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The well-known shear viscosity to entropy density ratio (7/s) cannot be computed when the black hole
space-time has zero thermodynamic entropy. This is the case, for example, when general relativity in four
dimensions is complemented with critical gravity, or in particular scenarios within the four-dimensional
scalar Gauss-Bonnet theories. Recently, it has been shown that the zero-entropy situation can be overcome
in these examples by introducing suitable matter fields. With this at hand, in this paper we analyze
each case and the impact of these extra sources in the ratio, in terms of their new parameters. We find that
while the 7/s ratio remains constant and insensitive in the former, this is not the case for the latter.
To perform the calculations, we construct a Noether charge using a spacelike Killing vector. The accuracy
of the aforementioned findings is supported by the Kubo formalism.
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I. INTRODUCTION

The image of the black holes (BHs) located at the
center of galaxies M87 and the Milky Way, captured by
the Event Horizon Telescope [1-12], represents one of the
most intriguing predictions of general relativity (GR). Their
essential feature is that they can be studied as thermody-
namic systems. In fact, and according to a series of papers
from Bardeen, Bekenstein, Carter, and Hawking (see
Refs. [13-16]), they satisfy the so-called four laws of
black hole thermodynamics, relating physical quantities,
such as the temperature (Hawking temperature) and the
entropy (Bekenstein-Hawking entropy) of the system,
to the surface gravity and the area of its event horizon,
respectively. In particular, Hawking showed using a
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semiclassical approach, i.e., when quantum-mechanical
effects near the horizon are taken into account, that a
black hole will emit particles as if were a hot body [13].
The Hawking temperature and the Bekenstein-Hawking
entropy are remarkable results that point towards a link
between gravity and quantum mechanics.

In this context, the AdS/CFT correspondence [17-19],
gauge/gravity duality, or simply holography, has taken
the lead for the last twenty years. It conjectures a relation
between strongly coupled quantum-field theories and
gravity theories in extra dimensions, in such a way that
the physical behavior of a quantum system can be inter-
preted from its gravity dual. Within this framework, the
study of field theories at finite temperatures naturally leads
to the analysis of BHs, because from the gravity side of the
duality they possess a well-defined temperature and enjoy
rich thermodynamic properties.

Concretely, planar base manifolds are excellent candi-
dates for studying quantum theories related to fluids. In
fact, in translation invariance theories, the ideas from the
duality permit us to extend thermodynamics into hydro-
dynamics, allowing the interpretation of transport coeffi-
cients analyzing BH space-times, as was shown in [20],
obtaining one of the most celebrated results of holography:
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the ratio between shear viscosity (1) and density entropy (s)
(denoted by #/s), which has been postulated to satisfy a
universal lower bound known as Kovtun-Son-Starinets
(KSS) bound,

“ |3

1
> 1
Y 4 (1)

relating the event horizon to an ideal fluid [20-23]. This
conjecture has been proved for a large list of gravity theories
and received some experimental support, for example a
superfluid Fermi gas [24] and, in quantum chromodynamics,
the quark-gluon plasma [25,26]. Nevertheless, it is possible
to obtain some concrete examples where its universality has
been a subject of debate (see for example [27-36]). Some of
them are characterized by the presence of higher-order
curvature gravity or the inclusion of suitable matter sources,
as well as some anisotropic theories. Also, the bound (1)
can be violated in massive gravity theories [37]. According
to [38], the KSS bound may be breached in solid materials
with a nonzero elastic modulus that exhibit viscoelastic
mechanical responses.

In this work, we are motivated by concrete examples
beyond GR in which the black hole space-time features a
vanishing thermodynamic entropy, making the ratio 7/s
ill-defined. In these examples, the inclusion of extra matter
fields provides a route to circumvent the zero-entropy
scenario in a proper way, making now an interesting
question whether the new parameters of the theory affects
the /s ratio (1) or not.

First, we will analyze the scenario from Ref. [39]
(hereafter, case A), which includes the Einstein-Hilbert
(EH) Lagrangian together with a cosmological constant:

Ley =5 (R —2A), (2)

| =

supplemented with the so-called four-dimensional critical

gravity (CG):
il _ i 2 i v
e Grer] o

which enjoys to be a ghost-free, renormalizable theory of
gravity with quadratic corrections in the curvature, despite
the fact that the equations of motions are fourth order. In
Ref. [39], a BH solution is obtained with null thermody-
namic quantities. Nevertheless, as was shown in [40], this
situation can be overcome through the introduction of a
suitable matter source using nonlinear electrodynamics
in the Plebanski formalism [41], being the first example
in four-dimensional CG where the BH thermodynamic
parameters do not vanish. In this case, we will show below
that the theory is insensitive to the parameter space, and the
bound (1) is always saturated.

