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We study the linear stability of black holes in Maxwell-Horndeski theories where a U(1) gauge-invariant
vector field is coupled to a scalar field with the Lagrangian of full Horndeski theories. The perturbations on
a static and spherically symmetric background can be decomposed into odd- and even-parity modes under
the expansion of spherical harmonics with multipoles /. For [ > 2, the odd-parity sector contains two
propagating degrees of freedom associated with the gravitational and vector field perturbations. In the even-
parity sector, there are three dynamical perturbations arising from the scalar field besides the gravitational
and vector field perturbations. For these five propagating degrees of freedom, we derive conditions for the
absence of ghost/Laplacian stabilities along the radial and angular directions. We also discuss the stability
of black holes for / = 0 and [ = 1, in which case no additional conditions are imposed to those obtained for
[ > 2. We apply our general results to Einstein-Maxwell-dilaton-Gauss-Bonnet theory and Einstein-Born-
Infeld-dilaton gravity and show that hairy black hole solutions present in these theories can be consistent
with all the linear stability conditions. In regularized four-dimensional Einstein-Gauss-Bonnet gravity
with a Maxwell field, however, exact charged black hole solutions known in the literature are prone to
instabilities of even-parity perturbations besides a strong coupling problem with a vanishing kinetic term of

the radion mode.
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I. INTRODUCTION

Black holes (BHs) are the fundamental objects arising
as a solution to the Einstein field equation in General
Relativity (GR). On a static and spherically symmetric
background, the Schwarzschild geometry characterized by
a single mass parameter M is a unique asymptotically flat
solution in GR without matter. In the presence of a Maxwell
field, there is a static BH with an electric charge ¢ known as
a Reissner-Nordstrom (RN) solution. Allowing the rotation
of BHs leads to a Kerr solution containing an angular
momentum J. In Einstein-Maxwell theory without addi-
tional matter, there is a uniqueness theorem stating that
stationary and asymptotically flat BHs are characterized
only by three parameters, i.e., M, g, and J [1-4].

If we take an extra degree of freedom into account, it is
possible to have additional BH “hairs” to those present in
GR without matter. For a minimally coupled canonical
scalar field ¢ [4,5] and k-essence [6] as well as for a
nonminimally coupled scalar field with the Ricci scalar R
of the form G4(¢)R [7-10], it is known that BHs do not
have scalar hairs. If the scalar field is coupled to a Gauss-
Bonnet (GB) term RZ%g of the form &(¢p)REy [11-13],
where £(¢) is a function of ¢, the existence of asymptoti-
cally flat hairy BH solutions was shown for the dilatonic
coupling &(¢p) x e*? [14-24] and the linear coupling
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E(p) x ¢ [25,26]. Tt was also found that, for the scalar-
GB coupling &(¢p) with even power-law functions of ¢, a
phenomenon called spontaneous scalarization of BHs can
occur [27-34], analogous to spontaneous scalarization of
neutron stars induced by a nonminimal coupling with the
Ricci scalar [35].

The scalar-GB coupling mentioned above belongs to a
subclass of Horndeski theories with second-order Euler
equations of motion [36,37]. If we consider a time-
independent scalar field on the static and spherically
symmetric background, there are some other subclasses
of Horndeski theories in which hairy BH solutions are
present. One example is a scalar nonminimal derivative
coupling $G,, V¥*V*¢ to the Einstein tensor G,,, in which
case nonasymptotically flat BH solutions are present
[38—43]. However, it was recently recognized that these
solutions are unstable against linear perturbations around
the BH horizon [44]. In so-called regularized four-
dimensional Einstein-Gauss-Bonnet (4DEGB) theory [45]
where the GB coupling aggR%g in a D-dimensional
spacetime is rescaled as a¢gg — agg/(D —4) ona (D —4)-
dimensional maximally symmetric flat space [46,47], there
exists an exact hairy BH solution respecting the asymptotic
flatness. The 4DEGB gravity also belongs to a subclass of
Horndeski theories with the scalar field playing the role of a
radion [48], so the linear stability conditions derived in
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Refs. [49-51] for full Horndeski theories can be applied to
this case as well. The recent study [52] showed that the
exact BH solution present in 4DEGB gravity is not only
unstable but also plagued by a strong coupling problem.

The instabilities of BHs found in nonminimal derivative
coupling and 4DEGB theories are related to a finite scalar
field kinetic term X = —(1/2)V¥#$V ,¢ on the horizon [44].
If we try to search for asymptotically flat hairy BHs with a
static scalar field in full Horndeski theories, models with
regular coupling functions G, 345 of ¢ and X generally
result in no-hair Schwarzschild solutions [53]. The excep-
tional case is the scalar-GB coupling &(¢)R%; mentioned
above, in which case the corresponding hairy BHs can be
consistent with all the linear stability conditions in a small
GB coupling regime. For a scalar field having the depend-
ence of time 7 in the form ¢ = g.t + ¥(r), where ¢, is a
constant and W(r) is a function of the radial coordinate,
it is known that a stealth Schwarzschild solution is also
present [54,55]. It is still fair to say that the construction of
asymptotically flat hairy BHs free from instabilities is
limited in the framework of Horndeski theories, especially
for a time-independent scalar field.

If we consider an electromagnetic tensor F,, coupled to
the scalar field ¢, there are more possibilities for realizing
hairy BHs. From the theoretical perspective, heterotic
string theory gives rise to a coupling between the dilaton
field ¢ and Maxwell field strength F = —F,, F* /4. In
Einstein-Maxwell-dilaton theory given by the Lagrangian
L =R+4X +4e > F, Gibbons and Maeda (GM) [56]
and Garfinkle, Horowitz, and Strominger (GHS) [57] found
charged hairy BH solutions with a nonvanishing dilaton.
The dilatonic hair appears as a result of the coupling with
the electromagnetic field. We note that, for scalar-vector
couplings &(¢p)F with even power-law functions of ¢ in &,
the RN BH can trigger tachyonic instability to evolve into a
scalarized charged BH [58-62]. The low energy effective
action in string theory also contains a coupling between the
dilaton and the GB term as a next-to-leading order term of
the inverse string tension «'. In the presence of the dilatonic
coupling with both Maxwell and GB terms, Mignemi and
Stewart [63] showed the existence of hairy BH solutions by
using an expansion in terms of the small coupling & (see
Refs. [64,65] for related works).

In 4DEGB gravity, the hairy BH said before corresponds
to an exact solution without a Maxwell field. Analogous to
the case of string theory, one can incorporate an electro-
magnetic field in the four-dimensional effective action.
Indeed, there exists an exact charged BH solution in
4DEGB gravity [66], which is analogous to those derived
in higher-dimensional setups [67—69]. It is not yet clarified
whether this charged BH has the problems of instability and
strong coupling mentioned above.

In open string theory, there are possible corrections to the
Maxwell action arising from couplings of the Abelian
gauge field to bosonic strings [70-72]. The tree-level

effective electromagnetic action coincides with a nonlinear
action of Born and Infeld (BI) given by the Lagrangian
L = (4/b*)(1 =1 =2b*F) [73]. At leading order in the
expansion with respect to a small coupling constant b, the
BI action recovers the Maxwell Lagrangian £ = 4F. In
the four-dimensional Einstein-BI gravity, there is an exact
BH solution whose metric differs from the RN solution
[74-76]. One can deal with such a nonlinear electromag-
netism by considering a general function of G,(F) in the
Lagrangian. If there is a scalar field ¢ coupled with the
Maxwell field, the Lagrangian can be further extended to
the form G,(¢, X, F). Indeed, in Einstein-Born-Infeld-
dilaton gravity where the dilaton is coupled to the BI field,
the existence of hairy BH solutions is also known [77-81].

In this paper, we study the stability of static and
spherically symmetric BH solutions in four-dimensional
Maxwell-Horndeski theories where the scalar field ¢ with
the Horndeski Lagrangian is coupled to a U(1) gauge-
invariant vector field through the coupling G, (¢, X, F). A
similar study was performed in Ref. [82] for the Lagrangian
L =Gy(p,X,F)+ G4(¢p)R, but our analysis is more
general in that the scalar field sector is described by the
full Horndeski Lagrangian. By doing this, we can accom-
modate the stabilities of hairy BH solutions present in all
the theories mentioned above, especially those containing
the GB term.

We decompose the types of perturbations into the odd-
and even-parity sectors and derive all the linear stability
conditions of five dynamical perturbations. In particular we
will derive the propagation speeds of even-parity pertur-
bations along the angular direction in the limit of large
multipoles /, which are missing in most of the papers about
BH perturbations in the literature [50,82]. We note that, in
full Horndeski theories with a perfect fluid, all the linear
stability conditions including the angular propagation
speeds were derived in Ref. [51], which can be applied
to the BH case as well (see also Ref. [83]). Indeed, the
angular Laplacian stability is important to exclude hairy
BHs arising in nonminimal derivative coupling theories
[44,44] and in 4DEGB gravity [52]. Neutron stars with
scalar hairs present in the same theories are also prone to
similar instability problems [51,84,85].

After deriving all the linear stability conditions of odd-
and even-parity perturbations in Maxwell-Horndeski theo-
ries, we will apply them to concrete hairy BH solutions
present in Einstein-Maxwell-dilaton theory, Einstein-BI-
dilaton gravity, Einstein-Maxwell-dilaton-GB theory, and
4DEGB gravity. While the first three theories allow the
existence of charged BHs consistent with all the linear
stability conditions, the exact charged BH solution present in
4DEGB gravity suffers from Laplacian instability of even-
parity perturbations as well as the strong coupling problem.
The nature of instabilities is similar to what was found for
the uncharged exact BH solution in 4DEGB gravity [52].
Thus, our stability criteria in Maxwell-Horndeski theories
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are useful to exclude some BH solutions or constrain allowed
parameter spaces. The second-order actions of odd- and
even-parity perturbations and resulting field equations of
motion can be also applied to the computation of BH
quasinormal modes.

