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In this paper, we find new scalarized black holes by coupling a scalar field with the Gauss-Bonnet invariant
in teleparallel gravity. The teleparallel formulation of this theory uses torsion instead of curvature to describe
the gravitational interaction, and it turns out that, in this language, the usual Gauss-Bonnet term in four
dimensions decays in two distinct boundary terms, the teleparallel Gauss-Bonnet invariants. Both can be
coupled individually or in any combination to a scalar field, to obtain a teleparallel Gauss-Bonnet extension
of the teleparallel equivalent of general relativity. The theory we study contains the familiar Riemannian
Einstein-Gauss-Bonnet gravity theory as a particular limit and offers a natural extension, in which
scalarization is triggered by torsion and with new interesting phenomenology. We demonstrate numerically
the existence of asymptotically flat scalarized black hole solutions and show that, depending on the choice of
coupling of the boundary terms, they can have a distinct behavior compared to the ones known from the usual
Einstein-Gauss-Bonnet case. More specifically, nonmonotonicity of the metric functions and the scalar field
can be present, a feature that was not observed until now for static scalarized black hole solutions.

DOI: 10.1103/PhysRevD.107.104013

I. INTRODUCTION

General relativity (GR) predicts that in vacuum,
there is a unique spherically symmetric solution: the
Schwarzschild metric, which is characterized only
by the mass M of the gravitational object. Adding

electromagnetic fields to the theory, i.e., considering
the Einstein-Maxwell case, then the unique spherically
symmetric and asymptotically flat black hole solutions
are characterized by two parameters, the mass and the
charge Q of the gravitational object. Further, by consid-
ering a rotating scenario, the angular momentum J
appears as an additional parameter in Einstein-Maxwell
black hole solutions and measures the amount of rotation
of the body. Thus, when one describes stationary and
asymptotically flat black holes in GR with minimally
coupled electromagnetism, the solutions are uniquely
characterized by three parameters (M, Q, J) only. This
fact is known as Israel’s no-hair theorem [1,2].
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One of the well-studied ways of violating the no-hair
theorem is by considering a theory consisting of a scalar field
nonminimally coupled to the Gauss-Bonnet invariant [3–5],
which, in the context of scalarized black holes, is labeled as
scalar Gauss-Bonnet (sGB) gravity. It has been shown that
for some coupling functions, there are scalarized black hole
solutions where the black hole scalar charge emerges from
a spontaneous scalarization process. In this process, the
predictions of the theory match the predictions of GR in
the weak field regime but differ in the strong field regime.
This mechanism was first demonstrated for black holes
[6–8], and it shares many similarities with the neutron star
scalarization observed in scalar-tensor theories [9,10]. The
process for black holes works as follows: The described
black hole coincides with Schwarzschild one for weak
gravitational fields when the spacetime curvature near the
horizon is too weak to source the scalar field. For strong
gravitational fields at the horizon, that realizes when the
black hole mass M falls below a certain threshold, the
Schwarzschild solution becomes unstable, and a nontrivial
scalar field emerges. Thus, the solution bifurcates to a
different black hole solution with scalar hair. This transition
is usually smooth in sGB and shares similarities with second
order phase transitions. This idea is analog for charged black
holes in, e.g., Einstein-Maxwell-scalar gravity [11] or black
holes in multiscalar Gauss-Bonnet theories [12,13]. After
these findings, several studies have suggested that those
scalarized black holes could be important to describe
astrophysical scenarios in the strong regime [14–19].
All the studies mentioned so far assumed from the

beginning that the geometrical description of gravity is
based on Riemannian geometry, i.e., that the gravitational
field is encoded in a spacetime metric and its canonical
torsion free and metric compatible Levi-Civita connection.
When one considers a more general geometry as it is done
in the metric-affine gravity formalism, one can obtain black
hole solutions beyond Schwarzschild (and Kerr in axial
symmetry) [20–23]. Another alternative and interesting
description of gravity can be formulated in terms of tetrads
and an independent flat (Rλ

μνβ ¼ 0) metric compatible
(∇μgαβ ¼ 0) spin connection, which thus possesses only
torsion.1 Those theories are labeled as torsional teleparallel
theories of gravity (or metric teleparallel theories) [24,25].
In that framework, one can formulate an equivalent theory
to GR, which is known as the teleparallel equivalent of GR
(TEGR), where the action is constructed solely by quad-
ratic contractions of the torsion summed with specific
coefficients forming the so-called torsion scalar T [24,26].
Since GR and TEGR are dynamically equivalent, their
predictions are equivalent, and then, one cannot distinguish
them by making any classical experiment.

Motivated by the fact that GR might not be the final
theory of gravity due to its theoretical and observational
challenges (see [27–33] for some of them), one can
further follow a similar route as it is done in the
Riemannian case and consider modified gravity in the
teleparallel framework. A very interesting aspect of such
theories is that they can be interpreted as a gauge theory
of translations [34], which is a subcase of Poincaré
gauge theory [35,36]. The mathematical details of modi-
fied teleparallel theories are still under intense investiga-
tion since not all details have been understood from the
theoretical point of view yet. The theories retain local
Lorentz invariance as symmetry when one transforms
simultaneously all the fundamental fields involved, i.e.,
the tetrad and the spin connection [37–40]. However, there
are suggestions that they also predict strong couplings;
i.e., there are some gravitational modes that are strongly
coupled in different backgrounds [41–46].
One of the simplest and famous modified teleparallel

gravity theories is fðTÞ gravity where one upgrades the
TEGR action T to an arbitrary function [47–49]. There
have been several applications to that theory in the context
of cosmology [50–55] and recently on describing black
holes [56–63]. Other alternative teleparallel theories have
been proposed such as fðT; BÞ gravity where B is the

boundary term relating the Ricci scalar R
∘
of the Levi-Civita

connection with the torsion scalar T [64–66], or new
general relativity (NGR) [67,68], where the specific
coupling coefficients in the torsion scalar are left arbi-

trary [69,70]. In fðT; BÞ gravity, fðR∘ Þ is obtained as a
particular limit, but still, when one considers the purely
teleparallel framework, it might suffer from strongly
coupled modes in cosmology [71].
Another route to generalize TEGR is to couple one scalar

field Ψ minimally or nonminimally to torsion. Since tele-
parallel gravity comeswith a canonical boundary termB, the
simplest way to do this is by taking a Lagrangian like L ¼
FðψÞT þ GðψÞBþ ∂μψ∂

μψ þ VðψÞ from where fðT; BÞ
gravity can be obtained in a particular scalar-tensor repre-
sentation, and also other more general teleparallel theories
can be obtained [72–77]. Furthermore, that theory contains

the standard Riemannian scalar-tensor L ¼ FðψÞR∘ þ
∂μψ∂

μψ þ VðψÞ theory by choosing GðψÞ ¼ −FðψÞ.
Recently, it has been found that teleparallel scalar-torsion

theories of gravity, for some coupling functions, have
scalarized black hole solutions such as the Bocharova–
Bronnikov–Melnikov–Bekenstein solution and other new
solutions that do not exist in the Riemannian case [78].
However, all those solutions have a scalar hair not being
independent of themass of the black hole, which is similar to
the behavior of scalarized black holes in the Riemannian
theorywith nonminimal coupling to theRicci scalar [79,80].
Further, no spontaneous scalarization mechanism has been
found for that theory. Therefore, the question of whether

1Note that, if the curvature Rλ
μνβ of the independent con-

nection is vanishing, the curvature R
∘ λ

μνβ of the Levi-Civita
connection associated to the metric of the tetrads is not.
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teleparallel gravity could offer a realistic description of
scalarized black holes is still open.
In this paper, our main objective is to obtain the first

teleparallel scalarized black hole solutionswith spontaneous
scalarization. To do this, we will formulate a teleparallel
sGB (TsGB) theory constructed fromnonminimal couplings
between the torsional Gauss-Bonnet invariants and a
scalar field. Similarly to what happens in the Riemannian
case, those invariants are boundary terms in four dimen-
sions [81,82], and therefore, their dynamics would also be
nontrivial only when the scalar field is nonminimally
coupled to them [83]. As we will show later, our theory
can be recast as a combination of the sGB theory plus some
additional teleparallel terms. We will then show that those
new contributions can generate spontaneous scalarized
black hole solutions triggered by torsion. These could
open a new way to study astrophysical objects from non-
Riemannian geometries.
This paper is organised as follows. In Sec. II, we briefly

introduce torsional teleparallel gravity and the TEGR
description of GR whose equations are equivalent to GR.
Then, we also discuss the teleparallel Gauss-Bonnet invar-
iants and how they are related to the Riemannian frame-
work. In Sec. III, we present the TsGB theory studied in
this paper and present its field equations and also its
relationship with respect to the sGB theory. Section IV
is devoted to explaining how to work in spherical sym-
metries for teleparallel gravity and the corresponding field
equations for spherical symmetry for our theory. Section V
contains the most important part of our manuscript where
we showed the existence of scalarized black hole solutions.
First, in Sec. VA, we found analytical perturbed solutions
around Schwarzschild where one notices a scalar charge
appearing as an extra parameter. Secondly, in Sec. V B, we
studied the behavior of the field equations at infinity and
near the horizons where we found some conditions that we
will use for the numerical study. The spontaneous scala-
rization process for this theory is presented in Sec. V C,
and then in Sec. V D we numerically solve the equations
and find new and novel scalarized black hole solutions.
We conclude our main results in Sec. VI.
In this paper, we work with the metric signature

ðþ−−−Þ, and we use Latin indices for tangent spacetime
and Greek indices for spacetime indices. Further, an upper ∘
symbol will be used to denote quantities computed with the
Levi-Civita connection (Riemannian case).

