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The problem of ordering operators has afflicted quantum mechanics since its foundation. Several
orderings have been devised, but a systematic procedure to move from one ordering to another is still
missing. The importance of establishing relations among different orderings is demonstrated by Wick’s
theorem (which relates time ordering to normal ordering), which played a crucial role in the development of
quantum field theory. We prove the general ordering theorem (GOT), which establishes a relation among any
pair of orderings, that act on operators satisfying generic (i.e., operatorial) commutation relations. We expose
the working principles of the GOT by simple examples, and we demonstrate its potential by recovering two
famous algebraic theorems as special instances: the Magnus expansion and the Baker-Campbell-Hausdorff
formula. Remarkably, the GOT establishes a formal relation between these two theorems, and it provides

compact expressions for them, unlike the notoriously complicated ones currently known.
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I. INTRODUCTION

Quantum theory is founded on the mathematical machi-
nery of the Hilbert spaces, which come along with states,
operators, etc. Since operators are noncommuting objects,
one needs to be careful to their order when a product acts
on a state. This fact lead to the conception of different
ordering (super)operators (henceforth, simply named
“orderings”) like Dyson’s time (or path) ordering [1],
normal ordering [2], Weyl ordering [3,4], and Cahill-
Glauber s-orderings [5] to name a few. Orderings are
rooted so deeply in the quantum theory, that they are
involved in several fields of research like e.g., quantum
field theory [1,2,6—12], statistical physics [13,14], quan-
tum optics [5], phase-space representation [4,15-18], spin
systems [19,20], quantum chemistry [21,22], and Yang-
Mills theories [23]. Nonetheless, to date only few theorems
are known that establish connections among different
orderings. The most famous is undoubtedly Wick’s theo-
rem [2,24], which had a tremendous impact in the develop-
ment of quantum field theory. Wick’s theorem indeed,
besides being a theorem that allows to express higher-order
moments of normal distributions in terms of their covari-
ance matrix, can be understood as a theorem that relates
time ordering to normal ordering of bosonic and fermionic
operators. Similar theorems, involving different orderings,
were developed in diverse contexts [9—11,15-22,25], but
only recently Wick’s theorem was generalized to any pair
of orderings [26]. A common feature shared by these
theorems is the they hold only for operators that (anti)
commute to a complex number. A theorem relating general
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orderings of operators satisfying arbitrary (i.e., operatorial)
commutation relations was missing, before the publication
of this paper containing the general ordering theorem.
Before moving on, we remark that the importance of the
general ordering theorem goes far beyond the scopes of
quantum physics, as ordering issues arise in any math-
ematical problem involving noncommutative algebras, like
e.g., group theory [27-29], analysis of partial differential
equations [30-32], Lie algebras [33-35], etc. In these
contexts two important theorems are known; the Magnus
expansion (ME) [36,37] which allows to express the
solution of an operatorial linear differential equation as a
pure exponential, and the Baker-Campbel-Hausdorff for-
mula (BCH) [38—42], which allows us to rewrite the product
of two operatorial exponentials as a single exponential.
Although the ME and the BCH are not usually referred to as
ordering theorems, we will next show that they can be
understood in this way, thus representing the only two
examples (to the author’s knowledge) of theorems among
orderings of generic (i.e., not c-number-commuting) oper-
ators. As such, they also share the merit of giving a clear
understanding of the level of complexity that one has to face
when dealing with operators having generic commutation
relations, instead of c-number-commuting operators. For

example, the BCH can be expressed as eX eV = ¢ with

1
12

1

Z=X+V+-[X.V]+—=[X[X7] —12[?, X9 +....

(1)

M| —

where the dots hide an infinite number of nested commu-
tators of growing (eventually infinite) order. It is thus clear
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that when X and ¥ commute to a c-number, only the first
three terms of the right-hand side survive; otherwise the
whole infinite series must be retained.

The general ordering theorem (GOT) proven in this paper
establishes a connection between any pair of orderings that
act on operators satisfying any commutation relation. As
such, the GOT should be considered an ultimate result, as it
is the most general ordering theorem that can be proven,
both in terms of orderings and of operators.

II. SETUP

Let ¢ = {¢,} be a set of operators with a € Q, the
index set. Let O be an ordering, which rearranges any
product of operators q?ﬁl (?)n according to the ordering rule
Pi>- =P

Olpr-ba] = bp, by, (2)

where p;...p, is a permutation of the input string 1...n.
Orderings of this type are called monomials because the
ordered output is a single permutation of the input string.
Typical examples of monomial orderings are the time
ordering (7), which orders the integers increasingly from
right to left, and the normal ordering (N'), which pushes
all creation operators to the left of all annihilation
operators. The orderings where the output is a weighted
sum of permutations are called nonmonomials [43],

Oldpr--b) =Y weldp, by, Ips (3)
P

where P denotes a specific permutation. Since the idea
underlying orderings is that they simply rearrange the
input string without changing the multiplicity of the input
operators, the weights wp must sum to one. A notorious
example of nonmonomial ordering is the Weyl ordering
(W), which outputs the fully symmetrized version of the
input product, or which can be equivalently defined as the
identity on exponentials with linear arguments,

Wleth+bd2] = gaditbdz (4)

(because these are inherently symmetric). The GOT
applies to all monomial orderings, and to those non-
monomial orderings that can be expressed in terms of a
monomial one. In [43] it was shown that )V belongs to the
latter class, as it can be expressAed in terms of 7.