This paper is organized as follows. In Sec. II, we derive
the field equations of motion in Maxwell-Horndeski
theories on the static and spherically symmetric back-
ground. In Sec. III, we obtain conditions for the absence of
ghost/Laplacian instabilities in the odd-parity sector and
show that the propagation of vector field perturbation is
luminal with the other stability conditions similar to those
in Horndeski theories. In Sec. IV, we derive the second-
order action of even-parity perturbations and clarify how
the vector field perturbation affects the linear stability
conditions. Since the number of dynamical degrees of
freedom (DOFs) depends on the multipole [/ in the
expansion of spherical harmonics, we discuss the cases
[>2,1=0,and [ =1, in turn. In Sec. V, we apply our
general results to the stability of hairy BHs present in

|

several classes of theories mentioned above. Section VI is
devoted to conclusions.

II. MAXWELL-HORNDESKI THEORIES

We consider a scalar field ¢ in the framework of
Horndeski theories with second-order Euler equations of
motion [36]. We also incorporate a U(1) gauge-invariant
vector field A, with the field strength tensor F,, =
V,A,—V,A,, where V,, is a covariant-derivative operator.
The vector field Lagrangian depends on a scalar quantity

1

F=—-—-F, F*. 2.1
; 1)

v

We allow the existence of couplings between the scalar and
vector fields of the form G,(¢,X,F), where G, is a
function of ¢, X = —(1/2)V¥*¢pV,¢, and F. The action
of Maxwell-Horndeski theories is given by

S = [ dxy=5{Ga. X.F) = Gu(. X004 + Galdp. IR + Gx(h X) (OB = (V,9,) (V79

+Go( X)G V4 = G (. X)[(O8) = OV, V.0) (V) + 2AVV,) (V9 ) (P9, 9)] . (22)

where g is a determinant of the metric tensor g,,, and G3,
G4, G5 are functions of ¢ and X. We use the notations
O¢p=ViV,¢p and G;,;=0G;/dp, G,x=03G;/oX,
Gjyx =0°G;/(0Xop) (j =2.3,4,5), and so on. The
action (2.2) is invariant under the shift A, — A, + 9d,x,
so the theory respects a U(1) gauge symmetry. Introducing
the gauge-invariant vector field A, to the Horndeski action
gives rise to two additional dynamical DOFs to those in
Horndeski theories (one scalar and two tensor modes).
Hence the total propagating DOFs are five in Maxwell-
Horndeski theories.

In this section, we derive the background equations of
motion on a static and spherically symmetric spacetime
given by the line element

ds? = —f(r)df® + h='(r)dr* + r2dQ?,  (2.3)
where dQ? = d6? + sin? 8d¢?, and ¢, r, and (6, @) represent
the time, radial, and angular coordinates, respectively, and

'If we consider generalized Proca (GP) theories [86—88] with a
U(1)-symmetry breaking gauge field, there is an additional
longitudinal propagation of the vector field. It is known that
there are hairy BH solutions in GP theories [8§9-93], but our
analysis in this paper does not accommodate such cases. Readers
may refer to Refs. [94-97] for BH perturbations (mostly in the
odd-parity sector) in GP theories and its extensions.

I
f and h are functions of r. Since we are interested in the
stability of BHs outside the horizon, we will consider
positive values of f and 4. On the background (2.3), we
consider a time-independent scalar field with the radial
dependence
b= p(r). (2.4)
As we mentioned in Introduction, Maxwell-Horndeski
theories given by the action (2.2) can accommodate a variety
of hairy BH solutions known in the literature. For the vector
field, we consider the following configuration [98]:
A, = [Ay(r),A(r),0,0]. (2.5)
In the U(1) gauge-invariant theory under consideration now,
the longitudinal mode A,(r) does not contribute to the

background equations. The scalar quantities X and F reduce,
respectively, to

h
F=—A?
270

where a prime represents the derivative with respect to r.

Varying the action (2.2) with respect to g,,, the (00),
(11), (22) components of gravitational field equations of
motion are given, respectively, by

1
X =~ hg", (2.6)
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C / C
goo = (C] + 2 + >¢// (¢ Cl + + 5)]’1

2h
C; Cs h
+Co+—+ 28 fGZ’FAg =0, (2.7)
/ C h / 2 /
511 = — <§Shcl 4+ ) ff Cg —icl
"yc h=1)C| + 26, a2 =0, (23)
W% 2 4 f 2,F40 ’ .
— (2h — 1)¢/C3 + 2hCs f/ 1"
= HQ T gt
1 L 2hCs -G\ [ ., f’2
+4f<2hC4 $Cy+ ; )(f 7
2h(2h + 1)Cs — ¢'C5| f'H
" [C” 20 F
G Co\S (Y 2
’ (4 T ) Fr Rty )2
e+ -0 (2.9)
DT '

where a prime represents the derivative with respect to r,
and the coefficients are given by

Ci==h*(G3x =2G4 4x)9” = 2G4 4h,

Cy =217 (2G4 xx — Gs gx)° —4h*(Gyx — Gs 4) ¢,

C3 = —h*Gs xx¢'* +1*Gs x(3h—1)¢,

Cy=h*(2Gy xx — Gs yx )" + h(3Gs 4, —4Gy x> = 2Gy,
1
Cs= —5 [Gs,xxh3¢/5 - hGS,X(Sh - 1)¢/3L
Co=h(G34—2Gy 4p)* + Ga,
C7 = =21 (2G4 yx = Gs 4p) 9" = 4Gy yhd/,
Cs = Gs gxh* " = h(2Gy xh — Gs yh— G5 )¢
- 2G4(h - 1)5
Co=—h(Gyx — G5 4)* —G,,
1 1
Cyo= §G5,¢xh3¢'4 - §h2(2G4.x —Gs4)* —Gih. (2.10)

The scalar field equation of motion following from the
variation of (2.2) with respect to ¢ gives

1 |n o\ o
ﬁ?(\/>+£ O

(2.11)

where

Crt=—+ +2¢

2f ¢ r
1 +h Cy+C3—2Cp
- C, — ,
+r2< 2n 2

¢/

SRIE

[‘b C,— hC4+2 (";Q hcsﬂff

/
("; C, — hCy + Cy — 2c10).

p ( C, _)f/ Co+Coy 2

(2.12)

+Co + (2.13)

Varying the action (2.2) with respect to Ay, it follows that

!/
h
Ea, = <G2,F\/;r2Ag> =0, (2.14)
whose integrated solution is given by
1 f 90
Ay = , 2.15
0~ G2 F h r2 ( )

where ¢ is constant. We will only focus on the case of an
electric charge g, without considering the magnetic charge.

On using Egs. (2.7)=(2.9) and (2.14), the scalar field
Eq. (2.11) can be expressed as

! ! 2
g‘f’E ¢/ [5][5004‘5 <%+;>51]

2. Ay [h

We note that some of the coefficients appearing in the
second-order action of even-parity perturbations derived
later can be expressed in terms of the partial ¢ derivatives of
S{/, and £ 11-

=0. (2.16)

III. ODD-PARITY PERTURBATIONS

On top of the static and spherically symmetric back-
ground (2.3), we decompose the metric tensor into the
background and perturbed parts as g,, = g,, + hy,, where
a bar represents the background quantity. Under the
rotation in the (6, ¢) plane, the metric perturbations /,,
can be separated into odd- and even-parity modes [99,100].
Expanding £, in terms of the spherical harmonics
Y;,(0, @), the odd- and even-modes of perturbations have
parities (—1)"*! and (—1)/, respectively. In the odd-parity
sector, the components of 4, are given by
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hy = hy = h,, =0,
hy = ZQ(L r>EabvbYlm (97 (P),

ZU!F

lm

where Q, W, and U are functions of ¢ and r, and the
subscripts a and b denote either 8 or ¢ [49,101-103]. In a
formal sense, we should write subscripts [ and m for the
variables O, W, and U, but we omit them for brevity. We
note that £, is an antisymmetric tensor with nonvanishing
components Eg, = —E,y = sinf. The scalar field ¢ does
not have an odd-parity perturbation, so it is equivalent to
the background value ¢(r). The vector field A, in the odd-
parity sector has the following perturbed components:

5A, = BA(t.r)
I.m

SA, = 8A, = 0, EVPY (6, ),

(3.2)

where 6A depends on ¢ and r.

Under a gauge transformation x, — x, +£,, where
§t = 0’ gr = 0’ and éu = Zl.m A(t’ r)EahvbYlm(eﬁ (p)’ the
metric perturbations transform as Q — Q + A, W
W+ A —2A/r,and U - U + 2A, where a dot represents
the derivative with respect to z. In the following, we choose
the gauge

U=0, (3.3)
which fixes the scalar A in &,.

