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We provide a uniform treatment of electromagnetic and gravitational memory effects, based on the
gravitoelectromagnetic formulation of general relativity (GR) and a generalization of the geodesic
deviation equation. This allows us to find novel results: in gauge theory, we derive relativistic corrections to
the well-known kick memory observable, and a general expression for the displacement memory
observable, typically overlooked in the literature. In GR, we find relativistic corrections to displacement
and kick memory observables. In both theories, we find novel radial memory effects. Next, we show that
electromagnetic and gravitational memory observables can be formulated in terms of certain holonomies on
a holographic screen in asymptotically flat spacetimes. In gauge theory, the displacement and kick memory
effects form a Hamiltonian vector field, which is canonically generated by a Wilson loop. In the first order
formulation of GR, we show that the holonomy naturally splits into translational and Lorentz parts. While
the former encodes the leading and subleading displacement and kick memory observables, the latter

reproduces the gyroscopic memory effect.
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I. INTRODUCTION AND SUMMARY OF RESULTS

Gravitational memory refers to the plasticity of space-
time subjected to gravitational waves (GWs). This leads to
permanent effects in the configuration of experimental
setups, such as a change in the physical distance between
free test masses, which are initially at rest [1,2], or a net
rotation in the orientation of a gyroscope [3,4]. The former
is the well-known “displacement memory” whose linear
form was discovered in the 1970’s. A more rigorous
analysis of this effect in the 1990’s by Christodoulou [5]
and Blanchet and Damour [6] showed that there is a
nonlinear contribution to the memory, which can be
understood as the linear memory caused by emitted
gravitons [7], ie., the ability of gravitons to gravitate
[8]. While the linear effect is dominant in the memory
caused by scattering processes, the nonlinear
Christodoulou effect has the major contribution in bound
systems, such as binary coalescence [9]. Thanks to the
BMS flux-balance equations [10], memory effects can be
implemented in numerical waveforms, implying that the
effect can be enhanced in the merger phase [11-13].
However, the low frequency nature of the memory makes
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it hard to detect in GW experiments. Prospects for detection
of GW memory is discussed in [8,14—18].

In recent years, gravitational memory effect has attracted
new interest, due to its fundamental relationship with the
symmetry structure of asymptotically flat spacetimes
[19-23]. The leading displacement memory is proportional
to the permanent change in the shear, i.e., the transverse-
traceless components of the metric, which can be inter-
preted as a “vacuum transition” under the action of Bondi-
Metzner-Sachs (BMS) supertranslations  [19,24,25].
Recently, new types of permanent GW effects have been
discovered that are not simply related to the net change in
the shear, but are rather sourced by certain time integrals of
the waveform. This includes the spin and center of mass
memory effects [20,26,27] and the gyroscopic memory
effect [3,4]. Generalized memory effects can be described
uniformly in terms of various integer modes in the Mellin
transform of the Bondi news [28,29] and can be observed
through the “curve deviation,” a generalization of the
geodesic deviation [30]. While all these effects are sub-
dominant with respect to the leading displacement memory
and thereby hard to detect in the near future, they are still
very interesting due to their relation to the complete
symmetry structure of gravity, which includes the loop
algebra of wy , [21,28,29]. Finally, it should be mentioned
that there are novel memory effects in modified theories of
gravity [31-33] with interesting interpretation in terms of
dual charges and symmetries [34].

Memory effects also show up in gauge theories. It is well
known that the passage of electromagnetic radiation leads
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to a net shift in the transverse components of the gauge
field, which leads to a “kick”(change of velocity) in a
charged particle [35-37]. We revisit this problem and show
that there is also a subleading displacement effect in gauge
theory, which generalizes previous result of [38]. In this
context, similarities and differences between gravity theory
and gauge theory become much more transparent.
Memory is a nonlocal effect both in space and time.
Therefore, one might expect that nonlocal quantities like
holonomies and Wilson loops be good candidates to
quantify memory effects. This is supported by results in
[39-42], where it is shown that final states in a scattering
process are dressed by Wilson lines anchored to the
celestial sphere at infinity. A more concrete result on the
relation between memory and holonomy in GR was
achieved in [43,44] where a “generalized” holonomy
was introduced through a modification of the parallel
transport equation. It was shown that this holonomy
contains displacement and velocity memory effects.

A. Summary of results and outline

In this paper, we provide a uniform treatment of
electromagnetic and gravitational memory effects, using
a generalized Lorentz force equation given in (2.10). From
this, we derive the general result (2.14) for the displacement
and kick memory effects, which applies both to electro-
magnetism (EM) and general relativity (GR). One can
easily specialize this result to EM or GR by identifying the
transverse (gravito)electric field, leading respectively to
(2.17) and (3.9). We will discuss several improvements of
our results with respect to the existing literature.

Next, we show that there is a correspondence between
memory and holonomy. We provide an explicit expression to
extract both leading and subleading displacement and kick
memory effects from the holonomy. This applies both to EM
and GR. In case of EM, we show that the displacement and
kick memory effects form a Hamiltonian vector field in the
phase space of the test particle, which is canonically
generated by the Wilson loop; see Eq. (4.7). Similar result
is obtained in Egs. (4.26) and (4.27) for the gravitational case,
but we have not been able to identify a canonical structure in
this case.

