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The nonlinear classical graviton solution of the Einstein equations is given to second order in the null
surface formulation (NSF). We solve the NSF field equations in a perturbative scheme that gives
geometrical and finite results at each order of the expansion obtaining the main variables of the formalism
to second order. Then, using an algebraic relationship with the NSF variables, we obtain the metric
components and the nonlinear scattering of incoming gravitons. We also analyze the relevance of this result

at a classical and quantum level.
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I. INTRODUCTION

The classical graviton is a vacuum, singularity free
spacetime which is asymptotically flat along future and
past directed null geodesics. The picture that emerges for
such a spacetime is a bounded manifold with a regular
conformal metric and two null boundaries connected via a
suitable definition of spacelike infinity [1]. This spacetime
represents the nonlinear interaction of incoming gravita-
tional waves that end up at future null infinity. A typical
behavior of such interaction would be that even when the
incoming waves have compact support, the outgoing waves
would exhibit gravitational tails. One must give a word of
caution with the regularity structure given to spacelike
infinity; it is only for a flat spacetime a regular point for the
conformal metric. For all other known asymptotically flat
solutions, this region is not regular if one assumes spacelike
infinity to be a point and, despite several attempts to find a
suitable regularization procedure, one still does not have a
definite answer. There are however, some suitable assump-
tions that can be given to regularize the direction dependent
limits that one gets for certain components of the Weyl
tensor [1-3]. In this work we will assume the two null
boundaries are connected by a suitable spacelike infinity so
that there is a diffeomorphism between the coordinates of
future and past null infinities.

Such a spacetime would be the ideal framework to
attempt a quantization procedure along the lines proposed
by Ashtekar [4,5]. The so-called, asymptotic quantization
procedure gives free field quantization of the gravitational
radiation at future or past null infinity. This formalism uses
the physical degrees of freedom of general relativity given
as radiation data at past or future null infinity to construct
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the phase space of the theory, the Fock space and the
commutation relations for the radiation fields. However,
given this free-field quantization one still needs a method to
construct the metric operator for the quantum fields or the
scattering of incoming quantum gravitons.

In this work we present a perturbation approach based on
the null surface formulation (NSF) of general relativity [6]
to obtain the metric of a classical graviton spacetime and
the scattering of incoming gravitational waves. We first
solve the NSF equations for the main variables of the
formalism to second order. Depending on whether the free
data at future or past null infinities is selected, the NSF
solutions are called advanced or retarded and labeled by a
+ or — sign. We first show that the solution is regular up to
second order and obtain a relationship between the metric
and the main variables of the NSF. We then impose the
condition that the advanced and retarded solutions of the
NSF yield the same metric to find the nontrivial scattering
of incoming and outgoing gravitational waves.

It is worth asking why one should use the NSF formu-
lation, as opposed to any other perturbation approach, to
consider the nontrivial interaction of incoming gravita-
tional waves on a regular spacetime. The first reason is
that NSF is the only approach where the two gravitational
degrees of freedom are identified and given explicitly as
free data at either future or past null infinity, i.e., there
are no constraint conditions on the data as opposed to
any 3 + 1 formulation. The second reason is that only
NSF offers a regular, i.e., nondiverging, approach to
consider perturbative solutions to any order since at each
order of the calculation all the variables have geometrical
meaning and this amounts to a modification of the
conformal structure of the spacetime at each order of
the calculation. This is not done in other perturbative
approaches where the conformal structure is kept fixed
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throughout the perturbation and this is a source of
diverging solutions.

In NSF the main variables are two nonlocal scalars, one
gives the conformal structure of the spacetime and the other
one the conformal factor of the underlying metric. Thus, the
perturbation procedure that arises naturally in the NSF is
one where the conformal structure and conformal factor are
corrected at each order of the expansion but the null
boundaries remain fixed. As a result one keeps changing
the internal metric at each order of the perturbation. Since, by
assumption, the conformal spacetime is bounded along null
directions any perturbation procedure gives finite terms and
thus one does not have divergences in the perturbed solutions.

One must distinguish the above mentioned approach with a
different construction that has essentially the same name but it
is very different construction, namely, the nonlinear graviton
in twistor theory. This is done using the self dual solutions of
the vacuum equations via a twistor approach [7,8]. Although
we believe a complex version of our approach plus a self-
duality condition should be equivalent to the twistor method,
we will not be addressing this issue now.

There is also available in the literature other perturbative
approaches [9] pursuing the goal of obtaining an S matrix
for quantum gravity. In particular there are some results
[10] that should be related to our recent work using the NSF
formulation [11].

It is also worth mentioning that NSF can be extended to
spacetimes containing black holes via a regularization
procedure of the null cone cuts since in those spacetimes
the cuts are not closed two surfaces, some null geodesics of
the future null cone from any point are lost when they cross
the event horizon. Nevertheless, the regularized null cones
can be used to define global variables like the Bondi
4-momentum, relativistic angular momentum and compare
with results in the literature of gravitational-wave radiation
where there exists an abundant work with many perturba-
tion procedures using radiative coordinates [12,13]. In this
work we only concentrate on spacetimes without black
holes for a very important reason. A quantum theory of
gravity will not have singularities, i.e., black holes will no
longer be part of the theory, although there will be regions
with strong curvature. Thus, in this preliminary work we
only consider regular spacetimes without singularities and
this preclude ourselves to consider not only black holes
spacetimes but also other relevant solutions like the pp
waves [14,15]. However, we give as an example a con-
struction that is very close to a p p wave collision but keeping
regular incoming and outgoing gravitational waves.

The paper is organized as follows. In Sec. Il we give a brief
review of the NSF and develop the field equations that are
valid up to second order in a perturbation procedure. In
Sec. Il we derive the relation between the metric and the NSF
variables for the linear case and obtain the map between the
past and future null radiation data. As expected the map is the
identity but it allows us to check the implemented approach.
In Sec. IV we derive the advanced and retarded solutions to

second order. They are then used to obtain the scattering of
gravitons showing a nontrivial interaction that can be
explicitly displayed. In particular, we consider incoming
radiation that can be thought of a head on collision of
regularized pp waves and obtain the outgoing radiation after
they interact with each other. Finally, we finish the work with
a summary and conclusions in Sec. V.

II. THE NULL SURFACE FORMULATION

The null surface formulation recasts general relativity as
a theory of null surfaces with field equations that are
equivalent to the Finstein equations [16]. The classical
graviton construction in NSF was developed to obtain a real
generalization of self-dual spacetimes [6]. In this work we
will be using the field equations given in 2016 [6]. This
approach could be of importance when dealing with
quantization of pure gravity and hints of this quantization
were given [17,18]. Below we present some results of NSF
that are relevant for this work.