'CCG

On the other hand (case B), in Ref. [42] the
authors showed that it is possible to obtain exact higher-
dimensional black hole solutions in a model given by
Lanczos-Lovelock gravity theories imposing a unique anti—
de Sitter (AdS) vacuum [43], dressed with a nonminimally
coupled scalar field y. In dimensions greater than or equal
to five, the simplest extension of Lanczos-Lovelock gravity
is the Einstein-Gauss-Bonnet (EGB) action coupled to a
cosmological constant,

1
SEGB = E/ de\/—g[R —-2A -+ a‘CGB]’ (4)

where Lgg = R* —4R,,R* + R,,,,R* is the Gauss-
Bonnet density. As was done in [42], at the moment to
perform the thermodynamic study, the mass as well as the
entropy vanish trivially and we conclude that the integra-
tion constant of the solution can be interpreted as a sort of
hair. The above issue was improved in [44] via the inclusion
of a nonlinear Maxwell source coupled to the scalar field y,
making it possible to obtain a nontrivial thermodynamics
analysis, in particular for the entropy, performing a
natural exploration to obtain the shear viscosity # and
the analysis of (1). Inspired by the approach of previous
work, and aiming to incorporate the Gauss-Bonnet density
as an active contributor in lower dimensions, the setup
of a four-dimensional background for the solution from
Ref. [44] can be done through the recently proposed
four-dimensional scalar Gauss-Bonnet (4DSGB) (see,
e.g., [45-50] and [51] for a review) theory:

Lipss = = (pLgp + 4GV, ¢V, — 4X0lp +2X*). (5)

[NSNISY

In the previous equation, G, is the Einstein tensor, [l¢ =
VIV ¢, X = V¢V, ¢ is the kinetic term, and & is a
constant obtained after a rescaling. Supplementing the
Einstein-Hilbert Lagrangian (2) with Eq. (5) introduces
an additional scalar degree of freedom as the price to pay
for reducing the Gauss-Bonnet model to a four-dimensional
background. In contrast to case A, we will demonstrate in
the following lines that some parameters have an influence
on the 5/s ratio. Therefore, it is imperative to analyze
the complete parameter space and determine how the 7/s
ratio (1) is affected in this scenario.

Traditionally, the shear viscosity # can be calculated
by effective coupling constants of the transverse graviton
on the location of the event horizon via the membrane
paradigm [52] and the Kubo formula [53,54]. Nevertheless,
as we will show below, a recent formalism constructed via
a Noether charge and a suitable election of a spacelike
Killing vector was proposed in [55], greatly simplifying the
computations in comparison with the traditional tech-
niques. This formulation is explained in detail in Sec. II.
With the above information, the rest of the paper goes as
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follows: in Sec. III, we will explore the shear viscosity 7
from four-dimensional planar BHs where the gravity
theories are given by the cases A and B. Together with
the above, we will analyze first how the #/s ratio is affected
under these theories beyond GR, and study in which
cases the KSS bound (1) can be satisfied or violated.
Additionally, the Appendix provides an explanation of
how the #/s ratio is rederived from the Kubo formula.
These results further confirm the findings presented in
Sec. III. Finally, Sec. IV is devoted to our conclusions and
discussions.

II. CALCULATING THE SHEAR VISCOSITY
THROUGH A CONSERVED CHARGE

To be self-contained, in this section we will explain the
construction that allows to obtain the shear viscosity 7
following the procedure performed in [55], relating the
Noether charge to a spacelike Killing vector. As a first step,
we vary the action

S = /d4x\/__g(£g =+ ['matter) (6)

with respect to all the dynamical fields present in the theory,
where £, and L, represent the gravity and matter
Lagrangians, respectively, gives

08 = 5( V _g(ﬁg + ﬁmatter))
= /—glE"bA,, + B'6B, + G,0¢0 4V, J*(6A.6B,5¢)],
(7)
where &, B, and G,, denote collectively the equations of
motion with respect to the tensors A, (including the metric
9w ), the vectors B, and the scalar fields ¢, respectively,
while J# represents the surface term. Starting from the
current density J¥, we define a 1-form J 1 = J #dx” and its
Hodge dual ©3) = (1) * J(y). Considering the variation
induced by a diffeomorphism generated by a Killing vector
&,» which acts on the fields A,,, B, and ¢ according to

