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We study a conformally coupled scalar-tensor theory with a quartic potential possessing local conformal
symmetry up to a boundary term. We show that requiring the restoration of the full local conformal
symmetry fixes the counterterms that render the on-shell action finite. The building block of the resulting
action is a conformally covariant tensor which is constructed out of the metric and the scalar field and it has
the same conformal weight as the Weyl tensor. This allows us to obtain the counterterms for the scalar-
tensor sector in a closed form. The finiteness of the conformally complete version of the action is suggestive
on the validity of the conformal renormalization prescription. We extend this theory by adding the
conformal gravity action and also the Einstein-AdS action written in MacDowell-Mansouri form. Even
though the latter breaks the conformal symmetry, we find that the action is still renormalized provided a
suitable falloff of the scalar field when considering asymptotically locally anti-de Sitter solutions. Black
hole solutions in these theories are studied, for which the Hawking temperature and the partition function
to first order in the saddle-point approximation are calculated, providing a concrete example of this
renormalization scheme.
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I. INTRODUCTION

Renormalization of gravitational theories that admit
asymptotically locally anti–de Sitter (AlAdS) solutions
has become a crucial ingredient in black hole thermody-
namics and in the anti–de Sitter/conformal field theory
(AdS=CFT) correspondence. The standard prescription—
dubbed holographic renormalization (HR)—consists of
adding the Gibbons-Hawking-York (GHY) term in order
to fix the Dirichlet variational principle for the induced
metric in the radial foliation and then introducing intrinsic
boundary counterterms to cancel divergences that appear
when evaluating the action on solutions with AlAdS
behavior. This renders the Euclidean on-shell action and
asymptotic charges finite [1–9], which allows one to define
the generating functional for correlators of the dual CFT

and to obtain the holographic data of said theory [10,11].
In particular, in the saddle-point approximation of the
AdS=CFT correspondence, the Euclidean on-shell action
of the gravity theory is identified with the generating
functional for connected correlators of the CFT, where
the values of the fields at the conformal boundary are
identified with the holographic sources of the correspond-
ing CFT operators. Then, the variational principle ensures
that arbitrary variations of the generating functional are
expressed as total variations of the sources, such that the
correlators are directly obtained through functional deriv-
atives thereof.
An interesting observation, which was made in Ref. [12],

is that imposing the Dirichlet condition for the induced
metric at the AdS boundary is ill defined due to the
divergent volume element of AdS space. Furthermore,
fixing the Dirichlet condition for the holographic source
asymptotically close to the boundary does not require
fixing the Dirichlet condition for the intrinsic metric,
as both the extrinsic and intrinsic curvatures admit an
expansion in the holographic source in terms of the
Fefferman-Graham (FG) expansion [13,14]. This lead to
the development of the Kounterterms prescription in
Ref. [15], where the renormalization is achieved by the
addition of a suitable boundary term, which depends on
both extrinsic and intrinsic curvatures of the boundary in a
closed form. For even bulk dimensions, the Kounterterm is
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the Chern form, which is the boundary term that appears in
the Euler theorem. Then, the renormalization can also be
achieved by adding the Euler density in the bulk with a
fixed coupling, such that it cancels the divergence of the
maximally symmetric configuration (global AdS). In the
case of odd bulk dimensions, there is a similar procedure
where the boundary term is the contact term of the
transgression form of the AdS group [16]. In that case,
the second gauge connection describes a product manifold
that shares the same boundary as the dynamical manifold.
As shown in Ref. [17], the 4D Kounterterm-

renormalized Einstein-AdS action can be written in a
McDowell-Mansouri form for the AdS group [18,19]. In
the case of Einstein-AdS spacetimes, the latter can bewritten
in terms of the Weyl tensor squared and the on-shell action
becomes that of conformal gravity (CG), which is the unique
local conformal invariant in four dimensions. This rewriting
of the Einstein theory by embedding it in CG is consistent at
the level of the equation of motion (EOM), as all Einstein
spacetimes belong to the solution space of the theory, whose
EOM is given by the Bach-flat condition. Since CG contains
an Einstein sector, the corresponding action can be explicitly
separated into a MacDowell-Mansouri part plus terms which
vanish for Einstein spaces [20].
For AlAdS manifolds with weakened AdS asymptotics,

it was shown that the Weyl-squared CG action is finite off-
shell, even for non-Bach-flat spacetimes [21]. Therefore,
the finiteness of the McDowell-Mansouri action for
Einstein-AdS gravity follows immediately, as the two
actions are equivalent for Einstein spaces. This was the
first example where the embedding of a gravity theory into
another one with bulk local conformal invariance allowed
to obtain the renormalized form of the action. Later, in
Ref. [22], the same procedure was generalized for Einstein-
AdS gravity in six dimensions by embedding it into the
unique CG action in six dimensions that admits Einstein
spaces as solutions, constructed in Ref. [23]. It is important
to emphasize that, even though the embedding of Einstein-
AdS into CG in four dimensions gives the same action
principle as the Kounterterms, this is not true in six
dimensions. As discussed in Ref. [24], in the 6D case,
the topologically renormalized action cancels all divergen-
ces only for AlAdS spaces with conformally flat boundary.
In the generic case, the latter prescription fails to cancel a
boundary divergence which depends of the Weyl-squared
of the boundary manifold. However, the embedding in the
6D CG theory correctly reproduces all the terms required
for achieving the renormalization, such that the obtained
action is fully equivalent to the one given by HR, up to the
normalizable order. Thus, it is this prescription that gives
the correct renormalization, generalizing the Kounterterms
beyond the requirement of the conformal flatness of the
boundary.
Beyond purely metric theories, renormalization appro-

aches havebeen considered for caseswith additional degrees

of freedom, e.g., scalar fields. Indeed, in the context of HR,
counterterms for AlAdS spaces in scalar-tensor theories
have been discussed in Refs. [25–30]. Therefore, a natural
question to ask is whether or not the use of local conformal
symmetry in the bulk to determine the renormalization terms
can be generalized for these theories. Here, we address this
issue and construct renormalized gravity actions possessing
a conformally coupled scalar-tensor sector, whose solutions
havebeen studied in the literature. Therefore, this constitutes
the first application of the conformal renormalization idea to
scalar-tensor theories of gravity.
The paper is organized as follows. In Sec. II, we review

the purely metric formulation of CG in four dimensions
and show its finiteness for AlAdS spaces as well as its
equivalence with renormalized Einstein-AdS theory when
evaluated at Einstein spaces. In Sec. III, we obtain the
conformal completion of a conformally coupled scalar-
tensor theory, which allows us to read the counterterms
for the AlAdS sector explicitly. Section IV is devoted
to present the renormalized Einstein-AdS gravity in
MacDowell-Mansouri form conformally coupled to scalar
fields. We show that, even though the latter is not conformal
invariant, the counterterms still render the action finite for a
suitable falloff of the scalar field; we compute its value
explicitly for the solution obtained in Refs. [31,32]. In
Sec. V, we prove the renormalization of CG with con-
formally coupled scalar fields for all Bach-flat solutions
and we compute explicitly the renormalized action for
analytic black-hole configurations with stealth scalar fields.
Finally, in Sec. VI we present a summary and discussion
about the main results.

II. CONFORMAL GRAVITY

In four dimensions, CG is an interesting theory con-
structed solely in terms of the squared Weyl tensor. It has
been studied as an ultraviolet completion of general
relativity [33], as a counterterm in holographic renormal-
ization [34], and it appears as a possible explanation for the
flat galaxy rotation curves [35]. Different supersymmetric
extensions of CG have been studied in Refs. [36–46]
alongside their holographic properties [47]. Additionally,
it arises in the context of the twistor formulation of string
theory [48]. Its action represents the only four-dimensional
functional constructed uniquely in terms of the metric
that remains invariant under local Weyl rescalings
gμν → g̃μν ¼ e2σðxÞgμν. As a consequence, the theory
involves four-derivative terms which makes it pathological
due to the presence of ghosts. However, since higher-
derivative theories of gravity have better renormalizability
properties than Einstein gravity [18,49–51], they are
considered useful toy models for quantum gravity.
The space of solutions of CG contains all Einstein

spaces. Indeed, the CG action becomes equal to that of
renormalized Einstein-AdS gravity when evaluated at
Einstein spaces [20]. In the case of AlAdS manifolds,
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the Einstein condition can be implemented, up to the
normalizable order, by imposing Neumann boundary con-
ditions on the FG expansion [52]. Additionally, this theory
has the remarkable property of being finite and possessing a
well-posed variational principle for AlAdS spacetimes
[21]. Specifically, the dynamics of conformal gravity is
dictated by the action principle

ICG ¼ αCG

Z
d4x

ffiffiffiffiffi
jgj

p
Wαβ

μνW
μν
αβ; ð1Þ

where αCG is a dimensionless coupling constant, g ¼
det gμν is the metric determinant, while

Wαβ
μν ¼ Rαβ

μν − 4S½α½μδ
β�
ν� and Sμν ¼

1

2

�
Rμν −

1

6
gμνR

�
ð2Þ

are theWeyl and Schouten tensor, respectively. Here, Greek
indices indicate the bulk coordinate patch. The four-order
field equations are obtained by performing arbitrary var-
iations of Eq. (1) with respect to the metric, giving Bμν ¼ 0,
where