Introducing a bundle of null directions for the points of
the spacetime with local coordinates (x,¢, c ), the main
variables of the NSF are two scalars functions, the null cone
cut Z(x“, ¢, &) which yields the conformal structure of the
spacetime and the conformal factor Q(x?, £, {) that depends
on the matter fields of the spacetime as well as the Ricci
tensor of the conformal metric. In addition these scalars
satisfy two real differential equations that are purely
kinematical in nature and are called “metricity conditions”.

Mathematically speaking, the ten FEinstein equations
with components depending of the spacetime points x¢
are exchanged by one equation for the scalars Q(x%,¢, )
and Z(x%,¢, Z) along with the two metricity conditions
[19]. The new system of differential equations depends on
six variables instead of the four spacetime points x“. This
differential system equation continues being nonlinear
and thus numerical and perturbative approaches must be
employed in order to find solutions.

In NSF the Lorentzian metric of the spacetime g, is
constructed from a conformally invariant part /,, and a
conformal factor €. The conformal metric is obtained from
knowledge of special null surfaces obtained from a real
function Z given on the sphere of null directions bundle.
Given any metric g,;, for the spacetime, the function Z is
constructed from the intersection of N, the future null
cone from a point x with future null infinity. Using Bondi
coordinates (u,¢,¢) this intersection is denoted by
u = Z(x% ¢, £). Moreover, one can show that for fixed
values of (u,,{), the condition Z = const yields a null
surface on the spacetime. From knowledge of Z one then
constructs a conformal metric %, [Z]. In addition, one gives
a second real function Q = Q(x“, ¢, ), a conformal factor,
that plays a dual role: it is used to obtain a conformal metric
that only depends on the spacetime points and it yields an
Einstein metric via the field equations. From knowledge of
these two functions one obtains
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gab(xa) = thab[z]' (1)
Since Z = const are null hypersurfaces they satisfy
g*°0,70,Z = 0. (2)

It is clear from (2) that the conformal structure does not
depend on Q. It also follows from this equation that the null
vector Z¢ = g*°0,Z, satisfies the homogeneous geodesic
equation, thus defining an affine length s.

Directly from (2), and taking & and d derivatives [19],
one obtains the components of the conformal metric. The
nontrivial coefficients of 2%? are functions of a single scalar
A defined as A = 8>Z. Once the conformal metric coef-
ficients have been obtained one finds a condition on A,
namely

hE (gabaaza,,z) =0= g“b(30aéZabA +0,Z9,0A) =0,
which can be rewritten as

0dA
5t 3070, = 0. (3)

Only for functions A that satisfy condition (3) it is possible
to obtain a conformal metric. In what follows we assume
condition (3) is satisfied.

One can also show that directly from

8%8*(9*09,20,Z) = 0,
one obtains a relationship between Q and A, namely,

002 A
os

= 30(Q2%) + g**0,Ad, A, (4)
which can be formally integrated giving [6],

NF?Z =86(Z2.0.8) +8%0(Z2,.L.0) + / ‘ 66du

—o0

- / " (03(Q2) + ¢, A, A)ds', (s)

where o(u,(,{) is the Bondi shear given at future null
infinity and ¢ is the derivative with respect to the Bondi
time u. The complex shear represents the two degrees of
freedom of the gravitational field and the solutions of the
above equations are functionally dependent on o(u, ¢, ().

Conditions (3) and (5) are necessary and sufficient to
construct a metric for the space time. In this approach the
function A plays an important role since the conformal
metric is completely given in terms of this function and its
vanishing yields a flat conformal metric. Thus, one can
implement a perturbation procedure directly from knowl-
edge of A and write down the lowest nontrivial formulation
from a linearized approximation.

The scalar Z(x,¢, ) is also used to introduce a (£, {)-
dependent coordinate system with a geometrical meaning.

Introducing u =72, w =07, @ = dZ, r = 8dZ, the con-
dition u = const yields the past light cone from the point
(u,¢, &) at future null infinity. The condition @ = const
selects a particular null geodesic and » = const a point on that
geodesic. The coordinate r is also an affine parameter for the
conformal metric /,;,. The scalars r and s are related via

r_
as
Thus, 7 is an injective function of s. As vector fields, they
are related via

9 _pf

ds  or
One can also write down the metricity condition (5) in
terms of r using the above relationship.

The field equations for NSF take a simple form in
terms of this coordinate system. Directly from the relation-
ship between g,,, and 5, the trace-free Ricci flat equations
read [6,20],

207Q = R, [n]Q. (6)
with the component R, given by
1 - 3 1
=—0?A?A +-——(0,9)* ——
4q r r + 8612 ( rq) 4q
g=1-0,A0,A, (7)

R, [h] diq,

and the scalar r is defined as r = ddZ. It is clear from the
above equations that R, [h] vanishes when A = 0.

The three scalar equations (3), (4), and (6) are completely
equivalent to the vacuum Einstein equations for a metric
gap- If we substitute (5) for (4), and ask for regularity
conditions on the integrals of (5), then we get the vacuum,
asymptotically flat solutions, the so called classical grav-
itons. They represent the nonlinear interaction of incoming
gravitational waves that are freely given at future null
infinity. This backwards time direction can be thought of
the advanced solution of a generalized wave equation. One
can also obtain the retarded graviton solutions where
outgoing gravitational waves are freely given at past null
infinity and evolve to the future giving a Ricci flat metric.

The linearized version of the last two equations is
obtained by first giving the zeroth-order solution that yields
a flat metric, namely,

ZO = Xala, QO = 1, (8)

with / a null vector defined as /* = —(1,7) and 7' the

unit vector on the sphere of null directions, and x a point in
the flat spacetime.

One then writes down a linearized departure from the
zeroth-order solution as
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Z:x“la+Z1, Q:1+Q1 (9)

The equation of motion for €,

Q,
0s?

=0, (10)

yields a trivial solution when regularity conditions are
imposed while the equation for Z; is given by

FDZ, = 8%6(Zy, (. 8) + 86(2y,8.0) + O(A?).  (11)

Equation (11) is a nonhomogeneous fourth-order elliptic
equation on the sphere and its solution can be found by
convoluting the inhomogeneity with the corresponding
Green function [21]. It is worth pointing out that (11) is
given at future null infinity and the points x“ in the equation
are simply constants of integration. The connection with
the underlying spacetime is given when Z, is interpreted as
the null cone cut for a flat spacetime and for that one
presupposes the existence of this null boundary. The same
happens when giving a similar construction for past null
infinity. Moreover, the two null boundaries are connected
via spacelike infinity which is a point for a flat spacetime.