5§Al4p = éo-vaA;w =+ (vygg)Am/ + (vvéa)AG;u
8:B, =&V, B, + (V,&)A,,
Sep = E°V 00,

where when A, = g,,, we recover &;g,, =2V, and
together with the equations of motions &* = 0, B¥ = 0,
and g¢ = 0, we have that

J(S) = ®(3) - i:f * (‘Cg + ‘Cmatter) = d(*‘](Z))
Here, i Tepresents a contraction of the vector & with the

first index of *(L, + Ly uuer), While in our notations the
subindex “(p)” represents the fact that we are working

with p forms. With all the above, we can define a 2-form
0, = *1(2) such that J(g) idQ(z), where Q(Z) = Qa1a2 =
€ayayw Q" Here, Q" is an antisymmetric tensor satisfies

V, Q" = J#(5:A,5:B.5:)) — (L, + Lonawer) . (8)

Now, the next step is to perform a transverse and traceless
perturbation on the four-dimensional line element

2

ds?* = —h(r)dt* +fd_(r ] +2r2%(t, r)dxdy + r*dx* + r*dy?,
r

9)

where t € R, r > 0, while we assume 0 <x <o, and
0 <y <o, According to [55], for a spacelike Killing
vector d, = £#d, and with a linear time-dependent ansatz

W(1,r) = gt + hy(r), (10)

where ¢ is a constant identified as the gradient of the
fluid velocity along the x direction, and at the transverse
direction y we can find from Eq. (8)

V,Qm =0, (11)

and the charge \/=—gQ" becomes an integration constant of
the (x,y) component of the linearized Einstein equations,
determining the dynamics of the transverse perturbation,
allowing us to compute it from the near-horizon solutions,
and corresponding to the resistance of the shearing flows,
this is,

V=99" = ¢n,

where 7 is the shear viscosity, which can be obtained in the
following way:

A(/=5Q7)
n="Vo (12)

With all these ingredients, we are in a condition to calculate
the shear viscosity 7, following this procedure, for two
concrete examples in the following section.

III. EXPLORING THE FOUR-DIMENSIONAL

VISCOSITY/ENTROPY DENSITY RATIO AND

ANALYZING THE KOVTUN-SON-STARINETS
BOUND

A. Case A

In this section, we will consider an electrically charged
Anti—de Sitter black hole configuration, with the Lagrangian
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L, from (6) given by (2)and (3), and a matter source given
by nonlinear electrodynamics in the Plebanski formalism,
represented through

1
5 FuP" + H(P). (13)

'Cmatter =

Here, P# is an antisymmetric tensor conjugate to the field-
strength tensor F,,

F;w = 26[,114,/], (14)

while that P = § P, P* is a scalar, and H(P) is a structural
function depending on P.

As it was shown in [40], in the line element (9) with
W(t,r) =0 an electrically charged BH solution can be

found, with

h(r):f(r):r 2 3

2 <1 _aVM oM “3M3/2), (15)
r

where M is an integration constant, the @;’s correspond to

structural coupling constants, while the structural function

H(P), the electromagnetic field strength, as well as the

cosmological constant A take the form

H(P) = = (a3 — 3aa3) P — 20, (=2P)V/* + a,V/-2P,

ra M3aja; — a3)
p =L\ =T T )
vM 3r
A=-3. (16)

Concerning their thermodynamic quantities, the electric
charge and electric potential are given by

Q,r?
Q= ézh’ (17)

3 ajay, 1a3
D, :rh<a2+a%—2a1§—]€2+3z:§>, (18)

while the mass, temperature, and entropy read

30
M:—“‘O;Zgg' 2, (19)
_ Iy @
T_4n< c+¢2>’ 20)
S=2 QZ%<%—§—Z§> (21)

Here, r;, represents the location of the event (or outer)
horizon, which can be cast as r, = {v/M, where { is a root
of the cubic polynomial

O -+l —a;=0.

