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Bimetric gravity is a theory of gravity that posits the existence of two interacting and dynamical metric
tensors. The spectrum of bimetric gravity consists of a massless and a massive spin-2 particle. The form of
the interactions between the two metrics gμν and fμν is constrained by requiring absence of the so-called
Boulware-Deser ghost. In this work we extend the original bimetric theory to its bimetric-affine
counterpart, in which the two connections, associated with the Ricci scalars, are treated as independent
variables. We examine in detail the case of an additional quadratic in the Ricci scalar curvature term
R2ðg;ΓÞ and we find that this theory is free of ghosts for a wide range of the interaction parameters, not
excluding the possibility of a dark matter interpretation of the massive spin-2 particle.
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I. INTRODUCTION

The framework of modern cosmology, consisting of the
theory of gravitation and the Standard Model of particle
physics is characterized by the fact that the former is treated
classically due to the present lack of a fully quantum UV
completion of general relativity (GR), in contrast to the
latter which is a fully quantum field theory. Nevertheless,
as long as we are not very close to the Planck energy scale
it is believed that the effects of gravitation can be
treated classically in terms of an effective theory of gravity
based on GR with possible modifications arising from the
quantum nature of gravitating matter fields. Independently
of such expected modifications, open cosmological issues
like the dark energy associated with the present accelerated
expansion might require the modification of GR at large
distances as well. The problem of dark energy, the equally
pressing problem of dark matter, as well as the realization
of inflation at the early stages of the Universe have attracted
a number of proposals based on the introduction of new
fields, mostly scalar but also fermions and vectors. New
fields directly related to the gravitational sector such as
the scalar mode arising in the Starobinsky model [1] or a
massive spin-2 partner of the graviton have also been
considered, the latter being the key ingredient of the
bimetric theory of gravity [2]. A massive graviton also
arises in the massive gravity theory of Dvali–Gabadadze–
Porrati (DGP) [3,4]. The theory of a massive spin-2 field
has been first considered by Fierz and Pauli [5]. Although
the associated problem of a smooth massless limit was

resolved [6], Boulware and Deser [7] showed that as it
stood the theory would necessarily contain a ghost. De
Rham, Gabadadze, and Tolley studied a nonlinear theory of
massive gravity in whose decoupling limit they proved the
absence of the ghost degree of freedom [8], while Hassan
and Rosen [9] generalized the de Rham, Gabadadze, and
Tolley massive gravity by including an arbitrary reference
metric fμν instead of the Minkowski one (see also [10–13]).
At relatively recent time a ghost-free nonlinear theory of
massive spin-2 was formulated by Hassan and Rosen [2],
but this time the gravitational action includes an additional
Ricci scalar for the newmetric fμν. A key feature of the new
theory, named bimetric gravity (or bigravity), is that both
metrics are dynamical contrary to the massive gravity
theories so far. For reviews on the subject of massive
gravity and bimetric gravity see, e.g., [14–16].
Bimetric gravity has been studied extensively in recent

years with still continuing activity [17–21]. An aspect
of bimetric gravity of a phenomenological interest is
the possible interpretation of the massive spin-2 particle
as a dark matter candidate [22–29]. In this scenario the
coupling of the massive spin-2 particle to the Standard
Model particles, being of gravitational origin, is naturally
Planck suppressed. This exceptionally feeble coupling to
matter could clarify why dedicated detection experiments
and collider searches have not found any signals of dark
matter.
As it is mentioned above gravitating quantum matter

fields are bound to generate modifications of GR, a well-
known example being the Starobinsky model [1] featuring
an additional quadratic Ricci scalar curvature R2 term.
An immediate question arising is whether the ghost-free
construction of bimetric gravity could still be applied
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appropriately modified. Since the standard metric R2 theory
gives rise to an additional dynamical scalar degree of
freedom the answer to this question rests on the detailed
nonlinear dynamics involving this extra scalar [see [30–34]
for applications of general FðRÞ bimetric extensions under
the metric formulation of gravity]. In contrast, in the metric-
affine (Palatini) formulation [35] of the Starobinsky model,
in which the connection is an independent variable, no such
extra dynamical scalar arises. In such a framework the
construction of a ghost-free bimetric R2 theory, involving
only the graviton and its massive spin-2 partner, can be
conclusive. We note that the presence of quadraticR2 terms
have proven to be important in models of cosmological
inflation [36–51].
In the present article we extend the original bimetric

theory to its bimetric-affine counterpart and study the case
of an additional quadratic curvature term, focusing on the
case of a quadratic term of the scalar curvature associated to
the standard graviton metric. We demonstrate that models
of ghost-free1 gravitating massive spin-2 can be constructed
along the lines of the standard bimetric gravity theory. In
Sec. II we set up the theoretical framework of bimetric
gravity and the bimetric-affine extension of it. In Sec. III we
consider bimetric-affine theories based on an action that
includes quadratic terms of the Ricci scalar R2 and derive
the equivalent bimetric action with a modified potential.
The linearized bimetric-affine quadratic action is presented
in Sec. IV and in Sec. V we analyze the corresponding
parametric space. Finally, we summarize and conclude
in Sec. VI.

