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We use updated type Ia Pantheonþ supernova, baryon acoustic oscillation, and Hubble parameter (now
also accounting for correlations) data, as well as new reverberation-measured C IV quasar data, and quasar
angular size, H II starburst galaxy, reverberation-measured Mg II quasar, and Amati-correlated gamma-ray
burst data to constrain cosmological parameters. We show that these datasets result in mutually consistent
constraints and jointly use them to constrain cosmological parameters in six different spatially flat
and nonflat cosmological models. Our analysis provides summary model-independent determinations of
two key cosmological parameters: the Hubble constant, H0 ¼ 69.8� 1.3 km s−1 Mpc−1, and the current
nonrelativistic matter density parameter, Ωm0 ¼ 0.288� 0.017. Our summary error bars are 2.4 and
2.3 times those obtained using the flat cosmological constant cold dark matter (ΛCDM) model and Planck
TT;TE;EEþ lowEþ lensing cosmic microwave background (CMB) anisotropy data. OurH0 value is very
consistentwith that from the local expansion rate based on the tip of the red giant branch and type Ia supernova
(SN Ia) data, is 2σ lower than that from the local expansion rate based on Cepheid and SN Ia data, and is 2σ
higher than that in the flatΛCDMmodel based onPlanckTT;TE;EEþ lowEþ lensing CMBdata. Our data
compilation shows at most mild evidence for nonflat spatial hypersurfaces, but more significant evidence for
dark energy dynamics, 2σ or larger in the spatially flat dynamical dark energy models we study.

DOI: 10.1103/PhysRevD.107.103521

I. INTRODUCTION

The Universe is currently expanding at an increasing
rate, a finding supported by a number of observations. The
most widely accepted explanation for this acceleration is
dark energy, a hypothetical substance with negative pres-
sure. In the spatially flat cosmological constant cold dark
matter (ΛCDM) model, [1], dark energy is taken to be a
cosmological constant and contributes about 70% of the
total energy budget of the current Universe. However,
recent observations may indicate potential discrepancies
with this model [2–6] and have led to the exploration of
alternate models that allow for nonzero spatial curvature
and dark energy dynamics. In our analyses here, we also
explore some of these alternatives.
Cosmological models have been compared and cosmo-

logical parameter constraints have been determined
using various observations, including cosmic microwave
background (CMB) anisotropy data [7], that probe the
high-redshift Universe, and lower-redshift expansion-rate
observations like those we use here. These lower-redshift
datasets include better-established probes such as Hubble
parameter [HðzÞ] data that reach to redshift z ∼ 2, and

baryon acoustic oscillation (BAO) and type Ia supernova
(SN Ia) measurements that reach to z ∼ 2.3 [8–10], as well
as emerging probes such as H II starburst galaxy (H IIG)
apparent magnitude data that reach to z ∼ 2.5 [11–16],
quasar angular size (QSO-AS) measurements that reach
to z ∼ 2.7 [17–21], reverberation-measured (RM) Mg II

and C IV quasar (QSO) measurements that reach to z ∼ 3.4
[22–28], and gamma-ray burst (GRB) data that reach to
z ∼ 8.2 [29–39], of which only 118 Amati-correlated
(A118) GRBs, with lower intrinsic dispersion, are suitable
for cosmological purposes [37,40–43].
In our analyses here, we also exclude RM Hβ QSO

data that probe to z ∼ 0.9 [22,23,44], because the resulting
cosmological parameter constraints are in ∼2σ tension
with those from more established probes. QSO flux
observations that reach to z ∼ 7.5 have been studied
[45–55]; however, we also exclude these QSOs from our
analyses here since the latest QSO flux compilation [50] is
not standardizable [51,52,56,57].
We use only the above-listed, not unreliable, lower-

redshift (z ≤ 8.2) expansion-rate datasets to derive cosmo-
logical parameter constraints. This is because we want
to derive constraints that are independent of CMB anios-
tropy data that result in constraints that contradict some
local distance-ladder measurements of the Hubble constant
H0, [2–6]. We also do not use growth-rate data here,
since the use of such data requires assumption of a
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primordial inhomogeneity power spectrum and so addi-
tional freedom.
We emphasize, as discussed below, that we do use SN Ia

that are also used in distance-ladder H0 measurements, but
unlike in the distance-ladder case, we do not use, e.g.,
Cepheid or tip of the red giant branch (TRGB) distances to
calibrate SN Ia data. We also note, as discussed below, that
the H IIG data we use assume a correlation relation that is
calibrated by using a compilation of Cepheid, TRGB, and
other data; in the Appendix, we discuss cosmological
constraints that do not make use of the H IIG measurements
and so are independent of both CMB data and more
conventional distance-ladder data.
In this paper, we build and improve upon our earlier

work in Ref. [58]. In particular, we use new Pantheonþ SN
Ia (SNPþ) data, update our BAO data compilation, and
update as well as now account for the correlations between
some of the HðzÞ measurements. We now also include new
RMC IV QSO data and now also more correctly account for
the asymmetric errors in RM Mg II QSO and C IV QSO
data. We show that the results from each of the individual
datasets are mutually consistent and also show that the
updated joint results do not differ significantly from the
joint results of Ref. [58]. In particular, our joint analysis
of new HðzÞþBAOþSNPþþQSO-ASþHIIGþMgIIþ
CIVþA118 data here yields summary model-independent
values of the nonrelativisitic matter density parameter
Ωm0 ¼ 0.288� 0.017 and H0 ¼ 69.8� 1.3 kms−1Mpc−1,
which are 0.29σ lower and 0.057σ higher than the summary
joint constraints from Ref. [58], Ωm0 ¼ 0.295� 0.017
and H0 ¼ 69.7� 1.2 km s−1Mpc−1.
Our H0 ¼ 69.8� 1.3 km s−1Mpc−1 measurement is in

better agreement with the median statistics H0 ¼ 68�
2.8 km s−1Mpc−1 estimate of Ref. [59] and the TRGB and
SN Ia local expansion rate H0 ¼ 69.8� 1.7 km s−1Mpc−1

estimate of Ref. [60] than with the Cepheids and SN Ia
local expansion rate H0¼73.04�1.04 kms−1Mpc−1 esti-
mate of Ref. [61] and the flat ΛCDMmodel H0 ¼ 67.36�
0.54 km s−1 Mpc−1 estimate from Planck 2018 TT;TE;
EEþ lowEþ lensing CMB anisotropy data [7], differing
by ∼2σ from the last two. (As discussed in the Appendix,
excluding H IIG data results in H0 values that are ∼0.9σ
higher than the Planck flat ΛCDM model value and
∼1.3–1.6σ lower than the Cepheids and SN Ia local
expansion rate value of Ref. [61].) These data show at
most mild evidence for nonflat spatial hypersurfaces, but
more significant evidence for dark energy dynamics, 2σ or
larger in the spatially flat dynamical dark energy models we
study. Based on the deviance information criterion, flat
ϕCDM is the most favored cosmological model.
This paper is organized as follows. In Sec. II, we

summarize the cosmological models and parametrizations
used in our analyses. Section III provides a detailed
description of the datasets used in our analyses. The
methods we employ are summarized in Sec. IV. In

Sec. V, we present our findings on the constraints of
cosmological parameters. We summarize our conclusions
in Sec. VI. Constraints that do not make use of H IIG data
are discussed in the Appendix.

II. COSMOLOGICAL MODELS

We use six cosmological models to study the datasets we
consider. These data are used to constrain the parameters
of the six cosmological models that apply for different
combinationsof flat ornonflat spatial geometryanda constant
cosmological constant or a dynamical dark energy density.
For recent determinations of constraints on spatial curvature,
see Refs. [62–84] and references therein. We compare the
goodness of fit of these models. We use multiple, potentially
very different, cosmological models in order to be able to
determine which cosmological parameters are constrained in
a model-independent manner by the datasets we use.
To compute cosmological parameter constraints in these

models, we use the Hubble parameter, Hðz;pÞ, which is a
function of the redshift z and the cosmological parameters
p in the given model. The Hubble parameter is related to
the expansion rate function and the Hubble constant as
Hðz;pÞ ¼ H0Eðz;pÞ. In these models, we assume the
presence of one massive and two massless neutrino species,
with the total neutrino mass (

P
mν) being 0.06 eV and

an effective number of relativistic neutrino species of
Neff ¼ 3.046. This allows us to compute the current non-
relativistic matter density parameter value, Ωm0, from the
current values of the physical energy density parameters for
nonrelativistic neutrinos (Ωνh2), baryons (Ωbh2), and cold
dark matter (Ωch2), and the Hubble constant h in units of
100 km s−1 Mpc−1, as Ωm0 ¼ ðΩνh2 þ Ωbh2 þΩch2Þ=h2,
where Ωνh2 ¼

P
mν=ð93.14 eVÞ is a constant.

