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We investigate the general relativistic phase of an electromagnetic wave as it propagates in the
gravitational field of the Earth, which is modeled as an isolated, weakly aspherical gravitating body. We
introduce coordinate systems to describe light propagation in the Earth’s vicinity along with the relevant
coordinate transformations, and discuss the transformations between proper and coordinate times. We
represent the Earth’s gravitational field using Cartesian symmetric trace-free (STF) mass multipole
moments. The light propagation equation is solvable along the trajectory of a light ray to all STF orders #.
Although we focus primarily on the quadrupole (£ = 2), octupole (£ = 3), and hexadecapole (Z = 4)
cases, our approach is valid to all orders. We express the STF moments via spherical harmonic coefficients
of various degree and order, Cyy, S;. The result is the gravitational phase shift expressed in terms of the
spherical harmonics. These results are new. We also consider contributions due to tides and the Earth’s
rotation. We estimate the characteristic magnitudes of each term of the resulting overall gravitational phase
shift. The terms assessed are either large enough to impact current-generation clocks or will become
significant as future-generation clocks offer greater sensitivity. Our formulation is useful for many practical
and scientific applications, including space-based time and frequency transfers, relativistic geodesy and
navigation, as well as quantum communication links and space-based tests of fundamental physics.
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I. INTRODUCTION

The accuracy of time and frequency measurements
improved significantly in the recent past. Presently, atomic
frequency standards play a vital part in a growing number of
technological and scientific endeavors. Atomic clocks based
on microwave transitions currently define the systeme
internationale (the international system of units, or SI)
second and are used extensively for network synchronization
and satellite-based navigation systems, such as the global
positioning system (GPS). Performance of the onboard
clocks on global navigational satellite system (GNSS)
satellites is improving. The frequency stability of the current
generation of GPS clocks is now better than 10714 [1,2].

Optical frequency references based on Doppler-free
spectroscopy of molecular iodine are seen as a promising
candidate for a future GNSS optical clock [3]. Compact and
ruggedized setups have been developed, showing fre-
quency instabilities at the 10~!> level for averaging times
between 1 and 10* s. Optical atomic clocks have demon-
strated stability of 4.8 x 10717/, /z, for an averaging time 7
(in seconds). The ability to resolve frequency shifts below
10~"® over such short timescales will affect a wide range of
applications for clocks in quantum sensing and fundamen-
tal physics [4,5]. As a result, future generations of GNSS
will benefit from optical technologies. Especially optical
clocks could provide backup or completely replace the
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currently used microwave clocks, potentially improving
GNSS position determination thanks to their greater fre-
quency stability. Furthermore, optical clock technologies,
in combination with optical intersatellite links, enable new
GNSS architectures, e.g., by the synchronization of distant
optical frequency references within the constellation using
time and frequency transfer.

As a result, future time and frequency transfer links
based on the new generations of clocks will require a
general relativistic description of the light propagation in
the gravitational field of the extended Earth. For practical
reasons, the description of the Earth external gravity field is
given in terms of spherical harmonics. Until recently, it was
sufficient to include the contribution of the gravitational
mass monopole represented by the well-known Shapiro
time delay. However, with the increased accuracy of
modern measurements, accounting for the Earth’s quadru-
pole moment, J,, became important [6]. This was accom-
plished by treating the Earth as a rotating axisymmetric
body characterized only by zonal harmonics of even order,
yielding the quadrupole phase shift [7].

If greater accuracy is required, accounting for the
quadrupole contribution is not sufficient [8]. It is necessary
to account for additional spherical harmonics. For some
applications of precision clocks and optical communication
links, in addition to J,, the tesseral harmonics of order
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¢ = 2 must also be considered, along with additional low-
order zonal harmonics of the Earth’s gravitational field.
Accurate estimates of these quantities are available to high
degree and order in the form of modern models of the
Earth’s gravitational field. For instance, the EGM2008
Earth gravitational model is complete to degree and order
2159 [9]. However, due to technical reasons, a description
of gravitational phase shift in terms of spherical harmonics
is not available. This represents an interesting challenge
that must be addressed.

Motivated by this challenge, in the present paper we
develop a model for proper time to coordinate time trans-
formations and the gravitational phase shift in terms of
spherical harmonics that offer the advanced representation
of the Earth gravitational field. We focus on the formulation
of a relativistic model for the gravitational phase shift,
accurate to 5f/f =1 x 107'% in frequency stability and
1 x 1072 s (i.e., 1 ps) in time resolution. We rely on a
previously developed theory of relativistic proper reference
frames for a system of extended gravitating bodies and the
motion of light and test particles in the vicinity of an
extended body [10]. We use methods and tools developed
for the GRAIL, GRACE-FO, and ACES missions [6,8,11]
as well as the techniques that we recently developed for
treating gravitational lensing phenomena by arbitrarily
shaped weakly aspherical gravitating bodes [12,13].

This paper is organized as follows: In Sec. II we
introduce coordinate systems, coordinate transformations
between various coordinates used for GPS and discuss the
transformations between proper time and coordinate time.
In Sec. III we discuss light propagation in the vicinity of the
extended Earth and derive a general relativistic solution for
the phase of an EM wave. For that we represent the Earth’s
external gravitational field using a set of Cartesian sym-
metric trace-free (STF) mass multipole moments 7 “1--4¢ of
various orders Z. In Sec. IV, we study the phase shift
introduced by the lowest-order multipole moments, includ-
ing quadrupole (£ = 2), octupole (£ = 3), and hexadeca-
pole (£ = 4). We express our results in terms of spherical
harmonics of the appropriate degree and order, Cyy, Syy.
We also consider contributions due to lunar and solar tides
and that of the Earth’s rotation. Using these new results, we
evaluate the magnitudes of the relevant terms for various
terrestrial GPS applications and consider an update to the
light time equation. We conclude with a set of recom-
mendations and an outlook in Sec. V.

For convenience, we put some additional details in
appendices: In Appendix A we discuss the correspondence
between the STF mass moments, 7 (?) and spherical
harmonics, {Cy, S»}, and present a practical way to
establish the correspondence between them. In
Appendix B, we compute useful relations for deriving
contributions from low STF mass moments, including
quadrupole, octupole, and hexadecapole. In Appendix C,
we derive gravitational phase shift for the same orders, but

in the specific case of an axisymmetric gravitational field.
Finally, in Appendix D, we present analytical estimates for
various terms in the gravitational phase shift relevant for
terrestrial GPS applications.

II. COORDINATE SYSTEMS AND PROPER-TO-
COORDINATE TIME TRANSFORMATIONS

Precision tracking of an Earth orbiting spacecraft relies
on three standard coordinate systems: the geocentric
coordinate reference system (GCRS), which is centered
at the Earth’s center of mass and is used to track orbits in
the vicinity of the Earth; the topocentric coordinate
reference system (TCRS), which is used to provide the
positions of objects on the surface of the Earth, such as
DSN ground stations; and the satellite coordinate reference
system (SCRS), which is needed for proper-to-coordinate
time transformations. Definition and properties of TCRS
together with useful details on relativistic time keeping in
the solar system are given in [14]. The SCRS was discussed
in [14] and in [6] in the context of the GRAIL and GRACE-
Follow-On missions, correspondingly.

Here we investigate a need for an updated formulation for
the standard general relativistic models for spacetime coor-
dinates and spacecraft equations of motion [15] in connection
to various terrestrial applications of the GNSS. We begin our
discussion by describing the GCRS, the reference system in
which the gravitational field of the Earth is presented using
measured spherical harmonic coefficients.

A. Geocentric coordinate reference system

In the vicinity of the Earth, we utilize the standard
nonrotating coordinate system known as the geocentric
coordinate reference system. Centered at the Earth’s center
of mass, the GCRS is used to track orbits in the vicinity of the
Earth [8,10]. It is also called the Earth-centered Earth-fixed
(ECEF) coordinate system [16]. We denote the coordinates in
this reference frame as {x}!} = (x" = ct, x) and present the
metric tensor ¢, in the following form':

2
g =1 — e —I—?wé +0(c™),
4
Jou = —}’M;Wﬁ: + 0(c™).

2
gEﬂZYaﬂ+yaﬂ?WE+0(c_4)’ (1)

'The notational conventions employed in this paper are those
used in [17]. Letters from the second half of the Latin alphabet,
m,n,...=0...3 denote spacetime indices. Greek letters
a,p, ... =1...3 denote spatial indices. The metric y,,, is that
of Minkowski spacetime with y,,, = diag(+1,—1,—1,—1) in the
Cartesian representation. We employ the Einstein summation
convention with indices being lowered or raised using 7,,,. We
use powers of G and negative powers of ¢ as bookkeeping devices
for order terms. Other notations are explained as they occur.

104031-2



SPHERICAL HARMONICS REPRESENTATION OF THE ...

PHYS. REV. D 107, 104031 (2023)

where the scalar gravitational potential wg is formed as a
linear superposition of the gravitational potential U of the
isolated Earth and the tidal potential #5*%%* produced by all
the solar system bodies (excluding the Earth itself), evaluated
at the origin of the GCRS:
wig(x) = Ug(x) + ug*®H(x) + O(c™).  (2)
The Earth’s gravitational potential is well known and
determined by the relativistic mass density inside the Earth,

o(t,x') (see discussion in [6]). With G being the universal
gravitational constant this potential has the form

where M g and Rg, are the Earth’s mass and equatorial radius,

Ug(x) =G / olt.x)d"x +O(c™). (3)

[x = x|

Outside the Earth (r > Rg), the planet’s gravitational
potential Ug may be expanded in terms of spherical
harmonics. In this case, at a particular location with
spherical coordinates (r = |x|,y, 0) (where y is the lon-
gitude and @ is the colatitude, which is 0 at the pole and 7 at
the equator) the Earth’s potential Ug in (3) is given as

+7 R\ 7
(T®> P i (cos 0)(Cyy cos kyr + Sy sin ky) }’ (4)

ug 9t (x) = Z(Ub(rbE +x) = Up(rpe) =X - VU, (r45))

respectively, while P, are the associated Legendre-poly- b#E

nomials [18]. The values C,; and S, are the spherical GM 3
harmonic coefficients that characterize contributions of the o —3b (B - x)?2—x2)+ 0 (T . c‘z),
gravitational field of the Earth beyond the monopole poten- b#E 21y "'bE

tial. Of these, J, = —Cy are the zonal harmonic coefficients.
Largest among these is J, = 1.082635854 x 1073, with all
other spherical harmonic coefficients at least a factor of ~103
times smaller [19-22] (see Table I for details).

Insofar as the tidal potential u5*92! is concerned, for
GPS observables it is sufficient to keep only its Newtonian
contribution (primarily due to the Sun and the moon) which

can be given as usual:

(5)

where U, is the Newtonian gravitational potential of body
b, ryg is the vector connecting the center of mass of body b
with that of the Earth, and VU, denotes the gradient of the
potential. We present only the largest term in the tidal
potential, which is of (’)(r;g); however, using the explicit

TABLE 1. Some of the Earth’s spherical gravitational coefficients up to degree and order £ =4, with
GM g = 398600.4415 km3 s72, Rg = 6378.13630 km [23,24]. Also, values of some additional lower order zonal
harmonics are given as Csy =2.28 x 1077, Cgy = =539 x 1077, Cy;y =3.51 x 1077, Cgy =2.03 x 1077,
Cop = 1.19 x 1077, Cypp = 2.48 x 1077,

ka k = O 1 2 3 4
£=0 +1

1 0.00 0.00

2 —1.0826359 x 1073 0.00 +1.5745 x 107

3 +2.5324 x 107° +2.1928 x 107° +3.090 x 1077 +1.006 x 1077

4 +1.6193 x 107° —5.087 x 1077 +7.84 x 1078 +5.92 x 1078 —3.98 x 107°
S k=0 1 2 3 4
£=0 0.00

1 0.00 0.00

2 0.00 +1.54 x 107 -9.039 x 1077

3 0.00 +2.680 x 1077 —2.114 x 1077 +1.972 x 1077

4 0.00 —4.494 x 1077 +1.482 x 1077 +1.20 x 1078 +6.53 x 107°
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form of this potential on the left side of Eq. (5), one can
easily evaluate this expression to any order needed to solve
a particular problem.

Finally, the contribution of the Earth’s rotation is
captured by the vector harmonic potential, w§, defined as

wi(x) = G/io'“(t, X)d ¥ + O(c7?)

x — x|
_ GMg
28

[x x Sg]* 4+ O(r73,c72), (6)

where ¢%(t,x’) is the relativistic current density of the
matter distribution inside the rotating Earth. Also, in (6) we
explicitly account only for the largest rotational moment,
Sg ~9.8 x 103 m?/s, which is the Earth’s spin moment
(angular momentum per unit of mass). Contributions of
other vector harmonics due to the rotating Earth are
negligible (however, if needed, they may be easily incor-
porated using the approach developed in this paper).

The metric tensor (1) with the gravitational potentials
(2)—(6) represents spacetime in the GCRS, which we
choose to formulate the relativistic model for timing and
frequency observables. Further technical details on the
formulation of the GCRS are given in [6,8,10,25].

References [10,14], show that the proper time, 7, read by
a clock in harmonic coordinates of the SCRS denoted
here by {y"} = {cy’,y}, and coordinates of GCRS
{x™} = {ct,x}, to sufficient accuracy, are given by

d 1 .
= 1=V U+ u | + O, (7)

where v is the velocity of the transmitter (or receiver) in
GCRS and Uy is the Newtonian gravitational potential of
the Earth (3), evaluated at that location. Contribution of the
tidal potential, u5*92!, varies depending on the distance
from the Earth; it reaches the value above ~1.71 x 10713
for geostationary orbits. Note that this expression does not
contain the term due to the Earth’s rotation, wg, from (6), as
its contribution is much below 1 ps [as estimated by (140)].
The ¢™* terms in Eq. (7) are of O(v*/c*) ~ 107! and are
negligible for our purposes. For a complete post-Newtonian
form of these transformations, including ¢~ terms, and
their explicit derivation, consult Ref. [10].

The numerical applications made in here concern time
and frequency transfer from between a GPS and LEO
spacecraft orbiting the Earth at the altitudes hgpg = 20,
200 km and h; o = 200 km to a ground station located at
“C.” As mentioned earlier, we consider experimental
uncertainties 1 x 107!6 for frequency transfer and at the
level of 1 ps for time transfer.

B. Topocentric coordinate reference system: Proper
and coordinate times

First, we consider a ground-based receiver located at
GCRS coordinates {x?} = (cx, x¢). The proper time 7,
kept by a clock located at the GCRS coordinate posi-
tion R¢(7), and moving with the coordinate velocity
Ve = dxc/dt = [wg % R¢], where wg, is the angular rota-
tional velocity of the Earth at C, is determined by

dTC 1 1 GMb
7: 1 —? |:§V% + UE(XC) +b¢ZET§;E(3(nbE-XC)2_X%)
+0(xg.c™), (8)

where npg is a unit spatial vector in the body-Earth
direction, i.e., n,g = ryg/|r,s|, where r,g is the vector
connecting body b with the Earth.

The first two terms in (8) are due to the geocentric
velocity of a ground station and the Newtonian potential at
its location. Assuming a uniform diurnal rotation of the
Earth, so that 1vg = JwgRE(6)sin? 6, we evaluate the
magnitudes of the largest contributions produced by these
terms, evaluated at the Earth’s equator R¢(5) = Rg:

1 1
C_ZEV% = FwéRé 5 1.20 x 10_12,
c
1 GM
g = ——2<6.95x 10710, 9)
C2 ®

Thus, both of these terms are very large and must be kept in
the model. In addition, as we will see below, one would
have to account for several terms in the spherical harmonics
expansion of the Earth gravity potential.