The second-order Z,, Q, satisfy the following equations:

Z

5622, — 8°5(2,.£.8) + Po(2,.6.7) + / ' 55 du
-2 [T (E8(@s) < oo RN (12
63(8522 - arAlar/_\l) = a%Ala%/_\l- (13)

Equation (13) can be integrated directly to obtain
892 = arAla,/_\l +/ drl/ dr”az/;/\laf}//_\l. (14)

Note that there are two different contributions in (12), a
sphere integral on the first-order cut Z;, and two integral
contributions that are quadratic on the free data ¢ and
therefore one is using the zeroth-order coordinate system to
perform the integrals. One could have used a first-order
coordinate system to perform the integrals but the differ-
ence between these two approaches would be of order o°.
Likewise, the double-integral contribution in (14) is per-
formed by selecting a null geodesic in flat space.

There is also a conceptual difference between the first-
and second-order contribution regarding the geometrical
meaning of the null boundaries in the two cases. Whereas
in the linear case spacelike infinity is a point, we have to
modifiy the conformal geometry in the quadratic term since
the spacetime is no longer flat and thus spacelike infinity is
no longer a point. We assume to have an S? completion,
together with a matching condition for fields defined in past
and future null infinities [1].

A. The metric tensor and null surfaces
As it was mentioned before, d,Z is a null covector and
satisfies,

g*°0,70,7Z = 0.

It also follows from the field equations that Z has a
functional dependence on the free null data o. Thus,
assuming the free data is small, one can write down a
perturbation series for Eq. (2) relating ¢** with the
perturbed solutions of Z. We thus write

2.0: zn: gzér—saazrabzs =0, (15)
n=0 r+s=0

where

[
D g =g+ g g+
n=0
=(14+Q + Q- P +h{* +h5"+--)  (16)

with #° the flat metric and the labels 12.... the different
orders of the NSF variables.
(i) Taking n =0 in (15) we have

n“bdaZoabZo =0. (17)

Taking d, on Eq. (8) we obtain d,Z, = [,. then the
expression (17) can be written as

71,1, = 0. (18)

Taking & and 3 on (18) one gets all the metric
components in the flat null tetrad [22].
(i) Taking n =1 in (15) one gets,

heb 1,1, + 27%1,0,Z; = 0, (19)

since €, vanishes at the linearized approximation.
The above expression can be rewritten as

By l91° +2199,Z, = 0,

from which one can obtain all the components of
hy,p- Note that [ is not a null vector of h;,, but
nevertheless it is useful to determine all the compo-
nents of the linearized metric.

(iii) Taking n = 2 on (15), we get the second-order term,

hogpl91P + 2h901,0,Z, + 2199,Z, =0, (20)

from which /,,;, can be obtained by repeated d and d
operations on (20).

Up to second order, the metric of the spacetime
can be written as

Gab = Nab + Prap + 204 + hogp,  (21)
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where €, and Z, are obtained from the second-order
field equations and A, is algebraically related to Z,
via Eq. (20).

The above construction can be done with free data given
at future or past null infinity. In each case the solution is
labeled as Z* or Z~ respectively and it is analogous to the
advanced or retarded solutions that can be constructed for
the solutions of the wave equation. Following the algebraic
relationship between the pair (Z, Q) and the metric of the
spacetime one can construct an advanced, gj;b, or retarded,
g.,» solution of the vacuum equations.

B. Scattering of gravitational waves

If we impose the condition

Gap = Jab» (22)

then there is a correlation between the incoming and
outgoing radiation, they are no longer free. As one is used
to a causal picture, we can assume that we have free
incoming gravitational radiation and want to know the
effect on the outgoing radiation. A linear theory would
immediately show that they are unscattered but Einstein
equations, being highly nonlinear, should exhibit gravita-
tional tails for the outgoing radiation.

III. THE LINEARIZED NSF

Using the results obtained in the previous section we
derive the relation between the metric of the spacetime and
the linearized solution to the NSF equations. We first obtain
the advanced and retarded solutions and then the algebraic
relationship to the metric in terms of the free data at future
or past null infinity. By demanding that the metric tensor
constructed from the advanced or retarded solution is the
same we obtain a relationship from the incoming and
outgoing gravitational waves. This trivial scattering never-
theless has some interesting features between the radiation
fields that are given at future and past null infinity.

We will use the superscripts + and — to denote quantities
associated to future and past null infinity, respectively. In
this sense, ¢ will stand for outgoing radiation at future null
infinity and 6~ for ingoing radiation coming from past null
infinity.

A. Tensorial spin-s harmonics

Given a Newman-Penrose (NP) null tetrad
(19 n*, m*, im*) and keeping just the spatial part of the
vectors [4, m“, m® (or n® instead of /%) we can obtain an
orthonormal vector base to any tangent space of a point p in
§2. This orthonormal base can be used to set up a general
n-dimensional tensor base by doing the exterior product
of the vectors [¢, m“, m* (keeping only the spatial part).
This concept is what the tensor spin-s harmonics embrace.

We mention in this subsection only a few main properties
of the construction but the reader may find more in the
following Refs. [22,23]. The tensorial spin-/ harmonics,
denoted Y!, with I being a set of / indices, are defined as the
[-times product of the spatial part of the vector m“. Then,
the complex covariant derivative on the manifold defined in
S2, known as 9, along with its conjugate & behave as
“ladder operators” with respect to the spin index (the
number in the superscript). These ladder operators allow
to obtain the whole set of representations of the tensors Y7,.
A relevant property of these tensors is

s _ Y-S
YII*YII'

In this work we are interested in Y?; ; which is a spin-2

tensor harmonic and is the one needed for expanding
gravitational radiation, o.

B. Antipodal transformations on the sphere

To link incoming and outgoing radiation at null infinity,
we need to introduce the notion of antipodal points on the
sphere. More specifically, the antipodal points on the
sphere are those diametrically opposite to each other.
Then, we define the antipodal transformation to be the
one that carries a point in the sphere to its antipodal point.
In the usual spherical chart (6,¢), the antipodal trans-
formation reads

0.¢) = (7= 0.7+ ),

or in stereographic coordinates

(.0 = (=1/8,-1/2).

We denote the antipodal transformation with the
symbol , i.e, ¢ = —1/Z. Given a tensorial spin-s harmonic
Y$(8,£), we have

v3,(2.8) = (1), 2). (23)

In particular, if we write /% = —5(=1,r) with r' the

corresponding spatial vector, the antipodal transformation is
1

\/z(l,ri) =-[.

(~1.-r') =
(24)

Equation (24) is the antipodal transformation applied
to a null vector /* defined at past null infinity. Hence, this
vector has its antipodal point at minus the position of a
vector defined at future null infinity.

