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k-essence induced by derivative couplings of the inflaton
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We consider two models which couple derivatives of the inflaton to ordinary matter, both to fermions and
to scalars. Such couplings induce changes to the inflaton kinetic energy, analogous to the cosmological
Coleman-Weinberg potentials which come from nonderivative couplings. Our purpose is to investigate
whether these quantum-induced k-essence models can provide efficient reheating without affecting the
observational constraints on primordial inflation. Our numerical studies show that it is difficult to preserve

both properties.
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I. INTRODUCTION

Single scalar inflation is the simplest model consistent
with current data:
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Given a desired expansion history a(7), one can construct a
scalar potential and an initial condition which will support
it [1-3]. This is important because the observational
constraints on inflation can be phrased in terms of the
expansion history a(z) and its derivatives:

ds*=—dr +a*(t)dx-di=H(t)=—, e(t)=——5. (2)
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These constraints are, first, that the number of e-foldings
from the start of inflation at #; to its end [when ¢(z,) = 1]
should be large enough to explain the horizon problem:

a(t,)
a(t;)

Additional constraints come from the slow-roll approxi-
mations for the scalar and tensor power spectra,
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where #, is the time of the first horizon crossing at which
k = a(t,)H(t;). The observed scalar perturbations experi-
ence first crossing over a period of about ten e-foldings,
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starting about 50 e-foldings before the end of inflation.
Near the beginning of this period, the value of A% (k) must

be about 2 x 107, and the scalar spectral index n, must
obey [4]

_%:2€+i

1l—n =
n = T (k)

o=0035. (5)

Finally, the nondetection of primordial tensors implies [4]

=N

~ 16¢ < 0.036. (6)
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The observational constraints of Egs. (3)—(6) resultin very
flat potentials, whose minimum is infinitesimally close to
zero, and with initial conditions which seem unnaturally fine-
tuned to some people. However, our concern here is the
additional constraints which arise from coupling the inflaton
to ordinary matter in order to facilitate reheating. The
simplest couplings involve the undifferentiated inflaton—
for example, a Yukawa coupling P to fermions. What
happens then is that vacuum fluctuations of ordinary matter
induce Coleman-Weinberg potentials that are neither Planck-
suppressed nor limited to local functionals of metric which
could be completely eliminated by local counterterms [5].
Because they are not Planck-suppressed, these cosmological
Coleman-Weinberg potentials typically cause dramatic
changes in the inflationary expansion history, which endan-
gers the observational constraints [Egs. (3)—(6)].

Although cosmological Coleman-Weinberg potentials
cannot be completely eliminated by allowed counterterms,
two partial subtraction schemes are possible:

(1) Hubble subtraction, in which a local function of the

inflaton is used to nullify quantum effects at the
onset of inflation [6].

© 2023 American Physical Society
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(2) Ricci subtraction, in which a local function of the
inflaton and the Ricci scalar are used to nullify
quantum effects for € = 0 [7].

Neither technique gives good results. Employing Hubble
subtraction [6] shows that, with a moderate coupling
constant, inflation never ends for fermionic couplings of
effective potential, and it ends too soon for vector boson
couplings. Making the coupling constants very small
results in acceptable inflation at the price of inefficient
reheating. Ricci subtraction gives even worse results [7].
With this scheme, neither model experiences more than a
single e-folding of inflation, no matter how small the
coupling constant. This is because Ricci subtraction intro-
duces an extra, unsuppressed degree of freedom, which
makes a fatal change in the first Friedmann equation.

Because nonderivative couplings are so problematic, we

have decided here to explore the consequences of derivative
couplings." Because the inflaton oscillates during reheating,
its derivative should be just about as effective as the undiffer-
entiated field at communicating kinetic energy to ordinary
matter. Of course, a derivative coupling will not induce a
Coleman-Weinberg potential; it will instead generate a non-
linear function of the inflaton kinetic energy, which is a kind of
the quantum-induced k-essence model [8—10]. Our goal is to
check whether the resulting models, with Hubble subtraction,
can resolve the inconsistency between the efficiency of the
reheating and the observational constraints on inflation.

This paper consists of six sections, of which the first is

nearly done. In Sec. II, we consider a model with derivative
couplings of the inflaton to fermions, and work out the
induced k-essence. Section III does the same for couplings to
scalars. The two modified Friedmann equations and the
scalar evolution equation are derived in Sec. IV. Section V
investigates the effective kinetic energy induced by fermions
and scalars. Our conclusions are presented in Sec. VI.

II. MODEL WITH DERIVATIVE COUPLING
OF THE INFLATON TO FERMIONS

The inflaton could be derivative-coupled to a massless
fermion W(x):

a T
o { V=990, X l“ )

T (1= D)[4M + 455+

L (8M + [AM + 48[y (1 + i) + y(1 - i)} + O(D - 4)

- i
‘Cfermion = Tybe”b <aﬂ + zAﬂchCd> ‘P\/ )

1 _
+ ﬁaﬂgaay(pg"”‘l‘q&/—g. (7)

Here, e#,(x) is the vierbein field with ¢*(x) =
e”b (x)eyc (x)’?bc, and A/Acd(x) = ebc[eud,;l - Fp;wepd] is the
spin connection. The symbol yf’j represents the 4 x 4
gamma matrices which obey {y’,y°} = —25*I, and
Jed = 41 [r¢,7!] are the Lorentz representation matrices
for Dirac fermions. The final term is the coupling between
the derivative inflaton and fermions, and m% is the strength
of the dimensionful coupling.