II. INTRODUCTION TO
TELEPARALLEL GRAVITY

The fundamental variables of metric teleparallel gravity
are a flat and metric-compatible connection with torsion,
with connection coefficients ωa

bμ, and tetrad fields
ea ¼ eaμdxμ (i.e., orthonormal frames); see [24,25].
Gravity is encoded in the torsion tensor defined as the
antisymmetric part of the connection,

Ta
μν ¼ 2ð∂½μeaν� þ ωa

b½μebν�Þ: ð1Þ
Because the connection is both flat andmetric compatible, the
spin connection coefficientsωa

bμ are purely gauge degrees of
freedom, and one can always choose a gauge such that this
quantity vanishes (Weitzenböck gauge) [37–40]. This means
that it is sufficient to only consider the tetrads as the
dynamical variables of the theory (keeping in mind this
gauge choice). The metric and its inverse can be reproduced
from the tetrads as

gμν ¼ ηabeaμebν and gμν ¼ ηabeaμebν; ð2Þ
while they satisfy eaμebμ ¼ δab, and eaμeaν ¼ δνμ and
ηab ¼ diagð1;−1;−1;−1Þ is the Minkowski metric.
It is convenient to define the contortion tensor as

Kρ
μν ¼ Γρ

μν − Γ
∘ ρ

μν ¼
1

2
ðTμ

ρ
ν þ Tν

ρ
μ − Tρ

μνÞ; ð3Þ

which measures the difference between the Levi-Civita

connection Γ
∘ ρ

μν and the teleparallel connection Γρ
μν. Up to

quadratic contraction of the torsion tensor, one can build
three possible nonparity violating invariants:

TαβγTαβγ; TαβγTβαγ; Tλ
λμTβ

βμ; ð4Þ
from where one can construct the simplest teleparallel
theories of gravity by considering a Lagrangian formed
by a linear combination with arbitrary coefficients
L ¼ a1TαβγTαβγ þ a2TαβγTβαγ þ a3Tλ

λμTβ
βμ.2 It turns out

that if ða1; a2; a3Þ ¼ ð1
4
; 1
2
;−1Þ, one can have a special

scalar known as the torsion scalar,

T ¼ 1

4
TαβγTαβγ þ 1

2
TαβγTβαγ − Tλ

λμTβ
βμ; ð5Þ

which differs by a boundary term B with respect to the
Levi-Civita Ricci scalar, namely,

R
∘ ¼ −T þ B ¼ −T þ 2

e
∂μðeTβ

βμÞ; ð6Þ
where e ¼ ffiffiffiffiffiffi−gp

is the determinant of the tetrad. Due to the
above equation, one can formulate a theory having the same
equations as GR by just considering T linearly in an action:

STEGR ¼ −
1

2κ2

Z
Ted4x: ð7Þ

One can then further consider higher order contractions of
the torsion tensor. Some interesting scalars that one can
consider are the teleparallel Gauss-Bonnet invariants that,
similarly as (6), can be related to the Riemannian Gauss-

Bonnet invariant G
∘
as

G
∘ ¼ TG þ BG; ð8Þ

2Which is the Lagrangian defining NGR [67].
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where the Riemannian part is defined as

G
∘ ¼ R

∘
αβμνR

∘ αβμν
− 4R

∘
αβR

∘ αβ þ R
∘ 2
; ð9Þ

and the teleparallel Gauss-Bonnet invariants are [81,82]

TG ¼ δμνσλαβγϵK
α
χμKχβ

νKγ
ξσKξϵ

λ þ 2δμνσλαβγϵK
αβ

μKγ
χνKχϵ

ξKξ
σλ

þ 2δμνσλαβγϵK
αβ

μKγ
χνDλKχϵ

σ; ð10Þ

BG ¼ 1

e
∂μ

�
eδμνσλαβγϵK

αβ
ν

�
Kγ

ξσKξϵ
λ −

1

2
R
∘ γϵ

σλ

��
: ð11Þ

Here, DλKχϵ
σ¼∂λKχϵ

σþðΓ∘þKÞχβλKβϵ
σþðΓ∘þKÞϵβλKχβ

σ−

ðΓ∘þKÞβσλKχϵ
β is the covariant derivative of the general

connection. Furthermore, δabcdijkl ¼ 4!δa½iδ
b
jδ

c
kδ

d
l�, and then

δμνσλαβγϵ ¼ eμaeνbeσceλdδabcdijkl e
i
αejβekγelϵ. It is worth mention-

ing that the first equation derived for TG (see Eq. (48)
in [81]) had four pieces, but the authors did not notice that,
due to the symmetries of contortion tensor, one of them is
always vanishing. Therefore, the scalar TG only contains
three pieces as it is written above. It should be noted that in
Riemannian geometry (curvature-based theories), the tor-
sion tensor is identically zero, but the total curvature
tensor R is not. Therefore, the above equation, as it is
displayed here, is no longer valid. The above relationship
between the Gauss-Bonnet scalars only exists by assuming
that the manifold contains torsion and that the general
curvature is vanishing.
It is well-known that G

∘
is a topological invariant in four

dimensions, and it is easy to see that the scalar TG also
has the same property. The extra scalar BG is always a
boundary term (independently of the number of dimen-
sions). This means that one can add to the TEGR action
both TG and BG, and the dynamics will be just the same as
GR. However, if one introduces a scalar field, by allowing
some nonminimal couplings between these two terms,
they will become dynamical. This property is analog to
the Riemannian Gauss-Bonnet invariant. However, we have
shown that in the teleparallel formulation, the usual Gauss-
Bonnet term actually decays into two distinct boundary
terms, which can be coupled separately.

III. TELEPARALLEL SCALAR
GAUSS-BONNET THEORY

There are many studies concerning black holes in the
sGB theory, which is constructed by introducing non-
minimal couplings between a scalar field and the Gauss-
Bonnet invariant G

∘
, namely

SsGB ¼
1

2κ2

Z �
R
∘
−
1

2
β∂μψ∂

μψþαGðψÞG∘
� ffiffiffiffiffiffi

−g
p

d4x: ð12Þ

Depending on GðψÞ, several papers have found that the
above theory has scalarized black hole solutions, and
spontaneous scalarization exists [6–8].
Following a similar approach for teleparallel gravity, one

can replace R
∘
for −T, see (6), and introduce nonminimal

couplings between the teleparallel Gauss-Bonnet invariants
and the scalar field. By doing this, we have the following
TsGB theory [82,83]:

STsGB ¼ 1

2κ2

Z �
−T −

1

2
β∂μψ∂

μψ þ α1G1ðψÞTG

þ α2G2ðψÞBG

�
ed4x; ð13Þ

where the coupling functions G1ðψÞ and G2ðψÞ depend on
the scalar field only. The terms TG and BG are boundary
terms if they appear linearly in the action. The classical
teleparallel boundary term B could also be nonminimally
coupled via a term α0G0ðψÞB; however, analyzing the
spontaneous scalarization properties of this term turns out
to be more involved (more details on this will be reported in
future work), which is why we do not include it in our study
here and focus on the Gauss-Bonnet terms. If G1 and G2 are
constants, the theory would be equivalent to the standard
Einstein one minimally coupled to a scalar field. From
Eq. (8), one can notice that the above action contains (12)
since if G1 ¼ G2 ¼ G and α1 ¼ α2 ¼ α, we recover the last
term in (12), which is the coupling between the Riemannian

Gauss-Bonnet and the scalar field αGðψÞG∘ . In several
studies [6–8,84], spontaneous scalarization of black holes
and compact stars have been found for such theories.
Since the above action (13), constructed from teleparallel
gravity, is more general than previous theories, as we will
show later, the theory we consider has a similar and new
scalarization process for black holes.

A. Discussion on action and field equations

The field equations can be obtained by taking variations
with respect to the tetrad and the scalar field. Let us remind
here that, in teleparallel gravity, the variation of the action
with respect to the flat connection coincides with the
antisymmetric part of the tetrad field equations so that
one can omit them [85]. The tetrad variations, however, are
very involved for BG. To simplify this task, one can rewrite
the action (13) using (8) as

STsGB ¼ 1

2κ2

Z h
−T −

1

2
β∂μψ∂

μψ þ α2G2ðψÞðG
∘
− TGÞ

þ α1G1ðψÞTG

i
ed4x ð14Þ

¼ 1

2κ2

Z h
R
∘
−
1

2
β∂μψ∂

μψ þ α2G2ðψÞG
∘

þ α3G3ðψÞTG

i
ed4x; ð15Þ
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with

α3G3ðψÞ ¼ α1G1ðψÞ − α2G2ðψÞ; ð16Þ

such that one can use the well-known variations of the G
∘

with respect to the metric. Hereafter, we will use the above
reparametrization. There are three important limiting cases
appearing from the above action:
(1) α3 ¼ 0 [or equivalently α1G1ðψÞ ¼ α2G2ðψÞ]: This

theory corresponds to the standard sGB theory.
(2) α2 ¼ 0: This theory can be understood as a purely

teleparallel theory, where the dynamics are governed
by the four-dimensional topologically invariant
TG alone.

(3) α3G3ðψÞ ¼ −α2G2ðψÞ (or equivalently α1 ¼ 0): As
above, this theory can also be understood as a purely
teleparallel theory, and the dynamics is determined
by the coupling between the scalar field and the
boundary term BG alone.

