (/i — m)>.

The situation with phases proportional to A(@, — ) is
more interesting. Let us consider the following integral in
the case d = 4:

. eiA((Dp—a)p)Jriﬁ)_c'
- [
(0]

p

(C12)

We will find its asymptotic form when A — oo using the
steepest descent method. As we will show, the stationary
pointis at | p| > m if A is sufficiently large (we assume that
m ~ m), so we can use the relevant expansions of w, and
@,. Assuming that X = (x,0,0) with x > 0 and integrating
over the angular variables we find:

o 2 +oo ihay Foo iAd_j
I(7) =" ( / dpe’r P — / dpe’ ””‘>,
(2 0 0

o omr—m?
a=—-",

5 (C13)

where we assume that @ > 0. It is now straightforward to
: it Ad .
find stationary points: they are +,/5¢ for the first and

second integrals, correspondingly. The second point,
however, does not belong to the interval (0,+o0).

Hence, the second integral is suppressed—we only need

to consider the contribution of py = 1/"7&. Just as we

assumed, po > m if A is sufficiently large, e.g., x < 2—’2\
We have

. 2% .. N i 2 32 2”3/2 aA 14
I(X)~— p2iVAax dqetq aal? — %72 p2iVAax
X —o i1/4x7/

(C14)

Note that this expression is divergent when A — co—there
is a large region near p, where the phase is almost constant.
Hence, the corrections to the Keldysh propagator are actually
divergent in coordinate space if B, # 0. For instance,
the correction DX4(X]0,0) to the Keldysh propagator
with #; = #, = 0 in the adiabatic case which comes from
n}d (C10) has the following large A asymptotic:

(2aA)1/*

K,ad/ = ~
D00~ s

B, +B_]’|B, P|B_]

3
x sin [2 2AaF| - ﬂ . (C15)

This expression is evidently divergent in A. Besides that,
unlike the usual propagator, it is not exponentially sup-
pressed when [X| > L,

As we have noted above, in the CPP the wave frequen-
cies are momentum independent when pe™ < 1, and for
large momenta the corrections are suppressed, as we
discussed. Hence, a similar effect does not occur in CPP.
However, it is still interesting to see that in Minkowski
spacetime even after the resummation of the IR divergen-
ces, while they contribute to phases in momentum repre-
sentation, they are still evident in coordinate representation.
Also we see that only the states with B, = 0 have the well-
defined behavior when the mass is changed in the past, and
only if the change is adiabatic.
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