The last term within the square brackets in Eq. (8) is the
sum of the Newtonian tides due to other bodies (mainly the
Sun and the moon) at the clock location x. These terms are
small for the ground station, being of order

. GM ,R>
cPugset AU AS%G; (3(ngg -nc)? — 1)
<179 x 1077, (10)
_ ida Gm(R2
¢ 2”E(d = 273 C? (3(ncg -nc)? -1)
CE
<4.90 x 1077, (11)

where for the moon we used its distance from the Earth at
the pen’gee2 of r¢g = 356,500 km. Thus, both largest tidal
contributions are currently negligible as far as the definition
of the TCRS for GPS is concerned.

2https://en.wikipedia.org/wiki/Lunar_distance_(astronomy).
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Therefore, at the accuracy required for GPS, it is sufficient
to keep only the first two terms in Eq. (8) when defining the
relationship between the proper time z¢ and the coordinate
time TCG = ¢ (temps-coordonnée géocentrique). In other
words, Eq. (8) yields the differential equation that relates the
rate of the proper 7 time, as measured by an receiver’s clock
on the surface of the Earth, so that  v& = J wgRE(6) sin? 6,
to the time in GCRS, ¢,

dr 11
d—tc =1- [EV% + UE(XC)] +0(c™).  (12)

At the level of accuracy required for GPS, it is important to
account in Eq. (12) for the oblateness (nonsphericity) of the
Earth’s Newtonian potential, which is given in the form of
Eq. (3). In fact, when we model the Earth’s gravity potential,
we need to take into account quadrupole and higher
moments, time-dependent terms due to tides, as well as
the tidal displacement of the ground-based receiver.
Substituting in Eq. (12) potential Ug from (4), evaluated
at the Earth’s equator r = Rc(5) = Rg, we have

dz 11 GM
d_f:1_?|:§wéRé+ ea(l—ZJfPfO(O)

o +7
—l—ZZPfk(O)(kacoskqﬁ—l—kasinkg[)))]. (13)
=2 k=1

The largest contribution to dzc/dt, of course, comes
from the velocity and mass monopole terms, which are
estimated to produce an effect of the order of
2L oL RE + GMg/Rg) ~ 6.97 x 10710, The quadru-
pole term produces a contribution of the order of
c2GMgJ,/(2Rg) ~3.76 x 10713, Contributions of other
zonal harmonics ranging from —c23GMgJ,/(8Rg) ~
4.22 x 10716 (from Jy) to ¢25GMgJg/(16Rg) ~ 1.04 x
10716 (from J4) and to ¢235GMgJg/(128Rg) ~ 1.01 x
10716 (from Jg).

We also need to include contributions from the leading
¢ =72 coefficients C,, and S5, which are of order
c2(GMg/Rg)P,(0)Cyyc082¢p ~3.28 x 107 cos2¢p and
c2(GMg/Rg)P2(0)Sysin2¢~1.89x 1075 cos2¢. Some
of the low-order tesseral harmonics, Cy; and Sy, are also
responsible for the terms of the order of ~107'°, and thus,
they should also be included, up to at least £ = 8. Although
individual contributions of these and other terms are quite
small, their cumulative effect may be noticeable even at the
level of up to 1 x 10713, (This is especially important for
the ACES mission on the ISS, which will operate clocks
accurate to 1 x 107'® in low Earth’s orbit with altitude of
~400 km.) However, the constant rate is typically absorbed
for each clock during its synchronization with the network
of clocks, leaving only periodic terms, which are uncertain

at the level of ~10~!7. Therefore, keeping only the leading
terms, Eq. (13) takes the form

drc 11 GMg 135
S B e e - ( Ry Ay TRy
dr 2[2“’@ ot U T227g/ Mg
35 .
- @Js + P(0)(Cpa c082¢h + Sy sin 2¢h)
8
+ Z Z P2 (0)(Cppcos ke + Sy sin kqﬁ))}
p
+ 0(5.83 x 10717), (14)

where the error bound is set by the contribution from J
and some of the low-order tesseral harmonics. Keeping
only the # = 2 terms, this expression can be truncated to

GMg
W& RS + R

dee 171
dr 212

<1 —+ %Jz —+ 3(C22 C082¢
+ S5, sin 2(/5))] +0(2.28 x 1075 cos ),  (15)

where the error bound is set by the contribution from the
C3; coefficient (see Table I).

In the past, clock synchronization relied on a definition
of Earth’s geoid. In this case, for a clock situated on the
surface of the Earth, the relativistic correction term appear-
ing in Eq. (12) is given at the needed precision by

2 h
VECJF Ug(xc) = WO—/ € gdh, (16)
0

where W, = 6.2636856 x 10" m?/s? is the Earth’s poten-
tial at the reference geoid while g denotes the Earth’s
acceleration (gravitational plus centrifugal), and where hc
is the clock’s altitude above the reference geoid. However,
as we mention above, this definition of terrestrial time is
problematic when considering accuracies below 107!
because of the uncertainties in the realization of the geoid
at this level.

In practice, time measurements are based on averages of
clock and frequency measurements on the Earth sur-
face [26]. Therefore it was decided to dissociate the
definition of TT from the geoid while maintaining con-
tinuity with the previous definition. For this purpose, the
time coordinate called terrestrial time (TT) is defined. TT is
related to TCG = ¢ linearly by definition:

s L (17)

IAU Resolution B1.9 (2000) turned Lg into a defining
constant with its value fixed to Lg = 6.969290134 x 10717,

This definition accounts for the secular term due to the
Earth’s potential when converting between TCG and the time
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measured by an idealized clock on the Earth geoid [26-29].
Using Eq. (12), we also have

drc _ drc _di
dtty  dt dipr

=1+Lg —% Bvé + UE(XC)] +0(c™). (18)

Clearly, if the target clock synchronization is of the order of
~1071, the definition (18) is rather clean with just a few
terms given by (15). This expression quickly becomes rather
messy if a more precise synchronization is desired.

C. Satellite coordinate reference system

We can also determine the differential equation that
relates the rate of the spacecraft proper z, time, as
measured by an on-board clock in Earth orbit with
GCRS coordinates {y7} = {c)%,ya}, to the time in
GCRS, TCG = ¢. Substituting in (7) potential Ug from
(4) and the largest term for the tidal potential wug'9!

from (5), we have

dry 1[1 GMy =~ (Rg\*
TA _ 1 |oy2 1=3"(ZE) 7,Ps(coso
di 2 |:2VA+ N < ,f:z(”A ¢Pso(cosh)

+

+7 R 7
Z (—E> P4 (cosO)(Cyrcoskd+ Sz sinkqﬁ))

o0
=2 =1 \'A
GM,
3
2rpp

+

(]

<3<nbE-yA>2—y§>]
b#E

+ O3/ rig.c™). (19)

We will evaluate the magnitude of the terms in this equations
for two different orbits: LEO with altitude 200 km and
GPS with altitude 20,200 km. We will keep in mind the
anticipated frequency stability of Af/f =1 x 1071, We
will use these numbers to evaluate the terms in (19).

1. LEO clock: Proper-to-coordinate
time transformation

In the case of the LEO orbit with altitude of h; o =
200 km, the largest contribution to (dz,/dt), ., of course,
comes from the velocity and mass monopole terms,
which are estimated to produce an effect of the order of
C—2(%V12\ +GME/ (Rea +hLEO) = C_Z3GME/2(R€B +hLEO> ~
1.01 x 1077, Because of the larger contribution, this term is
1.45 times larger than for a receiver on the ground [see
estimate presented above, just after Eq. (13).]

For the chosen LEO orbit, the quadrupole term produces
a contribution of the order of

GMgR>
ﬁ]szo(cos 9) 5 6.86 x 10_13, (20)
(Rg LEO

which is large enough to be included in the model.
Contributions of other zonal harmonics are estimated as

GMgR?
28 J1Pyy(cosf) < 1.56 x 10713,
c (Rea + hLEO)
GM g R?
28 _J,Pyy(cos0) <9.65 x 10716, (21)
c (Re; + hLEO)
GM 4R
28 JPsy(cos ) < 1.21 x 10716,
c (Re; + hLEO)
GM R
8 JPyy(cos ) <3.03 x 1071°, (22)
c*(Rg + hyzo)
GMgR},
28 J;Psy(cos ) < 2.71 x 10719,
c (Re; + hLEO)
GMgRS
8 JyPgy(cosd) < 1.51 x 107'°, (23)
c“(Rg + hyzo)
GM R,
%AP%(COS 0) <8.04 x 10717,
c*(Rg + hyzo)
GMgRY
8 JipPo(cosf) <228 x 1071°. (24)

c? (Re; + hLEO)

Note that to develop the estimates above we used approxi-
mated P, by their largest value at 6 = 0. In reality, these
polynomials rarely take that value and thus P, are much
less than 1. On the other hand, although the contributions
from J, Jg, Jo, Jqo are all on the order of 1 to 2 parts in
10716, their cumulative effect may exceed the threshold of
1071%. Nevertheless, we recommend keeping only the
contributions from J,, J3 and J,.

The situation with tesseral harmonics is a bit more
complicated as many of them produce contributions on
the order of a few parts in 107'%. The largest among these
are those due to C,, and Sy,:

GM . R> '
W% P5y(cos 0){Cy, cos 2¢, Sy, sin2¢}
(&) LEO

<{9.98 x 10716 cos 2¢,5.73 x 10~ sin2¢}.  (25)

The contributions from the terms of £ = 3 are

GMgR: |
Ry ey P (05 OH{Carcosdh Susing)

5 {135 X 10_15 CcoS d), 1.65 x 10—16 sin d)}, (26)

GMg RS

————~—— P1,(cos 0){Csz, cos 2¢, Sz, sin 2
02(R®+hLEo)4 32( ){ 32 ¢ 32 ¢}

< {1.90 x 1071 cos 2¢h, 1.30 x 10716 sin 2¢p}, (27)
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GMgR,
*(Rg + hizo)*
< {6.10 x 1077 cos 3¢p, 1.21 x 1076 sin 3¢h}. (28)

P33(cos 0){Cs3 cos 3¢, S35 sin 3¢}

The contributions from the terms of £ = 4 are

GMgR .
We)he))s Pyi(cos 0){Cyy cos ¢, Sy singp}
® LEO

< {3.03 x 1079 cos ¢, 2.67 x 107'®sin ¢}, (29)

GMGBRAGB
CZ(RGB + hLEO)S
< {4.66 x 10717 cos 2¢p, 8.82 x 1077 sin 2¢%, (30)

P»(cos 0){Cys cos 2¢p, Sy sin2¢p}

GMgRY .
——————— Ps:(cos@){Cyz cos 3¢, Sz sin 3

<{3.53x 10717 cos3¢,7.16 x 10~ 8sin3¢},  (31)

GMgR? .
Weahe)f P44(COS 9) {C44 cos 4¢, S44 sSin 4¢}
@ LEO

< {2.37 x 1078 cos 4¢h, 3.88 x 10713 sin4¢p}. (32)

Although their individual contributions are quite small,
the cumulative effect of these terms may easily reach the
level of €500~ 1.33 x 10713, The constant rate e;z
would likely be absorbed in other terms during clock
synchronization. What is important is the variability in the
entire error term €ppo() = €500 + O€rpo(f), wWhere the
amplitude of the variable term Jepgo(f) is due to seasonal
changes in the Earth hydrosphere, crust, etc. and is
expected to be of the order of Sepgo(t) ~3 x 10717,
resulting in the ultimate uncertainty in dz, /dt at that level.

The last term within the square brackets in Eq. (19) is the
sum of the Newtonian tides due to the Sun and the moon at
the location of a clock in an Earth orbit. For a chosen LEO
orbit, these terms are small:

GMo(Rg + hiso)’

pe & A (3(ng -nc)* 1)
<191 x 1077, (33)
5 tidar  Gmc(Rg+h
e ugian o Mo ol 5 ey 1)
CE
<521 x 1077, (34)

and, thus, may be neglected.
Therefore, for LEO in Eq. (19) we must keep the
following terms:

dTA 1 VAZA 4
WZI_C—z 7+ A < ; A JfPfQCOSH)
2
+ <_E> P, (c080)(Cy cos2¢p + Sy, sin2¢h)
ra
3
+ <r_E> 31(cos ) (C5; cos ¢ + Sz sin ¢)>]
A
+ 0(3 03 x 10_]6), (35)

where the size of the error term is set by J4 and cumulative
contribution of higher # >3 gravitational harmonics.
We truncated the error term at that level knowing there
are other significant terms may be present [as evidenced
by (27)—(31)] that may lead to a complicated modeling of
the gravitational background—the challenge that can be
avoided with a higher spacecraft altitude.

Clearly, such a modeling accuracy is at the limit
anticipated for the deep space atomic clocks (DSAC)
with frequency stability at the level of 1 x 107!¢ at 1 day
(if DSAC is placed on a LEO). However, it is already
insufficient for ESA’s ACES mission on the International
Space Station and DSAC, where clock accuracy is expected
to be at the level of 1 x 107!¢ at 1 day. Furthermore, there
are plans to fly an optical interferometer and highly stable
optical link as a part of the STE-QUEST mission [30]
and also a space optical clock (SOC) mission [31] with
frequency stability below 1 x 107!7, for which a new and
more detailed model may be required.

2. GPS clock: Proper-to-coordinate
time transformation
Now we consider GPS orbits with hgpg = 20,200 km
and estimate the sizes of all the terms entering (19). Clearly,
the largest contribution to (dz/dt)gps, Of course, comes
from the velocity and mass monopole terms, which are
estimated to produce an effect of the order of
1 lvz 4 GMg _ 3GMg
2 \2 " Rg +hgps)  2¢*(Rg + heps)
~2.50 x 10710, (36)

or almost 4 times smaller than for LEO, but still providing a
rather large contribution.

The quadrupole term produces contribution of the
order of

GMgR,

_7TeT® jp,(cosd) < 1.04x 1074, (37
CZ(REB+hGps)3 2 20( ) ( )

which is significant. Contributions of tesseral harmonics
with # = 2 are estimated as
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GMg R .
ﬁ P2 (c0s 0){Cy c0s 20, S5, sin 24}
@ GPS

<{1.51 x 1077 cos 20, 8.69 x 1078 cos 29},  (38)

and are small to provide a measurable contribution.
Contributions of other zonal harmonics ranging from
<5.85 x 10718 (from J5), to <9.08 x 10~'? (from J,), to
<2.79 x 1072 (from Js), to ~1.72 x 1072 (from J),
which are clearly negligible and may be omitted.

Evaluating the contribution due to Newtonian tides in
Eq. (19) for a GPS orbit, we find the following:

GMo(Rg + hops)?

g e Bee ne)* — 1)
<301 x 10716, (39)
> tigar . Gmc(Rg + hgpg)?
cPugoet - 2;33 P - (3(ngg -ne)* - 1)
CE
<850 x 10716, (40)

where r¢y; is the Earth-moon distance at the shortest perigee
of the lunar orbit. Consequently, both of these terms must
be kept in any model that aims to offer a frequency stability
of O(1071%).

Therefore, for the case of atomic clocks on GPS space-
craft in the (19) we must keep only the quadrupole term as
well as the two tidal terms:

dry 1 [vi GMg Rg)\2
W—l——2|:7+ 1—J2 E on(COSg)

C

S,m
~GM
+> sz (3(ne - ¥a)* = Yi)}
b#E “TbE

+0(6.34 x 10717), (41)

where the size of the error term is set by the magnitude of
the next term in lunar tide, which is of the order of
ra/rcg = (Rg + hgps)/rcg ~ 0.075 times smaller com-
pared to the first term of lunar tide [32]. Also, we
used a convenient notation for Legendre polynomial
Pay(cos @) = (325 — r3)/2ri.

As a result, the expression for proper to coordinate time
transformation for LEO (15) and GPS (41) satellites
explicitly includes the effects of the Earth’s oblateness,
J,. The presence of this term in the equations of motion will
lead to a perturbation of a Keplerian orbit. The effect of
the quadrupole is large. Computing the perturbations to
Keplerian orbital elements, we see that for the semimajor
axis, r, = a, if the eccentricity is very small, the dominant
contribution has a period twice the orbital period and
has amplitude 3J,R% sini/(2a) ~ 1665 m, assuming an
orbital inclination of i = 55°. The effect of J; is significant

and should be modeled for satellite clocks in low
Earth orbit.

