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Statistical effects of the observer’s peculiar velocity on source number counts
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The velocity of the Sun with respect to the cosmic microwave background (CMB) can be extracted from
the CMB dipole, provided its intrinsic dipole is assumed to be small in comparison. This interpretation is
consistent, within fairly large error bars, with the measurement of the correlations between neighboring
CMB multipoles induced by the velocity of the observer, which effectively breaks isotropy. In contrast, the
source number count dipole was reported to privilege a velocity of the observer with an amplitude that is
about twice as large as the one extracted from the entirely kinematic interpretation of the CMB dipole, with
error bars that indicate a more and more significant tension. In this work, we study the effect of the peculiar
velocity of the observer on correlations of nearby multipoles in the source number counts. We provide an
unbiased estimator for the kinematic dipole amplitude, which is proportional to the peculiar velocity of the
observer and we compute the expected signal-to-noise ratio. Assuming full sky coverage, near future
experiments can achieve better than 5% constraints on the velocity of the Sun with our estimator.
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I. INTRODUCTION

Watching the stars on a clear night sky may easily make
one wonder about one’s place in the Universe. From such a
point of view, it seems hard not to think that one is located
in a very special place. Be that as it may, the Copernican
principle states that humans are not privileged observers of
the Universe. Combined with evidence of statistical isotropy
in the temperature associated with a black body spectrum
from the cosmic microwave background (CMB) up to
temperature fluctuations of the order of 10™> [1], the
Copernican principle points towards the cosmological
principle, which is a corner stone of modern cosmology:
The Universe is statistically homogeneous and isotropic.
The implementation of these strong assumptions allows for
the use of the highly symmetric Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric and the application of
perturbation theory to describe the Universe, on sufficiently
large scales. This drastically simplifies calculations and has
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allowed us to constrain with percent precision the six-
parameter standard model of cosmology, the A-cold-dark-
matter (ACDM) model [1].

In this reasoning, one important step was swept under the
carpet. To recover statistical isotropy of CMB temperature
fluctuations of the order of 10°, one must boost
the observer to the so-called CMB frame in which the
apparently large CMB dipole, which is of order 1072, i.e., a
hundred times larger than other multipoles, vanishes [1-4].
This is called the “entirely kinematic interpretation” of the
CMB dipole and is motivated by standard single field
inflation. This canonical model predicts a nearly scale
invariant power spectrum of primordial fluctuations of the
inflaton field, at the end of a period of quasi—de Sitter
expansion. In this context, there is no reason to expect the
dipole to be a hundred times larger than other multipoles
and one rather expects a primordial intrinsic dipole of the
order of 107>. On the other hand, one also expects a CMB
dipole to be generated by the peculiar velocity of the
observer, as pointed out by D. W. Sciama [5] and calculated
by P.J. E. Peebles and D. T. Wilkinson [6]. One can easily be
tempted to attribute the large dipole to the velocity of the
observer with respect to the CMB, potentially absorbing a
small intrinsic dipole, which is expected to yield a 1%
correction. Absorbing the entire CMB dipole in the velocity
leads to an observer velocity ||v,|| = 369.82 = 0.11 kms~!,
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corresponding to f4;, = ||V, || /¢ =0.00123 0.00036, point-

ing towards By, = (264.021° £ 0.011°,48.253° £ 0.005°)
in galactic coordinates, where the yearly modulation of
~30 kms~! of the Satellite orbiting around the Sun has been
removed [1]. While this order of magnitude for the peculiar
velocity of the Sun is expected, it is important to recall that
an intrinsic CMB dipole is degenerate with a boost to linear
order in f. This implies that a boost to the CMB frame, may
not correspond to the frame in which matter fields live at rest
on average, if there exists a significant intrinsic cosmic
dipole [7,8]. This may potentially have dramatic conse-
quences on the interpretation of the CMB or of supernova
data. (See for example [9-12].)

There are several alternative ways to measure the velocity
of the observer with respect to the rest frame of matter fields.
One can check that the distribution of far enough sources’
leads to a kinematic dipole Dy;,, consistent with the CMB
dipole. This was pioneered by G. Ellis and J. Baldwin [15],
who determined the dipole in the source number counts per
unit solid angle for radio sources with a flux following a
power law spectrum in frequency. Different teams reported a
source number count dipole with a direction that agrees
fairly well with the CMB dipole, but with an amplitude
that is about twice as large as expected from the CMB
dipole [16-19]. It was suggested by [14] that evolution bias
may, at least partially, explain the reported tension. This was
further studied by the authors of [20], which also find
significant variations in the number count kinematic dipole
in the presence of parameter evolution when using different
quasar luminosity function models. Combining midinfrared
quasars and radio sources, a 5.2¢ tension between these two
dipoles was reported in [17]. The authors of [21] reanalyzed
the same midinfrared quasars and concluded that neither
masking nor parameter evolution could fully explain the
reported tension, even if this is subject to further assump-
tions. Let us, however, also mention that a source number
count dipole performed with data from the Very Large Array
Sky Survey and the Rapid Australian Square Kilometer
Array Pathfinder Continuum Survey was reported to be
consistent with the CMB dipole [22], although with much
larger error bars. Note that a dipole measurement with 1048
supernovae type la from the Pantheon sample was found to
point in a direction well aligned with the CMB dipole
with an amplitude which is 2.4c smaller than the CMB
dipole [23]. Carefully analyzing the peculiar velocity field
with different catalogs, the authors of [24] found a bulk flow
velocity of about 400 kms~! extending to <150 2~! Mpc,
which is difficult to accommodate within the standard
cosmological paradigm. The cosmic infrared background
can also be used to measure the velocity of far away galaxies
relative to the observer and a signal-to-noise ratio of 50-100