We assume that the operators ¢, are linear combinations
of operators in § = {@;}, k € &,

A

¢a = £ak@k’ (5)

where the Einstein sum convention for repeated indexes is
assumed, with the condition that sums run on the elements
of the index set respective to the repeated index. We thus

introduce a different ordering ¢, which orders the oper-
ators ¢y, according to the rule k; > ... > k,,, but may not order

the operators ¢,. Similarly, the operators ¢, may not be
ordered by O. The decomposition (5) allows us to define

indirectly the (O'-ordering of operators g?)(, as follows:

@4 =0

n
114
i=1

H Ea,-k,-(?)k,-‘| . (6)
i=1

In the following we assume Q and Q' to be discrete sets, but
the results obtained hold invariably for continuous indexes,
provided that sums are upgraded to intergrals, and partial
derivatives become functional derivatives.

There are two key ingredients in the GOT. The first is the
concept of contraction, that is the difference of how O and

(@' order a pair of operators of q?ﬁ,

aaﬁ =(0- O/)a’aﬁ?)ﬂ = (01 — 9ﬁ>a)£ak£/ﬂ[@k’ o, (7)

where 05, = 1 if f>a, and 0;,, = 1 if [>k, both zero
otherwise. We remark that, here and in the forthcoming,
such unit step functions € are excluded from the Einstein
notation; it is thus understood that in Eq. (7) only the sums
over k, [ are performed (see Appendix A). Similarly, we can
define the contraction for the operators in @,

Cklaﬂ = (O - O')@k@l = (91>k - 9ﬁ>a>[60kv @l}a (8)

which satisfies @(,/; = ﬁakﬁ/fzﬁkza/z- We remark that C is a
symmetric matrix (éaﬁ = éﬂa), while the elements of C
satisfy ﬁklaﬁ = ﬁlkﬂa and ﬁkkaﬂ =0.

The second ingredient is a differential operator which

has the peculiarity of replacing the differentiated operator
by another one,

(X-i)ABC:A)?é. 9)
oB

In modern jargon, such a mathematical object is called a
tensor (or operator) directional derivative (with respect to B,
in the direction X) [44.,45], and it belongs to the family of
Gateaux derivatives [46]. We should nonetheless mention
that this differential operator dates back at least to the early
proofs of the BCH by Baker [39] and Hausdorff [40], who
respectively called it “substitutional” and “polar” derivative.
This is a linear operator that satisfies suitable Leibniz and
chain rules, and that behaves like a standard partial
derivative when X is a c-number (see Appendix A for
further details). In order to keep the notation contained, we
will use the following shorthand notation; 0, = 0/ 0(25(, and
5, = 0/0(,. We are now ready to state the theorem.
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III. GENERAL ORDERING THEOREM

Theorem.—Let F(¢) be a functional of operators in the
set ¢ = {¢,}, @ € Q, and let O be an ordering on ¢. Let
Eq. (5) hold for a set of operators $ = {{; }, k € @/, and let
(@' be an ordering on this set. Let > and > denote the
ordering rules of O and (7, respectively. Then,

O[F(9)] = O'F ()], (10)
with ¢' = {¢.,}, a € Q, and

&5:15&{1—'_&(1/)"9/)" (11)

Proof—In order to keep the treatment as simple as
possible, we report here the proof for the special case where
Loy = 84 (Kronecker delta), which implies {¢,} = {{;}
and Q = Q', i.e., O and O order the same operators but
according to different rules (like e.g., normal and anti-
normal orderings). In such a case Eq. (7) simplifies to

Caﬂ = (6ﬂ>—a - 9ﬂ>a)[¢a’ ¢ﬂ] (12)
Some technical details of this proof are left to Appendix B,
while the general proof for O and O’ ordering different sets
of operators is reported in Appendix C. We rely on the
power series expansion that any functional admits, and we
prove the theorem by induction: we assume that the identity

o|114. H%] 13)
i=1 i=1

holds up to an arbitrary n, and we prove that

=1 =1

We implicitly assume that ' orders the operators (27; before
Eq. (11) is replaced. In other words, if we define the

“priming operator” P as [P’[(?)a] = (2;’0(, then

Hqs] EP{O’ Hqs] } (15)

Accordingly, whether @aﬂ belongs or not in Q' is irrel-

O/

evant. We also remark that the product of n operators of ¢/
always contains n operators of g;ﬁ, and its rightmost
operator is not primed because its derivatives have nothing
to act upon on their right. Without loss of generality, we
assume that O orders the operators of (;5 according to the
rule @, >...>a;>a>a;>...>a;, which implies that

= oy -bay Pabay--bay- - (16)

o@ﬂ@
i=1

This equation can be rewritten in terms of the left-hand
side of the hypothesis (13) as follows:

l¢(l H ¢a ] ¢a 6/}>(1 ¢(z’ ¢/} a/} [H ¢(l ] ’

(see the Appendix B for the proof), which in turn reads

l¢aH¢a;| - 9ﬂ>—a[¢a’¢ﬂ aﬁ O/ [H ¢a] ’

after Egs. (11)—(13) are used. The first term on the right-
hand side can be rewritten by exploiting an identity similar

to Eq. (17) (with ¢ replaced by ¢, and O by O'; see
Appendix B), which finally gives