We expand the action (2.2) up to quadratic order in odd-
parity perturbations. For this purpose it is sufficient to focus
on the axisymmetric modes of perturbations characterized
by m = 0, since the nonaxisymmetric modes with m # 0
can be restored under the suitable rotation by virtue of the
spherical symmetry on the background [104]. We perform
the integrals with respect to 8 and ¢ by using the following

properties:
27 T
/ dgo/ doY3 ,sinf = L,

2n
/ dq)/ d@(ﬂﬂ/ 6gsin9> =12,

where

(3.4)

L=1(+1). (3.5)

We also exploit the background Egs. (2.7), (2.8), and (2.14)
to eliminate the terms G,, G, y, and A{j. After integrating

hy, = ZW(t, r)
Lm

Cvcvbylm (9’ (ﬂ) + Ebcvcvu Ylm (9’ ¢)]9

Eabvb Ylm (97 (ﬂ) ’

(3.1)

the action S with respect to ¢ and r, the second-order action
can be expressed in the form

Sodd = ZL/dtdrEodd, (36)
!
where
Vh
'Codd 4\/7H< Q )
Vh
- o= + 2 )i
FO* Vi
L-2
+ )(4r2\/_ 452 gw )
2 ”2 Lf 2
2\/_G2F 5A? — fhoA —peAt). (37)
with
h2¢/3G5X
H = 2G4 + 2h¢/2G4’X - h¢/2G5,(/) - f’ N (38)

1
F =2G, + h¢*Gs 4 — h¢ (5 W' + h¢“> Gsx. (3.9)

J'hg'Gs x

G=2G,+ 2h¢/2G4_x — h¢" (GS,(/) + 2f

). (3.10)

A l>2

We first derive linear stability conditions for the multi-
poles [ > 2. To identify the dynamical DOFs, it is con-
venient to consider the following Lagrangian:

[:odd

:§H[2 (W 0+ 2rQ ZG;;AO(SA) ]
,; ?G% FARSA 4 (L —2) (453;_}1 - gng>
2\/_G2F<6A2 fhaA'Z—Lr—faA2>, (3.11)

104045-5



RYOTARO KASE and SHINJI TSUJIKAWA

PHYS. REV. D 107, 104045 (2023)

where we introduced an auxiliary field y. Variation of the
Lagrangian (3.11) with respect to y leads to

20 26,44,

p=W= 0+ =2 -, (3.12)

Substituting Eq. (3.12) into Eq. (3.11), we find that the
Lagrangian (3.11) is equivalent to (3.7). Varying (3.11)
with respect to W and Q, respectively, we obtain

(L =2)fGW + rPHy =0, (3.13)

[2(L —2)FQ + 4rhHy + 2r*hHy' + r>(Hh' + 2hH x| f

- f'hHy = 0. (3.14)
|
>V hH? Gy
1 = 3/2 ) K22 - - )
4(L-2)f7°G 2/ fh
VhH 2
My=—-——"———|(L-2+d,-=
1= =iy (2 =)
VhA,G
M, = —72\%—(2’1?,

where

_ rPhH(H W 2
aMz_T<ﬁ_ﬁ+ﬁ+;>. (3.18)

The ghosts are absent under the conditions K;; > 0 and
K>, > 0. These translate to

G >0, (3.19)

Gyr >0, (3.20)

respectively, which correspond to the no-ghost conditions
of gravitational and vector field perturbations in the odd-
parity sector.

The perturbation equations of motion for y and 6A follow
by varying the Lagrangian (3.15) with respect to these
variables. For the propagation of y and SA along the radial
direction, we assume solutions to the perturbation equa-
tions in the form X « ¢/@=*")_In the short-wavelength
limit k — oo, the dispersion relation is given by
det (w?’K + k*G) = 0. The radial propagation speed c, in
proper time can be obtained by substituting @ = /fhc,k
into the dispersion relation. This gives the following two
solutions:

We solve Egs. (3.13) and (3.14) for W and Q, and take the ¢
and r derivatives of W and Q, respectively. Substituting
them into Eq. (3.11) and integrating it by parts, the resulting
second-order Lagrangian can be expressed in the form
Loa = XKX + X'GX + ¥'MX,  (3.15)

where K, G, M are 2 x 2 symmetric matrices, and /'? s a
vector field defined by

%:(é)

Note that y and 6A correspond to the dynamical perturba-
tions arising from the gravity and vector field sectors,
respectively. The nonvanishing components of K, G, M are

(3.16)

g
G]l:_fthllv GZZZ_fhKZL
M _ GZ,F(LfH + 2r2hA62G2,F)
2 2rH/Fh '
(3.17)
G g
2 11
=- =2, 3.21
Crl.odd f/’lKll F ( )
G
C%Q.Odd = _fh12<222 =1, (322)

which are the squared propagation speeds of y and JA,
respectively. Under the no-ghost condition (3.19), the
Laplacian stability of y is ensured for

F>0. (3.23)

Since the second propagation speed squared (3.22) is
luminal, there is no Laplacian instability for 6A.

In the large multipole limit L = [/(/ + 1) > 1, the matrix
M gives contributions to the propagation speed cq along
the angular direction. In this limit, we have

hH G

Mllﬁ—f—, Mzzﬁ—\/f 2’FL. (324)
4f 2r*Vh

Substituting solutions of the form X' « e/@=1) into the

perturbation equations, the dispersion relation yields
det(w’K + M) = 0. The angular propagation speed in
proper time is given by cq = ¢q/V/f, where &g =
rd0/dr. We substitute w? = ¢312/r* = c3fI?/r* into the
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dispersion relation and solve it for c¢3. In the limit /> 1,
we obtain the following two solutions:

2
2 My _ 9 3.25
€Q1.0dd PfK,, H’ (3.25)
2
2 - _r_]\422:1 326
€Q2.0dd fKy ’ (3.26)

which correspond to the squared angular propagation
speeds of y and SA, respectively. Under the no-ghost
condition (3.19), the Laplacian instability of y is absent for

H > 0. (3.27)
The angular propagation speed of §A is luminal, so there is
no Laplacian instability.

We note that the stability conditions of y are identical to
those derived in Ref. [49] without a vector field A,. This
means that the presence of A, coupled to the scalar field
of the form G,(¢, X, F) does not modify the odd-parity
stability conditions in the gravitational sector. The odd-
parity perturbation of A, propagates luminally, without a
ghost for G, > 0.

B.I=1

We also study the odd-parity stability of dipolar pertur-
bations (/ = 1). Since L =2 in this case, terms propor-
tional to L —2 in Eq. (3.7) vanish. Moreover, the metric
components £, vanish identically and hence U = 0. To fix
the residual gauge DOF, we choose the gauge

W =0. (3.28)

Varying the Lagrangian (3.7) with respect to W and Q, and
setting W = 0 at the end, we obtain

=0,

(PE) = (3.29)

where

hy = f(r)Y_Ho(t,1)Y 1,6, ),

I.m I.m

hy = hy = Zho(t, r)vaylm(e’ (/))’

I.m

hay = Z[K(ﬂ ) 9ap Y 1m(0, @) + G(t, 1)V, V, Y1,,(0, 9)],

I.m

hy = hy =Y Hy(t.1)Y},,(0. ),

_ _ 2, 26y
S_H%C(Q 0+ =500 5A) (3.30)

Integrating two differential equations in (3.29) leads to

2 2G, Al rc

0'-—0+ s (331

where C is a constant. On using this relation to eliminate Q’
from the Lagrangian (3.7), it follows that

Loga = G, F5A — Gy pfh6A”

2\/
2 2h A/2 2

_ G2,F(fH"|2_r Gor 0)5A2+ ff .
rH 2r'H

(3.32)

Hence the propagating DOF is only the vector field
perturbation §A. The ghost is absent so long as the first
term in the square bracket of Eq. (3.32) is positive, i.e.,
Gyr >0, (3.33)
which is the same as the no-ghost condition of A derived
for [ > 2. In the short-wavelength limit, the dominant
contributions to Eq. (3.32) are the first and second terms

in the square bracket. Then, the radial propagation speed
squared of 0A in proper time is given by

G oda = 1. (3.34)

which is luminal. Thus, the stability of dipolar perturba-
tions does not add any new conditions to those obtained
for [ > 2.

IV. EVEN-PARITY PERTURBATIONS

In this section, we derive the second-order action and
perturbation equations of motion for the even-parity modes.
On the background (2.3), the metric perturbations %, in the
even-parity sector are given by

hrr = h(r)_IZHZ(t’ r)Ylm(ei (,0),

I.m

hru = har = Zhl(t’ r)vaYlm(ev (,0)7
I.m

(4.1)
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where Hy, Hy, H,, hy, hy, K, and G are scalar quantities
depending on ¢ and r. We also decompose the scalar and
vector fields as

b =d(r)+>_5p(t,1)Y1,(0.0), (4.2)
l.m

A, =A,+ A (4.3)

o

with
|

&= T(t.Yi(0.9),
lm

&= ZR<I7 r)Ylm(e’ (P),
lm

SA, =Y 8Ay(1,1)Y 1, (6, 9),
lm

0A, = Z5A1 (t’ }’) Yim (97 (,0)7
lm

8Ag =Y 8As(t. 1)V Y} (0. 90), (4.4)

Im

where 6¢p, 5A(, 6A;, and JA, are functions of ¢ and r.
Under the infinitesimal gauge transformation x, —
x, + &, with

¢ = ZG(I’ r)vaYlm(e’ QO), (45)
lm

the metric perturbations in Eq. (4.1) and d¢ in Eq. (4.2) transform as

2 'h
HO —)HO +‘?T—7R,

hy = hy+T + 0,
5 — 5 — g'hR.

We can eliminate some of the perturbed variables on
account of the gauge DOFs. For the multipoles [ > 2,
we choose the uniform curvature gauge given by

hy=0. G=0, K=0, (4.7)

under which R, ©, and 7 are fixed. In addition to the
coordinate transformation (4.5), the action (2.2) is invariant
under the U(1) gauge transformation

BA, = 6A, + 0,0y with &y = #(t.r)Y (0. ).
l.m
(4.8)

Under this transformation, the scalar quantities of vector
field perturbations in Eq. (4.4) transform as

SAy > 8Ag+7. OA > S8A, +7. 6A, — 5A, + 7.
(4.9)

Hl —)H1+R+T/—77,

2
I’ll —)h1+R+®/——®,
r

/

H2 g H2 + ZhR/ + h/R,

2 2
K-K+-hR, G-G+56,
r r

(4.6)

|
We choose the gauge

8A, =0, (4.10)

under which ¥ is fixed.