II. BIMETRIC GRAVITY

Standard bimetric gravity [2] based on the Einstein-
Hilbert action2 is defined as3

S ¼
Z

d4x
n
m2

g
ffiffiffiffiffiffi
−g

p
RðgÞ þm2

f

ffiffiffiffiffiffi
−f

p
RðfÞ

þ 2m2
gm2 ffiffiffiffiffiffi

−g
p

Vð
ffiffiffiffi
Δ

p
Þ
o
; ð1Þ

where gμν and fμν stand for the two metric tensors and the

potential depends on the tensor ð ffiffiffiffi
Δ

p Þμν, defined by� ffiffiffiffi
Δ

p �
μ

ρ

� ffiffiffiffi
Δ

p �
ρ

ν
¼ Δμ

ν ¼ gμρfρν: ð2Þ

The form of the potential is constrained so that the so-called
Boulware-Deser ghost [7] is absent and the arising mass for
one of the spin-2 combinations has the Fierz-Pauli form.
The exact form of the potential is

V
� ffiffiffiffi

Δ
p �

¼
X4
n¼0

βnen
� ffiffiffiffi

Δ
p �

; ð3Þ

where βn are parameters, and enð
ffiffiffiffi
Δ

p Þ are five functions of
the metric tensors, which are given by

en
� ffiffiffiffi

Δ
p �

¼ ð−1Þnþ1

n

Xn−1
k¼0

ð−1ÞkTr
� ffiffiffiffi

Δ
p

n−k
�
ek
� ffiffiffiffi

Δ
p �

; ð4Þ

starting with e0ð
ffiffiffiffi
Δ

p Þ ¼ 1. To obtain a linearized approxi-
mation of the above theory we consider small fluctuations
of the metrics around a common background ḡμν

gμν ≈ ḡμν þ hμν; fμν ≈ ḡμν þ lμν: ð5Þ

The resulting linearized action takes the form

S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p �
m2

g

4
hμνEμν

ρσhρσ þ
m2

f

4
lμνEμν

ρσlρσ

þ B
h
ðhμν − lμνÞ2 þ Cðh − lÞ2

i
þ Ag

�
hμνhμν −

1

2
h2 − 2h − 4

�
þ Af

�
lμνlμν −

1

2
l2 − 2l − 4

��
; ð6Þ

where Eμν
ρσ is the Lichnerowicz operator. The appearing

parametric coefficients are

B ¼ 1

4
m2

gm2ðβ1 þ 2β2 þ β3Þ;

Ag ¼ −
1

2
m2

gm2ðβ0 þ 3β1 þ 3β2 þ β3Þ;

Af ¼ −
1

2
m2

gm2ðβ1 þ 3β2 þ 3β3 þ β4Þ: ð7Þ

The linearized action (6) describes one massless and one
massive spin-2 particle with zero cosmological constant if

Ag ¼ Af ¼ 0; C ¼ −1; and B < 0: ð8Þ

Unlike the quadratic theory, which will be analyzed in the
next section, in the case of the usual bimetric theory the
requirement C ¼ −1 that “removes” the ghost degree of
freedom from the theory is automatically satisfied due to
the special form of the potential (3). Note also that in
general one parameter is fixed from the equality of the

1See [52,53] for a discussion on the presence of ghosts in
general metric-affine theories with higher order curvature terms.

2Throughout this paper we use different symbols for the
curvature scalar or/and tensors, which in the standard metric
gravity we denote by R, while in metric-affine gravity by R.

3In the literature it is common to replace the scale mf by a
dimensionless parameter α defined through mf ¼ αmg. Also, the
scalem is redundant, being an overall scale for the parameters βn,
and it is often set as m2 ¼ α2m2

g.
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cosmological constants and a second one if we assume zero
As, i.e., zero cosmological constants.
Applying the conditions (8) we can rewrite the action (6)

in terms of the massive ðMμνÞ and massless ðGμνÞ eigen-
states

Mμν ¼
mgmfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g þm2
f

q ðlμν − hμνÞ; ð9aÞ

Gμν ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
g þm2

f

q ðm2
ghμν þm2

flμνÞ: ð9bÞ

The inverse relations are

hμν ¼
1

mg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g þm2
f

q ðmgGμν −mfMμνÞ; ð10aÞ

lμν ¼
1

mf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g þm2
f

q ðmfGμν þmgMμνÞ: ð10bÞ

The action is4

S ¼
Z

d4x

�
1

4
GμνEμν

ρσGρσ þ 1

4
MμνEμν

ρσMρσ

−
m2

FP

4
ðMμνMμν −M2Þ

�
: ð11Þ

Note that the Fierz-Pauli mass is

m2
FP ¼ −4

m2
g þm2

f

m2
gm2

f

B ¼ −
m2ðm2

g þm2
fÞ

m2
f

ðβ1 þ 2β2 þ β3Þ:

ð12Þ

The so-called minimal choice for the β parameters is

β0 ¼ 3; β1 ¼ −1; β2 ¼ β3 ¼ 0; β4 ¼ 1: ð13Þ

These values yield

Ag ¼ Af ¼ 0 and B ¼ −
1

4
m2

gm2: ð14Þ

Therefore, in this case m2
FP ¼ m2ðm2

g þm2
fÞ=m2

f.
The bimetric action (1) can also be considered in a

bimetric-affine framework in which the connections asso-
ciated with each Ricci scalar are not constrained by the
Levi-Civita (LC) condition but are independent variables.
The action can be written in terms of the two distortion
tensors

Cμρν ≡ Γμ
ρ
ν − Γμ

ρ
νðgÞjLC; C̃μ

ρ
ν ≡ Γ̃μ

ρ
ν − Γμ

ρ
νðfÞjLC;