In the course of this work, Q, = f dxdy = 6,0, is the finite
volume of the planar base manifold. Following the steps
from [55], the entropy density s reads

- S o o 34’01 - 2a2
s = o Zﬂrh< 30 . (22)

and with the transverse and traceless perturbation (9), as
well as (10) with a spacelike Killing vector 0, = &9, the
(x,y) component of the linear Einstein equations yields

(=3 [y v 2 40

2 /
+ g(hxy)/(_f +adrf + 2" — 3r2)} } =0, (23)
where (') denotes the derivative with respect to the radial
coordinate r, implying that the charge ,/—gQ'” becomes an
integration constant, where

1
\/_—ger — _Zf frz(hxy)m + 2r(f + rf/)(hxy)//

- % (hyy) (=f +4rf + 2f" =37)|.  (24)

Imposing the ingoing horizon boundary condition for /,,
and a Taylor expansion for 7 = f around the location of the
event horizon ry:

log(r —r
h =c g( /1)_'___.’

Ty AT h=f=4xT(r—ry) +---,

where T is the Hawking temperature (20), the charge (24)
reads

—o = & 25
V99T = (25)
allowing us to obtain the shear viscosity # in the following
way:

s n 1
17747Z:S747[. (26)
In this situation, it is worth noting that the 5/s ratio
remains constant, given by the saturated situation from (1),
and does not depend on any of the additional parameters of
the theory, namely, the coupling constants from CG and the
inclusion of nonlinear electrodynamics. This behavior is
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analogous to the observed characteristics in GR and
other situations as shown in [20-26]. However, the KSS
bound (1) can be affected by the parameters of the theory
(see Refs. [27-36]). Indeed, this is what will occur in the
following case.

B. Case B

As was presented in the Introduction, the five-
dimensional action that was studied in Ref. [44] is

S[g/w’ l//,A”] = SEGB + Sy/ =+ SM? (27)

with Sggg given by (4), and the matter sources are a
nonminimally coupled scalar field v,

Sl/l = /d5x\/:§Ey,
- / de\/—_g<—%VﬂW"w—§Rw2—U(l//)>1 (28)

and a power-Maxwell term coupled to the scalar through
the function e(y):

SM:/dSX\/—g;CM,
-3 | xR EL (29)

where F,, is the field-strength tensor, and ¢ is a nonzero
rational number with an odd denominator. As was explained
in the Introduction, following the ideas from the 4DSGB
theories, in the four-dimensional background, the Einstein-
Hilbert Gauss-Bonnet density (4) is supplemented with (2)
together with Lypggp from (5), where now S, Sy are
written for a four-dimensional space-time. In this scenario,
Eq. (6) takes the form £, = Lgy and Ly yer = Lapscs +
L,, + Ly, resulting in the following solution:

ds* = —f(r)dr’ +;z(_rrz) +r2(dx? +dy?), (30)
f(r) =r2(1=Cy(r)?),

Ae_3 gl 31

e —E, a—i. ( )

The scalar fields, w(r) and ¢(r), and the Maxwell strength
F,, are given by

p(r) = (ar—b)1,  ¢(r)=In(r),  (32)

[ 4((—525( ]ﬁ
_4q
F, =(A,) = SPad O (33)

(Pe(y)

where in order to have an AdS asymptotically configuration,
we need to consider

0<§<%. (34)

Here, a is a positive integration constant and b is a positive
parameter in the coupling function e(y) as well as in the
potential U(y ), which reads

A Gk o) (35)
€ ll/ 2g-1 — — s
(206 =3)y & + b(4E + 1)

1 | 12
Uly) = (=42 (ﬂﬂ//z + Py + Py e

4zl 1
+ By + Psw E + ﬁ6ll'5)- (36)

In order to be as clear as possible, the f;’s from (36) are
reported in Appendix A.

To compute the 7/ s ratio, the entropy S of this black hole
is required, which can be obtained following the Euclidean
approach [56,57]. In this case, we have

_ 27”%:(5 - &),

S )
¢

(37)

where, as before, r;, is the location of the event horizon,
and the density entropy takes the form s = §/€,, with
¢ > &> 0. In order to achieve an AdS asymptotic con-
figuration and a positive density entropy s, it is necessary to
restrict the values of the nonminimal coupling parameter &
and the constant ¢ to certain ranges, as illustrated in Fig. 1,
to ensure completeness.
Using the prescription from Sec. II, we obtain

1
V90" = 5P () () (1 = & (1)
+2a(fe(r) = ¢ (r)f (1)),
where the (x, y) component of the linear Einstein equations

is given by (,/=gQ"™)" = 0. At the location of the event
horizon, we note that

V) =0 VOl = f ()i, = 42T,

and T is the Hawking temperature for this configuration,
which reads

B (1 + bg%) P
T )

104032-5
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FIG. 1. Graphic representation of the ranges of values for the
nonminimal coupling parameter £ and the constant ¢, in order to
have an asymptotically AdS configuration as well as a positive
entropy S, represented in the region R.