A. Second-order action and perturbation
equations of motion

We expand the action (2.2) up to second order with the
gauge choices (4.7) and (4.10). As in the case of odd-parity
modes, we set m = 0 without loss of generality. Performing
the integration by parts and using the background equations
of motion (2.7)—(2.9) and (2.14), the second-order action of
even-parity perturbations can be expressed in the form

Seven =Y _ / dedr(L, + L), (4.11)
1

where

Eu = Ho[a15¢// + Cl25¢)/ + Cl3H/2 + La4h/1 + (a5 + La6)5¢ + (Cl7 + Lag)Hz + Laghl] + LblH%
+ H(by8¢ + b35¢p + byHy + Lbshy) + ¢ 16pH, + Hy[c5¢' + (c3 + Le)dp + Lesh,]
+ coH2 + Ld I} + Ly (dy5@) + ds6¢p) + Ldyh® + e,6¢° + e, + (e3 + Ley )54,

ﬁA = Uy (5146 - 5;41)2 + (5146 - 5;41)(’[}2[‘10 + 1]3H2 + U45¢/ + 1]55¢) + U6H(2) + L(1175A0h1 + 1)8614% + 1)9614%)

104045-8
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We recall that L is defined by L = (/4 1). The coef-
ficients ay, a,, ..., vy are given in Appendix A. In com-
parison to Horndeski theories without the Maxwell field,
the Lagrangian £, has a same structure with that derived in
Refs. [50,51]. Still, the coefficients a,, as, a;, b3, ¢, ¢3, Cg,
ey, ey are subject to modifications by the presence of A,
(see Appendix A). Moreover, the vector field perturbation
gives rise to the new Lagrangian (4.13) whose contribution
is absent in Refs. [50,51].

In what follows, we derive the perturbation equations
of motion by varying the second-order action (4.11) with
|

respect to Hy, H|, H,, h;, 6Ag, 6A;, 6¢, and eliminate
nondynamical variables from the action by using their
corresponding equations. The Lagrangian (4.13) shows that
0A, is nondynamical since there is no quadratic term of its
time derivative. Nevertheless, the perturbation equation of
0A cannot be explicitly solved for 64, due to the existence
of the quadratic radial derivative term, i.e., 5A62, in
Eq. (4.13). This situation is similar to the case of odd-
parity perturbations discussed in Sec. III. Thus, we intro-
duce an auxiliary field V(z, r) in analogy to the discussion
in the odd-parity sector, and rewrite Eq. (4.13) in the form

_ (vaHo + v3Hy + 0489 + v55¢)

21)1
+ veH3 + L(v706A0h; + vgSA3 + 195A7).

Li=1, {2\/(5&) — A, +

Varying this action with respect to V gives

UQHO + 7J3H2 + U45¢/ + U55¢

V = SA, — SA
0 l+ 2’[)1

(4.15)

Substituting Eq. (4.15) into Eq. (4.14), we find that
Eq. (4.14) is equivalent to the original Lagrangian (4.13).
By introducing the auxiliary field V, the quadratic terms A7
and 5;4% present in the original Lagrangian (4.13) are absent
in the new Lagrangian (4.14). This allows us to solve the
perturbation equations of 6A, and dA; explicitly for them-
selves. Substituting such solutions into the Lagrangian, we
will see later that the dynamical property of vector field
perturbation is determined by the auxiliary field V.

We also note that the coefficients v, and vg have the
following relation:

’UzHO + 7)3H2 + 1)4545/ + ’Uséqﬁ) _ V2:|

41}1
(4.14)

2
_ U

Vg = .
4’1]1

(4.16)

This means that the two quadratic terms of H, appearing
in Eq. (4.14), ie., —[v3/(4v,)]H} and vgH} cancel each
other as a result of introducing the auxiliary field V.
Consequently, the total action (4.11) with the sum of
Egs. (4.12) and (4.14) depends on H, linearly. Hence
the perturbation H, corresponds to a Lagrange multiplier
and the variation of the action with respect to H puts
constraint on other perturbation variables.

Varying the total action (4.11) with Egs. (4.12) and
(4.14) with respect to Hy, H{, H», hy, 6Ag, 6A;, and 6¢h, we
obtain the following linear perturbation equations:

a15¢"+a3H’2+La4h'1 + [lz—% 5¢/+ (15+L616—% 5¢+ ay +Lag—% H2+L(19]’l1 +112V:O,
2’[11 2’[11 21)1

(4.17)
2Lb H, + by6@) + b3 + byH, + Lbsh; = 0, (4.18)

2

—c\6¢—byH, + @-%) 5 + <c3 —l—Lq—%) S+ Leshy + (206—;73> Hy—a3H),

1 1 1
—|—<a7—a'3—|—La8—U22—;13)H0+U3V:0, (4.19)
—2d1h1 ‘I— d25¢/ + d35¢ + 2d4h1 - a4H6 + ((19 — Cl:‘)HO — bSHl + C5H2 + U75A0 = 0, (420)
—2(U1V)/ + L’l}7h1 + 2L’U85A0 = 0, (421)
20,V + 2LvgSA, =0, (4.22)

104045-9
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2
- ﬂ) 5" + [Ze; Y 2Ley + (
27)1

Vv
+ [a’l’—a2+a5+La6+<2 4)
27)1

— 2615¢ - <262

Uy Us
21]1

V305

Uy Vs
2’Ul

VyVy

) —21)1:|5¢+a1H” <2a'1 —(12+ 21}1>H/

}Ho + byH' + (b — by)H, — ¢ H, — (Cz —W>H2

27)1

2\ /
Fles—chy+Leg+ (2%) — B g, — Lok, + L(ds — dy)hy — |2¢ — (22 |69
2’[]1 21)1

— 04V + (vs —v))V =0,

where we used the relation (4.16).

B. Linear stability conditions

In order to derive the linear stability conditions of
dynamical perturbations, we eliminate nondynamical var-
iables from the total action (4.11) with Egs. (4.12) and
(4.14) by using some of the equations derived above. Since
the number of dynamical perturbations is different depend-
ing on the values of /, we investigate the three cases
(1)1>2,(2)1=0,and (3) [ =1, in turn.

1.1>2

Among the eight variables (H,, H, H,, h;, 6A,, 6A;,
o¢, V), we can eliminate H;, 0A,, and 6A; by using
Egs. (4.18), (4.21), and (4.22), respectively. This is due to
the fact that the derivatives of H,, 6A,, and 6A; do not
appear in their equations. We recall that H, corresponds to
a Lagrange multiplier, so its perturbation equation (4.17)
puts constraint on other variables. Introducing a new
variable [50,51]

we can write Eq. (4.17) in terms of y/, y, 6¢', 5¢, V, and
h;. We solve this equation for h; and take its time
derivative. Terms H, and H2 in the action (4.11) can be
expressed in terms of y, yr, 5¢/, 5¢’, hy, izl , where the latter
two variables now depend on v, §¢b, V and their derivatives.
Then, we can express the second-order action (4.11) in
terms of the three dynamical perturbations y, d¢, V and
their derivatives. After the integration by parts, we obtain

Soen = / ddr(VKX+ X'GX + X' QX + I'MA),
1
(4.25)

where K, G, M are the 3 x 3 symmetric matrices while Q is
antisymmetric, and the vector X is defined as

2’[}1
(4.23)
174
X =5 (4.26)
14

Note that the derivative terms 5.45' and v/ disappear from the
final action (4.25).

The kinetic matrix K in the reduced action (4.25) must be
positive definite for the absence of ghosts. This requires
that the determinants of principal submatrices of K are
positive, such that

Koo U (4.27)

BT Lfhwg  LVRG,y '

(LP=F)f* Py

K Ky—K}= 0,

11433 13 L2I’l3(}"f’—2f)4H2(,P2+27'LH)2G2,F>
(4.28)

_ 5/2 7, 24 _
detK = _-7-7 2(L2 /?f 7:1)1772(22731/ 7 4 =Y
2LANPH PP (P + 2rLH) (rf' = 2£)* Gy

(4.29)

where we introduced the following combinations [50]:

p o (frHTY
YT A 2h )

2(¢'ay + 2ray)
. JFh

Under the stability conditions (3.20) and (3.23) in the
odd-parity sector, the quantities G, r and F are positive.
Then, the first condition (4.27) is automatically satisfied.
Remembering that L > 2, both the second and third
inequalities (4.28)—(4.29) hold for

P, = ;(rf’ 26 )

(4.30)

K=2P, - F >0, (4.31)
which coincides with the stability condition in Horndeski
theories without the Maxwell field [50]. Consequently, the

absence of ghost instabilities in the even-parity sector adds

104045-10
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one condition (4.31) to the stability conditions in the odd-
parity sector.

We proceed to derive the propagation speeds of even-
parity perturbations along the radial direction. The equations
of motion for three dynamical perturbations follow by
varying the action (4.25) with respect to X. Assuming the
solutions to those equations of the form X o e/@=k7) where
 and k are the frequency and wave number, respectively, we
obtain the dispersion relation characterizing the radial
propagation. In the limits of large w and k, it is given by

det|fhcK + G| = 0. (4.32)

Here, the propagation speed c, is defined by the rescaled
radial coordinate r, = [dr/+/h and proper time 7= [ \/fdt,
as ¢, = dr,/dt = (fh)~Y2(dr/dt) = (fh)""*(w/k). The
matrix components of K and G associated with the vector
field perturbation V have the following relations:

Gis_ Gy _ Gy _

= —fh. 4.33
K3 Ky  Ks (4.33)

On using these relations, the radial propagation speed of V,
which is decoupled from the other two, is simply given by
c? =1, (4.34)

r3,even

which is equivalent to the radial propagation speed of vector
field perturbation 6A in the odd-parity sector (3.22).

The other components of matrices K and G are quite
complicated, but we can resort to the following relation:

1 2 2
gL )

f3 /2
r\/—
to eliminate the derivative ). This relation follows by using

the background Egs. (2.7) and (2.9). As a consequence, the
dispersion relation can be factorized in the form,

—F - 2rth’2118} (4.35)

(4.36)

(C% - C%l,even)(cg - C%Z,even) =0,

where ¢, even and €y even correspond to the radial propa-
gation speeds of y and &¢, respectively, which are given by

) Y
Crleven — f ’

2 49’
(fh)2(2P,

Cr2,even -
X [Srzha4c4(¢’al + rag) =/ fhd'aiG

(4.37)

- Fu?