O|¢a [ ba . 1
i=1 i=1

= [fa ) 0)O

=0 + Ops o [P P41 9)

f[(z;,.], (19)
i=1

where Jj = d/d¢j. The GOT is thus proven if the
operators

[ba dpl-05)  (20)

are identically zero. In order to prove it, we exploit the
definition (11) on the first term of D,, obtaining

D, = 9ﬂ>—a([$lav &5//}] é/ﬂ -

[d)w d)ﬁ] [¢m d)ﬂ] [ ay’ aya é/ie : a&} ’ (21)

while the second term is rewritten by exploiting the chain
rule for tensorial derivatives [44,45],

9ﬂ>—a[éﬁw é\sﬂ]'aﬂ = 9ﬂ>—a([9y>—a[$w éﬁy] '877 éﬂe : 38]
+[Bas dy))-0)- (22)

By replacing these equations in Eq. (20) one is left with

Da = 0ﬁ>—a[97>!l{$(l’ $7}.57’ éﬁf'aE]'%’ (23)

which with a simple calculation can be shown to be
identically zero (see Appendix B). Equation (19) thus
reduces to Eq. (14), which completes the induction and,
with it, our proof of the GOT. m

We remark that the GOT equally applies when Eq. (5)
is replaced by the more general linear relationship

iaﬁﬁa = ﬂkq?ﬁk. The price one has to pay is that the functional
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to be ordered must display the dependence F(A,g,).
because only in this case a decomposition in terms of
F(Ay) is allowed.

IV. GOT AT WORK

A first formal check can be done by considering
operators with c-number contraction (free bosonic fields,
canonical operators, etc.). In this case the differential
operator in Eq. (9) reduces to a standard partial derivative,
and the GOT recovers the ordering theorem for bosons
derived in [26]. Needless to say, when one further spe-
cializes to time and normal orderings, Wick’s theorem is
also recovered. We now elucidate how the GOT works with
operators that possess operatorial commutation relations,
by considering few simple examples.

As a warmup we consider O = 7, the time ordering
defined in the introduction (n>...>=1), while ' is the
respective antiordering 7 (1> ...>n). Assume that we want
to rewrite the time ordered version of the product &51(}2&3
as an antitime ordered product. According to Eq (12)

the entries of the contraction matrix are given by C;, =

(0251 —92>1)[$1,$2} = —[‘2’1,(2’2], é13 = _[Q?’l,‘?h]’ and

A

Ca3 = —[>. ¢3]. The GOT prescribes that

A A A

T(91hads] = dsdothr = T(B1059%] = P drds,  (24)
where

Gy = 1= [d1.$a]-0, = (1. ] -05,  (25)

¢ = o+ 2. d1]-01 = (o da]-05. (26)

and ¢, is not primed because, as previously mentioned, the
derivatives of rightmost term in any product have nothing to
act upon. By replacing these two equations in the rightmost
term of Eq. (24) we find

G123 = (d1 = (1, ]-0, = 1. $3]-05)
X (&’2&53 - [4?)2 Q?J%])
= d1$302 — D3[d1. 9] = (D1, §slhs = Pshahr.
(27)
which confirms the correctness of the GOT.
We now upgrade to an example where O and (O’ order
different sets of operators. Let O = A, which orders the
indexes in alphabetical order from right to left (Z>...>A),

and O =7 (n>...>1). Moreover, let Eq. (5) hold, with
Q=1{A,B} and Q' = {1,2},

ba = Lard1 + Lazpa, (28)

b5 = Lu1d1 + L. (29)

We aim at expressing the alphabetically-ordered product of

the operators ¢4, ¢p as a time-ordered product. According
to the GOT, the following identity holds,

A[QAbAQAbB] = T[@A%]
=T(Lai1@| + Lao@5)(Lp1 @y + Lad3)],  (30)

where in the second line we have decomposed the oper-
ators of ¢ in terms of ¢ in order to be able to apply 7°
(see Appendix C). By making explicit the orderings one
finds

bsba = LarLuid11 + LarLpdrin
+ La1 Lpa @51 + Lar L1 9591 (31)

with

Py =Py + (0152 — 9ﬂ>a)[¢27@1}‘81' (32)

In the first line of Eq. (31) the primes of the leftmost
operators disappeared because ﬁkkaﬂ = 0, while the primes
of the rightmost operators of both lines dropped because
their derivatives have nothing to act upon. We observe that
the differential part of Eq. (32) depends on the values that «
and f take in Q (see Appendix C). In the term L£,; Lz, (5,
of Eq. (31), the indexes 1 and 2 are associated respectively to
A and B (as recalled by the coefficients £) because the
operator ¢; comes from the decomposition of g;ﬁ 4, While the
operator (, comes from the decomposition of ¢p. This
implies that in the contraction displayed by Eq. (32) one has
f =A and a = B. In the term L4, Lp,$5p; the association
is the opposite, which implies f = B and a = A. Since
0,50=0,04 =0 and 5., = 1, one easily finds that

LaiLp@hpr = LaLppdrfy. (33)

A

LarLpi@yd1 = Lz L Py — (@2, 1))
= L Ly 919, (34)

which once replaced in Eq. (31) make it trivial to check that
the identity holds. Now that the basic working principles of
the GOT are clear, we move to more complicated applica-
tions which disclose its vast potential.