Bμν ¼ −4ð∇λCμνλ þ SλσWμλνσÞ
and Cμνλ ¼ ∇λSμν −∇νSμλ; ð3Þ

are the Bach and Cotton tensors, respectively. Therefore,
the solution space of the theory corresponds to Bach-flat
spacetimes. Moreover, notice that Einstein spaces satisfy
this condition automatically. Then, all Einstein spaces are
Bach flat, even though the converse is not necessarily true.
On the other hand, even though some Bach-flat spaces
are conformally Einstein, there are examples where this
condition is not satisfied and they cannot be related to
solutions in Einstein gravity by performing a conformal
transformation [53,54].
One of the most interesting features of CG is the finiteness

of the action when evaluated at AlAdS spacetimes. Namely,
the usual divergences that arise in the gravitational action
due to the infinite volume of AdS spaces are absent in the
case of CG and no additional counterterms are needed.
Indeed, as shown in Ref. [21] for weakened asymptotically
AdS boundary conditions, both the quasilocal stress tensor
and the partially massless response function are finite; these
are the corresponding currents coupled to the massless
and the massive gravitons, respectively. These independent
currents are the ones that in AdS=CFT are identified with the
CFT operators whose holographic sources are then the two
lowest order coefficients of the FG expansion of the metric
about the AdS boundary.
The asymptotic behavior of the CG action can be also

studied by considering power-counting arguments. In
particular, we consider the generic AlAdS conditions which
in the FG gauge obtain the form

ds2 ¼ l2

z2
ðdz2 þ Gijðz; xÞdxidxjÞ;

Gijðz; xÞ ¼ gð0ÞijðxÞ þ
z
l
gð1ÞijðxÞ þ

z2

l2
gð2ÞijðxÞ

þ z3

l3
gð3ÞijðxÞ þ…; ð4Þ

where z is the radial coordinate, l is the AdS radius, and
Latin indices indicate the coordinates at the codimension-1
constant-z hypersurface. Here, z ¼ 0 denotes the location
of the conformal boundary. This structure defines a radial
ADM-like foliation that allows us to decompose the Weyl
squared in term of the three independent contributions; they
are

Wαβ
μνW

μν
αβ ¼ Wij

kmW
km
ij þ 4Wiz

jzW
jz
iz þ 4Wiz

kmW
km
iz : ð5Þ

Interestingly enough, for the generic AlAdS conditions
described above, all the independent components of the
Weyl tensor fall-off as Oðz2Þ. Thus, the CG Lagrangian
falls-off as Oðz4Þ, what leads to the action behaving as

Z
d4x

ffiffiffiffiffi
jgj

p
Wαβ

μνW
μν
αβ ∼

Z
d3x

Z
dz

ffiffiffiffiffiffiffiffiffiffi
jgð0Þj

q
z4

Oðz4Þ ∼OðzÞ:

ð6Þ

The latter indicates that the CG action is free from any IR
divergences, in accordance to Ref. [21]. This behavior of
the CG action makes manifest the relation between bulk
conformal symmetry and renormalization, not only for
CG, but also for every subsector of the solution space
of the theory. Indeed, for Einstein-AdS spacetimes, where
Sμν ¼ − 1

2l2 gμν, the Weyl tensor coincides with the curva-

ture of the torsionless AdS group, F αβ
μν , given by

Wαβ
ðEÞμν ¼ Rαβ

μν þ 1

l2
δαβμν ≡ F αβ

μν : ð7Þ

This relation indicates that the CG action evaluated for
Einstein spacetimes reduces to the MacDowell-Mansouri
action for the AdS group [19]. The latter corresponds to the
topologically renormalized Einstein-AdS action1 [17]

ICG½E� ¼ IðrenÞEAdS ¼
l2

256πGN

Z
d4x

ffiffiffiffiffi
jgj

p
δμ1…μ4
ν1…ν4F

ν1ν2
μ1μ2F

ν3ν4
μ3μ4 ;

ð8Þ

1Actually, the resulting action in Eq. (8) is shifted by a constant
term involving the Euler characteristic of the manifold, which
naturally arises from the Kounterterms renormalization scheme
and matches the renormalized volume [55].
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which, in turn, is equivalent to holographic renormaliza-
tion [24].
It is important to note that the action of Eq. (8) has a well-

defined Dirichlet variational principle for the metric at the
conformal boundary gð0Þij [56]. This is in accordance with
Ref. [12], which showed that the finiteness and the well
posedness of the variational principle in terms of the
holographic sources are related.
Furthermore, Eq. (8) suggests that the counterterms

of Einstein-AdS gravity are dictated by bulk conformal
symmetry, which introduces the concept of conformal
renormalization. Conversely, one could show the finiteness
of the MacDowell-Mansouri action (8) by using the generic
off-shell relation between F αβ

μν and the Weyl tensor. This is
given by

Wαβ
μν ¼ F αβ

μν − Xαβ
μν ; ð9Þ

Xαβ
μν ¼ 2H½α

½μδ
β�
ν� þ

1

12

�
Rþ 12

l2

�
δαβμν ; ð10Þ

with Hα
μ ¼ Rα

μ − 1
4
δαμR being the traceless Ricci tensor.

Thus, replacing this relation into Eq. (8), one obtains

IðrenÞEAdS ¼
l2

256πGN

Z
d4x

ffiffiffiffiffi
jgj

p �
δμ1…μ4
ν1…ν4W

ν1ν2
μ1μ2W

ν3ν4
μ3μ4 þ 8Hμ

νHν
μ

þ 2

3

�
Rþ 12

l2

�
2
�
: ð11Þ

This action reduces exactly to that of Eq. (1) for Einstein
spaces, as it can be seen by noticing that the last two terms of
Eq. (11) vanish identically upon this condition. Therefore,
as the CG action is finite in general for weakened AdS
asymptotics, one concludes that the obtained expression is
renormalized for Einstein-AdS spacetimes.

A. A new route to the renormalized Einstein-AdS action

In what follows, we provide a different strategy to address
conformal renormalization. Instead of finding a conformally
invariant theory and evaluating it at different sectors of the
solutions space, we perform its on-shell conformal com-
pletion. This will be the guiding principle for the derivation
of the generalization to scalar-tensor theories.
Our starting point is the Einstein-AdS gravity in four

dimensions. In this case, the Einstein-Hilbert Lagrangian
density with a negative cosmological constant Λ ¼ −3=l2

reads

L EH ¼
ffiffiffiffiffi
jgj

p �
Rþ 6

l2

�
: ð12Þ

The behavior of the Ricci scalar under infinitesimal
local Weyl rescalings of the metric, i.e., δσgμν ¼ 2σgμν, is
given by

δσR ¼ −2σR − 2ðD − 1Þ□σ: ð13Þ

Then, the Einstein-Hilbert term transforms according to

δσ

� ffiffiffiffiffi
jgj

p �
Rþ 6

l2

��
¼ 2

ffiffiffiffiffi
jgj

p �
σ

�
Rþ 12

l2

�
− 3∇μ∇μσ

�
:

ð14Þ

In order to conformally complete the Einstein-Hilbert
Lagrangian without modifying the field equations, one
has to add either a surface or topological terms. Since
we are working in four dimensions, we consider that the
Einstein-Hilbert action is supplemented by the Gauss-
Bonnet term with an arbitrary coupling constant c4, that is,

L EH;GB ¼
ffiffiffiffiffi
jgj

p �
Rþ 6

l2
þ c4E4

�
; ð15Þ

where c4 is a constant with units of length squared and

E4 ¼
1

4
δμ1…μ4
ν1…ν4R

ν1ν2
μ1μ2R

ν3ν4
μ3μ4 ¼ R2 − 4Rμ

νRν
μ þ Rμν

λρR
λρ
μν ð16Þ

is the Gauss-Bonnet invariant. In four dimensions, the latter
does not contribute to the bulk dynamics since its integral is
proportional to the sum of the Euler characteristic and the
integral of the Chern form in a codimension-one boundary.
Nevertheless, it changes the conserved charges and the
Euclidean on-shell action in a nontrivial way [17,57,58].
Considering its Weyl variation

1

4
δσð

ffiffiffiffiffi
jgj

p
δμ1…μ4
ν1…ν4R

ν1ν2
μ1μ2R

ν3ν4
μ3μ4Þ ¼ −16δμ1μ2ν1ν2∇μ2ð

ffiffiffiffiffi
jgj

p
Sν1μ1∇ν2σÞ;

ð17Þ

and summing up all the contributions, we get

δσL EH;GB ¼ 2
ffiffiffiffiffi
jgj

p �
σ

�
Rþ 12

l2

�
− 3□σ − 8c4δ

μ1μ2
ν1ν2

×

�
1

2
Cν1
μ1μ2∇ν2σ þ Sν1μ1∇μ2∇ν2σ

��
: ð18Þ

As expected, the EH action supplemented by the GB
density is not Weyl invariant. However, evaluating at
Einstein spaces, the variation becomes

δσL EH;GBjE ¼
ffiffiffiffiffi
jgj

p �
−6□σ þ 24

l2
c4□σ

�
: ð19Þ

Demanding on-shell Weyl invariance of the action, the
coupling constant is uniquely fixed as c4 ¼ l2

4
. Thus, the

corresponding action matches, up to the Euler characteristic
of the manifold, the topologically renormalized Einstein-
AdS action [17]. This has recently shown to be equivalent
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to the HR prescription [24]. This procedure provides an
alternative route to obtain the surface terms that render the
action finite.
The generalization of the concept of conformal renorm-

alization in six dimension has been presented in Ref. [22].
In the following, we will extend this prescription to the case
when scalar fields are included.