! 2
+2r2a3 (f7a1+202+A'v4+¢ )] (4.38)
v

Notice that ¢2, .., is equivalent to the squared propagation
speed (3.21) of gravitational perturbation y in the odd-parity
sector, which is not directly affected by the presence of
the vector field. On the other hand, the coupling between
¢ and A, modifies the value of ¢,; ¢\en due to the presence
of the last two terms in Eq. (4.38) containing v, =
=2 W32 AYG, xp/+/F. In the absence of the vector field,
the result (4.38) is consistent with those derived in
Refs. [50,51].

We will also obtain the propagation speeds of even-parity
perturbations along the angular direction. For this purpose,

we assume the solution to the equations of dynamical

perturbations in the form X o« ¢/@~)_Tn the limit of large

o and [, the reduced Lagrangian (4.25) leads to the
following dispersion relation along the angular direction:
det|fI*c3K + r*M| = 0. (4.39)
The propagation speed cgq is defined by using the proper
time 7 such that cq = rd0/dr= (r/\/f)(d0/dt) =
(r//f)(w/l). Expanding the components of K and
M in the limit [ - oo, we find that the leading-order
matrix components have the following dependence’:

Ky K K3 > K3 Ks;
Ky =—, Ky =—-, K3 =—, Ky = Ky, Ky =—-, B="7
[ [ [ [ [
My = M, = M, Mz =—~ My, = Mp,l-, Moz = My, Ms3 = M3, (4.41)

P

where the quantities with tildes do not contain the [
dependence. Picking up the leading-order contributions
to Eq. (4.39), it follows that

(fK33ch + r*Ms3)[f2 (K Ky — K3,)cl,
+ 2 f (K1 1My — 2K 1, M + KypM )},

+ r(My My, — M3,)] = 0. (4.42)

*Nonvanishing components of the antisymmetric matrix Q
have the following leading-order /-dependence:

On 013 0

O = Z O3 = i Oy = 7 (4.40)

These do not contribute to the values of cq in the large / limit.
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Then, the propagation speed of V decouples from the other
two, such that

r M';g
fK’i'S

where F is given in Eq. (2.6). If the Lagrangian G, contains
nonlinear functions of F, the propagation speed of V along
the angular direction deviates from that of light. This
property dose not necessarily hold in other spacetime since
the propagation speed of perturbations generally depends
on underlying symmetry of the background spacetime.
Indeed, on the Friedmann-Lemaitre-Robertson-Walker
(FLRW) cosmological background, the propagation speeds
of vector perturbations are luminal in theories with the
coupling G, = G,(F) [105].

Under the no-ghost condition G, > 0, the angular
Laplacian stability of V is ensured for

Gyrp
Gor +2FGypr’

2 _
€o3 even

r hUS
= 443
. (443)

Gyp +2FGy pp > 0. (4.44)
The other two propagation speeds associated with the
perturbations y and d¢ are given by

—-B; + /B3 —B,,

(4.45)

2 _
ch,even -

B _’”Z(anzz—2k12M12+1~{22M11)
1 — = = = )
2f (KK — KT,)
_ r4(1\7111]l7[22 _M%2) 4.46
2= PR Rn =R (4.46)
2 (K11 Ko )

While each matrix component of K and M is quite
complicated, we can simplify the terms appearing in
Eq. (4.46) by using relations among the coefficients given
in Appendix A. We also exploit the following relation:

" »Y al_r2hc4 f(g_H)
) | T
g =20) 0 (rf =4 1
e { S A " ]H =7
i - 2hg_ h(rf' =2f)#' oH  212AF e
272 2rf op N/
(4.47)

which is equivalent to the subtraction of Eq. (2.7) from
Eq. (2.9). After lengthy but straightforward calculations,
we find that the quantities B; and B, are of the same forms

where as those derived in Ref. [51] without a perfect fluid, i.e.,
|
B — asP[4h(P'ay + 2ray)py + Pr — 4d'ar 3] = 2fhG2ray (2P, — F)(¢'ay + ray) + ¢aiP)] (4.48)
: 4v/fhay(@'ay + 2ras)* (2P, — F) ’ .
o _ 2 PHBRIRFG( ar + 2ras) + ) = P Pofs = FRFG(® fhFGay +4rasps)
= —r , (4.49)
fh]:gb'al((ﬁ'al -+ 27'614)2(27)1 - F)
with
A hl f f
B = Hases - 2¢c4a4+[<f+z—;> as+ VI ]4/ ki S (4.50)
ﬂz |:\/_f (2]’1 ¢/2 rf¢a4 \/_¢/ ) _2\/_¢la4g (%_Z:+fl lh_/_%)] 4Fgfha4’ (451)
ds [/ !
ﬂ3 = <l’lC£‘ ?‘f‘ h/C4> ¢’a4 + (2h - +§_f_(1_4> (a;; + 2]’1(15’ \/_ > ay
\/—f f , 3\/“9
P <f as +2hd’cq + ) (4.52)

While B; and B, do not explicitly contain the vector
field contribution, the quantity a) present in f, S, f3
generally picks up such contributions, see Eq. (4.35). To
ensure the Laplacian stabilities of perturbations y and d¢,

we require that ¢, .., > 0. These conditions are sat-
isfied if

B?>B,>0 and B, <0. (4.53)
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TABLE I. Summary of linear stability conditions.
No ghosts 2>0 >0
Odd-parity modes G§>0,G, >0 F>0 H>0
Even-parity modes K>0 €% eyen > 0 B}>B,>0,B,<0,Gyp+2FGyppp >0

In Table I, we summarize all the linear stability con-
ditions in both odd- and even-parity sectors. The radial
propagation speeds of vector field perturbations 6A (odd-
parity) and V (even-parity) are both luminal (C%Z.odd =
€% even = 1)- In the gravitational sector, the radial propa-
gation speeds of y (odd-parity) and y (even-parity) are
equivalent to each other (¢} qq = €7 even = 9/F). We
note that, on the FLRW background, the nonlinear term
of F in G, does not affect the perturbation dynamics by
reflecting the fact that the quantity F vanishes in U(1)
gauge-invariant theories [105]. In contrast, the quantity F
does not vanish on the static and spherically symmetric
|

background, and nonlinear terms of F' affect linear stability
conditions in the odd- and even-parity sectors.

2.1=0

We proceed to the analysis of the monopole perturbation
[ =0, i.e., L = 0. In this case, the perturbations A, h;, and
G vanish identically from the second-order action of even-
parity perturbations [50,51]. While one can choose the
gauge different from Eq. (4.7) to eliminate perturbations
other than h, and G, we avoid doing so since the gauge
DOFs are not completely fixed in such a case. For [ = 0, the
total action (4.11) reduces to

(v3H, + 046" + v566)*

. v3H, + v46¢" + v55¢
Seven:;/dtdr{vl |:2V<5A6_5A1+ 2 ;Ul > - V2| -

4’1]1

2. .. .
+ ((D/ + A(/)UIV)HO - ?(DHI + C15¢H2 + (C25¢/ + C35¢)H2 + C6H% + €15¢2 + €25¢/2 + €35¢2}, (454)

where we introduced the combination
1
q) = al&]b’ + (Clz - Cl/l - 5146’[]4) 5¢ + a3H2, (455)

and used the relations among coefficients given in Appen-
dix A. The quadratic terms of H,, A, and 6A; present
in the original Lagrangians (4.12) and (4.14) disappear in
Eq. (4.54). This means that, in addition to H,, each
perturbation, H,, 6Ay, 6A;, plays a role of the Lagrange
multiplier for [ = 0, and their Euler-Lagrange equations put
constraints on other variables. Indeed, varying (4.54) with
respect to 0Ay and 6A; leads to

(n,V) =0, (n,V) =0, (4.56)
respectively. They are integrated to give
’UlV = Cl’ (457)

where C; is a constant. This shows that V depends only on r
and hence it is nondynamical for / = 0. On the other hand,
varying the action (4.54) with respect to Hy and H gives

O +Ayp,V=0 =0, (4.58)
respectively. Integrating these two equations with the use of
Eq. (4.57), we obtain

[

CI) = C2 - Cle, (459)

where C, is an integration constant. Combining Eq. (4.55)
with Eq. (4.59), we find that the perturbation H, can be
expressed by using other variables as

1 1
Hy=-— [al&ﬁ’ + <a2 —a —51‘16”4) 8¢ —(Cy —Cle)] :

\ (4.60)

In the present case, the perturbation (4.24) reduces to y =
H, + a,6¢ /a; and hence Eq. (4.60) gives a constraint on
. This means that, for / = 0, the gravitational perturbation
y is not a propagating DOF.

Substituting Egs. (4.57), (4.59), and (4.60) together with
H, into Eq. (4.54), the resulting second-order action
consists of d¢ and its derivatives. Since the integration
constants C; and C, are irrelevant to the dynamics of
perturbations, we simply set C; = 0 = C, in the following
discussion. After the integration by parts, we obtain the
second-order action in the form

Suven = / Adr(KoSd + Godd + My5g?),  (4.61)
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where K, Gy, and M, are composed of the background
quantities with the superscript representing [/ = 0. This
reduced action shows that the monopole perturbation
possesses only one propagating DOF 6¢. The ghost is
absent under the condition

2 —
K0:M>O,

VI

which is equivalent to the no-ghost condition (4.31) derived
for [>2. The squared propagation speed cZqyn =
—Gy/(fhK,) also coincides with Eq. (4.38) obtained for
[ > 2. Consequently, the monopole perturbation / = 0 does
not give rise to additional stability conditions to those given
in Table 1.