A. Baker-Campbell-Hausdorff formula

This formula originated in the context of Lie groups,
where it is a natural question to ask if the products of two
group transformations eXe’ can be expressed as a single
exponential [47,48]. What physicists typically learn about
the BCH is the following: if X and ¥ commute to a

c-number the BCH is a very helpful tool because it displays

105010-4



GENERAL ORDERING THEOREM

PHYS. REV. D 107, 105010 (2023)

a nice and compact structure; otherwise it is a disaster. In
mathematical terms this is translated as follows:

eXel = 2 (35)
with
A gl 1 oY oy ~ n
7= ;E [W(X,¥)-0y]"Y, (36)
oo =B, ..
W(X.¥) = Z_; —tadi X, (37)

where B,, are the Bernoulli numbers, adyX = [V, X] and
ad;f( = [, ad’{lf(]. This is an infinite series involving
nested commutators of growing (eventually infinite) order,
whose terms up to order three are displayed by Eq. (1). We
now show that the GOT allows to express the BCH in a very
elegant way. We introduce the ordering N yy, which is a
sort of normal ordering that pushes all operators X to the
left of the operators Y. It is a trivial task to show that [43]

Nyy[eX 7] = eXe?. (38)

~

By recalling that the Weyl ordering acts as the identity on
the exponential function [see Eq. (4)], we understand the
BCH (35) as relation between N 'yy and WV,

Nxy[eXT7] = WIe?). (39)

Remarkably, a relation between these orderings can be
established also via the GOT, which states

Nyy[eXT] = WeX+T), (40)
with
X=X V=V+[X 7)o, (41)
that is
Xl — XV HXT]0x (42)

The expressions for the primed operators in Eq. (41) are
dictated by the GOT, and they are derived in Appendix D.
We thus see that the GOT provides a very compact
expression of the BCH, though being completely equivalent
to it. Some comments are at the order. First, one may notice
that the contraction in Eq. (41) is not symmetric
(éxy # @YX). This is due to the nonmonomial nature of
W, as explained in Appendix D. Second, one may be
puzzled by the fact that although Egs. (35)-(37) and
Eq. (42) use the same mathematical ingredients, the latter

displays such a simpler structure. The reason is that Baker
and Hausdorff were looking for a closed expression
explicitly displaying the elements of the Lie algebra (i.e.,
nested commutators) [39,40,42]. The GOT instead provides
an “open” expression, in the sense that the nested commu-
tators are obtained by applying it iteratively the directional
derivative. We further observe that, by expanding in Taylor
series the right-hand side of Eq. (42), the nth order of
expansion Z, (X , f/) can be determined recursively via the
simple formula

A A ~

~” on 1 N noa
L) = (X4 T+ KTz, (X F). (43)
As a check of the correctness of the GOT, let us compute the
third-order term 3!25(X, ¥), which amounts to

[[X. 7. 9. (44)

It is again an elementary operation to check that this
equation coincides with the third-order expansion (i.e.,

involving products of three operators) of eZ, with Z given
in Eq. (1).

B. Magnus expansion

W. Magnus looked for the solution of the initial value
problem associated to the following ordinary differential
equation:

Uy =1, (45)

where U, and A, are linear operators, and 1 is the identity.
Precisely, Magnus was interested in a pure exponential
solution of the type

U,=e", (46)

B X

Therefore, similarly to the BCH, also the ME consists of an
infinite series of nested commutators of growing order (the
ME is indeed also referred to as “continuous BCH”).
Nonetheless, Eq. (45) is well-known to physicists, as well
as its solution that Dyson first wrote in terms of the time-
ordering operator,
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b, =T [efé *‘sﬂ. (48)

By recalling again Eq. (4), we can understand the ME as the
Weyl-ordered version of Eq. (48),

Tlehd] =wieh) (49)

The GOT offers another way to relate time ordering to Weyl
ordering, i.e., it provides a different expression for the ME,
which reads

T [efo’ Asds} — oAt [ Ous A Ai]ddu)ds (50)

where 6, is the standard Heaviside step function. We
eventually observe that a recursive formula similar to
Eq. (43) holds also for the ME. We leave the check of
the validity of Eq. (50) at third order to Appendix D.

V. CONCLUSIONS

We have proven the general ordering theorem, which
establishes a connection between any pair of orderings
acting on operators that posses generic commutation rela-
tions. After elucidating its working principles, we have
demonstrated the potential of the GOT by establishing
compact expressions both for the BCH and the ME. Besides
being very elegant, these have the merit of providing simple
recursive formulas to calculate efficiently high orders of
expansion. This is not the case for the original versions of
the BCH and ME, where the exponent contains infinite
series, and in order to obtain the nth order of expansion, one
needs to put together and rearrange all lower orders.
Nonetheless, the GOT in some sense extends the range
of applicability of the BCH and the ME, while the latter
concern exponentials, the former applies to any functional.