Taking the functional derivative of the sum of Egs. (1)
and (7), and then replacing ¥¥ with the coincident fermion
propagator gives the effective field equation,

9, [v/=99"0,¢] = V'(9)/=9

0l O < THS M) (v 0} = 0. (8)

The sign flip in the final term is due to the definition of the
fermion propagator, i[;S;](x; x") = (¥;(x)¥;(x’)). To com-
pute the final term of the effective equation, we employ the

coincidence limit of the massive fermion propagator on de
Sitter background (e = 0) [11,12],

sty = (1 P\ GG i)
iS[M](x;x) = 4ﬂ)gr< 2>F(i+i%)F(i—i%) "
)

Here, M = % 0,99,¢g" is the fermion mass, and / stands

for the identity matrix. Expanding Eq. (9) around D =4
and substituting into Eq. (8), the unregulated limit of the
quantum-induced term can be obtained:

}. (10)

Note that y in the second line is not a fermion field, but rather the digamma function y(z) = d%ln C(2)]-
One can see that two counterterms are needed to renormalize the first line of Eq. (10):

1 1
Lo = =7021(9,900,09" /=9~ 5622(9,99,09")* /=,

4

= 6210,[\/=99"0,9(0,00,09")] + 6220,[\/=99" 0,0(9,90,09°)]. (11)

"This idea was suggested by the unnamed referee of Ref. [6], to whom we are grateful.
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We make the following choice of 6z; and 6z,:
HP2 D\ 2 H?’(1-y)
o7 =——I1l-=|—+-—
< 5 ( 2) m?+4ﬂ2 mé
5 _HPPTU=8) 2 [y +L()
7 (4n) 2mlH? T 16n mPH?

: (12)

in order to absorb the divergences and to eliminate the two lowest-order terms in the small-field expansion of Eq. (10). After
combining Egs. (12) and (11) with Eq. (10), the renormalized result is

i () + 550 1 }

it () + 5t G Ny (1 + 50 +w(1 = i)

(13)

4
aﬂ{ vV _g.glway(p X #

This quantum contribution in the field equation can be regarded as a kind of quantum-induced k-essence. Suppose that
there exists a function of the kinetic term in the action f dPxAK (—% ,90,¢09°)/—g. Then, the contribution to the effective
field equation gives

1
a;t |:\/__gg/way(0 x AK' <_§af)¢ao¢gpo):| . (14)

We can immediately identify Eq. (13) as AK'(—10,¢0,9¢”). By integrating Eq. (13) back with the argument, the
quantum-induced kinetic term is

H4
AKi(2) = {2712 +lr =Bt + Z/Z dx[x + ]y (1 + ix) + (1 - iX)]},
0
0,00,09”° M
where 7 is defined as 7 = —M =—. (15)
2mH H
To get the small-field expansion, we substitute
< 1= yp(l+2)=—y=> ((k+1)(=2)" (16)
k=1
The resulting expansion is
H* & (=1)"
AKi(z) =— 2n—1) = ¢(2n + 1)]z2+?2 1
i(2) 47[2"2:;”“[6(" )= ¢(2n+ 1))z (17)
H* (2 6_ 1 8 10
= 5150 - )0 -5 E(5) - L) + O ¢ (18)

By substituting the large-argument expansion for the digamma function,

o I 1 I
> 1 =In(z) ——— - Ol—=), 19
> 1= wz) =) -5 =155+ 1507 25600 T <z8> (19)

the large-field expansion can be obtained:

AK;(2) I%{%z“ln(zz +1)— <¢(3) +%—y>z4+zzln(zz+ 1) - (f—2y>z2+51n(z2+ 1 +0(z°)}. (20)

3 60
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III. THE MODEL WITH DERIVATIVE COUPLING
OF THE INFLATON TO SCALARS

In this section, we begin with a derivation of the
quantum-induced k-essence model due to scalars with
arbitrary nonminimal coupling. We then present two
special cases. One is a conformal coupling, and the other
is the minimally coupled one.

A. General derivation with nonminimal coupling

Derivatives of the inflaton ¢(x) might couple to another
scalar ®(x), which need not be minimally coupled to
gravity,2

1 1
Ly ==50,29,09" /=g (1 + AORD? /=g

1
+ W aﬂ¢au¢gMD¢2 VY (21)

where # is a dimensionful coupling strength. Note that
A& = 0 corresponds to a conformally coupled scalar. The
mass term of the scalar ®(x) can be identified from

Eq. 21):
2 1 v
Mg = - 2 0,0, 09" . (22)

Taking the functional derivative of the sum of Egs. (1) and
(21), and then replacing ®> with the coincidence limit of
the @ propagator gives the effective field equation,

V=3 09] = V/(9) V3
— OV 0 X AL M) (i) = 0. (23)

c

2

1 (HP2 D H?
2= (I (1-2) e+ L1

m;

(47[)g

On de Sitter background (e = 0), the coincidence limit of
the scalar propagator is [5,13]

iA[E, M3](x;x) =

where 12 is

E=L(1+48). (25)

y2:<D__1>2_D(D_1)§_Mé g

2 H

After substituting Eq. (24) into Eq. (23), expanding around
D = 4, and segregating finite parts from divergences, we
see that two counterterms are needed to renormalize the
primitive contribution:

1 1
Lo = =5620,90,0¢"\/=G =3 6Z1(0,90,09" )*\/=3.

5S.
(p‘ = 620,[\/=99"0,¢)

+6210,[\/=99" 0,0(0,00,09"")]. (26)

Here, the finite parts of §Z and 6Z; are chosen to cancel
the dp(edaf/;gﬂ” and (0,90,¢¢’")* terms in the small-field
expansion,

G 2AET ALY + w(u)]) }

1_m§ (4z)2 miH? 1672

_ -1 {HD_Z ra-% # ([W(h) Ty 288y (vy) —y/'(v)]
m2H?

m2H?\/T — 8AE ) } (27)

Note that y(z) = <L 1In[[(z)] is the digamma function and that we define v, = % + % v/ 1 — 8A¢. The renormalized result can

dz
be expressed in terms of the dimensionless quantity y =

_ay (ﬂab(pgub .
2m2H?

H* 208y (vy) — v/ ()]
AK(y) = —=< [2A 2 ] - i
0) = s {286 + 0. + 0] b
y 1 1 1 1
_2/ dx(AE+ ) |y (242 /T=8(Ae+ 1) ) +y (2 - /T=8@BE+x) )| . (28)
0 2 2 2 2
*The + sign is chosen for stability, because M? = —#dﬂfp(),l(pg"” is positive for a time-dependent inflaton.