(4.62)

3.1=1

For the dipole mode / = 1, the perturbations K and G
appear in the second-order action only in the form G — K
[50,51]. If we impose the gauge conditions hy = 0 and
K = G, there is a residual gauge DOF associated with the
transformation scalar R. This can be fixed by choosing the
gauge 6¢ = 0. Namely, for / = 1, we choose the gauge
conditions
K =G, o¢ = 0. (4.63)
Eliminating nondynamical variables from the action (4.11)
with the approach analogous to the case [ > 2, the second-
order action can be expressed in the form (4.25) with two
dynamical perturbations

X= ("’ ) . (4.64)
Vv
The ghosts are absent under the conditions
K22 > 0, K11K22 - K%Z > 0, (465)

which are equivalent to Egs. (4.27) and (4.28), respectively,
with the substitution of L = 2. The propagation speeds c,
along the radial direction obey the same dispersion relation
as Eq. (4.32). On using the properties G, = —fhK;, and
Gy, = —fhKy,, it follows that the squared propagation
speeds of y and V are identical to Eqgs. (4.38) and (4.34),
respectively. Thus, the dipole perturbation possesses two
propagating DOFs arising from the scalar and vector field
perturbations. We do not have additional conditions to
those given in Table I.

V. APPLICATION TO CONCRETE THEORIES
WITH HAIRY BHS

Theories with the action (2.2) can accommodate a wide
variety of hairy BH solutions known in the literature. In this

section, we apply the linear stability conditions derived
in Secs. III and IV to concrete BHs present in the
framework of Maxwell-Horndeski theories. We will focus
on the case [ > 2, in which case five dynamical DOFs are
present.

A. Nonminimally coupled k-essence
with a gauge field

We begin with a subclass of Maxwell-Horndeski given
by the action

§= [ @G X F) + GR. G.)

where the nonminimal coupling G4 is a function of ¢ only.
The analysis of BH perturbations in this case was also
addressed in Ref. [82], but the angular stability conditions
of even-parity perturbations were missing. In the following,
we will investigate all the linear stability conditions.

The stability of odd-parity perturbations requires that
Hence all the propagation speeds of y and A are luminal in
both radial and angular directions. In the even-parity sector,
the quantity (4.31) yields

B 272¢/2G4(Gz’xG4 + 3Gi¢)
(2G4 + r¢’G4‘¢)2

(5.3)

If the BH has a scalar hair, the field derivative ¢’ is
nonvanishing. Under the first inequality (5.2), the no-ghost
condition K > O translates to

GyxGy + 3G 4 > 0. (5.4)

For a minimally coupled scalar field (G, = constant > 0),
this condition reduces to G, x > 0. The radial propagation
speeds of both y and V are luminal (¢}, oyen = €23 even = 1)-

To ensure the Laplacian stability of 6¢p along the radial
direction, we require that

2G4 X (G xx(Gop + 2FGy pr) — 2FG3 1y]
(GaxGa +3G3 ) (Gop + 2F Gy p)
> 0, (5.5)

2 _
cr2,even -

which coincides with Eq. (5.26) of Ref. [82] (one needs
to replace G, — f, and G4 — f,/2 for the notation used
in [82]).

Along the angular direction, the quantities (4.48) and
(4.49) reduce, respectively, to

(5.6)
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and hence

Cgl-&-,cven = 1’ C%Z—,even = 1 (57)

Thus, there are no angular Laplacian instabilities for the

perturbations y and 6¢. The angular stability of vector field
perturbation V requires that

G
2 _ 2,F
cQB,even - > 0.

5.8
Gy p +2FGy pp 5:8)

Under the no-ghost condition G, > 0, the inequality (5.8)
is satisfied for G,y + 2FG, pp > 0.

In the following, we will study the stability of hairy BHs
in two subclasses of theories given by the action (5.1).

2M
r=1- 2 ()
2 2
1 re—+r;—r
b =do+3In — |,
2 r2—|—r(2]+rq

where M is a constant, ¢ is an asymptotic value of ¢ at
spatial infinity, and

g2eXh
a M

r

(5.11)

Here, g is a constant corresponding to an electric charge.
The radial derivative of ¢ is given by ¢'(r) =

ry/lry/r* + r7], which behaves as ¢/ (r) ~g*e*% /(2Mr?)
at spatial infinity. The scalar field acquires a secondary
hair ¢ through a dilatonic coupling with the gauge field.
In the limit that ¢ — 0, the solution (5.10) reduces to the
Schwarzschild metric f = h = 1-2M/r with ¢ = ¢, and
Ay =0. For g #0, there is a single event horizon [57]
located at
ry =2/ MM —r,), (5.12)
whose existence requires that r, < M. From Egq. (5.10),
both ¢' and Aj, are finite at r = ry.
The action (5.9) corresponds to the coupling functions
G, = 4X +4e™2F, Gy =1, (5.13)
in Eq. (5.1). In this case we have G=F =H =2,
Gy p = 4e™?, and G, xG, + 3Gj , = 4, so the conditions

1. Einstein-Maxwell-dilaton theory

In bosonic heterotic string theory, the gauge field is
coupled to a dilaton field ¢ with the Lagrangian 4e¢=2?F.
In the Einstein frame, the corresponding effective four-
dimensional action is given by

S= / d*x\/=g(R + 4X + 4e™2F), (5.9)

where the unit M3 /2 =1 is used, with Mp, being the
reduced Planck mass. In this theory, there is an exact BH
solution advocated by GM and GHS [56,57]. GHS derived
the hairy BH solution for a static and spherically symmetric
metric where 72 in front of dQ? in Eq. (2.3) is modified to a
general function ¢%(r). In Appendix B, we revisit the
derivation of this exact solution. In terms of the coordinate
(2.3), the GM-GHS solution is expressed as

(5.10)

(5.2) and (5.4) are automatically satisfied. The two squared
propagation speeds (5.5) and (5.8) reduce, respectively, to

2 _
crleven =1 ’

CS223,even =L (514)
Thus, all the linear stability conditions are consistently
satisfied for the GM-GHS BH solution.

We can consider more general theories in which the
dilatonic coupling =2 is extended to an arbitrary function
Eof ¢, ie., Gy =4X + 4&(p)F and G, = 1. This includes
the case of spontaneous scalarized BHs which can be
realized for even-power law functions of &(¢) [58-62]. In
such Einstein-Maxwell-scalar theories, the difference of
stability conditions from the dilatonic case appears only
for the quantity G, = 4&(¢). So long as &(¢) > 0, hairy
BH solutions are consistent with all the linear stability
conditions.

2. Einstein-Born-Infeld-dilaton gravity

A Bl-type action can arise as a low energy effective
action describing the dynamics of vector fields in open
string theory or on D-branes [70-72,106-109]. The
Lagrangian of such a nonlinear BI theory is given by
Lgi(F) = (4/b*)[1 =1 = 2b*F], where b is a coupling
constant. The nonlinear BI vector field can be coupled to
the dilaton field ¢. The action of Einstein-Bl-dilaton theory
is given by
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4
5—/d4x\/:g|:R+l’]X+m

x (1 - 1—2b2y2(¢)F>}, (5.15)

where 7 is a constant, and u(¢) = e ?>?. This theory
corresponds to the coupling functions

Gz:nx+ﬁ@)<1—\/1—2b2ﬂ2(¢)1¢>, G, =1,

(5.16)

where 1 —2b%u*(¢p)F > 0 for theoretical consistency. In
the limit that b — 0 we have G, — nX + 4u(¢)F, so it
recovers the theory discussed in Sec. VA 1. In the regime of
small values of b, there should be hairy BHs similar to the
exact solution (5.10). Indeed, the existence of regular BH
solutions was shown for arbitrary couplings b [77-81].
Let us now discuss the linear stability of BHs in
theories given by the coupling functions (5.16). First of
all, we have G =F =H =2 > 0. Since Gy r = 4u(¢)/
1 —2b%u*(¢)F, the dilatonic coupling u(¢p) = e™?
satisfies the condition G, > 0. The no-ghost condition
(5.4) yields G, xG4 + 3G3, » = 1> 0. The radial propaga-
tion speed squared (5.5) reduces to the luminal value
2 = 1. On the other hand, the angular propagation

r2,even

speed squared (5.8) yields

h
C%B,even =1- b2ﬂ2(¢)?A62_ (517)
From Eq. (2.15), we have
Al = avf , (5.18)
Vh(rt + b2 ¢)pu(9)
where g = ¢qy/4. Then, Eq. (5.17) reduces to
4
.
CB3.even = Rl (5.19)

which is positive. Moreover, this vector field propagation
speed is in the subluminal range 0 < ¢33 .yen < 1. In
|

Gs = —4aé 4(¢) In |X]|.

Gy =1+4a 44($)X(2 = In|X]),

summary, provided that # > 0, all the linear stability
conditions are consistently satisfied.

Finally, there is a specific case in which the scalar field ¢
is absent, i.e.,

(5.20)

in the action (5.15). In this theory, there is an exact BH
solution given by [74-76]

2M 277 2/r\/74 + b?q*
—_— D ——————— r
.

where Aj is given by Eq. (5.18) with u(¢) =1. The
absence of the scalar field means that we do not have
the no-ghost condition /C > 0 associated with the pertur-
bation d¢. Since the other stability conditions are the same
as those derived for the action (5.15) with the replacement
u(p) — 1, there are neither ghost nor Laplacian instabil-
ities. We note that cq; even 1S again subluminal.