In the flat and nonflat ΛCDMmodels, the expansion rate
function is

Eðz;pÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm0ð1þ zÞ3 þ Ωk0ð1þ zÞ2 þ ΩΛ

q
; ð1Þ

where the current value of the spatial curvature energy
density parameter Ωk0 ¼ 0 in flat ΛCDM and the cosmo-
logical constant dark energy density parameter ΩΛ ¼
1 − Ωm0 −Ωk0. The cosmological parameters being con-
strained are p ¼ fH0;Ωbh2;Ωch2g and p ¼ fH0;Ωbh2;
Ωch2;Ωk0g in the flat and nonflat ΛCDM models,
respectively.
In the flat and nonflat XCDM parametrizations,

Eðz;pÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm0ð1þzÞ3þΩk0ð1þzÞ2þΩX0ð1þzÞ3ð1þwXÞ

q
;

ð2Þ

where the current value of the X-fluid dynamical dark
energy density parameter ΩX0 ¼ 1 − Ωm0 −Ωk0 and the
X-fluid (dark energy) equation of state parameter
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wX ¼ pX=ρX is allowed to take values different from −1
(which corresponds to a cosmological constant), and
where pX and ρX are the pressure and energy density of
the X-fluid, respectively. The cosmological parameters
being constrained are p ¼ fH0;Ωbh2;Ωch2; wXg and p ¼
fH0;Ωbh2;Ωch2; wX;Ωk0g in the flat and nonflat XCDM
parametrizations, respectively. Discussions of parametriza-
tions of dynamical dark energy may be traced through
Refs. [85–87].
In the flat and nonflat ϕCDM models [88–90],

Eðz;pÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm0ð1þ zÞ3 þ Ωk0ð1þ zÞ2 þ Ωϕðz;αÞ

q
; ð3Þ

where the scalar field (ϕ) dynamical dark energy density
parameter is

Ωϕðz; αÞ ¼
1

6H2
0

�
1

2
_ϕ2 þ VðϕÞ

�
; ð4Þ

which is determined by numerically solving the Friedmann
equation (3) and the equation of motion of the scalar field,

ϕ̈þ 3H _ϕþ V 0ðϕÞ ¼ 0; ð5Þ

with an overdot and a prime denoting a derivative with
respect to time and ϕ, respectively. Here, we assume an
inverse power-law scalar field potential energy density,

VðϕÞ ¼ 1

2
κm2

pϕ
−α; ð6Þ

where mp is the Planck mass, α is a positive constant
(α ¼ 0 corresponds to a cosmological constant), and κ is a
constant that is determined by the shooting method in the
cosmic linear anisotropy solving system (CLASS) code [91].
The cosmological parameters being constrained are p ¼
fH0;Ωbh2;Ωch2; αg and p ¼ fH0;Ωbh2;Ωch2; α;Ωk0g in
the flat and nonflat ϕCDM models, respectively. For recent
studies on constraints on ϕCDM, see Refs. [92–106] and
related references within these papers.
Note that in analyses of some of the datasets we use,

we set H0 ¼ 70 km s−1Mpc−1 and Ωb ¼ 0.05, with p
changing accordingly, because these data are unable to
constrain H0 and Ωb.

III. DATA

In this paper, compared to the data we used in Ref. [58],
we now use updated HðzÞ data and an improved HðzÞ
analysis that now includes the covariance matrix for a
subset of these data from Refs. [107], updated BAO data,
new Pantheonþ SN Ia data, an improved analysis of
reverberation measured Mg II QSO data, and new rever-
beration measured C IV QSO data, as well as other datasets,
to constrain cosmological parameters. We also correct an

error in one GRB measurement used in Ref. [58], as
discussed below. These data are summarized next.

HðzÞ data. The 32 HðzÞ measurements listed in Table I
have a redshift range of 0.07≤ z≤1.965. The covari-
ance matrix of the 15 correlated measurements origi-
nally from Refs. [109–111], discussed in Ref. [107],
can be found at [108]. In the following, we refer to the
HðzÞ dataset used in Ref. [58] as old HðzÞ data.

BAO data. The 12 BAO measurements listed in Table II
cover the redshift range 0.122≤ z≤2.334. The quan-
tities listed in Table II are described as follows:
(i) DVðzÞ: Spherically averaged BAO distance,

DVðzÞ¼ ½czð1þzÞ2HðzÞ−1D2
AðzÞ�1=3, where c

is the speed of light and the angular diameter
distance DAðzÞ ¼ DMðzÞ=ð1þ zÞ with DMðzÞ
defined in the following:

(ii) DHðzÞ: Hubble distance, DHðzÞ ¼ c=HðzÞ
(iii) rs: Sound horizon at the drag epoch, rs;fid ¼

147.5 Mpc in Ref. [112]

TABLE I. 32HðzÞ data.
z HðzÞa Reference

0.07 69.0� 19.6 [125]
0.09 69.0� 12.0 [126]
0.12 68.6� 26.2 [125]
0.17 83.0� 8.0 [126]
0.2 72.9� 29.6 [125]
0.27 77.0� 14.0 [126]
0.28 88.8� 36.6 [125]
0.4 95.0� 17.0 [126]
0.47 89.0� 50.0 [127]
0.48 97.0� 62.0 [128]
0.75 98.8� 33.6 [129]
0.88 90.0� 40.0 [128]
0.9 117.0� 23.0 [126]
1.3 168.0� 17.0 [126]
1.43 177.0� 18.0 [126]
1.53 140.0� 14.0 [126]
1.75 202.0� 40.0 [126]
0.1791 74.91 [107]b

0.1993 74.96 [107]b

0.3519 82.78 [107]b

0.3802 83.0 [107]b

0.4004 76.97 [107]b

0.4247 87.08 [107]b

0.4497 92.78 [107]b

0.4783 80.91 [107]b

0.5929 103.8 [107]b

0.6797 91.6 [107]b

0.7812 104.5 [107]b

0.8754 125.1 [107]b

1.037 153.7 [107]b

1.363 160.0 [107]b

1.965 186.5 [107]b

akm s−1 Mpc−1.
bThese 15 measurements are correlated and used in our

analyses with a full covariance matrix as noted in Sec. III.
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(iv) DMðzÞ: Transverse comoving distance,

DMðzÞ ¼

8>>>>>><
>>>>>>:

c
H0

ffiffiffiffiffiffi
Ωk0

p sinh

�
H0

ffiffiffiffiffiffi
Ωk0

p
c DCðzÞ

�
if Ωk0 > 0;

DCðzÞ if Ωk0 ¼ 0;

c
H0

ffiffiffiffiffiffiffi
jΩk0j

p sin

�
H0

ffiffiffiffiffiffiffi
jΩk0j

p
c DCðzÞ

�
if Ωk0 < 0;

ð7Þ

where the comoving distance

DCðzÞ ¼ c
Z

z

0

dz0

Hðz0Þ : ð8Þ

The covariance matrices for given BAO data are as follows. The covariance matrix C for BAO data from Ref. [113] is
�

1.3225 −0.1009
−0.1009 0.0380

�
; ð9Þ

for BAO data from Ref. [114] it is
2
6664
0.02860520 −0.04939281 0.01489688 −0.01387079
0.04939281 −0.5307187 −0.02423513 0.1767087

0.01489688 −0.02423513 0.04147534 −0.04873962
−0.01387079 0.1767087 −0.04873962 0.3268589

3
7775; ð10Þ

for BAO data from Refs. [114,115], it is
�
0.1076634008565565 −0.05831820341302727
−0.05831820341302727 0.2838176386340292

�
; ð11Þ

and for BAO data from Refs. [116,117], it is

�
0.63731604 0.1706891

0.1706891 0.30468415

�
: ð12Þ

In the following, we refer to the BAO data compilation
used in Ref. [58] as old BAO data. As discussed, e.g.,
below Eq. (45) of Ref. [115], BAO measurements are
robust to the choice of fiducial cosmology, close to the
assumed one.
SN Ia data. We used two sets of SN Ia data jointly in
the analyses of Ref. [58]: 1048 Pantheon (abbreviated
as “SNP”) measurements from Ref. [118] that
span a redshift range of 0.01 < z < 2.3 and 20 binned
DES 3 yr (abbreviated as “SND”) measurements from
Ref. [119] that span a redshift range of 0.015 ≤ z ≤
0.7026. In the following, we refer to the SN Ia data
compilation used in Ref. [58] as SNPþ SND data. In
this paper, we use 1590 of the 1701 Pantheonþ SN Ia
(abbreviated as “SNPþ”) measurements from
Ref. [10] that span a redshift range of 0.01016 ≤ z ≤
2.26137, with a minimum redshift of z > 0.01
to avoid dependence on peculiar velocity models.

TABLE II. 12 BAO data.

z Measurementa Value Reference

0.122 DVðrs;fid=rsÞ 539� 17 [112]
0.38 DM=rs 10.23406 [114]b

0.38 DH=rs 24.98058 [114]b

0.51 DM=rs 13.36595 [114]b

0.51 DH=rs 22.31656 [114]b

0.698 DM=rs 17.85823691865007 [114, 115]c

0.698 DH=rs 19.32575373059217 [114, 115]c

0.835 DM=rs 18.92� 0.51 [130]d

1.48 DM=rs 30.6876 [116, 117]e

1.48 DH=rs 13.2609 [116, 117]e

2.334 DM=rs 37.5 [113]f

2.334 DH=rs 8.99 [113]f

aDV , rs, rs;fid, DM, DH , and DA have units of Mpc.
bThe four measurements from Ref. [114] are correlated; see

Eq. (10) below for their correlation matrix.
cThe two measurements from Refs. [114,115] are correlated;

see Eq. (11) below for their correlation matrix.
dThis measurement is updated relative to the one from

Ref. [131] used in Ref. [58].
eThe two measurements from Refs. [116,117] are correlated;

see Eq. (12) below for their correlation matrix.
fThe two measurements from Ref. [113] are correlated; see

Eq. (9) below for their correlation matrix.
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We note that SNPþ data includes updated SNP and
SND data.