On the more applied side, we mention few research fields
which will benefit from the GOT. The first are non-
Markovian open dynamics for spin systems (e.g., spin-
boson and Jaynes-Cummings) [49]. Since in the time
evolution of these systems the fermionic operators enter
linearly, one cannot exploit the fermionic Wick’s theorem,
and the GOT is needed [26,50]. Another field of application
is nonlinear optics, whose processes (like e.g., spontaneous
parametric down-conversion and four-wave mixing) involve
photonic operators that do not commute to c-numbers
(because of the nonlinearity), thus preventing the use of
standard ordering theorems and requiring different tech-
niques [51,52]. Concerning quantum field theory, one may
exploit the GOT to express known quantities in terms of the
“preferred ordering” introduced by Dalibard, J. Dupont-
Roc, C. Cohen-Tannoudji [12]. Last, in the context of Yang-
Mills theories, the GOT may be exploited to rewrite
standard amplitudes in terms of color-ordered ones [23].
We conclude by observing that, in general, any research

topic where operator ordering or noncommutative algebra
play a central role will potentially benefit from the GOT.
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APPENDIX A: MATHEMATICAL
PRELIMINARIES

In this paper we make extensive use of the Einstein
notation for repeated indexes, with the exception of the unit
step functions 6,, 5 and 6;,;, whose indexes do not
contribute to the repetition, and are only meant to limit
the sums generated by the repetition of other indexes. Two
illustrative examples are the definitions of contraction in
Eq. (7) and Eq. (12). In Eq. (7), indexes k, [ are repeated
because they are displayed both by £ and by ¢, while a,
are not repeated because 6,, 5 does not contribute to the
repetition. Therefore, one should understand Eq. (7) as

éaﬂ = Z (O1>-x — 9ﬂ>a)£ak£'ﬂl[@k’ il- (A1)

k.le

In Eq. (12) instead there is no sum, because 6,, 5 does not
contribute to the repetition, thus explaining why the left-
hand side displays two indexes. Excepting those belonging
to unit step functions, all other repeated indexes are
summed.

One of the two main ingredients of the GOT is a tensor
(or operator) derivative, whose properties are here briefly
reviewed; for further (and more formal) details we refer the
reader to [45,46]. We start by recalling that the action of any
differential operator on operator functionals relies on the
Taylor expansion of the latter, making it sufficient to define
the action of the former on a product of operators. An
operator derivative 3(1 =49/ (3&5(, can be defined by

aa<¢n ¢a ¢1) = ¢n ¢1v (AZ)
and satisfies
[8057 &ﬁ] = 501/1’ [805’ 5/3] =0. (A3)
The associated directional derivative is defined by
Py Ou( - 1) = B pebr. (A4)

of which Eq. (9) is a simplified example. Given two
functionals F(¢), G(¢) on ¢={p,}, a€Q, the
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directional derivative defined above is a linear operator APPENDIX B: DETAILS OF THE PROOF
which satisfies product and chain rules: IN THE MAIN TEXT
bp0,[aF (§) + bG(P)] = ady-0,F (§) + bdy-0,G(9) In this section we derive those identities that are used

in the main text, but whose proofs were not reported
a,beC (AS) there in order to keep the proof contained. We start by

$ﬂ5a[F(<?>)G(<?>)] — [&ﬂéaF(&s)]G(&) + F(C?)) [(i,ﬁgaG(&)] multiplying the left-hand side of Eq. (13) by ¢,, and then
we move this operator towards right, with the aim of
(A6) bringing it at the position that O assigns to it. After two

A A A A A ~  OF switches one finds
¢y 0aF[G(P)] = [P 0.G(P)] -~ (A7)

O[Hs%ail = Qabba, o, = Pa,Baba, - e, + o P ) ba, - Pe,
i=1
= Qo,ba, \Paba, - Pa, + Vo, [Ba Pa, |y -y + [P P ) ba, P (B1)

where the second line can be rewritten as follows:

II ¢] . (B2)
i=1

@ H a)a,»‘| = (?)a,,&an_lg%a;ban_z'“;bal + ([a)m a)a,,]'éan + [&ﬁa’ &an_l]'éan_l)()
i=1

By iterating this procedure until ¢, has reached the correct position, one finds

+ 6/3>a [&5(17 éﬁﬂ]aﬁo lH &(l,-‘| ’ (B3)
i1

70 [H ¢] _ o[&sama,.
i—1 i—1

where 0, , allows differentiation only of those terms that O places at the left of .. This is Eq. (17). Trivially, if we repeat
the same calculation with (?)ﬁ, and @, we find

O 310 [m;i], (B4)
i=1

o [H &s;,] _o [asz, 114,
i=1 i=1

which is the identity used to pass from Eq. (18) to Eq. (19). The last step needed to complete the proof is to show that the
operators D, in Eq. (23) are identically zero. We first remark that, according to Eq. (9), the derivative 5;; in Eq. (23) places
the commutator at the position 3, therefore the differential operator 38 inside the commutator can act only on those operators

that O’ places to the right of g?ﬁ}, (0p5. = 1). Accordingly, the term proportional to 6, 4 in @ﬁg vanishes, and one is left with

Da - _9ﬂ>—a y>a g>ﬂ[[¢a7 &5}’] V& [é\sﬂ’&g]ég]a/ﬁ
== _9ﬂ>—a(9ﬂ>a g>ﬂ[[¢a’ ¢ﬂ]7 453]'36 + gs>a98>ﬁ [&ﬁ? [&av ¢£H
- _9ﬂ>-a(9ﬂ>a9}’>ﬂ - 0}’>010}’>ﬂ + 9y>a9a>ﬁ)<[[$m él\sﬂ] ’ &5}’] d

A

5 }/>a90(>ﬂ[[$ﬂ’ &a] ’ &y] '(A)y - 9y>a9y>ﬂ [&a’ [&ﬂv ¢y“ 8}/)%
) 0p. (B5)

where the second line is obtained by performing the derivatives inside the commutator, and the third line by exploiting
the Jacobi identity. We eventually observe that the product 6,, .0, 5 can be decomposed as 0, .0, 5=
0, 30p>a + 0,004 5, Which replaced in Eq. (BS) gives D, = 0. The GOT is proven.