ð15Þ

as

S ¼
Z

d4x
n
m2

g
ffiffiffiffiffiffi
−g

p
gμνRμνðCÞ þm2

f

ffiffiffiffiffiffi
−f

p
fμνRμνðC̃Þ

þ 2m2
gm2 ffiffiffiffiffiffi

−g
p

V
� ffiffiffiffi

Δ
p �o

: ð16Þ

The curvature scalars can be written in terms of the
corresponding standard metric Ricci5 scalars as

Rðg; CÞ ¼ RðgÞ þ 2D½μðgÞCν�μν þ CμμλCν
λν − CνμλCμλν;

ð17Þ

Rðf; C̃Þ ¼ RðfÞ þ 2D½μðfÞC̃ν�μν þ C̃μ
μ
λC̃ν

λν − C̃ν
μ
λC̃μ

λν;

ð18Þ

where the covariant derivatives are taken with respect to
the corresponding Levi-Civita connections. Varying the
action with respect to C and C̃ we obtain that Cμρν ¼ δρμQν

and C̃μ
ρ
ν ¼ δρμQ̃ν, where Qν and Q̃ν are arbitrary vectors.

Substituting this solution into the curvature scalar expres-
sions cancels out all extra terms and reduces them into the
corresponding Ricci scalars. As a result the action returns
into its familiar form (1). Therefore, the bimetric-affine
formulation of the Einstein-Hilbert gravity is entirely
equivalent to the standard bimetric formulation.

III. QUADRATIC GRAVITY

As we have explained in the introduction there is
sufficient evidence that quantum corrections of matter

4Assuming that the coupling to matter is

gμνTμν ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m2
g þm2

f

q GμνTμν −
mf

mg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g þm2
f

q MμνTμν;

from the effective coupling of the massless mode we can read off

the physical Planck mass to be MP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

g þm2
f

q
. The issue of

which metric tensor should couple to the Standard Model particle
spectrum has been discussed extensively in the literature [54–70],
and, as a result, only two feasible options are free of ghost degrees
of freedom. One option is for a matter field to couple minimally
to only one of the metric tensors. The other option is for matter
to couple minimally to an effective metric that is formed by
combining the two metrics.

5The antisymmetrization of indices is defined as T ½μν� ¼
1
2
ðTμν − TνμÞ.
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fields coupled to gravity will generate modifications to the
Einstein-Hilbert action. The simplest of these corrections
corresponds to quadratic curvature terms and in particular
to quadratic Ricci scalar terms, being safe from the point of
view of not introducing any new ghostlike degrees of
freedom. In our case of a bimetric theory, such terms would
be R2ðgÞ or R2ðfÞ or even a mixed term RðgÞRðfÞ. In what
follows we shall focus on the simplest case of just a R2ðgÞ
term. Thus, we consider the action

S ¼
Z

d4x
n
m2

g
ffiffiffiffiffiffi
−g

p
RðgÞ þm2

f

ffiffiffiffiffiffi
−f

p
RðfÞ

þ m2
g

2m̃2

ffiffiffiffiffiffi
−g

p
R2ðgÞ þ 2m2

gm2 ffiffiffiffiffiffi
−g

p
V
� ffiffiffiffi

Δ
p �o

: ð19Þ

This can be rewritten in terms of an auxiliary scalar χ as

S ¼
Z

d4x

�
m2

g
ffiffiffiffiffiffi
−g

p 	
1þ χ

m̃2



RðgÞ þm2

f

ffiffiffiffiffiffi
−f

p
RðfÞ

−
m2

g

2m̃2

ffiffiffiffiffiffi
−g

p
χ2 þ 2m2

gm2 ffiffiffiffiffiffi
−g

p
V
� ffiffiffiffi

Δ
p ��

: ð20Þ

The bimetric-affine version of the action (19) reads6

S ¼
Z

d4x
n
m2

g
ffiffiffiffiffiffi
−g

p
Rðg; CÞ þm2

f

ffiffiffiffiffiffi
−f

p
Rðf; C̃Þ

þ m2
g

2m̃2

ffiffiffiffiffiffi
−g

p
R2ðg; CÞ þ 2m2

gm2 ffiffiffiffiffiffi
−g

p
V
� ffiffiffiffi

Δ
p �o

: ð21Þ

Note that this is not the most general bimetric-affine quadratic
action of scalar curvature invariants that could be written.
Apart from the termsR2ðf; C̃Þ andRðg; CÞRðf; C̃Þ that were
left aside, we could also have linear or quadratic terms of
the parity-odd Holst invariant7 R̃. These terms are known to
introduce extra dynamical degrees of freedom. We also leave
such terms aside and concentrate on the simplest of all
quadratic cases of just an R2ðg; CÞ term. The equivalent
auxiliary scalar form of the action (21) is