III. CONFORMALLY COUPLED SCALAR FIELDS

The previous analysis indicates that, in the presence of
purely metric fields, bulk conformal invariance leads to
a finite action when AlAdS spacetimes are considered. In
this section, we study whether this relation can be extended
in the presence of scalar fields. Our starting point is the
conformally coupled scalar-tensor theory with a self-
interacting scalar field, whose action is given by

Iϕ ¼
Z

d4x
ffiffiffiffiffi
jgj

p �
1

12
ϕ2Rþ 1

2
∇μϕ∇μϕþ νϕ4

�
; ð20Þ

where ν is the dimensionless coupling of the quartic scalar
potential. This action is quasiconformal invariant, namely,
it transforms as a boundary term under the simultaneous
Weyl rescaling of the metric and scalar field given by gμν →
g̃μν ¼ e2σðxÞgμν and ϕ → ϕ̃ ¼ e−σðxÞϕ. Indeed, considering
the infinitesimal Weyl rescaling of the fields

δσgμν ¼ 2σgμν and δσϕ ¼ −σϕ; ð21Þ

the Eq. (20) transforms as

δσIϕ ¼ −
1

2

Z
d4x

ffiffiffiffiffi
jgj

p ∇μðϕ2∇μσÞ: ð22Þ

The presence of the total derivative indicates that the action
Iϕ should be supplemented by a boundary term and/or
a topological contribution for restoring the exact local
conformal invariance of the theory.
In order to perform the conformal completion of the last

expression, we consider that for a scalar Φ of arbitrary
scaling dimension Δ, the Weyl variation of the Laplacian
multiplied with the volume element reads

δσð
ffiffiffiffiffi
jgj

p
□ΦÞ ¼

ffiffiffiffiffi
jgj

p
½ðDþ Δ − 2Þσ□Φþ ΔΦ□σ

þ ðDþ 2Δ − 2Þ∇λσ∇λΦ�: ð23Þ

Thus, for Φ ¼ ϕ2 with Δ ¼ −2 in four dimensions, we
obtain

δσð
ffiffiffiffiffi
jgj

p
□ϕ2Þ ¼ −2

ffiffiffiffiffi
jgj

p ∇μðϕ2∇μσÞ: ð24Þ

Therefore, the combination

Iϕ;cc ¼ Iϕ −
1

4

Z
d4x

ffiffiffiffiffi
jgj

p
□ϕ2; ð25Þ

is fully invariant under Weyl rescalings of both the metric
and the scalar field. Indeed, this action can be equivalently
written as

Iϕ;cc ¼
Z

d4x
ffiffiffiffiffi
jgj

p �
1

12
ϕ2R −

1

2
ϕ□ϕþ νϕ4

�
: ð26Þ

In the last expression, it becomes manifest that the
conformal completion of the nonminimally coupled scalar
field action leads to an explicit dependence from the
Yamabe operator Δ2, that reads

Δ2 ¼ −□þ ðD − 2Þ
4ðD − 1ÞR: ð27Þ

This differential operator—frequently dubbed conformal
Laplacian—is conformally covariant with a scaling weight
− Dþ2

2
when acts on scalars of scaling dimensions Δ ¼

− D−2
2

[59,60]. One may trivially extend this differential
operator by adding a scalar with conformal weightΔ ¼ −2.
In particular, for the theory of interest, we consider the
extension

Δ̃2 ¼ Δ2 þ cϕ2; ð28Þ

where c is a dimensionless arbitrary constant. This allows
us to write the action (26) as

Iϕ;cc ¼
1

2

Z
d4x

ffiffiffiffiffi
jgj

p
ϕΔ̃2ϕ: ð29Þ

Since the Yamabe operator is conformally covariant, the
action (29) is explicitly invariant under local rescalings.
However, there are configurations which break the sym-
metry, e.g., constant scalar fields. In that case, the kinetic
part of the scalar field vanishes and one is left only with the
Einstein-Hilbert part, losing the information of the presence
of the scalar. Moreover, it is easy to see that the conformal
transformation becomes singular for a constant scalar by
starting with a nontrivial scalar configuration such that the
action (29) is finite and the spacetime is AlAdS. Then, one
can choose the conformal transformation to make the scalar
field constant. If the original value of the action was finite,
then, by conformal invariance, it should remain finite at the
constant scalar field configuration. However, in that case,
the action will diverge as the AdS volume. Therefore, the
transformation has to be singular. This implies that Iϕ;cc has
to be supplemented by the corresponding compensating
terms which are necessary to ensure the bulk conformal
invariance of all possible field configurations of the theory,
including the case of a constant scalar field.
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In order to circumvent this issue, it is convenient to
introduce the tensor proposed in Ref. [61], namely,

Sμν
λρ ¼ ϕ2Rμν

λρ − 4ϕδ½μ½λ∇ν�∇ρ�ϕþ 8δ½μ½λ∇ν�ϕ∇ρ�ϕ

− δμνλρ∇αϕ∇αϕ; ð30Þ

which transforms covariantly under Weyl rescalings in four
dimensions; i.e.,

Sμν
λρ → S̃μν

λρ ¼ e−4σðxÞSμν
λρ: ð31Þ

This implies that the tensor (30) becomes a convenient
building block for constructing conformally invariant
scalar-tensor theories of gravity. Indeed, their traces are

Sμ
ν ≡ Sμλ

νλ ¼ ϕ2Rμ
ν − δμνϕ□ϕ − 2ϕ∇μ∇νϕ

þ 4∇μϕ∇νϕ − δμν∇λϕ∇λϕ; ð32Þ

S ≡ Sμν
μν ¼ ϕ2R − 6ϕ□ϕ: ð33Þ

One can see that Eqs. (27) and (33) coincide, up to an
overall factor, if and only if c ¼ 0. A natural generalization
of Eq. (30) including the missing piece of the Yamabe
operator in Eq. (33) can be obtained by shifting Sμνλρ in field
space according to

Σμν
λρ ¼

1

ϕ2
ðSμν

λρ þ 2νϕ4δμνλρÞ; ð34Þ

where δ
μ1…μp
ν1…νp ¼ p!δμ1½ν1…δ

μp
νp� is the generalized Kronecker

delta of rank p. Written in this way, one can see that Σμν
λρ has

the same conformal weight as the Weyl tensor. Then, its
trace gives

ϕ2Σμν
μν ¼ ϕ2R − 6ϕ□ϕþ 24νϕ4 ¼ 6ϕΔ̃2ϕ; ð35Þ

for c ¼ 4ν. Namely, the full trace of the conformally
covariant tensor Σμν

λρ is equivalent, up to an overall factor,
to the Yamabe operator in four dimensions.
Based on these considerations, we consider a confor-

mally invariant scalar-tensor theory whose dynamics is
described by the action principle

Iϕ;conf ¼
ζ

4

Z
d4x

ffiffiffiffiffi
jgj

p
δμ1…μ4
ν1…ν4Σ

ν1ν2
μ1μ2Σ

ν3ν4
μ3μ4

¼ 96ζν

Z
d4x

ffiffiffiffiffi
jgj

p �
1

12
ϕ2R −

1

2
ϕ□ϕþ νϕ4

þ 1

96ν
ðE4 þ∇μJμÞ

�
; ð36Þ

where ζ is a dimensionless parameter and

Jμ ¼ 8½ϕ−1Gμ
λ∇λϕþ ϕ−2ð∇μϕ□ϕ −∇λϕ∇λ∇μϕÞ

þ ϕ−3∇μϕ∇λϕ∇λϕ�; ð37Þ

with Gμν ¼ Rμν − 1
2
gμνR being the Einstein tensor.