3. Accounting for orbital perturbations due to
Earth’s oblateness J,

We may now account for the presence of the J, term in
(15) and (41). Perturbations of GPS orbits due to the Earth’s
quadrupole mass distribution contribute a significant frac-
tion to the change in semimajor axis associated with the
corresponding orbital change. We need to estimate the
effect of Earth’s quadrupole moment on the orbital ele-
ments of a Keplerian orbit and, as a result, on the changes in
the frequency induced by such an orbital change.

Accounting for the perturbation in Keplerian orbital
elements including the semimajor axis, a, eccentric
anomaly, £ = M + esin& (with M being the mean
anomaly), eccentricity, e, orbital radius, r=a(1—ecos&),
we can compute perturbations to each of the terms vi, in
GMyg/r, and the quadrupole term in (15) and (41). The
calculations involved are lengthy, but straightforward and
are rather well known [33,34]. Here we present only the
relevant result:

Vi GMg (1 ), [R_G)r&g - rﬁ)

232 2y ra 2r3
3GMg, 2GM, TGM g R2,J 3
:TGB—Q—GBEOCOS 0—%@2 1——Sin2i0
2¢7ay cag 2c7ay 2
GM & RZ% J,sin’i
—@+2100052(w0 +u), (42)
cay

where ag = Rg + hgps is the semimajor axis, iy is the
inclination, @ is the altitude of perigee and u is the true
anomaly. The subscript O refers to an unperturbed quantity.

The first term, when combined with the reference
potential at Earth’s geoid, gives rise to the “factory
frequency offset” and is estimated to be 3GMg/2c%ay ~
2.50 x 10710, The second term gives rise to the eccentricity
effect with the magnitude that was evaluated to provide a
contribution of (2GMg/c?ay)ey ~ 1.67 x 10712, where
eccentricity was taken to be ey = 0.005. The third term
is a periodic contribution with estimated amplitude

TGMgR%J» (

3
1 —Zsin?iy | ~2.37 x 10716 (43)
202(R€B + hGPS)3 0> '

2

which is at the limit of the anticipated accuracy. This is for
the nominal inclination of GPS orbits of iy, = 55° such that
the factor (1 —3sin? iy) = —6.52 x 1073, The near vanish-
ing of this factor is pure coincidence for GPS.

The last term in Eq. (42) has the amplitude

GMgR%J, sin® i

=698 x 10715, 44
CZ(Rea + hGPS)3 (44)
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which is large enough to be considered when calculating
frequency shifts due to orbit changes. The form of this term
is similar to that which gives rise to the eccentricity
correction, which is applied by GPS receivers.
Considering only this periodic term, the additional time
elapsed on the orbiting clock as it moves along its orbital
path is given by

GM 4, R%,J,sin?i
Az; = —/ dt EB+20cos 2(wg + ngpst)
path cmay

|GM o, R%,J,sin’i,
~— a3$ ® 2 cos[2mgy + ngps(f + 19)]
0

x sin[ngps(f = to)], (45)

where, to a sufficient approximation, we have replaced the
\/GMg /a3, which is
the approximate mean motion of GPS satellites. This
describes the periodic relativistic effect on the elapsed
time of a clock on a GPS spacecraft due to Earth’s
quadrupole moment.

The correction that should be applied by the receiver is
given by (45) but with the opposite sign. The phase of this
effect is zero when the satellite passes through Earth’s
equatorial plane going northwards. If not accounted for,
this effect on a LEO clock time has the magnitude of
Aty g0 = 5.79 x 107'%in%j; s, giving rise to a peak-to-
peak periodic navigational error in position of approxi-
mately 2¢ X Az, 50 = 34.74 sin? i; cm. The same effect on
a GPS clock has the magnitude At cps = 4.78 X 107! s

|

quantity u in the integrand by ngpg =

t
tidal __ -2, tidal
At§ ——/ dtc™ ugg
0

GM(Rg + heps)?
~ — At
4¢2 AUP *

where At =1t—1, and we accounted for the fact that
ng < Ngpg. The term with the linear temporal drift here
has the magnitude

GMo(Rg + heps)?

A Ar=T79x 107AL - (48)
C

and, if not accounted for, in 6 h (a half of the GPS orbital
period), it could lead to clock desynchronization at the level
of 1.68 x 1072 s, which is significant for our purposes and
should be included in the model. Next, the periodic term in
the expression (47) would lead to the additional time
elapsed on the orbiting clock that may be given by

Ngps

and is responsible for a peak-to-peak periodic navigational
error in position of about 2c¢ X Az gpg = 2.87 cm.
Therefore, these effects must be included in the model for
high-accuracy orbit determination, especially for supporting
for DSAC, ACES, STE-QUEST, and SOC missions in the
near future.

4. Accounting for tidal perturbations due to
Sun and the moon

As we saw before, the tidal perturbations of the GPS
orbit give rise of the sizable effects given by (39) and (40).
We observe that (ngg - ne) = cos(Peo + (ng + ngps)?),
where ng and ngpg are the orbital frequency of the
Earth’s sidereal motion and GPS spacecraft in orbit
about Earth, correspondingly. Similarly, (ncg-nc) =
cos(¢pco + (nc + ngps)t), where ng is the orbital frequency
of the moon around the Earth.

With these definitions, we evaluate the contribution from
the solar tide (39) as

GMO(R@ + hGPS)2
4c? AU
X (3 cos[2¢pgp + 2(ng + ngps)t] +1).  (46)

-2 ,tidal ~,
Cupy S~

Assuming nearly circular orbits for the GPS satellites
(i.e., e =0.05), we substitute this result into (41) and
evaluate the additional elapsed time measured by the
orbiting clock due to uf:?! as the clock moves along

it’s orbital path:

082050 + ngps(t + 1) Sin[”GpsAt]> > (47)

_ 3GMo(Rg + heps)*
4c? AU ngpg
X €08[2¢ 00 + naps(t + to)| sin[ngpsAt].  (49)

tidal
At ~

If not accounted for, this effect on a GPS clock time has the
magnitude of Az = 1.67 x 107! s, giving rise to a
peak-to-peak periodic navigational error in position of
approximately 2¢ x Az = 1.00 mm, which is just above
our threshold and needs to be accounted for. Such a
correction (with an opposite sign) should be applied to
the receiver.
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Similarly, using (40) we evaluate the tidal contribution from the moon:

t
tidal __ _ -2, tidal
Argd = / dtc™ uge
lo

Gm¢(Rg + h 2
~_ ((( 692 - GPS) (At+
dctreg

where rip is the Earth-moon distance at the shortest value
of the perigee of the lunar orbit and we again accounted for
the fact that n¢ < ngpg. The term with the linear temporal
drift in this expression has the magnitude

Gm( (R@ + hGPS)2
4021"83

Ar=~2.13x 10716A7,  (51)

and is at the anticipated frequency stability limit. Further-
more, if not accounted for, in just 2 h it could lead to clock
desynchriiztion at the level of 1.53 x 107!2 s, which is
important to consider in the clock model.

Considering the periodic term in expression (50), the
additional time elapsed on the orbiting clock is given by

_ 3Gm<( (R@ + hGPS)Z

2 %3
4c rceMcps

ATE(idal = cos[2¢co + nges(t + 1))

X sin[ngpgAf]. (52)
Similarly to (45) and (49), the correction that should be
applied by the receiver is the negative of this expression. If
not accounted for, this effect on a GPS clock time has the
magnitude of Az{% =437 x 107> s for lunar perigee,
giving rise to a peak-to-peak periodic navigational error in
position of approximately 2¢ x Azi%! =262 mm, which
is significant at the anticipated level of accuracy.

5. GPS clock: Proper-to-coordinate time
transformation: Recommended formulation

As a result of the analysis presented above, the recom-
mended expression for the differential equation that relates
the rate of the spacecraft proper 7, time, as measured by an
on-board clock on a GPS spacecraft to the time in GCRS,
TCG = ¢ that was derived as (41), should have the quadru-
pole term as well as the lunar and solar tidal terms:

dr 1 [v2 GM Rg\?
d::]—cz|:2A+rA®<]_J2<r®) PZO(COSQ)>

A
Gm( GM
+——raPy(ncg -ny) +— or/2\P20<noE'nA):|
T'ee T'oE

+0(634x10717), (53)

where rp = rqN, Icg = regNeg, and rgg = rgpNeg are
the geocentric position vectors of a GPS satellite, the moon,

cos[24co + nps i + 1o)] sin[ngpsm]), (50)

[
and the Sun, correspondingly; € is the colatitude as defined
by (4). The size of the error term is set by the magnitude
of the next term [i.e., of the order of O(x*/r{y)] in the
lunar tidal contribution as given by (5) and (41). This error
term contributes periodic signal with the magnitude of
4.35 x 1071 s, which is too small to be part of the model.
Near the surface of the Earth, the expression beyond the
monopole term is dominated by the quadrupole moment
characterized by J,. At higher orbits, however, as the effect
of J, diminishes, contributions due to lunar and solar tides
become more significant. For spacecraft going beyond
geostationary orbits, e.g., spacecraft in lunar transfer orbits
carrying accurate clocks, eventually it becomes necessary
to switch to a more accurate representation of the lunar and
solar gravitational fields, such as the representation in [8].

III. LIGHT PROPAGATION IN THE VICINITY
OF THE EARTH

Now we need to consider the relativistic corrections to
the light propagation in the presence of the extended Earth.
These effects are important as they contribute sizable time
delays for the signal propagating in the vicinity of a
massive body. Currently, only one of these effects is
present in the relevant models of light propagation:
The Shapiro time delay [29,35] that is due to the gravi-
tational monopole of a massive body. This effect is
important for astronomy and spacecraft navigation in the
solar system [26,36,37].

Our question here is whether or not the next order terms
in the Earth’s gravitational potential [i.e., as given by (4)
and shown in Table I] would play a significant role in
models describing light propagation in the solar system.
Specifically, are the low-order terms Z =2, 3, 4 in (4)
important? Currently available models treat the Earth as an
axisymmetric rotating body [7,38,39] and they take into
account only the Earth’s zonal harmonics given by, e.g. the
oblateness term J,, but not the £ =2 tesseral spherical
harmonics or higher order terms present in (4).

In this section, we assess the contributions of the higher-
order terms in the gravitational potential on the phase of an
EM wave that propagates in the vicinity of an extended body.

A. Gravitational phase shift of an EM wave

The phase of an EM wave is a scalar function that is
invariant under a set of general coordinate transformations.
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In the geometric optics approximation, the phase ¢ is found
as a solution to the eikonal equation [17,29,40-42],

gmnam(pan(p =0, (54)

which is a direct consequence of Maxwell’s equations. Its
solution describes the wavefront of an EM wave propa-
gating in curved spacetime. The solution’s geometric
properties are defined by the metric tensor g,,,, which is
derived from Einstein’s field equations. In the vicinity of
the Earth, this tensor is given by Egs. (1)—(5).

To solve Eq. (54), we introduce a covector of the electro-
magnetic wavefront in curved spacetime, K,, = d,,¢p. We
use 4 to denote an affine parameter along the trajectory of a
light ray, which is orthogonal to the wavefront ¢. The
vector K™ = dx"/dA = ¢""d,¢ is tangent to the light ray.
Equation (54) states that K™ is null: g,,,K"K" = 0.

To find a solution of Eq. (54), we expand the eikonal ¢
with respect to the gravitational constant G, assuming that
the unperturbed solution is a plane wave. The expansion
may be given as

9(1.%) = gy + / kndx” + g5t X) + O(G?).  (55)

where ¢, is an integration constant and k,, = k(1,k) is a
constant (with respect to the Minkowski metric) null vector
(i.e., ¥ k"k™ = 0) along the direction of propagation of
the unperturbed EM plane wave. The wave direction is
given by the vector k = k¢, which is the unit vector along
the ray’s path, |k| = 1. Furthermore, k = /¢, where w is
the constant angular frequency of the unperturbed wave,
and ¢ is the perturbation of the eikonal of first order in G,
which is yet to be determined. Also, as a consequence of
Eq. (55), the wave vector of an electromagnetic wave in
curved spacetime, K™ (¢, x), admits a series expansion with
respect to G in the form

K7 (1,x) =07 = 0,0 = k7 4 Ka(1%) + O(GY), - (56)
where kJi(t,x) = y""0,¢¢(t,X) is the first order perturba-
tion of the wave vector with respect to G.

To solve Egs. (54) and (55) for ¢ in the GCRS, we first
substitute (55) into (54). Then, defining A" = ¢g"™" — y™"
and keeping only first order terms in G, we obtain an
ordinary differential equation to determine ¢g:

dyg _

1
__ Jymn 2
7 3 "k, k, + O(G?), (57)

where dpg/dA = k,,0"pg + O(G?). [Note, that Eq. (57)
alternatively can also be obtained by integrating the null
geodesic equation [29]]. With g,, given by (1), the
equation to determine the phase of the EM wave as it
propagates in the vicinity of the Earth takes the following
form:

d(pG 2 2 ida 4 €
W] Je e+ k) +0(G) | (59

This equation describes the gravitational phase shift intro-
duced by various contributions to the effective gravity field

of the GCRS (1) with the potentials (2)—(6). Below, we will
integrate it along the light ray’s trajectory.

B. Parametrizing the light ray’s trajectory

To solve (58), we need to present the geometry
of the problem and introduce our basic notations.
Following [43,44], we represent the light ray’s trajectory,
correct to the Newtonian order, as

o}

(x0 = ct,x(¢) = (1)
rg + ke(t—19)) + O(G), (59)

where K is a unit vector in the incident direction of the light
ray’s propagation path and r, represents the point of
emission that may be expressed as k = (r —ry)/|r — ry|.
Next, we define the impact parameter of the unperturbed
trajectory of the light ray parameter b as

b = [[k x ry] x K]. (60)

Next, we introduce the parameter 7 = 7(¢) along the path of
the light ray (see details in Appendix B in [43]):

t=(k-r)=(k-ry) + c(t—tg), (61)

which may be positive or negative. The parameter 7 allows
us to rewrite (59) as

r(z) =b+kr+ O(G), with
r(7) = [x(7)| = Vb* + 7> + O(G). (62)

Using the result (62) we determine that the following
relations are valid to O(r,):

r=vVb*+ 12,

Based on these results, we present a useful relationship:

r+(k-r)=Vb*+>+1. (63)

b*=(r+ (k-r))(r—(k-r)) + O(G). (64)

This representation allows us to express the Newtonian
part of the wave vector K” presented by Eq. (56) as
follows: k" = dx™/d) = k(1,k) + O(G), where the wave
number k is immediately derived as k = dr/dA+ O(G)
and |k| = 1. Keeping in mind that k" is constant, we
establish an important relationship:

_de

dA .

+ O(G), (65)
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which we use to integrate (57). This expression allows
including contributions from all multipoles of the Earth’s
mass distribution, as given in Eq. (3).

With these definitions, we may now present the solution
to (58) (see relevant discussion in [44]). The gravitational
phase shift, ¢g, that is acquired by the EM wave as it
propagates along its geodesic path from the point of
emission at 7, to the point of reception at z on the
background of the gravitational field (1)—(5) has the form

o) = =k [ {Z0el) + g )

+ () + (G e

= 96 (x) + 95 (x) + 95 (x) + O(G?). (66)

We may now integrate (66) for each of the relativistic
terms with the terms describing contributions from the
Earth’s gravitational potential, tidal gravity (primarily
due to the Sun and the moon), and Earth’s rotation,
correspondingly.