S ¼
Z

d4x

�
m2

g
ffiffiffiffiffiffi
−g

p 	
1þ χ

m̃2



Rðg;CÞ þm2

f

ffiffiffiffiffiffi
−f

p
Rðf; C̃Þ

−
m2

g

2m̃2

ffiffiffiffiffiffi
−g

p
χ2 þ 2m2

gm2 ffiffiffiffiffiffi
−g

p
V
� ffiffiffiffi

Δ
p ��

: ð22Þ

Using the expressions (17) and (18) we write the action as

S ¼
Z

d4x

� ffiffiffiffiffiffi
−g

p
m2

g

	
1þ χ

m̃2



RðgÞ þ

ffiffiffiffiffiffi
−f

p
m2

fRðfÞ þ
ffiffiffiffiffiffi
−g

p
m2

g

	
1þ χ

m̃2


�
2D½μðgÞCν�μν þ CμμλCν

λν − CνμλCμλν
�

þ
ffiffiffiffiffiffi
−f

p
m2

f

�
2D½μðfÞC̃ν�μν þ C̃μ

μ
λC̃v

λν − C̃ν
μ
λC̃μ

λν
�
−

m2
g

2m̃2

ffiffiffiffiffiffi
−g

p
χ2 þ 2m2

gm2 ffiffiffiffiffiffi
−g

p
V
� ffiffiffiffi

Δ
p ��

: ð23Þ

Solving for C̃μνρ gives the same result as in the Einstein-
Hilbert case and ultimately reduces Rðf; C̃Þ to just RðfÞ.
Solving for Cμνρ on the other hand leads to an equation

δαβCνγ
ν þ δαγCvνβ − Cβγα − Cγαβ ¼ 2∂½β lnð1þ χ=m̃2Þδαγ�;

ð24Þ

which has a solution

Cμνρ ¼ gμ½ν∂ρ� lnð1þ χ=m̃2Þ: ð25Þ

Substituting back into the action we get it into the form

S ¼
Z

d4x

� ffiffiffiffiffiffi
−g

p
m2

g

	
1þ χ

m̃2



RðgÞ þ

ffiffiffiffiffiffi
−f

p
m2

fRðfÞ

þ 3

4m̃2

ffiffiffiffiffiffi
−g

p ð∇χÞ2
ð1þ χ

m̃2Þ −
m2

g

2m̃2

ffiffiffiffiffiffi
−g

p
χ2

þ 2m2
gm2 ffiffiffiffiffiffi

−g
p

V
� ffiffiffiffi

Δ
p ��

: ð26Þ

Next, we consider the Weyl rescaling of the gμν metric

gμν →

	
1þ χ

m̃2



−1
gμν; ð27Þ

which transforms the action to the Einstein frame as

S ¼
Z

d4x

�
m2

g
ffiffiffiffiffiffi
−g

p
RðgÞ þm2

f

ffiffiffiffiffiffi
−f

p
RðfÞ

−
m2

g

2m̃2

ffiffiffiffiffiffi
−g

p χ2

ð1þ χ
m̃2Þ2

þ 2m2
gm2

ð1þ χ
m̃2Þ2

ffiffiffiffiffiffi
−g

p
V
�
ð1þ χ=m̃2Þ1=2

ffiffiffiffi
Δ

p ��
: ð28Þ

6The Riemann curvature tensor is defined asRμν
ρ
σ ≡ ∂μΓν

ρ
σ−

∂νΓμ
ρ
σ þ Γμ

ρ
λΓν

λ
σ − Γν

ρ
λΓμ

λ
σ while the Ricci scalar is given by

R ¼ Rμν
μν.

7The Holst invariant is given by the contraction of the Levi-
Civita antisymmetric symbol with the Riemann tensor, i.e., R̃ ¼
ð−gÞ−1=2ϵμνρσRμνρσ ¼ 2ð−gÞ−1=2ϵμνρσðDμCνρσ þ CμρλCνλσÞ.
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Note that the kinetic term contribution generated by the
Weyl rescaling exactly cancels the existing χ-kinetic term,
ending up with a nondynamical χ field in the Einstein
frame. Due to the property enð

ffiffiffiffiffiffi
ωx

p Þ ¼ ωn=2enð
ffiffiffi
x

p Þ, the
detailed Weyl-rescaled potential term reads

2m2
gm2 ffiffiffiffiffiffi

−g
p X4

n¼0

βnen
� ffiffiffiffi

Δ
p �

ð1þ χ=m̃2Þn=2−2: ð29Þ

Varying the action with respect to χ we obtain the equation

χ

m̃2
¼ 2m2

m̃2

X
n

	
n
2
− 2



βnen

� ffiffiffiffi
Δ

p �	
1þ χ

m̃2



n=2

: ð30Þ

The solution to this equation, substituted back into the
action, gives the complete nonlinear bimetric theory in
terms of the two metric tensors gμν and fμν. Nevertheless, as
in the case of Einstein-Hilbert bimetric theory [2], we must
investigate whether there are suitable values of the param-
eters βn that allow for the correct ghost-free spectrum.
Therefore, we should next consider the linearized limit of
this theory.

IV. LINEARIZATION OF THE BIMETRIC-AFFINE
QUADRATIC ACTION

In order to identify the spectrum arising from the
quadratic action (28) and derive the necessary conditions
for a ghost-free spectrum we must consider a linear
approximation, keeping at most quadratic terms of the
fields in the same fashion as in the case of the Einstein-
Hilbert bimetric action. We first linearize the action with
respect to the auxiliary χ keeping at most quadratic orders.
The action (28) takes the form

S ¼
Z

d4x
�
m2

g
ffiffiffiffiffiffi
−g

p
RðgÞ þm2

f

ffiffiffiffiffiffi
−f

p
RðfÞ − m2

g

2m̃2

ffiffiffiffiffiffi
−g

p
χ2

þ 2m2
gm2 ffiffiffiffiffiffi

−g
p X4

n¼0

βnκnen
� ffiffiffiffi

Δ
p ��

; ð31Þ

with

κn ¼ 1þ χ

m̃2

	
n
2
− 2



þ χ2

2m̃4

	
n
2
− 2


	
n
2
− 3



: ð32Þ

Variation of (31) with respect to χ yields the solution8

χ

m̃2
¼

2 m2

m̃2

P
nβnen

� ffiffiffiffi
Δ

p �
ðn=2 − 2Þ

1 − 2 m2

m̃2

P
nβnen

� ffiffiffiffi
Δ

p �
ðn=2 − 2Þðn=2 − 3Þ

: ð33Þ

Varying with respect to gμν and fμν we obtain the
following Einstein equations:

RμνðgÞ−
1

2
gμνRðgÞþ

χ2

4m̃2
gμν−m2

X3
n¼0

βnκnV
ðnÞ
μν ¼0; ð34aÞ

RμνðfÞ −
1

2
fμνRðfÞ −

m2m2
g

m2
f

X4
n¼1

βnκnṼ
ðnÞ
μν ¼ 0: ð34bÞ

The analytic forms of the matrices VðnÞ
μν and ṼðnÞ

μν are
given in A.
Next we proceed to complete the linearization by

approximating the dynamical fields as

gμν ≈ ḡμν þ hμν; fμν ≈ ḡμν þ lμν: ð35Þ

An important class of solutions are the proportional
solutions f̄μν ¼ c2ḡμν [17] in which we can set c2 ¼ 1

without loss of generality. Substituting this ansatz the
equations of motion are reduced to

RμνðḡÞ −
1

2
ḡμνRðḡÞ þ Λgḡμν ¼ 0; ð36aÞ

RμνðḡÞ −
1

2
ḡμνRðḡÞ þ Λfḡμν ¼ 0; ð36bÞ

with

Λg ¼
χ2

4m̃2
−m2ðβ0κ0 þ 3β1κ1 þ 3β2κ2 þ β3κ3Þ; ð37aÞ

Λf ¼ −
m2m2

g

m2
f

ðβ1κ1 þ 3β2κ2 þ 3β3κ3 þ β4κ4Þ: ð37bÞ

Note that the auxiliary χ is substituted using Eq. (33) in
which the polynomials en (for the proportional solutions)
are in turn 1,4,6,4,1. Its corresponding expression reads

χ

m̃2
¼

4m2

m̃2 ðβ0 þ 3β1 þ 3β2 þ β3Þ
6m2

m̃2 ð2β0 þ 5β1 þ 4β2 þ β3Þ − 1
: ð38Þ

Consistency between the equations of motion (36a)–(36b)
requires Λg ¼ Λf, which fixes one of the βn parameters.
After quite a bit of algebra we arrive at the linearized

action, which has the same general form as in the Einstein-
Hilbert bimetric case given by Eq. (6), namely

8Note that (33) is the same as the one resulting from the
linearization of (30).

BIMETRIC-AFFINE QUADRATIC GRAVITY PHYS. REV. D 107, 104012 (2023)

104012-5



S ¼
Z

d4x
ffiffiffiffiffiffi
−ḡ

p �
m2

g

4
hμνEμν

ρσhρσ þ
m2

f

4
lμνEμν

ρσlρσ

þ B̃
h
ðhμν − lμνÞ2 þ C̃ðh − lÞ2

i
þ Ãg

�
hμνhμν −

1

2
h2 − 2h − 4

�
þ Ãf

�
lμνlμν −

1

2
l2 − 2l − 4

��
: ð39Þ

The appearing parametric coefficients Ãg; Ãf; C̃, and B̃ are
given by complicated expressions of the parameters βn,mg,
mf, and λ ¼ m2=m̃2 in B. Note also that the parameters of
the third and forth line of (39) are related to the corre-
sponding cosmological constants by the relations Λg ¼
2Ãg=m2

g and Λf ¼ 2Ãf=m2
f. Again the spectrum can con-

sist of a massless spin-2 and a massive spin-2 particle,
without the presence of any ghosts, provided the following
conditions on the parameters are met, namely

Λg ¼ Λf ¼ Λ; C̃ ¼ −1; and B̃ < 0; ð40Þ

with or without the additional requirement of a vanishing
cosmological constant Λ ¼ 0. The equation C̃ ¼ −1 is
most easily “solved” with respect to the parameter λ as

λ⋆ ¼ β1 þ 2β2 þ β3
2β0ðβ1 þ 4β2 þ 3β3Þ þ 6β1β2 þ 8β1β3 þ 2β2β3

:

ð41Þ

This specific constraint on the parameters is adequate to
remove the ghost degree of freedom from the linearized
theory. The “trivial” case with λ ¼ 0 discussed in Sec. II is
also a solution. Substituting, λ⋆ into (B1)–(B3) we obtain
the simplified expressions

Ãgjλ¼λ⋆ ¼ −m2
gm2½21β21 þ 36β22 þ 5β23 þ 26β2β3

þ 18β1ð3β2 þ β3Þ þ 2β0ð3β1 þ 4β2 þ β3Þ�
× ½4ð5β1 þ 8β2 þ 3β3Þ�−1; ð42aÞ

Ãfjλ¼λ⋆ ¼ −m2
gm2½7β21 þ 36β22 þ 15β23 þ 34β1β2

þ 54β2β3 þ 2β4ð8β2 þ 3β3Þ þ 10β1ð3β3 þ β4Þ�
× ½4ð5β1 þ 8β2 þ 3β3Þ�−1; ð42bÞ

B̃jλ¼λ⋆ ¼m2
gm2ðβ1þ2β2þβ3Þ2ð35β1þ48β2þ15β3Þ

× ½8ð5β1þ8β2þ3β3Þ2�−1: ð42cÞ

Note here that the B̃jλ¼λ⋆ no longer depends on the
parameter β0. The Fierz-Pauli mass reads

m2
FP ¼ −

m2ðm2
g þm2

fÞ
m2

f

ðβ1 þ 2β2 þ β3Þ2

× ð35β1 þ 48β2 þ 15β3Þ½2ð5β1 þ 8β2 þ 3β3Þ2�−1:
ð43Þ

V. PARAMETER SPACE

Assuming the values of parameters for the minimal
massive model introduced in [9], i.e., β0 ¼ 3; β1 ¼ −1;
β2 ¼ 0; β3 ¼ 0; β4 ¼ 1, the functions Ãg; Ãf vanish, while
C̃ ¼ − 2−3λ