One novelty of our approach with respect to that of
[43,44] is that we study the gravitational holonomy in terms
of tetrad variables. In this setup, the holonomy is an
element of the Poincaré group, which naturally splits into
translation and Lorentz contributions. We develop this in
Sec. IV B, and show that the translational holonomy obeys
the affine transport equation proposed in [43,44]. Then, we
will show in Sec. IV D that the translational holonomy
reveals displacement and kick memories, while the rota-
tional holonomy is shown to reproduce the gyroscopic
memory effect in Sec. IVE. We conclude in Sec. V.
Throughout the paper, we will use geometrized units in
which the speed of light ¢ = 1.

II. EM MEMORY EFFECTS
A. Asymptotic analysis

Consider a test particle with mass m and charge ¢, in
Minkowski space, subject to electromagnetic radiation
produced by some source J* at a large distance r. We assume
that the source is of compact spatial support, centered around
the origin (r = 0) of the retarded coordinate system (u, r, 04)
in which the Minkowski metric reads

ds? = —du? — 2dudr + PPy pd64des.  (2.1)

In these coordinates, Maxwell equations 9, F** = J* imply
that the gauge field behaves at large distance as [45]

A A _
A =—"du+—dr+A,do* + subleading. (2.2)
r r

Note that coordinate basis vectors d4 are not normalized,
since 0, - dg = r’y,5. From the viewpoint of an experi-
menter, it is more natural to use instead an orthonormal tetrad,
ie, a set of four basis vectors e; = e;d, such that
e, - ey = 1y, where 17, ; = diag(—1, 1, 1, 1). The dual basis
one forms are given by e# = e dx*. In this frame, compo-
nents of any tensor is given by contraction with suitable
number of the tetrad e;* or its inverse e;”. For example,

Ay =Auet or FRP = ¢l e F* A suitable frame in

Minkowski spacetime is

1

€5 = 0,, e; =0, — 0,, e; = ngéA, (2.3)
r

O =du+dr, € =dr, e =rE\d0", (24)

where e;; is adapted to observers at rest, e; is along the radial
direction specified by outgoing rays, and £ form a dyad on
the round sphere y4gE;*E® = &5 5. In this basis, we have

1 - 4 - . -
A= - (Age’ + Ase” + Aze) + O(1/r%),  (2.5)

where the leading components relate to those in the coor-
dinate basis as

Ay=A, = -A, A, =E*A, (2.6)

The last equation suggests that A, (u, x®) should be viewed
as a tensor living on the unit sphere, and therefore, it is
contracted with the dyad on the sphere E;*. This will be
frequently used in the paper, following the Bondi framework
in which one performs an asymptotic expansion in 1/r to
reduce dynamical fields to covariant tensors living on the unit
“celestial” sphere. Electric and magnetic fields are defined in
the local frame as
B = Léitp,
=3 i
where 7, ],k are Cartesian spatial indices (7, A). Simple
manipulation yields

E = FOi, (2.7)
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E- .
EA ITA—I—O(I/FZ), BA:—CABEB—FO(I/}”Z), (2.8&)
E; = O(l/rz) B; = O(l/rz), (2.8b)
where

E;=A;. inEM. (2.9)

We will show in Sec. IV D that Eq. (2.8) also holds in GR for
suitable definitions of gravitoelectric and gravitomagnetic
fields. Therefore, the electric and magnetic fields are asymp-
totically transverse and orthogonal to each other.

B. Generalized Lorentz force law

In this section, we study persistent effects of EM or
gravitational waves on test bodies. In Maxwell theory, the
effect of EM fields on a test charge is given by the Lorentz
force law. In GR, on the other hand, displacement memory
effects are typically studied using the geodesic deviation
equation. In this work, however, we will work with a
generalized force law, which allows treating EM and GR
effects in a unified manner. Moreover, in the gravitational
case, it matches the so-called Bazanski equation, which
contains higher order relativistic corrections to the geodesic
deviation equation.

Consider an inertial observer carrying an orthonormal
tetrad e;,, parallel transported along the observer’s world-

line. The tetrad can be used to locally define a Fermi normal
coordinate system (7, X’) such that e; = dr,e; = d,;.' In
such local coordinate system, the effect of EM (gravita-

tional) field on a test charge (mass) is given by
v
dr

:ﬂEEi+ﬂB<VXB)i+Féxt7 (210)
where Vi = % is the coordinate velocity of the test body. This
equation resembles the nonrelativistic form of Lorentz force
equation, except that we allow for arbitrary coupling i, ), to
(gravito) electric and (gravito) magnetic fields, and an “extra”
force (per unit mass) F fm in order to unify the analysis
of EM and GR. The extra force is subleading relativistic
correction to the first two effects, as will be detailed later.
Moreover, its specific form depends on the theory. F’ Zm also
accommodates possible external forces in the problem, but we
will not consider this possibility in this work.

1. Setup of the experiment

Consider a test body with initial position and velocity

(Xi, Vi) in the local frame. We take the test body to be far
from the source of radiation, and thus, we ignore O(1/7?)

