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Acoustic black and white holes of potential flow in a tube
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We propose a new simple model of acoustic black hole in a thin tube, where the difference in the
gravitational potential is used to create a transonic flow. The main merit of our transonic flow model is that
the Euler equations can be solved analytically. In fact, we can obtain an exact solution to the equation in
terms of a height function in the monatomic case y = 5/3. For arbitrary y, we find that it takes a simple
form by the near-sonic approximation. Moreover, we obtain two analytic solutions describing a backward
wave and a forward wave, from which we can confirm the existence of sonic horizons.
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I. INTRODUCTION

In 1974, Hawking theoretically predicted that a black
hole can cause a black body radiation by quantum effects,
which is referred to as Hawking radiation [1]. The Hawking
radiation with a thermal spectrum causes black hole
evaporation by pair creation of a particle and an antiparticle
in the neighborhood of an event horizon and also yields
today’s unresolved problem of information loss paradox [2].
For black holes in the Universe, the temperature of Hawking
radiation is so low that it is considered to be difficult to
observe it.

However, the essence of the Hawking radiation does not
lie in astrophysical black holes themselves but rather in the
spacetime structure of an event horizon. Therefore, it is
expected that a similar physical system may also exhibit
something like Hawking radiation. From this point of
view, in 1981, Unruh demonstrated that the acoustic
analogue of black holes admits the thermal spectrum of
the Hawking radiation [3]. So far, many researchers have
proposed various analogue models in different fields of
physics. As for the hydrodynamical system, we have
analog black holes in the Laval nozzle models [4-8],
surface gravity wave models [9], and draining bathtub
models [10-16]. For other fields, the analog models are
also proposed in the Bose-Einstein condensation (BEC)
[17,18], electronic wave guide [19], superfluid *He [20],
and so on. Using these analogies, many interesting physics
involving the Hawking radiation have been actually
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observed in the laboratory experiments such as surface
gravity waves [21—26],] optical fibers [27,28], and BEC
[29-32] (also see the reviews [33,34]).

For the realization in the hydrodynamics, a simple one-
dimensional model is the Laval nozzle model [4], where
changing the cross section of the flow creates the sound
horizon at the narrow throat of the nozzle. Another simple
model is the draining bathtub model [10], where the sound
horizon is formed by the steady planer flow only with radial
and tangential velocity. The bathtub models can be used to
prove the superradiant instability that involves a rotating
horizon [11,13,14].

In many previous models of acoustic black hole, con-
tribution of gravity is ignored, and variation of pressure is
used to create a transonic flow. In these models, since the
main concern was the sonic horizon and its neighborhood,
the global structure was not solved analytically, due to
the nonlinearity of the Euler equations. In this article, we
consider a new type of acoustic analog model, in which
the gravitational potential plays the main role in making the
transonic configuration. In this model, we find the solution
of an analog black hole analytically in case of monatomic
fluid. Moreover, we can obtain two approximately solu-
tions in the case that the flow velocity is near the speed of
sound. One is the wave propagating in the same direction as
the background flow, and the other is in the different
direction. From the backward wave, one can see that this
model has black and white hole horizons.

'Recently, it was argued that the analogy in the surface gravity
wave should be treated carefully since the analogy no longer
works for the nonlinear regime [26], in which some earlier
experiments (say, Ref. [24], for example) took place.

© 2023 American Physical Society
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The rest of this article is devoted to the analysis of our new
acoustic model. In the next section, we briefly review the
general theory on analog black holes, particularly, the
analogy between the Schwarzschild black hole metric written
in Painlevé-Gullstrand coordinates and an acoustic metric
describing by a perfect fluid. In Sec. 111, explaining our setup
in detail, we propose our new acoustic model, which is a one-
dimensional tube model with acoustic black and white holes.
Then, we solve the fluid equations to obtain an exact solution.
In Sec. IV, we solve the perturbed equations by a near-sonic
approximation. In Sec. V, we discuss the causal structure of
the spacetime which the acoustic metric describes by the
conformal diagram. In Sec. VI, we summarize our results and
discuss possible generalization.