The second and third cases (which fall under α3 ≠ 0) are
new in the literature, and they can only exist when one
considers teleparallel gravity. This means that the scalari-
zation process of those theories does not fall into any of
the subcategories studied in previous papers (see the
review [86] where those couplings were not studied nor
described). Surely, by the use of (8), one can exchange the
teleparallel terms TG and BG with each other by the trade-
off of introducing the usual Levi-Civita curvature Gauss-
Bonnet term. However, this is not necessary, and these
theories can be described by torsion alone. The other way
around, it is not possible to study these theories in terms of
curvature alone. Therefore, we refer to these theories as
“purely teleparallel” theories. This means that the case
α3 ≠ 0 could describe novel scalarized black hole solu-
tions. This is the sector we will focus on in this manuscript.
Furthermore, one can also consider theories containing
contributions from both G1ðψÞ and G2ðψÞ, which would
have contributions from the Riemannian sector and tele-
parallel gravity.
Let us now derive the field equations for the above

model. It is easy to notice that the variation with respect to
the metric for the first three terms in the above action are

δ

�
e

�
R
∘
−
1

2
β∂μψ∂

μψ þ α2G2ðψÞδG
∘ ��

¼ −e
�
G
∘ μν þ 1

4
βgμν∂ρψ∂ρψ −

1

2
β∂μψ∂νψ

þ 1

2e
ðδμρδνλ þ δμλδ

ν
ρÞηκλαβϵργστR

∘
σταβ∇

∘
γα2∂κG2ðψÞ

�
δgμν;

ð17Þ

where ηργστ ¼ 1
e ϵ

ργστ, as usually derived in sGB. Since our
theory has the tetrads as dynamical variables, we must

convert the above equation in terms of variations with
respect to the tetrad. This can be easily done by using

δegμν ¼ ηabðebμδeaν þ ebνδeaμÞ; ð18Þ

yielding

δ

�
e

�
R
∘
−
1

2
β∂μψ∂

μψ þ α2G2ðψÞδG
∘��

¼ −e
�
2G

∘ μν þ 1

2
βgμν∂ρψ∂ρψ − β∂μψ∂νψ

þ 1

e
α2ðδμρδνλ þ δμλδ

ν
ρÞηκλαβϵργστR

∘
σταβ∇

∘
γ∂κG2ðψÞ

�
× ηabebμδeaν: ð19Þ

The variations coming from the extra term in Eq. (15) that
is related to teleparallel gravity have been found in the
context of fðTG; BGÞ gravity. By taking Eq (59) from [82],
one has that the variation of the TG contribution with
respect to the tetrad is3

δðeG3TGÞ ¼ eG3δTG þ G3TGδe ð20Þ

¼e
h
−
1

e
∂μðηalðYb½lh�−Yh½lb�þYl½bh�ÞehμebνÞ

−
1

e
TiabehνðYb½ih�−Yh½ib�þYi½bh�Þ

þ2G3δ
mbcd
ijkl edνKij

mKk
eb∂aKel

cþG3TGeaν
i
δeaν;

ð21Þ

where we introduced the following tensors:

Yb
ij ≔ eG3Xb

ij − 2δcabdelkj ∂μðeG3edμKel
cKk

iaÞ; ð22Þ

and

Xa
ij ¼ Kj

e
bK

k
fcKfl

dδ
abcd
iekl þ Ke

ibKk
fcKfl

dδ
bacd
ejkl

þ Kk
ecKef

bKj
l
dδ

cbad
kfil þ Kf

edKel
bKk

icδ
dbca
flkj

þ 2Kk
ebKel

fKf
cdδ

abcd
ijkl þ 2Kke

bKj
l
fK

f
cdδ

bacd
keil

þ 2Kel
fKk

ibKa
cdδ

fbcd
elkj þ 2Kfc

dKk
ebKel

iηmjδ
dbma
fckl

þ 2Kk
ebδ

abcd
ijkl ∂dK

el
c þ 2Kke

bδ
bacd
keil ∂dKj

l
c: ð23Þ

By summing up (19) and (21), we find that the field
equations for our theory read

3In this paper, the authors used another convention for the
contortion tensor. To transform the notation from [82] to our
paper, one needs to replace Kijk → Kjki and TG → −TG.
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0 ¼ 2G
∘ ν
β þ

1

2
βδνβ∂ρψ∂

ρψ − β∂βψ∂
νψ þ 1

e
α2ðgρβδνλ þ gλβδνρÞηκλαξεργστR

∘
σταξ∇

∘
γ∂κG2ðψÞ

þ α3

�
1

e
∂μ½ηalðYb½lh� − Yh½lb� þ Yl½bh�Þehμebν� þ

1

e
TiabehνðYb½ih� − Yh½ib� þ Yi½bh�Þ

− 2G3ðψÞδmbcd
ijkl edνKij

mKk
eb∂aKel

c − G3ðψÞTGeaν
�
eaβ; ð24Þ

where Yb
ij is defined by Eq. (22).

The modified Klein-Gordon equation for this theory can
be obtained by varying the action (15) with respect to the
scalar field, yielding

β□
∘
ψ þ α2 _G2ðψÞG

∘ þ α3 _G3ðψÞTG ¼ 0; ð25Þ

where dots denote differentiation with respect to the scalar
field; i.e., _GiðψÞ ¼ dGi=dψ . This equation tells us that the
Gauss-Bonnet invariants might source the scalar field to
induce a scalar hair for the black hole.

IV. SPHERICAL SYMMETRY

In this section, we will find the field equations in
spherical symmetry. First, we will solve the antisymmetric
part of the field equations, and then, the resulting sym-
metric field equations will be shown.

A. Basic ingredients and antisymmetric field equations

Let us now start by assuming spherical symmetry. The
most general tetrad satisfying spherical symmetry in the
Weitzenbock gauge is [87]

eAν ¼

0
BBB@

C1 C2 0 0

C3 sin θ cosϕ C4 sin θ cosϕ C5 cos θ cosϕ − C6 sinϕ − sin θðC5 sinϕþ C6 cos θ cosϕÞ
C3 sin θ sinϕ C4 sin θ sinϕ C5 cos θ sinϕþ C6 cosϕ sin θðC5 cosϕ − C6 cos θ sinϕÞ
C3 cos θ C4 cos θ −C5 sin θ C6 sin2 θ

1
CCCA; ð26Þ

where Ci ¼ Ciðt; rÞ, but hereafter, we will consider the
stationary case Ci ¼ CiðrÞ. This tetrad reproduces the
metric

ds2 ¼ ðC2
1 − C2

3Þdt2 − 2ðC3C4 − C1C2Þdtdr
− ðC2

4 − C2
2Þdr2 − ðC2

5 þ C2
6ÞdΩ2; ð27Þ

which has an off diagonal term drdt. Without losing
generality (since spherical symmetry plus stationarity
imply staticity), we can choose a coordinate system such
that the cross term vanishes. To do this, let us introduce the
following reparametrization for the functions

C1ðrÞ¼ νAðrÞcoshβðrÞ; C3ðrÞ¼ νAðrÞsinhβðrÞ; ð28Þ

C4ðrÞ¼ ξBðrÞcoshβðrÞ; C2ðrÞ¼ ξBðrÞsinhβðrÞ; ð29Þ

C5ðrÞ¼ χCðrÞcosαðrÞ; C6ðrÞ¼ χCðrÞsinαðrÞ; ð30Þ

with fν; ξ; χg being �1. This tetrad gives the metric in the
standard form in spherical coordinates:

ds2¼AðrÞ2dt2−BðrÞ2dr2−CðrÞ2ðdθ2þ sin2 θdϕ2Þ: ð31Þ

The first remark to mention is that the first term in TG [see
Eq. (10)] is vanishing in spherical symmetry, meaning that
TG will only contain two nonvanishing parts in spherical
symmetry.
Hereafter, we will also assume that the scalar field is

static and respects spherical symmetry, meaning that
φ ¼ φðrÞ. The field equations for the theory (13) can be
split into symmetric and antisymmetric parts [see Eq. (24)].
Spherical symmetry given by the tetrad (26) gives that there
are only two nontrivial antisymmetric field equations [see
Eq. (24)], which read as

E½θϕ� ∝ α3 _G3φ
0ðsin αðrÞÞðcosh βðrÞÞ ¼ 0; ð32Þ

E½tr� ∝ α3 _G3φ
0ðcos αðrÞÞðsinh βðrÞÞ ¼ 0; ð33Þ

where primes are differentiation with respect to the radial
coordinate r. If we assume that α3 _G3φ

0 ≠ 0 to avoid the
trivial cases (Riemannian case or constant scalar field),
there are two branches that solve both equations. The first
one is when

β ¼ iπn1; α ¼ πn2; n1;2 ∈ Z; ð34Þ

while the second branch is obtained for
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β ¼ iπ
2
þ iπn3; α ¼ π

2
þ πn4; n3;4 ∈ Z: ð35Þ

Note that the choice of ni does not affect the tetrad since
their choice would only introduce some signs of difference,

but they can be obtained already by the different signs
introduced in the quantities fν; ξ; χg ¼ �1.
Thus, the first branch [see Eq. (34)] that solves

the antisymmetric field equations has the following
real tetrad:

eð1Þaμ ¼

0
BBB@

νA 0 0 0

0 ξB sin θ cosϕ χC cos θ cosϕ −χC sin θ sinϕ

0 ξB sin θ sinϕ χC cos θ sinϕ χC sin θ cosϕ

0 ξB cos θ −χC sin θ 0

1
CCCA; fν; ξ; χg ¼ �1: ð36Þ

This tetrad is the same one already found in spherical symmetry in other teleparallel theories [62,88–90]. Using this tetrad,
the teleparallel Gauss-Bonnet invariants become