The expression of the finite parts works for A& = 0.
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We Taylor-expand the digamma function in Eq. (28) to get the small-field expansion,

AK () H* {[(1 —6A9) [y (v,) —y'(vo)] A&y (vy) +W//(U_)q <4y3>

1672 (1-8A¢) (1-8A¢) 3
[2(1 — 4Ny (vy) —y' (v )] (1 —4A8[y"(vy) +y"(vo)]
(1 —8A¢) 2(1 - 8A¢)?
SALY" (vy) — " (b))
e el ou), (29)

The large-field expansion comes from using the asymptotic expansion [Eq. (19)]:

L 2AEY (vy) - l‘”/(y_)]] y?
VT—8A¢

—2AZyIn(2y 4+ 248) + E A2 + w(u)@ y

4

1622

AK(y) {—y2 In(2y + 248) + E ) Fue)

T (% - Agz) In(2y + 2A¢8) + O(yo)}. (30)

B. Conformal coupling

In this subsection, we specialize to the case in which derivatives of the inflaton are coupled to a massless, conformally
coupled scalar. By expanding Eq. (28) for small A¢, and carefully dealing with singular contributions from the digamma
functions and its derivatives, such as

-1

U/(V—):m‘Fl—}"*‘"', (31)
o) (1 — 4Ae — 4a2) + 32
w(v_)—Mfz(— e (32)

the quantum-induced term is seen to be

AK o (y) = g;{—y+ (1= 2y)> —2/)’}1”[1,/(;%@) +w<;-;m)] } (33)

Employing the same techniques as the preceding section gives the small-field and large-field expansions:

4
MR ans(0) = grz { =33 = 4+ 20 (D] + 007 . (54)
Mo 0) = g { =210 + (-2 )2 =3y + 3510(20) + 007 . (33)

C. Minimal coupling

The other special case we consider is minimal coupling, for which A¢ is taken to —1 in Eq. (21). We assume that M ; is
small and positive because the massless limit of a massive, minimally coupled propagator is not smooth [14-16].
Furthermore, in order to eliminate the two leading contributions in the small-field expansion, the finite parts of Eq. (27)
need to be adjusted as follows:

1 (HP-2 D H? 29
SZ=—A<K——|-2r(1-= — (4y-=
m%{(zwz)?{ ( 2)]+16n2(y 3)}
1

-1 (HP2T(1-2)  H?> [(-2y+2Z
52, =2 ST _ ,j) (T a) L (36)
(4r)z m:H 167 mzH
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A straightforward but lengthy computation gives the exact result,

H 182 23 25
AKpin(y) = @{—27+—+ (47——)y + (—2y+—)y2

27

+2[ydx(1—x){w<%+§

The small- and large-field expansions are

H4
- 1672

-92
AKvminS (.V>

AI(minL (y)

~ 1622 54

Here, C = §1[% — " (1)] is an integration constant.

IV. THE MODIFIED FRIEDMANN EQUATIONS

Our results in Egs. (15), (28), (33), and (37) were all
derived on de Sitter background because that is the only
case for which the necessary propagators are known.
However, for realistic inflation, the first slow-roll parameter
is nonzero, and the Hubble parameter changes with time.
Numerical studies of cosmological Coleman-Weinberg
potentials have shown that it is reasonable to simply
replace the constant de Sitter Hyg with the evolving
H(t), and ignore e(t) [17-19]. That is what we shall do
for quantum-induced k-essence models,

L= 0 K )~ V)
K(£.H)=#%+ AK(%. H),

1
R = —Eaﬂ(paygog’“’. (40)

The purpose of this section is to work out how the two
Friedmann equations and the scalar evolution equation
change. The section closes by converting these equations
into a dimensionless form conducive to numerical work.

If the effective action is known for a general metric
gu(x), the modified Friedmann equations can be obtained
by taking the functional derivative with respect to it and
then specializing to the cosmological background [Eq. (2)].
However, what we have is (an approximation for) the
effective action already specialized to Eq. (2). Because this
depends only upon the single gravitational dynamical
variable a(r), varying can give at most one of the two
Friedmann equations. The theorem of Palais [20,21]
guarantees us that the single equation so obtained is at
least correct. We first show that this is the second
Friedmann equation, and then we use conservation to
reconstruct the first Friedmann equation.

8

- {_yz )+ <ﬂ ) 2}/) 2+ 2yln(2y) + [4y _ é} ¥ - In(2y) + (’)(yo)}.

3 27

RPN A} -
W]y =g 5+ sy €
317730 (39)

In our homogeneous, isotropic, and spatially flat geom-
etry [Eq. (2)], the Lagrangian [Eq. (40)] becomes

64’ H?
162G

+ K (#,H) - a*V(g). (41)

The gravitational dynamical variable is a(f), and the
associated Euler-Lagrange equation is
—2H —3H? = 8zG|K(%£.H) — V(p)

0K (#.H)
oH  3di oH

1 d oK (%, H)] @)

-H

This is the ij Einstein equation, sometimes known as the
second Friedmann equation. Varying Eq. (40) with respect
to ¢(r) gives the scalar evolution equation,

PK K . PK oK\ oV
o225+ ) v o(B-2 y3p )+~
"’( a;%2+afé)+(”< %ol aﬁ>+a¢

(43)

Missing is the first Friedmann equation, which is the 00
Einstein equation. We can recover it by noting that the two
Friedmann equations are related to the scalar evolution
equation through conservation:

d
. [00 equation] + 3H[(00 + ij) equations]

= 8zG¢|scalar evolution equation]. (44)

From relation (44), we infer the first Friedmann equation,

103533-6
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oK oK
3H? = 872G |24 -~ K(£.H) + Ho+ V(g) | (45)

Because the scale of temporal variation changes dra-
matically over the course of inflation, and because the
dependent variables ¢(¢) and H(t) are dimensionful, it is
convenient to convert to dimensionless variables. We first
change the comoving time ¢ to the number of inflationary
e-foldings since the beginning of inflation,

nElH(j((;))> =>%:Hd%,
P HZ[J; d}

A = _

ek B (46)