'Since we are performing an asymptotic analysis, we need
these properties, such as the parallel transport of the tetrad to hold
only at leading order in O(1/r).

effects, unless otherwise stated (e.g., in gyroscopic memory
effect). At leading order in 1/r expansion, the observer’s
tetrad can be chosen to coincide with (2.3), and as a result,
T = u up to a shift in the origin of time, which we set to
zero. Using the asymptotic relation (2.8) between electric
and magnetic fields (which holds both in EM and GR) in
(2.10) and keeping only 1/r effects, we find

U T
Vr:?(ﬂBEAVAJrf’),

A 1 N N -
VA = ;((ﬁE - VIBg)E* + f1),

(2.11)
where Fi, =1f1(u,0") + O(1/r%). We assume that the
radiation is confined in a finite time interval, i.e., E 3=
0= f? outside the (possibly long) time interval (u, uy),
which guarantees the convergence of time integrals that
will appear.2 Equation (2.11) Vi=
VE) + O(1/r) and thus, at leading order in 1/r, we can

replace Vi by Vz) on the right-hand side. The position of the
test body is thus given by

implies that

X () _xg+/”dv/"dwfﬁ(w). (2.12)
Uy U

Since the acceleration V' vanishes before the arrival and
after the passage of the burst of radiation, we can write

Xi(u) = Xi) + Vol (u — uy), u < ug. (2.13a)

X' (u) =X\ +AX + (Vo' + AV (u—ug), u>us. (2.13b)

The latter equation encodes the kick AV and displacement
AX! memory observables.’ Defining the Mellin transform
of a function f(u) as M(f) =[5 du(u —ug)*~ f(u),
the result can be compactly represented, up to O(r7?)
corrections, as

*While this is a reasonable assumption in EM, it is merely an
approximation in GR, due to nonlinear tail effects, leading to a
power-law decay in the radiation. We will not consider this issue
in this paper. )

‘What we call the displacement memory observable AX' refers
to radiation effects on a probe system of test particles. In the
literature, sometimes “memory effects” (leading or subleading)
refer to certain contributions in the waveform. We will see
explicitly in (2.17), (3.9) that the displacement memory observ-
able AX' provides a pairing between parameters of the probe
system (Xj, V() and memory effects in the waveform, which
provides an explicit relationship between the two notions. A
nongeodesic curve is specified by additional acceleration mo-
ments which pair with more subleading data in the waveform
through the curve deviation observable [30,44].
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1 ) 1 _
AV, Z;M1(ﬁEA +fi),  AX; Z—;Mz(ﬂEA +f3)

(2.14a)

1. _ 1. _
AV?:;VéMl(ﬂBEA+fA)’ AX?:_;VGMZ(ﬁBEA+fA)’
(2.14b)

where = iy — fVi, and we have used several integra-
tion by parts to bring the result into this form. Therefore, we
observe that the kick and displacement memory effects are
respectively sourced by integer s = 1, 2 modes in the
Mellin transform of radiation fields.

C. EM memory effects

In the case of EM, the Lorentz force equation is given by
% = %F"”u,,, where u# is the four velocity and 7 is the
proper time on the particle’s worldline. Expanding this in

terms of the velocity with respect to a coordinate system
(T,X"), we find
avi _q

_ 9 fis _ yive) 4 iy,
i1 = g F 5= VIV) 4 FIV,

(2.15)

where y = (1 —|V[*)~1/2 is the Lorentz factor. Having
(2.7) in mind, we recover (2.10) with

By = P = L

. Fly=—pV'VIE,
my

(2.16)

Therefore, (2.14) and the asymptotic form (2.9) imply that
up to O(r~?) corrections,

AvA =T (5hB(1 = vi) - VAVE)AA,, (2.17a)
myor
~ q A A N ~ A
AxA =1 (sAB(1 —yi)—viyE
ey O (L= VE) = VEVE)
Mf _ -
X/ du(Az(u) —Ag(uy)), (2.17b)
U
i 4 NUAA
AV = 1 - VI)VAAA;. 2.17
myor( 0)VoAA; (2.17¢)
Ax =L (1 —vivh
myor 00
Mf - -
x/ du(Az () — A (u))). (2.17d)
Uy

where AAj; =lim, o Aj;(u) —Az(—u) =A;(us) — Ay (up)
and yo=y(Vy). Let us compare this result with the
literature. The transverse component of the kick memory
matches with the result of [46], in the nonrelativistic limit
|[Vo| = 0. On the other hand, the displacement effect was
found in [38], in the special case, where the gauge field
has odd parity. Radial memory effects and relativistic

corrections to all these quantities are new in our result,
as initial velocity is not considered in the previous literature
on EM memory effects (up to our knowledge). Note that
radial memory effects are suppressed with respect to
transverse effects by a factor |V,|/c.