Equation (36) reproduces, up-to-a boundary term, exactly
the Yamabe operator of the conformally coupled scalar-
tensor action in Eq. (29).
As previously shown, the Gauss-Bonnet term does not

transform covariantly under Weyl rescalings [see Eq. (17)].
Nevertheless, since the left-hand side of the equation

1

4ϕ4
δμ1…μ4
ν1…ν4 S

ν1ν2
μ1μ2S

ν3ν4
μ3μ4 ¼

1

4
δμ1…μ4
ν1…ν4R

ν1ν2
μ1μ2R

ν3ν4
μ3μ4 þ∇μJμ; ð38Þ

transforms covariantly under Weyl rescalings by construc-
tion, we conclude that the divergence of Jμ compensates
the nonhomogeneous piece of E4 under conformal
transformations.
The field equations of the theory given by the initial

action (20) can be obtained by performing stationary
variations of the action (36) with respect to the metric
and scalar field, giving

Tμν ≡∇μϕ∇νϕ −
1

2
gμν∇λϕ∇λϕþ 1

6
ðgμν□ −∇μ∇ν

þ GμνÞϕ2 − νϕ4gμν ¼ 0; ð39aÞ

E ≡□ϕ −
1

6
ϕR − 4νϕ3 ¼ 0; ð39bÞ

respectively. By taking the trace of Eq. (39a) and compar-
ing it to Eq. (39b), one has that T ¼ gμνTμν ¼ ϕE. Also, the
Σ tensor is related to the Tμν of Eq. (39a) through

ϕ2Σμ
ν ¼ 6

�
Tμ
ν −

1

2
Tδμν

�
: ð40Þ

Notice that a constant scalar field configuration, say
ϕ ¼ ϕ0, reduces the theory (36) to Einstein-AdS gravity.
This case corresponds to the Einstein frame of the Weyl
symmetry. Indeed, in order for the action to be written in
terms of the usual Newton’s constant GN and the AdS
radius l, the choice

νϕ2
0 ¼

1

2l2
and ζ ¼ l2

64πGN
; ð41Þ

is made. At the level of the equations of motion, one can see
that Eq. (39a) becomes the usual Einstein field equation
when fixing the Weyl gauge as in Eq. (41). Also, Eq. (39b)
simply becomes the constraint that the Ricci scalar should
be fixed in terms of the AdS radius, as is the case for
Einstein spaces. Therefore, it is evident that the theory
admits the full Einstein-AdS family as solutions for a
constant scalar field.
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At the level of the action, one can now check how the
aforementioned Weyl gauge choice implies that the
Lagrangian reduces to that of renormalized Einstein-AdS
gravity. Indeed, for the values of the coupling constants in
Eq. (41), the action (29) can be cast into the MacDowell-
Mansouri form given in Eq. (8). This is the exact form of
the on-shell Einstein-Hilbert action with negative cosmo-
logical constant augmented by the Gauss-Bonnet term with
a fixed coupling; the latter provides a natural counterterm
for renormalizing the Euclidean on-shell action and the
conserved charges for asymptotically locally Einstein-AdS
solutions [17,57,58]. The previous discussion can be
resumed in the following relation

Iϕ0;conf ¼ IðrenÞEAdS: ð42Þ

Therefore, we conclude that the action (36) has a well-
posed Einstein limit defined through the choice of Eq. (41)
for a constant scalar field.
In order to study the finiteness of the theory (36) when

AlAdS spacetimes are considered, we perform the off-shell
decomposition of the Weyl tensor (2) in terms of the Σ
tensor (40) and the Schouten tensor. Since the Einstein
tensor appears explicitly in the definition of Tμν, we can
equivalently write the Schouten as

Sμν ¼ 1

2

�
Gμ

ν þ 1

3
Rδμν

�
: ð43Þ

Taking into account the Eqs. (39a) and (39b), one can
replace the Einstein tensor and the Ricci scalar in terms of
Tμν and its corresponding trace. When the latter is replaced
in the definition of the Weyl tensor (2), results into the off-
shell form of the Weyl, this is,

Wμν
αβ ¼ Σμν

αβ −
2

ϕ2

�
6T ½μ

½αδ
ν�
β� − Tδμναβ

�
: ð44Þ

Since the field equations imply that Tμν ¼ 0, we conclude
that the Σ tensor coincides with the Weyl tensor and the on-
shell action becomes

Iϕ;conf jon-shell ¼ ζ

Z
d4x

ffiffiffiffiffi
jgj

p
Wμν

λρW
λρ
μν: ð45Þ

Therefore, the fully conformally coupled scalar-tensor
theory is on-shell equivalent to CG, which is finite for
any AlAdS solution [21]. A particular example of this fact
has been recently shown in Ref. [62] for charged Taub-
NUT-AdS and Eguchi-Hanson solutions in presence of
conformally coupled scalar fields.
In analogy to the Einstein-AdS case discussed in Sec. II,

demanding exact local conformal invariance of the action
under Weyl rescalings of both the metric and the scalar
field, dictates the counterterms that render the action finite.

Namely, the relation Iϕ;conf ¼ IðrenÞϕ is valid and it leads to
the renormalized conformally coupled scalar action, that
reads

IðrenÞϕ ¼ 1

384ν

Z
d4x

ffiffiffiffiffi
jgj

p
δμ1…μ4
ν1…ν4Σ

ν1ν2
μ1μ2Σ

ν3ν4
μ3μ4

¼ Iϕ þ
1

96ν

Z
d4x

ffiffiffiffiffi
jgj

p
ðE4 þ∇μJ̃μÞ; ð46Þ

where

J̃μ ¼ 8½ϕ−1Gμ
λ∇λϕþ ϕ−2ð∇μϕ□ϕ −∇λϕ∇λ∇μϕÞ

þ ϕ−3∇μϕ∇λϕ∇λϕ� −
1

2
ϕ∇μϕ; ð47Þ

and Iϕ is defined in Eq. (20). Hence, the last expression is
conformally invariant for all configurations allowed by the
solution space of the theory.
We emphasize that in the theory of Eq. (20), or,

equivalently, of Eq. (46), the scalar field cannot be gauged
away to recover Einstein-AdS gravity (41) without chang-
ing the asymptotic behavior. Therefore, when fixing the
AlAdS condition in a configuration with a nontrivial scalar
field, the physical spacetime is chosen as the one in which
said scalar field is present. Thus, the scalar is physical as it
will contribute to the asymptotic charges of the configu-
ration, and in the AdS=CFT context, to the holographic
sources.

IV. COUPLING TO EINSTEIN-AdS GRAVITY

In this section, we extend the application of the
Conformal Renormalization prescription, in the case where
Einstein-AdS gravity couples to the non-minimally con-
formally coupled scalar-tensor field theory. In this case, the
generic form of the action reads

IϕEAdS ¼
1

16πGN

Z
d4x

ffiffiffiffiffi
jgj

p
ðR − 2ΛÞ þ Iϕ: ð48Þ

In the last two sections, we have shown that the cancellation
of the divergences for AlAdS spacetimes amounts to
the requirement that the on-shell action is invariant under
Weyl rescalings of the bulk fields. However, the on-shell
conformal completion of action in Eq. (48) for any
configuration of the solution space is highly nontrivial.
Nevertheless, there are certain sectors of the theory that
allow us to render the corresponding action conformally
invariant. In order to do so, we consider the metric and the
scalar sector separately. As shown in the last section, the
latter can be supplemented by boundary terms which make
it off-shell conformally invariant in four dimensions.
Although this is finite for all possible solutions of such
a theory, it is not expected to be true when other sectors are
included. In a similar fashion, the pure-metric sector of the
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theory renders conformally invariant for Einstein-AdS
spacetimes when augmented by the Gauss-Bonnet term
with a fixed overall constant, as seen in Eq. (8) and in
Refs. [20,52]. Nevertheless, we show that, provided a
suitable asymptotic behavior of the scalar field in AdS,
the action is finite without reference to intrinsic boundary
counterterms.

A. Renormalization

The dynamics of the theory we are interested in is
dictated by an action principle that contains an Einstein-
AdS sector written in a MacDowell-Mansouri form and the
renormalized conformally coupled scalars, namely,

IMMϕ ¼ 1

4

Z
d4x

ffiffiffiffiffi
jgj

p
δμ1…μ4
ν1…ν4 ðαF ν1ν2

μ1μ2F
ν3ν4
μ3μ4 − ζΣν1ν2

μ1μ2Σ
ν3ν4
μ3μ4Þ;

ð49Þ

where α ¼ l2
64πG, while F

μν
λρ and Σμν

λρ are defined in Eqs. (7)
and (34), respectively. The field equations for the metric
and scalar field obtained from arbitrary variations of the
action (49) with respect those fields are

Eμν ≡ α

�
Gμν −

3

l2
gμν

�
− 12l2ζνTμν ¼ 0; ð50aÞ

E ≡□ϕ −
1

6
ϕR − 4νϕ3 ¼ 0; ð50bÞ

respectively. It is worth mentioning that this theory admits
Einstein-AdS spaces as solutions when the scalar field is
constant. Indeed, the condition of Eq. (41) imposes that the
solutions to the Eqs. (50) are Einstein manifolds, for which
the action of Eq. (49) vanishes identically. In particular, this
theory admits global AdS space as the ground state when
the scalar field is constant.
Having partially conformally completed the theory, we

study under which conditions this can be rendered finite.
Following the prescription introduced in the last section,
we can rewrite the action in terms of theWeyl squared term,
which is finite for any AlAdS spacetimes. In a similar
fashion, we have introduced an alternative decomposition
of the Weyl tensor in terms of the Σ tensor (44).
Additionally, since the trace of the stress-energy tensor
Tμν vanishes on shell, then Eq. (50a) constrains the space of
solutions to possess negative constant Ricci scalar, i.e.,

R ¼ −
12

l2
: ð51Þ

This simplifies the X tensor in Eq. (10) as it is now depends
explicitly on the traceless Ricci tensor. Replacing Eqs. (9)
and (44) into the action IMMϕ and taking into account the
EOM, we get that

IMMϕjon-shell ¼
Z

d4x
ffiffiffiffiffi
jgj

p �
ðα − ζÞWαβ

μνW
μν
αβ

þ 2α

�
α

4l2ζν2ϕ4
− 1

�
Hμ

νHν
μ

�
: ð52Þ

This on-shell action matches the CG action for Einstein
spaces ðHμ

ν ¼ 0Þ or, equivalently, for stealth solutions: a
nontrivial scalar field with vanishing stress-energy tensor
[63–66]. Therefore, in those cases the theory is finite for
AlAdS Einstein spacetimes. Indeed, if α ¼ ζ, the action
vanishes identically for Einstein solutions, providing a
different sort of criticality in scalar-tensor theories. On
the other hand, non-Einstein solutions can also provide a
finite on-shell action if and only if the fall-off of the non-
Weyl contribution of the last expression is sufficiently fast.
A characteristic example of the latter is given below.

