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Gravitation with modified fluid Lagrangian:
Variational principle and an early dark energy model
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The variational principle is the main approach to obtain complete and self-consistent field equations in
gravitational theories. This method works well in pure field cases such as f(R) and Horndeski gravities.
However, debates exist in the literature over the modification of a perfect fluid. This paper aims to clarify
this issue. For a wide class of modified fluid Lagrangians, we show that the variational principle is unable to
give complete field equations. One additional equation is required for completeness. Adopting the local
energy conservation equation gives the modified fluid a good thermodynamic interpretation. Our result is
the first modified fluid theory that can incorporate energy conservation. As an application of this
framework, we propose a specific modified fluid model to realize early dark energy triggered by the cosmic
radiation-matter transition. This model naturally explains why early dark energy occurs around matter-
radiation equality and is useful in erasing the Hubble tension.
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I. INTRODUCTION

Generally speaking, modified gravities belong to
classical field theory, in which the variational principle
is an important tool to derive the field equations [1,2].
Fluid is an important source of gravity that describes the
Universe, galaxies, and stars [3]. The equations of fluid
motion are generally given by microscopic particle physics,
not by the variational principle. In gravitational theories,
the variational principle of a general fluid is still con-
troversial, which hinders progress in modifying gravity
from the fluid side. Taub [4] first constructed the
Lagrangian of a perfect fluid, and later Schutz [5] gave
a different but also reasonable result. Gonner [6,7] was the
first to discuss a gravitational theory with a nonminimal
coupling between spacetime and a fluid. Two such theories
that have been widely discussed recently are f(R,L,,)
gravity [8—12] and f(R, T) gravity [13-15]. A comment on
f(R,T) gravity said that the pure fluid part f(7) has no
physical significance and the resulting theory is exactly a
perfect fluid [16,17]. Harko and Moraes [18] refuted this
comment. In addition, energy is generally not conserved in
f(R,L,) and f(R,T) theories. A gravitational particle
creation process is needed to explain the corresponding
thermodynamics [19,20]. Is there a way to generalize a
perfect fluid that preserves energy conservation? If such a
theory exists, it can be consistent with conventional
thermodynamics, which makes the theory more attractive.
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The debate on f(R, T) gravity and the energy conservation
issue are the first two motivations for this paper.

The third motivation is an early dark energy (EDE)
model we proposed in Ref. [21]. The EDE present at
matter-radiation equality (redshift ~3400) can be used to
erase the Hubble tension [22-28]. However, a coincidence
problem arises in the scenario, i.e., why the energy scale of
EDE is in coincidence with that of matter-radiation equality
when their underlying physics seem unrelated [29].
Sakstein et al. [29,30] proposed a solution to this coinci-
dence problem based on neutrino physics. Their starting
point was that the neutrino mass is close to 1 eV /c?, which
is exactly the energy (temperature) scale of matter-radiation
equality. Using such a neutrino to trigger the EDE could
explain the coincidence. In Ref. [21], we proposed the new
idea that EDE may be triggered by the radiation-matter
transition to solve the coincidence problem. We discussed
that k-essence [31] is unable to realize a viable model, and
nonminimal coupling between spacetime and matter may
be required. An analysis of this possibility requires a
complete framework for gravitational theories with a
modified fluid. In this paper, we propose a much more
simple purely fluid model to realize the desired EDE.

This paper is organized as follows. Section II presents
the general framework of our approach to modify a fluid
and a demonstration in cosmology. We emphasize that we
do not consider the nonminimal coupling of spacetime
geometry and fluid matter in this paper. Section III dis-
cusses the similarities and differences between our result
and the minimal coupling cases of f(R, L) gravity [10]
and f(R,T) gravity [13]. Section IV presents the desired
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modified fluid model for EDE. Conclusions are presented
in Sec. V.