III. GRAVITATIONAL MEMORY EFFECTS

One can consistently incorporate gravitational effects,
including gravitational radiation, in the Minkowski metric
(2.1). This is conveniently done in Bondi gauge [47,48],
0, det (r?g,p) =0,

9rr = Gra =0, (31)

in which any metric can be written as [49,50]

UA
ds® = = (Fdu® + 2du dr) + r*hyp (dHA - 7du>
UB
X <d93 - —zd”)v
;

where F,f, U4, h,p are functions of all coordinates. To
understand the structure of radiative spacetimes, one solves
Einstein equations far from the source, treating 1/ as a small
parameter and imposing as a boundary condition that the
metric tends to the Minkowski metric in the limit » — o0, i.e.,
lim,_, o, g = Yap, Where y 4 is the round metric on the unit
“celestial sphere.” At leading order, one finds

(3.2)

2
ds? = —(1 - —m)du2 —2dudr + (ryap + rCap)d6*do®
r

+DBCABdM dGA (33)
The symmetric trace-free tensor C5(u, 6*), called the Bondi
shear, is the shear of the congruence of outgoing null rays and
encodes the gravitational waveform received at retarded time
u and angles @4 on the celestial sphere. On the other hand,
m(u, &*) is the Bondi mass aspect whose flux is fixed by the
radiation iz = %DADBCAB - % CapC*®. Note that y,5 and
its inverse A2 are used to lower or raise indices of tensors
living on the celestial sphere and D, is the associated
covariant derivative, D¢y p = 0.

A. Displacement and kick memory

The geodesic deviation equation, typically used to study
displacement memory effect [5], describes the relative
separation of a nearby freely falling test mass with respect
to a reference freely falling observer. In a Fermi normal
coordinate system adapted to the observer described in the
previous section, the geodesic deviation equation reads

0 .
——'—le)}'()Xj = 0(X,X)2,

s (3.4)
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where O(X, X)" refers to corrections containing at least n
factors of X’ and/or X'. However, a more careful treatment
reveals the Bazanski equation [see (A.12) of [51] and (4.5)
of [44] for a modern derivation and references therein for
original works],

EXi

7 136 0: XXk =0(X. X)*.

+Rig50X) + 2R 3 XIXF + VR
(3.5)

We assume in this section that X' is small with respect to
other length scales in the problem, including the wave-
length of the radiation and the distance to the source, and

that the velocity Vi is small with respect to that of light, so

that we ignore subleading O(X,X)? corrections. The
Bazanski equation thus coincides with the generalized
Lorentz force law (2.10), with

E; = —Ry;0;%,
1 . R
B; = 56;;1;R"‘07X1’
Fiy = =V 5Rpi5:X X%, (3.6a)
pp=9E_1  p,=98_» (3.6b)
m m

Here, E', B are the gravitoelectric and gravitomagnetic
fields. We observe the important difference between EM
and GR: while Sz /fr = 1 in EM, f/fr =2 in GR [52].

In an asymptotically flat spacetime, Eq. (2.3) still defines
an asymptotically orthonormal basis, based on which one
can construct a local coordinate system (7, X?) as in the
previous section. It turns out that the most dominant
component of the Riemann tensor for the metric (3.3) is
R b = 2rCAB—l—C/)(l/r) where C; 3 = E;AE3BCpp.

Also, X/ = X’ +V’ (u—uy)+O(1/r), and therefore, lead-
ing graV1toelectr0magnetlc fields given in (3.6a) obey (2.8),
with
- 1. . .
i =5 Cap(Xg + V3 (u = u)).
Using this result in Eq. (2.14), we can derive the gravita-
tional displacement and kick memory effects. The result is
given, up to O((X,. Vy)?, r2) corrections, as’

(3.7)

“In deriving these results, the following identities turn out to be
useful:

_ 1 .
Mi(E;) =5 ViMa(Cap),
1. . . .
5 XGMa(Cyp) + VEM5(Cap)),

and M, (C; ) = —(n = 1)M,_;(C; ) for n > 2, assuming that
the news vanishes when u > uy.

M(E3) = (3.8)

N i
AVA = — = V(1 = V)ACs . (3.9a)

r

1 MyB _ iy 2(1-2v;
XA = [((1 —3V5)XOB—X6V€)ACAB‘2V§<1 _§V6)

ltf
[ au(Cipt - Ciplun)| (3.9)
U
7 1 Ay/B
AV = - VEVEACs. (3.9¢)
N 3 . o fu
ax = vivh [ duCip) - Cipluy). (399
Uy

One can sort this result in a relativistic expansion in powers of
the initial velocity Vf). At leading order, i.e., in the limit
|Vo| = 0, the only effect is the well-known leading dis-
placement effect [5]. At subleading order (linear in V), there
is a “subleading” correction to the displacement memory
observable, as well as a kick memory in the transverse plane
[26,27,31,32,34,44]. The terminology comes from the obser-
vation that first and second terms in the displacement
memory coincide with leading and subleading soft graviton
currents [53] but is also consistent with the result that the
subleading term appears at higher order in a post-Newtonian
expansion of the source [26,27]. Finally, at quadratic order in
Vi, radial displacement and kick memory effects show up,
which explains why it has not been noted previously in the
literature. Note the appearance of O(X,V) corrections in
the first term of (3.9b) and the absence of corrections of the
form O(X3).

