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Fallback supernovae and the collapsar scenario for long gamma-ray bursts and hypernovae have received
considerable interest as pathways to black-hole formation and extreme transient events. Consistent
simulations of these scenarios require a general relativistic treatment and need to deal appropriately with the
formation of a singularity. Free evolution schemes for the Einstein equations can handle the formation of
black holes by means of excision or puncture schemes. However, in constrained schemes, which offer
distinct advantages in long-term numerical stability in stellar collapse simulations over well above 104

light-crossing timescales, the dynamical treatment of black-hole spacetimes is more challenging. Building
on previous work on excision in conformally flat spacetimes, we here present the implementation of a
black-hole excision scheme for supernova simulations with the CoCoNuT-FMT neutrino transport code. We
describe in detail a choice of boundary conditions that ensures long-time numerical stability, and also
address upgrades to the hydrodynamics solver that are required to stably evolve the relativistic accretion
flow onto the black hole. The scheme is currently limited to a spherically symmetric metric, but the
hydrodynamics can be treated multidimensionally. For demonstration, we present a spherically symmetric
simulation of black-hole formation in an 85M⊙ star, as well as a two-dimensional simulation of the fallback
explosion of the same progenitor. These extend past 9 and 0.3 s after black-hole formation, respectively.

DOI: 10.1103/PhysRevD.107.103010

I. INTRODUCTION

Typically the final iron core collapse of massive stars
eventually results in the formation of a neutron star and a
supernova explosion [1]. In a substantial fraction of
massive stars, however, iron core collapse will lead to
black hole formation. Observations of supernova progeni-
tors indicate that red supergiants with initial masses above
15–18M⊙ will collapse quietly to black holes [2,3], and
there is now even direct evidence for the disappearance of a
red supergiant of ∼25M⊙ [4]. In some cases, black hole
formation may not proceed quietly, however. It has long
been theorized that the formation of black holes with an
accretion disk during the collapse of rapidly rotating
massive stars may lead to powerful “hypernova” explosions

and long gamma-ray bursts [5,6] (collapsar scenario).
Furthermore, black holes may be formed, regardless of
progenitor rotation, if an incipient supernova explosion is
not sufficiently energetic to eject the entire stellar envelope
and a substantial fraction of the envelope undergoes fall-
back onto the neutron star during some stage of the
explosion. Recently, a number of multidimensional super-
nova simulations have followed the long-term evolution of
neutrino-driven explosions in massive progenitors to study
this fallback scenario [7–10].
Simulations of black-hole forming supernovae are tech-

nically challenging, however. In addition to the usual
numerical challenges—multidimensional fluid flow includ-
ing magnetic fields and neutrino transport—a general
relativistic treatment of the spacetime is required to con-
sistently follow the evolution of the supernova core up to,
through, and beyond black hole formation. Furthermore,
while a judicious choice of slicing conditions may be
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sufficient to follow the accretion onto the black hole for
some time after its formation [10], special techniques such
as excision [11] or puncture methods [12] are generally
required to avoid problems with the central singularity and
follow the accretion onto the black hole on longer time-
scales. As a simpler alternative, one can treat the long-term
evolution after black hole formation in Newtonian grav-
ity [7,8], perhaps in combination with a pseudorelativistic
potential [13,14], but this approximate approach is not well
suited during the dynamical collapse phase and may not be
accurate enough for treating collapsar disks and, in par-
ticular, fast relativistic outflows. A rigorous relativistic
treatment is also required for accurate predictions of the
gravitational wave signal from black-hole formation in
core-collapse supernovae.
For this reason, there have only been few efforts to

consistently simulate collapsars and fallback supernovae
through black hole formation in full general relativity.
Many simulations of fallback supernovae stop when a black
hole is formed, regardless of whether the spacetime was
treated in full general relativity [15] or using approximate
pseudo-Newtonian gravity [16,17] up to that point. Chan
et al. [7] and Chan and Müller [8] mapped from a
relativistic simulation (in the conformally flat approxima-
tion [18–20]) up to black hole formation to a Newtonian
moving mesh code to follow the long-term evolution of
fallback supernovae. Two studies have presented axisym-
metric (2D) general relativistic simulations beyond black
hole formation based on a puncture method, employing
either multigroup flux-limited diffusion or [10] or a
simpler, gray transport scheme [21]. While models of
collapsars and long gamma-ray bursts (e.g., [22–24]). have
long moved beyond the use of modified Newtonian gravity
in early studies [5], they commonly bypass the precollapse
phase altogether and insert a black hole at the beginning.
In order to circumvent the problem of numerical singu-