The antipodal transformation on the derivative operator,
which will appear later in the calculations, can be proven to be

d=-3.
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C. Relation between null cuts at Z* and Z -

As discussed in Sec. II, the condition of the null cone
cuts to be null at n = 1, is given by

heP1,1, + 27%%1,0,Z, = 0, (25)

since the conformal factor vanishes at that order. Up to first
order, we can use the Minkowski metric to raise or lower
indices, thus, 7?1, = [ and,

hlab(x)lalh = _zlaaazl (xa’ é! 5)’ (26)

relating the first-order correction h,,, with the first-order
correction to the null foliation Z;. Note that Z; plays the
role of a potential for h;,,. As we will see below the
solution to the linearized equation for Z; shows its explicit
dependence on the gravitational radiation ¢ and it is
completely equivalent to the solution of the wave equation
using an advanced or retarded Green function.

D. The linear graviton solution

The first-order correction to the null flat foliation Z, can
be obtained by solving Eq. (5) to first order, i.e.,

320°Z,(x4,¢,8) = 80(20,£.8) + 0%6(Z0, £.0).  (27)

The solution can be found by convoluting the inhomo-
geneity of the equation with the Green function on the
sphere [21],

= - 1
GOO/(C’ C’ C/7 é’/) - E l+al/+uln(l+al/+a)

1
=—1 ,In(I"°1.,). (28)
4

The solution reads

ZT (xa7 é.:v E) = %;2 GOO' (C’ 5’ C/v 5/)(6/26+ (leJr/’ z.:/v E/)
+ 6/25+(XZI+/, C’,Z/))dS’, (29)

where we have used that Z; = u = x“I}. The superscript
in Z{ is used to denote that the future null directed foliation
has been used to construct the future null cone cut x“I}.
Similarly, 6" denotes the outgoing radiation at future null
infinity.

Using the explicit form of Gy and integrating by parts
one writes (29) as

_o 1 (1*m!,)? s
Z (x*.8,0)=— ~ Y Gt (xH o .c. |ds'.
T (x4.8,0) 471?{2( b, ot (x ¢, ) +cc

(30)

Directly from (25) one gets
-1 . P
B0l =10 § o (2172 ).
(31)

Note that the vector 1%(¢,{) spans the sphere of null
directions at each point of the spacetime. Thus, one can
obtain from the above equation the conformal metric of the
spacetime, i.e.,

h;Lah (x) = ﬂ

The integrand of Eq. (32) is

]{ (mlyml, 5+ (x$, ¢, ) + c.c.)dS'.  (32)
52

Nuh = mumh3+(u9 z.rl7 5) + mamhéﬂr(u’ Z.:a Z’)’

is called the News tensor and constitutes the null free data
of the vacuum Einstein equations.

Another solution to Eq. (11) can be found in terms of
ingoing radiation

Zi(00.8.0) = §, Gy (@~ (=2°17.¢.0)
+ 8% (—x40'7, ¢, 2))as. (33)

where we have used the null cone cut Z5 = —x“[;, given by
the intersection of the past null cone from x“ with past null
infinity. Note also that here Z; = v, with v the usual advanced
time coordinate. This solution can also be written as

_ 1 [~ 1\2 _

Z7(x4.8.0) :Eﬁ <%5‘(—xclﬁ,é”,é’)+0.0.> ds’,
- —b

(34)

since m}, = m_,. One also has

1 : -
Hiap ()10 = @ (0mly5™ (™8 ) Hec)dS,
(35)
and
1 s
hrap () =5 ﬁz (mgmio™(=x'=.0'.{') +ec)dS'. (36)

Given a point in the spacetime x“ and the metric g’ (x°)
at that point, we can write the metric in terms of the ingoing
(67) or outgoing radiation (¢™) using the scalar field Z. On
the other hand, from the uniqueness of the metric tensor
g°®(x¢) both descriptions of the metric must coincide, i.e.,
g% (x¢) = ¢#b(x¢). Thus, to first order we have

hTab('xc) = hl_ab('xc)' (37)
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One can obtain the relationship between the free data at
future and past null infinity by doing a coordinate trans-

formation ¢ — ¢ on Eq. (36) obtaining

1
hl_ab(x) = Z

identifying the integrands in each expression for the
linearized metric one obtains

(.8 + 5 w.f) =0, (39)

relating the incoming and outgoing gravitational radiation.
The functional dependence of &+ (u, ¢, ) on the antipodal
value of 6~ (u, £, £) follows directly from the fact that a null
ray coming from a given direction in spherical coordinates
goes to the antipodal direction after passing from the origin.

The above expression can also be obtained from a
slightly different approach which can also be applied to
obtain the nontrivial scattering. We now present the second
approach to obtain the metric coefficients and scattering
amplitudes.

Note that the first-order deviation h‘l’b only depends on
x?. Using Egs. (37) and (26) we find a relation between
first-order outgoing and ingoing null surfaces

¢ e (e .8 ceas’. (38)
S2

1+49,7+ = 179,7", (40)
which can also be written as
I'9,(Z* +Z7) = 0. (41)
The solution to can be stated as
Z+ 77 = Fol6.0) + P (7%, 8.0).

with Fy and F;| arbitrary functions of their arguments. F|,
can be gauged away by a supertranslation whereas F; can
be absorbed since it represents a particular form of free
data. Alternatively, one can keep the gauge functions and
they disappear when the physical quantities are constructed
since they all depend on [7“9,Z". For simplicity we solve

Zi+ 277 =0, (42)

in a particular gauge and take a dot derivative at the end to
obtain a gauge independent result.

E. Modes relation
To study the relation between the different modes of
gravitational radiation, we expand the dependence on the
stereographic coordinates in all the physical scalar quan-
tities. That is to say, given a quantity 5(u, {,¢) with spin
weight s, we have

n(u,¢.8) = > n(w)'vy,
i

where s =2 if n = 6°.

It is also convenient to expand the Green function of
Eq. (28) in a spherical harmonics decomposition as

0 4 _ _
Gy = > s HEDYRE.L). @

Replacing the above formula in Eq. (29) yields the 17
contribution to Z, i.e.,

z; = 74 (Yo (w8E) + i+, LD)PS,  (44)

4r
21+1

Z;;. A similar calculation can be carried out to obtain the
right-hand side in Eq. (40) but we must also apply the
antipodal transformation from Sec. III B, then

has been absorbed in the definition of

where the factor

Zp = (-1) 74 (Yo (0,6,8) + Vo (0,6, D)d2S. (45)

To obtain the relation between the different modes from
outgoing radiation ¢;; and incoming radiation oj, one
expands both functions in a harmonic decomposition
and makes a change of variables so that v/ = u. The details
of the derivation are shown in the Appendix. The coef-
ficients of the ingoing and outgoing radiation are given by
the following relations

o (w) + (=1)'5;;(w) = 0, (46)

using a positive frequency w or,

ot (.08 + 5 (u.2.8) =0, (47)

as a function of the Bondi time u and the stereographic
coordinate on the sphere (¢, £) in a particular BMS gauge.

