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We present a novel nEPT (nth-order Eulerian perturbation theory) scheme to model the nonlinear density
field by the summation up to nth-order density fields in perturbation theory. The obtained analytical power
spectrum shows excellent agreement with the results from all 20 Dark-Quest suites of N-body simulations
spreading over a broad range of cosmologies. The agreement is much better than the conventional two-loop
standard perturbation theory and would reach out to k,,,, =~ 0.4 h/Mpc at z = 3 for the best-fitting Planck
cosmology, without any free parameters. We find that the nEPT results, particularly for n > 4, depend
sensitively on the grid size, but that can be removed by employing an effective field theory-type fitting
function. The method can accelerate the forward modeling of the nonlinear cosmological density field, an
indispensable probe of cosmic mysteries such as inflation, dark energy, and dark matter.
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I. INTRODUCTION

The observations of the Universe’s large-scale structure
(LSS) traced by Cosmic Microwave Background (CMB)
radiation [1,2], the distribution of galaxies [3—7], and shape
distortion of galaxies [8,9] have led to the concordance
ACDM cosmology [10] with most parameters measured to
a subpercent accuracy.

Parallel to the data collection programs has been the
theoretical development based upon which we interpret
the observation. Starting from the 1940s [11], relativistic
theory for the evolution of density perturbations in the
Friedmann-Lemaitre-Robertson-Walker universe has been
developed and used to interpret the LSS data. In particular,
its linearized version [12—-14] has been so successful in
explaining the power spectrum of CMB temperature
anisotropies and polarizations to all scales observed by
WMAP [15] and Planck [10] satellites. The concordance
ACDM cosmology model would not be possible without
such an accurate linear-theory model.

The remaining big questions in cosmology are to
uncover the nature of building blocks of the ACDM
cosmology, such as inflation, dark energy, and dark
matter. To address these questions, modern galaxy
surveys are mapping the distribution and shape
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distortion of galaxies with unprecedented depth and
volume [16-22].

These observational developments call for a novel
theoretical model beyond the linear theory that is only
applicable on large scales where the accuracy of the usual
LSS observation is limited by cosmic variance. Using a
feature such as baryon acoustic oscillation (BAO) that is
insensitive to the nonlinearities has proven successful for
measuring the geometry of the Universe [23-25]. Upon
modeling nonlinearities, however, using the full power-
spectrum shape can improve the measurement accuracy by
a factor of few [26,27]. In addition, the full-shape analysis
enables the measurement of the growth rate of the LSS [28]
and features in the galaxy clustering carved by massive
neutrinos [29] and primordial physics [30].

A diversity of modeling methods have been
developed ranging from simulation-based methods such
as emulator [31-34], fast simulations [35-38], and machine
learning [39,40] to analytical methods such as standard
perturbation theory (SPT) [41,42], Lagrangian perturbation
theory (LPT) [41,43,44], effective field theory of large
scale structure (EFTofLLSS) [45-47], and various renormal-
ized perturbation theory (RPT) [48-59], including regu-
larized perturbation theory (RegPT) [60,61].

© 2023 American Physical Society
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Traditionally, the analytical methods focus on obtaining
the expressions for the ensemble mean of the summary
statistics such as the power spectrum and bispectrum, or
n-point correlation functions. Such expressions usually
involve high-dimensional integrals whose complexity
increases quickly for the higher-order loop calculations.
While Refs. [62-66] have developed fast methods for
computing nonlinear power spectrum and bispectrum by
using the FFTlog algorithm [67] or response function
expansion [60,68], the analytical computation beyond the
two-loop proves challenging [69].

The PT-based analytical methods can also be used to
model the cosmic density field at the field level [70-77].
Instead of computing the ensemble mean of the summary
statistics, the field-level computation provides nonlinear
density fields from a given realization of the stochastic linear
field. In this method, the computation of higher-order
summary statistics is much easier than the analytical methods
because we can simply take the average over the multiple
realizations. For example, Ref. [74] shows that the field-level
modeling provides a fast way to compute the summary
statistics and their covariance matrices incorporating survey
window function due to nontrivial geometry and varying
depth. In addition, Ref. [77] presents the two-loop power
spectrum and one-loop bispectrum of matter in redshift-
space with this grid-based method. The possibility of field-
level inference bypassing the summary statistics [78] further
strengthens the motivation for the field-based method.