TG ¼ 8ðB3A00 − 3A0B0C02 − ξB2ð2χA00C0 þ A0ðξB0 þ 2χC00ÞÞ þ BC0ðA00C0 þ 2A0ð2ξχB0 þ C00ÞÞÞ
AB5C2

; ð37Þ

BG ¼ −
16ðB2A00 þ 2ξχA0B0C0 − BðξχA00C0 þ A0ðB0 þ ξχC00ÞÞÞ

AB4C2
; ð38Þ

and they correctly reproduce the standard Gauss-Bonnet invariant,

G
∘ ¼ TG þ BG ¼ 8ð−B3A00 − 3A0B0C02 þ B2A0B0 þ BC0ðA00C0 þ 2A0C00ÞÞ

AB5C2
: ð39Þ

Notice that the sign of ν is not important for this first branch, and hence, it can be set to one for simplicity.
The second branch [see Eq. (35)] has the following complex tetrad:

eð2Þaμ ¼

0
BBB@

0 iξB 0 0

iνA sin θ cosϕ 0 −χC sinϕ −χC sin θ cos θ cosϕ

iνA sin θ sinϕ 0 χC cosϕ −χC sin θ cos θ sinϕ

iνA cos θ 0 0 χCsin2θ

1
CCCA; fν; ξ; χg ¼ �1; ð40Þ

while the teleparallel Gauss-Bonnet scalars for the second
tetrad (40) become

TG ¼ 8ðB3A00−3A0B0C02−B2A0B0 þBC0ðA00C0 þ2A0C00ÞÞ
AB5C2

;

ð41Þ

BG ¼ 16ðA0B0 − BA00Þ
AB3C2

; ð42Þ

which also correctly reproduces the Gauss-Bonnet invariant
(39). Notice that the above scalars for the second branch do
not depend on either fν; ξ; χg so that the tetrad (40) would
have the same dynamics for any sign chosen. This means
that, for simplicity, we can just set them to one.
This complex tetrad also has the same form as the

one obtained in [56] for fðT; BÞ gravity and [78] for a

teleparallel scalar-tensor theory constructed from T and B
and the scalar field. This means that exactly as in the case
of fðT; B;ψ ; XÞ gravity, the TsGB theory contains two
branches satisfying the antisymmetric field equations,
and both tetrads coincide with the corresponding ones in
fðT; B;ψ ; XÞ gravity. Thus, we have two sets of symmetric
field equations that need to be studied separately. In the
majority of the previous studies, it has been found that the
complex tetrad has simpler equations and exact black hole
solutions [56,78] so that, in this paper, we will concentrate
only on this sector. In principle, one could also study the
first branch and follow the same analysis that we will carry
during this paper, but we will omit this here since the main
objective of our work is to show the existence of scalarized
solutions for our theory, and then, it is sufficient to analyze
the complex tetrad. We leave the study of the field
equations for the real tetrad and search for solutions for
future work.
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B. Field equations in spherical symmetry
for the complex tetrad

As mentioned in the previous section, the field equa-
tions (24) and (25) have two different branches having the
same metric. In the current section, we will only show the
spherically symmetric field equations for the complex
tetrad since we will only focus on this branch. In this
case, there are four equations, but only three of them are
independent. The (symmetric) tetrad field equations (24)
are given by

Et
t ¼ 0

¼ 4B0

rB3
−

2

B2r2
þ 2

r2
−

1

2B2
βψ 02

−
ðα3 _G3 þ α2 _G2Þð8ðB2 − 3ÞB0ψ 0 − 8BðB2 − 1Þψ 00Þ

r2B5

þ 16α3 _G3ðB0ψ 0 −Bψ 00Þ
r2B3

þ 8ðB2 − 1Þψ 02ðα3G̈3 þ α2G̈2Þ
r2B4

−
16ψ 02α3G̈3

r2B2
; ð43aÞ

Er
r ¼ 0

¼−
4A0

rAB2
−

2

r2B2
þ 2

r2
þ β

2B2
ψ 02

þ8ðB2−3ÞA0ψ 0ðα3 _G3þα2 _G2Þ
r2AB4

−
16A0ψ 0α3 _G3

r2AB2
ð43bÞ

Eθ
θ¼0

¼−
2A00

AB2
þ2A0B0

AB3
−

2A0

rAB2
þ 2B0

rB3

−
β

2B2
ψ 02−

8A0ψ 02ðα3G̈3þα2G̈2Þ
rAB4

−
8ðα3 _G3þα2 _G2ÞðBA00ψ 0 þA0ðBψ 00−3B0ψ 0ÞÞ

rAB5
; ð43cÞ

while the modified Klein-Gordon equation (25) becomes

Eψ ¼ 0

¼ β

�
ψ 0ðrBA0 þ Að2B − rB0ÞÞ

rAB3
þ ψ 00

B2

�

−
ðα3 _G3 þ α2 _G2Þð8ðB2 − 3ÞA0B0 − 8BðB2 − 1ÞA00Þ

r2AB5

þ 16α3 _G3ðA0B0 − BA00Þ
r2AB3

: ð44Þ

It is interesting to mention that for the case where only
BG appears in the action, which is obtained by setting
α2G2 þ α3G3 ¼ 0, the Eθ

θ component does not depend
on the coupling function, and then the form of the
scalar field can be directly obtained from (43b) giving

βrABϕ02 ¼ 4ðrA0 þ AÞB0 − 4BðrA00 þ A0Þ. Then, that case
has different dynamics than the others.

V. SCALARIZED BLACK HOLES

This section will be devoted to studying the spherically
symmetric field equations derived in the previous section
with the aim to construct asymptotically flat scalarized
black hole configurations. To do this, in the first two
following sections, we will obtain perturbed solutions
around Schwarzschild, and then, we will find the asymp-
totic and near horizon boundary conditions to have black
holes. The last two sections will study spontaneous
scalarization and find solutions numerically.

A. Perturbed solutions

Following the same idea as [91], it is possible to obtain
perturbed solutions to the system that would correspond to
a generalization of the standard sGB gravity perturbed
solutions. This can be achieved by considering that the
contribution for Schwarzschild is small, which effectively
is the same as taking αi ≪ 1. For doing this, we then take

AðrÞ2 ¼ 1 −
2M
r

þ ϵa1ðrÞ þ ϵ2a2ðrÞ;

BðrÞ−2 ¼ 1 −
2M
r

þ ϵb1ðrÞ þ ϵ2b2ðrÞ; ð45Þ

αiGiðψÞ ¼ ϵαiGiðψ∞Þ þ
ϵαi
M2

G0
iðψ∞Þðψ − ψ∞Þ

þ ϵαi
2M4

G00
i ðψ∞Þðψ − ψ∞Þ2; ð46Þ

ψðrÞ ¼ ψ∞ þ ϵψ1ðrÞ þ ϵ2ψ2ðrÞ; ð47Þ

where ϵ ≪ 1 is a small tracking parameter. By taking (43a)
and (44) and using the above expansions, we find that the
metric functions and scalar field expanded up to second
order in ϵ are given by

gtt ¼ AðrÞ2

¼ 1 −
2M
r

−
ϵ2

β

�
C1

r
− C2 þ α22G

0
2
2ã1ðrÞ þ α3

2G0
3
2ã2ðrÞ

þ α2α3G0
2G

0
3ã3ðrÞ

�
; ð48Þ

−g−1rr ¼ BðrÞ−2

¼ 1 −
2M
r

−
ϵ2

β

�
C1 − 2C2M

r
þ α22G

0
2
2b̃1ðrÞ

þ α23G
0
3
2b̃2ðrÞ þ α2α3G0

2G
0
3b̃3ðrÞ

�
; ð49Þ
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ψðrÞ¼ψ∞−
ϵ

β
½α2G0

2ψ̃1ðrÞþα3G0
3ψ̃2ðrÞ�

−
ϵ2

β2
½α22G0

2G
00
2ψ̃3ðrÞþα23G

0
3G

00
3ψ̃4ðrÞþα3α2G0

2G
00
3ψ̃5ðrÞ

þα3α2G0
3G

00
2ψ̃6ðrÞ�; ð50Þ

where Ci are integration constants, and the functions ãi; b̃i,
and ψ i are expressed in the Appendix. Here, all functions
are evaluated at ψ∞. Note that we have set some integration
constants such that the metric does not diverge at the
horizon and reabsorbed others in appropriate redefinitions
of the time coordinate and the value ψ∞. This solution
represents a scalar-hair-endowed Schwarzschild black hole,
which is a generalization of the solutions presented in [92]
for the sGB case. This can be seen by taking the case
α3 ¼ 0 ¼ ψ∞, β ¼ 1 ¼ M, C1 ¼ ð49=40Þα22βG0

2
2, C2 ¼ 0

and α2G2ðψÞ ¼ −αfðψÞ where the above equations
coincide with Eqs. (2.8)–(2.10) presented in [92]. Note
also that the integration constants C1 and C2 could also
be reabsorbed, respectively, in a redefinition of the massM
and time coordinate in order to make them coincide

(up to second order in ϵ) with the ones measured by an
asymptotic observer.