larities or grid stretching in singularity avoiding slicings,
two classes of methods have been developed to evolve black
hole spacetimes in numerical relativity. Puncture meth-
ods [12,25] factor out the singular parts of the spacetime
from the regular parts. The singular parts are dealt with
analytically while the regular parts are allowed to evolve
numerically [26,27]. On the other hand, excision techniques
involve removing a section of the spacetime and imposing
boundary conditions on the excised surface [11,28].
Applications of puncture and excision schemes have largely
been confined to hyperbolic evolution schemes.
Since core-collapse supernovae typically need to cover

several 104 light-crossing timescales of the compact object or
more, it has been popular to resort to the conformal flatness
condition as an elliptic formulation of the Einstein equations
for this problem [29,30]. While the conformal flatness
condition (CFC) is exact only in spherical symmetry, it
enables stable long-term evolution by solving the elliptic
constraint equations directly. The CFC approximation is also

a stepping stone towards the fully constrained formalism
(FCF) [31], a nonapproximate elliptic-hyperbolic formu-
lation of the Einstein equations in the generalized Dirac
gauge. Because of their stability properties and suitability for
long-time simulations, adapting such constrained schemes to
black hole spacetimes is a major desideratum. However, the
elliptic nature of the constraint equations poses challenges in
formulating excision or puncture schemes for constrained
formulations. Building on earlier work around excision for
the black hole initial data problem [32–34], an excision
scheme based on CFC/FCF was formulated for spherically
symmetric spacetimes by Cordero-Carrión et al. [35] and
applied to several test cases (static black holes, scalar field
collapse, collapse of an isolated neutron star). However, the
scheme is yet to be applied in full core-collapse supernova
simulations with neutrino transport.
In this paper, we implement a modified version of the

excision scheme of Cordero-Carrión et al. [35] in the
CoCoNuT-FMT supernova code. We also present results from
simulations of black-hole formation during the collapse of a
massive star in spherical symmetry and in axisymmetry
(with a spherically symmetric metric) to demonstrate the
excision scheme in practice.
Our paper is structure as follows. In Sec. II, we review

the CFC approximation and describe the boundary con-
ditions for the excision scheme, including modifications
from the original formulation of Cordero-Carrión et al. [35].
Section III provides further details on the numerical
implementation of the boundary condition and the solution
of the elliptic equations that are specific to CoCoNuT-FMTand
more peripheral to the excision method per se. Section IV
describes modifications to the hydrodynamics modules of
the CoCoNuT-FMT code, which are required to stably model
accretion flow across the black hole horizon. In Sec. V, we
present the results of a spherically symmetric (1D) core-
collapse supernova simulation of an 85M⊙ star. Finally, we
show results from an axisymmetric (2D) simulation of a
fallback supernovae (using the same progenitor) with the
excision scheme in Sec. VI.
Throughout this paper we use geometrized units:

G ¼ c ¼ 1. Greek indices run from 0 to 3 while latin
indices run from 1 to 3.

II. METRIC EQUATIONS AND
EXCISION SCHEME

A. 3 + 1 formalism in the conformal
flatness approximation

For the numerical solution of dynamical problems, the
Einstein equations must be formulated as an evolution
problem using spacelike or null foliations. We start from
the 3þ 1 formalism [36,37], in which the four-dimensional
spacetime is foliated into a continuous sequence of three-
dimensional spacelike hypersurfaces. This foliation indu-
ces a metric with line element,
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ds2 ¼ −α2dt2 þ γijðdxi þ βidtÞðdxj þ βjdtÞ; ð1Þ

where α is the lapse function, βi is the shift vector, and γij
is the three-metric on the spacelike hypersurfaces. In this
work, we adopt the approximation that the spatial metric is
conformally flat (CFC) [19] and spherically symmetric
(although when assuming spherical symmetry, the former
assumption ceases to be an approximation and is just a
choice of isotropic spatial coordinates).1 The CFC approxi-
mation for relativistic gravity has been used extensively in
various general relativistic hydrodynamics codes for many
years [29,38–40].
The CFC approximation reduces the Einstein equations