It is also useful to make the various other quantities
dimensionless:

$(n) = V82Go(1), x(n) =
k(n) = (82G)24 (1) = %){245/27

V8rGH (1),

k. = V8zGm,, K(x,y) = (82G)*K (%, H),
U(p) = (87G)*V (). (47)

With these changes, the two modified Friedman equa-
tions (42) and (45) take the forms

oK oK
2 _ o [
3y =2k = Kk, x)+x o +U(¢), (48)

oK
27 =3 = K(x,x) = U(¢) 1,
1 doK(k.y)
-y 4
3%dn oy (49)

And the scalar evolution equation becomes

2 2
¢”<2 S GIC)_H#{ 2K€%—€;(%+(3 )0IC]

oK? okdy oK
10U
where the first slow-roll parameter is expressed as
1 1 2K
ot S E V2
- 2K 2 3K
X 1 _7[ +)(¢/ a,«)l]
¢” o/c oK @Ky 14 PKa
Gl 2wy gA] + L ko 51)
- 2 2 2 *
21— 2 1

Here we have used Eqs. (48) and (49) in the first equality
and eliminated ¢” to obtain the final expression using the
scalar evolution equation (50).

V. THE FATE OF THE m?*p* MODEL

Because the Hubble parameter H(f) is not a local
functional of the metric, we cannot completely subtract
the quantum-induced k-essence AK(%(t), H(t)) in expres-
sion (40) using permissible counterterms. What we could
do instead is to subtract AK(#£(¢), H;), which would restore
the classical model at the initial time, but it would lead to
quantum corrections as evolution carries H(f) away from
H(t;). This procedure is known as Hubble subtraction. The
purpose of this section is to investigate the effects of
quantum-induced k-essence models with Hubble subtrac-
tion in the context of the classical m?@> model. This model
has the virtue of simplicity, even though it is not consistent
with the current upper bound [Eq. (6)] on the tensor-to-
scalar ratio r [22,23]. We begin by describing classical
evolution of the m?@*> model, then consider the effects of
fermionic-induced k-essence [Eq. (15)], and finally close
by discussing the corrections due to conformal scalars
[Eq. (33)] and minimally coupled scalars [Eq. (37)].

The dimensionless expressions of the two classical
Friedman equations and the scalar evolution equation are

=20 U,

3y >
(e =302 = 320" - U (@), (52)
¢+ (B3-e)d + ;2 al;((;)) =0, (53)

where y, ¢ are defined in Eq. (47), and U(¢) can be
expressed as

k2 = 872Gm?. (54)

1
U@ =,

Under the slow-roll approximation, the time evolutions of
several useful quantities can be found:

) 2
B =\ [ =
clm) = (i)z L ) 26, (55)
» | 7 1 K o e_’_)
R, e23e" l—ng~2e+ . de.  (56)

The justification for the magnitude of the dimensionless
mass k is to reproduce the scalar power spectrum amplitude
A, and spectral index n, [22]:

k:ﬂ(l—ns)\/%Asz&Bx 1076 (57)
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To make inflation last about 100 e-foldings, the slow-roll
approximation suggests the initial conditions

-1 1
$o =20, ¢6=1—0, Ioz%k%zsuo—? (58)

These should continue to apply in the quantum-corrected
model as long as the classical kinetic term K. =«
dominates over the quantum correction K, = AK. In
principle, two initial conditions are enough to numerically
simulate the system, even with the quantum correction.
However, because the first Friedmann equation [Eq. (48)] is
highly nonlinear in y, it is simpler to evolve the quantum-
corrected system using Egs. (50) and (51). That is why we
need an initial condition for y.

For the regime where quantum contributions K, become
comparable or larger than the classical result K -, one should
fix geometric initial conditions, making y, and €, equal their
classical values. From the first modified Friedmann equa-
tion (48), the potential still dominates the right-hand side
below some coupling strength,4 so it leaves y, unchanged.
Using the second expression of Eq. (51), one can find ¢ as a
function of ¢y, at the specific coupling strength with fixed
values of ¢, and y,, and then solve for ¢, numerically by
demanding €y () = [€0classical ~ 3 X 107>. One should use
this more appropriate ¢;, in the quantum-dominated regime.

A. Induced k-essence model due to fermions

If fermions quantum-correct the kinetic term and Hubble
subtraction is employed, its dimensionless form is

i =n+ i1 () S ()

where f(z) can be identified from Eq. (15):

fz) =2y + [y = ¢(3)]z*

+ZAZ dx(x + ) [y (1 +ix) + w(1 —ix)]. (60)

At this point, we digress to discuss the magnitude of the
dimensionless coupling strength, k. = v/ 82Gm,. Our goal
was to make the derivative coupling roughly comparable to
the nonderivative coupling during reheating:

0ﬂ¢ayqog””‘i“l" /=g & —ApP¥,/—g. (61)

2m3
Because the inflaton depends only on time, we infer

*For fermionic k-essence, the kinetic contributions become
comparable with the potential contribution around 1/k} ~
1.564 x 1010,

2

2m3’

Agp ~ (62)

The scale of §¢* can be approximated as j?¢?, and

it is roughly equal to 1m?@*. Therefore, the dimension-
less parameter k. relates to the dimensionless Yukawa
coupling as

1 2
o~ ,1<%) ~(5.32 x 10'2)2. (63)

Here we have used the relation in Eq. (57) and ¢ ~ 1072,
which is roughly valid during reheating. Finally, note
that the cosmological Coleman-Weinberg potential due
to the fermion corrections has a similar expression to
Eq. (59) [5,6,11],

4 4
U0 =300 - L () + 520 (8. o

where the form of the function f is exactly the same
as Eq. (60).