105010-7



L. FERIALDI

PHYS. REV. D 107, 105010 (2023)

APPENDIX C: GENERAL PROOF

This section is dedicated to the proof of the GOT in the
general case where O and (O order different sets of
operators, {¢,} and {¢,} respectively. In analogy with
the definition (11) of the operators (,Ab'a, we introduce the
operators

P = P + Bklaﬁ’ 5lv (C1)

where 5, = 0/d@,, which according to Eq. (5) are such that

G = Lok (€2)

The left-hand side of Eq. (Cl) does not display the
subscripts a, f because these do not play any role in the
ordering of ¢ according to O'. a, f# can thus be dropped,
provided that they are readily restored when the explicit
expression for @) is used [see e.g., Eq. (32)].

The general proof follows the one in the main text up to
Eq. (17) while, because of the general definition of
contraction (7), Eq. (18) is replaced by

l¢{z H ¢a 1 ¢(1 91>—k£(1k [@k’ @1}81)0/ lH &;,‘| s
i=1

(C3)
where 8, = d/¢;, and we used 5; = £ﬁ,3ﬁ. Before apply-

ing @ we need to decompose the operators (27; in the first
term of the right-hand side according to Eq. (C2),

&7; O/ ak(pk>0/

n
[14.
i=1

H (za,.k,.@;q)]. (C4)

i=1

We introduce the identity corresponding to Eq. (B4) for the
operators in ¢/,

7o

n

N
[
i=1

n
O@H%]
i=1

+ 019

-8, lH ] . (C3)

which we exploit to rewrite the right hand side of Eq. (C4)
obtaining

e [H &s;,.] =0 [wak@;) I1 (ca,.k,.eo;q)]
i=1 i=1
H (ﬁa,-k,(;b;q)‘| .

i=1

+ 015k Lot [P @) 5?0'

(Co)

By replacing this equation into Eq. (C3) one eventually
finds

o[&sama,] _o [(zs;m;,]
=1 =1
+ 051 Lok ([@2 @Q]-S? — @, f?’ﬂ‘&)

x O [H (ﬁa,.k,-(%i)] .

i=1

(C7)

The differential operator in the second term of the right-
hand side has the same structure as D, in Eq. (20), therefore
one can prove that the former is identically zero by
retracing the proof for D, = 0. This completes our proof.

APPENDIX D: CONTRACTIONS FOR THE BCH
AND THE ME

As discussed in the main text, both the BCH and the ME
can be understood as relation among orderings, one of
which is the Weyl ordering. Accordingly, in order to apply
the GOT, we first need to express the (nonmonomial) Weyl
ordering in terms of a monomial ordering. In [41] it was
shown that this can be done via the time ordering as
follows:

A ~ 1 g/ v
W[ea</;,+b</)z] =7 |:€j[‘) (aun+h(/221)d1} ’ (Dl)

where the time label 7 is assigned only formally to the
operators, i.e., (}511 = (251 and éﬁzf = (}52, V 7. We start with

the BCH and we rewrite Eq. (40) with the redundant
notation of Eq. (D1),

NXY|: [NCES )d} :T[eﬁ)l(f(;-i—f’;)d‘r]' (D2)

In order to write the explicit expressions for the primed
operators, we need to compute the associated contractions,

which read

(NXY - T)j\( ? Xff]a - (07(75\(7:5\]0' + 9{71?{75\(7)
0
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Wiy =TIV.X, = X,
0 (D4)
where we dropped the symbol > because when the time

ordering is involved 6,, , coincides with the standard
Heaviside step function 6,,. Accordingly,

A

)A(/r :Xr'i—em[xr’f]ﬂ}'aﬂ,v (DS)
f//r = f/r + em[f(m f/‘r}’éx(,' (D6)

We remark that these operators are placed by 7 at the
position z, which implies that directional derivatives always
act to the right of 7, i.e., 8, = 0 and ., = 1. Accordingly,

A

X=X (D7)

?/1 = ?‘r + [)A((ﬂ ?T]'éX,,’ (Dg)

which return Eq. (41) once the original notation is restored.

Something similar occurs with the ME, that establishes
a connection between time ordering and Weyl ordering,
which according to the GOT can be expressed as
follows:

T [efor;“‘ds} =W [efot;‘l“d‘y} .