C. The STF representation of the Earth’s
gravitational potential

Although the form of the Earth gravitational potential (4)
is effective for many applications in geodesy, it is not
technically convenient when light propagation in a gravi-
tational field in concerned. No closed form expressions are
known for the integral (66) are known for a potential in the
form (4), expressed in terms of spherical harmonics;
indeed, no useful semi-analytical approximations exist in
the general case either. Thus, alternative representations of
U(x) are needed. In [44], we considered the case of
axisymmetric bodies. In [12], we considered a generic
potential, expanding U(x) in terms of STF mass-moment
tensors. Below, we discuss the STF mass moment repre-
sentation, which allows us to fully benefit from the
spherical harmonics representation in the most general
case. (In Appendix C, we discuss the less general axisym-
metric case, using it as a limiting case to verify our results.)

Considering a generic case, it was discussed in [35,45-49]
that the scalar gravitational potential (3) may equivalently be
given in terms of Cartesian spatial trace-free (STF) tensor
moments in the following form:

1 & (=1) F 1
—GMIZ= T(al...a/> _
U G {r + ; £ ax<a|...axu/> r

+ O(c™), (67)

where r = |x|, M is the mass and 7 (“1-%) are the STF mass
multipole moments of the body, defined as

M=£fw®,

1
T<d1-~-at’> _M[]d3xp(x)x<a1~..df>, (68)

where x{@@) = xl@ix@xac)  the angle brackets {(...)
denote the STF operator, and V means the total volume of
the isolated gravitating body under consideration. The dipole
moment 7 ¢ is absent from this expansion (67), by virtue of
the fact that the origin of the coordinates is assumed to
coincide with the body’s barycenter.

Using the identity [49],

oxtai-gxas) \ r

0’ 1 Ray...a,
(-) = (-1)f(2¢ = I <rf+1 L (69)

the potential (67) may be given in the following form:

U(r) =GM> (27 ;‘1)” T, (70)

L 741
750 r

The first few terms of (70) or, equivalently, (67), are
given as

1 37
U(r) = GM< -+ xxb + xxbxe
roo2r

357’(abcd>
8r°

xxPxexd + (’)(r‘6)}. (71)

This Cartesian multipole expansion of the Newtonian
gravitational potential is equivalent to expansion in terms
of spherical harmonics (4) [45—-48,50]. In fact, this expres-
sion may be used to establish the correspondence between
T'@--a) and C, and Sy from (4) (see Appendix A for
details on how to establish this correspondence).

D. Expressing the gravitational phase shift via STF
mass moments

Using the representations (3), (67), or (C3), it is
convenient to present the Ug-dependent term that yields
@& (x) in the total gravitational phase shift in (66) as

2U 1 (-1) & 1
— _ T lar...az) _
e rg{r+z o T g\ ) 72

0
=2

where r, = 2GM/c* is the Schwarzschild radius of the
body (in our case this is the Earth, but our discussion is
generic.) As such, this form is valid for any deviation from
spherical symmetry in the gravitational field.

We may then generalize expression V=V, + kd/dr +
O(r,) and write

104031-12



SPHERICAL HARMONICS REPRESENTATION OF THE ...

PHYS. REV. D 107, 104031 (2023)

. i
- Vﬂ/

aj... Ayly |

axtar-- gxac) P p

or

5+ O, (73)

al... a,%,. -

where a new shorthand notation d, = d/0b“ has been used and 7 is defined by (61).

Using this representation (73), we can compute the relevant integral (with r = v/b*> + 7> and ry =

discussed in Sec. III B):

4 1 ‘ £!
— ()= — &k
A) {1+ 9x ) <r> ‘ Zp!(z,”—p)' {

b2
B T ) >{an <v T —|—7)}

Vb + 15, as

p=0 b 70
Vb2 2 4

:a<a1"'aaf>ln#+z ' al...ka,aa)“...aad
N S oo

{af’ ! 1 or! 1 } (74)
X - :
o T+ o /b 1]

As a result, the gravitational eikonal phase shift ¢ from (66) takes the form®

b2 2 ® (=1 14 b2
) :—krg{ln—v LRI o) T<“1~--“f>{a Vb T
VO +gtn = \/bz—i—ro—i—ro
4 or—1 1 or~! 1 }}}
+y —— ki kg 0, ...0, — -— , 75
;p!(f—P)! (ay p Ap+l f’>{a,[p IW 01(1)7 1\/m ( )
or, equivalently, using (63) we have
r+(k-r

trm) = —kr, (| LGN S L Tz, i) + 0 (76)

The first term in this expression is the well-known Shapiro phase shift. The next term is the contribution to the

gravitational phase delay from the STF gravitational multipoles to any order Z. The quantity Z

T,,. a,(rp) is the projection operator of the #th order along the light ray’s trajectory:

Ial...a/(rvr()) = {6@]...6@) h’lk( b2+12+1)+2
p

Expression (78) together with (77) is a key result. It
demonstrates that with the help of the STF tensor formal-
ism, it is possible to evaluate contributions to the gravita-
tional phase shift, 7o all orders beyond the Shapiro phase
shift, due to the mass multipole moment contributions of
the gravitating body.

Result (75) was independently derived in [48] where one can
also find the phase contribution due to vector spherical harmon-
ics. In the Earth’s gravity field such harmonics are small,
providing contributions below the expected level of the meas-
urement accuracy (Sec. I). Thus, beyond the spin term with £ = 1
(6), higher order contributions of the vector harmonics were not
considered in this paper.

al...ag(n rO) = Ial...ag(r) -

£ or-! 1 } g
S PN S VU . — 77
1p!(f—p)! (a) p Gp+l /) Tpl /—bz—f—T ( )

E. Rotation to the STF moments to the light ray
coordinate system

The main objective of this manuscript is to develop the
functional form of the gravitational phase shift ¢ in terms
of the spherical harmonics. As (76) suggests, the total
gravitational phase shift induced by all the multipoles
£ > 2 is a sum of the individual shifts ¢, inducted by
multipoles at each particular order #, where ¢, have the
form
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In what follows we will demonstrate how to compute
individual terms in this sum.

First, we recognize that the GCRS is defined by the unit
basis vectors e, (the prime meridian) and e, =s (the
Earth’s rotation axis), yielding the following set of base
vectors:

e, e, =[e xe,] e, =s. (79)
Next, the propagation direction of the EM wave is defined
by k and the relationship between the EM wave’s trajectory

and the Earth is given by the vector impact parameter b
[introduced by (82)]:

:|r:r2|’
ke ] = b o — K< ro] < K]
b = [[k x 1] x k] = bm = Toxed < K| (80)

Thus, once the GCRS positions of the emitter, ry, and
receiver, r, are known, everything else is computable.

To simplify the computations, we introduce a coordinate
system associated with the propagating ray of light.
Reading off Fig. 1, with knowledge of k, we obtain the
unit vectors defining a coordinate system associated with
the direction of transmission:

Together, the vectors k and b allow us to define a rotated
coordinate system, where the z-axis is aligned with the

FIG. 1. Multipole moments are usually provided with respect to
a body-centric coordinate reference system, depicted here us-
ing the Cartesian e,, e,, and e, axes. For the Earth, e, =s
corresponds to the direction of the North pole, whereas e, points
in the direction of the prime meridian and e, = [e, X e,] spans
the equatorial plane with e,. The signal propagates in the
direction of the wave vector k, represented in our Cartesian
reference frame by the e! = k axis. The e’e/-plane contains the
unit impact parameter vector m that is normal to k.

direction of propagation of the EM wave given by vector k,
while the xy-plane is perpendicular to it (see Fig. 1). In
this coordinate system, the vectors k’, b’, are given as
below
k' =(0,0,1), b’ = b(cos ¢z, sin gz, 0) = bm’, (82)
where b = |b| from (80) and the orientation angle of the
impact parameter, ¢, is given by
cosp: = (m - e), sing; = (m-e}). (83)

The two coordinate systems are related by a rotation

where R’ is the rotation matrix, given as

R(0,w) = R3(y)R,(0)

cosy siny O 1 0 0
= | —siny cosy O 0 cosf sind
0 0 1 0 —sin@ cos6
= R}, (84)

where R_(y) is a right-handed rotation by y around the
z-axis (e, axis), R (#) is a right-handed rotation by 8 about
the x-axis (e)-axis) of a Cartesian coordinate frame; see
Fig. 1. The angles 0 and yw are determined from the
following equations:

/

cosf = (e, -e,), sinf = (e} - e,),

/

cosy = (e, -e,), siny = (e} -e,). (85)

With the introduction of these rotation matrices (84),
the geometry of the problem is fully defined. Technically,
it is easier to compute the components of the projection
operator in (77) in the primed coordinate system that is
aligned with the light ray, yielding Zj, _,,. Two represen-
tations of this operator, in the GCRS, Z, ,, ., and its
counterpart in the light ray coordinates, Z7, ., are related

by a simple rotation with the rotation matrix R2 from (84):

Zioyty) = L' ay.ap) Ry - Ry, (86)

1
where Z,, . is expressed in terms of k and m defined in
GCRS by (80) and 7}, ,, depends on k’ and m’ defined in
the light ray coordinate system that was introduced by (82).

Expression (86) allows us to write the term with tensorial
inner product in (78) as

Tlaral, . =T @Ry RET,

= T/(al...aﬁZ;]maf’ (87)

where 7'{%@) are the components of the STF mass
moment tensor projected on the light ray trajectory
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TNar..as) — T(blmbt’)RZi RZ; (88)

Typically, the STF tensor mass moments 7 (%) are
expressed in terms of the spherical harmonic coefficients
that, in turn, are expressed using the Cartesian ECEF
coordinates of the GCRS. Expression (88) allows us to
compute the components of Z,, _,, in the rotated coordinate
system that is aligned with the direction of propagation.

Through this rotation procedure with matrix (84) and
angles (85), we are able to express the STF mass moments
with respect to a cylindrical coordinate system in which the
z-axis coincides with the direction of signal propagation.
Moreover, as a nondegenerate linear relationship exists
between STF tensor components and spherical harmonic
coefficients (see Appendix A for details), this procedure
also allows us to directly compute spherical harmonic
coefficients with respect to this new coordinate system in a
three-step process: (i) convert spherical harmonics to the
STF representation; (ii) rotate the STF tensor using (88);
and (iii) invert the equation relating STF tensor components
and spherical harmonics and solve for the latter.

This procedure is powerful and straightforward, also
computationally inexpensive, allowing us to express the
multipole mass moments of the gravitating body in a
coordinate reference frame of arbitrary orientation, includ-
ing the orientation defined by the direction of signal
transmission.

IV. PHASE SHIFT INTRODUCED BY THE
LOWEST ORDER MULTIPOLE MOMENTS

To demonstrate the practical utility of our results, we now
compute several low-order terms in (77), for £ = 2,3, 4. In
Appendix B, we compute the corresponding derivatives
with respect to the vector impact parameter, which are
present in (77). Below, we present the results for the eikonal
phase shift for the quadrupole (£ = 2), octupole (£ = 3)
and hexadecapole (¢ = 4) STF multipole moments.

A. Quadrupole moment

1. The structure of the quadrupole phase shift

In the # = 2 quadrupole case, applying (78) leads to the
following expression for the gravitational eikonal phase
shift ¢,(r,ry) induced by the quadrupole STF mass
moment, 7 (@)

1
@ (r.1) = — 3 kr T YT, (x,xp), (89)

where Z ., (r, 1) is the # = 2 light ray trajectory projection
operator given by (77), that is,

Lap(r,10) = _{(zmamb + k“kb)m
(k - r)

3

b
+ (kymy + kym,) ﬁ}

+ (kakb - mamb)

y (90)

ro

where we used the derivatives (B5) and (B8) and k and m
are defined by (80). After some rearrangement, expression
(90) may be presented in the following equivalent form:

1 _(k-r))
(r+(k-r)) 27
+(kamb+kbma)rb ik kb( )} '

To

Iah (l’, 1’0) = {(Zmamb + kakh) (}"

o1

The convenience of the form (91) is due to the fact that in
the light ray’s coordinate system that we use, k is a unit
vector in the e -axis direction, whereas m is a unit vector in
the perpendlcular e'.e\-plane. This simplifies various inner
products in (89) which, relying on (87) and (88) with
parameterization (82) take the form

T 2m my, + koky) = T') (2ml,m), + K, k})

= (T, — Th,) cos 2¢;
+ 277, sin 2¢;. (92)

where k’/ and m’ are from (82) and we specifically empha-
sized the use of (87), a reminder to the reader that this scalar-
valued tensor product is not dependent on the choice of
coordinate system in which it is calculated, allowing us to
express the product in this simple form, using the values of
the STF tensor and the projection operator in the rotated light-
ray coordinate system. Similarly,

T ) (kymy, + kym,) = 2T 5 cos s + 2T hysingpe,  (93)

T Dk ky = T}, (94)
where we relied on the trace-free nature of 7 (2
representation, hence 77, + 7%, + T%; = 0.
As a result, using these expressions (92)—(94) and repre-
senting m using from (82), expression (89) takes the form

, valid in any

¢r(r, 1) = —krg{{(’T’H —T%,)co82¢p; + 2T, sin2¢: }

x <r(r+ (lk ) (l;;))

. b
+2{T"5co8 s + T3 sin¢h:} 3

k-
+ 3T, (2 f)}

ro
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Thus, as the light travels from a transmitter to a receiver, it
samples the gravitational filed along its path. That field is

represented by the STF mass moments 7" (*) that are related
to their GCRS values via (88).

2. Rotating the quadrupole mass moment

What is left is to express 7’ {ab) in accordance with (88)
for £ = 2 that has the form

T'(ab) — TUDRIRY, (96)

where the relationship between 7 (%) and spherical har-
monic coefficients expressed in the same coordinate refer-
ence frame are given by comparing (67) against (A1). We
work this out explicitly for £ = 2 in Appendix A, yielding
the matrix components of 7} in the GCRS reference
frame in the form (A5):

1
T, = <—3C20 + 2C22> R%, Ty =25, R?,

1
Ty = (—gczo - 2C22> R, T3 =CyR%,

2

Ty = §C20R2, Ty = Sy R%, (97)

or, using the relations between 7 and Cy, Sy, from
(97), we may express 7" as

1
R2T), = —gczo +2(Cyy €082y — Sy, 8in2y),

1
R2Th, = 3 (3sin?0 — 1) Cyy — sin20(C,, siny + S, cosy)
+2¢08%0(S, sin 2y — C,, cos 2y ),
1
R2T = 3 (30820 — 1)Cy + sin20(Cy; siny + S, cosy)
+2sin26(S,, sin 2y — Cy, cos 2y),
R72T", = —sin@(Cy; cosy — S,; siny)
+2¢086(Sy, cos2y + Cyy sin2yr),
RT3 = cosO(Cyy cosy — Sy, siny)
+ 25in0(S5, cos 2y + Cy, sin2y),
1
R2Th, = -3 $in20C, + c0s 20(C,; siny + S,; cosy)
—sin26(C5, cos 2y — Sy, sin 2y), (98)
where angles 6 and y are fixed for each transmitter-receiver
configuration and are given by (85).
We define the rotated spherical harmonic coefficients

{C%. S5} by substituting primed in place of unprimed
terms in (97) and then solving the resulting system of

equations. For # = 2, this results in the following relations
between {Ch,, S5, } and 7"(e):

3

Cy = ER_ZT/B’ Cy = R7*Ths,

1
= ZR_z(T/u - T),

1
$2:§RZTQ. (99)

Sy = R7TY;,

Due to the tensorial nature of (89), both expressions (95)
and (100) demonstrate the form invariance of the gravita-
tional phase (77) and (78). The structure of the expression
for the gravitational phase is the same in any new rotated
coordinates, thus for any direction of signal propagation.
Furthermore, the relationship between the STF tensor mass
moments and spherical harmonics, 7% < {Cy, Sy},
given by (97), is also the same in any new coordinates,
T'(0) & {CY,, Sh, }. This form invariance of the phase and
relevant relations between the moments and harmonics exist
at any STF order 7. This property may be used to establish
expressions for the spherical harmonics C',,, S, at any order
¢ and will be demonstrated below for Z = 2, 3, 4.