Let us compare memory effects in EM and GR, which
have several similarities and differences. EM and gravita-
tional fields both satisfy similar asymptotic behavior repre-
sented by Eq. (2.8), and test bodies in both theories obey
similar evolution equation given by (2.10). At the same time,
EM and GR are different in the detailed form of the transverse
electric field, given by (2.9) and (3.7), respectively.
Moreover, the charge to mass ratios g, g and the sublead-
ing extra force F.y, are different in these theories. As a result
of similarities, there is a displacement and a kick effect at
leading order in the 1/r expansion in both theories. However,
as a result of differences, with respect to an expansion in the

Mellin transform of the radiative field (A; in EM and the

news tensor C;; ; in GR), the displacement effect is leading in
GR, whileitis subleading in EM. The kick memory is leading
in both cases; however, it appears in GR only if there is a
nonzero initial velocity, while in EM, it is nonzero even in the
absence of initial velocity.

B. Gyroscopic memory

The effect of gravitational field on gyroscopes, i.e.,
objects carrying spin, has been of interest for the whole
history of general relativity. The famous Lens-Thirring
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effect explains how a rotating star/black hole affects the
spin of the gyroscope, and this has been tested by the
Gravity Probe B experiment [54]. The effect of gravita-
tional waves on gyroscopes has been discussed in [55-58],
and more thoroughly recently in [3.,4] for freely falling
gyroscopes.

The evolution of a freely falling small gyroscope with
velocity V¥ and spin $¥ is given by the parallel transport
equation V*V S = 0. With respect to a local frame which
is comoving with the gyroscope, i.e., when ey = V¥, the

gyroscope’s spin is purely spatial given by St = S”e?ﬂ,
while 0 = —S#u, = 0. The parallel transport equation
then reads

dasi
dr

— g?}jsi, Qi =_—vagii (3.10)

where 0, = e,V e is the spin connection of the local
frame with respect to which the orientation of the spin is
computed. Note that a free gyroscope shows no precession
in a parallel transported frame. To measure a nontrivial
observable effect, an optical frame adapted to light rays
arriving from distant stars was introduced in [3,4], which
reduces to (2.3) in the asymptotic limit. It was shown that

the effect of GWs on a gyroscope with initial spin $* (i) is
a net change of orientation, given by a rotation A® in the
transverse plane orthogonal to the direction of propagation
of GWs,5

ASA = MBS (up) AD,

1 1 ~ 1 ~
AD = _ﬁ/ du (ZDADBCAB _gNABCAB>' (3.11)

The first term of the integral coincides with the spin
memory effect [20], which is explicit in the formulation
of spin memory in [26]. This shows the close connection
between the two effects. However, there is an additional
nonlinear contribution to the gyroscopic memory, related to
the charge of gravitational electric-magnetic duality, dis-
cussed in [3,4].

IV. MEMORY FROM HOLONOMY

In this section, we will show that various memory effects
can be derived from another nonlocal quantity, namely
holonomy; see, e.g., [61] for a nice exposition.

In the context of gauge theory, consider the parallel
transport equation over a path I' parametrized by
T € [r0. 7],

>Our convention in defining the dual shear is opposite of that
of [3,4] and matches with [59,60], which causes a relative minus
sign in the angle A®.

D H
Dw—™pw_o.

Dt dr " Dy =0y + Ay,

(4.1)

where the connection A, = A;T, gauges the Lie algebra
represented by generators 7', and ¢ is the charge of the test
particle coupled to the gauge field. For a given path I" (not
necessarily closed), the holonomy W (I"), as an element of the
gauge group, is the solution to (4.1) with initial condition
Wlx(zg)] = I. It is given by the path ordered exponential of
the connection,

WIr] = Pexp (- /F dx"Aﬂ>,

where P is the path ordering operator. Note that we use
natural units where 7#=c =G = 1. The trace of this
operator is called a Wilson line, or a Wilson loop if the path
is closed. In Abelian gauge theories like Maxwell, the trace is
trivial, and thus, the two notions coincide.

(4.2)

A. EM memory from holonomy

Let us compute the path ordered exponential (4.2)
along the trapezoidal spacetime loop shown in Fig. 1.
The loop is specified by the initial data of the test particle:
the initial position and velocity (X3, V4) in the transverse
plane orthogonal to the propagation direction. The vertical
axis represents the time interval of the experiment (u, uy).
We compute (4.2) in the local orthonormal frame con-
structed in Sec. II, and we note that 7 = u + O(1/r?),
so that

€5
A

U +

- B>

FIG. 1. A closed path in the transverse plane, used to compute
the EM and gravitational holonomies. The path is specified by the
initial data, i.e., the initial relative position and velocity (X3, V4)
and the vertical length is given by the experiment time interval
(uo. uy). Note that this figure is suppressing one direction in the

transverse plane: in general, X4, Vé are independent vectors.
Note, however, that we assume X}, = 0 = V.
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1 XO A— X(uf) A_

_Au/ duA,(u) + /luf du(A,(u) + Vézzlg(u))

+O(1/r). (4.3)

The first (second) line contains the contributions of the
spatial (timelike) segments. Note that by assumption, the
length scale of the experiment is much less than r, and thus,
in the above expression, the gauge field is essentially
evaluated at a single point on the celestial sphere, while
time dependence is general. As a result, the integrals over
A, cancel out, and we are left at leading order with