2−12λ. It is evident that for this choice of the
parameters the quadratic theory will necessarily be plagued
with the ghost degree of freedom, since C̃ ¼ −1 only if
λ ¼ 0, i.e., in the absence of the R2 term.
The parameter space of the bimetric theory9 is spanned

by our set of physical parameters mg; α ¼ mf=mg, and λ as
well as the model parameters βn. The enforcement of the
constraints (40) results in fixing two of the βs. In what
follows we shall analyze the various cases of the resulting
viable bimetric models.

A. The β2 = β3 = 0 case

We proceed analyzing first the case of models corre-
sponding to the choice of β2 ¼ β3 ¼ 0. In this case the
C̃ ¼ −1 constraint fixes β0 to be β0 ¼ 1

2λ. The correspond-
ing Fierz-Pauli mass expression is

m2
FP ¼ −

7

10
β1

	
m
mf



2

M2
P; ð44Þ

which requires a negative value for the free parameter β1.
The parameter β4 is also fixed by the Λg ¼ Λf condition,
although it does not play any role, since it does not appear
in the expression for mFP. The common value of the
cosmological constant is

Λ ¼ −
21m2

10

	
β1 þ

1

7λ



: ð45Þ

The so-called Higuchi bound10 [90,91] m2
FP > 2Λ=3, after

replacingM2
P ¼ m2

gð1þ α2Þ, leads to the following restric-
tion on β1:

9Cosmological constraints on the parameters of bimetric (and
massive) gravity have been analyzed extensively in the literature
[71–89].

10If this bound is violated, the helicity-0 mode of the massive
spin-2 field develops the wrong sign in its kinetic term.
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(
β1 >

2α2

7λð1−α2Þ ; if α > 1

β1 <
2α2

7λð1−α2Þ ; if α < 1
: ð46Þ

Of course, the α < 1 case is always met for β1 < 0.
Enforcing the constraint of vanishing cosmological

constant fixes β1 to be β1 ¼ − 1
7λ and gives the following

expression for the Fierz-Pauli mass

m2
FP ¼

1

10λ

	
m
mf



2

M2
P: ð47Þ

Assuming thatm ¼ mf, we may rewritemFP in terms of the
mass scale of the quadratic correction m̃ as

m2
FP ¼

M2
P

10λ
¼ m̃2

10
ð1þ α−2Þ: ð48Þ

B. The β2;β3 nonzero case

For general nonzero β2, β3 we can invert (41) as

β0 ¼
β1 þ 2β2 þ β3 − 2λð3β1β2 þ 4β1β3 þ β2β3Þ

2λðβ1 þ 4β2 þ 3β3Þ
: ð49Þ

Note that in the case β2 ¼ β3 ¼ 0we recover β0 ¼ 1
2λ. Next,

using the constraint equation Λg ¼ Λf we also fix the
parameter β4 as

β4 ¼ ½7β21ð3α2 − 1Þ þ 36β22ðα2 − 1Þ þ 5β23ðα2 − 3Þ
þ 2β2β3ð13α2 − 27Þ þ 2β1β2ð27α2 − 17Þ
þ 6β1β3ð3α2 − 5Þ þ 2β0ð3β1 þ 4β2 þ β3Þα2�
× ½2ð8β2 þ 3β3 þ 5β1Þ�−1: ð50Þ

Actually β4 does not play much of a role, since it does not
appear in mFP. Considering the parameters β0 and β4 as
fixed, the resulting models are parametrized in terms of β2,
β3, and β1.
The resulting expressions for the Fierz-Pauli mass and

the cosmological constant, written in terms of the rescaled
parameters

λ̄ ¼ λβ1; β̄2;3 ¼
β2;3
β1

; ð51Þ

are

m2
FP ¼ −β1M2

P

	
m
mf



2

ð35þ 48β̄2 þ 15β̄3Þð1þ 2β̄2 þ β̄3Þ2

× ½2ð5þ 8β̄2 þ 3β̄3Þ2�−1; ð52Þ

and

Λ ¼ −m2β1ð1þ 2β̄2 þ β̄3Þð3þ 4β̄2 þ β̄3 þ λ̄ð21þ 78β̄2

þ 36β̄3 þ 72β̄22 þ 15β̄23 þ 66β̄2β̄3Þ
×
h
2λ̄ð1þ 4β̄2 þ 3β̄3Þð5þ 8β̄2 þ 3β̄3Þ

i
−1
: ð53Þ

In contrast to the β2 ¼ β3 ¼ 0 case, in which the positivity
of the Fierz-Pauli mass requires β1 < 0, in this case
m2