B. Applications: The MSTZ black hole

In the absence of the cosmological constant and the
quartic potential, the first black hole solution to the field
equations (50) was found in Refs. [67,68]. However, in that
case the scalar field diverges at the horizon. In order to
circumvent this problem, the authors of Refs. [31,32]
showed that the addition of these two terms allows for
the scalar-field singularity to lie behind the horizon.2 This is
known as the Martinez-Staforelli-Troncoso-Zanelli (MSTZ)
black hole. In that case, the authors considered a line
element that remains locally invariant under the action
of the isometry groups SOð3Þ ×R, SOð1; 2Þ × R, and
ISOð2Þ ×R. These conditions yield

ds2 ¼ −fðrÞdt2 þ dr2

fðrÞ þ r2dΣ2
ðkÞ: ð53Þ

Here, dΣ2
ðkÞ is the line element of a two-dimensional base

manifold of constant curvature k, describing locally S2, T 2,
and H2 transverse sections for k ¼ 1; 0;−1, respectively.
The solution is then given by [31,32]

fðrÞ ¼ k

�
1þ μG

r

�
2

þ r2

l2
and ϕðrÞ ¼ 1

l

ffiffiffiffiffi
1

2ν

r
μG

rþ μG
;

ð54Þ
where μ is an integration constant, ν > 0, and the condition
on the parameters

ζ ¼ l2

64πG
; ð55Þ

must be met. Indeed, we can fix ζ ¼ 1
96ν without loss of

generality in order to obtain exactly the same normalization

2For different solutions in this theory and modifications
thereof, see Refs. [69–84].
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as in Refs. [31,32]. This solution has a curvature singularity
at r ¼ 0. The cosmic censorship conjecture requires the
existence of a horizon at r ¼ rh, defined by the positive real
roots of the polynomial fðrhÞ ¼ 0. This condition demands
that k ¼ −1. In order for this solution to describe a black
hole, the topology of the transverse section should be H2=Γ
where Γ is a subgroup of SOð2; 1Þ, such that the hyper-
surfaces of constant t − r have a finite area. Focusing on
the case μ > 0, the solution has only one horizon and it is
given by

rþ ¼ l
2

�
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4μG

l

r �
: ð56Þ

To first order in the saddle-point approximation, we can
obtain the partition function Z through the relation
lnZ ≈ −IE, where IE is the Euclidean on-shell action.
To compute the latter, we perform the analytic continuation
to Euclidean time, that is, t → −iτ. The absence of conical
singularities at the horizon implies that τ ∼ τ þ β, where β
is the period of the Euclidean time which is identified as the
inverse of the Hawking temperature TH. For the solution
(54), we find

TH ¼ β−1 ¼ 2rþ − l
2πl2

: ð57Þ

Then, evaluating the Euclidean on-shell action (49) on the
solution (54) we obtain

IE ¼ −
βωðkÞðl2 − rþlþ r2þÞ

8πGl
; ð58Þ

where ωðkÞ is the volume of the codimension-2 base
manifold. Remarkably, the value of the partition function
is finite without any reference to boundary counterterms,
even though it corresponds to a nonstealth configuration.
This is due to the fact that the fall-off of the scalar field and
the traceless Ricci tensor is of order Oðr−1Þ and Oðr−4Þ,
respectively, which makes the non-Weyl contribution in
Eq. (52) to be subdominant, inducing no divergences. The
latter can be seen directly from the fact that

Z
d4x

ffiffiffiffiffi
jgj

p �
α

4l2ζν2ϕ4
− 1

�
Hμ

νHν
μ ∼Oðr−1Þ; ð59Þ

when evaluated at the solution (54). Thus, this prescription
provides a natural definition of counterterms for scalar-
tensor theories possessing an Einstein sector and confor-
mally coupled scalar fields whenever the non-Weyl squared
part of the on-shell Lagrangian (52) have a falloff that is at
least as fast as Oðr−4Þ.
Furthermore, notice that the on-shell form of the action

IMMϕ indicates that it vanishes identically for Einstein
spacetimes when α ¼ ζ or, equivalently, ν ¼ 2πG

3l2 . Indeed,

this is exactly the point in parameter space where the
solution (54) exists, although the configuration is non-
Einstein. This theory is completely analogous to the critical
gravity, introduced in Ref. [23], that is trivial for Einstein
spacetimes. This means that IMMϕ for the specific value of
ν, corresponds to the generalization of critical gravity to
scalar-tensor theories of gravity.

V. CONFORMAL GRAVITY AND SCALAR FIELDS

Another very interesting class of scalar-tensor theories
with manifest conformal invariance is given by the CG
action (1) and the nonminimally coupled scalar field action
Iϕ, that is,

ICGϕ ¼ ICG þ Iϕ: ð60Þ

Unlike the Einstein-Hilbert action in the previous section,
the CG action is conformally invariant and the only part
that it should be conformally completed comes from the
scalar sector. This is achieved by introducing the surface
terms that allow us to bring Iϕ in the from given in Eq. (46).
Thus, both actions are fully conformally invariant and they
can be cast into the form

ICGϕ;conf≡1

4

Z
d4x

ffiffiffiffiffi
jgj

p
δμ1…μ4
ν1…ν4 ðαWν1ν2

μ1μ2W
ν3ν4
μ3μ4 −ζΣν1ν2

μ1μ2Σ
ν3ν4
μ3μ4Þ:

ð61Þ

In fact, this is the most general conformally invariant scalar-
tensor theory of gravity, constructed out of squares of a
single conformally covariant tensor in the presence of
scalar fields. The field equations are obtained by perform-
ing stationary variations of the action with respect to the
metric and scalar field, giving

Eμν ≡ αBμν − 48ζνTμν ¼ 0; ð62aÞ

E ≡□ϕ −
1

6
ϕR − 4νϕ3 ¼ 0; ð62bÞ

respectively. For a constant scalar field, these field equa-
tions admit Einstein spaces as solutions since they are
Bach-flat and have vanishing stress-energy tensor.

A. Renormalization

In order to study the consequences of the conformal
completion of ICGϕ on its renormalization, we rewrite the
action in terms of Weyl squared taking into account the
decomposition given in Eq. (44). In this case, ICGϕ;conf can
be written as
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ICGϕ;conf ¼
Z

d4x
ffiffiffiffiffi
jgj

p �ðα − ζÞ
4

δμ1…μ4
ν1…ν4W

ν1ν2
μ1μ2W

ν3ν4
μ3μ4

þ 24ζ

ϕ4
ð3Tν

μT
μ
ν − T2Þ

�
: ð63Þ

This is just a rewriting of the action in Eq. (61), which can
be further simplified when going on shell due to Eq. (62b)
or, equivalently, T ¼ 0, giving

ICGϕ;conf jon-shell ¼
Z

d4x
ffiffiffiffiffi
jgj

p �ðα − ζÞ
4

δμ1…μ4
ν1…ν4W

ν1ν2
μ1μ2W

ν3ν4
μ3μ4

þ 72ζ

ϕ4
Tν
μT

μ
ν

�
: ð64Þ

Thus, the action matches the Weyl squared, acquiring
its well-behaved asymptotics for any AlAdS spacetimes,
when configurations corresponding to Tμν ¼ 0 are consid-
ered. Furthermore, as noticed in the last section, the
addition of the counterterms that conformally complete Iϕ
lead to a finite action even for nonvanishing Tμν configu-
rations, as long as the fall-off of the term ϕ−4Tν

μT
μ
ν is fast

enough.
Furthermore, there exists a particular point in parameter

space, i.e., α ¼ ζ, where the action vanishes identically for
all solutions of the theory for which Tμν ¼ 0. Thus, the
Euclidean continuation of these solutions have vanishing
on-shell action like the maximally symmetric solution, and
therefore they can be considered to be part of the same
vacuum state of the theory. The latter condition does not
imply necessarily that the scalar field has to be trivial,
rather, it could represent a stealth configuration. This yields
an extended notion of criticality since the Euclidean on-
shell action vanishes for stealth solutions at this particular
point in parameter space. This results is in complete
analogy to critical gravity for the metric fields [23] where
the action and conserved charges vanish identically for
Einstein spaces [85,86]. However, in both theories the
vacuum sector is determined by Einstein spacetimes. Here,
on the other hand, criticality arises for stealth configura-
tions that can or cannot be Einstein spacetimes.

B. Applications: Stealth configurations over the Riegert
black hole

Let us study stealth configurations to check conformal
renormalization explicitly. Replacing Eq. (53) into (62), the
following solution is found

fðrÞ ¼ kþ 6mG
r0

−
2

r0

�
kþ 3mG

r0

�
r −

2mG
r

−
λr2

3
; ð65aÞ

ϕðrÞ ¼ 1

r − r0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−
kþ 2mG

r0
þ λr2

0

3

2ν

s
; ð65bÞ

where m, λ, and r0 are integration constants. This solution
exists only for ν ≠ 0 and r0 ≠ 0 and, to the best of our
knowledge, it was found first in [87]. Indeed, even though
the scalar field is nontrivial, it has a vanishing stress-energy
tensor. Thus, we conclude that this solution represents a
stealth scalar field [63–66] over the Riegert metric [88]; the
latter represents the most general static and spherically
symmetric Bach-flat spacetime that solves the field equa-
tions of conformal gravity. Moreover, this solution is
continuously connected to the topological Schwarzschild
black hole AdS when r0 → ∞, where the scalar field

becomes constant, namely, ϕ ¼
ffiffiffiffiffiffiffiffi
− λ

6ν

q
.