W= |-xian, +vi [ a0 - Az

U

(4.4)

1 - B a B
= XMy + ViM (AL (45)
Comparing this result with (2.17), we observe that EM
memory effects up to O(|V|) can be nicely written in terms
of the Wilson loop as

. 9
AXA = B—W,
ovA

; 9
AVA=—p-"_Ww, (4.6
A oxA

0

where = 1-2V}. The dynamics of the test particle is
described by the phase space described by the pair Z/ =
(XA, vA4) of position and velocity. Memory effects define a

tangent vector AZ' = (AX;‘,AVA), which according to
(4.6) can be written as a Hamiltonian vector field,

0
AZ'=QV — H, ...
azé mem

Qu:<o 1)
-1 0)°

H om = W, (4.7)
where Q" is the inverse symplectic form and H,,, is the
corresponding Hamiltonian.

B. Gravitational holonomy: Formal development

In this section, we derive the above gravitational memory
effects from certain gravitational holonomies. To this end, it
is convenient to think of general relativity as a gauge theory
of the Poincaré group (see Ref. [62] and references therein).
Let us define the ‘Poincaré gauge field’ as

. 1 ..
AM:e””P[,+§a)” MMﬂfﬂ (48)

where P;, M;; respectively denote the generators of
Poincaré translations and Lorentz transformations, respec-
tively gauged by the vielbein e” , and the spin connection
w"?,. The explicit form of P, M;, depends on the
representation. From (4.8), we define the “Poincaré
holonomy” as

W] = Pexp (—jﬁdx"AO

. | BN
:Pexp (W”Pﬁ +§WIU/MIQ,;>, (49)

where
Wi—— [aver =twislwi coas). @0
= - ; xe”—; +p (2)+ (/r), ( a)

Wh __/dxﬂa)ﬁf/ﬂ_lz Vi +(’)(1/r3), (4.10b)
r r

The last equations in each line above come from an
asymptotic expansion of fields, as we will see explicitly
in Sec. IV C. Equation (4.9) can be simplified using the
Zassenhaus formula, stating that for two operators X, Y,

XY — X ¥ p=3lX.Y] gLV X YHXX.Y]]) .

(4.11)

e

where - - - refer to exponentials involving more commuta-

tors. Taking X = WAP,, Y = WH#"M;,, and given the

asymptotic form of W#, W#¥  we find that

W=P<exp(Wf‘Pﬁ)exp GwﬁﬂMﬁﬁ)) LO(1/R) (4.12)

o
=1+ WP, + 5

+0(1/73).

o n 1 I
WHEM G +- EP(W”W”)PﬁPa
(4.13)

1. Finite dimensional representation

We can explicitly compute the holonomy once we have a
specific representation of the Poincaré algebra. In a d-
dimensional spacetime, a finite representation is given by a
d + 1-dimensional vector W¢, which transforms under the
Poincaré group as

i A TR [yl
T“E<W>r—>< ? )("’ > (4.14)

c 0 1 c
where ¢ € R is an arbitrary real number. Note that ¢ is
invariant under the symmetry transformation, and there-

fore, the representation is decomposed into various orbits
labeled by c, while y# represents the physical state of the
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system. Depending on the value of ¢, y# represent different
physical systems. In particular, on the orbits c = 1, ¢ = 0,
the state transforms as

Xt =yl |

Hle

)
I
st

X0 ALXP TR (4.15)

(4.16)

<
I
=)

SP s ARyt

©
Il
<

X# can represent the position of a particle in the local frame,
while S can represent the spin of a gyroscope. By
linearizing (4.14) around the identity, we can find the
matrix representation of the Poincaré algebra,

(Mp5)"y =8N — 85"z (Pp)™p =8,28,9".

f (4.17)

In particular, translation P; is nilpotent, i.e., P" =0 for

n > 2, and therefore, the holonomy (4.13) reduces to

1. 1 /1 .. A

(4.18)

Therefore, atleading orderin 1/r expansion, the holonomy is
purely translational given by W#, while it consists of a
rotational (Lorentz) part W#? as well as a subleading trans-
lational part W’Zz) at O(1/r?). In fact, it turns out that the only

nontrivial components at leading order are WA, WAZ i.e.,

when they involve transverse directions. We show that WA
encodes the (leading and subleading) displacement memory,

while the rotational holonomy WwAB reproduces the gyro-
scopic memory once integrated along appropriate paths.

2. Poincaré holonomy and affine transport equation

A natural question is: which transport equation does the
Poincaré holonomy solve? To answer this question, we
consider again the finite dimensional representation dis-
cussed above. Assume that the initial state of the probe
system is given by W§. Now the evolution of the initial state
by the holonomy (4.9) is given by W¢(z) = (W,)*,¥5,
where W, is the holonomy along an open path with end
point x*(r) and with tangent vector k* = dx*/dr. It
satisfies the differential equation,

i‘l“’ = —k*(A,)", W’ (4.19)

dr wobT '
Using the decomposition ¥¢ = (y#, c), and Egs. (4.8),
(4.17), we find that the evolution equation, depending on
the value of c, is given by

d . . o
El//” = —ck' = k'o,/ y". (4.20)
Taking the last term to the left-hand side, and multiplying
the equation with inverse tetrad to go back to the coordinate
basis reveals

KV ' = —ck” yt = ety (4.21)
Therefore, on the orbit ¢ = 0, the evolution reduces to the
parallel transport equation, while for ¢ = 1, we recover the
“affine” transport equation of Refs. [43,44]. The latter case
(¢ = 1) corresponds to the evolution of the position of a test
mass in the local frame, or equivalently, the physical
distance between two nearby test masses, while the former
case (¢ =0) describes the evolution of the spin of a

gyroscope.