to a set of elliptic constraint equations. In spherical polar
coordinates, the CFC metric is given by

gμν ¼

0
BBB@

−α2 þ βiβ
i βr βθ βφ

βr ϕ4 0 0

βθ 0 ϕ4r2 0

βφ 0 0 ϕ4r2sin2θ

1
CCCA: ð2Þ

To determine the conformal factor, ϕ, in addition to the
lapse, α, and shift vector, βi, the Hamiltonian constraint and
momentum constraint are supplemented by a gauge con-
dition, namely maximal slicing, which requires that the
trace of the extrinsic curvature Kij should vanish,

K ¼ γijKij ¼ 0: ð3Þ
This results in a set of three coupled elliptic equations

that describe the spacetime in the presence of a given stress-
energy tensor, determined by the matter energy, momentum
and stresses at a given time:

Δϕ ¼ −2πϕ−1
�
E� þ ϕ6KijKij

16π

�
; ð4Þ

ΔðαϕÞ ¼ 2παϕ−1
�
E� þ 2S� þ 7ϕ6KijKij

16π

�
; ð5Þ

Δβi þ 1

3
∇i∇jβ

j ¼ 16παϕ−2ðS�Þi þ 2ϕ10Kij∇j
α

ϕ6
; ð6Þ

where E�, S�, and ðS�Þi are the conformally rescaled energy
density, trace of the stress tensor, and momentum density
respectively (which are conserved hydrodynamic variables).
The flat-space Laplacian is denoted by Δ ¼ fij∇i∇j where
fij is the flat space three-metric. At spatial infinity, the
metric is flat, meaningϕ → 1, α → 1, and βi → 0. Also note
that spherical symmetry causes the angular components of
the shift to be zero, i.e., βθ ¼ βφ ¼ 0, as well as the off-
diagonals of the extrinsic curvature. In our code, we use a

fixed-point iteration [41] based on a multipole expan-
sion [42] for the scalar and vector Poisson equations. The
vector Poisson equation for the shift is reduced to scalar
Poisson equations following Grandclément et al. [43]. In
general, the source terms on the right-hand sides are
dominated by terms containing hydrodynamic quantities;
only for strong gravitational fields do the strongly nonlinear
curvature terms (e.g., KijKij) become significant.
Prior to black hole formation, the extended CFC for-

malism of [20] is used as it is robust against the uniqueness
issue which sometimes plagues the original CFC approach
[Eqs. (4), (5) and (6)]. We prefer not to use the extended
CFC after black hole formation as it introduces an auxiliary
vector Xi, which is difficult to define a boundary condition
for. We observe no issues with the uniqueness of the
solution in the simulation results.

B. Boundary conditions for the metric variables

To extend our supernova code, CoCoNuT-FMT, to simu-
lations beyond black hole formation, we follow Cordero-
Carrión et al. [35] and perform excision of a spherical
region inside the proto-neutron star (PNS) core by impos-
ing suitable boundary conditions on the metric variables at
the excision surface. This excision surface lies strictly
within the apparent horizon once it forms. The boundary
conditions for ϕ, α and βi, respectively, are, in the original
formulation,

∂tϕ ¼ βk∇kϕþ ϕ

6
∇kβ

k: ð7Þ

α ¼ ϕ6ðLβÞijsisj
2Âijsisj

; ð8Þ

βisi ¼ constant; ð9Þ
where si is an outward-directed spacelike unit vector normal
to the excision surface, ðLβÞij ≔ Diβj þDjβi − 2

3
fijDkβ

k

and Âij is the conformally rescaled extrinsic curvature, i.e.,
Âij ¼ ϕ10Kij. Unless otherwise noted, boundary conditions
are implied to apply on the excision surface only. We evolve
Âij according to the time evolution equation as given by
Cordero-Carrión et al. [44]. Under the assumption of
spherical symmetry only the component Ârr has an effect
on the boundary conditions and it suffices us to integrate