FP > 0 is maintained for

β1 > 0 and 35þ 48β̄2 þ 15β̄3 < 0 ð54aÞ

or

β1 < 0 and 35þ 48β̄2 þ 15β̄3 > 0: ð54bÞ

Enforcing the constraint of vanishing cosmological con-
stant reduces the number of free parameters to two. Thus,
for Λ ¼ 0 we get the additional constraint in the form of a
quadratic equation for β̄3 in terms of β̄2, namely

λ̄ð21þ 78β̄2 þ 36β̄3 þ 72β̄22 þ 15β̄23 þ 66β̄2β̄3Þ
þ 3þ 4β̄2 þ β̄3 ¼ 0: ð55Þ

In Fig. 1 we have plotted the solutions of this equation for
various values of the parameter λ̄. As can be seen the
solutions are not very sensitive on the choice of λ̄. Pairs of
ðβ̄2; β̄3Þ on this plot define different models with vanishing
cosmological constant and a Fierz-Pauli mass given by
(52). Substituting the solutions of (55),

�100 �50 0 50 100
�100

�50

0

50

100

�3 �2 �1 0 1 2
�3

�2

�1

0

1

2

3

FIG. 1. The lines along which Eq. (55) is valid for various
values of λ̄. Along these lines the cosmological constant vanishes.
The insertion at the bottom left shows an enlargement of the plot
for small values.
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β̄3 ¼
−1 − 6λ̄ð6þ 11β̄2Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 108λ̄ð1þ β̄2Þ þ 36λ̄2ð1þ β̄2Þ2

p
30λ̄

; ð56Þ

into (52) we obtain that

β̄2 ≠ −
1þ 41λ̄�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ̄2 þ 22λ̄þ 1

p
36λ̄

; ð57Þ

in order to avoid a vanishing Fierz-Pauli mass. The values
β̄2 ¼ −1 − f0; 1; 2g=4λ̄ are also excluded since for these
values the denominator of (53) vanishes. For β2 ¼ 0 the
solution of (55) with the minus sign gives β3 ¼ 0 for λ̄ ¼
−1=7 as it should be. The other solution does not coincide
with the β2 ¼ β3 ¼ 0 case for any real value of λ̄. Figure 2
illustrates the Fierz-Pauli mass in units of the overall factor
�β1M2

Pm
2=m2

f. The left panel coincides with the choice
(54). This choice enforces λ̄ ¼ λβ1 to be positive, since the
parameter λ ¼ m2=m̃2 is positive by definition. Also, for
this choice we have that β2 < 0, while β3 > 0. In the right
panel of the same figure we plot the choice (54b). This
choice in turn, enforces λ̄ < 0, while again β2 < 0 and
β3 > 0. In both panels the solid lines correspond to the
“þ”-sign solution of (55), while the dashed ones to the
“−”-sign one.
Having in mind the phenomenological motivations for

considering a massive spin-2 particle, we should also see
whether the parameter space allows its mass to be low
enough so that it is phenomenologically interesting.
Reading off from Fig. 2 we see that, for jλ̄j ∼Oð10Þ and
jβ2=β1j ∼Oð1Þ, we have m2

FP=M
2
P ∼ 10−3jβ1j, after choos-

ing the redundant parameter m ¼ mf. Thus, it seems that a
relatively lightmFP could be maintained only for very small
model values of β1. For instance, taking jβ1j ∼Oð10−25Þ,
we obtain mFP ∼Oð10 TeVÞ, while m̃∼Oð105 GeVÞ, if
mf ≃mg ≃MP. Of course, mFP can be smaller at the price

of even smaller values of the relevant potential parameters.
Thus, although the possibility of a dark matter interpreta-
tion of the massive spin-2 is not excluded, this has to go
along with rather small values of the interaction parameters
of the theory.

VI. CONCLUSIONS

In the present article we considered the ghost-free
bimetric theory of gravity [2] in a general bimetric-affine
framework where the connections associated to both Ricci
scalars are independent variables. Furthermore, we con-
sidered quadratic curvature corrections to the standard
Einstein-Hilbert type of action, expected to arise from
matter fields quantum interactions. We focused on the
simplest case of a quadratic Ricci scalar term associated to
one of the metrics. The resulting theory, its spectrum
consisting only on the standard massless graviton and a
massive spin-2 field, was analyzed in its linearized limit
and the constraints for the absence of a Boulware-Deser
ghost [7] were derived. We analyzed the constraints and
solved the corresponding parameter equations, thus iden-
tifying the parameter space that defines viable models. Our
results show that you can extend bimetric gravity in the
metric-affine framework including quadratic curvature
terms, while maintaining the absence of ghosts, for a wide
range of model parameters.
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APPENDIX A: THE VðnÞ
μν AND ṼðnÞ

μν FUNCTIONS

The matrices VðnÞ
μν appearing in the equations of motion

(34a), (34b) are given by

Vð0Þ
μν ¼ gμν;

Vð1Þ
μν ¼ gμνTr½X� − gνρXρ

μ;

Vð2Þ
μν ¼ gνρðX2ρ

μ − Tr½X�Xρ
μÞ þ

gμν
2

ðTr½X�2 − Tr½X2�Þ;

Vð3Þ
μν ¼ −gνρ

�
X3ρ

μ − Tr½X�X2ρ
μ þ

1

2
ðTr½X�2 − Tr½X2�ÞXρ

μ

�
þ gμν

6
ðTr½X�3 − 3Tr½X�Tr½X2� þ 2Tr½X3�Þ; ðA1Þ

and

Ṽð1Þ
μν ¼ fνρXρ

μ;

Ṽð2Þ
μν ¼ fνρðTr½X�Xρ

μ − X2ρ
μÞ;

Ṽð3Þ
μν ¼ fνρ

�
X3ρ

μ − Tr½X�X2ρ
μ þ

1

2
ðTr½X�2 − Tr½X2�ÞXρ

μ

�
;

Ṽð4Þ
μν ¼ fμν; ðA2Þ

where X ¼ ffiffiffiffi
Δ

p
, defined in (2).