(D9)

Since we need to exploit the decomposition (D1), we
rename the time ordering in the left-hand side of Eq. (D9)
as 7 =T, while we call 7, the time ordering associated
to W by Eq. (D1). We thus rewrite Eq. (D9) as

(D10)

T, [eﬁ]l(fo’ Amds>da} ~T, [eﬁ)‘(j;’ Agads)dg]’

where 7', orders the first subscript of A, and 7', orders the
second. The contraction in A’w reads

~ ~

(Tl - TZ)ASUAMU = gsuAso'Auu + gusAuqu - gauAsaAuu - QUO'AHUASO' = (qu - 901})[Aso'vAuu]? (Dl 1)
which leads to
A Am + (esu - 9 )[A T()”A ]'afxm) = Am =+ euf[ uv» A m]'aﬁwa (D12)

where the second identity is given by the fact that v always stands to the right of ¢ (i.e., 8,, = 1). By replacing the result in
Eq. (D10) and restoring the original notation, one eventually recovers Eq. (50). We now check the validity of the GOT by

expanding Eq. (50), whose third order reads,

B i o 8.0) s o )] 2]

S[[ (s [0
///( AAA+50,AA,

sl [([ [ 500)

A G0l A+ 00 ALA 4 0u0u(A A A dudsal. (D13

6

By decomposing 6,,0,, = 0,,0,, + 0,,0,, and by rearranging the terms, we can rewrite the last identity as follows:

AJ+0uAA

///( AAA +1 HWA[

1
+ - esueulH ﬁ

. ALA] +

Hsu [Al’ [As, A,,H) duds dl,

A

Al—" exlelu[[ ] ]+ 9su9ul[A [AM’AI]]

6 6

(D14)

where the second line can be shown to be identically zero by decomposing 6, = 0,,0,, + 6,,0,, + 0,,0,,;, and by exploiting
the Jacobi identity. On the other side, the first three terms of the Magnus series in Eq. (47) read

R 1 [t [t A 1 [t [t [t SO A A
V(t> - / ASdS + _/ / esu [As’Au] + _/ / / (aslalu[[AmAl]’Au] + gsuaul[As’ [ALl’AI]])du dsdl.
0 2Jo Jo 6.Jo Jo Jo

(D15)

By expanding the exponential in Eq. (46) and by retaining only the terms with three operators, one can easily check that the

first line of (D14) is recovered.

105010-9



L. FERIALDI

PHYS. REV. D 107, 105010 (2023)

[1] F.J. Dyson, Phys. Rev. 75, 486 (1949).

[2] G.C. Wick, Phys. Rev. 80, 268 (1950).

[3] H. Weyl, Z. Phys. 46, 1 (1927).

[4] E. P. Wigner, Phys. Rev. 40, 749 (1932).

[5] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1857 (1969).

[6] A. Hourlet and A. Kind, Helv. Phys. Acta 22, 319 (1949).

[7] J. L. Anderson, Phys. Rev. 94, 703 (1954).

[8] T. Matsubara, Prog. Theor. Phys. 14, 351 (1955).

[9]1 M. Gaudin, Nucl. Phys. 15, 89 (1990).

[10] A. Vaglica, C. Leonardi, and G. Vetri, J. Mod. Opt. 37, 1487
(1990).

[11] T.S. Evans and D. A. Steer, Nucl. Phys. B474, 481 (1996).

[12] J. Dalibard, J. Dupont-Roc, and C. Cohen-Tannoud;ji,
J. Phys. 43, 1617 (1982).

[13] L. V. Keldysh, Sov. Phys. JEPT 20, 1018 (1965).

[14] A.G. Hall, J. Phys. A 8, 214 (1975).

[15] G.S. Agarwal and E. Wolf, Lett. Nuovo Cimento 1, 140
(1969).

[16] G.S. Agarwal and E. Wolf, Phys. Rev. D 2, 2206 (1970).

[17] G.S. Agarwal and E. Wolf, Phys. Rev. D 2, 2161 (1970).

[18] G.S. Agarwal and E. Wolf, Phys. Rev. D 2, 2187 (1970).

[19] J. H. H. Perk and H. W. Capel, Physica A (Amsterdam) 89,
265 (1977).

[20] J. H. H. Perk, H. W. Capel, and G. R. W. Quispel, and F. W.
Nijhoff, Physica A (Amsterdam) 123, 1 (1984).

[21] W. Kutzelnigg and D. Mukherjee, J. Chem. Phys. 107, 432
(1997).

[22] L. Kong, M. Nooijen, and D. Mukherjee, J. Chem. Phys.
132, 234107 (2010).

[23] T. Schuster, Phys. Rev. D 89, 105022 (2014).

[24] K. Chou, Zh. Su, B. Hao, and L. Yu, Phys. Rep. 118, 1
(1985).

[25] B. Silvestre-Brac and R. Piepenbring, Phys. Rev. C 26, 2640
(1982).

[26] L. Ferialdi and L. Di6si, Phys. Rev. A 104, 052209 (2021).

[27] W. Magnus, Ann. Math. 52, 111 (1950).

[28] A. Borel, Linear Algebraic Groups, Graduate Texts in
Mathematics Vol. 126 (Springer-Verlag, Berlin, 1991).

[29] P.E. Schupp and R.C. Lyndon, Combinatorial Group
Theory (Springer-Verlag, Berlin, 2001).

[30] G.B. Folland and E.M. Stein, Hardy Spaces on Homo-
geneous Groups. Mathematical Notes Vol. 28 (Princeton
University Press, Princeton, NJ, 1982).