II. GENERAL THEORY

We adopt the simplest spacetime dynamics and focus on
generalizing a perfect fluid. The action takes the form [32]

R
S—SEH—l—SF—/d“x,/—g[ﬂ—l—ﬁp}, (1)

where k = 82G/c*, g =det(|g,,|), and L; is a general
modified fluid Lagrangian. Variation of the Einstein-
Hilbert action with respect to the metric gives 6Sgy =
[ d*x\/=9G,,6¢"/(2x) [3]. Variation of the fluid action
can be written formally as 6Sgy = — [ d4x\/—_ngég"” /2,
where T, is the energy-momentum tensor. These varia-
tions give the Einstein field equations G, = T, which in
turn give V, 7" = 0 based on the Bianchi identity.

More properties about the fluid are needed to derive an
explicit expression for T,,. We assume that L, satisfies
8L = (dL;:/dn)én and the fluid satisfies particle number
conservation,

\Y%

ﬂ(m/‘”) =0, (2)

where n is the particle number density and #* is the four-
velocity of the fluid. The first assumption is used to
emphasize that no derivative term of én appears in 6L;.
These two assumptions, or their equivalents, are widely
used to derive the energy-momentum tensors of perfect
fluids [4,33] and beyond [10,13]. Hawking and Ellis [33]
presented a simple way to derive én. They started by
rewriting Eq. (2) as (1/,/=g) x d(\/=gnu*)/ox* =0,
which means that 5(\/—_gnu”) = 0. Then, the variation

of nc* = g~'(\/=gnut\/=gnu*)g,, gives

n u,u, )
5n:§<g,,,,+ ’;2 >69”. (3)

Considering the expressions for §,/—¢g and 6L, we obtain

dc
+ <£F - nd—l’lF> g;w' (4)

In principle, how a fluid participates in gravitational
interactions is determined by L. We can directly specify
an expression for L.(n), such as £, « n. In this case, the
fluid participates in gravitational interactions in the form of
the particle number. Alternatively, we can also assume that
Ly directly depends on other thermodynamic quantities,
such as L, « p, where p is the fluid mass density [32]. In
this case, the source of the gravitational interaction is p and
other related quantities, rather than n as in the previous
case. As we will show later, this case requires an additional

dlpu,u,
Tw="1"4"a

equation to determine the dependence of p and n, and this
equation cannot be given by the variational principle. Note
that both cases formally satisfy £, = (d£./dn)én. Now
we discuss the above two cases around the theoretical self-
consistency.

Neglecting the spacetime dynamics, if we specify an
explicit expression for Lp(n), there are five variables
{n, u"} to describe the fluid but six evolution or constraint
equations: {V,T" = 0, ut'u, = —c?, Eq. (2)}. The system
is overdetermined as there are more equations than
unknowns. However, the system is still self-consistent as
these six equations are not independent from each other. To
see this, we start from u,V, 7" = 0. Substituting Eq. (4)
into this equation, we obtain

0= u,V,T" = V,(T"u,) — T"V,u,

=V, (Lw*) — <£F - nd£F> V, u¥

dn
d_
=V, Ly +n—"V u"
dn
d’
=9, ), 5)
where the second line uses u# u, = —c? and its derivative

u"Vyuﬂ =0 [3], and the fourth line uses the chain rule
V, L. = (dL./dn)V, n. Therefore, Eq. (2) can be derived
from {V,T" = 0, u"u, = —c*}. For gravitational theories
with fluid models given by an explicit L£.(n), the Einstein
field equations together with u*u, = —c? are complete and
self-consistent. Note that, in this case, it is not necessary to
introduce other fluid thermodynamic quantities such as the
mass density p and pressure p.