3. Quadrupole phase in terms of spherical harmonics
Results (98) and (99) allow us to express (95) in terms of
the rotated spherical harmonic coefficients C%,, S%,. Using
n = r/r, this expression has the form

R\ 2
@a(r. 1)) = k1 <7®> {2{C’22 oS 2¢p;

. 1 b?
+ 5% sm2¢5}{1 - (k-n)<1 +57>}

. b3
+{C,, cosp: + 55, sin ¢5}7
: (100)

ro

1 b?

where the relationship between the spherical harmonic
coefficients in the GCRS reference frame vs their value at
the OCS which is associated with the light ray, yield the
following form for C%, and S%,:

1 3
Lo = i (1+3¢c0s26)Cyy + Esin 20(C; siny + S cosy)

— 3sin%6(Cyy cos 2y — Sy, sin 2yr),
CY, = cosO(Cyy cosy — Sy siny)
+ 28in6(Sy, cos 2y + C,, sin 2y),

1 1
= _ZSin29C20 + Zsin 20(Cy; siny + Sy cosy)

1
+ ) (34 ¢0820)(Cyy cos 2y — Sy, sin 2yr),
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1
Sy =— Esin 20C5g + c0820(Cy; siny + Sy cosy)
— $in20(Cy, cos 2y — S5, sin 2y),
1
Sy, = —Esin 0(Cy cosy — Sy siny)

+ €08 0(Sy, cos 2y + Cyy sin 2y). (101)

Equation (100), together with (101) is the most general
form of eikonal phase shift induced by a mass quadrupole
moment, £ = 2. Following the same procedure, we can
obtain similar expressions for higher orders of spherical
harmonics with £ > 3. Some of the relevant expressions for
the STF tensors and its relations to harmonic coefficients
Cyi, Sy in (3) for orders £ = 3, 4 are given in [12]. These
results may be extended to arbitrary orders 7.

Expressions (101) relate the values of the spherical
harmonics coefficients that are sampled by the propagating
EM wave, C),, S, to those that are typically reported in in
the standard GCRS coordinates, C, Sy For that we
performed the rotation of the standard harmonics onto
the direction of the light propagation given by k.

We note that the change of spherical harmonics under a
linear transformation of coordinates has been studied in the
past, with a rich history (see, e.g., [51]). In our case, the

|

@o(r, 1) = —;krgJZRé{Q(s -m)>+ (s-k)>—1)

which is exactly the J, part of (C9).

B. Octupole moment

1. The structure of the octupole phase shift

Setting £ = 3 in (78) and (77), we use the result for the
two types of derivatives (B6) and (B9). We derive the
|

r(ir+(k-r)) r

transformation rules that correspond to rotating the north
pole axis to coincide with k were accomplished with
relative ease as an additional benefit of the use of the
STF tensor formalism, which we invoked primarily in order
to integrate the eikonal equation. The process, as we shall
see below, is easily generalized to higher order harmonics.

4. The case of an axisymmetric body

We know that, in the case of an axisymmetric gravitating
body, all of the spherical harmonic coefficients accept for
Cyo vanish, namely C,; = Cy, = S5 = Sy = 0. In this
case, Eq. (100), with the help of (101), takes the familiar
form

1

402(1', l‘o) = )

kr CroR2{ —sin?0 20—
ryCao ea{ sin%@ cos ¢§r(r+(k-r))

(k-r)

3

+ (cos?6 — sin®sin*¢;)

r

(102)

b
—sin 260 sin ¢z — }
,

ro

Alternatively, using J, = —Cyy and relying on the defi-
nitions of the unit vectors b, k, and m, we present (102) as

r

’

ro

+((s-k)> = (s-m)?) (k 3r) +2(s -m)(s - k)’i}

(103)

I
eikonal phase shift, ¢;(r,ry), introduced by the octupole
STF mass moment, 7 “*°) which may be given as

1
@3(r, 1) = gkrgT<abC>Iabc(r’ ro), (104)

where Z ;. (r, 1) is light ray trajectory projection operator
of the order of # = 3 that is given as

1 2 (k-r)
Iabc(rv rO) = {(4mambmc + 3kakbmc>z (r(r n (k ) I‘)) - e )
k- b*  Skykyk. )|
+ 33k kpm,. — mambmc)b(—sr) + 3(3k,mpm. — k,kyk,) 3 + = 3b c} (105)
r r o
Similarly to (91), we rearrange (104) to separate individual projection operators
1 1 (k-r)\ 3 (k-r)
A =2<(4 3k k — - —=b
abc(r? rO) {( Mmampm. + 3K, bmc){b <r(r + (k I’)) 2,3 ) 8 P
9 1 b? (k-r) 5 1 3 b2 r
+§ (kambmc +§kakbkc> F—}——kakbmcb r5 +§kakbkcﬁ 1 —E? rO, (106)
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where, again, k, m are given by (82). Note that there is no
need to explicitly STF this quantity as it will be acting on

the STF tensor 7 (¥ in (104).

Again, the form (106) is convenient because it simplifies
various inner products in (104) when expressed in the light
ray’s coordinate system:

Tb) (dm,mym, + 3k kym,)
= (T4 = 3T\y) cos 3p; + (3T, — Thy) sin 3¢,
(107)

1
T {abe) <kambmc +3 kak,,kc>

1
=3 (T3 = Thy3) €082 + T3 sin2¢p,  (108)
TV g kym, = T'y3c08 gz + Thyysinge,  (109)
Tk kpk, = Thss. (110)

As a result, the octupole gravitational phase shift corre-
sponding to £ = 3 from (104) takes the following form:

1 . 1 1 (k-r)\ 3 (k-r)
o) = 3kry (T = 5T ) cos30 + 6T = T sinsad {5 (o= ) — 30
9 . br 45 . k-r
+Z{(T/“3 = T%y3) c0s2¢p: + 275 s1n2¢§}ﬁ+§{7’133 cos e + Ty, 51n¢§}b( 3 )
5 r

1 3 b2
T (1 =25
2 333r3( 2r2>}

ro

2. Rotating the octupole mass moment
The next step is to express 7'(“¢) present in (111)
in terms of the spherical harmonics coefficients. For

that, we implement the rotation of 7 (“*¢) in accordance
with (88):

Tabe) — TH RIRERY, (112)

3 1
Tlll = <_ C31 - 6C33>R37 T]lZ = <§S31 - 6S33)R3a

5

5 5

1 3
Tip= <— Csi + 6C33>R3, Tom = <—S31 + 6533)R3,

4

T 125 = 2S3,R3, T3 = —§C31R3’

7233 = _§SSIR31

(111)

where 7 (/X) are the components of the Cartesian repre-
sentation of the octupole mass tensor in the GCRS. These
components are known and are related to the spherical
harmonics Cs;, S3;. In Appendix A, we established the
relationship between STF moments and spherical harmon-
ics for £ = 2. The same approach may be used for £ = 3 to
establish the the correspondence between T {abe) from (70)
and the spherical harmonics from (4) and (71). The result is
given by

4 _2 (113)

It is easy to check that the rank-3 STF tensor 7 “*°) has seven independent components; the values of the remaining 20
components are determined by its symmetries and vanishing trace. The system of equations (113) is redundant, with only
seven independent equations relating the components of 7 (“*¢) to the seven spherical harmonic coefficients in the case
£ =3.

We can now implement the rotation (112) that in accordance with (88) and obtain the following components of the STF
mass moments 7"(?>¢) expressed via spherical harmonics of GCRS system:

3
R3T),, = 5 (C31 cosy — S5 siny) + 6(S33 sin 3y — C33 cos 3y),

1 1
R3T), = gsin 0C5 + 508 0(S3; cosy + C3; siny) + 2sin 0(S3, sin 2y — Cs; cos 2y)

— 6.c0s 0(S33 cos 3y + Ca3sin3y),
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1 1
R73T 5 = — 5 cos 0C5y + gsin 0(S3; cosy + C3y siny) + 2 cos (Cz, cos 2y — Sz, sin 2y)
— 68in (S35 cos 3y + Cs3sin 3y),

4
R3T),, = 3 sin? O(S3; siny — C3; cosy) — 2sin 20(S3, cos 2y + Cs, sin 2y)
1
+ gcos2 0(Cs, cosy — Sy siny) + 6 cos? (Cs3 cos 3y — S5 sin 3y),

1 3
R3T,,), = 0 (1 + 5co0s28) sin 0C5y + 10 (=3 + 5c0s20) cos 0(S3; cosy + Cs; siny)
+ 3 cos 0sin 20(Cs, cos 2y — Sy, sin 2y) + 6 cos® O(S33 cos 3y + C3 sin 3y),

1 1
R3Thy = 1—0C30 cos (3 —5cos260) + I (7 4+ 15c0s26) sin (S5, cosy + Cs siny)

1
~3 (cos @ + 3 cos 30)(Cx, cos 2y — S3, sin 2y) + 6 cos? @ sin (S35 cos 3y + Cs3 sin 3y ),
R73T,; = sin@cos O(Cy; cosy — S3; siny) + 2cos 20(Cy, sin 2y + Sz, cos 2y) + 3 sin 20(Cs3 cos 3y — S33 sin 3y),
1
R3Ty, = 0 (3 4+ 5¢0820)(S3; siny — C3; cosy) + 2 sin 20(S3, cos 2y + Cz, sin 2y)

+ 6 sin” O(C33 cos 3y — S35 sin 3y),
1

20

— (1 + 3 ¢c0s26) sin O(C3, cos 2y — S5, sin 2y) + 6 cos @ sin? (S35 cos 3y + C33 sin 3y),

1
R3Thy = Cso(sin @ + 5sin30) + 1008 O(7 — 15¢0s20)(S3; cosy + C; siny)

3
T (3 + 5c0s28) sin O(S3; cosy + C3; siny)

— 6.cos @ sin? O(Cx, cos 2y — Sy, sin 2y) + 6sin’ O(S33 cos 3y + Cs;sin 3y). (114)

1
R3Thy = % C3(3cos 6 + 5cos 30)

The relations between {C5,, S5} and 77“*¢) have the same structure as in (113) and thus are given as

5 5 1 |
C’30:§R 37—/333’ C’31 :_ZR 37’/1337 C’32:1R 3(7”113—7’223), C’33:ﬂR 3(37—'122_7/111)’
! 5 =377 / 1 —377 ! 1 -3 ! !
S5 = _ZR 72337 S = ER 7123’ S35 = ﬁR (7222 - 37112)~ (115)

3. Octupole phase in terms of spherical harmonics

The expressions developed in the precessing section allow us to write (111) in terms of the spherical harmonic
coefficients C%;, S5, as below:

Re\* (., . o 102 3p
(/)3(1', ro) = —krg 7 8{C33 COS 3¢§ + S33 Sin 3¢§} 1 - (k . n) 1 +§? +§r_4

, (116)

ro

3 272

, . » 3 . b* 1, b 3b?
—3{C%, cos 2¢: + S%, sm2¢5}7—|—§{C31 cos ¢z + S5, s1n¢§}r—4(k ‘n) — _C30r_3 l-=—
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where, using (114) and (115), we find that C’, and S, are related to their unrotated GCRS counterparts as

1

3
Cy = g (3cosf + 5c0s830)Csg — 1 (3 4+ 5c0s26) sin B(S3; cosy + Cz siny)
— 15 cos @sin? @(Cx, cos 2y — S, sin 2y) + 15 sin® O(S33 cos 3y + Ca3 sin 3y),
1 5 15
Cy = 3 (3 4+ 5¢0820)(C5; cosy — S3; siny) — Esin 20(S3, cos 2y + Cs; sin 2y) — ?sin2 0(C33 cos 3y — S33 sin 3y),
, 1 . 5 1 . .
Cy, = 708 0'sin” 0C5 2 (1 + 3cos20) sin O(S3; cosy + Cs; siny)
1 3
+ 3 (5cos0 + 3cos30)(Cs, cos 2y — Sz, sin 2y) — 3 (5sin @ + sin 30)(C33 sin 3y + S33 cos 3y),
1 1
Ciy = ~3 sin? 0(C3; cosy — Sy siny) — 2 sin 20(C3, sin 2y + S3, cos 2y)
1
+ 3 (5 4+ 3¢0s26)(Cs3 cos 3y — S35 sin 3y),

1 1
S = 3 sin (3 + 5c0s 26)C3g + 308 O(15cos 20 —7)(Cs; siny + S3; cosy)
15
-3 (sin @ — 3sin 30)(C3, cos 2y — Sz, sin 2y) — — cos 0 sin” 9(Ss3 cos 3y + Cs; sin3y),
1 3
Sh, = €08 20(C3, sin 2y + S3; cos 2y) + Zsin 20(C3y cosy — Sy siny) + Esin 20(C33 cos 3y — S33 sin 3y),

1 1 1
Sy = —ﬂsin3 0C; — g<0s 0sin” 9(Cs, siny + S5, cosy) + 6 (5sin @ + sin 30)(Cx, cos 2y — S3, sin 2y)

1
+1—6(15 cos 0 + cos 30)(Cs3 sin 3y + S33 cos 3y). (117)

4. The case of an axisymmetric body

We know that, in the case of an axisymmetric gravitating body, all the spherical harmonic coefficients except Cs vanish:
C3; = C3y = C33 = 851 = 85, = S33 = 0. In this case, expression (116) with (117) takes the form

1 . . . . . 1 1 k-r
@3(r, 1) = gkrgC30R§9{— sin @ sin ¢z (4sin’Osin’¢p: — 3sm29){z (r(r k) (2r3 )) }
3 k -
+ Esin 0 sin ¢ (sin*Osin’p: — 3cos?0)b ( 5r)
;
3cos 0(cos*0 — 3sin’@sin’¢p;) v 1cos 0(3 — 5cos%6) Ly (118)
_2 _ i v _ -
2 2P 2 S,
Again, relying on the definitions of the unit vectors m, k, s and using J; = —Cj5,, we present (102) as
1 1 1 (k-r)
§03(r,r0) = —gkrg.]_gR?e{(S m)(4<s 'm)z +3(S . k)z —3) <E <r<r+ (k [‘)) - 2r3 )
3 b(k- 3 b* 1 11"
sm)((smp-36 10 P8 2 6 (s k-3 mp) K- Ss 0G5t k) S (119
2 r 2 P2 )l

which checks out nicely with the relevant J5-part of (C9).