In this paper, we present anovel nEPT (nth-order Eulerian
perturbation theory) scheme for modeling the nonlinear
density field. For the field-level SPT calculation, we use the
GridSPT [71] that, unlike LPT, directly generates the density
and velocity fields on grids without using particles. While
using the recursion relations of the SPT to compute non-
linear fields at each order, nEPT differs from the other PT
methods in computing the summary statistics; namely,
nEPT first adds all nonlinear contributions to the density
field up to the nth order, then compute the summary
statistics. By contrast, the SPT computes the summary
statistics by collecting the contributions at fixed order in
the linear density contrast oy .

In what follows, we show that nEPT models the non-
linear LSS with stunning accuracy, much better than the
current state-of-the-art two-loop PT predictions.

II. GridSPT AND rEPT

For a given realization of the linear density field on
regular grid points, the GridSPT [71] provides a way to
compute the matter density field 6 and the velocity field v of
LSS perturbatively by solving the fluid equations,

5+V-[(146W] =0, (1)

Vot (v-V)v+gv: ~V, (2)

along with the Poisson equation,
V2¢p = 47Gp,,a®s. (3)

Here, dot represents the conformal-time derivative, dr =
dt/a with a(t) being the scale factor and ¢ being the cosmic
time, V is comoving-coordinate derivative, p,, is the mean
matter density, and ¢ is the peculiar gravitational potential.
The set of equations describes the nonrelativistic-matter
(cold-dark matter and baryon) fluid on scales larger than the
baryonic Jeans scale. Following the standard practice of
SPT, we assume irrotational velocity at all orders and
expand the density field and the reduced velocity-diver-
gence field 6 = —(V -v)/(aHf) as

3(z.x) =Y [D(x)]"5" (x), (4)
0(z.x) = Y [D(2)]"6")(x). (5)

Making use of the fast Fourier transform, the GridSPT
enables us to quickly generate the nth order quantities 5"
and 6 at each grid point following the configuration-
space SPT recursion relation [71]. Here, D denotes the
linear growth factor and f = dInD/dIna.

The crucial difference between nEPT and the usual PT is
that in nEPT, we first compute the nonlinear density field in
Eq. (4) up to a fixed order n, then estimate the summary
statistics, such as power spectrum and bispectrum, directly
from 0. For example, for n = 5, the power spectrum from
SEPT reads

Psgpr = D*Py; +2D3Py + D*(2P 3 + 2Py,)
+ D>(2P 4 + 2Py3) + DO(2Pys + 2Pp4 + P33)
+ D7(2Pys + 2P3,) + D¥(2P35 + Pyy)
+2D°Pys + D'OPss, (6)

which clearly differs from the nonlinear power spectrum in
the usual PT,

Pl(:"ZT—loop) — D2P11 +D4(2P13 + P22)

+ DO(2P5 + 2Py + P33). (7)

Here, we use the shorthand notation of
(6" (k)5 (k') = (27)* P (k)P (k + K/, (8)

and suppress the 7 and k dependencies to avoid the clutter.
The first (second) bracket in Eq. (7) is called one-loop
(two-loop) contribution in SPT. Note that the odd-order
components like Py, P4, Py3, etc., are neglected in usual
PT because these components have zero-ensemble mean
for our interest in the Gaussian initial condition. Although
starting from the Gaussian initial condition, however, we

103534-2



PERTURBATION THEORY REMIXED: IMPROVED ...

PHYS. REV. D 107, 103534 (2023)

find that these odd-order terms add nonzero contributions
to the power spectrum of a single realization, and adding
them improves the matching between the PT prediction and
the N-body results.