The solution is endowed with a curvature singularity at
r ¼ 0 as it can be seen from its Ricci scalar, that is,

R ¼ 4λþ 12ð3mGþ kr0Þ
r20r

−
12mG
r0r2

: ð66Þ

The singularity is dressed by a single horizon defined as the
real root of the cubic polynomial fðrhÞ ¼ 0. We do not
provide its explicit expression because it is cumbersome
and not very illuminating. However, in order for a black
hole horizon to exist, the condition rh > 0 must be met.
Then, focusing on the case k ¼ 1 for the sake of simplicity,
we identify two possible cases: (i) r0 > 0 or (ii) r0 < 0. In
both cases, we find that m > 0. In the first one, there exists
a pole in the scalar field at r ¼ r0. Then, demanding that the
scalar pole lies behind of the horizon, we find 0 < r0 <
6mG < rh and

ðr0 − 6mGÞðr0 þ 3mGÞ2
r0ð3mGr0Þ2

< Λ < 0 ∨

Λ ¼ ðr0 − 6mGÞðr0 þ 3mGÞ2
r0ð3mGr0Þ2

: ð67Þ

On the other hand, if r0 < 0, the scalar field is regular for
r ∈ R>0. Then, there is no need to demand rh > r0. Thus,
we find

�
r0 ≤ −2mG ∧ Λ ≤ −

3ðr0 þ 2mGÞ
r30

�
∨

ðr0 > −2mG ∧ Λ < 0Þ: ð68Þ

These conditions guarantee the existence of a black hole
solution with a regular scalar field outside the horizon.
The black hole temperature of the solution (65) is

given by

TH ¼ ðrh − r0Þ½kð3rh − r0Þ − λr2hðrh − r0Þ�
4πrh½3rhðrh − r0Þ þ r20�

; ð69Þ

which provides the inverse of the Euclidean’s time period of
this configuration. As we anticipated, conformal invariance
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of the action functional (61) renders the Euclidean on-shell
action finite for stealth configurations. This can be seen
explicitly by evaluating the Eq. (61) in the solution (65),
giving

IE ¼ −
16ðα − ζÞβωðkÞm2G2

r3h

�
1 −

3rh
r0

�
1 −

rh
r0

��
: ð70Þ

Notice that, even though the scalar field does not backreact,
its presence modifies the Euclidean on-shell action in a
nontrivial way. Then, we can unveil whether the thermo-
dynamic system develops a Hawking-Page phase transition
when α ≠ ζ. This will be studied in a forthcoming work.
Additionally, there exist another asymptotically AdS

black hole which is not continuously connected to the
solution presented in Eq. (65). These configurations were
first reported in Ref. [89], where their conserved charges
were obtained through the Abbott-Deser-Tekin formalism
[90–93]. In the coordinates we are using here, the asymp-
totically AdS solution reported in [89] is given by

fðrÞ ¼ kþ 12νϕ0 − br −
λr2

3
; ð71aÞ

ϕðrÞ ¼
ffiffiffiffiffi
ϕ0

p
r

; ð71bÞ

where ϕ0, b, and λ are integration constants subject to the
condition ðζ − 4αÞðkþ 6νϕ0Þ ¼ 0. Although this solution
is not continuously connected to (65), it represents a stealth
scalar field configuration as well. This solution possesses
a curvature singularity at r ¼ 0 which can be dressed by
a horizon located at the locus r ¼ rh defined through
the polynomial fðrhÞ ¼ 0. In the Euclidean section, the
absence of conical singularities demands that the period of
the Euclidean time is

β ¼ 4πrhl2

r2h þ kl2
; ð72Þ

from which one can read the Hawking temperature. The
conformally renormalized Euclidean on-shell action (61)
for the solution in Eq. (71) is then given by

IE ¼ −
16βωðkÞk2ðα − ζÞ

3rh
: ð73Þ

Thus, we conclude that conformal renormalization provides
a finite value of the Euclidean on-shell action for the
solution [89] as well. We will study thermodynamics of this
system in the extended phase space formalism in a forth-
coming work.

VI. DISCUSSION

We studied how the renormalization of nonminimally
coupled scalar-tensor gravity theories is dictated by restor-
ing the on-shell conformal symmetry in the bulk. We
considered the case of a conformally coupled scalar field
with a quartic potential, whose theory produces a boundary
term when performing a Weyl transformation. Then, the
conformal symmetry is restored by writing the kinetic term
of the scalar in a noncanonical way, such that the action
could be written in terms of the Yamabe operator. The
resulting action was Weyl invariant except for the constant
scalar configuration, where the conformal transformation
became singular as evidenced by the fact that the action was
divergent for AlAdS spacetimes. The restoration of the
local rescaling symmetry was achieved by defining the Σμν

ρλ

tensor as given in Eq. (34), in terms of the metric and scalar
degrees of freedom, such that it is conformally covariant
and it has the same conformal weight as the Weyl tensor.
Then, Σ squared is a local conformal invariant of the theory,
which can be used to define the action such that the theory
is both renormalized and has full conformal invariance
restored—such that the Weyl variation vanishes exactly and
there are no singular points in the transformation. The
resulting action was shown to be on-shell renormalized,
such that any field configuration that satisfies the EOM of
the theory has a finite action when considering AlAdS
spacetimes with weakened AdS asymptotics. Additionally,
we note that the scalar field cannot be gauged away without
modifying the boundary behavior away from the AlAdS
condition, and thus it would change the physical state.
We also studied the theory which considers renormalized

Einstein-AdS gravity written in MacDowell-Mansouri
form in the presence of the renormalized conformally
coupled scalar field. In that case, the theory does not have
conformal invariance due to the Einstein-Hilbert sector.
However, for Einstein spaces and constant scalar field, it
becomes on-shell conformal invariant. In this case, the
theory is renormalized for Einstein spacetimes as the full
action becomes proportional to Weyl squared. Other
configurations which also have finite action are those with
AlAdS metrics such that their non-Einstein degrees of
freedom, encoded in the traceless Ricci tensor, vanish
sufficiently fast towards the conformal boundary. The
MSTZ black hole [31,32] belongs to this category and
the value of the on-shell action and the corresponding black
hole temperature were also computed.
Then, the same analysis was performed in conformal

gravity plus renormalized conformally coupled scalar
fields, which corresponds to the most general locally
conformal invariant action constructed from quadratic
antisymmetric contractions of Weyl-covariant tensors.
Indeed, we showed explicitly that this theory is renormal-
ized for Bach-flat spacetimes, which by virtue of the EOM
are also stealth configurations. For this type of spacetimes,
the action is renormalized for AlAdS spacetimes as it is

CONFORMAL RENORMALIZATION OF SCALAR-TENSOR … PHYS. REV. D 107, 104049 (2023)

104049-11



proportional to the CG action. As a particular example,
stealth configurations over the Riegert metric were con-
sidered and their Euclidean on-shell action was shown to be
finite.
In both theories, there are interesting points in parameter

space where the action can be rendered trivial for certain
types of metric and scalar configurations. In particular,
for the theory that includes conformal gravity, the action
vanishes at the critical point of α ¼ ζ for Bach-flat
configurations. Analogously, the theory that includes an
Einstein-AdS sector has a trivial action at the critical point
of α ¼ ζ for Einstein spaces, which correspond to solutions
to the EOM with a constant value of the scalar field.
The fact that the action is rendered trivial implies that

all asymptotic charges vanish identically, as well as the
thermodynamic potential which is proportional to the on-
shell action in the Euclidean section. This suggests a novel
notion of criticality in scalar-tensor theories, which is
different from the standard definition formulated perturba-
tively in terms of a decoupling of the massive modes of the
metric from the spectrum [23]. This notion of thermody-
namic criticality corresponds to points in theory space
where the ground state of the theory becomes enhanced,
such that the maximally symmetric configuration has the
same free energy as an entire class of solutions. Thus, they
form a moduli space of vacuum configurations, which
would admit spontaneous transitions between them at zero

free energy cost. This idea was already discussed in the case
of pure gravity theories, for Einstein-AdS gravity in both
four and six dimensions in Refs. [20,86,94]. Although this
point is very interesting, its full analysis requires a careful
study of the thermodynamics. The possible phase transi-
tions, along with the holographic analysis of the renor-
malized actions, will be studied in a follow-up paper.
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Astérisque No. S131 (Société Mathématique de France,
Lyon, 1985), http://www.numdam.org/article/
AST_1985__S131__95_0.pdf.

[14] C. Graham, Rend. Circ. Mat. Palermo S 63, 31 (2000),
https://dml.cz/handle/10338.dmlcz/701645.