QSO angular size (QSO-AS) data. The 120 QSO
angular size measurements are listed in Table 1 of
Ref. [17] and span the redshift range 0.462≤ z≤2.73.
The angular size of a QSO can be predicted in a given
cosmological model by using the formula θðzÞ ¼
lm=DAðzÞ, where lm is the characteristic linear size
of the QSOs in the sample and DAðzÞ is the angular
diameter distance at redshift z.

H IIG data. The 181 H IIG measurements listed in
Table A3 of Ref. [13] include 107 low-z ones from
Ref. [12] recalibrated in Ref. [120], spanning the
redshift range 0.0088 ≤ z ≤ 0.16417, and 74 high-z
ones spanning the redshift range 0.63427≤ z≤2.545.
These sources follow a correlation between the ob-
served luminosity (L) of the Balmer emission lines
and the velocity dispersion (σ) of the ionized gas,
represented by the equation logL¼β logσþγ, where
log ¼ log10. In Ref. [13], 107 low-zH IIG and 36 giant
extragalactic H II regions (GH IIR) data are used to
determine the intercept and slope parameters, β and γ,
which are found to be 5.022� 0.058 and 33.268�
0.083, respectively. To infer the distances for
GH IIR data, they relied on primary indicators such
as Cepheids, TRGB, and theoretical model calibra-
tions, [121]. Using this relation, the observed distance
modulus of an H IIG can be computed as μobs ¼
2.5 logL − 2.5 log f − 100.2, where fðzÞ is the
measured flux at redshift z corrected for extinction
using the Gordon extinction law [122]. The
theoretical distance modulus in a given cosmological
model is μthðzÞ ¼ 5 logDLðzÞ þ 25, where DLðzÞ ¼
ð1þ zÞDMðzÞ is the luminosity distance.

Mg II QSO and C IV QSO sample. The sample of 78 Mg
II QSO and 38 CIV QSO measurements, listed in
Tables A1 of Refs. [25,27], respectively, span a
wide range of redshifts, from 0.0033 ≤ z ≤ 1.89 for
Mg II QSOs and from 0.001064 ≤ z ≤ 3.368 for
C IV QSOs. Both Mg II QSO and C IV QSO sources
follow the radius-luminosity (R − L) relation log τ ¼
β þ γðlogL − 44Þ. Here, τ (days) is the QSO time-lag,
β is the intercept parameter, and γ is the slope
parameter. For Mg II QSOs and C IV QSOs, we
denote β and γ as βM and γM, and βC and γC,
respectively. The monochromatic luminosity L ¼
4πD2

LF, where F is the QSO flux measured in units
of erg s−1 cm−2 at 1350 Å and 3000 Å for Mg II QSOs
and C IV QSOs, respectively. As described in
Refs. [25,27], in our analysis, we must simultaneously
determine both R − L relation and cosmological
parameters and verify that the R − L relation param-
eters are independent of the assumed cosmological
model for the Mg II QSOs and C IV QSOs to be
standardizable. In addition to what we used in

Ref. [58], here we also use the 38 C IV QSOs and
improve on the analyses of these QSOs by now
accounting for the asymmetry in the data error bars,
as described in Ref. [27].

A118 GRB sample. The A118 sample, which is listed in
Table 7 of Ref. [37], consists of 118 long GRBs and
spans a wide redshift range, from 0.3399 to 8.2. The
isotropic radiated energy Eiso of a GRB source in its
rest frame is Eiso ¼ 4πD2

LSbolo=ð1þ zÞ, where Sbolo is
the bolometric fluence computed in the standard rest-
frame energy band 1–104 keV. The peak energy of a
source is Ep ¼ ð1þ zÞEp;obs, where Ep;obs is the
observed peak energy. There is a correlation between
Eiso and Ep known as the Amati correlation [123,124],
which is given by logEiso ¼ βA þ γA logEp. As de-
scribed in Ref. [37], we must simultaneously deter-
mine both the Amati relation and cosmological
parameters and verify that the Amati relation param-
eters are independent of the assumed cosmological
model for the A118 GRBs to be standardizable. Note
that here we use the correct value of Ep ¼ 871�
123 keV for GRB081121, as discussed in Ref. [43],
rather than the value listed in Table 7 of Ref. [37] and
used in Ref. [58].

IV. DATA ANALYSIS METHODOLOGY

The natural log of the likelihood function for the
C IV, Mg II, and A118 datasets (denoted with subscript
“S” that is either C IV, Mg II, or A118) with measured
quantity Q, [132], is

lnLs ¼ −
1

2

�
χ2s þ

XN
i¼1

ln ð2πσ2tot;s;iÞ
�
; ð13Þ

where

χ2s ¼
XN
i¼1

�ðQobs;s;i −Qth;s;iÞ2
σ2tot;s;i

�
ð14Þ

with a total uncertainty,

σ2tot;s;i ¼ σ2int;s þ σ2Qobs;s;i
þ σ2Qth;s;i

: ð15Þ

σint;s represents the intrinsic scatter parameter for data S,
which also accounts for unknown systematic uncertainties.
N is the total number of data points.
The natural log of the likelihood function for some HðzÞ

and BAO data and for QSO-AS and H IIG data (also
denoted “S”) with measured quantity Q is

lnLs ¼ −
1

2
χ2s ; ð16Þ
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where

χ2s ¼
XN
i¼1

�ðQobs;s;i −Qth;s;iÞ2
σ2tot;s;i

�
ð17Þ

with a total uncertainty,

σ2tot;s;i ¼ σ2sys;s;i þ σ2Qobs;s;i
þ σ2Qth;s;i

; ð18Þ

with σsys;s;i being the systematic uncertainty at redshift zi.
It is important to note that we have ignored the systematic
uncertainties for H IIG data because they are not
yet properly quantified. Following Ref. [17], the total
uncertainty for QSO-AS data is calculated as σtot;i ¼
σθobs;i þ 0.1θobs;i, taking into consideration a 10% margin
for both observational and intrinsic errors in the observed
angular sizes θobs;i.
For those HðzÞ and BAO data (also denoted “S”) with

covariance matrix Cs,

χ2s ¼ ½Qth;s;i −Qobs;s;i�TC−1
s ½Qth;s;i −Qobs;s;i�; ð19Þ

in which superscripts T and −1 represent transpose and
inverse of the matrix, respectively.
For SN Ia data, χ2SN is calculated using Eq. (C1) in

Appendix C of Ref. [133]. In this equation, the variableM,
that includes the SN Ia absolute magnitude M and the
Hubble constant H0, is marginalized; therefore, here SN Ia
data cannot constrain H0. However, when we allow Ωbh2

and Ωch2 to be free parameters, H0 is derived from the
Ωbh2 and Ωch2 constraints.
In this paper, we do not use CMB data. Instead, in our

analyses of BAO data, we determine the sound horizon rs
by also constraining Ωbh2 and Ωch2 from these data.
Consequently, our cosmological parameter constraints do
not depend on CMB data.
The QSO-ASþ H IIG and Mg IIþ C IV constraints used

in our paper are taken from Refs. [27,58], respectively. The
analyses of Ref. [27] account for the asymmetric errors of
the Mg IIþ C IV measurements.
The flat priors for the free cosmological and noncosmo-

logical parameters are listed in Table III. Some of the
individual datasets (or smaller combinations of individual
datasets) are unable to constrain some cosmological param-
eters. In these cases, we fix these cosmological parameter
values; see discussion in Table III footnotes. Note that we do
not need to do this for larger combinations of individual
datasets; these data combinations determine cosmological
parameter values in a prior-independent manner.
The Markov chain Monte Carlo (MCMC) code

MontePython [134,135] is utilized to maximize the likelihood
functions and determine the posterior distributions of all
free parameters. The PYTHON package GetDist [136] is used
to analyze the MCMC results and create plots.

The Akaike information criterion (AIC), the Bayesian
information criterion (BIC), and the deviance information
criterion (DIC) are

AIC ¼ −2 lnLmax þ 2n; ð20Þ

BIC ¼ −2 lnLmax þ n lnN; ð21Þ

and

DIC ¼ −2 lnLmax þ 2neff ; ð22Þ

where n is the number of parameters in the given model,
and neff ¼ h−2 lnLi þ 2 lnLmax represents the number of
effectively constrained parameters. Here, the angular brack-
ets indicate an average over the posterior distribution and
Lmax is the maximum value of the likelihood function.
ΔA=B=DIC values are computed by subtracting the

ΔA=B=DIC value of the flat ΛCDM reference model from
the values of the other five cosmological dark energy
models. Negative values of ΔA=B=DIC indicate that the
model being evaluated fits the dataset better than does
the flat ΛCDM reference model, while positive values
indicate a worse fit. In comparison to the model with the
lowest A=B=DIC value, a ΔA=B=DIC value within the
range (0, 2] indicates weak evidence against the model
being evaluated, a value within (2, 6] indicates positive

TABLE III. Flat priors of the constrained parameters.