'Far enough sources means sources with observed redshift
z > 0.1, such that the intrinsic dipole, predicted in ACDM is
small in comparison to the kinematic dipole [13,14].

is forecasted for the Euclid and Roman surveys [25].
Gravitational waves also offer promising ways to measure
the kinematic dipole [26,27]. Additionally, we also point out
that the degeneracy between intrinsic and kinematic dipole
may be broken using the redshift dependent dipoles in
future source number count experiments [28]. Fluctuations
of the number counts from radio surveys such as the Square
Kilometer Array may also be useful to constrain the
observer’s peculiar velocity [29].

The CMB, however, appears to be consistent with itself.
Indeed, the velocity of the observer which, effectively
breaks statistical isotropy, induces correlation of the / and
(I £ 1) multipoles in the CMB [30-32]. This leads to an
independent measurement of f, which was found to be f =
0.00128 £ 0.00026(stat) = 0.00038(syst) in [4], consistent
with g, Slightly tighter constraints, consistent with fy;, =
0.00123 were obtained in the analysis presented in [33,34].
This shows that the entirely (or at least dominantly)
kinematic interpretation of the CMB dipole is consistent
with the correlation of neighboring multipoles, although
there is still room for an intrinsic CMB dipole, which can
make up a significant portion of the observed CMB dipole,
without contradicting the observed [ and (/ &= 1) correla-
tions [35]. However, a significant bulk flow of galaxy
clusters extending up to 300 ~~! Mpc was found in WMAP
via the kinematic Sunyaev-Zeldovich effect [36]. Let us
also mention that while a boost and an intrinsic dipole are
degenerate in the CMB dipole at linear order in f, second
order corrections in f# give distinct spectral distortions in the
CMB monopole and quadrupole, which may allow for a
measurement of the intrinsic CMB dipole in futuristic CMB
spectral distortions experiments, as pointed out in [37].

In this work, we study the correlation of neighboring
multipoles in the source number counts, which yield an
independent crosscheck of the validity of the measurement
of the kinematic dipole with source number counts. We find
that the peculiar velocity of the observer induces correla-
tions between the [ and (/ = 1) multipoles in the source
number counts, which are absent for comoving observers in
a statistically isotropic Universe. Assuming full sky cover-
age, we derive an unbiased estimator ﬁkin of the kinematic
dipole amplitude, proportional itself to 3, and compute its
variance and signal-to-noise ratio. We also comment on the
determination of the velocity direction and on limitations
from a partial sky survey.

The paper is structured as follows: In Sec. II, we present
the setup and the transformation rules of the ingredient
quantities under boost. In Sec. III, we detail the compu-
tation of the boosted spherical harmonic coefficients of the
source number counts for redshift surveys and redshift
independent ones. In Sec. IV, we calculate the two-point
correlation function for an observer boosted in an otherwise
isotropic Universe. In Sec. V, we write down an estimator
for the amplitude of the dipole and for the velocity of the
observer with respect to the rest frame of distance sources.
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We show that this estimator is unbiased and impose an
upper bound for its variance in terms of measured quan-
tities. In Sec. VI, we briefly outline the determination of the
orientation of the peculiar velocity. We discuss our find-
ings, the potential for a measurement and its limitations in
Sec. VIL

Units are such that ¢ = 1, bold symbols indicate three
dimensional vectors, hats may indicate unit vectors when
used on bold symbols or statistical estimators.

II. THE SETUP

We consider two observers O and O’, which are related
by a Lorentz boost of velocity # = ||v,||/c. Here v, is the
velocity of O" with respect to O, which is aligned with
their respective Z =%’ axes. This choice allows for the
azimuthal angles of the two observers to coincide, ¢ = ¢/,
despite the Lorentz transformation. In Sec. VI, we con-
sider arbitrary directions of the peculiar velocity of the
observer. Primed quantities relate to O’ and quantities
without primes relate to O. We assume that both of these
observers live in a FLRW universe described by the line
element ds* = a?(n)(—dn* + dr* + r*(d6* + sin’ 6dg?)),
where a(n) is the scale factor, which only depends on
conformal time 7 and r, 8 and ¢ are comoving coordinates.
Observer O is assumed to be following the Hubble flow,
i.e., having zero peculiar velocity and may be called a
comoving observer. The motion of observer O’ with
respect to O affects their measurements of time intervals,
cosines of polar angles, polar angles, solid angles,
frequencies, and redshift, which transform, respectively,
in the following way:

df =dry/1-p2, (1)

cos@ = (cos @ + p)[1 + Bcos O] !, (2)

0 =0+ 560,50 = —psin + O(B*), (3)

dQ' = d’a’ = sin(0')d0'd¢’ = dQ(1 — f?)[1 + fcos b2,

(4)
vV =uv(l+ fcosO)y, (5)
1+7 =(1+2)(1+Bcost)~ly !, (6)

where 7z and 7’ denote the redshifts of a photon observed at
an angle @ (respectively, &) with respect to v,, and y =

1/4/1 — p? is the Lorentz factor. Observer O’ calls @’ the
direction of an incoming photon which corresponds to 7
for observer O. Those are related by [38]

In the next section, we apply these transformation rules to
the source number count.