C. Hexadecapole moment

1. The structure of the hexadecapole phase shift

In the case when £ = 4, we use the derivatives (B7), (B10) and derive the eikonal phase shift, ¢4(r,ry) from (78),
introduced by the hexadecapole STF moment, 7 (“?) in the form
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1 .
@a(r.10) = == krg T UL 4y eq (1, 1), (120)

where Z ,;.4(r, 1rg) is the £ = 4 ligh ray’s trajectory projection operator that is given as

1 2 k-r
Zapea(r, ) = _3{(8mambmcmd + 8k kym.my + kakbkckd)ﬁ <r(r (k1) - ( 3 >>
k- k -
+ 2(4kakbkckd - 3kakbmcmd - 3mambmcmd) ( Sr) + 5(6kakbmcmd - kakbkckd - mambmcmd)bz ( 7r)
r r
b b|"
+ 20(kambmcmd - kakbkcmd) - + 28kakbkcmd—5 (121)
r r 7o

As we did for (91) and (106), we identically rearrange the terms in (121) to make it more convenient for calculations

1 1 (k-r) 3(k-.r) 5 ,(k-r)
T apea(r,10) = —6{(8mamhmcmd + 8k, kym .m, + kakhkckd){bz <r(r k1) 53 > — s szT
b 35 (k1)

3 1
+10{ kympymemy + —kkpkemy | — +— | kokpmemy + =k kpk kg b? —
4 r 2 2 r

b [ 50\ 35 k- 512
+ 14k kypkomg — (1 —) L LI, <1 —)}
r

r

122
472) 78 s 27 (122)

ro

Similarly to (106), there is no need to make 7 ,,.4(r, ry) to be an STF quantity as it will be acting on the STF tensor 7 {>¢®)

in (120), so that the presence of delta Kronecker symbols will not change the overall result.
The form (122) is convenient as it allows to express various inner products in (120) in the light ray’s system of
coordinates and using (88), yielding remarkably structured results:

7 labed) (8mampm my + 8k kym.my + kkpkkg) = (T’ + 15y — 67T 5,) cos 4 + T = Thom) sinde, (123)

) 3 1 1 .
T(ahcd> <kamhmcmd —+ Zkak,,kcmd> = Z (7/1113 — 37—/1223) COS 3¢§ + Z (37/”23 - 7/2223) Sin 3¢§, (124)
1 1 .
7 labed) <kakbmcmd + Ekakbkckd> =3 (T133 — Thyaz) cos 2¢ + T5p3 sin 2¢e, (125)
Tlebed k kykomy = T 35008 bz + Thyss sin e, (126)
Tlebedkykpkcky = T333- (127)

Using the expressions (123)—(127), as a result, we obtain the following compact form for the hexadecapole gravitational
phase shift expressed via rotated £ = 4 STM mass moments:

1 )
@4(r, 1)) = Zkrg{{(Tllm + Ty — 67 1y,) cos 4¢ps + T2 — Than) sm4¢§}

[ 57) )

5 . b’
+ 5 {(T113 = 3T 503) €08 30z + (3T 155 — Thyys) sin b} o
35 (1 . (k-r)

) {5 (71335 = Tha33) cOs 2¢ + T 53 sin 2¢§}b2 a7

r

(128)

) b 5 b> 35 (k-r) 5 b2
+ 14{T" 335 cos be + T335 sin 4’5} 5 (1 - Zﬁ) + §7/3333 5 <1 - 57) }

ro
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2. Rotating the hexadecapole mass moment

We now need to establish the relationships between 7 (“?°) and the spherical harmonics, Cy;, Sy, k = 0...4, that are given
with respect to the GCRS. For that, as we did for the cases with £ = 2, 3, we establish a correspondence between 7 (abed)
from (70) and the spherical harmonics coefficients for £ = 4 that are present in (4) (i.e., using the same procedure
demonstrated in Appendix A):

3 12 3 12
Tiun = (g Cyo — 7C42 + 24C44) R, T = (g Cyo + 7C42 + 24C44) R,
6 3 60 3 60
Tip = | —=Sp +2484 | R, Tz = (5Cy ——=Cys | R, Tz = (=84 +—=S43 | R,
7 7 7 7 7
1 1 60 4 12
T = (g Cyo — 24C44> R, T3 = (7 A —7543>R4, T35 = (‘gcm +7C42>R4,
4 12 6 1 60
Tz = —gczto - 7C42> R*, T = (‘5542 - 24544) R*, Tz = (; Cy + 7C43)R4,
8 12 4 4
T 3333 = gC4OR4, T3 = 7542R4, T 333 = —7C41R47 T o333 = _?S4IR4' (129)

As these quantities are the nonvanishing components of the hexadecapole STF mass moment tensor, out of the fifteen terms

T {abed) in (129), only nine are independent.
We can now rotate 7 ‘?*?) and obtain 77(“*“?) in the light ray’s system of coordinates, using in (88),

Tabed) — TUKIRIRVRERY. (130)
This allows us to derive the following components of the STF mass moments in the rotated coordinate system:

3 12 . .
RA*TY = 3 Cyo + = (84 8in 2y — Cyp €08 2y) + 24(Cyy cos by — Suy sindyy),

3 60 6
R™*T) 1, = 7 sin O(Sy; siny — Cyy cosy) + - sin O(Cy3 cos 3y — Sy3 sin 3y ) — - cos 0(Cyp sin 2y + Sy, cos 2y)
+ 2408 O(S44 cosdy + Cyy sindy),
o6 , 60 , 6 . ,
RT s = 7 cos 0(Cyy cosy — Sy siny) + — cos 0(S43 sin 3y — Cy3 cos 3y) — 7 sin O(Cyp sin 2y + Sy, cos 2y)
+ 24 5in O(S44 cos 4y + Cyy sindy),

1 1 12
RAT! 5y = e Cyo(=3 + 5c0s26) — 7sin 20(Cy; siny + Sy cosy) + 7sin2¢9(C42 cos 2y — Sy, sin 2y)

60
+ - sin 20(C 3 sin 3y + S5 c08 3y) — 24c0526(Cyy cos by — Sy sindy ),
1 1 6
R4T! 5y = 7 Cypcos@sinf + 7 cos 20(S, cosy + Cyy siny) — 7 sin 20(Cy, cos 2y — Sy, sin 2yr)
60
— - cos 20(S,3 cos 3y + Cys8in 3y) + 128in20(—Cyy cos 4y + Syy sindy),
1 1 12
RT3 =— ) Cao(3 + 5¢c0s260) + 5 sin 20(S4 cosy + Cy; siny) + 700529(C42 08 2y — Sy, sin 2y)
60
~= sin 20(S,3 cos 3y + Cy3 sin 3y) — 24sin’0(Cyy cos 4y — Syy sindy ),
1 1
R™T) ) = 750 C40(9 —20cos 20 + 35cos 46) + 7 (25in 260 — 7 sin40) (S, cosy + Cy; siny)
6 . 240 4 . .
+ 7 cos O(=5 + 7c0820)(Cyp co8 2y — Sy sin 2yr) — ——cos’ 0sin 0(Sy3 cos 3y + Cy3 sin 3y)

+ 24c08*0(Cyy cos by — Syy sin ),
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1 1
R4T s = 6 Cuo(—2sin20 + 7sin46) — 1 (cos20 —7cos40)(Sy; cosy + Cyy siny)

3
+ 1 (2sin260 + 7 sin40) (Cyy cos 2y — Sy sin 2y)

60
+ 700529(—1 +2¢0826) (843 cos 3y + Cyzsin 3y) + 24 cos 6 sin O(Cyy cos 4y — Sy, sindy),

1 1 3
R4T sy = %0 C4(3 —35cos46) + 5 sin46(Sy; cosy + Cy; siny) — 11 (1 +7cos460)(Cyy cos 2y — Sy, sin 2y)

30
+= sin 46(S,3 cos 3y + Cys sin 3y) + 6sin?20(Cyy cos dyr — S,y sindiy),

1 3
RT ), = 1 (1 =7co0s28)sinO(Cyy cosy — Sy siny) + T4 (3cos @ —7cos360) (S, cos 2y + Cyy sin 2y)

180
- 700529 sin @(Cy3 cos 3y — Sy sin 3y) — 24c0830(S,44 cos by + Cyy sin dy),

R™T 0 = % (=3 cos0 + 7cos30)(Cyy cosy — Sy siny) + % (sin@ — 7sin 30)(S4, cos 2y + Cyy sin 2y)
+ 17—5 (cos @ + 3 cos 30)(Cy3 cos 3y — Sy3 sin 3yr) — 24cos>@ sin (S, cos dyr + Cyy sindy),

RT3 = % (3sin@ + 78in36)(Cy; cosy — Sy siny) + % (cos @ + 7 cos 30)(S4, cos 2y + Cyy sin 2y)
- 17—5 (sin@ — 3 sin 30)(Cy3 cos 3y — Sy3 sin 3y) — 24 cos Osin?0(S,4 cos 4y + Cyy sin ),

1 1
R™4T )y = — % Cy0(2sin260 + 7 sin40) — 7 (cos 260 + 7cos460)(S4; cosy + Cy siny)
3
+ T (2sin20 — 7sin40)(Cy, cos 2y — Sy, sin 2y)
60 ) : i3 1
+ = (1 4+ 2 cos 260)sin*0(S43 cos 3y + Cy3 sin 3y) + 24 cos Osin’O(Cyy cos 4y — Sy, sindy),
1 3
RT3 = — 1408 O(1 4+ 7c0s20)(Cyy cosy — Sy siny) + 1 (3sin@ 4 7 sin 30)(S4, cos 2y + Cyy sin 2y)
180
+—-cos 0sin?6(Cy3 cos 3y — Sy3 sin 3y) — 24sin*9(Syy cos 4y + Cyy sindyr),
1 1
R4T 5 = %0 C0(9 + 20cos 26 + 35cos 40) — 12 (2sin20 + 7sin40)(Cy; siny + Sy cosy)
6 . 5 . 240 . 3 .
+ 7 (5 + 7 cos20)sin“0(S,, sin 2yr — Cy, cos 2y ) + — - cos 0sin’0(Cy3 sin 3y + Sy3 cos 3y)
+ 24sin*0(Cyy cos dyr — Sy, sin ). (131)

As a result, the relations between {C/,, S, } and 7"(@¢?%) are established to be

35 _ 7 _ 7 _
Cl = §T'3333R 4 Cy = —17'1333R , Cp = &(711133 — Thy3)R7Y,
7 B 1 B 7 _
C:B - _ﬁo (7/1113 - 37’1223)R 4, Cﬁm = % (7/1111 + 7/2222 - 67’1122)R 4, Sﬁu - _17/233313 N
Sy = Tl R Sy = = (3T} = To) R, Sy = = (T 11 = Ty R (132)
427y 123 > 43 240 1123 2223 > 44 = el 1222 .
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3. Hexadecapole phase in terms of spherical harmonics

Relationships (131) and (132) allow us to express (128) in terms of the spherical harmonics coefficients C},, S}, as

Rg\* . 102 3b* 50p°
@4(r,19) = kr, <7> {48{Cﬁ‘4 cosdep: + Sy, s1n4¢5}{1 —(k-n) (1 +5? +§7 + 6,5

150 o bl 15 o b
- {Cl3cos3¢p: + Siy3 sin 3¢p } 7 + 5 {C}, cos2¢p: + Sy, sin 2¢p } %

, (133)

ro

P 5p\ 1, b* 5b?
= 2{Cyy cos e + Sy sinde} 5 (1 —17> +ZC20p(k'n)<1 —§ﬁ>}

where C}, and S}, in the rotated coordinate system using (131) and (132) are given by4

1 5
0 = & (9 4+ 20c0s 260 + 35cos460)Cyy — T (2sin260 + 7 sin40)(Cy; siny + Sy; cosy)

15
- (5 + 7 cos 26) sin? O(Cy, cos 2y — Sy, sin 2y) + 150 cos @ sin? @(Cy3 sin 3y + Sy3 cos 3y)

+ 105 sin* O(Cyy cos 4y — Syy sindy),
= écos O(1 4 7c0s20)(Cyy cosy — Sy siny) — % (3sin @ + 7sin 30)(Cy, sin 2y + Sy, cos 2y)
— 45 cos @sin? O(Cy3 cos 3y — Sy3 sin 3y) + 42 sin® O(Cyy sin by + S,y cos dy),
Cp, =-— % sin? 0(5 + 7 c0s 20)Cyy + % (2sin20 — 7sin40)(Cy; siny + Sy, cosy)
+ % (5 + 4 c0s20 + 7 cos 40)(Cyy cos 2y — Sy sin 2y) — 10 cos? O sin O(Cys sin 3y + Sy3 cos 3y)
- % (3 + c0s 20) sin? O(Cyy cos 4y — Sy sin dyr),
Cjs =-— 8770 cos @sin? (Cyy cosy — Sy siny) — 8770 (1 + 3 c0s28) sin O(Cy, sin 2y + Sy cos 2yr)

1
+ 1 (7 cos @ + 9 cos 30) (Cyz cos 3y — Sy3 sin 3y) 7 sin @ + 3 8in 30)(Cyy sin by + Syy cos dyr),

_E(

1 1 1
= 9 sin* 0Cy + 4—80059 sin® O(Cy, siny + Sy cosy) — % (3 + c0s 20) sin? O(Cy, cos 2y — Sy, sin 2y)

5 1
=54 (14sin 260 + sin 40)(Cy3 sin 3y + Sy3 cos 3y) + o (35 + 28 c0s 26 + c0s40)(Cyy cos 4y — Syy sindy),

1
41_32

3
-3 (2sin 20 — 7sin40)(Cyy cos 2y — Sy, sin 2yr) — 15(1 + 2 cos 20) sin? O(Cy3 sin 3y + Sy3 cos 3y)

1
(25in 260 + 7sin40)Cyo + 3 (08260 + 7cos40)(Cyy siny + Sy cosy)

— 42 cos Osin’® O(Cyy cos dyr — Sy, sindy),

1 1
S, = 13 (3sin @ + 7sin36)(Cy; cosy — Sy siny) + 3 (cos @ + 7cos 360)(Cyy sin 2y + Sy, cos 2y)

5
~7 (sin@ — 3sin 30)(Cy3 cos 3y — Sy3 sin 3y) — 14 cos @ sin? O(Cyy sin 4y + Sy, cos dy),

*Note that the form of Eq. (133) may be generalized to any order #. Here we present the result that captures the contribution of the
sectoral spherical harmonics C/,, S/, that has the form

€0f(r,r0)—krg(Rb@)f{(—l)f@f—2)!!{C}fc08f¢5+S}fsinf¢5}{l—(k.n)im(b)”f}}

=0 r

r

)

o

which extends our results from [12] (that were developed for the case when b < r) on the case with any relations between b and r.
The relevant work is currently underway; results, when available, will be reported.
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7 7 . .
Sy = =520 0sin® C, — 320 (1 + 2cos26) sin? O(Cy; siny + Sy cosy)
7 1
+ %cos3 0sin O(Cyy cos 2y — Sy sin 2y) + 3 (7 c0s 20 + cos 460)(Cy3 sin 3y + Sy3 cos 3y)
7
+ 20 (14 sin 26 + sin 40)(Cyy cos dy — Sy sindy),
1 1
Shy = —4—8sin3 O(Cyy cosy — Sy siny) — gCOSQ sin? (Cyy sin 2y + Sy, cos 2y)

5 1
+ 103 (7 sin @ + 3 sin 30)(Cy3 cos 3y — Sy3 sin 3y ) + 3 (7cos 0 + cos 30)(Cyy sindy + Sy cosdy). (134)

4. The case of an axisymmetric body

For an axisymmetric body, all the spherical harmonic coefficients except for C,, vanish, namely, C4; = Cyp =
Cy3 = Cyy = S41 = S4o = S35 = S43 = 0. In this case, expressions (133) and (134) take the form

pa(r.10) = Lk, Cao {cos 4gpssin 9{;2 ( - Ek - (1; ;)) 2 (k;)}

5 k-
-5 (sin*@sin*¢p: — 6sin*@cos’Osin’ P + cos*0)b> ( 7 r)

+ 105sin 6 cos @ sin ¢z (cos*6 — smzésmzcﬁé) a + 2sin @ cos O sin (3 — Tcos?0) bs} ' (135)
r ro
Again, using J4, = —Cy and relying on the definitions of the unit vectors m, k, s, we present (135) as
1 1 /(k-r 1
i) = bR (565 m (s m? (5K = 1)+ (17 =107 (=)
Gl mP(s mP s K 1) 4 (s k)23 - 4(s k) D
(s m = s kPP - (s mp(s - k2)pe )
3 r
+10(s -m)(s - K)((s - k) = (s -m)z)f—f&- 2(s-m)(s-k)(3="(s - k)z)g} (136)

which agrees with the relevant J,-part of (C9).

D. Tidal and spin contributions to the phase shift

Considering signal propagation in the vicinity of the Earth, we can now integrate the contributions to the total phase shift
from the remaining two terms present in (66), namely the tidal terms and the Earth’s vector potential (6), that are given
by (5) and (6), correspondingly. Integration of these terms along the light path is straightforward, yielding the following
result for the tidal term:

) GM
(pgldal( )——k/ tldal d‘L’ N_kz b/ nbE X —xz)d
7o 7o

b#Ec e

k) G Mb 3(npe - m)? = Db (k - 1) + 3(mpe - m) (mp - K)b(k - r)? +§<3<nbE k2= 1)k 1))
b#E E

2 M L e 102 = (K1) - (o)), (137)

Similarly, we integrate the phase term due to the Earth’s rotation:
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2GM@

t 4
P5(x) = —k / 2 (kowi ()t = —k
7 €

(Se - [k x b])

3

3
o T c b

(k-(n=ng)). (138)

We can now evaluate these terms for a typical GPS orbit with altitude of dgps = 20, 000 km, so that ry = Rg + dgps.