Parameter Prior

Cosmological parameters

ha [None, None]
Ωbh2

b [0, 1]
Ωch2

c [0, 1]
Ωk0 [−2, 2]
α [0, 10]
wX [−5, 0.33]

Noncosmological parameters
γM [0, 5]
βM [0, 10]
σint;M [0, 5]
γC [0, 5]
βC [0, 10]
σint;C [0, 5]
γA [0, 5]
βA [0, 300]
σint;A [0, 5]
lm [None, None]

aH0 in unit of 100 km s−1 Mpc−1. In the Mg IIþ C IV and
A118 cases h ¼ 0.7, in the SNPþ SND and SNPþ cases
0.2 ≤ h ≤ 1, and in other cases, the h prior range is irrelevant
(unbounded).

bIn the Mg IIþ C IV and A118 cases Ωbh2 is set to be 0.0245,
i.e., Ωb ¼ 0.05.

cIn the Mg IIþ C IV and A118 cases Ωm0 ∈ ½0; 1� is ensured.
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evidence against the model, a value within (6, 10] indicates
strong evidence against the model, and a value greater than
10 indicates very strong evidence against the model.

V. RESULTS

A. Comparison of constraints obtained from
old HðzÞ data and HðzÞ data, old HðzÞ+ old BAO
data and HðzÞ+ BAO data, and SNP+SND data

and SNP+ data

For old HðzÞ, HðzÞ, old HðzÞþ old BAO, HðzÞþ BAO,
SNPþ SND, and SNPþ data, the best-fitting parameter
values, likelihood values, and information criteria values
for all models are given in Table IV and the marginalized
posterior mean parameter values and uncertainties for
all models are listed in Table V. Figures 1–3 show the
probability distributions and confidence regions of cosmo-
logical parameters, obtained from old HðzÞ and HðzÞ data,
from oldHðzÞþ old BAO and HðzÞ þ BAO data, and from
SNPþ SND and SNPþ data, respectively.
OldHðzÞ data constraints onΩm0 range from 0.193þ0.056

−0.117
(nonflat ϕCDM) to 0.390þ0.167

−0.172 (nonflat ΛCDM), with a
difference of 1.1σ. In contrast, HðzÞ data favor values of
Ωm0 lower by ≲0.17σ and ranging from 0.172þ0.048

−0.104 (non-
flat ϕCDM) to 0.374þ0.151

−0.210 (nonflat ΛCDM), with a differ-
ence of 0.94σ.
Old HðzÞ data constraints on H0 range from 62.81þ2.65

−3.18
km s−1 Mpc−1 (nonflat ϕCDM) to 79.55þ7.01

−15.05 kms−1Mpc−1

(flat XCDM), with a difference of 1.1σ. In contrast, HðzÞ
data favor values of H0 higher by ≲0.36σ (and with larger
error bars), ranging from 64.32þ3.59

−4.04 km s−1Mpc−1 (nonflat
ϕCDM) to 80.96þ7.59

−16.10 km s−1Mpc−1 (flat XCDM), with a
difference of 1.0σ.
Old HðzÞ data constraints on Ωk0 are −0.174þ0.501

−0.491 ,
0.241þ0.451

−0.261 , and 0.262þ0.265
−0.337 for nonflat ΛCDM, XCDM,

and ϕCDM, respectively. In contrast, HðzÞ data constraints
on Ωk0 are −0.136þ0.564

−0.457 , 0.228
þ0.456
−0.267 , and 0.277þ0.249

−0.331 for
nonflat ΛCDM, XCDM, and ϕCDM, which are 0.056σ
higher, 0.025σ lower, and 0.035σ higher than those from
old HðzÞ data, respectively. Both old HðzÞ and HðzÞ data
indicate that closed spatial geometry is mildly favored by
nonflat ΛCDM, and that open spatial geometry is mildly
favored by nonflat XCDM and nonflat ϕCDM, but flat
hypersurfaces are still within 1σ.
Both old HðzÞ data and HðzÞ data indicate a slight

preference for dark energy dynamics, with approximately
similar evidence for deviation from the ΛCDMmodels. For
HðzÞ data, for the flat and nonflat XCDM models, the wX
parameter is found to be 0.84σ and 0.68σ lower than −1,
respectively. Similarly, for both the flat and nonflat ϕCDM
models, the α parameter is found to be 1.1σ away from 0.
OldHðzÞþ old BAO data constraints on Ωm0 range from

0.275� 0.023 (flat ϕCDM) to 0.301þ0.016
−0.018 (flat ΛCDM),

with a difference of 0.89σ. In contrast, HðzÞþ BAO dataTA
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(a) (b)

(c) (d)

(e) (f)

FIG. 1. One-dimensional likelihoods and 1σ, 2σ, and 3σ two-dimensional likelihood confidence contours from old HðzÞ (red) and
HðzÞ (blue) data for six different models. The black dashed zero-acceleration lines in panels (b)–(f), computed for the third cosmological
parameter set to theHðzÞþ BAO data best-fitting values listed in Table IV in panels (d) and (f), divides the parameter space into regions
associated with currently accelerating (below or below left) and currently decelerating (above or above right) cosmological expansion.
The crimson dash-dot lines represent flat hypersurfaces, with closed spatial hypersurfaces either below or to the left. The magenta lines
represent wX ¼ −1, i.e., flat or nonflat ΛCDM models. The α ¼ 0 axes correspond to flat and nonflat ΛCDM models in panels (e) and
(f), respectively.
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(a) (b)

(c) (d)

(e) (f)

FIG. 2. Same as Fig. 1 but for old HðzÞ þ old BAO (red) and HðzÞ þ BAO (blue) data.
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(a) (b)

(c) (d)

(e) (f)

FIG. 3. Same as Fig. 1 but for SNPþ SND (red) and SNPþ (blue) data. The black dashed zero-acceleration lines in panels (b)–(f),
computed for the third cosmological parameter set to the HðzÞþ BAO data best-fitting values listed in Table IV in panels (d) and (f),
divides the parameter space into regions associated with currently accelerating (below or below left) and currently decelerating (above or
above right) cosmological expansion.
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favor values of Ωm0 lower by ≲0.17σ and ranging from
0.272þ0.024

−0.022 (flat ϕCDM) to 0.297þ0.015
−0.017 (flat ΛCDM), with

a difference of 0.85σ.
Old HðzÞþ old BAO data constraints on H0 range

from 65.47þ2.22
−2.21 km s−1 Mpc−1 (flat ϕCDM) to 69.14�

1.85 km s−1 Mpc−1 (flat ΛCDM), with a difference of 1.3σ.
In contrast, HðzÞþ BAO data favor values of H0 higher
by ≲0.41σ (and with larger error bars), ranging from
66.19þ2.89

−2.88 km s−1Mpc−1 (flat ϕCDM) to 70.49�
2.74 km s−1 Mpc−1 (flat ΛCDM), with a difference of 1.1σ.
Old HðzÞþ old BAO data constraints on Ωk0 are

0.059þ0.081
−0.091 , −0.027� 0.109, and −0.034þ0.087

−0.098 for nonflat
ΛCDM, XCDM, and ϕCDM, respectively. In contrast,
HðzÞþ BAO data constraints on Ωk0 are 0.047þ0.082

−0.089 ,
−0.054� 0.103, and −0.052þ0.093

−0.087 for nonflat ΛCDM,
XCDM, and ϕCDM, which are 0.10σ, 0.18σ, and 0.13σ
lower than those from old HðzÞþ old BAO data, respec-
tively. In contrast to old HðzÞ and HðzÞ data, both old
HðzÞþ old BAO and HðzÞþ BAO data indicate that open
spatial geometry is mildly favored by nonflat ΛCDM, and
closed spatial geometry is mildly favored by nonflat
XCDM and nonflat ϕCDM, but flat hypersurfaces are still
within 1σ.
Both old HðzÞþ old BAO data and HðzÞþ BAO data

show strong evidence for dark energy dynamics. In the old
HðzÞþ old BAO data case, for flat (nonflat) XCDM (1σ and
2σ), wX ¼ −0.784þ0.140þ0.230

−0.107−0.243 (wX ¼ −0.770þ0.149þ0.233
−0.098−0.256 ),

with central values being < 2σ higher than wX ¼ −1
(ΛCDM); and for flat (nonflat) ϕCDM (1σ and 2σ), α ¼
1.267þ0.536þ1.240

−0.807−1.221 (α ¼ 1.360þ0.584þ1.289
−0.819−1.300 ), with central val-

ues being > 2σ away from α ¼ 0 (ΛCDM). In the HðzÞþ
BAO data case, for flat (nonflat) XCDM (1σ and 2σ), wX ¼
−0.776þ0.130þ0.221

−0.103−0.232 (wX ¼ −0.757þ0.135þ0.215
−0.093−0.236 ), with central

values being < 2σ (> 2σ) higher than wX ¼ −1 (ΛCDM);
and for flat (nonflat) ϕCDM (1σ and 2σ), α ¼
1.271þ0.507þ1.294

−0.836−1.228 (α ¼ 1.427þ0.572þ1.365
−0.830−1.317 ), with central val-

ues being > 2σ away from α ¼ 0 (ΛCDM).
Since SN Ia data alone cannot constrain H0 we choose a

narrower prior of H0 ∈ ½20; 100� km s−1 Mpc−1 for these
data. The constraints on H0 derived from those on Ωbh2

and Ωch2 for both SN Ia datasets provide 2σ lower limits
that are in agreement with H0 constraints derived from
other data.
SNPþ SND data constraints on Ωm0 range from

0.181þ0.075
−0.076 (flat ϕCDM) to 0.317� 0.068 (nonflat

ΛCDM), with a difference of 1.3σ. In contrast, SNPþ
data constraints on Ωm0 differ from the SNPþ SND ones
by −0.35σ to 0.76σ, ranging from 0.175þ0.065