III. SOURCE NUMBER COUNTS

We express the number of sources dN per unit solid
angle dQ and per redshift bin dz in the direction 2 =(6, @)
and at redshift z for sources with flux § (in Wm™2 Hz™")
above a certain threshold S, (v,) in some frequency band
Vo, v, +du,] as

dN
dQdz

f,z,8S > S.(v,)] (8)

For fixed S,(v,) and fixed redshift z, the real-valued

function %ﬁz 'S, > R may be expanded in complex

spherical harmonics

dN . +oo .
z [n’ z,8 > S*(Uo)] = Z Z alm(Z>Ylm<n) (9)

=0 m=-I

with complex valued functions a,,,(z):R, — C, with [ €
N and me[-l,-l+1,...,[—1,]]. In case the survey
lacks redshift information, we also consider the same
quantity integrated over redshift, which we denote by

dN +o0 dN
1A AﬁS S* 0 = d A’ ’S S* o)l
oS> 5w = [Tal iz > 5.0)
+o0 [
= Z Z alelm(ﬁ)’ (10)
=0 m=-I

and for which the expansion coefficients are redshift
independent. Using the orthogonality relations of the
spherical harmonics

S,

one can obtain the expansion coefficients

dN
= ’i i Y: (i). 12
(@) = [ i g .28 > S0 )@, (12)

The redshift independent coefficients are obtained in a
similar way:

~dN .
a,m:/ PaG .S > S.)Yiy@). (1)
S,

A masked sky breaks these orthogonality relations, of
course. In the following, we distinguish between an
isotropic universe and a statistically isotropic universe. In
an isotropic Universe, only the monopole, i.e., aq, contrib-
utes to the sum in Eq. (9). This corresponds to the case
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where the number density of sources is exactly the same in
every direction. In practice, isotropy is only true in a
statistical sense. The expectation value of the number of
galaxies is the same in every direction. Within the standard
model, gravity acts to cluster sources, such that, in a
statistically isotropic Universe, there are in principle an
infinite series of a;,,s that contribute. The a,,,s of higher [
correspond to perturbations on smaller and smaller angular
scale. So far, number counts have been analyzed in angular
space mainly in photometric surveys which make a 3 x 2
pt analysis of shear, number counts and their cross-
correlations, see, e.g., [39,40]. A harmonic space analysis
of the number counts from the Dark Energy Survey data is
found, e.g., in [41,42]. Importantly, the motion of the
observer in an otherwise isotropic Universe contributes a
dipole to the source number count such that the number of
sources per unit solid angle and redshift observed by O’ at
redshift 7’ in direction A’ reads [14,43]

dN’

Sy 1725 > S, ()] = (14 (B

)Dyin(2))  (14)

X<dc£12]\c§z [z,7,S > S*(I/(,)]> + O(p?), (15)

where the amplitude of the dipole is given by

H(2)
H(z)

2[1 - x(2)]
r(z)H(z)

Dun(2) = [2+ G A

Here H(z) = a(n)/a(n) indicates the conformal Hubble
rate, a dot indicates a derivative with respect to conformal
time and r(z) is the background comoving distance,

z dZ
o= TR (17)

The magnification bias x(z) [sometimes noted s(z) =
2x(z)/5] is defined as

x(z) = - Jin <dea['1'n§*S > 5 D, (18)

and is sometimes defined in its

(G .2,8 > 8.]) ST 1t tracks the number density
of sources above a given flux density threshold S..
Intuitively, for positive x(z), the number density of objects
above the threshold S, goes to zero for large enough S, and
diverges for S, going to zero. A constant x(z) means that
this power law does not change with redshift or, alter-
natively that the population distribution of fluxes is constant

integrated form

in cosmic time. The evolution bias traces the time evolution
of the number of sources per unit comoving volume dV

ol = (Gr@-L>L1) S( DL > L),

o @r(2).L> L)
oln(1+2z)

(19)

Here L and L, are luminosity densities (in W Hz™!)
corresponding to the flux densities S and S, respectively.
The angular brackets® indicate an average over the two-
sphere S,

(..) :i/gz...d%a. (20)

The difference between 7’ and 72 results in second order
corrections [i.e., O(f*)] of dN'/(d¥'dZ')[7/, S > S, (v,)] in
a Universe where the sources are isotropically distributed.
Instead, in a Universe that is statistically isotropic, the
difference between 72 and 72’ becomes first order in f. We
note '=(0',¢') = (0 + 60, ¢). Recall that since we have
assumed that f# is aligned with Z, the azimutal angle ¢ is
unaffected by the boost. In a Universe with intrinsic
anisotropies, an additional term in the number count plays
a role. More precisely, Eq. (25) in [14] becomes

dN’
dQ'd?
dN’
T aQdy

2.5 > S,

(9+59 Q,r [ ],L>L;[z’