III. N-BODY SIMULATIONS

We test the performance of the nEPT modeling of the
nonlinear power spectrum by comparing the nEPT pre-
diction in Eq. (6) against a series of N-body simulations.
First, we use the baseline N-body simulation in Ref. [71];
10243 particles in Ly, = 1 Gpc/h box with flat- ACDM
cosmology (Q,, =0.279, h=0.701, n, =0.96, og =
0.8159) consistent with WMAP 5-year results [79].
Then, we use the N-body simulation results from the
Dark Quest project [80] aiming to model the cosmological
dependence of halo and matter statistics in the six-param-
eter wCDM cosmologies. The 20 simulations are for the 20
test cosmologies arranged uniformly over the six-dimen-
sional hyperrectangle, covering roughly up to a ~10c range
of the 2015 Planck data [81] for a flat ACDM model around
its central best-fitting model, based on a maxi-min distance
Latin hypercube design. Specifically, the parameter range
of wCDM cosmology is as follows:

0.0211375 < wy, < 0.0233625,

0.10782 < w. < 0.13178,

0.54752 < Qy, < 0.82128,

2.4752 < In(101°4,) < 3.7128,

0.916275 < ny < 1.012725,
-12<w<-08. 9)

In particular, we use the high-resolution suite with 2048°
mass elements in (1 Gpc/h)? periodic comoving boxes.
For both cases, we measure the matter power spectrum
employing 1024% grid points for FFT, with the aliasing
artifact and the cloud-in-cells mass assignment kernel
corrected in Fourier space [82,83]. The measurement error
is much less than 1% up to the Nyquist frequency
of k =3.2 h/Mpc.

IV. P(k) COMPARISON: nEPT vs N-BODY

To make a face-to-face comparison with the N-body
results, we calculate the GridSPT nonlinear density field
using the same initial linear density field that generates the
initial condition for corresponding N-body simulations.

When computing the Fourier-space quantities using real-
space recursion relations, one must apply the cutoff to
reduce the spurious impact from the small-scale (UV)
modes. For the baseline calculation, we use the cutoff wave
number kYY = 256k = 1.61 h/Mpc, but we shall also
present the results with different k., later. Here, kr =
27/ Loy is the fundamental wave number. To avoid the

aliasing effect, we adopt the generalized Orszag rule
[75,77] to zero-pad k > 2/(n + 1)kyyquist in linear density
field for computing the nth order field, where knyquist =
AN gia/Lyox is the Nyquist wavenumber with the one-
dimensional grid size Ng;q. Requiring that kgy < 2/(n +
1)knyquise Sets the minimum N4 that we use for the
GridSPT calculation. For the baseline computation, we
use Ngig = 1536.

We have computed up to fifth-order GridSPT density
fields that are sufficient for calculating SPT power
spectrum to two-loop level and SEPT by using, respec-
tively, Eq. (6) and Eq. (7). Figure 1 shows the ratios of
various model nonlinear power spectra to the baseline
N-body power spectrum at the following six redshifts:
z=20,0.5, 1, 2, 3, and 5. Models plotted here are SPT
(dashed lines), nEPT (thick solid lines), RegPT+ (thin
brown line [61]), and IR-resummed EFT (thin olive line
[61]). To facilitate the comparison, we highlight the one-
and two-percentage ranges by yellow and lavender bands at
the center and extend the three high-redshift (right) panels
to k = 0.8 h/Mpc.

First, we note that the agreement between nEPT and
N-body improves significantly as n increases for z = 0.5,
and the SEPT (the cyan lines) agrees with N-body results
better than one percent to larger wave number than two-
loop SPT P(k,z) for z = 1. Such accuracy of 5EPT can
only be matched with two-loop results of the RegPT+
and IR-resummed EFT that employ, respectively, one and
three free parameters. Here, we show the RegPT+ and
IR-resummed EFT to the maximum wave number mini-
mizing the reduced y? assuming the diagonal covariance
matrix with o[P(k)] = P(k)/\/N, [84]. Note that for
RegPT+ with z <3, we find k., = 0.25 h/Mpc. It is
worth reminding the readers that the nEPT scheme itself
requires no free parameters. Later in this paper, we show
that the result depends on the grid size, particularly for
n >4, but the grid-size dependence can be removed by
adding EFT-type fitting parameters.