Thus, the viscosity/density entropy ratio takes the form

n_ 1[40+
s An | (C-9(1-48)) (39)

Here, Eq. (39) allows for some remarks to be made. First of
all, as the previous cases, the /s ratio is independent of the
event horizon ry, just like the examples in the introduction

0.3—

0.2

0.1

Y A UL UL L e e v

0001 0.02 0.03 0.04 0.05 0.06 0.07
g

| |
008 0.00 02T

FIG. 2. Graphic representation of G as a function of the
constants £ and . Here, the black (gold) surface corresponds
to Eq. (40) with b =0.1 (b=0.5) and (&,¢) € [0,0.09] x
[1,1.1] € R, where the region R was shown previously in Fig. 1.

(see Refs. [20-36]). Along with the aforementioned,
from (39) a contribution dependent on the constants £,
& and b also emerges, in addition to the factor 1/(4x).
In fact, considering (34) and { > &, represented in Fig. 1,
together with b > 0, we have

4EL(1 4 b))
C-o(-48) "

implying that 7 < ﬁ, and in order to obtain a non-negative
ratio, we need

4EL(1 4+ bCT)
=]1-—" 2> 40
N ST (40)

represented via Fig. 2.

IV. CONCLUSIONS AND DISCUSSIONS

In this work, we have explored the well-known ratio
between the shear viscosity and the entropy density,
motivated by some black hole solutions with vanishing
entropy. In both cases, a well-suited matter source permits
to circumvent the null-entropy situation, allowing in both
cases the discussion of #, and its implications on the
KSS bound (1).

Regarding the black hole solutions, our first case of
study (case A) corresponds to the one proposed in [44],
which is characterized by nonlinear electrodynamics in the
(H, P) formalism. This approach results in charged con-
figurations of four-dimensional AdS black holes with a
planar base manifold in the framework of CG with non-null
thermodynamic quantities, in particular the entropy.
Together with the above, under this scenario, it is important
to note that the »/s ratio remains constant, and is inde-
pendent of any additional parameters introduced in the
theory, obtaining the saturated situation from (1).

With this result at hand, one might be interested in
working with CG in particular extensions of the duality,
e.g., nonrelativistic physics and condensed-matter systems.
In those with anisotropic scaling symmetries, also known as
the Lifshitz symmetry [58]

t — It r—>%, X = X, y—)fly, (41)

it is possible to find in the literature black hole configu-
rations, dubbed Lifshitz black holes. Here, ¢, r,x, and y are
the time, radial, and spatial coordinates, respectively, z is
known as the dynamical exponent, responsible for the
anisotropic scaling between 7, x, and y, while 4 is a non-null

constant. As was mentioned earlier, although the equations
of motion are of the fourth order, CG is renormalizable and
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ghost-free. In Ref. [59] it was shown that dilatonic fields,
this is

L ——EV ¢w¢—1 M, FH

matter — 2 2 48 1224 >

with F,, defined previously in (14), can support Lifshitz
black holes in four-dimensional CG, with or without a
nonminimal scalar field y [Eq. (28)]. In both examples, it
is straightforward to check that the bound (1) remains
saturated despite the introductions of the dynamical
exponent z and the nonminimal parameter & This estab-
lishes a remarkable difference from other models with
quadratic contributions (see for example [27]). The
reasons behind this behavior are not clear, and it would
be interesting to analyze the shear viscosity in other
models containing CG to provide a physical meaning of
the saturation.

In contrast to case A, our second case of study (case B)
involves a four-dimensional reduction of the Einstein-
Gauss-Bonnet action coupled with a cosmological
constant (4). The matter source is characterized by a
nonminimally coupled scalar field y (28) and a power-
Maxwell term coupled to the scalar through the function
e(y) (29). We show that the nonminimal coupling
parameter &, as well as the constants { and b, have an
impact on the viscosity 7. As a result, the #/s ratio (1) is
also affected. The dependence of the ratio in terms of
the nonminimal parameter continues to exist when the
vacuum solution is supplemented with a nonlinear source
in the Plebdnki formalism [49]. This opens up new
avenues for future research, such as a more in-depth
analysis of the dimensional extension of these cases or the
exploration of other models beyond GR.