There is an interesting distinction between cosmological
Coleman-Weinberg potentials and quantum-induced
k-essence. Because the inflaton rolls down its potential,
cosmological Coleman-Weinberg potentials become
smaller as inflation progresses. However, the inflaton’s
kinetic energy does not show a similar decline, meaning
that quantum-induced k-essence terms do not typically
fall off. Obviously, increasing 1/k} makes the quantum
contribution larger. Figure 1 shows that the quantum
correction begins dominating the initial kinetic energy
around 1/k> ~3.26 x 108, which corresponds to a small
Yukawa coupling A ~ 6.13 x 1075,

In spite of the quantum correction dominating the
classical kinetic energy, it is still possible to stay close

K=
ke

[IKall
3.x10™"

2.x107"

1
—=3.2622710° K,
ks i

1.x10"F

1
} 1 | | L — 1078
1 2 3 4 5 3

c|

FIG. 1. Comparison of the initial (n = 0) magnitudes of the
classical kinetic energy (in blue) with the quantum correction (in
yellow) for different values of the dimensionless coupling 1/k2,
assuming slow-roll initial conditions [Eq. (58)].
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to the classical evolution, provided the slow-roll initial
conditions [Eq. (58)] are abandoned for geometric
conditions, as described at the end of Sec. V. As long
as the potential term dominates over the rest of the
kinetic contributions in Eq. (48), choosing yo =15 x
10~ is still a reasonable approximation, whereas ¢,
needs to be solved numerically by demanding that the
initial first slow-roll parameter equal its classical value.
Without Hubble subtraction (the unsubtracted model),
only one solution is found to give e(¢)) =5 x 1072
With Hubble subtraction (the subtracted model), the
nonlinearity of the function e(¢;) results in two sol-
utions at each specific coupling strength. One should
choose the branch which is connected to the classical
value ¢y = —0.1 for small 1/k}. This is shown by the
blue dots in Fig. 2.

We chose several coupling strengths within a range such
that y, ~ 5 x 107 is still valid. We present these evolutions
both without and with Hubble subtraction in Fig. 3. The
general trend is that reducing the coupling strength
decreases the duration of inflation.

do
-0.04 °
[ J
[ ]
-0.06 °
[ ]
[ ]
[ ]

-0.08

[ ]
-0.1

L 1 n L L n i L L L ! L L n ) ! ) ) A
0.00005 0.00010 0.00015 0.00020 0.00025

The general trends in either case can be understood in
terms of a simple picture of the slow-roll approximation.
Applying the slow-roll conditions to the effective field
equation (13), one obtains the speed of the inflaton:

)| U @)
900 = s o
g(;(,z):h(;(,z)+%%h(;(,z), =g

)(4 1 3
hy.z) = 4—712@{% +2[y = ¢(3)]z

+(z+ D)l +iz) +y(1 —iz)]}. (65)

In addition to —U’(¢)/3y* from a classical evolution,
an extra factor 1+ g(y,z) occurs in the denominator
from quantum corrections. Because ¢(y, z) is positive and
1+ g(y,z) is monotonically increasing, the quantum-
corrected inflaton rolls down its potential with a smaller
speed than its classical cousin, which lengthens
inflation. The difference between the subtracted model

o
°
°
-0.06| .
°
-0.08f
°
i °
~0.108 e oo °
°
—042}
-0.14] °
1 1 1 1 1 A
0.00005 0.00010 0.00015 0.00020 0.00025

FIG. 2. The initial condition ¢} in the quantum-dominated regime versus the equivalent coupling constant 1 [Eq. (63)]. The left-hand
graph depicts a series of solutions for the unsubtracted model. The two branches of the subtracted model are shown in the

right-hand plot.
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FIG. 3.
right-hand side.
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The ¢(n) versus n for various A’s. The unsubtracted model is on the left-hand side, while the subtracted one is plotted on the
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(the right-hand plot of Fig. 3) and the unsubtracted one
(the left-hand plot of Fig. 3) is that the former tends to
shorten inflation, but with a lower peak value for €. The
value of e falls back to zero after inflation as well. Also note
that the maximum of e never reaches 1 until 1 < 6.98 x
1075(1/k3 <3.71 x 10%).

Finally, we compare evolution in the k-essence model
(derivative couplings) with evolution in the analogous
cosmological Coleman-Weinberg potential (nonderivative
model). These comparisons are presented in Figs. 4 and 5.
One can see that the derivative model deviates from a
classical evolution more than the nonderivative one at the
same coupling strength and also has a bigger dimensionless
Hubble parameter after inflation. For evolution with
A =6.98 x 1073, the dimensionless Hubble parameter in
the derivative model is 1.41 x 107°, while it is 1.26 x 1077
in the nonderivative model. At a coupling strength
of A=1x107*, the dimensionless Hubble parameters
are Y derivative — 1.21 X 10_57 Xnon-derivative = 2:99 X 1077,
According to a previous study [6], the system with a
moderate Yukawa coupling constant A tends to inflate
forever. It is not clear whether we should extrapolate our

strength A ~ 0.1 = 1/k? ~5.32 x 10'!, the approximation
o~ 5 x 107 is not valid, and the complexities of highly
nonlinear dependence of ¢ and y on ¢ and ¢’ become
nontrivial. No analytic solution exists, and we must employ
some kind of nonlinear search routine such as a
Monte Carlo Markov chain method to solve for y, and
¢;, from Eqgs. (48) and (51).