However, other thermodynamic quantities, e.g., p, are
needed to describe a perfect fluid [4,33]. If we introduce
such a quantity into the fluid Lagrangian, we have one more
variable to describe the fluid. At the same time, we need
one more equation to determine the motion of the fluid.
This equation cannot be obtained from the gravitational
field equations or variational principle. For clarity, here
we assume that L. is an explicit function of p; then, there
are six variables {p,n,u*} to describe the fluid but only
five independent equations: {V, 7" =0, w'u, = —c?}.
Note that one can repeat the proof given by Eq. (5) as
long as dp/dn exists. In principle, the additional equation
can be arbitrary since the existing equations are under-
determined. In order to be consistent with conventional
thermodynamics, we can adopt the local energy conserva-
tion equation [3,33],

p
b SRS 6
n=atr (6)

where p = p(p) is given by the ordinary known equation
of state (EOS) of the fluid. Here we only consider an
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isentropic fluid. This is widely used in the studies of
modified fluids [10,13,18], and is reasonable in many
gravitational processes involving fluids, such as big bang
nucleosynthesis [35], cosmic recombination [36], and
neutron stars [37]. We would like to highlight that p
appearing in Eq. (0) is an auxiliary variable to complete the
equation, rather than given directly by the variational
principle. Adopting Eq. (6) allows us to discard the possible
gravitational particle creation process [19,20] in our frame-
work. Note that particles cannot be created in classical field
theory, and the creation is a quantum process. We believe
that the modified fluid theory is classical, rather than
quantum. This is the key reason for our pursuit of energy
conservation. For gravitational theories with fluid models
given by an explicit L.(p), the equations {G,, = T,
w'u, = —c?, Eq. (6)} are complete and self-consistent.
The above discussion demonstrates our core strategy for
modifying fluid theory. A more complex fluid Lagrangian
will be discussed later and compared with existing method-
ologies in the literature.

In order to demonstrate the principle discussed
above more intuitively, here we present a cosmological
application. The Universe is assumed to be described
by the flat Friedmann-Lemaitre-Robertson-Walker metric
ds? = —c?d#? + a*dx?, where a = a(t), and the four-
velocity u* = (1,0,0,0). Substituting these results into
the Einstein field equations with Eq. (4), we obtain

H2 = —T,CF, (78.)
a Kkc? 3ndL;
5‘?(‘“75)’ (7)

where the Hubble parameter H =a/a and =d/dz.
Independent of L., Eq. (7) gives n 4+ 3Hn = 0, which is
exactly Eq. (2). If £, = L(n), then Eq. (7) is complete as
there are two equations and two variables, {a,n}. If
L. = Li(p), then Eq. (7) is not complete as no equation
determines the evolution of p. In this case, one equation such
as Eq. (6) is required. For the photon gas contained in the
Universe, regardless of the expression for L;(p), we can
adopt Eq. (6) with p = pc?/3 sothatn « a™3 and p x a™*.
Therefore, such a fluid is consistent with conventional
thermodynamics.

IIL f(x) FLUID

A perfect fluid is the main gravitational source in
general relativity. Its Lagrangian can be written as
L. = —pc? [32,33] and the energy-momentum tensor is
generally written as Tf};p) =(p+ p/cHu,u, + pyg,, [38].
We emphasize that all we obtain from the variational
principle is Eq. (4). The appearance of p in 7, is caused
by substituting Eq. (6) into Eq. (4) with L. = —pc?.

The essence of u,V,T# = 0 is particle number conserva-
tion [Eq. (2)], as depicted by Eq. (5), rather than energy
conservation, as is widely believed in the literature.

One generalization of the perfect fluid is to write the
Lagrangian as L. = f(y), where y is a scalar related
to the fluid, e.g., n, p, or the trace of the conventional

energy-momentum tensor 7FF) = g/’”T,(,EF) =3p—pct In
our framework, the gravitational field equations of the first
two cases have been discussed before, and the case
y = TP is formally identical to the case y = p.