IV. NONTRIVIAL SCATTERING OF
GRAVITATIONAL RADIATION

Following Eq. (12) and (13) derived in Sec. II, there is an
additional term affecting the field equation for Z. These
extra terms yield an additional complication since the
calculations are technically more involved. Nevertheless,
it is possible to derive an explicit formula for each mode.
We first obtain the advanced solution Z*.

Using Eq. (43) one can write Z3, directly from Eq. (12) as

Z;rll = Z2+ll,cut + Z;rll.cone’ (48)

with
Z;H,Cl]t = % d2S(YZ_[26+ (Zl ) Ca Z) + Yl215+ (Zl ) Cs E)

+ Y?IZ(Z(% C’ Z))? (49)

with X(Z, {) a quadratic function in the gravitational radi-
ation defined as
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A
codu.

2z~ [

—0

One also has a contribution from the integral on the
future null cone from x“, namely

Z;ll,cone == % d2SY(l)I /0 dS(ZééQz (yc» Z:’ g)

+10,M10,A, (¥, £, 0)), (50)

with y© = x¢ + s¢. Defining N as the future null cone
from the point x¢ and C{ as the intersection of N with
future null infinity, the 2-surface integral in Eq. (49) is
given on C; while the 3-dim integral is given on future
null infinity and its boundary is C;. The 3-dim integral of

A. The conformal factor Q,

Equation (13) can be integrated directly to obtain

/

89; = arATar/_\Z+ + /oo ar /oo dr”a%”ATa%”[\T‘ (51)

Note that conformal factor depends on A, whose har-
monic decomposition is given as

AV (x) = Z7 (%)
- / PRV (R)o* (K)ot
+ Y5 (k)5 " (k)er k], (52)

thus, Z{ and A{ contain identical information. They only
differ in their spin weight, namely,

Eq. (50) is given on N;. An analogous formula can be Z{(x.¢.0) = Yy (¢ O)Z{ (%), (53)
given for Z3,,. whereas
One can then obtain h,,, from Z; and Z, via Eq. (20).
Tl.le explicit for.m of the metn(j‘ coefficients is not needed in AF(x,8,80) = Y3, DZf (). (54)
this work but it can be obtained from repeated & and &
operations on Eq. (20). Defining the Fourier transform of Q; as
Sgg(ka,é*’ E) — /d4xeixak” [arATar[\T T /00 dr //°° drﬂa%/,/\fd%,,[\?] s (55)
and following a calculation derived in the Appendix, we obtain
+(ra » 7 d3k1 d3k2 4(1.a ay,+ 5+ + ’
8 (k*.8.0) = | 5—5—0"(k" = (ki + ka)*)o™ (k1 )57 (k2) S (k1. k2. C. ), (56)
2Wl 2W2
with tay j+bp. )2
v z 7 > 7 ap +b (I k1l kop)
86 =Grx(C. 8. k1)G o »(C.C k) (l+ kial™Pkay, +m ) (57)
and [t = [19(8,0), G,2(8,8,¢,8) = 8*0Goy, G_y_oy = 8?0Gy . Inverting Eq. (56) we obtain,
= &Pk, Pky .. _
8Q) (x4,£.0) = [ S5 Ze ™kt (k)5 (ky)Sg (k1. k. €. D). (58)
2W1 2W2
The details of the interaction, with the explicit dependence I*9,(z5 + Zg) =0, (60)

on (£,£), is given in S,. A similar calculation can be done
with the retarded solution and an analogous formula can be
obtained for Q5 (x4,¢,C).

B. The map between the in and out fields
Directly from Eq. (22) we get

g;abl+al+b = ggab,\_a,l\_b’ (59)

since [t = -], Substituting Egs. (37) and (39) in
Eq. (20) and inserting in Eq. (59) one gets

i.e., and identical equation than Eq. (40) but for the second-
order term. This relation yields a map from the incoming
and outgoing gravitational radiation. To obtain the explicit
relationship it is convenient to assume that 6" (u, ¢, ) is a
small deviation from the unscattered incoming field
described by Eq. (39),

ot (w.g.0) =0 (u.0.0) +0o3 (.00, (61)
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where o7 is equal to the incoming field in Eq. (39). The
second term o, is the nontrivial deviation due to the
nonlinear interaction of the incoming waves. It is respon-
sible for the gravitational tail that is observed in the
nonlinear scattering of gravitational waves and can be
obtained from Eq. (60).

To compute Z3; J.cone 1L 18 better to express the integrands

in its Fourier decomposition.

d3k1 d3k2
30Q ot (k k
2 (x6,0.0) = 2w, 2w, (ky)5* (k)
x e~ix (5. 338,
and
Bk, dk .
aha Ad. A /2 +( +(ky) e (kithk)e S
b 2w, 2w20 ki)6™" (ka)e A
with

= Gz,z’(C, 5 ]%1)G—2.—2’<C, 5 i‘z)'l‘zbkmkzb-
(62)

SA(k17 kz’ g? 5)

Following a calculation derived in the Appendix one can
show that

&P, &k,
2W1 2W2

Z+

211, cone( a) =1 e—ix (ko) (kl) (kZ)

x 8 (ky. ka). (63)

with

Sk k) = 74 #5Y9,(,2)

% 6689(k1 ) k27 C’_Z) + S/\(kl s kZ’ C7 Z)
(8, Q) (ki + ky).

Thus, it gives a second-order correction term to the
radiation data on the null cone cut and its time derivative,
which is related to the metric, is simply the quadratic
integrand evaluated at the null cone cut. Any [ = 1, 2 part of
¥(Z,¢.©) is eliminated when multiplied by Gy, thus the
mass and linear momentum of the system do not contribute
directly to the scattering.

Hence, each second-order advanced mode solution to the
NSF equation reads

+
Z2ll cut

= § (v [of @b +of (2. )

+cc + Y (k)zt(Zg, %))dzfc, (64)

Pl dl (.
7+ _ ( —ix(ky+ka), ~+ 5T (k
211 .cone i 2W1 2W2 o (kl)a ( 2)
x St (ky ky) + c.c.). (65)

Likewise, the retarded solution for Z yields
Zirew = (1) (VP00 (21
+ YO (M2 (Z5. k) + c.c.)dzfc, (66)

&Pl &k,
2W1 2W2

ZEII cone l(_

(6]‘(k1)51_(k2)
x e () S (k, ky) + c.c.). (67)

The relationship between the incoming an outgoing radi-
X400 +Z7(x4,8.0)=0. It
follows from ZH(x,¢.0)+ 27 (x%,£.0)=0 and 67 (u,&.8) +
5~ (u,6,{)=0 that the terms o7 (Z;,k) and =*(Z$, k) in
Z;”’Cm cancel out with the analogous terms in Z5; . since

they correspond to gravitational waves that have the same
functional form with the same cuts at both ends.
One then obtains

ation then follows from Z7(

f(yl_lz(ic)a;(za_’ ]%) +c.c. )ko + ZZZI cone

+ (_1>lzgll,cone =0, (68)

where o5 (u, k) is the unknown, and Z3, o.c. Z3) cones are
integrals on the future and past null cones from x“ respec-
tively and depend on 6~ (v, £, £). To obtain an explicit result
we consider the case where 6~ (v, £, {) has compact support.
Selecting appropriate times v; and v, so that there are no
incoming waves for v < v; or vy < v, then we would like to
obtain the gravitational tail for the radiation at future null
infinity at sufficient large value of v so that the “free”
incoming gravitational waves have died out. Identifying the
values u; = vy, this corresponds to values u > u;. For this
case the corresponding scattering formula reads

&Pk, Pk,

01 (k] )51_ (kz)e_ixc(kl+k2)“81_1 + C.C.