∂Ârr

∂t
¼ βr∂rÂ

rrþ5

3
Ârr

�
2

r
βrþ∂rβ

r

�
−2Ârr

∂rβ
r

þ2Nϕ−6ðÂrrÞ2−8πNϕ6

�
ϕ4Srr−

S
3

�
þ16

3
Nð∂rϕÞ2

þ16

3
ϕ∂rϕ∂rN−

2

3
ðϕΔðNϕÞþNϕΔϕ

þ2∂rϕðϕ∂rNþN∂rϕÞÞ; ð10Þ
1The CFC approximation is intimately related to an exact

mixed hyperbolic/elliptic formulation of the Einstein equations in
the generalized Dirac gauge known as the FCF [31].

BLACK-HOLE EXCISION SCHEME FOR GENERAL … PHYS. REV. D 107, 103010 (2023)

103010-3



whereSrr is the rr component of the stress energy tensor, and
S is its trace.
The set of equations (7)–(9) represents one possible

gauge choice for the elliptic system. Equation (7) comes
from the kinematic relations of Bonazzola et al. [31].
Equation (8) is the result of imposing conformal flatness,
hence this relation (or some equivalent equation) is a
required feature in the boundary conditions; see
Equation (2.14) in [35]. Equation (9) is a choice of gauge.
It is possible to make an alternative gauge choice and,
indeed, we that find a modified gauge condition offers
better numerical stability when combined with our hydro-
dynamics code. Specifically, we find the original boundary
conditions to be sensitive to errors in the evolution of Âij,
and that they can become unstable if Âij → 0. Furthermore,
while these boundary conditions do preserve the inward
direction of the characteristics of the metric equations
inside the apparent horizon, we find that null characteristics
are often produced outside the excision boundary, prompt-
ing the boundary to move outward over a duration of
hundreds of milliseconds until it encompasses most of the
grid (i.e., the apparent horizon becomes thousands of
kilometers in radius). This behavior is not desirable from
a numerical point of view. Furthermore, we do not find
good long-term conservation of the Arnowitt, Deser,
Misner (ADM) mass with the original scheme if there is
ongoing accretion onto the black hole over timescales of
hundreds of milliseconds (as opposed to the test cases
in [35], which quickly settled to a vacuum black hole
space time).
In theory, the excision radius could be kept constant,

which may produce a more realistic metric evolution for the
original boundary conditions, however this would neces-
sitate being able to handle the extremely relativistic flows
near the center of the grid. CoCoNuT is unable to accurately
model hydrodynamics under these conditions and, hence,
the excision surface must be moved outward where
possible for any set of boundary conditions.
To resolve these issues, we use new boundary conditions

for the lapse and radial component of the shift vector on the
excision surface. Respectively, these are

α

ϕ2βr
¼ const: ð11Þ

γ̃ik∇kβ
j þ γ̃kj∇kβ

i −
2

3
γ̃ij∇kβ

k ¼ 2αϕ−6Âij: ð12Þ

We also change the boundary condition for the conformal
factor to explicitly guarantee conservation of the ADM
mass, or rather an appropriate change of the ADM mass
according to the energy flux through the outer boundary of
the grid. The boundary condition for ϕ thus changes from a
boundary condition on the excision surface to a condition
on the outer boundary,

ϕ0ðRÞ ¼ −
MADM

2R2
; ð13Þ

where MADM is the ADM mass (see Sec. VA), ϕ0 is the
radial derivative of ϕ and R ¼ 1010 cm is the radius of the
outer boundary of the grid. An inner boundary is not
required as the solution for ϕ is fully determined by the
outer boundary condition and the sources on the grid.
Equation (10) is still used to evolve Âij in each time step.
The motivation behind each of these changes is explained
in more detail in the following two sections.