II. ACOUSTIC METRIC

We briefly explain how the acoustic geometry appears
from the fluid dynamics, which was first studied by Unruh
[3]. Let us consider an inviscid perfect fluid that follows the
continuity equation

dop + 0i(pr') = 0, (1)

and the Euler equations
, L 1. .
60U1+Ujajﬂl :—;5’]0jp +/zll, (2)

where 4/ is an external force per unit mass. We also assume
the equation of state for the ideal gas

P _ const. (3)
pT

With the barotropic condition p = p(p) and the adiabatic
condition, we also have

pp~7 = const, (4)

where y is the heat capacity ratio. For an irrotational flow,
the velocity can be expressed by the velocity potential ¢ as

v = 80,4, (5)

Therefore, the fluid equations (1) and (2) reduce to the
equations for p and ¢.

Now we consider a small perturbation around a back-
ground flow

P = Pog + P b = oy + ¢, (6)
which leads to a master equation for ¢:

Py ~ i 5
C—gg (0op + Ujbgajfﬁ)

+ 870, (prg0;h). (7)

0= —(a() -+ aiU]i)g -+ végai)

where we denote v}, = —5"0;¢h,. Note that c; is the speed
of sound in the rest frame background fluid given by

dpys YDy

i) = =T ®)
’ dpbg Pog

In fact, this has the same form as the Klein—Gordon

equation for a massless scalar field on the following metric,
i.e., acoustic metric,

b (%) ; .
ds(zac) = ﬁ [_(Cg(x) - U%g(x»dtz - 25ijvbg(x)dtdx/
+ 5,de’dxf] (9)

This metric describes the Schwarzschild black hole
written in the Painlevé—Gullstrand coordinate by setting

[ 0 _ 9 _ —
Upg = —C/Tg/ T, Vg = Vpy = 0, and ¢ = c.

III. SETUP

So far, the analog horizons have been studied in various
setups with transonic flows. In particular, for the hydro-
dynamic analog, the draining bathtub [10] and the Laval
nozzle [4] models have been popular models. However, the
effect of the gravitational potential has been ignored in both
models. In this article, we rather make use of the gravity to
realize a simple model of the transonic flow as in the
surface gravity wave model [9].

For simplicity, we consider a flow within the thin tube
whose height is given by the function A(x) at the coordi-
nate x measured along the tube (Fig. 1). Assuming that
the tube is thin enough, one can regard the inside flow as
one-dimensional flow along x. Therefore, the fluid equa-
tions (1), (2) and the wave equation (7) reduce to

dop + 0x(pv) =0, (10)
1
0pv + vo,v = ——0,p — go,h, (11)
p
and

0= =(@0 + 0u0-+ 00,) |2 0o+ 00.D)] + 0,000,

(12)

/ T

FIG. 1. Flow in a curved thin tube.
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FIG. 2. Correspondence between the height and velocity
profile.

where » and ¢ are the velocity in the x direction and
the gravitational acceleration, respectively. p is given by
Eq. (4). Note that from here on we omit the subscript “bg”
in the background variables.

For the stationary configuration, the continuity equa-
tion (10) and Poisson relation (4) lead to

p(x)0(x) = 9t (13
c2(x) = rp) = & Hlvz X
=105 = (o) e

where the flow should be either in positive or negative
directions. Without loss of generality, we can choose
v(x) > 0. The constant p and &, are determined by the
values at the sonic point x = x;

s = U(xs) = cs(xs)' (15)

For instance, let us consider the height profile as depicted
in the upper graph of Fig. 2. One can see that the detail of the
transonic flow is strongly restricted (lower graph of Fig. 2).
The Euler equation (11) is rewritten as an ODE of v(x)

g (x) = — {1 - (;31))”1} v (x),  (16)

where ’ denotes the derivative with respect to x. This
immediately indicates that the sonic points, if they exist,
|

only appear at the stationary points 4'(x) = 0. By differ-
entiating it, we also have
gh'(x) = —(r+ DY (R)P <0. (1)

Hence, the sonic points must appear at the local maxima of
the potential. In the similar way, one can easily show the local
extrema of the velocity profile correspond to the local minima
of the potential.