B. Einstein-Maxwell-Dilaton-Gauss-Bonnet Theory

In low energy effective heterotic string theory, the dilaton
field ¢ is not only coupled to the electromagnetic field
strength F but also to a GB curvature invariant R%; =
R? — 4R, R* + R,,,,R*** of the form e >Ry, where
Ry, is the Ricci tensor and R, is the Riemann tensor. At
leading order in the o’ expansion, the low energy effective

action of heterotic strings in the bosonic sector is given
by [11,110,111]

S = / dxy/GIR + 4X + af(§)(4F + R%,)],  (5.22)
where a = /8 is a coupling constant, and
E(p) = . (5.23)

It is known that hairy BH solutions are present in this
theory [63,67] (see also Refs. [112,113] for recent related
works). The theory given by the action (5.22) belongs
to a subclass of Horndeski theories with the coupling
functions [37]

G3 = 4a§,0(/}(/) (¢)X(7 —3In |X|)’
(5.24)

In the limit that & — 0, the BH solution should reduce to the no-hair Schwarzschild metric. For arbitrary couplings a it is
difficult to derive an exact BH solution, but we can obtain solutions for small @ by using the expansions
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f(r) = <1 —21”> {1 +Z}j(r)af}, h(r) = <1 —21”> {1 +Zﬁj(r)af},

j=1

$(r) = do +>_y(r)er,

j=1

where M and ¢, are constants, f‘j(r), h ;(r), and (Eﬁj(r) are
functions of r. The temporal vector component obeys

Eq. (2.15), i.e.,
/g
2 260 2 ,2¢0
N qe N qe
=1 h 1=
h == M=~

¢1(r) = ¢y

j=1

(5.25)

where ¢ is a constant. We substitute Eqgs. (5.25) and (5.26),
and their r derivatives into the background Eqs. (2.7)—(2.9)

and (2.11). Then, we derive the solutions to f‘,(r) h (),
and (f;j(r) at each order in a.

At first order in «, the solutions regular on the horizon
(r = 2M) are given by

- 3e2PgP3? 4 2e7200 (372 + 37 + 4)
M ’

(5.27)

where 7 = r/M, and ¢, is a constant. For ¢ — 0, the vector field derivative (5.26) is vanishing and hence this corresponds to
the limit in which only the dilaton-GB coupling a&(¢)R%y is present. In this limit we have f,(r) = 0 = & (r), so the GB
term does not contribute to the metric components at this order. This property is consistent with the findings in

Refs. [44,53]. We note that ¢, (r) is affected by both the GB term and the vector field.
At second order in @, we obtain the following regular solutions:

Fa(r) = [3200 + 8327 + 112(5¢q2e**0 — 1)72 — 8{137 + 5q%e*0 (6¢); M?#2 &> + 5)}#° + 6(5¢* e3P — 10g%eP0 — 98)7*

5
+ 3(5g* e’ — 10g2e*? — 98)73]/(240e*0 M*79),

(5.28)

hy(r) = [14720 + 69767 + 16(125g%e*0 4 203)72 4 24(5¢%¢**0 — 19)7 4 6(15¢* %0 + 30420 — 58)7*

+3{5¢%¢5 — 10g2e* (8¢, M2 + 1) — 98135] /(24060 M*79),

) - 8467 +3(2— gPet)i2
¢2(}’) = ¢2 + ¢1 362{'[)”M2?3

+ 15(146 — 30¢2 et —

where ¢, is a constant. At this order, both the GB term and
the vector field contribute to the metric components. At
spatial infinity, all of f,(r), &, (r), f2(r), f2(r) approach 0
with ¢, (r) = ¢, and ¢,(r) — ¢, so the above hairy BH
solutions are asymptotically flat.

We derive the solutions (5.25) expanded up to the sixth
order in a and use them to compute quantities associated
with the linear stability of BHs. Since G, 5 = 4ae™??, we

require the condition

a>0, (5.31)

to avoid ghost instabilities of vector field perturbations. The
angular propagation speed of V is luminal, ¢ yen = 1. In
the odd-parity sector, we have

8[q%#2 +2e 40 (2 4+ 27 +4)]

Vs a>+0(a?),

G=2+

(5.32)

15¢*e80)75]/ (1800€*%0 M*79),

(5.29)

— [1600 + 26887 + 60(73 — 10g2e*)2 + 40(73 + 15g%¢*%)#3 + 21907

(5.30)

8[q2P2(2F — 5) + 2e™0 (283 + 12 + 27 — 36)]

F=2- VS a>
+ O(a?), (5.33)

F=2)[q?#% 4+ 2e 0 (72 427 + 4
1o SOZAGPAINPAT 1] oy
(5.34)

In the small coupling regime where terms of order a? in
Egs. (5.32)—(5.34) are smaller than the order 1, all of G, F,
and H are positive.

In the even-parity sector, the no-ghost parameter (4.31)
yields

[2P0g? 3% + 27200 (72 427 +4)]2 ;
K= S a+0(a),

(5.35)
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whose leading-order term is always positive. The radial squared propagation speed of d¢ can be estimated as

2 =1-

32(F = 2)[¢*F* + 472 (P + 27 + 16)e™*0 + 4(7* + 47 + 367% + 887 + 208)e~8%]
a

To derive this result, we need to use the solutions (5.25)
expanded up to the order j = 6. The solutions expanded up

to j =7 give the same coefficient of a* in ¢2, ., as that
2

appearing in Eq. (5.36). For small a, ¢, ..., is close to 1
and hence there is no Laplacian stability of d¢ along the
radial direction. The squared propagation speeds of y and
O¢ along the angular direction are given by

5 24720

C =1l+t——a
Q+.even M2 }"3

+ O(a?), (5.37)

where terms of order a arises from the dilaton-GB
coupling. For small a, both ¢}, .., and c}_ .., are
positive. We have thus shown that all the linear stability
conditions are consistently satisfied for hairy BH solutions
present for small couplings a.

G2 = 8aGBX2 + 4F, G3 = SGGBX,

MS;.]Z

+O().  (5.36)

C. 4DEGB gravity

The GB curvature invariant Ry is a topological surface
term, so the field equations of motion following from the
action S = [d*x,/=gacpREg vanish in 4 dimensions [114].
In a D-dimensional spacetime (D > 4), rescaling the GB
coupling constant as agg — agg/(D —4) allows a
possibility for extracting contributions of the higher-
dimensional GB term [45]. One can perform a Kaluza-
Klein reduction of the D-dimensional Einstein-GB gravity
on a (D —4)-dimensional maximally symmetric space
with a vanishing spatial curvature [46,47]. The size of a
maximally symmetric space is characterized by a scalar
field ¢. Taking the Maxwell field into account, the four-
dimensional action derived from the Kaluza-Klein reduc-
tion of D-dimensional Einstein-GB theory belongs to a
subclass of shift-symmetric Maxwell-Horndeski theories
given by the coupling functions [48]

G4 =1+ 4aGBX, G5 = 4aGB In |X| (538)

In this regularized 4DEGB gravity, it is known that there exists an exact hairy BH solution [66]. We first revisit the
derivation of this exact BH solution and then study its linear stability. The background equations of motion for the line

element (2.3) are expressed in the form

rf(h—1) +ageflh? = 2h(1 = 2j = 2rd'j) + 1 —4j + 357 —i—hr“A()2

f=-

/ / S 2l
WL a0 5y
h f r* =2agg(h =1+ j+ rd'j)
h ! / -
?aGB(f +2¢'f)j =C, (5.41)
fa
where C and ¢ are constants, and
i=1=h(1+r¢)> (5.43)

We search for asymptotically flat BH solutions with
f=rfo+fi/r+fa/r*+- h=1+h/r4+h/r+---,
and ¢ = ¢y + ¢ /r + ¢»/r* + - - - at spatial infinity, where
fj» hj, and ¢; are constants. The left-hand side of Eq. (5.41)
approaches 0 as r — oo, so the constant C is fixed to be 0.

hr(r? = 2agp(h = 1+ j + r¢'j)] ’

(5.39)

Since f, h, f’, and ¢ are finite outside the horizon, we
require that j = 0. Then, the scalar field solution with the
behavior ¢ « 1/r? at large distances is given by

1/ 1
/

= — _— 1 s

()

which diverges on the horizon (2 = 0). We note that the
field kinetic term X = —(1 — v/)?/(2r?) is finite at & = 0.
We can integrate Eq. (5.40) to give h = C f, where Cisa
constant. Since C can be chosen 1 after the time repar-

ametrization of f, it follows that 7 = f. Substituting j = 0,
h = f, and Eq. (5.42) into Eq. (5.39), we obtain

(5.44)

(= D2 +aa(f = D]+

fl=- r3_2aGBr<f_1)

(5.45)

The integrated solution to this equation, which is consistent
with the boundary condition at spatial infinity, is given by
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r 2M  g?
=h=1 1—4/1+4 — = 4
f h + 2aGB l \/ + aGB < }’3 r4>1 ’ (5 6)

where M is a constant. The vector field solution (5.42)
reduces to A, = ¢/r*. The horizons are located at

ri:M:I:\/M2—q2—aGB.

The existence of horizons
q* + agg < M>.

On using Egs. (5.42), (5.44), and (5.45) with f = h, it
follows that

(5.47)

requires the condition

K =0, (5.48)
at any distance r. Since the dynamical scalar field ¢ is
present as a radion mode in the extra dimension, the
vanishing kinetic term X means a strong coupling problem
associated with the perturbation §¢p. The same strong
coupling problem is also present for hairy BH solutions
with ¢ = 0 [52]. The denominator of Eq. (4.38) is propor-
tional to K = 2P — F and hence c, .., is divergent for
arbitrary r. We also note that both B; and B, contain X in

|

2 2
ry —q~ — Qg

S — (2¢* + 3agg)rt — 2ac(q* + 3ace)rt — ags(q* + ags)

their denominators, so this generally leads to the diver-
gences of ¢k, ., as well.

We can compute the ratio ¢7, .,.,/B, at large distances
by using the following asymptotic solution of Eq. (5.46):

2M ¢  daggM?  4daggq*M
f=h=1-=m =%

+O(r ).
(5.49)

Then, we obtain the following asymptotic behavior:

C%Z,even -2 3(3M2 + q2)

)
B, My +0O(r ).

(5.50)

This means that both ¢, and B, cannot be simulta-
neously positive at large distances, so either of the linear
stability conditions ¢7, ..., > 0 or B, > 0 is violated. The
same instability was also found for hairy BH solutions with
qg =0 [52].