2Wl 2W2

— 0. (69)

One can see in Eq. (69) the explicit quadratic depend-
ence on the incoming field and the details of the interaction
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are contained in Eq. (71). Following a calculation given in
the Appendix we obtain,

- [Pk Py -
A =i [ 5 g, e ke (k)
XS_(/;la/zz,f,é;), (70)
with

S (ky, k2, 8.0) = Y3 (2. O)Sp (ki ky),  (71)

and we have used 7% = —[%, Goy = Gy together with the
coordinate transformation { — f to get the final form of
Eq. (70). Note that 6~ (u,{,{) is absent in the above
equation since it has compact support and vanishes
for u = x*I} > uy.

It is worth making some remarks regarding these results:

(i) Equation (70) exhibits the tail of the gravitational
wave due to the self-interaction of the incoming
radiation since it is evaluated for times u > uy.
Gravitational tails are usually produced by back-
scattering of the outgoing gravitational radiation
emitted by an isolated system [12], and in this case
we find an analogous behavior.

(i) The equation for the frequency decomposition of
(70) is also interesting since it shows that one can
obtain different helicity values for the outgoing
gravitational wave that may not be present in the
incoming wave.

(iii) Equation (70) is also interesting in a quantum field
theory approach since it gives the probability scat-
tering amplitude that an incoming graviton with a
given value of quantum numbers end up with a
different set of outgoing quantum numbers.

One can perform a second check on the above equation,
assuming again that the incoming radiation has compact
support but now ¢~ (v, £, ) vanishes for times v < v;. For
those Bondi times the retarded null cone cuts correspond
to a flat metric and therefore, the integral terms vanish in
Eq. (68) since the incoming radiation has not been turned
on yet. In this situation one gets a similar formula with a
different meaning,

> &Pk &Pky - >
+ _ 1 2 =it = (V5 (k
62 (u’ Cv C) l 2W1 2W2 e 01 ( 1)61 ( 2)
X S+(l_€)1,]_€)2,5, z) (72)
The term Z3, .. in Eq. (68) represents the contribution of

the future null cone from a point x* such that u > x“/,. It is
nonvanishing since it contains the radiation that has gone
from past to future null infinity. Therefore, the outgoing
radiation 6 (u, {, {) cannot vanish. This formula appears to
contradict causality but in general relativity both the
advanced and retarded solutions are equally valid to

describe the underlying metric of the spacetime. The
formula Eq. (72) is telling us that even when the future
null cone cut from x¢ is flat since the metric of the
spacetime is still #,,, the nonlinearity of the theory is
responsible for a nontrivial radiation o5 (u,,¢) that
compensates the integral term on the future null cone from
x?. One could call this situation a gravitational trailer, it
tells us what is going to happen in the future since the
movie has already been filmed.

The general formula, valid up to second order, is given by

A

_ Bk, Pk
o (u,l,8)+ 6 (u,d, [ LT 2,

)~ 2wy 2w,
x 5 (k) (St 4+ 87) =0, (73)

_iwuﬁ_(lzl)

U >

with w = |k, + k»| and S*, S~ defined before.

C. A working example

Although pp waves cannot be analyzed in this formu-
lation since by assumption the spacetime has no singular-
ities, it is nevertheless interesting to assume the incoming
gravitational waves are plane fronted. This is accomplished
assuming the Bondi shear at past null infinity has the form

0_(1}5 Ca 5) = 6_(U)ZIY121(55 5)6(4’ - é’{))é(g - 5())’ (74)

where (£,.¢,) is a fixed point on the sphere of the Bondi
coordinates, and 6~ (v),; is assumed to have compact support.
Using Egs. (38) and (39) one can write the metric as

hab = n/i\oan/i)ba_(u = xalg’ Z.:mZo) +c.c.,

which represents a transverse plane fronted spin-2 field
propagating along the direction ?j” that ends up at the point
(u = x,1%,¢,.Z,). A similar construction to (74) can be given
with another plane fronted wave from the null direction
(¢,.¢,) at past null infinity, and the idea is to obtain the
nontrivial scattering of these two waves.

For simplicity we will assume that the incoming grav-
itons with antipodal directions only have a quadrupolar
component, i.e., [ =2 and they have exactly the same
energy and frequency decomposition. The corresponding
Bondi shear can be written as

o~ (v.¢, 5) = G_(”)in%ij(C, E) [5@ - C0>5(5 - 50)
+8(c-E)6C-2,)]. (75)

and we assume that 6~ (v),; admits a Fourier decomposition
C .
o (v);; = / o™ (w);e™"dw. (76)
(5]

Since, 67 (v);; is assumed to have compact support then
o~ (w),; cannot have compact support. An example of the
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above is 6;;6(v) with 6;; a constant symmetric trace free
matrix. The corresponding transform is given by o;;. In
general, the Fourier transform of a function of compact
support goes to zero when w — Fco.

Finally, we give some identifications that are useful to
apply the formulas derived before.

— A

o~ (w.8.2) = 6= (w, k) = o™ (), (77)

with w = \/ﬁ since we are assuming spherical coordi-
nates are used in the description of the data given in
momentum space. It follows from the construction that the
outgoing wave will also exhibit a singular behavior, the
nontrivial part is quadratic on the incoming data. Thus, it is
best to perform the calculation ab initio to see where are the
conflicting terms. It is also convenient to regularize the
delta function to avoid ill-defined terms like the squared of
a delta function. This is equivalent to say that the incoming
data is peaked around a generator (£,,¢,).
Following Eq. (70) we write,

B Ihdk
of (8.0 =i5(E0) [ 515 2e

x Sy (ky,ky), (78)

bkt (K))a7 (Ky)

from which we can extract the component o, (1), as

, Eh dky L
)y = i(=1)! [ GG e Ry (o (k)

x Sy (ki ky), (79)

ot (u,l,0) = 000+0M +0+ + ot

Y

where each contribution is labeled according to the self
interacting and the interference terms. An explicit calcu-

lation yields
ol = i/ " dw
00 0o 2 :

X/oow—dW e—tu(W1+W2)0_(W17k0)
0o 2

X6~ (Wz, 0)S ()(kl’kz ¢, 5)
5_(W1,/A€o)5_(wz”%o):0_(W1)ij0_(wz)k1

1 1
X <§5ik5jl 5zkY2,1+1680 4z,kz>’

S5k, 8.0) =12 [ T ]

0,0( 1-12 g g) ( +W2) (W1+W2)2

66 k .k ,

Sg(lco; 0 g C)’ (81)

since S, = 0 for the self-interaction term. Likewise,
550 = ko = =ko), (82)

i.e., one replaces the incoming direction by its antipodal
angles.