Equation (16) is integrated to give the Bernoulli formula

1ot N v?(x)
y=1v7'(x) 2

gh(x) + =C. (18)

To obtain a transonic flow around a sonic point x = x,
we set

With this, Eq. (18) is rewritten in a dimensionless form

—M@+ﬁhﬁ?;1+@%2_l—o, (20)

where we have defined the normalized velocity and
potential as

ox)=¢&"o(x),  h(x) =eg(h(x) = h(x).  (21)

The behavior around the sonic point is determined by

expanding v(x) = 1 + 6v(x
sty [ ) 22)

Since h(x) =~ h"(x,)(x; — x)? for x = x,, the smoothness of
60(x) requires

(x < x)
O0(x) =

Y+ l (23)

:F1 /
++/h(
We could not find the global solution for Eq. (20) in

general, but for the monatomic case (y = 5/3), we find an
analytic solution

x>x

-1/2
= \/—21/cosh3%+3\/coshw+3\/§5inh% <3cosh%+coshy/<,/cosh wsech3%—2>) , (24)
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FIG. 3. (a) Bent tube of the length 2zL in accordance with /(x) and (b) wavy toroidal tube.

with

1. 2
VS iarccosh[(l +§h(x)> ] (25)
For x ~ x,, we have
3y =
v(x) 21+ ——, ~ +V2h. 26
e T At (26)

Therefore, for the smoothness at x = x, (23), we must
choose

{ Farccosh[(1 + 1 (x))?]
Ve +arccosh[(1 414

This gives the transonic solution for a given height
function A(x).

. { Farccosh[(1 + 1 Zcos? £)?]

+arccosh[(1 4 4 Acos? £)?]

’For the actual implementation, it would be useful to
clarify the dependence on the base coordinate X. From dX =

1 — W (x)*dx, we have

L _[2x A A2
X E<L ,Lz), 0_X_4LE<L2), (29)

2
where E(¢, k) and E(k) are the incomplete and complete elliptic
integrals of the second kind, respectively.

IV. NEAR-SONIC APPROXIMATION
AND WAVE PROPAGATION

In this section, we solve the wave propagation (12) in the
acoustic geometry derived in the previous section. Since it
is difficult to obtain exact solutions in general, we consider
two simple configurations.

A. Wavy toroidal tube
First, we consider a periodic model of the length 2zL,
whose height is given by the following profile (Fig. 3):
h(x) = Asin> >, (28)
L
where A is the amplitude of the elevation.” The inclination
angle @ of the tube is given by

A2
sind = h'(x) = —sin—x,
L L
which restricts the range of A for 0 < 4 < L. Since the sonic
points must be at x = zL/2,3zL/2, the transonic solution
for y =5/3 is given by Eq. (24) with

(30)

(0<x<zL/2,3zL/2 <x <2xL)
(zL/2 < x <3zL/2)

, (31)

where

p Ny
1

, (32)

SRS

and the sign is set so that it flips at each sonic points. In
Fig. 4, we show a typical velocity profile of the transonic
solution, where we assumed a laboratory-sized system with
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FIG. 4. Velocity profile of transonic flow solution in Eq. (24).

L=0.5mandA=>5 x 1072 m, and superfluid *He (M, =
4.0026 x 1073 kg/mol, y =5/3) at the sonic points
temperature of 7 =2 K, also with g =9.798 m/s> and
R =8.314 m?>kgs 2K mol~'. The value of 4 is given
by 1 =7.075 x 107,

To solve the wave equation (12) analytically, we further
assume the small amplitude of the elevation 1 < 1 where
the flow becomes almost sonic. As shown above, this
assumption is rather realistic in the laboratory experiment.
The small undulation allows us, as a by-product, to obtain
the analytic form of the velocity profile for general y as in
Eq. (23),

_ B 21 X -
o(x)=1 HH—ICOSZ—F O(4)

In the same way, the sonic speed ¢, and the mass density p
are expanded as

for i< 1. (33)

. yl X -

ci(x) =és+¢(y—1) 2(y+1)cosz+(’)(i), (34)
(x)=p+p ’ cos£+(’)(/_1) (35)
PRO=P P '

We will refer to this formulation as the near-sonic approxi-
mation. With these backgrounds, Eq. (12) can be solved by
expanding in V2. B

First, we begin with the waves at the limit 4 — 0, where
the wave equation (12) reduces to

0 = 0y(0op + 22,0:). (36)
which has solutions

w =0,

¢ = exp [-i(wt — kx)], 2kes.  (37)

The wave with @ = 2k¢, corresponds to the forward wave
that propagates in the same direction as the background

sonic flow, and the one with @ = 0, the backward wave that
tries to go back against the background.