B. Induced k-essence model due to scalars

The generic expression of the k-essence from Eqgs. (33)
and (37) takes the form

i =n= 161 (g5a) Vgt (ehm)

The two explicit cases we consider are

fcon()’):)"1”(27—1)y2+2lydxx[w<%+%vl—8x>

current conclusion from Fig. 3 and draw a similar con- 1 1 Ny
clusion for the k-essence model of the fermionic coupling. +w 272 I=8x )1, (67)
The obstruction to this conclusion is that, at coupling
#(n) &n)
X(n)
0.00005 1.0 |
i
® 0.00004 08 ;
;
06 4
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FIG. 4. Plots of the dimensionless scalar ¢(n) (left), the dimensionless Hubble parameter y(n) (middle), and the first slow-roll
parameter e(n) (right) for a coupling constant A = 6.98 x 107> (1/k} = 3.71 x 10®) with the initial conditions yy = 5 x 10~ and

Py = —9.99737 x 1072

$(n)
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_____ subtracted derivative
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Plots of the dimensionless scalar ¢p(n) (left), the dimensionless Hubble parameter y(n) (middle), and the first slow-roll

parameter e(n) (right) for a coupling constant 4 = 1 x 107 (1/k} = 5.32 x 10%) with the initial conditions y, =5 x 107 and

¢} = —9.81626 x 1072,
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(68)

where f.,,(y) stands for the contribution from the con-
formal coupling, and the minimal coupling’s contribution is
denoted by fin(y). Similarly, by making an analogy with
the nonderivative coupling term which generates a cosmo-
logical Coleman-Weinberg potential

1 1
_th(pzd)z\/—g@ ﬁdﬂ(pay(pg"”qﬂw— , (69)

the dimensionless couplings / and k. can be related:

1

2~ g~ (133X 100)72,

(70)
Also, note that the scalar corrections to Coleman-Weinberg
potential have the same form as Eq. (66) [5], with the
replacements of k by §k*¢* and 5 by 3 h?¢*:

1
IIK(—)
2

2.x107"
I1Kall

1x1071 1 =1.18055+10°
kc

5.x107"2

L L L L L
0.6 0.8 1.0 12 14 k2

1 X (RPN 1H0) R
Uld.x) _§k2¢2 16 2f< > T <4)(2(0)>'
(71)

Here, the function f is the same as either Eq. (67) or
Eq. (68) for conformal scalars and minimally coupled
scalars, respectively.

We first determine when evolution enters the quantum-
dominated domain for conformal scalars and minimally
coupled scalars. Figure 6 shows that this happens around
1/k? 2 10° (h? 2 107°) in both cases. Because K, in the
scalar k-essence model is negative, we must not go beyond
the classical-dominated regime in order to avoid a disas-
trous kinetic instability. When K dominates over K, it is
reliable to use the slow-roll initial conditions [Eq. (58)].
Within the safe regime, we find that quantum effects due to
each sort of scalar tend to shorten inflation. The result
agrees with what one expects from the effective field
equation using the slow-roll approximation:

U
e
7

x107" [IKall

15x107" K.

1
<= =1.17612x10°
k2

1.x10™"

1 -6
. . . . . . 510"
06 08 1.0 12 14 16 ke

FIG. 6. Plots of K and K versus 1/ k2 at n = 0 with slow-roll initial conditions [Eq. (58)]. The left-hand graph is for conformally
coupled scalars, while the right-hand plot is for minimally coupled scalars.
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FIG. 7. Evolution for conformally coupled scalars, comparing the classical result (in black) with nonderivative coupling (in blue) and
derivative coupling (in red). Plots show the dimensionless scalar ¢(n) (left), the dimensionless Hubble parameter y (1) (middle), and the
first slow-roll parameter €(n) (right) for an effective coupling constant of 4> = 1.6 x 107>, corresponding to 1/k2 = 2.218 x 10°, with
slow-roll initial conditions [Eq. (58)].
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Evolution for minimally coupled scalars, comparing the classical model (in black) with nonderivative couplings (in blue) and

derivative coupling (in red). Plots show the dimensionless scalar ¢»(n) (left), the dimensionless Hubble parameter y(n) (middle), and the
first slow-roll parameter €(n) (right) for an effective coupling constant of 42 = 1.6 x 107>, corresponding to 1/k2 = 2.218 x 10°, with

slow-roll initial conditions [Eq. (58)].

Because quantum contributions are negative, they make the
inertia y(y, x) smaller than 1 and hence cause the inflaton to
roll down its potential more rapidly than that in the classical
model. Figure 7 compares the k-essence model (derivative),
with the model of nonderivative couplings (nonderivative)
and the classical result for an inflaton coupled to con-
formal scalars whose coupling strength is 2% = 1.6 x 107>
(1/k% =2.218 x 10°). Figure 8 presents a similar com-
parison, at the same coupling constant, for an inflaton
coupled to minimally coupled scalars. There is little
distinction between conformal and minimal coupling. At
this coupling strength, inflation ends at about ten e-foldings
for the nonderivative model, whereas the derivative model
nicely traces the classical evolution.

VI. CONCLUSIONS

Quantum-induced k-essence models, or cosmological
Coleman-Weinberg potentials, are the price scalar-driven
inflation pays for efficient reheating. Although coupling the
differentiated inflaton to matter alters the kinetic energy
instead of the potential, quantum-induced k-essence and
cosmological Coleman-Weinberg potentials are the same
functions of different arguments. On de Sitter background,
this goes like H* multiplying a complicated function of the
dimensionless parameters, 7/ m3H for fermions, and
%/m2H? for scalars. Recent work [17-19] strongly sup-
ports the idea that these de Sitter results remain approx-
imately valid when the constant Hubble parameter of
de Sitter is replaced by the evolving H(¢) of realistic
inflation. A significant difference between quantum-
induced k-essence models and cosmological Coleman-
Weinberg potentials is that the dimensionless parameters
of the former increase as time progresses, so that the
system remains in the large-field domain over the course of
inflation. As a result, changes due to the quantum correc-
tion are enormously large.

Because H(¢) is not a local functional of the metric for a
general geometry, neither quantum-induced k-essence nor
cosmological Coleman-Weinberg potentials can be com-
pletely eliminated using local counterterms [5]. The

technique of Hubble subtraction consists of subtracting
the local counterterm which results from setting H(¢) to its
initial value. One can compare the dimensionful coupling
constants of quantum-induced k-essence with the dimen-
sionless coupling constants of cosmological Coleman-
Weinberg potentials by requiring the two couplings to
have the same strength during reheating. This paper is
devoted to comparing quantum-induced k-essence with
cosmological Coleman-Weinberg potentials, with and
without Hubble subtraction, regarding the competing
requirements of facilitating efficient reheating without
disturbing the observational constraints [Egs. (3)—(6)] on
primordial inflation.