The nEPT and SPT results are also much smoother than
the RegPT+ and IR-resummed EFT results. This is because
the latter two models are the ensemble averages while
nEPT and SPT are computed with the input linear density
field of the N-body. In addition, we have added the odd-
order terms (with odd power of D in Eq. (6)) to one-loop
and two-loop power spectra. Although much smaller than
the even-power terms, these odd-power terms indeed make
the power spectrum from the same realization closer to the
N-body result [71,85], especially for the large-scale Fourier
modes [77].

We note that, at z > 0.5 where nEPT improves the
agreement, nEPT does not suffer from the poor conver-
gence in SPT whose residual shows alternating-series-like
behavior, which motivates the development of renormal-
ized PT [48]. Instead, below the wave number that nEPT
starts to diverge, the agreement between nEPT and N-body
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FIG. 1. The ratios of the model power spectra to the N-body results for the baseline WMAP-5yr cosmology at redshifts

7=20,0.5,1,2,3, and 5. The thin dashed lines are the one-loop (green), and two-loop (blue) power spectra from SPT calculations. The
thick solid lines are the result from nEPT calculations: 2EPT (green), 3EPT (blue), 4EPT (magenta) and SEPT (cyan). Both SPT and
nEPT results are measured from the density field in GridSPT using the same initial linear density field generating the initial condition of
the N-body simulation. The two thin solid lines are the two-loop results of RegPT+ (brown) and IR-resummed EFT (olive) using the
smooth (theory) linear power spectrum. The yellow and lavender bands indicate the 1% and £2% regions. We truncated RegPT—+ and
IR-resummed EFT beyond the k,,,, that gives rise to the minimum reduced y>.

simulation is steadily improving as the order n increases.
Also, nEPT enjoys well-regulated high-k behavior from the
fact that contributions coming from higher order are stiffer
by a factor of k2, as we show in Fig. 2.

10°E
F—Pu—P;5 =P

1w " P T Py —— Py
— Py P33 — P55

===
—

0.1 0.2 0.3 0.4 0.5
k [h/Mpc]

1 1
0.6 0.7

FIG. 2. The ratios of even-order components P, (k) to the
linear power spectrum. Solid (Dashed) lines denote positive
(negative) values, and the components of the same order are
plotted with similar colors. The shaded regions show the power
law: k> (green), k* (blue), k® (magenta), and k% (cyan).

Finally, one noteworthy feature in Fig. 1 is that no wiggling
feature appears in the ratio between nEPT and N-body
around the BAO scales, which means that the damping of
BAO has been accurately captured by nEPT, and the
IR-resummation [86,87] might not be necessary for nEPT.

We confirm that the same conclusion also holds for
cosmological models different from the WMAP-5yr cos-
mology by comparing the nEPT results to the outcome
from 20 Dark Quest simulations, at 21 redshifts from z = 0
to 1.48. Furthermore, we find that the k,,,,, maximum wave
number below which nEPT models the N-body result to
one-percent accuracy, depends primarily on the og(z) =
o3D(z) value at the redshift. The top panel of Fig. 3 shows
four representative results with different og(z), and the left
panel of Fig. 4 shows the k,,,, measured from nEPT as a
function of og(z).

Here, we test the effect of the UV cutoff by calculating
the nEPT power spectra with two other UV cutoffs,
(kS 1. kY 5) = (200,340)kr = (1.26,2.14) h/Mpc, and
show the result as shaded regions in Fig. 3, and as ranges
in Fig. 4. As expected, the higher-order nEPT is much
more sensitive to the UV cutoff than the lower-order
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FIG. 3. (Top) The ratios of the real-space power spectra from nEPT (solid lines) and SPT (dashed lines) to the N-body results in four

representative Dark Quest cosmologies. The colors are the same as that in Fig. 1. The shades show the range of nEPT power spectrum
with different kY between 1.26 1/Mpc and 2.14 h/Mpc. (Lower) The same as the Top panel but for the nEPT power spectrum with

EFT correction in Eq. (10).

nEPT. Although going to SEPT can significantly improve
the accuracy of modeling the nonlinearities in matter
clustering, for example, SEPT is accurate up to k., =
0.35(0.40) h/Mpc at redshift z = 2(3) in Planck cosmol-
ogy (dashed vertical lines in Fig. 4), one must be cautious
on the UV sensitivity.