1. Reformulated boundary condition: Lapse and shift

The constraint from the hyperbolic sector imposed in
Eq. (8) can be trivially rearranged to produce Eq. (12),
which acts as a boundary condition for βr. Some form of
this condition must be present in any form of the boundary
conditions. This leaves the freedom to manually set the
lapse function, instead of the radial component of the shift
vector. It is possible, and perhaps is most simple, to impose
a constant value of the lapse on the excision boundary,
αðRAHÞ ¼ const.; set such that α is smooth and continuous
in time over the transition from nonexcised to excised
regimes. While this is the obvious choice, we find that this
gauge can fail to preserve the inward-pointing nature of
outward-directed light rays inside the apparent horizon.
This means that the apparent horizon can vanish if the
metric functions, and specifically the boundary conditions,
adjust such that

α

ϕ2
− βr > 0 ð14Þ

inside the excised region. Here the lhs is just the coordinate
velocity of radial outward-directed light rays. It is helpful
then to consider an inner boundary condition for the lapse
function where the “outgoing” null characteristic still point
inward at the excision surface. We find that this can be
achieved by maintaining the ratio α=ðϕ2βrÞ, as per Eq. (11),
where its value is set, once again, by continuity over the
transition to the excised metric.
Tests with this boundary condition for the lapse function

demonstrated that it prevents instabilities in the metric
equations which can otherwise occur if the light cone at the
excision surface is not properly pointing inward any more
due to the adjustment of the metric as material accretes onto
the black hole. It is also simple to implement, and does not
involve any derivatives, which makes it efficient to com-
pute and less prone to numerical accuracy problems under
the restriction of finite spatial resolution.
The shift vector is now constrained by a Robin boundary

condition on the excision surface. We find no particular
issues with imposing this boundary condition.
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2. Reformulated boundary condition: Conformal factor

We now turn our attention to the boundary condition for
the conformal factor, ϕ. In the original scheme, ϕ on the
excision boundary is governed by the time evolution
equation (7). This approach produces a stable simulation
which performs well in almost every regard. However we
found that, using Eq. (7), the ADM mass may not be
conserved well numerically. The ADM mass, as given by
Gourgoulhon [45], is

MADM ¼ 1

16π
lim
S→∞

I
S
ð∇jγij −∇iðfklγklÞÞsi ffiffiffi

q
p

dy2; ð15Þ

where S is typically taken as a sphere with induced surface
element

ffiffiffi
q

p
d2y and si is an exterior-pointing unit normal

to S.
Using Eq. (7) for the time evolution of ϕ on the excision

surface produces a steady decline in the ADM mass
postexcision, likely partially due to numerical inaccuracies
in the metric or matter evolution. This is undesirable as it is
analogous to a spurious loss of inertial mass, and hence
may affect the dynamics of the collapsing star outside the
excision region. This may impact, e.g., the trajectory of the
shock in a prompt fallback scenario and generally invali-
date the simulation results.
As shown in more detail in Appendix, ADM mass

conservation requires a close cancellation of terms that
are of order βrMADM=r2AH individually. With βr ∼ 0.1 at the
horizon, even a small relative error of 10−3−10−4 will lead
to a change of OðMÞ over 104–105 light-crossing time-
scales as required for realistic simulations of black-hole
forming supernovae. As a result, Eq. (7) is very sensitive to
the discretization error of numerical derivatives and hydro-
dynamic sources on the excision boundary. Specifically,
ADM mass conservation depends critically on the numeri-
cal accuracy of the solution for βr and hence on the time
evolution of Âij, which enters the boundary condition for
βr. Currently, a mix of upwind and centered discretizations
are used for the evolution of Âij, with, for example, the first
term treated with an upwind scheme. Tests with potentially
more accurate discretization schemes, such as semi-implicit
time integration or a higher-order, five-point stencil for the
spatial derivatives in Eq. (10), did not yield any noticeable
improvements, however.
The consequence of this is that we are not able to achieve

the required accuracy in each of the three terms listed
previously, and hence the evolution of ϕ is inaccurate. This
causes the ADM mass to drift.
To prevent this, we instead adopt an ADM-mass con-

serving scheme for ϕ, which explicitly holds the ADM
mass constant (except for changes due to any energy flux
through the outer boundary) by imposing a new boundary
condition at the outer boundary of the grid. To obtain this
boundary condition we start by rewriting Eq. (15) in a
simpler form for the current case of a spherically symmetric

CFC metric. In spherical symmetry, and with γij as
previously identified, the expression is simplified to