Fermionic  k-essence (derivative) and fermionic
Coleman-Weinberg potentials (nonderivative) both tend
to lengthen inflation, albeit for different reasons. One
can understand this by looking at the scalar evolution
equation simplified by the slow-roll approximation:

o UL +AU(P)] k[ A
v s g m) ™

Nonderivative  couplings induce AU'(¢) <0 and
g(x,z) =0, so they decrease |¢'(n)| (and hence increase
the duration of inflation) by decreasing the force term. In
contrast, derivative couplings induce AU'(¢) =0 with
9(x,z) >0, so |¢'(n)| is also decreased, but now by
increasing the inflaton’s inertia u(y,z) =1+ g(x,z).
However, fermionic k-essence enters the quantum-
dominated regime even at a quite small effective coupling
A~6.3x 107>, for which the cosmological Coleman-
Weinberg potential would be small compared to the
classical potential. At the same coupling strength, the
quantum effect in the derivative model is generically
stronger than it is for the nonderivative one. This is why
Figs. 4 and 5 show longer durations for inflation, and larger
dimensionless Hubble parameters after the end of inflation,
for fermionic k-essence models than for the analogous
cosmological Coleman-Weinberg potentials. For nonde-
rivative couplings, inflation does not even end (e = 1)
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unless the coupling is less than about A ~ 1.15 x 107 [6],
whereas this occurs for derivative couplings at an even
smaller equivalent value of 1~ 6.98 x 107, Neither fer-
mionic model (derivative or nonderivative) begins to have a
reasonable evolution until the coupling is made very small,
which could endanger reheating.

For scalars, both derivative and nonderivative couplings
induce models which are within the classical domain at the
small effective coupling constant of h> = 1.6 x 107,
Scalar-induced k-essence suffers from a disastrous
kinetic instability [that is, g(y,z) < —1 in Eq. (73) with
7= %£/m2H?] if it leaves the classical-dominated regime.
From Figs. 7 and 8, one can see that both derivative and
nonderivative models tend to shorten inflation, with an
especially rapid termination of inflation for the nonderiva-
tive model. One can understand this from the analog of
Eq. (73) with z= %£/m2H?. Nonderivative couplings
induce AU > 0 with g =0, so they increase |¢'(n)| by
strengthening the force. Derivative couplings induce
AU = 0 with g < 0, which increases |¢'(n)| by reducing
the inertia. We found no significant differences between
minimally coupled and conformally coupled scalars, pre-
sumably because the (derivative or nonderivative) cou-
pling is larger than the conformal coupling. Generally
speaking, coupling the differentiated inflaton to scalars
seems to do a better job than the nonderivative coupling.
However, neither coupling provides a very satisfactory
resolution of the tension between facilitating efficient
reheating and preserving the observational constraints
[Egs. (3)~(6)].

Because dimensionful coupling constants are introduced
to quantum-induced k-essence, we would like to digress in
order to comment on the validity of these models as low-
energy effective field theories. Even though our couplings
[Egs. (7) and (21)] are not renormalizable, they induce no
higher-derivative counterterms [Eqs. (11) and (26)] as long
as the inflaton kinetic factor [Eq. (22)] is considered to be
constant. Without inflaton loops, the only way one gets
higher loop corrections is from the interaction with gravity.
Hence, the two-loop contribution would take the form of
G(a‘fnﬁ)ﬁ and its effect is suppressed by G. As a result, we

recognize the cutoff of this effective field theory as the
Planck mass. Inflation is assumed to occur well below the
Planck mass. Note that the value of the quantum gravita-
tional loop counting parameter GH? (obtained from the
upper bound of the tensor-to-scalar ratio and the scalar
power spectrum [4]) is about 107!!. So, the work consid-
ered here should be safely within the realm of validity of
low-energy effective field theory.

There is so far no consensus about the magnitude of the
reheat temperature. The common belief is that it could be as
low as 10> GeV or as high as 10" GeV. If one extrapolates
the initial form of the potential to the end of inflation, one
finds a large reheat temperature. This is done by employing
observational data on primordial perturbations to estimate

the number of e-foldings since the end of inflation, and then
comparing that with a thermal estimate of the same
quantity. Using WMAP data, Martin and Ringeval derived
abound of Tx > 10* GeV [24], and more recent data raise
this bound. Please see the Appendix for a detailed explan-
ation. Accommodating a lower reheat temperature requires
dramatic changes in the shape of the potential after the
emission of currently observable perturbations.

Leaving aside the issue of what geometric and thermal
considerations imply for the value of the reheat temperature,
we can estimate Tz from the dynamics of the coupling. For
the fermionic k-essence model considered in this paper, if
one imagines that the interaction is a sort of effective Yukawa

coupling, the reheat temperature can be estimated when the
2m

Hubble parameter falls below the decay rate I' = > (where
m is the mass of the inflaton) [6,25,26]:
1 (T?\s
Th=z <E>4 ~ ] x 10’5 GeV. (74)

As we have seen, the largest value of A which is consistent
with viable inflation is A ~ 1073, This corresponds to a reheat
temperature of Tz ~ 10' GeV.

An alternative approach would be to make no subtrac-
tions and attempt instead to cancel the positive kinetic
corrections induced by fermions with the negative ones
induced by scalars. Of course, coupling the inflaton to more
fields aids reheating, so there are no worries on that score.
By adjusting the effective coupling constants 4 and h?’s,
one could manage to get the leading terms of the large-field
expansions of Egs. (20), (35), and (39) to cancel. The
question then becomes how the lower-order terms affect the
observational constraints in Egs. (3)—(6).