This generalization includes the minimal coupling cases
of f(R,L,,) gravity [10] and f(R,T) gravity [13]. Here
we provide a comparison of our results with those given in
the literature [8-15]. In the series of works on f(R, L)
gravity [8—11], the authors used p to denote the rest mass
density [32], and obtained dp from rest mass conservation.
This is essentially the same as our discussion of Eqgs. (2)
and (3). They then analyzed gravitational applications by
treating £, as an explicit function of p, which is similar to
the case of £ = L(n) in our discussions. For the case of
minimal coupling between spacetime and matter, they
obtained a result similar to our Eq. (4), and then rewrote
the result in the form of T,SEF) with a redefined mass/energy
density and pressure. Finally, a given EOS can be used to
reconstruct the explicit expression for £,,(p) (see Sec. Il in
Ref. [11] for an example). In summary, their result suggests
that one L£,,(p) corresponds to one specific EOS if the
fluid is still perfect. Note that this procedure aims to
reconstruct the Lagrangian of a perfect fluid, not to
generalize the fluid. This is self-consistent, and the result
should be equivalent to those given directly in the perfect
fluid case. Here we illustrate this equivalence with an
example. In our conventions, Eq. (4) and the form

of T,(,SF) give the redefined mass density p = —L;/c?
and pressure p = L. —ndL./dn. Here a tilde represents
a redefinition. These redefined quantities satisfy ng—i =

L4 pas u'V¥Ty, ) = 0. If the EOS w(n) = p/(pc?) is
known, then L(n) is determined by

n dL
Codn w+ 1. (8)
For a photon gas (w = 1/3), the above equation gives
L, « n*3, which is consistent with the result obtained in
the conventional perfect fluid framework (see the analysis
of a photon gas in an expanding Universe in the perfect
fluid framework).

Considering the above discussion and the composition of
functions, one might guess that any fluid Lagrangian can be
regarded as L;(n), so that Eq. (1) can only describe the
perfect fluid. In this idea, the physical mass density and
pressure should be redefined as discussed above Eq. (8),
and the redefined quantities satisfy conventional conserva-
tion laws. This is essentially the core of the comment on
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f(R,T) gravity given in Refs. [16,17]. However, in our
opinion, this is not true. In principle, the minimal coupling
case of f(R, T) gravity is intend to modify the perfect fluid,
rather than reconstruct its Lagrangian. The core of modi-
fying the fluid lies in the relationship between £, and the
physical mass density p. We can still generalize the perfect
fluid by modifying L.(p), as we discussed earlier. We agree
with the reply given in Ref. [18] that the prior p has a
physical thermodynamic interpretation, and the mass den-
sity should not be redefined based on a conservation law. In
particular, there is a counterexample to Refs. [16,17]. In our
framework, both the prior p and the redefined p formally
satisfy the conservation law (6) even if L.(p) is general.
There is no reason to define the physical mass density by
the latter one, as was done in Refs. [16,17]. Compared with
the minimal coupling case of f(R,T) gravity [13], our
theory can naturally incorporate the conservation law (6),
and no gravitational particle creation process [19,20] is
required.

IV. EDE IN f(p,w) FLUID

Similar to f(R,w) gravity we mentioned but not ana-
lyzed in Ref. [21], here we use an f(p, w) fluid to realize the
EDE triggered by the cosmic radiation-matter transition.
We adopt the Lagrangian

Lo =—pe® x [1 + asind (3w, ©)

where the dimensionless parameters a = O(0.1) and
B = O(1), and the conventional fluid EOS w = p/(pc?).
For our EDE purpose, the fluid here includes neutrinos,
photons, baryons, and dark matter. The function sin(3wr)
is chosen such that the modification vanishes at w = 0 and
1/3. The parameters a and f control the amplitude and
width of Qgpg, respectively. This realization does not need
to specify an energy scale. For the gravitational theory with
Eq. (9), the complete and self-consistent field equations are
{G,, = T, with Eq. (4), u*u, = —c?, Eq. (6)}. Note that

AL, _ OL,dp | oLy dw
dn = 0p dn ow dn”

For a flat Universe, the complete cosmic evolution
equations can be chosen as Egs. (2), (6), and (7a). w is
a given variable to characterize the fluid, and Eq. (7b) can
be derived from this set of equations. The Friedmann
equation (7a) gives the relative energy density of EDE,

here

asin’ (3wr)

—_— 10
1 + asin’(3wn) (10)