It is important to note that the focus of the work is not
on whether the KSS bound (1) is violated or fulfilled.
As we mentioned in the Introduction, there are various
examples, including our study, that demonstrate that the
inequality (1) is not always valid. Instead, our aim is to
study the impact of the different parameters from
the gravity theories, given by the cases A and B, on
the viscosity # and the #/s ratio (1) in two different black
hole solutions, enriching the ranges of possibilities.
On the other hand, and for the sake of completeness,
the second approach to calculate 7 involves the Kubo
formula [20-23], and details are presented in
Appendix B. As expected, both methods yield identical
expressions for the #/s ratio.
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APPENDIX A: COEFFICIENTS g;’s PRESENT IN
THE POTENTIAL U(y) FROM Eq. (36)

In this subsection, we present the coupling constants f3;’s
from the potential U(y) present in Eq. (36), which are
given by

(12§ -2)(16§ - 3)¢

b= > , Br = 4(12& = 2)b&2,
By = 28207,
B = é(%é ~3)[(¢ — 2)(168 — 2)q — 4E(C ~ &)
fs = @7@“ (24 — 128q)&% + [(16 + 64¢)q

— 240 =2]¢-2{(4q - 1)},
fe — (48 4+ 1)eb*[C(2g — 1) — E(4q — 1)]5'

q

APPENDIX B: SHEAR VISCOSITY VIA THE
KUBO FORMULA

To provide a comprehensive analysis, it is worth noting
that the shear viscosity for these cases can be obtained by
using the related Kubo formula [20-23]. To carry out this
procedure, we will activate appropriate metric perturbations
in the bulk and thus obtain the response function. For this,
we start with the perturbations 6" g = —p#v, 52 g =

hens, s, /=g =0, 8% /=g = —/=gh,, /4, 5VR,,
8@R,,, via the general action (6). Here, 5('R,,, and §®'R,,,
are given by

SR, = 0,(8VTY;) — 0,(61T%,) + (61T,)I;

+ T (800T7)) — (80T )T, — T (50T ),

p 174
1

5(1)F§(j =5 (0;h5 + 0;hf — O hyy),

SR, = 0,(82T) = 0,(6W ) + (81T,)8 VT,
— st 601, + 8414 1%, + 1,617,

- 5(2)1’#5/)1-"!:“ - rﬁpﬁ(z)rﬁm

STk = _ s
ij

Considering the first-order perturbations 5(!) G = My We
can write the transverse and traceless (TT) tensor pertur-
bation in a general way to the shear viscosity, where
04hy,, = 0 and h =n*"h,, = 0, and considering the metric

perturbation (9) with h(r) = f(r), we have
1
SWR,, = - 3 PO — (2f + rf')Y,

1
= —§r2DqJ+R§$T, (B1)
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where ngc) denotes any of the (diagonal) components of

the zeroth-order Ricci tensor of the background metric.
Now, the first-order perturbation of the Einstein tensor
takes the form

1

1
oG, = —5 0¥ - RO — 5ROy,
= —% POY + GOW,
s 10
:—Er DT+§TXXT7 (B2)
where the second order for 5(2)ny is given by
(2) 1 (1) 1 1\ "
0YGyy, = 16 Gy +§‘P[(2f+ rf ¥ + rf¥"],
— 15(1)G 1\_}; (0)1PI W
- Z Xy +§ (Rxx + I"f ) (BS)

Combining all elements with Kubo’s formula relates the
components of the viscosity to the two-point function
of corresponding components of the stress-tensor 7',
given by

n= S(<T)cy(l_él > 0)>Txy (k27 60))’) |El K —>0.0—0" (B4)

Here, k is the spatial momentum, @ is the frequency,
and the prime subscript means that the overall energy-
momentum conserving delta function has been removed.
From the AdS/CFT correspondence, we have that

52)s

(T (K. 0) Ty (B 0)) =
y Y 5hxy (k1)5hxy (k2>

(BS)

where S represents the general action (6). Finally, we have
that the shear viscosity takes the form for

1 3o —2 1
Case A: 5 =—2zr; (7&11 a2> -

4 32 4z’
1[4+ bl
Case B.n—4ﬂs{l (C—cf)(l—4§)]’ (B6)

where for our computations, through the two techniques the
results converge.
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