−0.092 (flat ϕCDM)
to 0.332� 0.020 (flat ΛCDM), with a difference of 2.3σ.
SNPþ SND data constraints on Ωk0 are −0.017þ0.172

−0.174 ,
0.130þ0.426

−0.249 , and −0.026þ0.126
−0.150 for nonflat ΛCDM, XCDM,

and ϕCDM, respectively. In contrast, SNPþ data

constraints on Ωk0 are 0.089� 0.132, 0.215þ0.350
−0.202 , and

−0.001þ0.108
−0.132 for nonflat ΛCDM, XCDM, and ϕCDM,

which are 0.49σ, 0.18σ, and 0.14σ higher than those from
SNPþ SND data, respectively. SNPþ SND data show that
open spatial geometry is mildly favored by nonflat XCDM,
and closed spatial geometry is mildly favored by nonflat
ΛCDM and ϕCDM; while SNPþ data show that open
geometry is mildly favored by nonflatΛCDM, XCDM, and
ϕCDM. Both sets of data indicate that flat hypersurfaces
remain within the 1σ confidence interval, with the excep-
tion of the nonflat XCDM scenario, where SNPþ data
deviates by 1.1σ from flatness.
Both SNPþ SND and SNPþ data show a slight

preference for dark energy dynamics, but deviations from
the ΛCDM models are within 1σ. In the SNPþ SND case,
for flat (nonflat) XCDM, wX ¼ −1.054þ0.237

−0.171 (wX ¼
−1.499þ0.901

−0.237 ), with central values being 0.23σ (0.55σ)
lower than wX ¼ −1 (ΛCDM); and for flat (nonflat)
ϕCDM, 2σ upper limits of α < 4.052 and α < 3.067
suggest that α ¼ 0 (ΛCDM) is within 1σ. In the SNPþ
case, for flat (nonflat) XCDM, wX ¼ −0.900þ0.166

−0.124 (wX ¼
−1.424þ0.798

−0.251 ), with central values being 0.81σ (0.53σ)
higher (lower) than wX ¼ −1 (ΛCDM); and for flat (non-
flat) ϕCDM, α ¼ 1.966þ0.479

−1.907 (α ¼ 1.282þ0.290
−1.255 ), with both

central values being 1.0σ away from α ¼ 0 (ΛCDM).

B. Constraints from old HðzÞ + old BAO+SNP +SND
data and HðzÞ+BAO+SNP+ data

For old HðzÞþ old BAOþ SNPþ SND and HðzÞ þ
BAOþ SNPþ data, the best-fitting parameter values,
likelihood values, and information criteria values for all
models are given in Table IVand the marginalized posterior
mean parameter values and uncertainties for all models are
listed in Table V. Figures 4 and 5 show the probability
distributions and confidence regions of cosmological
parameters, obtained from SNPþ, HðzÞþ BAO, HðzÞ þ
BAOþ SNPþ, and old HðzÞþ old BAOþ SNPþ SND
data. Constraints from SNPþ, HðzÞ, and BAO data are
mutually consistent so these data can be used together to
constrain cosmological parameters, as discussed below.
Note that the old HðzÞþ old BAOþ SNPþ SND data
results are from Ref. [58] and are used here to compare to
HðzÞþBAOþ SNPþ constraints.
HðzÞþBAOþ SNPþ ðHzBSNÞ data constraints on

Ωm0 range from 0.282� 0.018 (flat ϕCDM) to 0.312�
0.013 (flat ΛCDM), with a difference of 1.4σ. In contrast,
old HðzÞþ old BAOþ SNPþ SND data favor values
of Ωm0 higher by ≲0.22σ (or lower by 0.42σ for flat
ΛCDM) and ranging from 0.287� 0.017 (flat ϕCDM) to
0.304þ0.014

−0.015 (flat ΛCDM), with a difference of 0.75σ.
HzBSN data constraints on H0 range from 68.89�

2.44 km s−1 Mpc−1 (nonflat ΛCDM) to 69.65�
2.48 km s−1 Mpc−1 (flat ΛCDM), with a difference of
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(a) (b)

(c) (d)

(e) (f)

FIG. 4. Same as Fig. 1 but for SNPþ (gray), HðzÞ þ BAO (green), and HðzÞ þ BAO þ SNPþ (blue) data.
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(a) (b)

(c) (d)

(e) (f)

FIG. 5. Same as Fig. 1 but for old HðzÞ þ old BAO þ SNPþ SND (red) and HðzÞ þ BAOþ SNPþ (blue) data.
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0.22σ. These H0 values are 0.24σ (nonflat ΛCDM) and
0.44σ (flat ΛCDM) higher than the median statistics
estimate ofH0 ¼ 68� 2.8 km s−1 Mpc−1 [59], 0.31σ (non-
flat ΛCDM) and 0.05σ (flat ΛCDM) lower than the TRGB
and SN Ia estimate ofH0 ¼ 69.8� 1.7 km s−1 Mpc−1 [60],
and 1.6σ (nonflat ΛCDM) and 1.3σ (flat ΛCDM) lower
than the Cepheids and SN Ia measurement of 73.04�
1.04 km s−1 Mpc−1 [61]. The H0 constraints from flat
ΛCDM is 0.90σ higher than the H0 estimate of 67.36�
0.54 km s−1 Mpc−1 from Planck 2018 TT;TE;EEþ
lowEþ lensing CMB anisotropy data [7]. In contrast,
old HðzÞþ old BAOþ SNPþ SND data favor values
of H0 lower by ≲0.41σ (and with smaller error bars),
ranging from 68.29� 1.78 km s−1 Mpc−1 (flat ϕCDM) to
69.04� 1.77 km s−1Mpc−1 (flat ΛCDM), with a differ-
ence of 0.30σ.
HzBSN data constraints on Ωk0 are 0.087� 0.063,

−0.017� 0.095, and −0.035þ0.071
−0.085 for nonflat ΛCDM,

XCDM, and ϕCDM, respectively. In contrast, old HðzÞþ
old BAOþ SNPþ SND data constraints on Ωk0 are
0.040� 0.070, −0.001� 0.098, and −0.038þ0.071

−0.085 for non-
flat ΛCDM, XCDM, and ϕCDM, which are 0.50σ lower,
0.12σ higher, and 0.027σ lower than those from HzBSN
data, respectively. For both datasets, nonflat ΛCDM favors
open spatial geometry, with HzBSN data being 1.4σ away
from flat and old HðzÞþ old BAOþ SNPþ SND data
being within 1σ of flat, while closed spatial geometry is
favored by nonflat XCDM and nonflat ϕCDM, with
flatness well within 1σ.
HzBSN data indicate a strong preference for dark energy

dynamics. In particular, the central values of the XCDM
equation of state parameter, wX, are found to be >2σ and
slightly <2σ higher than −1 for flat and nonflat para-
metrizations respectively. Similarly, the central values of
the parameter α in both the flat and nonflat ϕCDM models
are found to be >2σ away from 0. Note that these
constraints are skewed and non-Gaussian. old HðzÞþ old
BAOþ SNPþ SND data show somewhat less preference
for dark energy dynamics. Specifically, for flat (nonflat)
XCDM, wX¼−0.941�0.064 (wX¼−0.948þ0.098

−0.068 ), with
central values being 0.92σ (0.76σ) higher than wX ¼ −1,
and for flat (nonflat) ϕCDM, α ¼ 0.324þ0.122

−0.264 (α ¼
0.382þ0.151

−0.299 ), with central values being 1.2σ (1.3σ) away
from α ¼ 0.
Relative to the old HðzÞþ old BAOþ SNPþ SND data

constraints of Ref. [58], the most significant changes in
the constraints from HzBSN data are that they more
strongly favor dark energy dynamics and provide larger
H0 error bars.

C. Constraints from
QSO-AS+HIIG+MgII+CIV +A118 data

Constraints from QSO-ASþ H IIG, Mg IIþ C IV, and
A118 data are listed in Tables VI and VII, and their

confidence regions are shown in Fig. 6. Note that A118
results here are corrected with respect to the ones reported
in Ref. [42] and used in Ref. [58]. Since the changes are
insignificant we do not discuss these results in detail here.
QSO-ASþ H IIG, Mg IIþ C IV, and A118 data constraints
are mutually consistent, so these data can be used together
to constrain cosmological parameters, as discussed next.
Joint QSO-ASþHIIGþMgIIþCIVþA118 (QHMCA)

data constraints on Ωm0 range from 0.175þ0.074
−0.080 (flat

ϕCDM) to 0.313� 0.045 (flat XCDM), with a difference
of 1.6σ.
QHMCA data constraints on H0 range from 70.63�

1.85 km s−1 Mpc−1 (nonflat ϕCDM) to
73.51þ2.15

−2.52 km s−1Mpc−1 (flat XCDM), with a difference
of 0.92σ. These H0 values are 0.78σ (nonflat ϕCDM)
and 1.5σ (flat XCDM) higher than the median statistics
estimate of H0 ¼ 68� 2.8 km s−1 Mpc−1 [59] (also see
Refs. [137,138]), 0.33σ (nonflat ϕCDM) and 1.2σ (flat
XCDM) higher than the TRGB and SN Ia estimate ofH0 ¼
69.8� 1.7 km s−1 Mpc−1 [60], and 1.1σ (nonflat ϕCDM)
lower and 0.17σ (flat XCDM) higher than the Cepheids and
SN Ia measurement of 73.04� 1.04 km s−1 Mpc−1 [61].
The H0 constraints from flat ΛCDM here, 71.43�
1.73 km s−1 Mpc−1, is 2.2σ higher than the H0 estimate
of 67.36� 0.54 km s−1 Mpc−1 from Planck 2018
TT;TE;EEþ lowEþ lensing CMB anisotropy data [7].
QHMCA data constraints on Ωk0 are −0.157þ0.109