B. Asymptotic and near horizon expansions

In this section, we are going to solve the equations at
the asymptotical regions, i.e., near the horizon rH and at
r → ∞. We will follow the same strategy as in [8]. For the
asymptotic expansion, we can take

ðAðrÞ2; BðrÞ2Þ ¼ 1þ
X∞
n¼1

ðpn; qnÞ
r

;

ψðrÞ ¼ ψ∞ þ
X∞
n¼1

dn
r
; ð51Þ

and the first coefficients p1 ¼ −2M and d1 ¼ D can be
associated with the mass and a scalar charge.4 By expand-
ing the field equations (43) and (44) at infinity as (51)
up to fourth order, we find that the metric and scalar field
behave as

gttðrÞ¼AðrÞ2¼ 1−
2M
r

þβD2Mþ32Dα3 _G3ðψ∞Þ
12r3

þD2βM2−8MDðα3 _G3ðψ∞Þþ3α2 _G2ðψ∞ÞÞþ12D2α3G̈3ðψ∞Þ
6r4

; ð52Þ

−grrðrÞ ¼ BðrÞ2 ¼ 1þ 2M
r

þ 16M2 − βD2

4r2
þ 32M3 − 5βD2M − 32Dα3 _G3ðψ∞Þ

4r3

þ 1

r4

�
β2D4

16
− 8D2α3G̈3ðψ∞Þ −

13

3
βD2M2 − 24DMα3 _G3 þ 8α2DM _G2ðψ∞Þ þ 16M4

�
; ð53Þ

ψðrÞ ¼ ψ∞ þD
r
þ DM

r2
þ − β2

2
D3 þ 16βDM2 − 64Mα3 _G3ðψ∞Þ

12βr3

−
1

r4

�
1

6
βD3M þ 4

�
D2

3
þM2

β

�
α3 _G3ðψ∞Þ þ

8DMα3G̈3ðψ∞Þ
3β

− 2DM3 −
4α2M2 _G2ðψ∞Þ

β

�
: ð54Þ

Clearly, the above equations generalize the sGB case
presented in [8] [see Eq. (20)], which is obtained by taking
the case α3 ¼ 0 and α2 _G2ðψ∞Þ ¼ −f0ðψ∞Þ with β ¼ 1.
One notices that the teleparallel contributions appear at a
lower order than in the sGB case.

Let us now take expansions near the horizon rH as

AðrÞ2 ¼ a1ðr − rHÞ þ a2ðr − rHÞ2 þ…; ð55Þ

BðrÞ−2 ¼ b1ðr − rHÞ þ b2ðr − rHÞ2 þ…; ð56Þ

ψðrÞ ¼ ψH þ ψ 0
Hðr − rHÞ þ ψ 00

Hðr − rHÞ2 þ…: ð57Þ

By assuming these types of expansions, we ensure the
fact that detðgμνÞ is finite at the horizon as long as b1 is
nonvanishing.
One can easily solve the system (43) and (44) in this

region, which, for the scalar field evaluated at the horizon,
gives us two possible branches. The first branch is when
α3 _G3 ≠ α2 _G2ðψHÞ, where the scalar field at the horizon is

4It is worth noting that the term “charge” is used a bit loosely
when referring to the parameter D. Indeed, just as the mass M of
the Schwarzschild black hole or the charge Q of the Reissner-
Nordström black hole, the parameterD can be used to classify the
static spherically symmetric and asymptotically flat solutions of
our system. However, unlike the mass or the electric charge, D is
not a conserved charge in the usual sense of the term since there is
no conservation law (Gauss-law or Noether current) associated to
it. In this respect, a more careful denomination might be “scalar
parameter,” but the term “scalar charge” is widespread in the
literature so we should keep using this terminology.
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ψ 0
H ¼ rH

4ðα2 _G2 − α3 _G3Þ

�
1� 1

β

�
β2 þ 32ðα3 _G3 − α2 _G2Þ

r8H
f32α23 _G2

3ðα3 _G3 − α2 _G2Þ þ βr4Hð3α2 _G2 þ α3 _G3Þg
�
1=2

�
−
8α3 _G3

βr3H
:

ð58Þ

In the above equations, the functions are evaluated at rH. In
this expression, we have to choose the minus sign since
only in this case, we can recover the Schwarzschild solution
in the limit of vanishing scalar field ψH → 0. Note that
when the argument of the square root in the equation above
becomes negative, regular black hole solutions with scalar
hair cannot exist. We will call this, the regularity condition.
Note that for the sGB case α3 ¼ 0, Eq. (58) becomes

ψ 0
H ¼ 1

4α2rH _G2

"
r2H �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r4H −

96α22
_G2
2

β

s #
; ð59Þ

which matches the result presented in [8] [Eq. (14)] after
taking the limit α2 ¼ −1;G2ðψÞ ¼ fðψÞ and β ¼ 1.
The second branch appears when α3 _G3ðψHÞ¼α2 _G2ðψHÞ,

where this quantity becomes

ψ 0
H ¼ 8α2 _G2ðψHÞ

βr3H
: ð60Þ

The boundary condition above, contrary to (58), can be
always satisfied because of the disappearance of the square
root. This means that for the second branch, there is not a
minimum horizon radius needed to obtain scalarised black
hole solutions. This feature does not exist in both the sGB
case and the first branch due to the appearance of the square
root in (58).
Clearly, when solving the field equations numerically,

the regularity conditions above will serve as an initial
condition for the first derivative of the scalar field at the
horizon. Thus, depending on the relative strength of both
coupling, one should use either Eq. (58) or (60).
This analysis suggests that there are two different

branches in TsGB having asymptotically flat scalarized
black hole configurations. This will be studied further in
the next sections by analyzing the numerics of the field
equations.

C. Spontaneous scalarization

Spontaneous scalarization provides a mechanism such
that, in the weak field regime, the black hole solution is
described by Schwarzschild, and, in the strong regime,
the scalar field triggers a hair that would be manifested in
the fact that the Schwarzschild solution would become
unstable. The simplest way to study the spontaneous
scalarization process is by considering deviations from

the Schwarzschild metric by choosing the metric to
have the form ds2 ¼ eδðrÞAðrÞdt2 − 1

AðrÞ dr
2 − r2dΩ2 with

δðrÞ ≪ 1 and AðrÞ ¼ 1–2M=r. Further, the perturbation
of the scalar field can be written as δψðt; r; θ;ψÞ ¼
uðrÞ
r e−iωtYlmðθ;ψÞ, which allows us to decouple the tetrad
field equations from the scalar field equations. By plugging
those expressions into the scalar field equation (25) and
after expanding them up to first order, we obtain the
following Schrodinger-like form equation,

d2u
dr2�

þ ½ω2 −UðrÞ�u ¼ 0; with G0
iðψ0Þ ¼ 0; ð61Þ

where we have introduced tortoise coordinates dr� ¼
ð1 − 2M=rÞ−1dr. The potential UðrÞ for the complex
tetrad (40) behaves as

UðrÞ ¼
�
1 −

2M
r

��
2M
r3

þ lðlþ 1Þ
r2

−
32M
r5β

α3G̈3ðψ0Þ

þ 48M2

r6β
ðα3G̈3ðψ0Þ þ α2G̈2ðψ0ÞÞ

�
: ð62Þ

Here, ψ0 is assumed to be the constant Schwarzschild
geometry background value of the scalar field. A sufficient
condition for having an unstable mode is [6,93]

Z þ∞

−∞
Uðr�Þdr� ¼

Z
∞

2M

UðrÞ
1 − 2M

r

dr < 0: ð63Þ

Therefore, the theory gives us the possibility to have such
an unstable mode if

−4α3G̈3ðψ0Þ þ 6α2G̈2ðψ0Þ þ 5βM2

20βM3
< 0: ð64Þ

If we choose the sGB case (α3 ¼ 0) and take G2ðψ0Þ ¼
fðψ0Þ; β ¼ 4; α2 ¼ −1 with f̈ðψ0Þ ¼ λ2, we recover the
condition M2 < 3λ2=10 as in the standard sGB case
considered in [6]. Thus, spontaneous scalarization can
occur in our theory for a much larger choice of parameters
for different masses.
Another important point is that, contrary to the sGB case,

where scalarization of nonrotating black holes was possible
only for α2 < 0, we can have scalarization for different
signs of the coupling parameters. This is evident from
Eq. (64) according to which, scalarization is determined not
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only by the signs of α2 and α3 but also by the relative
strength between them. This has interesting implications
for the behavior of the numerical solutions as we will
see below.

D. Numerical results

Without loss of generality, we can assume β ¼ 4 that
coincides with the convention adopted in [6] and set the
background value of the scalar field to zero (ψ0 ¼ 0). Apart
from that, the free parameters we are left with are α2 and α3,
and the choice of the coupling functions G2 and G3. In order
to avoid having to deal with too many parameters simulta-
neously, while still being able to demonstrate the existence
and behavior of solutions, we have decided to fix the two
coupling functions in the following form:

G2ðψÞ ¼
1

12
ð1 − e−6ψ

2Þ ¼ G3ðψÞ: ð65Þ

This exponential function has one of the desired properties
for scalarization, namely, it allows the GR solutions with a
zero scalar field to be also solutions of the more general
system of equations in teleparallel gravity (43) and (44).
The additive constant is chosen for convenience such that
Gð0Þ ¼ 0, but it does not affect the field equations since
there only the derivatives of G2 and G3 enter. In addition,
its second derivative at ψ ¼ 0 is equal to one that is a
convenient normalization. More importantly, for this cou-
pling, it was proven in [6,94] that stable scalarized black
hole solutions exist in the sGB case. This is an important
property not present for some other coupling functions
employed in the literature [7,94]. Having fixed G2 and G3,
the only theory parameters left to vary are α2 and α3 and,
more precisely, their relative weight. As already com-
mented, when α3 ¼ 0, the problem coincides with the
sGB case considered in [6]. The following two cases are
especially interesting since they are purely teleparallel; i.e.,
the scalarization is triggered by torsion:
(1) α2 ¼ 0 while α3 ≠ 0, the modification of GR comes

only from the teleparallel topological invariant
TG; and

(2) α2G2 þ α3G3 ¼ 0, the modification of GR comes
only from the additional teleparallel boundary BG.