L)), (21)

dN L > L] d§2+dz
dez d@’  d7

o (dN . |

= 7 As ’L L* '6 5A
+57 <dez [, r,L > ]> e rlz. i

0 dN

L>L 6L, [z, R, v,

+6L;<d§2d [, r,L > L] i (2,71, v

0 ([ dN

Ry (P N - 561A), 2
b (o= L)) ool @)

where in the first line, we have rewritten #’'=(0',¢’) =

(0 + 50, ). We associated a direction dependent comoving
distance r[7’,#it] = r[Z/] + 6r[Z/,it] to sources located at
fixed observed redshift (with 6r[z, fi] = —# - f/H). We also
associated a direction dependent Iuminosity density

*Later in the paper, angular brackets denote expectation values.
The context should allow the experienced reader to break this
degeneracy.
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threshold L.[Z', 7, v;] = L.[Z/, V] + 6L.[Z, i, 1], which
corresponds to a fixed observed flux density threshold of
the detector, which is independent of its motion. In the
second line, we have changed the “per observed” unit solid
angle dQ' and redshift interval dz’ to “per background” unit
solid angle dQ2 and redshift dz, according to Egs. (1)—(6). In
the following three lines, we Taylor expand around back-
ground quantities the three variables that are affected by the
boost, namely, r, L,, and 6. The only term that was not
accounted for in [14] is the dy derivative. The dy derivative
is equal to zero to first order in f in case the number counts
are independent of angular direction for observer O. This is
equivalent to assuming that the number counts are isotropic
for observer O and consist strictly of a monopole, which is
an assumption of [14] and is sufficient if one is only
interested in the dipole generated by the monopole due to
the motion of the observer. Here, however we want to study
the modification of all multipoles due to the motion of the
observer. This is because 80(it) = —fsinf is linear in
f and the dy derivative acting on a monopole, which, by
definition, is independent of angles, vanishes. However, if
there are intrinsic anisotropies, meaning if a;,, # 0 for/ > 1,

|

dN’
dq

Assuming for simplicity that x(z) and a(z) are constant, we
find, after integrating by parts and neglecting boundary
terms” that

dN’
9o [@',S>S.] = (14 [cos 0Dy, — fsin(6)0y])
N
xSl > 5. (25)

where the kinematic dipole boils down to the Ellis and
Baldwin formula® [15]

Dyin = 2+ x(1 + a)]p. (26)

Recall that a constant x means that the flux distribution
of sources does not depend on redshift, as we have
discussed below Eq. (18). Typical values of these param-

3Boundary terms may not necessarily vanish. For example, if
one works with redshift bins, one may have to include these
boundary terms, which are straightforward to compute from
Eq. (24).

“Strictly speaking, it is sufficient that a(x) and x(z) are
uncorrelated to recover the Ellis and Baldwin formula.

then this derivative is nonzero. We have 60 = —fsin
0 = —tan(0)p - i. This dy derivative results in an additional
dipolar term that comes from relating the number density
from direction 7’ for the boosted observer to direction # for
the observer at rest with respect to the source’s rest frame.
Therefore, instead of Eq. (14), in a statistically isotropic
Universe, we get

dN’

ad7 @', z,S > S.] = (14 [cos 0Dy, (z) — Bsin(0)dy))

2S5 > 8] (23)

Assuming that the sources have a luminosity density that

follows a frequency power law L « ys_a@ with spectral
index a(z), one can integrate over dz, write the partial derive
of fevol(2) in terms of a total redshift derivative, relate the
luminostiy density to a flux density, and integrate by parts
(see Sec. II of [14] or Appendix A of [28]) to find

— A, §>8,]= A+m dz<1 +i 'ﬂ[3 +x(2)[1 + a(z)] — tan(0)0y + (1 + z2) d}) N ,z,S>S,]. (24)

dz| ) dQdz

|
eters for radio galaxies are x ~1 and a~ 1, such that
Dyin ~ 4. From now on, we focus on the redshift inte-
grated surveys, which measure dN’/d€/, but comparing
(23) and (25), one sees that the only change in redshift
dependent surveys is the change of Dy, in (25) to Dy, (z),
defined in (16).

For observer O’, the number of sources per unit solid
angle may also be expanded in spherical harmonics,
although the coefficients will in general be different

dN’ , +oo [ ) ,
s8> 8wl = > dYi@). (27)
1=0 m=-1

One computes the boosted a),,s by computing the follow-
ing integrals

AN . n
= [ PS> S0 ). 29
2

One can express these integrals as follows
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dN’
a;/m/ = /'S dzﬁ/@ [ﬁ/, S > S*(D())}Y}F;m/
2

i),

= / d*a’ {(1 + [cos 0Dy, —ﬂsin(G)ag])d—N A,S > S*(uo)]] Yy (),
S dQ m

~ [ @ [(1 + [cos 6Dy, —ﬁsin<e>aa1>§jalmnm<ﬁ>] ()Y (), (29)