−0.211 ,
0.039þ0.219

−0.229 , and 0.018þ0.083
−0.282 for nonflat ΛCDM, XCDM,

and ϕCDM, respectively. The nonflat ΛCDM result favors
closed spatial geometry, being 1.4σ away from flat, while
open spatial geometry is favored in both the nonflat XCDM
and nonflat ϕCDM models, but with flatness well
within 1σ.
QHMCA data indicate a preference for dark energy

dynamics. In particular, the central values of the XCDM
equation of state parameter, wX, are found to be 1.1σ and
0.83σ lower than −1 for the flat and nonflat parametriza-
tions, respectively. 2σ upper limits of α in both the flat and
nonflat ϕCDM models suggest α ¼ 0 is within 1σ.
QSO-ASþHIIGþMgIIþCIVþA118 data constraints

derived here are very consistent with the QSO-ASþ
H IIGþMg IIþ A118 data constraints derived in Ref. [58].

D. Constraints from HðzÞ+ BAO +SNP + +QSO-AS+
HIIG+MgII+CIV +A118 and old HðzÞ+ old

BAO+SNP+SND+QSO-AS+HIIG +
MgII+A118 data

For HðzÞþBAOþ SNPþþQSO-ASþHIIGþMgIIþ
CIVþA118 (HzBSNQHMCA) data and old HðzÞþ old
BAOþ SNPþ SNDþ QSO-ASþ H IIGþMg IIþ A118
(OHzBSNQHMA) data, the best-fitting parameter values,
likelihood values, and information criteria values for all
models are given in Table VI and the marginalized posterior
mean parameter values and uncertainties for all models are
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(a) (b)

(c) (d)

(e) (f)

FIG. 6. Same as Fig. 1 but for QSO-ASþ H IIG (blue), Mg IIþ C IV (green), A118 (gray), and QSO-ASþ H IIGþMg IIþ C IVþ
A118 (red) data. The black dashed zero-acceleration lines, computed for the third cosmological parameter set to the HðzÞþ BAO data
best-fitting values listed in Table IV in panels (d) and (f), divides the parameter space into regions associated with currently accelerating
(below left) and currently decelerating (above right) cosmological expansion.
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listed in Table VII. The OHzBSNQHMA data results are
from Ref. [58] and are used here to compare to
HzBSNQHMCA data constraints. Note that there is a
typo in Table 5 of Ref. [58], where in the flat XCDM
OHzBSNQHMA case, Ωbh2 should be 0.1147þ0.0098

−0.0097
instead of 0.1449þ0.0098

−0.0097 . Constraints derived without using
H IIG data are discussed in the Appendix.
Figures 7 and 8 show that HðzÞþBAOþ SNPþ and

QSO-ASþ H IIGþMg IIþ C IVþ A118 data constraints
are mutually consistent so these data can be used together
to more restrictively constrain cosmological parameter
values. Figure 9 compares the probability distributions
and confidence regions of cosmological parameters,
obtained from HzBSNQHMCA and OHzBSNQHMA data.
HzBSNQHMCA data constraints on Ωm0 range from

0.281� 0.017 (flat ϕCDM) to 0.308� 0.012 (flat
ΛCDM), with a difference of 1.3σ. This difference is
somewhat larger than the 0.73σ difference for the
OHzBSNQHMA dataset, [58].
HzBSNQHMCA data constraints on Ωbh2 range from

0.0250� 0.0021 (flat ΛCDM) to 0.0307þ0.0032
−0.0038 (flat

ϕCDM), with a difference of 1.3σ. The constraints on
Ωch2 range from 0.1057þ0.0118

−0.0107 (flat ϕCDM) to 0.1260�
0.0064 (flat ΛCDM), with a difference of 1.5σ.
HzBSNQHMCA data constraints on H0 range from

69.76� 1.25 km s−1Mpc−1 (nonflat ϕCDM) to 70.13�
1.25 km s−1 Mpc−1 (flat ΛCDM), with a difference of
0.21σ. This difference is slightly smaller than the 0.23σ
difference for the OHzBSNQHMA dataset, [58]. These H0

values are 0.57σ (nonflat ϕCDM) and 0.69σ (flat ΛCDM)
higher than the median statistics estimate of H0 ¼ 68�
2.8 km s−1Mpc−1 [59], 0.02σ (nonflat ϕCDM) lower and
0.16σ (flat ΛCDM) higher than the TRGB and SN Ia
estimate of H0 ¼ 69.8� 1.7 km s−1Mpc−1 [60], and 2.0σ
(nonflat ϕCDM) and 1.8σ (flat ΛCDM) lower than the
Cepheids and SN Ia measurement of 73.04�
1.04 km s−1 Mpc−1 [61]. The H0 constraints from flat
ΛCDM is 2.0σ higher than the H0 estimate of 67.36�
0.54 km s−1 Mpc−1 from Planck 2018 TT;TE;EEþ
lowEþ lensing CMB anisotropy data [7].
HzBSNQHMCA data constraints on Ωk0 are 0.074�

0.056,−0.004�0.078, and−0.021þ0.067
−0.074 for nonflatΛCDM,

XCDM, and ϕCDM, respectively. Nonflat ΛCDM favors
open spatial geometry, being 1.3σ away from flat, while
closed spatial geometry is favored by nonflat XCDM and
nonflat ϕCDM, with flatness within 1σ. It is interesting that
for the non-CMB data compilation of Ref. [81] the two
nonflat ΛCDM models, with two different primordial power
spectra, favor closed geometry at ∼0.7σ, but that non-CMB
data compilation includes growth factormeasurements and so
those constraints also depend on the primordial power
spectrum assumed, unlike the constraints we derive here.
HzBSNQHMCA data indicate a strong preference for

dark energy dynamics. For flat (nonflat) XCDM (1σ and

2σ), wX ¼−0.895� 0.051þ0.099
−0.105 (wX ¼−0.897þ0.075

−0.055
þ0.127
−0.139 ),

with central values being 2.0σ (1.6σ) higher than wX ¼ −1
(ΛCDM). For flat (nonflat) ϕCDM (1σ and 2σ), α ¼
0.423þ0.168

−0.246
þ0.405
−0.393 (α ¼ 0.468þ0.200

−0.292
þ0.454), with central val-

ues being > 2σ (1.6σ) away from α ¼ 0 (ΛCDM).
HzBSNQHMCA data constraints are in good agreement

with OHzBSNQHMA data constraints. Specifically, the
Ωbh2 constraints from the former are between 0.21σ lower
(flat ΛCDM) and 0.52σ higher (flat XCDM); the Ωch2

constraints from the former are between 0.32σ lower
(nonflat ϕCDM) and 0.67σ higher (flat ΛCDM); the
Ωm0 constraints from the former are between 0.30σ lower
(nonflat ϕCDM) and 0.47σ higher (flat ΛCDM); and the
H0 constraints from the former are between 0.093σ higher
(nonflat XCDM) and 0.17σ higher (flat ϕCDM).
In nonflat ΛCDM, XCDM, and ϕCDM, the Ωk0 con-

straints from HzBSNQHMCA data are 0.69σ, 0.046σ,
and 0.19σ higher than those from OHzBSNQHMA data,
respectively. In both datasets, open spatial geometry is
favored by nonflat ΛCDM, and closed spatial geometry is
favored by nonflat XCDM and nonflat ϕCDM.
In flat and nonflat XCDM and ϕCDM, the wX and α

constraints from HzBSNQHMCA data are 0.82σ, 0.59σ,
0.68σ, and 0.49σ higher than those from OHzBSNQHMA
data, respectively. The former, new, data indicate stronger
evidence for dark energy dynamics than do the latter, old
data of Ref. [58].
Overall, the changes in constraints found here, using

updated and more data and improved analyses, compared to
those found in Ref. [58], are not large. This lends hope to
the belief that the constraints we have derived here are more
than somewhat reliable. We note however some trends from
the above numerical values of the differences, and from
Fig. 9: in all six models the new HzBSNQHMCA data
results here favor slightly larger values of H0; in the four
dynamical dark energy models, they favor slightly more
dark energy dynamics; and in five of the six models, they
favor slightly larger Ωbh2 and slightly smaller Ωch2 and
Ωm0 values, with the exception being the opposite behavior
of the flat ΛCDM model.

E. Model comparison

From the AIC, BIC, and DIC values listed in Tables IV
and VI, we find the following results:

(i) AIC. Flat ΛCDM is favored the most by HðzÞ,
SNPþ, A118, and QHMCA data; flat ϕCDM is
favored the most byHðzÞþ BAO andHðzÞþBAOþ
SNPþ data; nonflat XCDM is favored the most by
QSO-ASþ H IIG and Mg IIþ C IV data; and nonflat
XCDM is favored the most by HzBSNQHMCA
data.