[15] R. Olea, J. High Energy Phys. 04 (2007) 073.
[16] P. Mora, R. Olea, R. Troncoso, and J. Zanelli, J. High

Energy Phys. 02 (2006) 067.
[17] O. Miskovic and R. Olea, Phys. Rev. D 79, 124020 (2009).
[18] K. S. Stelle, Phys. Rev. D 16, 953 (1977).
[19] S. W. MacDowell and F. Mansouri, Phys. Rev. Lett. 38, 739

(1977); 38, 1376(E) (1977).
[20] G. Anastasiou and R. Olea, Phys. Rev. D 94, 086008 (2016).
[21] D. Grumiller, M. Irakleidou, I. Lovrekovic, and R. McNees,

Phys. Rev. Lett. 112, 111102 (2014).
[22] G. Anastasiou, I. J. Araya, and R. Olea, J. High Energy

Phys. 01 (2021) 134.
[23] H. Lu and C. N. Pope, Phys. Rev. Lett. 106, 181302 (2011).
[24] G. Anastasiou, O. Miskovic, R. Olea, and I. Papadimitriou,

J. High Energy Phys. 08 (2020) 061.
[25] S. Nojiri and S. D. Odintsov, Phys. Lett. B 444, 92 (1998).

GIORGOS ANASTASIOU et al. PHYS. REV. D 107, 104049 (2023)

104049-12

https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1088/1126-6708/1998/07/023
https://doi.org/10.1007/s002200050764
https://doi.org/10.1007/s002200050764
https://doi.org/10.1103/PhysRevD.60.064018
https://doi.org/10.1103/PhysRevD.60.104001
https://doi.org/10.1103/PhysRevD.60.104001
https://doi.org/10.1103/PhysRevD.60.104026
https://doi.org/10.1142/S0217751X00000197
https://doi.org/10.1142/S0217751X00000197
https://doi.org/10.1007/s002200100381
https://doi.org/10.1007/s002200100381
https://doi.org/10.1016/S0550-3213(02)00179-7
https://doi.org/10.1016/S0550-3213(02)00179-7
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1088/0264-9381/19/22/306
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.1016/S0370-2693(98)00377-3
https://doi.org/10.4310/ATMP.1998.v2.n2.a2
https://doi.org/10.1088/1126-6708/2005/08/004
https://doi.org/10.1088/1126-6708/2005/08/004
http://www.numdam.org/article/AST_1985__S131__95_0.pdf
http://www.numdam.org/article/AST_1985__S131__95_0.pdf
http://www.numdam.org/article/AST_1985__S131__95_0.pdf
http://www.numdam.org/article/AST_1985__S131__95_0.pdf
http://www.numdam.org/article/AST_1985__S131__95_0.pdf
https://dml.cz/handle/10338.dmlcz/701645
https://dml.cz/handle/10338.dmlcz/701645
https://dml.cz/handle/10338.dmlcz/701645
https://doi.org/10.1088/1126-6708/2007/04/073
https://doi.org/10.1088/1126-6708/2006/02/067
https://doi.org/10.1088/1126-6708/2006/02/067
https://doi.org/10.1103/PhysRevD.79.124020
https://doi.org/10.1103/PhysRevD.16.953
https://doi.org/10.1103/PhysRevLett.38.739
https://doi.org/10.1103/PhysRevLett.38.739
https://doi.org/10.1103/PhysRevLett.38.1376
https://doi.org/10.1103/PhysRevD.94.086008
https://doi.org/10.1103/PhysRevLett.112.111102
https://doi.org/10.1007/JHEP01(2021)134
https://doi.org/10.1007/JHEP01(2021)134
https://doi.org/10.1103/PhysRevLett.106.181302
https://doi.org/10.1007/JHEP08(2020)061
https://doi.org/10.1016/S0370-2693(98)01351-3


[26] A. Padilla and V. Sivanesan, J. High Energy Phys. 08 (2012)
122.

[27] M.M. Caldarelli, A. Christodoulou, I. Papadimitriou, and
K. Skenderis, J. High Energy Phys. 04 (2017) 001.

[28] H.-S. Liu, H. Lu, and C. N. Pope, J. High Energy Phys. 09
(2017) 146.

[29] Y.-Z. Li, H. Lu, and H.-Y. Zhang, Eur. Phys. J. C 79, 592
(2019).

[30] F. Agurto-Sepúlveda, M. Chernicoff, G. Giribet, J. Oliva,
and M. Oyarzo, Phys. Rev. D 107, 084014 (2023).

[31] C. Martinez, R. Troncoso, and J. Zanelli, Phys. Rev. D 67,
024008 (2003).

[32] C. Martinez, J. P. Staforelli, and R. Troncoso, Phys. Rev. D
74, 044028 (2006).

[33] S. L. Adler, Rev. Mod. Phys. 54, 729 (1982); 55, 837(E)
(1983).

[34] K. Sen, A. Sinha, and N. V. Suryanarayana, Phys. Rev. D
85, 124017 (2012).

[35] P. D. Mannheim and D. Kazanas, Astrophys. J. 342, 635
(1989).

[36] M. Kaku, P. K. Townsend, and P. van Nieuwenhuizen, Phys.
Lett. 69B, 304 (1977).

[37] M. Kaku and P. K. Townsend, Phys. Lett. 76B, 54 (1978).
[38] M. Kaku, P. K. Townsend, and P. van Nieuwenhuizen, Phys.

Rev. D 17, 3179 (1978).
[39] B. de Wit, J. W. van Holten, and A. Van Proeyen, Nucl.

Phys. B184, 77 (1981); B222, 516(E) (1983).
[40] E. Bergshoeff, M. de Roo, and B. de Wit, Nucl. Phys. B182,

173 (1981).
[41] E. S. Fradkin and A. A. Tseytlin, Phys. Rep. 119, 233 (1985).
[42] H. Liu and A. A. Tseytlin, Nucl. Phys. B533, 88

(1998).
[43] D. Butter, Ann. Phys. (Amsterdam) 325, 1026 (2010).
[44] S. Ferrara, A. Kehagias, and D. Lüst, J. High Energy Phys.

08 (2018) 197.
[45] L. Andrianopoli and R. D’Auria, J. High Energy Phys. 08

(2014) 012.
[46] R. D’Auria and L. Ravera, Phys. Rev. D 104, 084034 (2021).
[47] L. Andrianopoli, B. L. Cerchiai, R. Matrecano, O. Miskovic,

R. Noris, R. Olea, L. Ravera, and M. Trigiante, J. High
Energy Phys. 02 (2021) 141.

[48] N. Berkovits and E. Witten, J. High Energy Phys. 08 (2004)
009.

[49] D. M. Capper and M. J. Duff, Phys. Lett. 53A, 361 (1975).
[50] J. Julve and M. Tonin, Nuovo Cimento B 46, 137 (1978).
[51] E. S. Fradkin and A. A. Tseytlin, Nucl. Phys. B201, 469

(1982).
[52] J. Maldacena, arXiv:1105.5632.
[53] H.-S. Liu, H. Lü, C. N. Pope, and J. F. Vázquez-Poritz,

Classical Quantum Gravity 30, 165015 (2013).
[54] M. Dunajski and P. Tod, Commun. Math. Phys. 331, 351

(2014).
[55] G. Anastasiou, I. J. Araya, C. Arias, and R. Olea, J. High

Energy Phys. 08 (2018) 136.
[56] G. Anastasiou, I. J. Araya, A. Guijosa, and R. Olea, J. High

Energy Phys. 10 (2019) 221.
[57] R. Aros, M. Contreras, R. Olea, R. Troncoso, and J. Zanelli,

Phys. Rev. Lett. 84, 1647 (2000).
[58] R. Aros, M. Contreras, R. Olea, R. Troncoso, and J. Zanelli,

Phys. Rev. D 62, 044002 (2000).

[59] H. Osborn and A. Stergiou, J. High Energy Phys. 04 (2015)
157.

[60] A. R. Gover and L. J. Peterson, Commun. Math. Phys. 235,
339 (2003).

[61] J. Oliva and S. Ray, Classical Quantum Gravity 29, 205008
(2012).

[62] J. Barrientos, A. Cisterna, C. Corral, and M. Oyarzo, J. High
Energy Phys. 05 (2022) 110.

[63] E. Ayon-Beato, C. Martinez, and J. Zanelli, Gen. Relativ.
Gravit. 38, 145 (2006).

[64] E. Ayon-Beato, C. Martinez, R. Troncoso, and J. Zanelli,
Phys. Rev. D 71, 104037 (2005).

[65] M. Hassaine, J. Phys. A 39, 8675 (2006).
[66] E. Ayón-Beato, A. A. García, P. I. Ramírez-Baca, and C. A.

Terrero-Escalante, Phys. Rev. D 88, 063523 (2013).
[67] N. M. Bocharova, K. A. Bronnikov, and V. N. Melnikov,

Vestn. Mosk. Univ., Ser. 3: Fiz., Astron. 6, 706 (1970).
[68] J. D. Bekenstein, Ann. Phys. (N.Y.) 82, 535 (1974).
[69] S. de Haro, I. Papadimitriou, and A. C. Petkou, Phys. Rev.