To study the transonic effect, we assume following wave
form:

(1, x) = exp [—iwt + i¥(x)]. (38)

For the forward wave, assuming @ = O(1), we can expand
the phase as

g (for) (X) :k0x+ \/Zw(lf()l‘) (.X') _'_(’)(/'L)’ kO =a)/(2€‘§) (39)

By expanding Eq. (12), we obtain

2 L 8L for
0= }’+—1< Ej)cos%—Zisin%) —Tyaxwﬁm )(x). (40)

This can be solved as

wifor) (x)=const+——

3—y | 2 (Lo
8 1+y

‘. sin%+2icos%>. (41)

Therefore, the forward wave solution is given by
H1) (1, x) = ATor) (x) exp [—iowt + P ) (x)],  (42)

where we rewrote the modulations in the amplitude and
phase separately as

‘ 3- 22
Alr) (x) = exp <—Ty T cos%), (43)
/4

0] +3—y
x+— .
2¢, 8 I1+y¢, L

\I”;(for ) (x) _

The local phase velocity is then also expanded by Vi

plfer (x)= S —T _3or 2—}:cosi
ph )=o) = 4 \1 L)
A" (x)/dx +r

(45)
For the backward wave, we should start with rescaling w as
®=m; vV, (46)

since it gives @ = 0 at the limit A — 0. Then, it turns out the
mode function should satisfy
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FIG. 5. Plots of the waves in the case of 2 = 7.075 x 107> and y = 5/3. (a) The forward going wave with @ = 10¢,/L, and (b) the

backward going one with w; = 10¢,/L.

0= 2 lfol sec - — L tan> 0, e ()
y+1 ¢ L L

+ 0,0, @) (47)

which is solved as

iLoy

\y(ba 1 —sin¥\;
llI/(haLk)(x) _ C C L \és 2(l+y)‘ 48
¢ 0T sinz (48)

Since we are interested in the propagating solution, we
choose Cy = 0 and C; = 1, which lead to

L 1 —sin®
Pback) (x) = i 10g< 51.n i) (49)
e/20 ) E\TFsing

This wave actually propagates backward in the subsonic
region and forward for the supersonic region

Mcesi. (50)

dPaN) (x) /dx ) 2 L

ph

In Fig. 5 we give plots of these forward and backward waves.

B. Infinite tube with a single bump

Another simple situation is a tube with the infinite length
with a single bump (Fig. 6)

0

FIG. 6. Infinite tube with a single bump.

h(x) = Asech? % (51)

where L gives the width of the bump, and the amplitude 1 is
limited in the range of 0 < A < (31/3/4)L as in the toroidal
model. The sonic point only exists at x = 0. For the small
elevation, Eq. (23) leads to

y x .
. tanhz + O(4), (52)

where we set the sign so that x < 0 is subsonic and x > 0
supersonic, and / is defined in the same way as Eq. (32).
With the same analysis as in the toroidal tube, we obtain the
forward wave (42) but with

3—y | 22
A (for) (x) = exp (Ty 1—_}_yté].l‘lh%) , (53)

0] 3—y 20 Lo

plon) (x) = 2A§x R (s log cosh—, (54)
where the phase velocity becomes
o (x) = 28, + % eV tanh%. (55)
The backward wave is given by
Lo, S5
PO (1 x) = Vit sinh% BV (56)

where the phase velocity becomes
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FIG. 7. Plots of (a) the forward going and (b) backward going waves with the same parameter choice as Fig. 5.

ac A 1 7
vl()?l k)(x) =G %\/Ztanh%. (57)

The two waves are shown in Fig. 7.

V. ACOUSTIC METRIC
AND CAUSAL STRUCTURE

Finally, we discuss that the causal structure of the
spacetime corresponds to the toroidal model. The acoustic
metric is written as Eq. (9). In order to see the causal
structure of the spacetime described by the acoustic metric,
let us consider the conformally transformed metric

dfv? = —(c2(x) — v*(x))dr* — 2v(x)dtdx + dx*

ac) S

+dy? + d7?, (58)

which can be written as

v?(x) 1
ds? =—(1- 2(x)dt? dx* +dy* +dz?,
== (1) EETAE
(59)
where
&dx‘ (60)

dt, =d
a7

The two-dimensional (7., x) part of the metric is similar to
the Schwarzschild metric, where one must note that the
radial coordinate x, unlike the Schwarzschild metric, has the
finite range 0 < x < 2zL, so the spacetime has no infinity.
Therefore, the Schwarzschild-like metric (59) describes the
spacetime displayed by the conformal diagram in Fig. 8,
which consists of the following four portions.