The evidence against the rest of the models/
parametrizations is either only weak or positive,
except for the Mg IIþ C IV data, where the evidence
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(a) (b)

(c) (d)

(e) (f)

FIG. 7. Same as Fig. 1 but for QSO-ASþ H IIGþMg IIþ C IVþ A118 (green), HðzÞþBAOþ SNPþ (red), and HðzÞþBAOþ
SNPþþQSO-ASþ H IIGþMg IIþ C IVþ A118 (blue) data. The black dashed zero-acceleration lines in panels (b)–(f), computed for
the third cosmological parameter set to the HðzÞþ BAO data best-fitting values listed in Table IV in panels (d) and (f), divides the
parameter space into regions associated with currently accelerating (below or below left) and currently decelerating (above or above
right) cosmological expansion.
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(a) (b)

(c) (d)

(e) (f)

FIG. 8. Same as Fig. 7 but including noncosmological parameters.
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(a) (b)

(c) (d)

(e) (f)

FIG. 9. Same as Fig. 1 but for old HðzÞþ old BAOþ QSO-ASþ H IIGþMg IIþ A118 (red) and HðzÞþBAOþ SNPþ
þQSO-ASþ H IIGþMg IIþ C IVþ A118 (blue) data.
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against flat XCDM is positive, against nonflatΛCDM
is strong, and against other models/parametrizations
are very strong.

(ii) BIC. HðzÞþ BAO data favor flat ϕCDM the most,
Mg IIþ C IV favor nonflat XCDM the most, and the
other data combinations favor flat ΛCDM the most.
HðzÞþ BAO and HðzÞþBAOþ SNPþ data pro-

vide only weak or positive evidence against other
models/parametrizations.
HðzÞ, QSO-ASþ H IIG, and A118 data

provide positive or strong (nonflat XCDM and
non]flat ϕCDM) evidence against other models/
parametrizations.
Mg IIþ C IV data provide positive evidence

against nonflat ΛCDM and flat XCDM, strong
evidence against flat ΛCDM, and very strong
evidence against flat and nonflat ϕCDM.
SNPþ data provide strong or very strong (nonflat

XCDM and nonflat ϕCDM) evidence against other
models/parametrizations.
QHMCA data provide positive evidence against

nonflat ΛCDM and flat XCDM, strong evidence
against flat ϕCDM, and very strong evidence against
nonflat XCDM and nonflat ϕCDM.
HzBSNQHMCA data provide positive or very

strong (nonflat XCDM and nonflat ϕCDM) evi-
dence against other models/parametrizations.

(iii) DIC. Mg IIþ C IV data favor flat XCDM the most,
HðzÞþ BAO, HðzÞþBAOþ SNPþ, A118, and
HzBSNQHMCA data favor flat ϕCDM the most,
and the other data combinations favor flat ΛCDM
the most.
There is strong evidence against nonflat XCDM

and nonflat ϕCDM from QSO-ASþ H IIG data,
strong evidence against nonflat ϕCDM from
QHMCA data, and weak or positive evidence
against the others from the remaining datasets.

Based on the more reliable DIC values, we conclude that
HzBSNQHMCA data do not provide strong evidence
against any of the considered cosmological models and
parametrizations, and that this is also the case based on DIC
values for the more standard HzBSN data.

VI. CONCLUSION

We have used a large compilation of available lower-
redshift, non-CMB, expansion-rate datasets to derive cos-
mological constraints. By analyzing 32HðzÞ, 12 BAO,
1590 Pantheonþ SN Ia (SNPþ), 120 QSO-AS, 181 H
IIG, 78 Mg II QSO, 38 C IV QSO, and 118 A118 GRB
measurements, we find that the results from each individual
dataset are mutually consistent, and so these data can be
jointly used to study cosmological models. Additionally,
we compare these new dataset constraints to their older
counterparts and do not find large differences.

The HðzÞþBAOþ SNPþþQSO-ASþHIIGþMgIIþ
CIVþA118 (HzBSNQHMCA) data combination results in
a fairly precise summary value of Ωm0 ¼ 0.288� 0.017
(very similar to the Ωm0 ¼ 0.295� 0.017 we found in
Ref. [58]), which is in agreement with many recent
measurements, e.g., Ref. [139], and summary values of
Ωbh2 ¼ 0.0294� 0.0036 and Ωbh2 ¼ 0.1107� 0.0113.
Our summary value of the Hubble constant, H0 ¼ 69.8�
1.3 km s−1Mpc−1 (very similar to the H0 ¼ 69.7�
1.2 km s−1Mpc−1 we found in Ref. [58]), is more in line
with the values reported in Refs. [59,60] than with the
result of Ref. [61]. Specifically, our summary central value
of H0 matches that of Ref. [60], and is 0.58σ higher
and 1.9σ lower than the values reported in Refs. [59,61],
respectively. Similar to the approach outlined in
Refs. [16,58,140], the summary central value is the average
of the two (of six model) central mean values, while the
uncertainties are the quadrature sum of the systematic
uncertainty, defined as half of the difference between the
two central mean values, and the statistical uncertainty,
defined as the average of the error bars of the two central
results. We note that from model to model the Ωm0

and Ωbh2 values range over 1.3σ, while those ofΩch2 range
over 1.5σ, unlike theH0 values which range over only 0.21σ.
Our flat ΛCDM HzBSNQHMCA constraints, Ωbh2 ¼

0.0250� 0.0021,Ωch2 ¼ 0.1260� 0.0064,H0 ¼ 70.13�
1.25 km s−1 Mpc−1, and Ωm0 ¼ 0.308� 0.012, are 1.2σ,
0.92σ, and 2.0σ higher, and 0.52σ lower than those from
Planck TT;TE;EEþ lowEþ lensing CMB anisotropy
data, Ωbh2¼0.02237�0.00015, Ωch2¼0.1200�0.0012,
H0 ¼ 67.36� 0.54 km s−1Mpc−1, and Ωm0 ¼ 0.3153�
0.0073, [7], where our uncertainties are 14, 5.3, 2.3, and
1.6 times larger than those from Planck data, respectively.
Our summary values of Ωbh2, Ωch2, H0, and Ωm0, are 2.0σ
higher, 0.82σ lower, 1.7σ higher, and 1.5σ lower than those
from flat ΛCDM Planck data, where our summary values
uncertainties are 24, 9.4, 2.4, and 2.3 times larger than
those from Planck data, respectively.
Our estimated error bar for H0 is slightly larger than that

of Ref. [61] but is still much (2.4 times) larger than the error
bar from the flat ΛCDM model Planck value [7]. Our
measured summary value forH0¼69.8�1.3 kms−1Mpc−1

falls between the results from the flat ΛCDMmodel Planck
value, [7], and the Cepheids and SN Ia measurement of
Ref. [61], differing by about 2σ from both. (As discussed in
the Appendix, excluding H IIG data results in H0 values
that are ∼0.9σ higher than the Planck flat ΛCDM model
value and ∼1.3–1.6σ lower than the Cepheids and SN Ia
local expansion rate value of Ref. [61].) Our H0 value is
reasonably consistent with the slightly less-constraining
flat ΛCDM model Atacama Cosmology Telescope (ACT)
and South Pole Telescope (SPT) CMB anisotropy
values, H0¼67.9�1.5 kms−1Mpc−1 and H0¼68.8�
1.5 kms−1Mpc−1, [141,142], respectively. Our measured

SHULEI CAO and BHARAT RATRA PHYS. REV. D 107, 103521 (2023)

103521-26



summary value of H0 also agrees well with the slightly
less-constraining TRGB and SN Ia measurement of
Ref. [60]. These agreements might mean that H0 ¼ 69.8�
1.3 km s−1Mpc−1 is the current most reasonable value for
the Hubble constant.
HzBSNQHMCA data show at most mild evidence for

nonflat geometry (the strongest being 1.3σ evidence for
open geometry in the nonflat ΛCDM model) but indicate
more significant evidence for dark energy dynamics, from
1.6σ in the nonflat models to 2σ or larger in the flat
dynamical dark energy models.
The DIC analysis shows that the HzBSNQHMCA data

combination supports flat ϕCDM the most, but it does not
provide strong evidence against models with constant dark
energy or a small spatial curvature energy density (the
evidence against them is either weak or positive).
We look forward to a future where the quality and

quantity of lower-redshift, non-CMB and non-distance-
ladder, expansion-rate data, such as those utilized in this
study, are significantly improved to the level where they
can measure cosmological parameter values with error
bars comparable to those obtained from Planck CMB
anisotropy data.
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APPENDIX: CONSTRAINTS FROM
HðzÞ+ BAO+SNP+ +QSO-AS+