APPENDIX B: FORMULAS

The functions involved in (6) are given by

Ãg ¼ −m2
gm2ðβ0 þ 3ðβ1 þ β2Þ þ β3Þ½6λ2ðβ0 þ 3ðβ1 þ β2Þ

þ β3Þð16β0 þ 35β1 þ 24β2 þ 5β3Þ − 2λð10β0
þ 27β1 þ 24β2 þ 7β3Þ þ 1�½2ð1 − 6λð2β0 þ 5β1

þ 4β2 þ β3ÞÞ2�−1; ðB1Þ

Ãf ¼ −m2
gm2½6λ2ðβ20ð17β1 þ 56β2 þ 63β3Þ þ 84β0β

2
1 þ 6β4ð2β0 þ 5β1 þ 4β2 þ β3Þ2 þ 105β31 þ 216β32 þ 15β33

þ 342β0β1β2 þ 328β0β1β3 þ 216β0β
2
2 þ 298β0β2β3 þ 60β0β

2
3 þ 510β21β2 þ 429β21β3 þ 609β1β

2
2 þ 780β1β2β3

þ 155β1β
2
3 þ 351β22β3 þ 134β2β

2
3Þ − 6λðβ0ð3β1 þ 10β2 þ 11β3 þ 4β4Þ þ 7β21 þ 18β22 þ 5β23 þ 2β4ð5β1 þ 4β2 þ β3Þ

þ 29β1β2 þ 28β1β3 þ 25β2β3Þ þ β1 þ 3ðβ2 þ β3Þ þ β4�½2ð1 − 6λð2β0 þ 5β1 þ 4β2 þ β3ÞÞ2�−1; ðB2Þ

B̃ ¼ m2
gm2½2λ2ðβ20ð51β1 þ 112β2 þ 63β3Þ þ β0ð252β21 þ 750β1β2 þ 360β1β3 þ 432β22 þ 350β2β3 þ 60β23Þ

þ 351β31 þ 27β21ð44β2 þ 19β3Þ þ 3β1ð429β22 þ 55β23 þ 328β2β3Þ þ 432β32 þ 15β33 þ 459β22β3 þ 148β2β
2
3Þ

− 2λðβ0ð9β1 þ 20β2 þ 11β3Þ þ β1ð63β2 þ 30β3Þ þ 21β21 þ ð4β2 þ β3Þð9β2 þ 5β3ÞÞ þ β1 þ 2β2 þ β3�
× ½4ð1 − 6λð2β0 þ 5β1 þ 4β2 þ β3ÞÞ2�−1; ðB3Þ

C̃ ¼ ½4λ2ðβ20ð159β1 þ 352β2 þ 195β3Þ þ β0ð783β21 þ 1416β22 þ 1172β2β3 þ 213β23 þ 12β1ð198β2 þ 95β3ÞÞ þ 945β31

þ 9β21ð401β2 þ 175β3Þ þ 9β1ð473β22 þ 340β2β3 þ 59β23Þ þ 1296β32 þ 1389β22β3 þ 451β2β
2
3 þ 45β33Þ

− 12λ3ð4β30ð51β1 þ 112β2 þ 63β3Þ þ β20ð1521β21 þ 4552β1β2 þ 2190β1β3 þ 2672β22 þ 2200β2β3 þ 393β23Þ
þ 2β0ð1890β31 þ β21ð7143β2 þ 3090β3Þ þ 2β1ð3885β22 þ 2993β2β3 þ 513β23Þ þ 2592β32 þ 2762β22β3

þ 895β2β
2
3 þ 90β33Þ þ 3150β41 þ 2880β31ð5β2 þ 2β3Þ þ 3β21ð7467β22 þ 908β23 þ 5464β2β3Þ

þ 2β1ð7308β32 þ 240β33 þ 7527β22β3 þ 2396β2β
2
3Þ þ 3456β42 þ 30β43 þ 4536β32β3 þ 2105β22β

2
3 þ 416β2β

3
3Þ

− λð4β0ð15β1 þ 32β2 þ 17β3Þ þ 153β21 þ 6β1ð76β2 þ 35β3Þ þ 276β22 þ 224β2β3 þ 41β23Þ þ 2ðβ1 þ 2β2 þ β3Þ�
× ½2ð6λð2β0 þ 5β1 þ 4β2 þ β3Þ − 1Þð2λ2ðβ20ð51β1 þ 112β2 þ 63β3Þ þ β0ð252β21 þ 750β1β2 þ 360β1β3

þ 432β22 þ 60β23 þ 350β2β3Þ þ 351β31 þ 27β21ð44β2 þ 19β3Þ þ 3β1ð429β22 þ 328β2β3 þ 55β23Þ þ 432β32

þ 459β22β3 þ 148β2β
2
3 þ 15β33Þ − 2λðβ0ð9β1 þ 20β2 þ 11β3Þ þ 21β21 þ β1ð63β2 þ 30β3Þ

þ ð4β2 þ β3Þð9β2 þ 5β3ÞÞ þ β1 þ 2β2 þ β3Þ�−1: ðB4Þ
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