A

where we have used that Y;, (#') = (=1)"Y;_,, (') and
expanded the number counts in spherical harmonics
according to Eq. (10). We express Y, (i) in terms of
the variable 2’ by a Taylor expansion

Y () = Yy, (') + Bsin00yY , (') + O(B%).  (30)

This cancels the —f sin dy acting on the spherical harmonic
Y, () in Eq. (29) to first order in . Using

c0s9:2\/§Y10(ﬁ), (31)

we are left with

Im

a;/m/ = dayy (32)

+ 2\/§Dkin(_l)m,

S [ @A@Y @)Y i) (3

Im

The integrals involving three spherical harmonics are
Gaunt coefficients, which satisfy certain selection rules. In
particular, the three /s that must satisfy the triangle
condition, i.e.,|l; — | <I3 < (l; + ). Then they are
given by (see Appendix 4 of [44] for more details)

/ Sin0d0dg Y, 1 (0.0)Y (6. 9)Y 1 (0.9)
§2 : )

_ \/(211 + 1)L + 1)(2l3+ 1)

A

L b l3>(ll b 13) (34)
0 0 O my m, msy)’

otherwise, these integrals vanish. The (3 x 2) matrices are 3-j symbols that are related to the Clebsch-Gordan coefficients.
They are nonvanishing only if the sum m; 4+ m, + m5 vanishes and the triangle inequality between the [;s is satisfied, see
Ref. [44] or some text on quantum mechanics. Since in (33) there is a sum over / and m and since the triangle condition must
hold, we have schematically

S [ 5in0d0d9¥10(0.0)Y10(0.0) ¥ (0.0)
2

Im

_\/(21’+3)3(21’+1)<1'+1 1 1/)<1/+1 1 z'>
N 4n 0 0 0 m 0 —m

20 =D+ 1)/l —=1 1 1 r-1 1 7
EIEE L)
4n 0 0 0 m 0 -m
where we have also used another important rule for the 3-j / =
symbols ay,, = Z Kyim@pp, (37)
=1

L L L with the kernel

myp  mp mj
Ky = 6 + 81041yAimDxin + G101y Ar41mDiins -~ (38)

We can then express Eq. (33) as and define the functions
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1000 1

1000

FIG. 1. We plot the coefficients A;, as a function of /€
[1,1000] and m € [-1,[]. The A;,s appear as proportionality
factors in front of Dy, in the correlation of the neighboring
multipoles in Eqs. (42). For m = ||, they vanish. For m < ||,
Ay, > 0, which allows for the use of the off diagonal multipole
correlations to constrain the kinematic dipole Di,.

. Dxn > —m? Dyin
By (Dxin/ B) = Au p \N@+rnei-1 p

. (39)

The functions By, (Dy,/f) depend linearly on the ratio
Diin/ P, while the correlation coefficients Aj,s are inde-
pendent of f and Dy;,. For |m| =1 these coefficients

|

vanish, while for fixed |m| < [, they are typically of order
1/2 and they have the large / behavior

1

[>+00

We plot A;,, in Fig. 1 for relevant values of / and m. As one
sees in the figure, the correlation coefficients are always
positive and largest contributions to the cross-correlation
coefficients A;, come from the smaller values of m.

In the next section, we compute the correlation between
different ), s, assuming that the Universe is statistically
isotropic and homogeneous for the observer O.

IV. CORRELATION OF NEIGHBORING
MULTIPOLES

We assume that O is a comoving observer for which the
Universe appears statistically isotropic. This implies that
the two-point correlation function measured by O satisfies

<azma7/m/> = Ci01 Sy - (41)
Here and in what follows, brackets denote ensemble

averages. For the boosted observer, O’, to linear order in
p we find, using (37),

(@ (@) ) = Ci8108pm + Diin * S ([C1 + Cluiy|ApnSyr 11y + [Cr + Cln))Arsimbir-1y))» (42)

= Ci81Smm + B+ S ([C1 + Cu1y|Bim(Diin/ B)y1) + [C1 + Cr1)]Bisim(Diin/ B)Syr-1)))- (43)

This is no longer proportional to d;/8,,,, but correlations
between neighboring aj,,s appear. This implies that an
observer that is moving with respect to the statistically
isotropic perturbed universe observes a statistically aniso-
tropic distribution of sources. These deviations from
statistical isotropy are encoded in the neighboring multi-
poles. Intuitively, aberration squashes the perturbation in
the direction of motion according to Eq. (4), which
naturally leads to a preferred direction, breaking statistical
isotropy. These neighboring multipole correlations involv-
ing C; and C,, are proportional to Dy;,. This suggests that
correlations of a;, and a;.;,, of a sky map of number
counts may be used to constrain the amplitude of D,;, or of
P, if the ratio D,/ is known. In the following section, we
lay out the procedure to estimate Dy, or f from an observed
map dN'/dQ'[@’, S > S, (v,)].