(i) An outer region of black and white holes: D, =
{(t.x)| -0 <1<00,0<x<ZL¥L<x<2zL}. In
this region, the background velocity is smaller than
the sonic velocity, i.e., v(x) < ¢ (x).

(i) A black hole horizon: Hp = {(z,x)|t = c0,x =
ZL}: In this point, the background velocity coin-
cides with the sonic velocity v(x) = ¢ (x).

(iii) An inner region of black and white holes: D;, =
{(t.x)| —0 <1< 00,ZL <x<3¥L}. In this re-
gion, the background velocity is larger than the
sonic velocity, i.e., v(x) > ¢(x).

(iv) A white hole horizon: Hy ={(t.x)|t=00,x=3ZL}:
In this point, the background velocity coincides with
the sonic velocity v(x) = cy(x).

TLG =X

FIG. 8. Conformal diagram of an acoustic black and white
hole spacetime. The sonic points x = zL/2,f = oo and x =
3zL/2,t = 0o act as black hole horizon Hy and white hole
horizon Hyy, respectively. One should note that the sonic velocity
¢s(x) depends on x, and hence, the sound cones differ.
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VI. SUMMARY AND DISCUSSIONS

We have proposed a simple model of the acoustic black
hole. Unlike many conventional models which make use
of a pressure difference, our model avails itself of the
gravitational potential to create a transonic flow. The main
advantage of our model is that we can solve the Euler
equations analytically. In particular, we have found an exact
solution to the equations for a given height function in the
monatomic case of y = 5/3. Under the near-sonic approxi-
mation, we obtain two wave solutions in the toroidal tube
and infinite tube setups: One describes a wave propagating
in the same direction as the background flow, and the other
the backward going one. One can see from the backward
wave solution that there are two sonic horizons, black and
white hole horizons, in our periodic transonic flow model.

Of course, there are some shortcomings in our model.
The toroidal bending of the tube causes the centrifugal
force on the fluid, whose effect is ignored in the analysis.
The inertia force for a fluid element per unit mass is
estimated as ¢2 /R where ¢ is the sonic velocity and R is the
curvature radius of the bending tube. Since we have 10? <
¢s < 10° m/s for ordinary fluids, this rather dominates over
the gravitational acceleration g ~ 10 m/s? in the laboratory
experiment. Nevertheless, the inertia would not matter in
the thin tube approximation since the tube provides the
supporting force. However, with a finite cross section,
the strong inertia would make strong inhomogeneity in the
density and pressure profiles for given x, which will affect
the wave propagation as the finite size effect. To incorpo-
rate this, one has to start from the three-dimensional system
and reduce it to that of one dimension. The lack of energy
supply is another unphysical assumption. To make a similar
steady flow in the laboratory, one has to place a pump to
compensate the dissipation. The pump will be placed in the

middle of the flow on either of subsonic or supersonic
sides, which will cut the circular topology of the analog
spacetime. For these reasons, our toroidal model will not be
considered physically reasonable, but we believe that it is
still considered pedagogically worthwhile as a toy model
for learning about properties of an acoustic black hole.

In general, one of important advantages to consider analog
models is that one can carry out an experiment with respect to
black hole physics in a laboratory. However, to do so, at least,
in the fluid system, the sonic horizon must be stable since a
shock wave may appear near the horizon. At present, we do
not know the stability in our model, which deserves our
future works. In addition, we also should see whether the
wave propagation has the similar nature to that of Hawking
radiation. Moreover, we can also consider various general-
izations of our model if we give appropriate forms of the
function A (x). For instance, if we replace x/L in h(x) with
nx/L, we can construct a multiblack hole system of n black
and white holes. Furthermore, if we choose the function
h(x) with periodicity 2zL such that h(0) = h(2zL) =0,
W(zL/2) = W (z3L/2) =0 and h"(zL/2) =0, we can
consider the analog model of black hole binary.
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