MgII+CIV +A118 DATA

For HðzÞþBAOþ SNPþþQSO-ASþMg IIþ C IVþ
A118 (HzBSNQMCA) data, the best-fitting parameter
values, likelihood values, and information criteria values
for all models are given in Table VI, and the marginalized

posterior mean parameter values and uncertainties for all
models are listed in Table VII. These results are indepen-
dent of both CMB data and local distance-ladder data, such
as the Cepheid or TRGB distances.
The results presented in Fig. 10 suggest that the

differences between the HzBSN and HzBSNQMCA
data constraints are relatively small. Furthermore, the
comparison of the one-dimensional marginalized con-
straints from the two datasets supports this conclusion.
Specifically, the central values of Ωm0 derived from
HzBSNQMCA data are only 0.057–0.17σ higher than
those obtained from HzBSN data, with error bars
4.8%–7.7% smaller, except that in the flat XCDM case
the error bars are similar.
The central values of Ωk0 derived from HzBSNQMCA

data are 0.16σ, 0.12σ, and 0.083σ lower than those
obtained from HzBSN data, with error bars 6.3%, 11%,
and 5.1% smaller, for nonflat ΛCDM, XCDM, and ϕCDM
respectively.
The central values of H0 derived from HzBSNQMCA

data are from 0.043σ lower to 0.0085σ (nonflat XCDM and
ϕCDM) higher than those obtained from HzBSN data, with
error bars 1.6%–4.8% smaller, except that in the nonflat
ΛCDM case the error bar is 0.41% larger.
Similar to HzBSNH0 constraints, HzBSNQMCA dataH0

constraints range from 68.88� 2.45 km s−1Mpc−1 (nonflat
ΛCDM) to 69.50þ2.45

−2.44 kms−1Mpc−1 (flat ΛCDM), with a
difference of 0.18σ. These H0 values are 0.24σ (nonflat
ΛCDM) and 0.40σ (flat ΛCDM) higher than the median
statistics estimate of H0 ¼ 68� 2.8 km s−1Mpc−1 [59],
0.31σ (nonflat ΛCDM) and 0.10σ (flat ΛCDM) lower
than the TRGB and SN Ia estimate of H0 ¼ 69.8�
1.7 km s−1 Mpc−1 [60], and 1.6σ (nonflat ΛCDM) and
1.3σ (flat ΛCDM) lower than the Cepheids and SN Ia
measurement of 73.04� 1.04 km s−1Mpc−1 [61]. The H0

constraints from flat ΛCDM is 0.86σ higher than the H0

estimate of 67.36� 0.54 km s−1Mpc−1 from Planck 2018
TT;TE;EEþ lowEþ lensing CMB anisotropy data [7].
The central values of wX derived from HzBSNQMCA

data are 0.040σ lower and 0.072σ higher than those
obtained from HzBSN data, with error bars 1.9% and
8.6% smaller, for flat and nonflat XCDM, respectively. The
central values of α derived from HzBSNQMCA data are
0.079σ and 0.018σ lower than those obtained from HzBSN
data, with error bars 5.9% and 2.0% smaller, for flat and
nonflat ϕCDM, respectively.
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FIG. 10. Same as Fig. 1 but forHðzÞþBAO þ SNPþþQSO-ASþMg IIþ C IVþ A118 (blue) andHðzÞþBAO þ SNPþ (red) data.
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[53] M. Rezaei, J. Solà Peracaula, and M. Malekjani, Cosmo-
graphic approach to running vacuum dark energy models:
New constraints using BAOs and Hubble diagrams at higher
redshifts, Mon. Not. R. Astron. Soc. 509, 2593 (2022).

[54] O. Luongo, M. Muccino, E. Ó. Colgáin, M. M. Sheikh-
Jabbari, and L. Yin, Larger H0 values in the CMB dipole
direction, Phys. Rev. D 105, 103510 (2022).

[55] M. G. Dainotti, G. Bargiacchi, A. Ł. Lenart, S.
Capozziello, E. Ó Colgáin, R. Solomon, D. Stojkovic,
and M.M. Sheikh-Jabbari, Quasar standardization: Over-
coming selection biases and redshift evolution, Astrophys.
J. 931, 106 (2022).

[56] V. Petrosian, J. Singal, and S. Mutchnick, Can the distance-
redshift relation be determined from correlations between
luminosities?, Astrophys. J. Lett. 935, L19 (2022).

[57] N. Khadka, M. Zajaček, R. Prince, S. Panda, B. Czerny,
M. L. Martínez-Aldama, V. K. Jaiswal, and B. Ratra,
Quasar UV/X-ray relation luminosity distances are shorter
than reverberation-measured radius-luminosity relation
luminosity distances, Mon. Not. R. Astron. Soc. 522,
1247 (2023).

[58] S. Cao and B. Ratra, Using lower redshift, non-CMB, data
to constrain the Hubble constant and other cosmological
parameters, Mon. Not. R. Astron. Soc. 513, 5686 (2022).

SHULEI CAO and BHARAT RATRA PHYS. REV. D 107, 103521 (2023)

103521-30

https://doi.org/10.1007/s10509-023-04165-7
https://doi.org/10.1007/s10509-023-04165-7
https://doi.org/10.1051/0004-6361/201526485
https://doi.org/10.3847/1538-4357/ab4e11
https://doi.org/10.1093/mnras/staa2779
https://doi.org/10.1093/mnras/staa3748
https://doi.org/10.1093/mnras/staa3748
https://doi.org/10.3847/1538-4357/abbe8a
https://doi.org/10.1093/mnras/stab2180
https://doi.org/10.1093/mnras/stab2180
https://doi.org/10.1051/0004-6361/202140895
https://doi.org/10.1093/mnras/stab1669
https://doi.org/10.1088/1475-7516/2021/09/042
https://doi.org/10.1088/1475-7516/2021/09/042
https://doi.org/10.1093/mnras/stac2170
https://doi.org/10.1093/mnras/stac2170
https://doi.org/10.1093/mnras/stac1141
https://doi.org/10.1093/mnras/stac1141
https://doi.org/10.3390/galaxies9040077
https://doi.org/10.1093/mnras/stab3559
https://doi.org/10.1093/mnras/stab3559
https://doi.org/10.1093/mnras/stac517
https://doi.org/10.1093/mnras/stac517
https://doi.org/10.3847/1538-4357/ac66d3
https://doi.org/10.1093/mnras/stac914
https://doi.org/10.1093/mnras/stac914
https://doi.org/10.1088/0004-637X/815/1/33
https://doi.org/10.1038/s41550-018-0657-z
https://doi.org/10.1038/s41550-018-0657-z
https://doi.org/10.1093/mnras/staa101
https://doi.org/10.1103/PhysRevD.102.123532
https://doi.org/10.1103/PhysRevD.102.123532
https://doi.org/10.1093/mnras/staa1855
https://doi.org/10.1051/0004-6361/202038899
https://doi.org/10.1051/0004-6361/202038899
https://doi.org/10.1093/mnras/stab486
https://doi.org/10.1093/mnras/stab486
https://doi.org/10.1093/mnras/stab3678
https://doi.org/10.1093/mnras/stab3117
https://doi.org/10.1103/PhysRevD.105.103510
https://doi.org/10.3847/1538-4357/ac6593
https://doi.org/10.3847/1538-4357/ac6593
https://doi.org/10.3847/2041-8213/ac85ac
https://doi.org/10.1093/mnras/stad1040
https://doi.org/10.1093/mnras/stad1040
https://doi.org/10.1093/mnras/stac1184


[59] G. Chen and B. Ratra, Median statistics and the Hubble
constant, Publ. Astron. Soc. Pac. 123, 1127 (2011).

[60] W. L. Freedman, Measurements of the Hubble constant:
Tensions in perspective, Astrophys. J. 919, 16 (2021).

[61] A. G. Riess, W. Yuan, L. M. Macri, D. Scolnic, D. Brout,
S. Casertano, D. O. Jones, Y. Murakami, G. S. Anand, L.
Breuval et al., A comprehensive measurement of the local
value of the Hubble constant with 1 km s−1 Mpc−1 un-
certainty from the Hubble space telescope and the SH0ES
team, Astrophys. J. Lett. 934, L7 (2022).

[62] A. Rana, D. Jain, S. Mahajan, and A. Mukherjee, Con-
straining cosmic curvature by using age of galaxies and
gravitational lenses, J. Cosmol. Astropart. Phys. 03 (2017)
028.

[63] J. Ooba, B. Ratra, and N. Sugiyama, Planck 2015 con-
straints on the non-flat ΛCDM inflation model, Astrophys.
J. 864, 80 (2018).

[64] J. Ooba, B. Ratra, and N. Sugiyama, Planck 2015 con-
straints on the non-flat XCDM inflation model, Astrophys.
J. 869, 34 (2018).

[65] C.-G. Park and B. Ratra, Using the tilted flat-ΛCDM and
the untilted non-flat ΛCDM inflation models to measure
cosmological parameters from a compilation of observa-
tional data, Astrophys. J. 882, 158 (2019).

[66] C.-G. Park and B. Ratra, Observational constraints on the
tilted flat-XCDM and the untilted nonflat XCDM dynami-
cal dark energy inflation parameterizations, Astrophys.
Space Sci. 364, 82 (2019).

[67] DES Collaboration, Dark energy survey year 1 results:
Constraints on extended cosmological models from galaxy
clustering and weak lensing, Phys. Rev. D 99, 123505
(2019).

[68] E.-K. Li, M. Du, and L. Xu, General cosmography model
with spatial curvature, Mon. Not. R. Astron. Soc. 491,
4960 (2020).

[69] G. Efstathiou and S. Gratton, The evidence for a spatially
flat Universe, Mon. Not. R. Astron. Soc. 496, L91
(2020).

[70] E. Di Valentino, A. Melchiorri, and J. Silk, Investigating
cosmic discordance, Astrophys. J. Lett. 908, L9 (2021).

[71] KiDS Collaboration, KiDS-1000 Cosmology: Constraints
beyond flat ΛCDM, Astron. Astrophys. 649, A88 (2021).

[72] S. Vagnozzi, A. Loeb, and M. Moresco, Eppur è piatto?
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[99] J. Solà Peracaula, A. Gómez-Valent, and J. de Cruz Pérez,
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