The last two terms represent the non trivial part of the
scattering between the two waves and they are more
involved formulas,

. oowl 00W2 . o _ A
oh =i —dw, —Zdwye "= l6 (wy, k,)
00 ) , 2

~

X0 <W27_k())88()7 (83)
o~ (w1, k,)57 (W, —k,) = 6~ (W1);6~ (W)Y
A 308, + S
S (ki ky.8.0) = T (84)

- ~ s
Wll loc + WZI Noe
with

Sp = W1W2G2$2’(€’ 57 ]A%)G—z—z’(zv é_v’ —]A%)a (85)

(86)

s n 141,n51,)?
Sa — SA(lglanlg)lb + W1W2( otallo b) >

(Wl,l\cloc + WZ,I\Cnoc)2

One can make several comments regarding the scat-

tered waves:

(1) The first two terms in Eq. (80) are simply the self
interaction of each incoming plane wave whereas
the last two represent the interaction between the
two waves.

(i) All these terms have non vanishing amplitudes for
angles ¢ # {,. Thus, the nontrivial outgoing radia-
tion reaches the whole celestial sphere.

(iii) All these terms are nondiverging when w;, — 0
and/or { — {,. To show this we first use lﬁ?u -0,
nﬁﬁa — 1 in the above expressions and the factor w?
in the denominator is canceled by an identical term
in the numerator. Thus, there are no infrared diver-
gences in the above results. The Green functions
involved and their derivatives give finite expressions
when { — {,. This can be seen directly from
Eq. (28) by taking d and &' derivatives to (28)
and then taking { — £,. One thus shows, that there
are no infrared divergences in the above results.

(iv) They also pick up other / > 2 components other than
the original / = 2 for the incoming field.

(v) Note also that the interaction terms o, and o are
different from the first two terms since S, vanishes
for 6§, and o o5 ()

(vi) Although the scattering of monochromatic waves
cannot be dealt with on this formulation, it never-
theless is interesting to observe that if the incoming
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waves have the same amplitude and frequency the
interaction term is not an outgoing wave. This feature
is analogous to the addition of electromagnetic waves
traveling in opposite directions and it follows from
setting 6~ (wy) = 6~ (w,) = 6(w,)8(w — w,).

V. SUMMARY AND CONCLUSIONS

In this work we use the NSF approach to study the
nonlinear interaction of incoming/outgoing gravitational
radiation given on the null boundaries of an asymptotically-
flat spacetime.

Using the available vacuum field equation for the main
variable of the formalism we solve the equations by a
perturbation scheme valid up to second order and obtain
advanced and retarded solutions that depend on the future
or past radiation data representing outgoing or incoming
gravitational waves.

We then consider the dispersion relation between incom-
ing and outgoing gravitational waves at first and second
order of a perturbation procedure.

In Sec. III we solve the linearized equations obtaining a
relation between the incoming Z~ and outgoing Z* null
foliations. This relation directly follows from the unique-
ness of the first-order metric. Formal solutions to the
elliptic equation on S§? are given for null radiation data
giving, by means of Eq. (42), a relation for every mode in
the decomposition of the gravitational shear . Although
this relation gives the trivial scattering in every mode of
the gravitational radiation, it is important to obtain since it
fixes the one to one correspondence between the incom-
ing and outgoing radiation fields.

A similar relation can be derived for every mode at the
second order in the perturbation procedure. Although the
calculations are technically more involved than in the linear
case, a relation between the incoming and outgoing
radiation is given in Eq. (68). The two checks done on
Eq. (68) to understand the validity of the result give us
formulas for the gravitational tail and, what we called, a
gravitational trailer.

Finally, we analyze the scattering of two plane-fronted
waves coming from opposite directions. The main features
of the diffracted waves is that they are scattered throughout
the celestial sphere. Also, there is a clear distinction
between the self interacting terms and the one that is
responsible for the interaction between the two waves.
Another feature of this scattering is that the scattered waves
have different spherical harmonic decomposition than the
incoming waves.

As a final comment we would like to give an idea of
future developments following this approach. One of our
main goals is to obtain a quantum scattering theory for
the asymptotic quantization procedure first presented by

Ashtekar in 1986 [4], where free fields are quantized at
future or past null infinity. In our formalism the same free
data is used for any order of the perturbation procedure,
i.e., the phase space is constructed once and for all in our
approach. This is extremely important at a classical or
quantum level since one can introduce either a canonical
form with Poisson brackets or quantum commutation
relations for fields given on the null boundaries that will
not be modified as one proceeds with a perturbation
calculation. The calculations performed at second order
do not have divergences if one assumes peeling for the
gravitational field. Thus, a future area of research is to
derive “Feynman-like” formulas for the higher-order
terms and analyze for possible divergences, compute
radiative corrections, etc.

There is also an assumption that has been used in this
work, namely, the existence of a map between the past
and future Bondi coordinates mediated by a regularity
assumption of spacelike infinity [1,9]. If one does not
have such a map then the scattering matrix construction
would have an S§? gauge freedom. Although some
progress has been made to understand the regularity
structure of spacelike infinity on a generic situation,
there is still much work to be done to get a full
understanding of its conformal completion [2,3].
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APPENDIX: DERIVATION OF
¢ MODES RELATION

We first derive the relationship for the “free” part of Z,
that satisfies the wave equation, since it corresponds to
undisturbed gravitational waves that propagate from minus
to plus null infinity. Z}; is given by
Zﬁ,cut=]{(Y712(C,Z)6+(u,§,5)+Y?,(Caé_“)&*(u,é“f))aaS,

(A1)

and we assume the free data 6" (u, ¢, ) admits a positive
frequency decomposition,

o el = [T g De (A2)

We then rewrite the free data part of Z as
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Z(X) e = Awgdwy{aﬂs{yl—f(g, 8ot (w, &, E)emwla

+ Y805  (w.L, f)eiwxal”] ’ (A3)

which can be rewritten as

FITI y o
Z(X)?}.cut:/m [YI_IZ (k)a+ (k)e—zx k, +Y121(k)0-+(k)ezx ka} .