The UV-cutoff dependence of nEPT, however, can be
absorbed into the EFT-like counterterms. Motivated by
Fig. 2, we have included the EFT correction as

where P;; is the linear power spectrum of the N-body
simulation, and {«;} are free parameters that we fit from
the measured power spectrum. As we have done for the
RegPT+ and IR-resummed EFT, we find the k,,, at which
P, gpr(k) proivdes the best fit to the N-body results. The
shades in the lower panel of Fig. 3 and the ranges in the
right panel of Fig. 4 are too narrow to be identified, which
indicates that the EFT counterterms in Eq. (10) absorb the
UV sensitivity in nEPT. Furthermore, as shown in the right
panel of Fig. 4, the EFT correction improves the k,,, of all
nEPT power spectra significantly, especially at low og(z).

P gpr(k) = Pepr(k E a;k* Py ( (10)  For instance, with EFT correction, SEPT can work accu-
rately up to k. = 0.6 #/Mpc at z = 2.
0.8 T T T T 0.8 T T T T
™p ™ — 2 of e Planck og(z) ™ ™ — 2 S Planck og(z)
0.7F 0t I ° I . 0.7F i -1 I ° I .
I N .+ 2EPT = “ I “ - 2EPT + EFT
= 0.6+ + 3EPT . § 0.6 " t 3EPT+EFT -
& | 4EPT = { 4EPT +EFT
= 051 4 S 05F .
Sy | + BEPT = 5EPT + EFT
= L _ L _
==.04 E 0.4
3 3
& g 0.3 - 0.3 b
=y= &on
=< 0.21 HE02F ; .
o1 ~ 1 IRV z;.-.,ﬁ PEEFARR
. . : “"""“"-‘Mﬁ ﬂ-l*c'.l\‘ -
0.0 0.0 ! ,
0.2 0.2 0.4 ().6 0.8 1.0 1.2
os(2)
FIG. 4. (Left) The anticorrelation between the k,,, the maximum wave number where nEPT matches N-body result to 1% accuracy,

of nEPT and og(z) for Dark-Quest simulation’s all 20 cosmologies at 21 redshifts from z = 0 to z = 1.48. The error bars show the range
of kpmax With varying UV cutoff between (1.26,2.14) h/Mpc. The dashed lines indicate the value of 63(z) in Planck cosmology at
redshifts z = 0, 0.5, 1, 1.5, 2, 3. (Right) The same as the left panel but for the nEPT power spectrum with EFT correction in Eq. (10).

103534-5



WANG, JEONG, TARUYA, NISHIMICHI, and OSATO

PHYS. REV. D 107, 103534 (2023)

V. CONCLUSION

In this paper, we present a novel nEPT resummation
scheme and show that the nEPT outperforms one-loop and
two-loop SPT as well as two-loop results of the RegPT+
and the IR-resummed EFT without employing any free
parameters. The resummation scheme also offers well-
regulated convergence behavior at each successive n,
bypassing the pathological behavior shown in SPT.

To be a successful theory for modeling observed galaxy
clustering, the nEPT still needs to incorporate the galaxy
bias and the redshift-space distortion, but we anticipate that
nEPT must still thrive, at the very least, by following the
prescriptions in SPT and EFTofLSS. However, taking
advantage of having both density and velocity at each grid
point, one can directly implement the nonlinear redshift-
space distortion mapping to improve the modeling accuracy
further [77]. Upon the addition of galaxy bias and redshift-
space distortion, the field-level modeling with nEPT will be
a powerful data-analysis tool for future high-redshift galaxy
surveys.

Finally, while we have only demonstrated the accuracy
of the nEPT scheme, a more in-depth theoretical study of
the underlying reason for such behavior is desired.
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