In either of these two limiting cases, no contribution of the
Riemannian Gauss-Bonnet term is present. As commented,
these cases go beyond the classification of theories
allowing for scalarization that is discussed in [86].

1. Numerical setup

The black hole solutions are obtained after solving the
system of equations (43) and (44) together with the
boundary conditions at the horizon and infinity given in
Sec. V B. The numerical approach follows the methodol-
ogy in [6] where the Eqs. (43) and (44) are transformed to a
system of two second order equations, one for the tetrad

function AðrÞ and one for the scalar field ψðrÞ. The
function BðrÞ, on the other hand, can be algebraically
related to AðrÞ, ψðrÞ, and their derivatives. It should be
noted that the tetrad functions fAðrÞ; BðrÞg appear squared
in the metric; i.e., fgttðrÞ;−grrðrÞg ¼ fAðrÞ2; BðrÞ2g. In
the following, we will analyze and plot the tetrad functions
fAðrÞ; BðrÞg instead of their metric counterpart since their
behavior is effectively the same.
The horizon radius is the black hole input parameter that

determines the solution (for fixed theory parameters).We use
a shootingmethod to solve the so-constructed boundaryvalue
problemwith a shooting parameter being the value ofψ at the
horizon. This parameter is determined by the requirement for
asymptotic flatness at infinity, namely ψðr → ∞Þ ¼ 0. For
the numerical integration of the differential equations, we
used a fourth-order Runge-Kutta method.
An important property of the system of equations is the

fact that the requirement for regularity of themetric (or tetrad)
functions and the scalar field at the horizon results in an
additional boundary condition for the first derivative of the
scalar field at the horizon. Depending on the relative strength
of both coupling functions, two options exist. Namely, for
α3 _G3 ≠ α2 _G2, the condition is given by (58), which we call
boundary condition one (BC1), while for α3 _G3 ¼ α2 _G2 we
have (60), called later boundary condition two (BC2).

2. Branches of scalarized black holes

In order to gain some intuition about the existence and
behavior of black hole solutions, let us start with discussing
the bifurcation point, which corresponds to the point where
Schwarzschild becomes unstable and new scalarized sol-
utions originate, as well as the behavior of the scalarized
black hole branches.We consider first themore conventional
case of having α2 ¼ −1 and varying α3. The black hole
horizon radius and scalar charge as functions of mass are
depicted in Fig. 1. The sGB case corresponds to α3 ¼ 0, and
α2 ¼ −1 is depicted with a solid dark green line. The rest of
the cases with various α3 for which α3 _G3ðψHÞ ≠ α2 _G2ðψHÞ
are plottedwith solid lines of different colors, while a dashed
line is used when α3 _G3ðψHÞ ¼ α2 _G2ðψHÞ. As discussed, in
the former case, the first boundary condition (58) is used,
while in the latter case, the second one (60) is employed.
Note that because of the choice of G2 and G3 in (65), the
mentioned (in)equality of α3 _G3 and α2 _G2 is controlled solely
by the values of α2 andα3. Thus,whenα2 ≠ α3, BC1 is used,
while for α2 ¼ α3, we have to employ BC2.
In Fig. 1 (and other figures below), we plot the Komar

mass of the black hole defined as

M ¼ 1

2
lim
r→∞

�
r2
g0tt
gtt

�
: ð66Þ

As one can see, with the increase of α3, the point
of bifurcation from the GR branch moves to large masses.
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We have checked that these points are in agreement with
the analytical perturbative results in Eq. (64) for each
combination of α2 and α3. Note that this inequality is a
sufficient but not necessary condition for instability. Thus,
scalarized black holes actually exist also for a little bit
larger masses than the mass given by the threshold (64).
For larger α3 (e.g., α3 ¼ 1.0 in Fig. 1 that actually

corresponds to the pure teleparallel case), the branch of
scalarized solutions disappears at smaller masses. The end
of this sequence resembles a spiraling sequence of
branches. Due to numerical difficulties, though, we could
build only a small part of them. Such a feature is not unique
for the pure teleparallel case with α2 ¼ −1.0 and α3 ¼ 1.0
and is present also for other large values of α3. Similar
spiraling sequences of black hole solutions can be present
also for other static nonlinearly scalarized black holes in
sGB gravity [95].
For somewhat smaller α3 (see, for example, α3 ¼ 0.5 on

the figure), the branch already starts behaving a bit differ-
ently, and it is terminated at a point where the regularity
condition related to Eq. (58) starts being violated. As we
decrease α3 further and it gets negative, we observe that the
mass of the sequences hits zero at a finite horizon radius.
This happens for both BC1 (α3 ¼ −0.5 in the figure) and
BC2 (α3 ¼ −1 in the figure). This is a very peculiar and
problematic case. It is well known, though, that Gauss-
Bonnet gravity, as well as other quadratic theories of
gravity, often poses challenges at small masses, such as
loss of hyperbolicity [94,96,97], so they should be treated
with caution there.
There are even some solutions we found for which a

horizon exists for vanishing mass (see the α3 ¼ −1 and
α3 ¼ −0.5 cases). Let us comment further on this peculiar
behavior. In the figures, we plot the Komar mass of the
black hole defined by Eq. (66) that is related to the

asymptotic of the metric function gtt at infinity. Thus,
having zero mass simply means that the sign in front of
the 1=r asymptotic of gtt at infinity switches. This is a
nonstandard behavior related to the fact that the energy
conditions of effective energy-momentum tensor can be
violated locally. This eventually leads to a negative mass.
As a matter of fact, solutions with decreasing scalar charges
exist also beyond the M ¼ 0 point and from a numerical
point of view they behave perfectly well. However, such
solutions are rather exotic and most probably they are
unstable—that is why we shall not consider them.
Interestingly, such a behavior, i.e., reaching zero mass at
a nonzero horizon radius, has been observed in scalar-
curvature theories. The reason for that was the dependence
of the ADM mass on the coupling constants of the theory.
Such a horizon has been called “theory horizon” [98–101].
Interestingly, despite the fact that the dashed line

solutions with α3 ¼ −1 employ a rather different boundary
condition (60), they behave qualitatively similar to the
boundary condition (58) solutions, and there is a smooth
transition between both. In the former case, for a fixed
mass, the black holes tend to have a radius of the horizon
generally larger compared to Schwarzschild, contrary to the
latter cases where the radius of the horizon decreases with
respect to GR.
The case of fixed α3 ¼ 1 and varying α2 is presented in

Fig. 2. Here, contrary to the previous figure, larger α2 move
the bifurcation point to smaller masses, something that can
be concluded also from Eq. (64). When α2 ¼ 0, we have
the so-called pure TsGB when the Riemannian Gauss-
Bonnet term contribution to the field equations is com-
pletely turned off. Interestingly, even though this case
offers a completely new type of scalarization, the behavior
of the solutions branches is qualitatively very similar to the
sGB theory.
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FIG. 1. The radius of the horizon (left panel) and the scalar charge (right panel) as functions of mass for a fixed α2 ¼ −1 and
varying α3. The bald Schwarzschild black hole is depicted with a solid black line, the scalarized branches with α3 _G3ðψHÞ ≠ α2 _G2ðψHÞ
and using BC1 with solid lines of different colors, while the solutions with α3 _G3ðψHÞ ¼ α2 _G2ðψHÞ and BC2 are marked by a dashed
line. The pure sGB case (when α3 ¼ 0) is depicted with a solid dark green line.
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For the considered combinations of parameters, the
branches are relatively short, especially for larger positive
α2. This is true also for the dashed line branch where the
regularity condition at the horizon can always be satisfied
(BC2 is employed there). As we comment in the next
subsection, the disappearance of solutions at small masses
has a different origin for these branches, and the tetrad
functions start developing a nonsmooth first derivative. We
could not give a definite answer, though, whether this is a
purely numerical issue or rather an actual peculiarity of the
system of equations that prevents the existence of scalar-
ized black holes for smaller masses.
Note that in the results presented above, we were very

restrictive in the choice of G2 and G3. The observed
peculiarities, and especially the disappearance of solutions
for small black hole masses, can be controlled by choosing
different coupling functions. As it is well known in the sGB
gravity, even though the point of bifurcation is a universal
property of a system depending only on the leading order
expansion of the coupling, the properties and the existence
region of the actual nonlinear scalarized black hole sol-
utions can differ drastically for different coupling func-
tions [102–105]. We have restrained ourselves from
studying such a dependence because the main goal of
the present paper is to show the existence of scalarized
black hole triggered by a teleparallel term. A detailed study
of the possible couplings will be performed elsewhere.
Before going further, let us emphasize again that we

focused the discussion on cases where α2 ¼ 1 for various α3
and cases where α3 ¼ 1 for various α2 since the most
important parameter in the discussion of the system is the
relative strength between α2 and α3. The above discussion
should thus be representative of the all spectrum of solutions.