V. QUADRATIC ESTIMATORS

In this section, we derive a quadratic estimator for the
kinematic dipole Dy;,, we check that it is unbiased, and we

|

compute its variance and signal-to-noise ratio. It is straight-
forward to extend this estimator to the redshift dependent
Dyin(z) by replacing ), — aj,(z). For simplicity, we
assume a catalog with full sky coverage. In practice,
number count catalogs cover only a fraction of the sky,
which induces the important limitations that we discuss in
Sec. VII. First one needs to determine the boosted coef-
ficients using Eq. (28). We can estimate the variance C; of
the aj,,s, with the following quadratic estimator

R 1 &,
= E 44
Cl 2l+ lm:_llalm‘ ’ ( )

which is boost independent to linear order in . The
predictions for the correlators of / and [+ 1 is

(@ (a1 1),)") = [Crit + CllA1 1 Din- - (45)

We can estimate Dj;, with all products of neighboring a},,s
available,
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Dy = (Cryt + CA 1 (47)

Similarly, the redshift dependent kinematic dipole Dy;,(z)
can be estimated using Eq. (46) by replacing a},, — aj,,(z)
and their variance C; — C/(z). If the ratio Dy;,/p, which
appears in By, (Dy;,/f) is known, for example, from direct
|

kain(f)kin) = <1A)kin> = Diin,

lmax

:<m2

=1 m

- (lmax<zmax+2 Z

<lmax(lmax + 2 1:1 m——

number count dipole measurements (together with x and ),
one can directly estimate /3, using the following estimator

1 Zmax l
lmax(lmax + 2) =1 m=—1

a?m (al(H»l)m)*
(Cis1 + C)Bim(Diin/B)
(48)

B =

One can easily check that these estimators are unbiased. For
example, we compute the bias of @kin

a/l )*

[ alm (I+ > Y
(Cryr + Cl)Al+lm -

(aj,(a z+1 )*)
“ (Cri1 + CAm

Dkin ’

km> ka =0, (49)

which shows that our estimator is unbiased. Next, we compute the variance of Dy,

\/ar(f)kin) = <:i>]%in> -

The squared expectation value of @kin is given by

2 lmax max

P = () 2 i

=1 I'=1m
The expectation value of Dﬁin reads

lmax lmax

N ) DRI IPS

Im'==l'

=1 I'=1

[(Dan)]* =

Im'==I'

<Dk1n> Dﬁm (5 O)
zl: W (@15 1)0) N (@10 )7) (51)
Dlle” ‘

L alm l+1) ) a?’m’(al(l’+1)m’)*>

Dlle’m’

(52)

We can use Isserli’s theorem [45] (better known as Wick’s theorem [46]) to express the expectation value of four Gaussian
random variables as a sum of products of expectation values of two random variables. We have

<a;m(a/(l+l)m)*a;/m’(a/(l’+l)1n’)*> = <a;m(a
!
1

(

I+1)m ) Nay,, (@ (I'+1)m

!
(
(a (I'+1) m’)*><(a 1+1) m) a;'m’>’

)*> + <a;ma;’m’> <(al(l+l)m)*(a/(l’+l)m')*>

= (i (@ ) @ (@)Y (D (1) (@ o)) @1y oy (W)
+ (ay,,(a (I+1) m')*><a1’ (a (I+1)m ) (53)

where we have used that a;, =
(51) in (50). We are left with

(-1)"a

I(=m)- The first term on the right-hand side ends up canceling with the (@kin>2 from
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] / /
- 1 i e (=)™ C181Sm(=my Cre1 011y (14+1)S (=m)m Cl51(1'+1)5mm’C1’51’(1+1)5m’m>
Var(Dyy) = ( + :
‘ lrznax(lmax +2)2§;1/z:ln;lm;l’ DDy DDy
Imax lmux Imux
_ 1 SwCiCryy _ ~ CiCi (54)
lrznax(lmax +2) =1 I'—1 m— lDlle’(—m) lzmax(lmax +2)2 =1 m:_lDlle(—m)

The signal-to-noise ratio reads

Dk1n> o ka lmax(lmax + 2)
ma CiCiy
\/\/ar ka \/Zl m:—l D,,:D:rlm)

Future number count experiments are expected to measure
dN'/dQ'[i’, S > S, (v,)] with an angular resolution below
the arcmin scale (with, e.g., 30 galaxies/arcmin® for
Euclid [47]), translating to [,,, > 10*. It is not relevant
here that the C;s cannot be calculated within linear
perturbation theory. They can be extracted from the
observations themselves even in the nonlinear regime.
The only relevant assumptions are statistical isotropy for
observer O, as we show in the Appendix and f < 1 so that
an expansion to linear order in # makes sense. To estimate
how the signal-to-noise ratio scales with /,., we estimate
the denominator of (55) for a smooth variance of the source
number counts so that we can set C; ~ C,, such that

Line 1 Lina ]
max C[Cl+1 max 1
—_— — . (56
mZ; Dlle(—m) Zz:l:mz:: 4A1+1mA1+1( —m) ( )

S/N =

(55)

To estimate the denominator, we replace the sum over m by
an integral and use AZ<_m) =A;,

! 1 G @+3)@20+1)
,,1:2_14[Al+lm}2 a ,,1:2_14[(1 + 1)2 - mZ]

(21+3)(21+ )/ dm
4 [(I+ 1) =m?]’
_ (2143)(21 +1)log(21+ 1)
N 4(1+1)