In addition to studies on axionic couplings like
pe' P F wk s by Adshead and collaborators [27], another
alternative is to investigate derivative couplings to vector
bosons, analogous to the undifferentiated couplings already
studied for a charged inflaton [5-7,19,28],

CREG L
L= m ZFpoF,uygﬂ gG g
- (aﬂ - iqA;t)(p* (av + lqu)QO‘gﬂb Vam’R (75)

One might explore some exotic derivative coupling of
uncharged inflatons such as

- maa(paﬂqog“/’ X F/mFﬂygpﬂg{w vV —9g- (76)

We might consider its undifferentiated cousin to be

1
- W(szpo‘Fﬂugﬂ”gw vV —Y- (77)
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To carry out studies with such derivative couplings, one
first needs to figure out the coincidence limit of the field
strength propagator on de Sitter background,

(F oo (X)Fu (x) g™ g).- (78)
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APPENDIX: CONNECTING DATA TO THE
REHEAT TEMPERATURE T}

In this appendix, we begin by presenting two approaches
to estimate the number of e-foldings from the end of
inflation to the current time. Comparison of these
results implies that a large Ty is favored. To facilitate
the discussion, we define N = ln[%] as the number of
e-foldings since the start of inflation to comoving time ¢. If
we follow the usual practice that the current scale factor is
one (ay = 1), then the number of e-foldings between any

event and now is

No—N =1In [L} (A1)

a(1)
We begin by using the geometry of inflation to estimate
the number of e-foldings from the end of inflation to now
[29]. Primordial perturbations which are today observed
with a comoving wave number k experienced their first
horizon crossing at a time ¢, during inflation with
k= H(t;)a(t,). The number of e-foldings from then to
now is

wo= =M < Dlaz %]

where the final step follows from the approximate form

of the scalar power spectrum, A% (k) G]Z?[(:;‘).

substitute the simple power law formula used to represent
the observational data in terms of a scalar amplitude A, ~
2 x 107 and spectral index n; ~ 1 — 0.035 around a pivot
wave number of k, = 0.05 Mpc~!:

Now, we

k\ sl 1 A.ztr
AL () = A [~ No—N, —=~In|-22
= (k) S<k0> = No= Nk 2“[16(;1%]

2 10.036 (A3)

1
~122.33 —|——ln[ : }
The final logarithm would vanish if the tensor-to-scalar
ratio were resolved at its current upper limit; otherwise, it
would be negative. We stress that Eq. (A3) derives from
geometry and observation; it cannot be evaded (within the

context of single-scalar inflation), no matter what assump-
tions are made about the inflationary potential or the
mechanism of reheating. It is rather our assumptions about
these two things which must accommodate Eq. (A3).

Consider first the duration of inflation after the pivot
wave number experienced its first horizon crossing. We will
see that increasing this interval increases the reheat temper-
ature. Trivial calculus allows us to express this as an
integral over the first slow-roll parameter,

I de
Ne_Nk():/ -
S(fko)e

Primes on € denotes derivatives with respect to the number
of e-foldings. At this point, the inflationary potential
becomes relevant. When these estimates were first made
in 2010 [29], the quadratic potential was employed to
conclude €’ = 2¢?, and the resulting integral was evaluated
to 2/(1 —n,) —1=56.64. Since then, the increasingly
tight upper bounds on r (and hence on ¢ = r/16) have
favored very flat potentials, which give an even larger
result. To understand this, consider the slow-roll relation for
the spectral index under the assumption of very small € with
n, fixed (which is supported by the absence of evidence for
running of the spectral index [4]):

(A4)

/!

l-n,=2e+5 = ¢ =(1-n)e—262~(1-n)e. (AS)
€

Substituting this approximation into the integral (A4) gives

1 /1 de ln('—rf’)
1 —ny e(t,) € 1 — ng

~28.57 (6.10 ~In [0.536} ) . (A6)

Of course, expression (A6) is larger than Eq. (A3), which is
impossible, but it indicates the general trend towards large
reheat temperatures. To facilitate the discussion, we made a
numerical computation using the Einstein frame version of
Starobinsky’s model [30], which gives N, — Ny, = 51.32.
Because this number is smaller than either the result for
quadratical potential or our general estimate in Eq. (A6), we
can regard it as a sort of lower bound. Combining this
figure with Eq. (A3) gives

Ne_ngz

Asrmr
16Gk3

1
ANENO—Nezzln{ }—51.32

1
z71.01+—ln{ . ] (A7)

2 10.036

Note that inserting the much lower value of r predicted
for the Starobinsky model would decrease AN, thereby
increasing the reheat temperature.
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We can use thermodynamics to estimate the number of
e-foldings from the end of inflation to now, AN =N,—N,.
The estimate is based on considering three periods [29]:

(1) The interval from the end of inflation to the end of

reheating.

(2) The interval

recombination.

(3) The interval from recombination to now.

The (approximately matter-dominated) energy density at
the end of inflation p, derives from the kinetic energy of the
inflaton. We assume that this kinetic energy is approx-
imately constant throughout inflation, which implies that it
can be related to conditions at the time the pivot wave
number experiences first horizon crossing:

from the end of reheating to

eH> 1A,
N211G2'

Pe=59"=¢ = (A8)
This energy density redshifts like nonrelativistic matter
until reheating converts it into the energy density of g,

relativistic species,

_ (e} _9.n’Ty
PR = Pe ag - 30

Hence, the number of e-foldings from the end of inflation
to the end of reheating is

(A9)

1 15124,
NR—Ne——ln{ T ] (A10)

37 121%2¢,G°T% )

Entropy is conserved during the second period, which
means

1 3
Urec 9« \3 Ty 1 G« TR
== x = N,..—Np=-1 . (A1l
ag ( 2 ) Trcc e K 3 ! |:2 T?cc ( )

Finally, from recombination to now, we have

) Trec 1 T?ec
= Ng— Npe ==1In . Al2
Uree TO 0~ {V¥rec 3 |: T(3) ( )

Adding the three intervals (A10), (Al1), and (A12) gives

B 1 15124,
AN:NO_Ne_§ 2T 2GPTRTS

~ 6265+ 2| —ln (GT%).  (A13)

== T3 0.036

Equating Egs. (A7) and (A13), and assuming that the tensor
power spectrum is resolved at the current upper limit, we
find the reheat temperature to be T ~ 103 GeV. One can
avoid this conclusion by fine-tuning the model to reduce
N, — Ny, but the preference for a large reheat temperature
is clear.
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