[31] L. Hormander, Acta Math. 119, 147 (1967).

[32] A.Nagel, E. M. Stein, and S. Wainger, Acta Math. 155, 103
(1985).

[33] N. Bourbaki, Lie Groups and Lie Algebras (Springer-
Verlag, Berlin, 1989).

[34] J.-P. Serre, Lie Algebras and Lie Groups (Springer,
New York, 2006).

[35] M. R. Sepanski, Compact Lie Groups. Graduate Texts in
Mathematics Vol. 235 (Springer, New York, 2007).

[36] W. Magnus, Commun. Pure Appl. Math. 7, 649 (1954).

[37] S. Blanes, F. Casas, J. A. Oteo, and J. Ros, Phys. Rep. 470,
151 (2008).

[38] J. Campbell, Proc. London Math. Soc. 28, 381 (1897).

[39] H. Baker, Proc. London Math. Soc. 3, 24 (1905).

[40] F. Hausdorff, Ber. Verh. Saechs. Akad. Wiss. Leipzig 58, 19
(1906).

[41] E. B. Dynkin, Dokl. Akad. Nauk SSSR 57, 323 (1947).

[42] R. Achilles and A. Bonfiglioli, Arch. Hist. Exact Sci. 66,
295 (2012).

[43] L. Diési, J. Phys. A 51, 365201 (2018).

[44] M. lItskov, Tensor Algebra and Tensor Analysis for En-
gineers (Springer Verlag, Berlin, 2007).

[45] P. A. Kelly, Mechanics Lecture Notes Part IlI: Foundations
of Continuum Mechanics (University of Auckland, 2022).
Online book available from https://pkel015.connect.amazon
.auckland.ac.nz/SolidMechanicsBooks/Part_IIl/index.html.

[46] M. Spivak, Calculus on Manifolds (Taylor & Francis,
London, 1971).

[47] J. E. Campbell, Proc. London Math. Soc. 29, 14 (1898).

[48] H. Poincaré, Trans. Cambridge Philos. Soc. 18, 220 (1900).

[49] H.P. Breuer and F. Petruccione, Theory of Open Quantum
Systems (Oxford, Oxford University Press, 2002).

[50] L. Ferialdi, Phys. Rev. A 95, 020101(R) (2017); 95, 069908
(E) (2017).

[51] N. Quesada and J. E. Sipe, Phys Rev. A 90, 063840 (2014).

[52] N. Quesada and J. E. Sipe, Phys. Rev. Lett. 114, 093903
(2015).

105010-10


https://doi.org/10.1103/PhysRev.75.486
https://doi.org/10.1103/PhysRev.80.268
https://doi.org/10.1007/BF02055756
https://doi.org/10.1103/PhysRev.40.749
https://doi.org/10.1103/PhysRev.177.1857
https://doi.org/10.1103/PhysRev.94.703
https://doi.org/10.1143/PTP.14.351
https://doi.org/10.1016/0029-5582(60)90285-6
https://doi.org/10.1080/09500349014551671
https://doi.org/10.1080/09500349014551671
https://doi.org/10.1016/0550-3213(96)00286-6
https://doi.org/10.1051/jphys:0198200430110161700
https://doi.org/10.1088/0305-4470/8/2/012
https://doi.org/10.1007/BF02813766
https://doi.org/10.1007/BF02813766
https://doi.org/10.1103/PhysRevD.2.2206
https://doi.org/10.1103/PhysRevD.2.2161
https://doi.org/10.1103/PhysRevD.2.2187
https://doi.org/10.1016/0378-4371(77)90105-4
https://doi.org/10.1016/0378-4371(77)90105-4
https://doi.org/10.1016/0378-4371(84)90102-X
https://doi.org/10.1063/1.474405
https://doi.org/10.1063/1.474405
https://doi.org/10.1063/1.3439395
https://doi.org/10.1063/1.3439395
https://doi.org/10.1103/PhysRevD.89.105022
https://doi.org/10.1016/0370-1573(85)90136-X
https://doi.org/10.1016/0370-1573(85)90136-X
https://doi.org/10.1103/PhysRevC.26.2640
https://doi.org/10.1103/PhysRevC.26.2640
https://doi.org/10.1103/PhysRevA.104.052209
https://doi.org/10.2307/1969512
https://doi.org/10.1007/BF02392081
https://doi.org/10.1007/BF02392539
https://doi.org/10.1007/BF02392539
https://doi.org/10.1002/cpa.3160070404
https://doi.org/10.1016/j.physrep.2008.11.001
https://doi.org/10.1016/j.physrep.2008.11.001
https://doi.org/10.1007/s00407-012-0095-8
https://doi.org/10.1007/s00407-012-0095-8
https://doi.org/10.1088/1751-8121/aad0a6
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://pkel015.connect.amazon.auckland.ac.nz/SolidMechanicsBooks/Part_III/index.html
https://doi.org/10.1103/PhysRevA.95.020101
https://doi.org/10.1103/PhysRevA.95.069908
https://doi.org/10.1103/PhysRevA.95.069908
https://doi.org/10.1103/PhysRevA.90.063840
https://doi.org/10.1103/PhysRevLett.114.093903
https://doi.org/10.1103/PhysRevLett.114.093903