(57)

We now integrate this result over / to find

lmax l 1

ZZ N/mdxdl(21+3)(2l+l)log(2l+1)
=1 m:_[4[Al+lm]2 1

4(+1) ’
(58)

1
= g [(4lmax (lmax + 2) - 210g(21max + 2)) 10g<2lmax + 1)
+ 2Li2(_3) - 2Li2(_2lmax - 1) +8— 2lmax (lmax + 3)

—15log(3) +log(4)log(9)], (59)

< 6l (60)

|

where the validity of the last inequality can be checked
numerically for /,,,, < 10°. Here Li, denotes the dilogar-
ithm given by

t

, 0log(1 — 0k
L12(z)=/z Mdt:;%. (61)

With (60), we can set

> Dkin ) lmax ’ (62)
V6

which is larger than 1 for [, > 497, assuming ﬂ con-
verges to Sy, and Dy, = 4f4;,. Note that this is rather a
conservative estimate, since Dy, is rather observed to be
twice as large as 4f;, [16-18]. For future experiments like
Euclid, which can measure the clustering of photometric
sources up to /,,, = 10*, we can hope to constrain Dy,
(or g if the ratio Dy, /f is known) with less than 5% error.
As stated earlier, it is irrelevant that the C;s cannot be
calculated within linear perturbation theory, as they can be
extracted from the observations themselves even in the
nonlinear regime. This rather suggests a clever use of the
C;s beyond the linear regime.

VI. ORIENTATION

In our treatment so far, we have assumed that the
direction of the peculiar velocity g is known and we have
chosen the Z axis in its direction. This is especially relevant,
since most radio surveys agree relatively well with the
direction of the CMB dipole, but they find a much too large
amplitude for the velocity. However, in general we want to
determine both the amplitude and the direction of f. This
can be achieved easily, remembering the transformation of
the coefficients a;, under rotation.

We start from Eq. (37) which relates the a,,,s of the
comoving observer to the aj,s of the observer boosted
along the Z axis. Let us assume that the velocity f is not
along the Z axis, but along a direction which is rotated with
respect toZ by a rotation R € SO(3). If we rotate the
coordinate system by R~! = R”, then f# points in the 2
direction with respect to the new coordinate system. In this
rotated system, Eq. (37) is valid. Under a rotation by R™!,
the a;,,s transform as
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apt = Z D R)ay,,. (63)

m'=—

Here D(I) (R) is the representation matrix of the repre-

sentation D of SO(3), see Ref. [44], Appendix 4, for
details. In the rotated system, we have

Z/
rot! _ § ’ )
Ay Dmm”

/ _ E rot
(R)al’m” - K”malm’
m'=—1 1

]
= ZKI’ImD,(n)m’ (R)alm’- (64)
im'

Hence, the general relation for f rotated by R with respect
to the Z axis is

ZKl?lmm’alm ’ (65)

T ! * I}
K =3 (DY) (R)) Ky D\l (R). (66)

— 5Bt + Di (amZ(Df,i;/mR))*Azmmf,iim, (®)

+510/_1)2(1);;1"<R>>*A<l+nmwz>§,?m,,<R>). (67)

m"

Here, we have used that the D) are unitary representa-
tions, D) (R71) = (DZ,L,,(R))*.

In general, a rotation is given by three Euler angles.
Since R is the rotation that turns ﬂ with its polar angles
(0. @) into the Z axis, we can simply choose the Euler
angles (0, —64, —¢;) and insert

47

l/
D( u) /(R> - m

1
m"m Dﬁn?’m’ (O’ _gﬁ’ _(pﬂ) = —m’Ylm”(gﬂ’ (pﬂ)'

(68)

Here .Y, is the spin-weighted spherical harmonic of spin s
(see Ref. [44], Appendix 4 for details). In addition to the
amplitude dependence given in Egs. (38) to (39), the
coefficients K\, now also depend on the orientation
(0. @5). Denoting

Amt(l, m, m', 9/3, §0ﬂ ZDmmu 0 Hﬂ QOﬂ)

X A Dl (0.~05. —@p).  (69)

m-m

we have

K (Diin: 0. 0p)
=0y Omm + 5l(l’+1)Ar0t(l, m,m', 0ﬁ7 (pﬁ’)
X Dyin + 8-y A™ (I + 1,m,m', 05, 5) Dy (70)

Note that under rotations A™'(/, - - -) transforms like a rank
[ — 1 tensor from the left and a rank / tensor from the right
or vice versa. Note that since A(l,m,m’,0,0) « §,,,/, an
action from the left or from the right cannot be distin-
guished. For 65 = ¢4 = 0, the tensor A™" is diagonal,

AL m,m',0,0) = 8,y Ap. (71)

The product almaz , actually yields an unbiased estima-

I+1)m
tor for A™(l,m,m', 64, @g) - Dy, To extract the three
unknowns (Dyiy, 64, @), which allow us to reconstruct

the vector Dy;n = Diin -ﬁ, one computes for each [, m,

/ * 3 :
and m', the products a;,,a (1) from observations in some

basis. This three-dimensional array can be fitted by
A™(L,m,m’, 0, (pﬂ) - Dyin With the three parameters Dy,
0, and @4, which determine the kinematic dipole due to the
observer’s peculiar velocity. While the amplitude Dy;, enters
only linearly, the dependence on the angles, 6 and ¢, is
more complicated. The three parameters can be extracted,
e.g.,via a Markov chain Monte Carlo fitting procedure,
assuming the C;s to be known and inserting the theoretical
expressions for A;,,, which are independent of D;,.