C. Asymptotic frame

To compute the holonomy (4.18), we need to pick a
particular frame. In this paper, we use the “source oriented
frame” constructed in [3,4,25], which is orthonormal
everywhere in spacetime and therefore, provides an exten-
sion of the asymptotic frame (2.3) inside the bulk. It is
constructed such that the timelike basis vector e; coincides
with a geodesic congruence that is at rest at some initial
time u,. Moreover, the radial basis vector e; is tangent to
the spatial path followed by rays arriving from the source.
However, as we will discuss later, the essence of our result,
namely the fact that holonomies encode memory effects is
independent of the choice of frame. To support this, we
study the gauge transformation properties of the transla-

tional holonomy WA.

At large distance, the dual basis one-forms of the source
oriented frame were derived in [3,4], which in the large
distance limit take the form,

e = du +dr, e =dr,

1 1
eA = EAB (— DCCBCdM + (rcSBA + E CBA> d9A> N (422)
r

where E4 (64) is a time-independent dyad on the sphere as
in Sec. II. The associated spin connection is given by
@® = @ + w, where

W5 = —EAAdQA, Wip = EABDBEBCdHC, (4.23)
and up to irrelevant subleading corrections,
af ] BC 1 s
60;,;‘ = EA RNABDCC du +ﬁD CABdV
1
+ ENABdQB), (4.24)
1 ~ap _ | FAB
COAB:ESAE —m DADBC —ENABC dl/t
1 ~
+ 2—DACABd93} . (4.25)
,

In the above result, the @ part of the spin connection is
nonzero even in Minkowski background, while the genuine
radiation effects are encoded in . Since the spin
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+ €s
es=V'o s

(b)

FIG. 2. Paths implemented to compute rotational holonomies.
The paths are nondynamical and specified by the initial data,
while the dynamics is encoded in the holonomy. Figure 2(a) is a
timelike worldline, which appears as a straight line in the
comoving frame (4.22). Figure 2(b) is a helical path whose
projection on transverse directions forms a loop. Both paths
reproduce the gyroscopic memory.

connection does not transform covariantly, it is possible to
find a rotated frame in which the connection is solely given
by w. It was shown in [3,4] that the latter corresponds to a
frame whose spatial axes are tied to distant stars rather than
being source oriented.

In the following subsections, we first compute the
translational holonomy over the path depicted in Fig. 1
and show that it reveals the displacement and kick memory
effects. Then, we compute the rotational holonomy over the
paths depicted in Fig. 2 and show that they reproduce the
gyroscopic and spin memory effects discussed in Sec. III.

D. Translational holonomy

Consider two test masses with initial relative physical
distance and velocity Xé‘ = XA(uo) and Vé = VA(MO) in
the transverse plane. We can think of this as the position
and velocity of the second test mass in the local inertial
frame (4.22) in which the first mass defines the origin.
Also, assume that the GW is being emitted during the time
interval (ug, ;). From this data, we construct a trapezoid
depicted in Fig. 1 and compute the translational holonomy
(4.10a). The computation is the same as in (4.3), except that
we replace A, by A w» given by (4.22). The result at leading
order is

1 ~ N us
Wi=-3 {XgACAE - vgl du(Cy p(u) = C4p(uy))
+0(1/r%). (4.26)

Restricting attention to memory effects at most linear

in V% in (3.9), we can represent nontrivial displacement
and kick memory observables in terms of the translational
holonomy as

0 3}

AX, = —|pxE—— 1 g, vE "W,
A ﬁ 0 an /BB 0 avg A
5 0
O B N
AV, = ppVE o W3, (4.27)

where # = 1-3VI. This provides an explicit relationship
between the leading part of the translational holonomy and
gravitational displacement and kick memory observables.
We have not been able to identify a canonical structure in
the above result, similar to Eq. (4.7) for EM. We leave a
detailed analysis of this issue to a future work.

Remarks.—Composition of holonomies. For two paths
Iy, I';, the composition I'jol’, is another loop in which
overlapping segments with reverse arrows cancel out. The
composition rule states that

Wror,(A) = Wr,(A) - Wr, (A), VA, (4.28)
The trapezoid in Fig. 1 can be decomposed into a
rectangular loop and a triangular loop. The former encodes
the first term in (4.26), i.e., the leading displacement
memory, while the triangular loop encodes the subleading
displacement memory.