The tidal term from (137) is

ida GM, 1
PE (x) REY S (B k) -
b#Ec e

GMb }"0
_kE r
b#E

- D((k-r)* -

3

n, - k)2 — 1)( (k-n)? - (k- n0)3) ~kc(4.07 x 10717 s +1.84 x 10717 5),
o

(k - 1o)?)

(139)

where the two numerical contributions are from the moon and the Sun, respectively. Along similar lines, the phase

contribution from the Earth’s rotation (138) may be at most

L 26M g (Sg - [k x m))

Pe(x) = — 3 b

(k- (n—ng))~ kc(RbeB> (k- (n—mny))(1.52x 10717 s),

(140)

which may be insignificant in many scenarios, though its magnitude can be non-negligible for vertical transmissions.

E. Evaluating the magnitudes of the various
multipole terms

Although we were able to develop analytical expressions
for the gravitational phase shifts induced by the £ = 2, 3, 4
spherical harmonics (100), (116), and (133), correspond-
ingly, we recognize that based on the values of the spherical
harmonic coefficients shown in Table I, their individual
contributions will be very different.

The relative magnitudes of individual terms depend
significantly on the location of the transmitter and receiver
and the direction of transmission. The significance of
these terms and their contributions to the phase shift is
application-dependent. As a general observation, we note
that the contributions of all but the quadrupole zonal
harmonic C,, = —J, are small, with typical magnitudes
of kcO(107'4s) or less. Therefore, for many applications
accounting only for J, and Cy,, S» may be sufficient,
ignoring most of the tesseral, sectoral, and higher-order
terms.

Evaluating the phase delay using a ground-based station
for a variety of scenarios yielded the results shown in Fig. 2.
As expected, the largest contribution is due to the quadru-
pole moment, but it remains small, never exceeding
~0.01 ps in magnitude. This can also be confirmed ana-
lytically for specific cases, as shown in Appendix D. The
contributions of the octupole and hexadecapole moments are
much less, measured in hundredths of femtoseconds. For
consistency, the cases depicted in Fig. 2 all involve ground-
based stations. To assess the delay between two distant
stations in space, the phase delays shown in the top row of
images of Fig. 2 must be multiplied by two, to account for the
incoming and outgoing leg of a transmission grazing the
Earth’s surface (similar to the situation discussed in [44]).

For signal paths with a larger impact parameter, the phase
delay decreases, so the curves in the top row of Fig. 2
represent upper limits for such transmissions.

We may wonder why even the quadrupole contribution
remains small, perhaps surprisingly small, in all the cases
considered. When we look at Egs. (100), (116), and (133),
there are three competing factors at work, which are best
understood if we recall that ultimately, all variable terms in
these expressions, including the impact parameter b defined
in (60), are functions of the vector quantities r, and r, and
that moreover, these expressions, developed by integrating
the eikonal equation, are themselves differences of values
evaluated at r and ry,.

To wit, when b is small, it implies a near vertical
transmission. In these cases, terms with b in the numerator
become insignificant, whereas (k - n) ~ 1. Looking at, e.g.,
(100), we can see how as a result, all terms vanish, or nearly
vanish from the result. Conversely, a large b implies
transmission in the horizontal direction. Again looking at
(100), this implies that (k-n) < 1. Of the remaining
terms, the coefficient 1 in the first term of (100) does not
depend on r so it is canceled when we compute the
difference between r and r,. What remains, the namely
the C), and S, terms, are small to begin with as these are
the terms that include no contribution from the largest
spherical harmonic coefficient C,;. As a result of this
interplay between the value of b, the value of (k - n), and
the difference between r and r, the magnitude of Eq. (100)
remains small. Similar behavior is exhibited by the octu-
pole and hexadecapole expressions (116) and (133).

While these contributions are much too small to affect
time synchronization with present-generation clocks, they
will likely become significant in the near future, as clocks
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FIG.2. The quadrupole [left panel, values in picoseconds, from (100) and (101)] and the octupole/hexadecapole [right panel, values in
femtoseconds, from (116) and (117) and (133), (134)] phase delay for various configurations involving a GPS satellite and a station on
the surface of the Earth. Clockwise from top left: Transmitter on the horizon as seen by a receiving station at the equator at 0° and 45°
longitude (the two quadrupole curves are identical) in various directions from south (—90°) through east (0°) to north (90°); transmitter
on the horizon, receiving station in the equatorial plane at various longitudes (the small modulation of the quadrupole is a numerical
artifact); transmission from various celestial latitudes in the plane of the prime meridian to a receiver at the intersection of the equator
and the prime meridian; and transmission from various celestial longitudes in the equatorial plane to a receiver at the intersection of the

equator and the prime meridian.

of even greater accuracy are deployed. Furthermore, while
these phase shifts are insignificant for time synchroniza-
tion, they represent a substantial contribution for phase-
coherent transmissions and as such, they will have to be
accounted for in any implementations or experiments
that use phase coherent infrared or shorter wavelength
signals. This includes experiments that rely on optical
interferometry with signal paths in the gravitational field of
the Earth.

Although the formalism that we introduced on these
pages is aimed primarily at estimating the gravitational
phase delay in the vicinity of the Earth, the methods are
generic and can be readily applied to other gravitating
bodies. We looked, in particular, at the quadrupole con-
tribution to the Shapiro delay for a signal grazing the Sun.
We found that if such a signal travels in the solar equatorial
plane, the maximum phase delay due to the solar quadru-
pole moment (which is very small, J, ~ —2.3 x 1077 only)
is less than 1.1 ps. The Sun has no measured octupole
moment (it is “north-south symmetric” in addition to
axisymmetry) and its hexadecapole moment contributes
even less, at the sub-femtosecond level.

Finally, we looked at Jupiter, anticipating the possibility
that future orbiters at Jupiter or one of its moons will
utilize precision signals grazing the Jovian surface. Jupiter
is not only massive but has substantial oblateness
(J, = —1.474 x 107?) and although it, too, is north-south
symmetric, its hexadecapole moment remains substantial as

well. Indeed, we find that for a transmission grazing
Jupiter’s surface in its equatorial plane, the cumulative
phase delay due to the planet’s quadrupole moment can
reach 70 ps, and even the hexadecapole moment can
contribute more than 2 ps.

Coming back to the Earth, we also assessed the magni-
tudes of contributions due to spin and solar and lunar tides.
For realistic signal paths within the vicinity of the
Earth, these contributions remain very small: tidal contri-
butions are of ((0.01 ps), whereas the spin contribution is
less than 0.1 fs. Comparatively, tidal contributions are
approximately of the same magnitude as the contribution of
the Earth’s quadrupole moment, whereas the spin contri-
bution is on the level of the octupole or hexadecapole
moments.

F. Relativistic gravitational phase shift

Based on the analysis in the earlier sections, we can now
write the post-Minkowskian expresison for the phase of an
EM wave that propagates in the vicinity of the extended and
rotating gravitating body, such as the Earth. In the body’s
proper reference frame (a formulation that accounts for
the presence of the external gravity field produced by the
external bodies of the N-body system [8,10]), collecting all
the appropriate contributions coming from the Earth’s mass
distribution @E, Earth’s rotation ¢, and external gravity
@id3 the total phase Eq. (55) has the form
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o(t,X) =@y + / kdx™ + Q% (1,X) + & (1,X) + @1, x)

+0O(G?). (141)

We now have the ability to evaluate this expression at
previously unavailable levels of accuracy using expressions
for the quadrupole term, ¢,, from (100) and (101), for the
octupole term ¢, from (116) and (117), for the hexadeca-
pole term, ¢4, from (133) and (134), and expressions (137)
|

p(t,x) = (p0+k{c(t—t0) -k (r—rg) — rgln{

and (138) for the tidal, ¢i*, and rotational, ¢g, terms,
correspondingly.

The full available level of accuracy with all the terms
shown in (141), however, may be excessive in practical
cases. For instance, taking into account the smallness of the
spherical harmonics coefficients (as seen in Table I), and
assuming a time transfer accuracy of 1072 s is acceptable,
the result can be given as

r+(k-r)]
ro+ (k- ro)

1 Ra\ 2
+57 (f) (c08 2¢h:[Crosin?6 + 2(1 + cos?0) (S,; sin 2y — Cyy cos 2y)]

— 4 sin 2¢h¢[cos O(Sp; cos 2y + Cyy sin 2y )]) (k - (n — no))} + kcO(< 0.01 ps),

(142)

where, in accordance with Table I, we retained only the largest spherical harmonics contributing to the quadrupole term ¢,.
As discussed in Sec IIT E, the angles 6, y and ¢; are uniquely defined in terms of the GCRS positions of the transmitter, ry,
and the receiver, r. (See the discussion of the analytical treatment of the relevant terms that is given in Appendix D). The
order terms are due to the omitted quadrupole and higher-order multipole contributions.

From the result (142), the total time of the propagation of an electromagnetic signal from the point (#y, ry) (transmitter) to

the point (#,r) (receiver) with the help of (D2) and (D6) is given by the following expression:

t—ty

_r—r +2GM€B {ln[rJr ro + |r—ro|

3 r+ry—|r—ry

RZ
+ 2sin 2¢p¢[cos O(Coy sin 2y + Sy, cos 21/’”) o~ <

rry

where |r — rg| is the usual Euclidean distance between the
points of emission, ry(y), and reception, r(z). The loga-
rithmic term is the well-known Shapiro time delay that may
contribute up to 42.3 ps for terrestrial applications, while the
terms with C,y, C,,, and S,, spherical harmonics is the
contribution of the Earth’s quadrupole moment to the
relativistic time delay induced by the gravitational field of
the extended Earth contributing periodic terms with magni-
tude of up to 0.01 ps. Due to their smallness, contributions of
other multipole terms in (141) were neglected.

Equation (143) extends the formulation for the general-
relativistic time delay. In addition to the classic Shapiro
gravitational time delay [26] due to a mass monopole
(represented by the logarithmic term), it also includes
contributions due to quadrupole moment of the extended
Earth, Cyp = —J, and C,,, Sy, spherical harmonics (see
Table I). We exceeded our stated goal of modeling the delay
to picosecond accuracy, as the terms due to the quadrupole
moment contribute at the subpicosecond level, at
0(0.01 ps). Although these terms may not be relevant
to current generation clocks, as more advanced future-
generation clocks become available, these contributions

1 r — |
— ) O 0.01 ,
+ > o (n-no)} + O(x ps)

1
} + <cos 20, {(1 + ¢0520)(Cyy cO8 2y — Sy, sin i) — 3 C,psin’6

(143)
o

|
will also become significant. In that case, additional terms
may be included from the preceding derivation if even a
greater accuracy is required.

V. CONCLUSIONS AND RECOMMENDATIONS

Satellites in low-Earth orbit are affected by a broad
spectrum of perturbations due to the Earth’s gravity field.
The largest of these perturbations are produced by the Earth’s
oblateness, J,. Beyond the oblateness, there exist much
smaller undulations of higher order in the gravity field. These
variations produce lesser, but certainly observable effects
on low-Earth orbiters [24]. The same gravity perturbations
affect clocks and light propagation in the Earth’s vicinity.
However, most of the models capture only relativistic
corrections due to the Earth’s monopole potential, such as
the Shapiro phase delay term—the largest among the relevant
gravitational effects. Beyond that, only the contribution of
the Earth’s oblateness, characterized by J, = —C,,, was
accounted for (e.g. [7,38,39,49]). No models capturing the
contributions of other multipole moments present in the
Earth’s gravity potential were available.
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In this paper, we addressed this challenge with the aim to
obtain results in terms of the spherical harmonics. We
studied the transformation between proper and coordinate
time and the propagation of an EM wave in the vicinity of a
gravitating body with a gravitational potential that deviates
from a perfect monopole, such as the Earth. We found that
at the present level of accuracy, more and more terms from
the Earth’s gravitational potential must be included in the
model formulations. In fact, the lower the orbit of a
satellite, more terms are needed. Also, for high orbits,
tidal gravity from the moon (and soon, that of the Sun)
becomes significant and needs to be accounted for.

To study light propagation in the vicinity of the Earth, we
represented the gravitational potential in terms of sym-
metric trace-free (STF) Cartesian tensor mass multipole
moments. The multipole expansion is one of the most
useful tools of physics, but its use in general relativity is
difficult because of the nonlinearity of the theory and the
tensorial character of the gravitational interaction [48,52].
STF tensors offer a mathematically equivalent representa-
tion of the multipole mass moments of a gravitating body,
but with significant practical advantages over spherical
harmonics. First, the tensorial nature of the STF represen-
tation makes it possible to express relationships in a
coordinate system independent fashion, leading to a
remarkable form invariance that is preserved even in
coordinate representations that are rotated relative to each
other. Second, the relationship between the spherical
harmonic coefficients and the STF tensor components
expressed in a Cartesian coordinate system is linear and
nondegenerate, which means it is always invertible. Finally,
and perhaps most significantly, utilizing the STF tensor
representation of the mass multipole moments allowed us
to integrate the eikonal equation to all STF orders 7.

With the solution of the eikonal equation at hand, we
demonstrated a straightforward procedure to obtain the
Cartesian STF components from spherical harmonic coef-
ficients. We explicitly carried out this procedure in the
cases of the quadrupole, octupole, and hexadecapole
(¢ =2, 3, 4) cases. In all these cases, the form invariance
of the result made it possible to express the corresponding
phase shift in a remarkably simple, elegant form in terms of
rotated spherical harmonic coefficients. The mechanics of
the rotation, in turn, can be carried out by first obtaining
STF tensor components in the original coordinate system,
performing the rotation next, and finally by solving a linear
system of equations that has the same form in the unrotated
and rotated coordinate frames. Clearly, the same approach
may be used to extend our results to any order . The
resulting equations are compact even for higher values of 2,
and are directly actionable.

Note that in this paper we dealt only with the STF mass
moments that are used to represent the scalar external
gravitational potential (4) and the relevant scalar spherical
harmonics. The same approach may be used to consider the

contributions from the vector potential due to body’s rota-
tion (6), and the relevant STF current moments and vector
spherical harmonics. As our objective was to consider
measurements in the Earth’s vicinity, any contribution from
the Earth’s vector potential is currently negligible, but may be
addressed with the same tools presented here.

The numerical magnitudes of these corrections are small.
Considering present-generation clocks, only the quadru-
pole term offers a significant contribution and only insofar
as proper time to coordinate time conversions are con-
cerned. However, the gravitational phase delay due to the
quadrupole and higher order terms may become relevant
with next generation clocks. These terms can also be very
significant for phase coherent signaling at infrared or
shorter wavelengths. We also applied our formalism for
signals traversing in the vicinity of the Sun and, especially,
Jupiter, and found more significant contributions, which
may in the foreseeable future become relevant for deep
space precision navigation and observations in the solar
system.

The results presented here are new. They offer a
comprehensive model for the gravitational phase shift of
a EM wave as it propagates in the gravitational field of the
extended Earth. As the performance of new generation of
precision clocks increases, such results may have a wide
range of practical applications, including clock synchro-
nization, frequency transfer and interferometry. They may
also lead to new uses including relativistic geodesy [53],
quantum communication links [54,55], and various tests of
fundamental physics [56]. These and other possibilities are
currently being investigated. Results, when available, will
be reported elsewhere.
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APPENDIX A: CORRESPONDENCE
BETWEEN THE STF MASS MOMENTS
AND SPHERICAL HARMONICS

For practical applications, the potential U(r) is typically
expanded in terms of spherical harmonics:

Ulr) = g (1 0y i <§> “P(cos0)

=2 k=0

X (Cyy cos ky + Sz sin kl//)> +O(c™), (A1)

104031-29



SLAVA G. TURYSHEYV and VIKTOR T. TOTH

PHYS. REV. D 107, 104031 (2023)

where P, are the associated Legendre polynomials [18],
while Cy and S, are the normalized spherical harmonic
coefficients that characterize nonspherical contributions to
the gravitational field.