VII. DISCUSSION

In this paper, we have worked out the correlation of
neighboring multipoles in the number count spherical
harmonic coefficients due to a boost with velocity
[IB]| < 1, in an otherwise isotropic Universe. We have
found that these correlations are proportional to the kin-
ematic dipole D,;,. We derived an unbiased estimator @kin
of Dy, in terms of the observed (boosted) coefficients a},,,
leN, me[-1l,....1]. The same estimator with redshift
dependent coefficients can be used to measure Dy, (z), if
the sources are arranged in redshift bins. Of course, the
statistics for each redshift bin then decline. We computed

the variance of the estimator f)kin and have shown that for
reasonably smooth variance of the source number counts,
the signal-to-noise ratio scales (up to log [, corrections) as
O(Imax Dxin)» Which becomes larger than 1 for [, > 497
for the expected peculiar velocity /4, and kinematic dipole
Dyin ~ 4P ip- This implies that order 5% precision may be
achieved on f if I,,,, > 10*. Note that this is a conservative
estimate since the kinematic dipole is rather observed to be
twice larger than 4/, [16-18]. We have also derived an

unbiased estimator ﬁ of f, which requires the additional
knowledge of the ratio Dy;,/f. The latter can be estimated
via Eq. (16) by assuming a cosmological model and by
measuring x(z). Alternatively, assuming that the redshift
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evolutions of a and x are uncorrelated (see Ref. [14]), one
can measure them from the data and use Eq. (26) to obtain
Diin- A last option if the redshift evolutions of « and x are of
concern, is to build a parametric model for them and fit them
together with £ on tomographic measurements of D;, with
a sufficient number of redshift bins. We studied the effects

of the orientation of ﬁ on the / and [ & 1 correlations and lay
out the procedure that allows to determine also the ori-

entation of ﬁ from observations.

While our results are optimistically set in full sky, they
will be affected by an incomplete sky coverage, which also
breaks statistical isotropy. In practice, number count
catalogs cover only a fraction of the sky, the rest being
masked for a number of reasons that include but are not
limited to the footprint of the detector, the Milky Way,
obscuration by dust, turbulence from the atmosphere, bad
detectors, and instability of noise. One might then worry
that by naively using the estimator given in (46), one may
find deviations from statistical isotropy, which actually
come from the mask rather than from the peculiar velocity
of the observer. One way to handle this is to account for the
mask by multiplying the underlying number counts by a
mask function W(i) that depends on the direction and on
redshift and varies between zero and one, depending on the
completeness of the survey. This multiplication by the
mask function makes it a convolution in harmonic space
that, in principle, allows us to disentangle neighboring
multipole correlations generated by the mask from the
ones, generated by the peculiar velocity of the observer.
Masking in harmonic space has been successfully carried
out in the analysis of microwave background fluctuations
and of galaxy number counts [41,42].

Future work is needed to incorporate the effect of a
survey mask on the estimator given in Eq. (46) and the
impact on the estimator’s bias, variance, and signal-to-noise
ratio. The current work lays the foundation to use source
number counts as an assessment of how we observe the
Universe moving with our special velocity, if not from a
special place.
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APPENDIX: STATISTICAL ISOTROPY

In this appendix, we show for completeness that Eq. (41)
relies only on statistical isotropy. In particular, it does not
rely on the validity of perturbation theory or on Gaussianity
of the fluctuations. Consider an observable, which is a real
valued function, defined on the sky, i.e., O:S, — R. This
can be the number count density or the temperature
fluctuations of the CMB. Statistical isotropy implies that
the correlation function depends only on the angle 6
between 7 and 7/,

(O@)O(@"))

where p = cos(0) = 1 - it’. This function can be expanded
on the interval —1 < u <1 in Legendre polynomials

“+o0 +o0 1
a ANk (A
(M) = Z alPl(:u) = 4”2 l Z Ylm(n)ylm(n/)9
=0 1=0 2041 m=—1

(A2)

= C(u), (A1)

where we have used the addition theorem for spherical
harmonics in the second equality. On the other hand, the
function on the sphere O(it) can be expanded in spherical
harmonics

Z Z am Ylm

=0 m=-1

}:}:am (1), (A3)

=0 m=-I

where the second equality holds because O(it) is real.
Plugging this expansion in Eq. (A1), one obtains

+00 +o0

ZZ Z Z A Ay Ylm )Yl’m’(ﬁ/)- (A4)

=0 I'=0 m=—Im'==I

As the functions Y, (7)Y, (i) form an orthonormal basis
on the Hilbert space of square integrable function on the
cross product of two-spheres, L*(S, x S,), one can iden-
tify the coefficients in (A2) and (A4) to conclude that

4ra,

(ana?m/) O1 O 21——1-1

= 511’5mm Cl (AS)
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