Lett. 98, 231601 (2007).
[70] A. Anabalon and H. Maeda, Phys. Rev. D 81, 041501 (2010).
[71] C. Charmousis, T. Kolyvaris, and E. Papantonopoulos,

Classical Quantum Gravity 26, 175012 (2009).
[72] A.AnabalonandA.Cisterna,Phys.Rev.D85,084035(2012).
[73] Y. Bardoux, M. M. Caldarelli, and C. Charmousis, J. High

Energy Phys. 05 (2014) 039.
[74] M. Astorino, Phys. Rev. D 88, 104027 (2013).
[75] G. Giribet, M. Leoni, J. Oliva, and S. Ray, Phys. Rev. D 89,

085040 (2014).
[76] M. Astorino, Phys. Rev. D 91, 064066 (2015).
[77] M. Cardenas, O. Fuentealba, and C. Martínez, Phys. Rev. D

90, 124072 (2014).
[78] A. Cisterna, C. Erices, X.-M. Kuang, and M. Rinaldi, Phys.

Rev. D 97, 124052 (2018).
[79] L. Avilés, H. Maeda, and C. Martinez, Classical Quantum

Gravity 35, 245001 (2018).
[80] A. Cisterna, L. Guajardo, and M. Hassaine, Eur. Phys. J. C

79, 418 (2019); 79, 710(E) (2019).
[81] N. Caceres, J. Figueroa, J. Oliva, M. Oyarzo, and R.

Stuardo, J. High Energy Phys. 04 (2020) 157.
[82] A. Cisterna, A. Neira-Gallegos, J. Oliva, and S. C.

Rebolledo-Caceres, Phys. Rev. D 103, 064050 (2021).
[83] T. Karakasis, E. Papantonopoulos, Z.-Y. Tang, and B. Wang,

Eur. Phys. J. C 81, 897 (2021).
[84] J. Barrientos, A. Cisterna, N. Mora, and A. Viganò, Phys.

Rev. D 106, 024038 (2022).
[85] O. Miskovic, R. Olea, and M. Tsoukalas, J. High Energy

Phys. 08 (2014) 108.
[86] G. Anastasiou, R. Olea, and D. Rivera-Betancour, Phys.

Lett. B 788, 302 (2019).
[87] Y. Brihaye and Y. Verbin, Phys. Rev. D 80, 124048 (2009).
[88] R. J. Riegert, Phys. Rev. Lett. 53, 315 (1984).
[89] F. Herrera and Y. Vásquez, Phys. Lett. B 782, 305 (2018).
[90] L. F. Abbott and S. Deser, Nucl. Phys. B195, 76 (1982).
[91] S. Deser and B. Tekin, Phys. Rev. Lett. 89, 101101 (2002).
[92] S. Deser and B. Tekin, Phys. Rev. D 67, 084009 (2003).
[93] S. Deser and B. Tekin, Classical Quantum Gravity 20, L259

(2003).
[94] G. Anastasiou, I. J. Araya, C. Corral, and R. Olea, J. High

Energy Phys. 07 (2021) 156.

CONFORMAL RENORMALIZATION OF SCALAR-TENSOR … PHYS. REV. D 107, 104049 (2023)

104049-13

https://doi.org/10.1007/JHEP08(2012)122
https://doi.org/10.1007/JHEP08(2012)122
https://doi.org/10.1007/JHEP04(2017)001
https://doi.org/10.1007/JHEP09(2017)146
https://doi.org/10.1007/JHEP09(2017)146
https://doi.org/10.1140/epjc/s10052-019-7096-6
https://doi.org/10.1140/epjc/s10052-019-7096-6
https://doi.org/10.1103/PhysRevD.107.084014
https://doi.org/10.1103/PhysRevD.67.024008
https://doi.org/10.1103/PhysRevD.67.024008
https://doi.org/10.1103/PhysRevD.74.044028
https://doi.org/10.1103/PhysRevD.74.044028
https://doi.org/10.1103/RevModPhys.54.729
https://doi.org/10.1103/RevModPhys.55.837
https://doi.org/10.1103/RevModPhys.55.837
https://doi.org/10.1103/PhysRevD.85.124017
https://doi.org/10.1103/PhysRevD.85.124017
https://doi.org/10.1086/167623
https://doi.org/10.1086/167623
https://doi.org/10.1016/0370-2693(77)90552-4
https://doi.org/10.1016/0370-2693(77)90552-4
https://doi.org/10.1016/0370-2693(78)90098-9
https://doi.org/10.1103/PhysRevD.17.3179
https://doi.org/10.1103/PhysRevD.17.3179
https://doi.org/10.1016/0550-3213(81)90211-X
https://doi.org/10.1016/0550-3213(81)90211-X
https://doi.org/10.1016/0550-3213(83)90548-5
https://doi.org/10.1016/0550-3213(81)90465-X
https://doi.org/10.1016/0550-3213(81)90465-X
https://doi.org/10.1016/0370-1573(85)90138-3
https://doi.org/10.1016/S0550-3213(98)00443-X
https://doi.org/10.1016/S0550-3213(98)00443-X
https://doi.org/10.1016/j.aop.2009.09.010
https://doi.org/10.1007/JHEP08(2018)197
https://doi.org/10.1007/JHEP08(2018)197
https://doi.org/10.1007/JHEP08(2014)012
https://doi.org/10.1007/JHEP08(2014)012
https://doi.org/10.1103/PhysRevD.104.084034
https://doi.org/10.1007/JHEP02(2021)141
https://doi.org/10.1007/JHEP02(2021)141
https://doi.org/10.1088/1126-6708/2004/08/009
https://doi.org/10.1088/1126-6708/2004/08/009
https://doi.org/10.1016/0375-9601(75)90030-4
https://doi.org/10.1007/BF02748637
https://doi.org/10.1016/0550-3213(82)90444-8
https://doi.org/10.1016/0550-3213(82)90444-8
https://arXiv.org/abs/1105.5632
https://doi.org/10.1088/0264-9381/30/16/165015
https://doi.org/10.1007/s00220-014-2046-5
https://doi.org/10.1007/s00220-014-2046-5
https://doi.org/10.1007/JHEP08(2018)136
https://doi.org/10.1007/JHEP08(2018)136
https://doi.org/10.1007/JHEP10(2019)221
https://doi.org/10.1007/JHEP10(2019)221
https://doi.org/10.1103/PhysRevLett.84.1647
https://doi.org/10.1103/PhysRevD.62.044002
https://doi.org/10.1007/JHEP04(2015)157
https://doi.org/10.1007/JHEP04(2015)157
https://doi.org/10.1007/s00220-002-0790-4
https://doi.org/10.1007/s00220-002-0790-4
https://doi.org/10.1088/0264-9381/29/20/205008
https://doi.org/10.1088/0264-9381/29/20/205008
https://doi.org/10.1007/JHEP05(2022)110
https://doi.org/10.1007/JHEP05(2022)110
https://doi.org/10.1007/s10714-005-0213-x
https://doi.org/10.1007/s10714-005-0213-x
https://doi.org/10.1103/PhysRevD.71.104037
https://doi.org/10.1088/0305-4470/39/27/008
https://doi.org/10.1103/PhysRevD.88.063523
https://doi.org/10.1016/0003-4916(74)90124-9
https://doi.org/10.1103/PhysRevLett.98.231601
https://doi.org/10.1103/PhysRevLett.98.231601
https://doi.org/10.1103/PhysRevD.81.041501
https://doi.org/10.1088/0264-9381/26/17/175012
https://doi.org/10.1103/PhysRevD.85.084035
https://doi.org/10.1007/JHEP05(2014)039
https://doi.org/10.1007/JHEP05(2014)039
https://doi.org/10.1103/PhysRevD.88.104027
https://doi.org/10.1103/PhysRevD.89.085040
https://doi.org/10.1103/PhysRevD.89.085040
https://doi.org/10.1103/PhysRevD.91.064066
https://doi.org/10.1103/PhysRevD.90.124072
https://doi.org/10.1103/PhysRevD.90.124072
https://doi.org/10.1103/PhysRevD.97.124052
https://doi.org/10.1103/PhysRevD.97.124052
https://doi.org/10.1088/1361-6382/aaea9f
https://doi.org/10.1088/1361-6382/aaea9f
https://doi.org/10.1140/epjc/s10052-019-6922-1
https://doi.org/10.1140/epjc/s10052-019-6922-1
https://doi.org/10.1140/epjc/s10052-019-7215-4
https://doi.org/10.1007/JHEP04(2020)157
https://doi.org/10.1103/PhysRevD.103.064050
https://doi.org/10.1140/epjc/s10052-021-09717-1
https://doi.org/10.1103/PhysRevD.106.024038
https://doi.org/10.1103/PhysRevD.106.024038
https://doi.org/10.1007/JHEP08(2014)108
https://doi.org/10.1007/JHEP08(2014)108
https://doi.org/10.1016/j.physletb.2018.11.021
https://doi.org/10.1016/j.physletb.2018.11.021
https://doi.org/10.1103/PhysRevD.80.124048
https://doi.org/10.1103/PhysRevLett.53.315
https://doi.org/10.1016/j.physletb.2018.05.051
https://doi.org/10.1016/0550-3213(82)90049-9
https://doi.org/10.1103/PhysRevLett.89.101101
https://doi.org/10.1103/PhysRevD.67.084009
https://doi.org/10.1088/0264-9381/20/21/L01
https://doi.org/10.1088/0264-9381/20/21/L01
https://doi.org/10.1007/JHEP07(2021)156
https://doi.org/10.1007/JHEP07(2021)156