3. Radial dependence of the metric
and the scalar field

After discussing the domain of existence of scalarized
solutions, let us turn now to exploring the radial profiles of

the tetrad functions and the scalar field. In order to avoid
overcrowding with figures, we have chosen only some
representative combinations of α2 and α3.
Let us first startwith themore conventional set of solutions

when α2 ¼ −1 and α3 ¼ �0.5 and the first boundary
condition (58) is employed. The radial profiles of the tetrad
functions AðrÞ and B−1ðrÞ, as well as the scalar field ψ , for a
number of black holes with varying rH are depicted in Fig. 3.
As already commented, the tetrad functions are directly
related to themetric via fgttðrÞ;−grrðrÞg ¼ fAðrÞ2; BðrÞ2g.
The selected solutions are a subset of the ones presented in
Fig. 1, and they are chosen in such a way that rH roughly
spans the range from the bifurcation point up to the leftmost
point of the corresponding branch of solutions. These two
cases can be considered as a deformation of the sGB
scalarized black holes with varying contributions from the
teleparallel gravity.
For large black holes, both the scalar field and the tetrad

functions behave monotonically with the increase of r. With
the decrease of the horizon radius, though, interesting
behavior is observed. Namely, the profile of the tetrad
function AðrÞ starts being deformed developing a rapid
change of its derivative close to the horizon and forming a
plateau region afterward. For even smaller rH (see, e.g.,
rH ¼ 0.012 in the right panel of Fig. 3), a local maximum of
AðrÞ can form. The B−1 function, on the other hand, can
develop either a sharp change close to the black hole horizon
for small rH (see, e.g., rH ¼ 0.11 in the left panel of Fig. 3),
or it starts behaving nonmonotonically similar toA (the right
panel of Fig. 3). As a matter of fact, this almost discontinu-
ous behavior of B0 for α2 ¼ −1 and α3 ¼ −0.5 is the reason
why we could not calculate solutions with even smaller rH.
We could not determine whether such solutions indeed do
not exist or if this is a purely numerical problem. We should
note that peculiarities in the metric function behavior can be
observed also for small black holes in pure sGB theory [106],
even though they are somewhatmilder there; e.g., extrema of
A do not form for static solutions in the sGB case.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

r H

M

3 = 1

GR

BC1:

2= -2

2= -0.8

2= 0.0

2= 0.4

BC2:

2= 1.0

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

D

M

FIG. 2. The radius of the horizon (left panel) and the scalar charge (right panel) as functions of mass for a fixed α3 ¼ 1 and varying α2.
The conventions for solution branches are the same as in Fig. 1.

SPONTANEOUS SCALARIZATION OF BLACK HOLES IN GAUSS- … PHYS. REV. D 107, 104013 (2023)

104013-13



Another important feature one can notice in Fig. 3 is that
despite the nontrivial behavior for small r, both AðrÞ and
B−1ðrÞ tend to be nearly equal as r increases. This is a
manifestation of the fact that for large distances, we expect
from theoretical consideration that the multiplication
AðrÞBðrÞjr→∞ → 1. That has been explicitly checked to
be true also for the numerically calculated solutions. Thus,
the determinant of the metric is nonzero and nondivergent
in this limit.
On the other hand, even though both AðrÞ and B−1ðrÞ

tend to 0 at the event horizon, this horizon can only be a
regular one if AðrÞBðrÞjr→rH → c ≠ 0 (ensuring again that
the metric determinant is neither singular nor vanishing in
this limit). We also checked that this was indeed the case
for the solutions we obtained numerically, proving that we

really have constructed regular and asymptotically flat
scalarized black holes.
Let us now proceed to solutions with the second boundary

condition (60) having α2 ¼ α3. Up to a normalization
constant, the only two possible cases are α2 ¼ α3 ¼ −1
and α2 ¼ α3 ¼ 1, presented in Fig. 4. The black hole
solutions are a subset of the ones presented in Figs. 1
and 2, respectively, with rH spanning the whole range of
existence of the corresponding branches.
Let us first focus on the right panel of Fig. 4 that

resembles more the conventional sGB scalarization where
static black holes scalarize only for negative α2. Again, for
large rH, the functions ψðrÞ, AðrÞ, and B−1ðrÞ behave
monotonically with r. For small black holes, though, it
can happen that AðrÞ and B−1ðrÞ develop maxima for
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FIG. 4. The tetrad functions AðrÞ and B−1ðrÞ, and the scalar field ψ as functions of the normalized to the horizon radius radial
coordinate r=rH . Notations are the same as for Fig. 3, while the theory parameters are set to α2 ¼ α3 ¼ 1 (left panel) and α2 ¼ α3 ¼ −1
(right panel). Since α2 ¼ α3 in both cases, BC2 is used. These solutions are a subset of the ones presented in Figs. 1 and 2.
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FIG. 3. The tetrad functions AðrÞ and B−1ðrÞ, and the scalar field ψ as functions of the normalized to the horizon radius radial
coordinate r=rH . The lines corresponding to different functions are marked with different colors—black, red, and blue for AðrÞ, B−1ðrÞ,
and ψðrÞ, respectively. The left y axis corresponds to the ψ function, while the right y axis sets the scale for AðrÞ and B−1ðrÞ. Different
patterns of the lines correspond to solutions with varying rH . The theory parameters are fixed to α2 ¼ −1; a3 ¼ −0.5 (left panel) and
α2 ¼ −1; a3 ¼ 0.5 (right panel). Since α2 ≠ a3 in both cases, BC1 is used. These solutions are a subset of the ones presented in Fig. 1.
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intermediate r reaching values larger than one. Afterward,
they tend monotonically to A∞ ¼ B∞ ¼ 1. Such behavior
leads to a negative mass calculated on the basis of the
asymptotic expansions at infinity of AðrÞ or B−1ðrÞ.
Remember also that in Fig. 1, the branches were hitting
zero mass at a nonzero rH. This is a manifestation of the
same problem. In Fig. 1 we have disregarded such negative
mass solutions as nonphysical and they are not plotted.
Now let us proceed with the black hole solutions

having α2 ¼ α3 ¼ 1 and BC2, which are plotted in the
left panel of Fig. 4. Since positive α2 do not allow for
scalarization of Schwarzschild black holes in sGB gravity,
this is another very distinct case.5 Here, the tetrad functions
AðrÞ and B−1ðrÞ behave monotonically for all solutions.
Interestingly, the scalar field is almost vanishing at the
black hole horizon, and after reaching a maximum, it starts

to decrease monotonically. This is contrary to all other
presented cases where the scalar field reaches its maximum
value at the horizon. As a matter of fact, such scalar field
maxima away from the horizon can be present in sGB
gravity but only for rotating solutions up to our
knowledge [111].
The last cases we present are the pure teleparallel

scalarization with either α2 ¼ 0 and α3 ¼ 1, or α2 ¼ −1
and α3 ¼ 1, as discussed in the previous section. Selected
representative solutions are plotted in Fig. 5. Despite the
fact that here the Riemannian Gauss-Bonnet term is
missing and only the teleparallel one contributes, the
qualitative behavior is similar to the rest of the solutions.
For sufficiently large rh, both the scalar field and the tetrad
functions AðrÞ and B−1ðrÞ are monotonic. AðrÞ starts being
more deformed for small rH where the branch of scalarized
solutions is terminated, while B−1ðrÞ can even develop
maxima close to the horizon for small mass black holes.
It would be interesting to examine as well the behavior of

the different teleparallel terms TG and BG. In Fig. 6, we plot
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FIG. 5. The tetrad functions AðrÞ and B−1ðrÞ and the scalar field ψ as functions of the normalized to the horizon radius radial
coordinate r=rH . Notations are the same as for Fig. 3. The two figures correspond to the two pure teleparallel cases with α2 ¼ 0 and
α3 ¼ 1 (left panel) and α2 ¼ −1 and α3 ¼ 1 (right panel). These solutions are a subset of the ones presented in Figs. 1 and 2,
respectively.
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subset of the ones presented in Fig. 1.

5Note that scalarization with positive α2 in sGB gravity is
possible but only for rotating black holes, the so-called spin-
induced scalarization [107–110].
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these quantities together with the teleparallel Gauss-Bonnet

invariant G
∘ ¼ TG þ BG for a representative combination

of parameters α2 ¼ −1 and α3 ¼ −0.5 (the sequence
of solutions can be found in Fig. 1). As seen, for larger
rH, the teleparallel quantities behave monotonically with
the increase of r. For small rH black holes, though, local
extrema can form that is an indirect consequence of the
nonmonotonous behavior of the metric functions pre-
sented above.
We like to end this section by highlighting our finding that

already a nonminimal coupling to one of the purely tele-
parallel terms TG or BG, which compose the Riemannian

Gauss-Bonnet term G
∘
, suffices to obtain spontaneous

scalarization. The individual terms TG and BG can only
be expressed in terms of torsion and not in terms of a metric
or curvature. Thus, we demonstrated that spontaneous
scalarization can be sourced by torsion, which in the
Riemannian case, is usually set to zero, and not necessarily
by the curvature of spacetime. An immediate, very interest-
ing question that arises is if the origin of spontaneous
scalarization lies in the properties of non-Riemannian
aspects (here torsion) of the spacetime geometry. The
investigation of this question paves the way to a better
understanding of the physical consequences of deviations
from a purely Riemannian spacetime geometry.