(A4)

using a spherical decomposition of the 3D momentum
space. In the above equation the coordinates (¢, () on the
sphere have been rewritten as (k), and k% = wi“(k). Note
that k“k, = 0, and we have a field that satisfies the wave
equation. Using the eigenfunctions e™"%« we obtain the
Fourier transform of the above equation as

i / Pxek 0,75 = Yi2(R)ot (w k). (AS)
Finally, integrating on the sphere yields
i 7{ &2k / Pxek 0,2 = ot (w),.  (A6)
Z" 11> on the other hand, is given by
Zy= (1) (¥R Do (00D
+ V(05 (0.0.0)) &S, (A7)

thus, to compare both expressions one must first rewrite
Eq. (A7) as a function of u = x“[} instead of v = —x¢I;.
From [ = —l;a we obtain v = ii. performing a change of
variables { — é‘ in Eq. (A7) we obtain

Zy= § (rReD5 D+ Do i) s
(A8)

where we have used Y% (C, ) = (=1)'Y772(¢.©). Note that

A

o (u, gA“ ¢ ) is a s.w. 2 function and plays the same role as
o' (u, ¢, ) in Zj;. Thus,

Zy= [T G § [P0 (n L he
+ Y3 Do~ (w L. Dyen ). (A9)

Finally,
i 7{ d*k / Bret 9,77 = (~Dlia(w),,  (Al0)
and from Z}; + Z=;; = 0 we get
ot (w)y + (=1)'a(w); = 0. (Al1)
We now address the mode decomposition of the inte-

gration on the future or past null cones from the point x¢
starting with the advanced solution, i.e.,

Z;l].cone == % szY(l)I(él’ 5) Aoo ds (26692 (ycv ¢ 5)
+10,M0,A (7,6 8) ) (A12)

where the rhs is integrated on the future null cone from x¢.
To express Eq. (A12) in terms of the null free data it is
better to rewrite Eq. (A4) as

Z]*l,(x):/d4k5(k“ka)9(k”)(Y[,%fc)a*(k)e""‘ak“+c.c.),
(A13)
where the second equality follows from the reality con-
dition of Z{ ;(x). One can check by a direct calculations
that Eq. (A13) is equal to Eq. (A4). One can also write the

Fourier transform of Eq. (A13),
Z{ (k) = Y (et (k)s(kk,).  (Al4)

and

AF (k8.0 = Yi(C. QY (k)ot (k)8(kk,).  (ALS)

Defining the Fourier transform of Q, as
80, (k*, ¢, &) = /d“xeix“"c' [a,A,a,[\,
. /oo o /oo dwaz,,Alag,Al], (A16)

and using Eq. (A15), we obtain
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&Pk, Pk =
8Q,(k*.£.0) = / Fo 2B K = (k) )o (k)5 (k) (K1 K. £ D), (A17)
2W1 2W2
with
] . - . ; I Okl (£ Dy )?
Sk kr.£.0) = Gox (.8 k)G 2 (G L k2>(l+“<c, (€. By + L (ZL(IC 5),2 )2) 2h). (A
Inverting Q,(k%, ¢, () one gets
. Py Pky ,
80 (x,¢.8) = [ 352 e kgt (k)6 (ky) S (k1. ko, €, 0. (A19)
2W1 2W2
A similar calculation gives
&Pk &k
by AG A = 1 2 5+ —ix‘(ky+ka).
n aa ab 2W1 2W2 9 (k) (kZ) SA’
with
Salky, k2,8, 0) = Gr2(8, 8, k)G 2 (L€, kz)ﬂabklakzb- (A20)
The above results are then used to compute Eq. (A12) giving
B [ Pk Py . _
Z(x );ll.cone =1 2—W]2—W26 (kl+k2)ca+(k1)0+(k2)8;(k1»k2)’ (AZI)

with

338 (ky, ky, &, ) + Salky, ky, &, 8)
(8,8 (ky + ka), '

Note that Z(x*)3,, .one does not satisfy the wave equation since (k; + k)¢ is not a null vector.

S;;(kl,kz) - deSY?I(Z_: é’)

Taking the Fourier transform of Z3 ;.. (x) + Z3 ; cone (%), using Eqgs. (A4) and (A21), and integrating on the frequency
and on the sphere in momentum space we get

~ YPRRek) | [Pk Pk - — — B
Z3 (k) =4 T +l/ 2w11 2W2253(k— (ki + ky)ot (ky)Tt (k2)Sjp (ki kz)), (A22)

with k = wk since we are using spherical coordinates in momentum space. Integrating in the angular coordinates gives

Pk, Pk R
Zie) = Soijn) + 1 [ S0 = [+ B o () (k) . o). (A23)

One can also take the inverse Fourier transform of this equation. Multiplying by e™™", integrating on the positive
frequencies and using Eq. (A2) we get

2y = o +i [ 5.0

To obtain the contribution of the retarded solution we first write

&k &k,

— —
o 2w emkitkal ot (k Vot (ko) S (ky . ko) + c.c. (A24)

Zaux'.8.0) = (B G(e.8.6. D) (0.0 F) + ). (A25)
with v = —x“I; = —x“I*. In order to compare with Z*(x,£,£) we perform a change of variables ¢’ — ' giving
Zon(x, 8. 0) = 7{ (82G5(2.2.8.0)o~ (—u.0'.7') + c.c.)dS. (A26)
SZ
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Thus, the positive frequency decomposition of Zg, (x

“,é’, 2) is given by

Zaaxt. 2.8 = [Taw f as@65E L8 D)a 8D ) e (A27)
0 52
and,
Zou(x)yy = (1) /oo dwf ISV, (w, . e ™ e + V(L 0o (w. 0 O)e™ e, (A28)
0
where we have used {/EU = (=1)'Y;? and Y7 Y 2 =Y7,Y;%. Thus, directly from
cul( C C) + Zcut( ,5, E) =0,
we get
oy (w) + (=1)57;(w) = 0.
To obtain the past null cone contribution we have to replace y*t¢ = x¢ + sI™¢ by y™¢ = x¢ + sI7. Thus,
o FEPK k) (e (5
Zip o) = (1) [ EEL ) o ()5 )51, ). (A20)
Finally, from Z5 (x*,¢,{) + Zg(x“,é’, 2’) =0, we get
Pk -
o+ () )+ [ LK ik ot o )55+ (<1)1s7) (A30)
w 2w/
Multiplying the above equation by Y2 (¢.Z) and using (—1)'¥2(¢.2) = Y;2(2.) gives
= s 2 kK — - — . — .2
ot (u,8,0)+6 (u,l.8)— e ’“V‘*k,‘a (K)e (K)(ST(k, K.8.0) + S (k. K, 2.0)) =0,  (A31)
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