QEDE =

We define the e-folding number N = In(a/ay), where ay is
the cosmic scale factor today. Then, w = (1/3)/[1 +
exp(N — Ngq)] for the real Universe containing radiation
and pressureless matter [21], where N, = —8.13
corresponds to matter-radiation equality [39]. Figure 1
shows the cosmic evolutions of w, Qgpg, and the
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FIG. 1. Cosmological evolution of the EDE triggered by the

cosmic radiation-matter transition and realized in an f(p,w)
fluid. The p; denote the density of radiation (neutrino and photon,
« a™*), matter (baryon and dark matter, « a3), and EDE
[= (p; + pm) X asin’(3wr)], and are rescaled by the matter
density at equality, p,, oq- Qgpg and w can be found in the main
text. The top axis denotes the cosmological redshift.

density p;. The parameter a = 0.1 roughly corresponds to
Qrpe & 10% at matter-radiation equality, which is the
preferred value given by cosmological parameter con-
straints [22-26]. After the equality, we require that EDE
dilutes away at least as fast as radiation, which corresponds
to > 1 (see the bottom part of Fig. 1). The model with
p > 1 also exhibits well in the radiation-dominated era.
This figure confirms that Eq. (9) completely realizes the
idea that EDE is triggered by the radiation-matter tran-
sition, and solves the relevant coincidence problem.

In the limit of w — 0, we obtain the pressureless perfect
fluid from Eq. (9), and then V,T*¥ = 0 gives the geodesic
equations u*V, u* = 0 [40]. In the Solar System, a planet
can be regarded as a pressureless fluid element. Therefore,
the planet moves along the geodesic even though the fluid
Lagrangian is given by Eq. (9). A nonzero w may affect the
motion of the stars, e.g., neutron star. This effect may leave
an imprint on the gravitational waveforms of binary
neutron star mergers. There is another mechanism leading
to similar influences. The w modification can affect the
structure of neutron stars and thus the gravitational waves
from binaries through tidal interactions [41-47]. These
effects may be observable by future gravitational-wave
detectors with optimum sensitivity ranges from decihertz
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[48] to kilohertz [49]. An analysis of these issues will be
presented in the future.

V. CONCLUSIONS

A general framework to modify a perfect fluid was
presented in this paper. The proof given by Eq. (5) paves
the way for constructing the complete and self-consistent
field equations, and allows the modified fluid to satisfy
energy conservation. Comparisons between our result and
previous works were discussed in detail. Our variational
method and result for 7, are similar to those in Ref. [18].
The difference is that we highlight that Eq. (6) needs to be
introduced separately, and cannot be given by the varia-
tional principle. Our L;(n) case is equivalent to the
minimal coupling case of f(R, L,,) gravity [10]. For the
debate on f(R,T) gravity [13], our f(y) case provides
evidence against Refs. [16,17] and supports Ref. [18], and
we conclude that there is no reason to redefine the physical
mass density based on the modified fluid Lagrangian or the
formal conservation law. Unlike the minimal coupling case
of f(R, T) gravity [13], the energy conservation law (6) can
be naturally incorporated into our framework. The non-
minimal coupling of spacetime and fluid was not discussed
in this paper. This generalization within our framework and
a more comprehensive comparison with f(R,T) gravity
will be studied in a future work.

As an application, we proposed the f(p,w) fluid with
Eq. (9) to finish the idea that EDE is triggered by the
radiation-matter transition [21], which is one way to solve
the EDE coincidence problem. There are other ways to
address the EDE coincidence, e.g., neutrino-triggered EDE
[29,30,50,51], dark matter-triggered EDE [52,53], and
multiple scaling fields [54]. Compared with these models,
our model does not require an energy scale, and only
introduces two dimensionless parameters of order O(0.1)
and O(1). Such properties may make the theory more
natural.

In the future, gravitational waves from binary neutron
star mergers [41—47] may be able to provide a cross-check
for our EDE model. The possible positive results given by
the relevant cross-checking can lead to robust statements
about the existence of the w modification of a perfect fluid.
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