Gauge transformation of the holonomy. We computed the
holonomy above in a specific frame given by (4.22).
However, the choice of frame is arbitrary and parametrized
by internal Lorentz symmetries. In contrast to the Wilson
loop, holonomy is not gauge invariant, but transforms under a
gauge transformation A — g-A = g~ 'Ag + g~ 'dg as

WIT.g-A] = g7 '[r;]W[, Alglzg].  (4.29)
where 7, 7 refer to the starting and end points of the path I'.
Now let us see how our result above transforms at leading
order in 1/r under an infinitesimal local Lorentz trans-

formation g =1+ TAP s ABy ip- At leading order,
W, Al =1+ 1WAP; + O(1/r%), and therefore, the gauge
transformation induces

WAP, — WA((5;2 + 18Py +20,P;).  (4.30)

implying that the translational holonomy W(l) is a Lorentz

vector, rotated by JAB and boosted by 204 This is expected
since “displacement” memory also transforms as a vector.

Time translation. Intuitively, we may expect that WO,
i.e., the time-translational holonomy gives the so-called
“relative proper time memory” [19,44]. However, comput-
ing this quantity, we find that

wo = 0(1/r). (4.31)

This result matches that of Strominger and Zhiboedov [19]
for freely falling observers. Computing the first nontrivial
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term in the expansion of wo, requires a more accurate
expansion of the frame (4.22), which goes beyond the
scope of this paper. However, it would be nice to compute
this and compare it with Eq. (2.6) of [44].

E. Rotational holonomy

In this section, we study the rotational holonomy (4.10b)
and show that for suitable choice of the path, it reproduces the
gyroscopic memory effect. Consider a generic path at large
distance in the transverse plane. Using (4.24), we find that the
effect of radiation on the rotational holonomy is given by

o 1 - - 1 -
WAB — —FeAB [/ du (DADBCAB —ENABCAB>

-2 [ rd®*DPC,p5| + O(1/73). (4.32)
[ o

If the path is a timelike geodesic, as in Fig. 2(a), which has
zero velocity at some initial time, the angular velocity
remains at O(1/r?) at later times [3,4]. Therefore, the last
term in brackets in (4.32) is subleading, and we find at
leading order,

252

o 1 .. _ 1 .
AB — ____AB [/ du (DADBCAB —ENABCABH,
(4.33)

which coincides with the gyroscopic memory effect (3.11).
This result is expected, because the evolution of a freely
falling gyroscope is given by the parallel transport equa-
tion (3.10), which is actually solved by the holonomy,

Si = Pexp <—/ dx"wj;) Sg,
r

over a geodesic I" followed by the gyroscope. The net change

(4.34)

in the spin is given by S/ (u )= SJ, which is at leading order
given by minus the rotational holonomy WiJ defined in
(4.10b). In particular, at O(1/7?), the only effect appears in
1= AB components, which gives the gyroscopic memory,
i.e., a rotation in the transverse plane, given by (3.11).

Another interesting situation is when the path is not a
geodesic, but instead its spatial projection forms a loop in
the transverse plane, as depicted in Fig. 2(b). In this case,
the angular integral in (4.32) can also be written as a surface
integral,

P I 44 ~ 1 >
WAB = —WGAB |:/ du <DADBCAB —ENABCAB>

- r/ d29\/aDADBCAB:| . (435)
D(I)

Since the size of the path, denoted by L, is by assumption
much smaller than the distance r to the source, the angular
integral is subleading by a factor L/r with respect to the
first integral (since d@ ~ L/r), and we again reproduce the
gyroscopic memory (4.33).

V. DISCUSSION AND OUTLOOK

In this paper, we showed that known memory effects can
be derived from certain Wilson loops/ holonomies on a
holographic screen, i.e., a hypersurface of constant radius at
large distance in asymptotically flat spacetimes. There are
various ways to extend this result.

(i) One may extend this construction to asymptoti-
cally anti-de Sitter (AdS) spacetimes, where
holonomies play a prominent role in AdS/CFT.
In this setup, Wilson loops in the field theory side
correspond to the area of certain minimal surfaces
in the bulk, and a phase transition occurs when the
minimal surface starts to meet the black hole
horizon [63].

(i) Using the Nonabelian Stokes theorem [64], which
generalizes the usual Stokes theorem to Lie algebra
valued differential one-forms, one may be able to
write equivalent expressions for the holonomies that
we derived as dual surface integrals. This will be
analogous to what happens in AdS/CFT.

(iii) From the boundary point of view, it is believed
that gravity in asymptotically flat spacetimes is
holographically described by a Carrollian field
theory [65-71]. If such a correspondence exists,
holonomies discussed here may be related to “out
of time ordered correlators” (OTOC) on the
boundary. Such observables have already received
much attention in the context of AdS/CFT [72].
Further investigations along these lines will be of
great interest.

(iv) The gyroscopic memory discussed here, based on
[3,4], is the net rotation, caused by GWs, of a
gyroscope with respect to an optical frame constructed
using light rays from distant stars. However, the fact
that it can be represented as a holonomy, which is
closely related to the homogeneous part of the
holonomy discussed in [43,44], suggests that the
gyroscopic memory might be closely related to the
rotation memory introduced in those references as
the net change in the orientation of two nearby
gyroscopes.

(v) Finally, it would be interesting to study more
subleading memory effects and their relationship
to holonomies, in particular, the relative proper time
memory mentioned around Eq. (4.31).
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