To derive the relations between the Cartesian and
spherical quadrupole (Z = 2) moments explicitly, we can
express the spherical harmonics in terms of Cartesian
coordinates. For that we use (4) and write

G .
Ull(r) = F(onczo + P31 (Cyy cosy + S, siny)

+ P22(C22 COS 21// + 522 sin 21//)) (AZ)

Using a spherical coordinate system (x = rsin6cosy,
y = rsinfsiny, z = rcosf), we have r’Pyy = (27> —
x> =y%)/2,  r*Pycosy =3xz,  r’P, siny = 3yz,
2Py, cos2y = 3(x2 —y?), r?P,,sin2y =6xy. Substituting
these expressions in (A2), we get

GM 1
U[Z] (r) = ? <C20§ (2Z2 - )Cz - y2) + 3C21.XZ + 3521)72

-+ 3C22 (Xz - yZ) + 6822)6)7) . (A3)

From (71), we have the same quantity expressed via the
components of the STF quadrupole moment 7 (4

3T(ab>

U[z] (r) = GMTXa.Xb
I
3
= GM? (T“.Xz + Zlexy + 2T13XZ

+ 2T 039z + T oy* + T332°). (A4)
Equating the terms with the same powers of x, y, z
between the from of the potential in terms of spherical
harmonics present in (A3) and that expressed via the STF
mass quadrupole in (A4) yields the following relations:

1
T, = <—3C20 + 2C22> R?, Ty, =25, R?,

1
Ty = <—§C20 - 2C22> R, T3 =CyR%,
2

T3 = §C20R27 Ty = Sy R (AS)

0, Ink(\/ b2 + 7 + 1)

Ry nk(V b2+ 7+ 1) =

Following the same approach, we can establish the
corresponding relationships between STF multipole
moments at any order ¢ and the appropriate spherical
harmonics coefficients, see (113) and (129), and the relevant
discussion in [12].

APPENDIX B: USEFUL RELATIONS
FOR SOME STF ORDERS

We derive several low order terms in (77). First, we
recognize that with k being constant, the two-dimensional
vector b and the one-dimensional quantity z, from (61) to
(62), may be treated as two independent variables, yielding
dx* = db* + k%dr and also 9/0x* = d/db* + k“0/ oz,
where differentiation with respect to b is carried out in
two dimensions only, which is indicated by the hatted
notation. Then, to compute the needed partial derivatives in
(77), with respect to the vector of the impact parameter,
9, =0/0b" = (0/0b*,0/0b”,0) in our chosen Cartesian
coordinate system, we may formally write

ox“ a 3 J a a
axb :61) = {0b +kh$}{b +k T+O(I"g)}

= 0pb* + k%, + O(r,). (B1)

By rearranging the terms in this identity, we obtain the
following useful expression (see also [48,49]):

0pb® = 5¢ — k. (B2)

This result essentially is the projection operator onto the
plane perpendicular to k, namely P® = §% — k?k”; this
plane, given either GCRS (80) or light ray (82) parametriza-
tions, is the plane of the impact parameter b and where b¢ is
the a-th component of the vector impact parameter.

To evaluate (77), we need to compute the following sets
of derivatives:

6<a1...aaf>lnk( b2+r2+r) and
‘ -1
£ or 1
27, 'k@l...k%aaw...aaf){—p_l72 2}.
pzlp.(f—p). ot~ /b2 11
(B3)

The first type of the derivatives needed to compute the
terms with 2 =1, 2, 3, 4 are

1 b,

VPPV

1 1
_\/b2+12+1\/b2+12{

(B4)

1 1 1
P, — + b,b } BS
VP12 <\/b2—|—12—|—1 \/b2+12> b (B5)
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Pb.+P,.by+ Pp.b < 1 1 )
> 2 2 ab¥O¢ acPb bcDa
Oupe INk(V b” + 77 +17) = — N
- TV ) VA e Ve
v e ) ™
B (T (Y e R e )

F) Pu,Peyg + PocPpg + PogP ) 1 1

aj aInk(VOP+72 + 7 :_( ab’ cd acl"ba adl be N )

ikl ! (VB2 + 22 + 1) (b + 12) Vit 2+1 VBRE+ 2

+ (Pabbcbd =+ Pacbbbd =+ Pbcbabd =+ Padbbbc + Pbdbabc + Pcdbabb)

1 2 3 3
) + -
(\/b2+r +7) (b + 12 )7{(vb2+12+r)2 (VB> + 72 + 1) Vb2 + 72 b2+12}
~ bbb by { 6 . 12
VP21 22 (VR 2+ 0) (VR i 2+t 2
+ 15 + 15 } (B7)
VBE+ 2 +1)(B2+12) (P42
We also need the following derivatives for £ = 2, 3, 4:
2 -1
2! L 1 2kyby + thok,
——kyy ---ky 0, . ...0 =- , B8
,;pt(z—p)! e R o L P2 (P 42 o
3 -1
3! ~ ~ o 1
e PNy T VRN e —
;p!@—p)! (ay " Apt 3) gep-1 /b2 ¥ 12
3b,b, Py, Ok kb, 372 1
:3k<2” .- 2"2§>+ 2”T+kkbk<272§— - 2;> (B9)
(B> +7%): (P +72):) (VP +172): (b* + 7% (P?+12)
S O T A
. Oy ———F——
,;P 4 p)' N
3 15b,b.b P, 5b,b
= 4k, <ﬁ(PdCbb+Pbdb + Pyeby) — #) + 18k kbr( e z)
(b* +72) (b2 + 72): (b*+ 7% (b*+7°):
3b 157%b 9 1573
+4kakbkc< ol ;’Z)Jrkakbkckd( e — Tzz>. (B10)
(> +17%): (b +7°) (B> + 122 (b* + %)

Clearly, the same expressions may be used to describe the
terms that depend on 7.

APPENDIX C: GRAVITATIONAL PHASE DELAY
FOR AN AXISYMMETRIC BODY

In the case of an axisymmetric body (i.e., the Sun), its
external gravitational potential is reduced to the k=0
zonal harmonics, where we keep on the terms of J, =
—C o with all other terms in the expression for the potential
(4) vanish, i.e., Cy = Sy = 0. As a result, the gravita-
tional potential of an axisymmetric body may be expressed

in terms of the usual dimensionless multipole moments J,
(see discussion in [57,58]):

T ) (7))

+O(c™),

U(x) =
(C1)

where k5 denotes the unit vector along the x*-axis, P, are
the Legendre polynomials. Furthermore, in the case of
an axisymmetric and rotating body with “north-south
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symmetry,” the expression (Cl) contains only the even
moments or £ =2,4,6,8... [57]. Below, we will not
impose the north-south symmetry restriction and will keep
the terms of all the orders 7.

Following [59], we take into account the identity

o (1 (=1)%¢"  [(Kk3-x
g<;>_ e Pf( ) z=x,

and present U as the following expansion in a series of
derivatives of 1/r:

(€2)

(C3)

As we shall see below, this form is much more convenient
for the computation of integrals involving U.

Here we develop an expression for the eikonal phase in
the case of an axisymmetric body, with its potential given
by (C3). In this case, the decomposition of the post-

Y S L (o @

=2

Following the approach demonstrated in [44] (see the
Appendix therein), we compute the leading term of this
expansion. For that, we define the vector s to be a unit
vector in the direction of the axis of rotation. Remembering

that r = Vb* + 72 4+ O(r,) from (62), we evaluate direc-
tional derivatives d/ds along s = k3, which have the form

a—i:(s-V): <s%)

This relation allows us to compute the relevant partial
derivatives for the leading terms in (C3):

o1 (s-r) 1 _3(s-r? 1
B s> r 1 r

(C5)

(Co)

-~ 30(8; I 3—5) (C7)

r r

Using these expressions in (C4) and defining r, =

Newtonian potential takes the from 2GM g/ c?, we have
|
2Ug(b, 7) 1 1(3(s-1)° 1 ;1 /5(s-r) 3(s-r)
c? =5 ro JZR ®3 r + J3 @) 7R
35(s-1)* 30(s- r) 3 (-1 0
R - — .
+ J4 8 ( }"9 - + r5 + — f' Jf ® S 7 as (CS)

This expression represents the gravitational potential in terms of the zonal harmonics projected on the trajectory of the
photon propagation. We substitute (C8) into expression (66) and integrate it. As a result, we have the following expression
for the gravitational phase shift induced by the lowest order gravitational multipoles, i.e., £ =0, 2, 3, 4:

T2 r+(k-r)
(pg(r, ro) = —k/;o ?UE(T/)dT/ = —krg{ln {m}

)
+;J2Ré{(2(s m)>+(s-k)>2—1) (m—blz) +((s - k)? - (s-m)z)(kr%r)+2(s'm)(s : k)fg} :0
—%hRé{(s -m)(4(s-m)> +3(s - k)>=3) (%_br(ﬂ—l(k-r)) +$(kr-3r)>

. 2 r
3 m(sem =36k P S sk 36 m) 4 s K3 - s 07
3R {85 m (s mP (5P =1+ (517 =07 (5 )
+(3(s-m)*((s-m)*+ (s-k)* = 1) + (s - k)*(3 4(s-k)2)>(k,_%r)
2 (s m) — (s kPP - (s mP(s k) D
1008k K0 = 5 2 26 m) 51376517 2+ 0w (©9)
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Note that a similar result for the quadrupole J, term was
obtained in [7,38,39,49]. Expression (C9) extends all the
previous computations to the higher order terms including
J3 and J4. In fact, this result is new. It generalizes a similar
result obtained in [44] (see the Appendix therein) that was
derived for all orders of the zonal harmonics, Z, in the case
when the transmitter and receiver are at a very large
distance from the gravitating body, b < r.

APPENDIX D: ANALYTICAL ESTIMATES OF
GRAVITATIONAL PHASE SHIFT TERMS

Contributions from the Earth’s monopole (i.e., the
Shapiro term) and quadrupole moments to the overall
gravitational phase shift, as given by (141), can also be
estimated analytically in specific cases.

1. The monopole contribution to the
gravitational phase shift

Considering the Shapiro term in the gravitational phase
shift, we rely on the following exact relationships:

(= rol 47 = 1

r+(k-r)= Ar—ry|

’

r2—(Jr —ry| — rp)?
2[r — x|

ro+ (k-rg) = , (D1)

which yield the following form for the Shapiro phase shift
in (142):

r+(k-r) ]
ro + (k- ro)
_kZGMln[r+r0+|l‘—r0|

- C2 r+r0—|r—l‘0|

@o(r.10) = k1 ln{

} . (D2)
|

Expression (D2) can be used to conveniently evaluate
two transmission scenarios. In the case of a horizontal
transmission, when r~r; and (n-ny) = cos2a, thus,
|r —ry| ~2rysina, the following approximation for the
associated gravitational time delay (derived as usual
At = @y(r,1g)/kc) in the case of small a is valid:

26Meg

C3

r4ry+ |r—r0|}

r+ro—|r—r|

4GMyg,
3

a~a5.92 x 107! s,

~

(D3)

Similarly, in the case of a vertical transmission from a GPS
spacecraft at the zenith to a ground-based receiver, when
r=ro—h with h> Rg, and (n-ny)~1, and, thus,
|r — ro| ~ h, from (D2) we have

2GM®1n|:r+ ro + |I'—I'0|:|
C

3 r—+ro—|r—ry
2GM h
~ G3€B1n 14+ —| ~423x107" s, (D4)
c Rg

The estimates (D3) and (D4) demonstrate the significance
of the Shapiro term when picosecond accuracy is desired.

2. The quadrupole term in the
gravitational phase shift

We consider the £ =2 contribution to the relativistic
phase given by (100) and, by explicitly expanding each of
the terms, we present it in the following equivalent form:

2
) =k, {2(Ch cos 29+ Sppsin2g (2 ) (k- (n <o)

. 1 n n
+ {C’22 cos 2¢; + S5, sin 2¢; —EC’ZO}Ré <k . <ﬁ__§))

. 1 1
—{C%, cos g + Sh, sinp:} RGb <ﬁ - F) }

(D5)

We begin by evaluating the first term in this expression. For that, using the definitions for the vectors k and b from (80),
we obtain the following expression for the multiplier of the first term in (D5) that is explicitly expressed as a function of the

transmitter and receiver position vectors:

Rg\?2 R (1 1 - R
o) (k-(n-ny)=-2(-+— _fr-w| _Re
b rrg\r ro) 1+ (m-ngy) rry

(2+

i) (r+ 7o) (1_(2”0)2(1+(n-no))>%, (D6)

ro 1+(n-n0)

where for GPS transmissions in the Earth’s vicinity expression (n - ng) is never vanishes, i.e., (n-ng) # 0.
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We can now evaluate expression (D6) for two specific
transmission scenarios. In the case of a horizontal trans-
mission, the following approximation for small « is valid:

Rg\? RL 4sina R
<—®> (k-(n—no))z—ea—N—EBZa.

~ D7
b rg 14 cos2a  r} (B7)

This expression may be used to estimate the magnitude of
the relevant contribution to (D5):

R\ 2
2kr {Ch,cos2¢: + S5, sin2¢p; } <7®> (k- (n—ny))
aR,
(Rg+h)?
Ske(afChyco82¢; + S, sin2¢:16.80 x 1072 s).

=4kr,{Ch,co82¢; + Sy, sin2¢. }
(D8)

Given the fact that the terms C’, and S), are at least
~1.08 x 1073, this results suggest that the relevant con-
tribution of the term (D8) is much less than
a7.67 x 10~15 s, which is too small to consider.
Similarly, in the case of a vertical transmission, we have

Rg\2 1 Rg hoo1
— ) (k-(n— ~—[1 ~— D
<b>( (n=no)) 2( +R®+h>R@+h > D9
which yields
/ /o R@ 2
2kr {C),cos2¢: + S5, sin2¢p; } > (k- (n—ny))
~kr {Ch,co82¢: + S5, sin2¢p; }
Ske({Chyco82¢; + Sh, sin2¢:12.96 x 107 5).  (D10)

Similarly to (D8), taking into account the magnitudes of the
terms C), and S%, from (101), this term is evaluated would
contribute to the time delay the term on the order of
~8.00 x 10715 s, which is also too small to consider. In
fact, considering various transmission architectures and the
angles 6 and y involved in the definitions of C%, and S%,,

from (101), we estimate that both of these transmission
regimes result in small corrections on the order of ~0.01 ps.

Now we will evaluate the second term in (D5). Again
using the expression for k from (80) and expressing
|r — ry|, we have the following expression for the multiplier
of the second term in (D5):

r2+rﬁ
o (n a0y (=
R® . ﬁ_? _l’_ro 2rry %
0 (1- G222 (1+ (n-mp))
(D11)

Evaluating this result for the case of horizontal trans-
mission, we see that (D11) yields the approximate expres-
sion that is identical to (D7). In the case of vertical
transmission, the magnitude of the result is twice that of
(D11). Thus, we can see that the contribution in (D5) from
both transmission cases would be below 10~!% s, which is
negligible.

Finally, relying on the same approach as above by using
expressions for the vectors k and b from (80), we see
that b = |[r X ry]|/|r —ry|, that allows us to develop
the following expression for the multiplier of the third
term in (D5):

ep( L 1) _ g fn xng
VS r ®r+r 1—_2m 3
G (1 (0-1))
1 1
X r—3—ﬁ .

We can see that this expression provides a negligible
contribution for both transmission cases either horizontal
or vertical. For the horizontal transition, this is due to the
fact that for r =~ ry, we have =2 — r53 ~ 0. In the case of the
vertical transmission, (n - ny) =~ 1 and thus [n x ng] ~0. In
all the intermediate cases, the contribution of this term to
(D5) is well below 1071 s and, thus, this term may be
neglected for present day terrestrial GPS applications.

(D12)
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