VI. SUMMARY AND CONCLUSION

The sGB theory has attracted a lot of attention due to the
fact that it can naturally evade the no-scalar-hair theorems,
and it is motivated by the attempts to quantize gravity.
A boost in the field in the last years came from the
discovery that in the weak field regime, it can describe
the Schwarzschild solution, while in the strong field
regime, one can obtain deviations from it in a mechanism
labeled spontaneous scalarization. Usually, this process has
been studied in sGB gravity and in other Riemannian
scalar-tensor theories, but up to our knowledge, there are
no such studies concerning non-Riemannian theories of
gravity, involving torsion or nonmetricity. Let us quickly
summarize our findings and conclude.

A. Summary

In this paper, we have considered a teleparallel theory
where the general curvature is vanishing, the metric
compatibility condition holds, and the torsion tensor is
nonvanishing and encodes the gravitational dynamics.
Since one can formulate an equivalent theory to GR in
the teleparallel framework, which is TEGR, one can then
introduce a scalar field and follow a similar approach as in
the Riemannian case, which is to construct theories with
nonminimal couplings between a scalar field and the
gravitational sector. It turns out that there exists an analog
teleparallel Gauss-Bonnet invariant that contains two parts:
The first one is a topological invariant in four dimensions

[TG defined in (10)], and the second one is a boundary term
in any dimension [BG defined in (11)]. Those teleparallel
invariants can be directly linked to the Riemannian Gauss-
Bonnet invariant through the relationship (8). We then
construct a TsGB theory constructed by couplings between
the scalar field and TG and BG that [due to (8)] can be
rewritten as (15) containing a contribution from the sGB
action plus an additional teleparallel term, which would
give a richer phenomenology.
In the teleparallel framework, one can construct fully

invariant theories, i.e., invariant under both diffeomorphism
and local Lorentz transformations [25,37]. This is done by
considering the flat spin connection and the tetrad fields as
dynamical variables. However, one can always choose a
gauge such that the spin connection is vanishing, which is the
gauge that we used during this paper for studying spherical
symmetry. By imposing the condition that the torsion
respects the same symmetries as the metric, the correspond-
ing form of the tetrad could have a general form expressed
in (26). By substituting this tetrad in the antisymmetric
equations of our theory, we found two possible generic tetrad
solutions giving the same form of themetric. Thismeans that
our theorywould have two sets of spherically symmetric field
equations, depending on the branch chosen.We concentrated
on the second one where the tetrad is a complex one (40).
The most important part of our paper was presented in

Sec. V where we studied the spherically symmetric com-
plex tetrad equations for TsGB gravity and find scalarized
black hole solutions. We first concentrated on the analytical
part of the equations and find perturbed solutions around
Schwarzschild in Sec. VA, which contains as a special case
the sGB perturbed solution found previously in [92]. We
then studied the behavior of the equations near the horizon
and at infinity in Sec. V B, finding that there are two
different branches of boundary conditions ensuring the
regularity of the scalar field’s first derivative at the event
horizon depending on the theory chosen. The first one
given by (58) is a generalization of the sGB boundary
condition for the scalar field at the horizon, while the
second one (60) is a new branch that only exists in the
teleparallel framework and does not contain any square
root. We finalized the analytical study by studying the
spontaneous scalarization mechanism in Sec. V C where
we found the bifurcation bound (64), which provides a
sufficient condition to have unstable modes for the
Schwarzschild background. That bound again generalizes
the well-known sGB result obtained in [6].
In Sec. V D, we explicitly constructed asymptotically flat

scalarized black hole solutions using numerical techniques
for solving the full nonlinear set of equations. Due to the
richness of the theory, we have focused mainly on proving
the existence of such solutions and exploring their basic
properties in the case of a coupling of the form (65) rather
than a detailed exploration of the parameters space. We
examined all possible interesting limiting cases, which
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include the pure teleparallel cases without contribution
from the pure Riemannian Gauss-Bonnet term, as well as
the solutions with both boundary conditions discussed in
the previous paragraph. We found that in a certain param-
eter range when the contribution of the pure teleparallel
term is subdominant, the behavior of the solutions is
qualitatively the same as in the sGB case. This might
change, though, when the pure teleparallel term starts
having a significant contribution.
Interestingly, the transition between different regimes

and sectors of the theory happens smoothly, even in cases
when one has to switch between the two different boundary
conditions. We could observe very interesting nonmono-
tonic behavior of the metric functions close to the horizon
for small mass black holes that form local minima and
maxima. This is something completely not typical for static
black hole solutions and can have very interesting impli-
cations, especially for orbits around such objects. The small
mass region is often problematic, though, in Gauss-Bonnet
type of theories, and loss of hyperbolicity is often observed
there [94,96,97], at least in the sGB case. That is why, in
order to answer the question of whether such effects can
have astrophysical relevance, one should study the black
hole dynamics. This is a study underway.
Another interesting fact is that, in the considered theory,

it is possible to have static black hole scalarization for
coupling functions for which static black holes in sGB
gravity cannot scalarize but instead spin-induced scalari-
zation is present. This is a very interesting observation
because it turns out that, in this case, it is possible to have
nonmonotonic behavior of the scalar field close to the
horizon even for the fundamental nodeless scalar field
branch of the black hole. Until now, similar nonmonoto-
nicity in sGB gravity was observed only for rotating
black holes.

B. Conclusion

To conclude, we have derived novel scalarized black
hole solutions, sourced by torsion, that have not been found
nor reported in the past elsewhere (see the review [86] for a
compilation of the scalarization process in Riemannian
theories of gravity). Even though we restricted ourselves to
static spherically symmetric solutions, the black holes share
a lot of similarities not only with the static sGB case but
also with the rotating sGB black holes. On the other hand,
all sectors of the teleparallel gravity we considered are well
behaved numerically. Most interestingly, we found that
already coupling one of the two teleparallel contributions
TG and BG, which form the Riemannian Riemannian

Gauss-Bonnet term G
∘
, suffices to trigger scalarization.

This observation leads to the question if torsion (or other
properties of non-Riemannian geometry) might fundamen-
tally be the origin of the scalarization properties. Important
additional studies, in order to understand the properties of

the teleparallel scalarized BHs further in the future, are their
stability, their thermodynamic properties (for this in par-
ticular, the study of BH thermodynamics in teleparallel
gravity has to be further developed [112]), their dynamics
in the perturbative and the nonlinear regime, and if they
suffer from loss of hyperbolicity similar to the sGB case
or not.
Our study can open a new unexplored window in the

study of scalarized black hole solutions in non-Riemannian
theories of gravity. We have just shown the existence of
solutions using the complex tetrad, but one could also
perform a similar analysis with the real tetrad (36) and
study its differences. Further, we considered an exponential
type of coupling, but one could consider other coupling
functions (such as polynomial or lineal couplings), as well
as other theory parameters, where solutions exist already in
the sGB theory.
These studies should be extended also to spontaneous

scalarization of neutron stars to realize whether our theory
could describe other astrophysical scenarios. Furthermore,
since our formulated theory contains the sGB theory as a
special case, one might expect that axially symmetric
solutions would also exist but with a larger range of
parameters.
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APPENDIX: PERTURBED SOLUTIONS

The functions appearing in the perturbed solutions of
Sec. VA [Eqs. (48)–(50)] are given by

ã1ðrÞ ¼ −
1

M6r2
−

1

M5r3
−

52

3M4r4
−

2

M3r5

−
16

5M2r6
þ 368

3Mr7
; ðA1Þ
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ã2ðrÞ ¼
2

M6r2
þ 18

M5r3
þ 8

3M4r4
þ 4

M3r5

−
1248

5M2r6
þ 736

3Mr7
; ðA2Þ

ã3ðrÞ ¼ −
1

M6r2
−

17

M5r3
þ 44

3M4r4
þ 126

M3r5

−
1232

5M2r6
þ 368

3Mr7
; ðA3Þ

b̃1ðrÞ ¼ −
1

M6r2
−

1

M5r3
−

52

3M4r4
−

2

M3r5

−
16

5M2r6
þ 368

3Mr7
; ðA4Þ

b̃2ðrÞ ¼ −
1

M6r2
−

17

M5r3
þ 44

3M4r4
þ 126

M3r5

−
1232

5M2r6
þ 368

3Mr7
; ðA5Þ

b̃3ðrÞ ¼
2

M6r2
þ 18

M5r3
þ 8

3M4r4
þ 4

M3r5

−
1248

5M2r6
þ 736

3Mr7
; ðA6Þ

ψ̃1ðrÞ ¼
2

M3r
þ 2

M2r2
þ 8

3Mr3
; ðA7Þ

ψ̃2ðrÞ ¼ −
2

M3r
−

2

M2r2
þ 8

3Mr3
; ðA8Þ

ψ̃3ðrÞ ¼ −
73

30M9r
−

73

30M8r2
−

146

45M7r3
−

73

15M6r4

−
224

75M5r5
−

16

9M4r6
; ðA9Þ

ψ̃4ðrÞ ¼ −
41

30M9r
−

41

30M8r2
−

82

45M7r3
þ 13

5M6r4

þ 64

25M5r5
−

16

9M4r6
; ðA10Þ

ψ̃5ðrÞ ¼
53

30M9r
þ 53

30M8r2
þ 106

45M7r3
−

9

5M6r4

−
32

25M5r5
−

16

9M4r6
; ðA11Þ

ψ̃6ðrÞ ¼
53

30M9r
þ 53

30M8r2
þ 106

45M7r3
þ 53

15M6r4

þ 64

75M5r5
−

16

9M4r6
: ðA12Þ
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