In the vicinity of the outer horizon r, =M+

VM? — ¢> — agg, the metric components can be ex-

panded as

2

feh= o0 (r=r.)?
r (3 +2a6) " ri(r} + 2agp)’ "
+O(r—ry). (5.51)
On using this expanded solution with Eqs. (5.42) and (5.44), the product FKB, yields
1602 7 2 2 2 12
];/CBZ — aGB[r+ + (r+ t4q )aGB + aGB] (r _ r+)—2 4 O((l" _ I’+)_3/2). (552)

Hence the leading-order term of F/CB, is negative around
r =r,. This means that either F, K, or B, must be
negative, so the hairy BH is unstable in the vicinity of
the outer horizon. For ¢ = 0, the leading-order term of
FKB, coincides with the one derived in Ref. [52].

For the specific case 2 = ¢* + agg, there is a single
horizon located at r, = M. Since the first term on the right-
hand side of Eq. (5.51) vanishes in such a case, the leading-
order contribution to F/XB, is not necessarily negative.
However the properties (5.48) and (5.50) still hold, so the
problems of strong coupling as well as large-distance
Laplacian instability are unavoidable for the hairy BH
present in regularized 4DEGB gravity.

VI. CONCLUSIONS

In Maxwell-Horndeski theories given by the action (2.2),
we derived BH linear stability conditions on the static

r3(r: 4 2a6p)*

|

and spherically symmetric background (2.3). We incorpo-
rated a U(1) gauge-invariant vector field A, coupled to a
scalar field ¢ with the Lagrangian G,(¢, X, F), where F =
—F,, F*/4 is the gauge field strength. Due to the gauge
invariance, the vector field equation has an integrated
solution of the form (2.15), where g, corresponds to an
electric charge. As we observe in Egs. (2.7) and (2.8), the
temporal component of A, modifies the background
equations in the gravitational sector. The scalar field
Eq. (2.11) can be also generally affected by the coupling
with A, through the existence of G,-dependent terms
such as G, 4.

In Sec. III, we first showed that the second-order
Lagrangian of odd-parity perturbations is expressed as
Eq. (3.7). Introducing an auxiliary field y defined by
Eq. (3.12), the Lagrangian for the multipoles / > 2 can
be expressed in terms of the two dynamical fields y and JA.
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They correspond to the perturbations arising from the
gravitational and vector field sectors, respectively. We
found that the propagation of y is analogous to the case
of Horndeski theories without the vector field [49]. In the
limit / > 1, the propagation speeds of A are luminal in
both radial and angular directions. In the odd-parity sector,
there are neither ghost nor Laplacian instabilities under the
conditions G > 0, G, > 0, F > 0, and H > 0. For [ = 1,
0A is the only propagating DOF, whose stability does not
require additional conditions.

In Sec. IV, we obtained the second-order action of even-
parity perturbations in the form (4.11) with the sum of
(4.12) and (4.13). The auxiliary field V introduced in
Eq. (4.15) plays a role of the dynamical vector field
perturbation in the even-parity sector. There are also two
dynamical perturbations y and d¢ arising from the gravi-
tational and scalar field sectors, respectively. For [ > 2, we
showed that the second-order action can be expressed in the

form (4.25) with X = (y.5¢,V). Under the stability
conditions F > 0 and G,y > 0 for odd-parity perturba-
tions, the ghosts in the even-parity sector are absent under
the condition K =2P, —F > 0, where P, is defined
in Eq. (4.30).

The squared propagation speeds of even-parity pertur-
bations y, d¢, V along the radial direction are given,
respectively, by Eqgs. (4.34), (4.37), and (4.38). While the
expression Of ¢,qeven coincides with that derived in
Ref. [50,51], the vector field coupled to ¢ modifies the
propagation speed ¢, oven Of 0¢p. Along the angular
direction, the squared propagation speed of V in the large
[ limit is given by Eq. (4.43), which is different from 1 in
the presence of nonlinear functions of F in G,. The angular
squared propagation speeds c3, teven Of W and ¢ are
expressed as Eq. (4.45) with B, and B, given by
Eqgs. (4.48) and (4.49). These expressions of B; and B,
are of the same forms as those derived in Ref. [51] without
a perfect fluid, but there are modifications t0 3, .yen
arising from the vector field through the term a [see
Eq. (4.35)]. We also studied the dynamics of monopole
(I =0) and dipole (I = 1) perturbations and showed that
there are no additional conditions to those derived for / > 2.
In Table I, we summarized all the linear stability conditions
of odd- and even-parity perturbations.

In Sec. V, we applied the linear stability conditions
to hairy BH solutions present in Maxwell-Horndeski

theories. In Einstein-Maxwell-dilaton theory, which is
given by the action (5.9), there is the exact solution (5.10)
where the dilaton acquires a secondary hair through a
coupling with the vector field. In this case, we showed that
all the linear stability conditions are satisfied with luminal
propagation speeds of odd- and even-parity perturbations.
In Einstein-Bl-dilaton gravity with the action (5.15), the
angular propagation speed of vector field perturbation is
subluminal without a scalar ghost for # > 0. The exact
BH solution (5.21) present in Einstein-BI theory ( = 0,
u(¢) = 1) has neither ghost nor Laplacian instabilities.
In Einstein-Maxwell-dilaton-GB theory with the action
(5.22), we showed that the hairy BH solution derived
under a small o expansion can be consistent with all the
linear stability conditions. In regularized 4DEGB gravity,
however, the exact BH solution (5.46) is prone to the
strong coupling and instability problems. As shown in
Ref. [52], this conclusion also holds for an uncharged
exact BH solution present in the same theory without the
Maxwell field.

We thus showed that the linear stability conditions
derived in this paper are useful to exclude some BH
solutions or to put constraints on stable parameter spaces.
It will be of interest to apply our general framework of BH
perturbations to the computation of quasinormal modes of
BHs. The analysis can be also extended to the case in which
a perfect fluid is present in Maxwell-Horndeski theories.
This will allow us to study the stability of hairy neutron
stars along the line of Refs. [51,83-85]. The scalar field
coupling with the U(1) gauge-invariant vector field can be
further generalized by preserving the second-order property
of equations of motion. Such theories are known as
U(1) gauge-invariant scalar-vector-tensor theories [115],
in which vector and scalar fields have nonminimal and
derivative couplings to gravity. Hairy BH solutions in these
theories were derived in Refs. [116,117] and the odd-parity
stability was studied in Refs. [96,118]. It would be also
of interest to address the stability of even-parity BH
perturbations in such theories. These issues are left for
future works.
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APPENDIX A: COEFFICIENTS IN THE SECOND-ORDER ACTION OF
EVEN-PARITY PERTURBATIONS

The coefficients in Egs. (4.12) and (4.13) are given by
1 1
a;=+/fh [{G4,¢ + Eh(GiX - 2G4.¢x)¢/2}”2 + 2h¢/{G4.x —Gsy — 3 h(2G, xx — Gs.d)x)f/’/z} r
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1

dl = 2(14, dz = 2]’16’4,
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dy = —— - LS 2
TP ( v h)“‘ =g \ngr T e )
"r —2f0 3/2 ! 20" W 2
PN, g PR (1 W 2,
fr 0p  ¢'hr Vh(f'r=2f)¢' \fr  &'r hr r
1/ fh
dy == ,
tTo 2 g
1 Toan Af
e = W {(7—0—5%)&1 —261/1 +6lz —2rha6 —701)4:| s
1 f/ 1 \/7}”2 ag(/,
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where &, and £ are defined in Egs. (2.8) and (2.16), f=h, (B4)
respectively.
under which Eq. (B3) gives
APPENDIX B: DERIVATION OF THE & 2 = 0. (B5)

GM-GHS BH SOLUTION

In theories given by the action (5.9), GHS [57] derived a
static and spherically symmetric BH solution given by the
line element

ds? = —f (M)A + 7' (7)dP? + £2(7)dQ2,  (BI)

where {(7) is a function of 7. Varying the action (5.9) with
respect to f and &, we obtain the following two equations:

CORf = f+ fh(¢”C* —?) — e hARS?,  (B2)
o0 2"+ 9%

, B3

where a prime in this Appendix B represents the derivative
with respect to 7. We search for a BH solution satisfying the
relation

104045

Exploiting this relation for the equation of motion of Aj,, we
obtain the integrated solution

qe*

A6 4’2 ’

(B6)
where ¢ is a constant corresponding to an electric charge.

Varying the action (5.9) with respect to { and ¢ and using
the equations derived above, it follows that

(f&)" =2, (B7)
2f&¢' - f'¢*) = 0. (B8)

These equations are integrated to give
fE = (#=2M)? +C, (3 —2M), (B9)
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/
C
p=L
2f  2f¢
where M, C;, and C, are constants. The BH event horizon
corresponds to 7 = 2M, at which f = h = 0. Taking the 7
derivative of Eq. (BY) and using Eq. (B10), we obtain

(B10)

1
JOP = =2M = fCL + (€ +C). (BID)

Provided that ¢’ is finite on the horizon, the consistency of
Eq. (B11) at 7 = 2M requires that

Now, we can eliminate Ay, ¢, {’, and ¢’ in Eq. (B2) by using
Egs. (B6), (B9), and (B10) with Eq. (B12). Then, we find
that the metric components

2M
f:hzl_T’
r

are the solutions to the above system for

C, =2M -2r,, (B14)
where r, is defined by Eq. (5.11). Integrating Eq. (B10)
with respect to 7 and substituting the integrated solution
into Eq. (B6), the solutions to the scalar and vector fields
are given by

2 dA 2
) =L (313)

1
¢ ¢°+2“< P a2

where ¢ is the value of ¢ at spatial infinity. In the case of a
magnetic charge ¢, we just need to change the sign of the
scalar field, i.e., ¢ - —¢ and ¢y — —¢py [57,119,120].

To express this GM-GHS BH solution with respect to the
line element (2.3), we perform the transformation

&= r=2r,) = (B16)

We choose the branch # = /r* +r2 +r, to have the

property 7 — +o0 as r — +o0. Then, the above BH solution
is expressed in the form (5.10) for the coordinate (2.3).
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