MADM ¼ −2 lim
r→∞

ϕ5ð∂rϕÞr2: ð16Þ

In practice, we cannot evaluate this beyond the largest
radius in the grid, although in many cases the outer
boundary serves as an acceptable proxy for a surface at
infinity. A more rigorous solution is obtained by consid-
ering that, outside the grid, the energy density and curvature
terms in Eq. (4) are small and decay sufficiently fast such
that an analytic solution is available: ϕ ¼ c1r−1 þ c2.
Matching this solution to the outer boundary of the grid
with c1 and setting c2 ¼ 1 for the correct asymptotic
behavior enables us to approximate the ADM mass at
spatial infinity:

MADM ¼ −2R2ϕ0ðRÞ; ð17Þ

where R is the radius of the outer boundary and ϕ0 is the
radial derivative of ϕ.
Equation (13) is the new boundary condition, and acts

to fix the radial derivative of ϕ on the outer boundary of the
grid. This replaces the original boundary condition on the
excision surface, Eq. (7). There is no tension between
this approach and Eq. (7) since the evolution of ϕ between
the two methods must agree analytically, but explicitly
imposing ADM mass conservation helps to improve the
numerical accuracy of the metric evolution due to better
agreement with physical conservation laws.
The ADM mass of the star is expected to gradually

decrease by a small amount due to energy losses from
neutrinos streaming out of the star (and out of the numerical
grid). Since the ADM mass can be expressed as a surface
integral at spatial infinity, these neutrinos should always be
included as they are always within this surface; however,
since they cannot be accounted for once they leave the grid,
and only the ADM mass on the grid is relevant, the ADM
mass contribution of these neutrinos is removed once they
cross the outer boundary. Similarly, material from outer
layers of the star falling inwards through the outer
boundary will contribute a small increase in ADM mass.
In good approximation, this amounts to

∂MADM

∂t
¼

I
S
ðFn þ FmÞ · dA; ð18Þ

where S is the outer surface of the numerical grid with
surface element dA, neutrino flux Fn and matter flux Fm.
This neglects, for example, the contribution of mass outside
the grid and small relativistic effects, but it is justifiable
because of the large radius of the grid boundary which
allows us to apply familiar notions of energy conservation.
In practice, the neutrino flux across the outer grid boundary
is small after black hole formation as the density of the
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infalling material outside the horizon (and hence the
neutrino emission rate) is considerably lower than during
the protoneutron star phase. Nonetheless, the effect is
included by decreasing the fixed ADM mass by the
neutrino energy flux through the outer boundary. While
the matter flux increases with time as the collapse of the
outer layers accelerates, it is initially an order of magnitude
less than the neutrino flux.

C. Apparent horizon finder

The boundary conditions for the lapse and shift are
enforced on a spherically symmetric shell—the excision
surface. The radius of this shell is determined by the require-
ment that it be inside the apparent horizon of the nascent black
hole. The mathematical condition for an apparent horizon
(marginally trapped surface) is that the expansion, Θ, of
outgoing null congruences should vanish, [46],

ΘðrAHÞ ¼ ∇isi − K þ sisjKij ¼ 0; ð19Þ

where si is an outward pointing unit normal. This may be
written explicitly as an equation for α, ϕ and βr, recalling
that maximal slicing is used so K ¼ 0,

4

ϕ3

∂ϕ

∂r
þ 2

ϕ2r
þ 2

3α

�
∂βr

∂r
−
βr

r

�
¼ 0; ð20Þ

with ΘðrÞ < 0 inside the apparent horizon surface. The
excision surface is placed strictly inside the apparent
horizon. Since the characteristics of the metric and fluid
equations point inward, there are no consequences for not
properly evolving the hydrodynamics inside the excision
region. Indeed, other simulation codes may remove this
region from the computational domain entirely. The
requirements on boundary conditions for hydrodynamic
variables are also less demanding as they primarily need
only be numerically stable, with physical correctness being
less important since the region outside the black hole is
physically unaffected by boundary conditions for hyper-
oblic equations at the apparent horizon. These boundary
conditions are discussed further in Sec. IVA.
The apparent horizon may move throughout the simu-

lation, resulting in the excision surface traveling outward if
the negative expansion condition is satisfied by a zone with
greater radius. Enabling the excision surface to move can
prevent numerical issues which arise when trying to
simulate hydrodynamic flows too far inside the black hole.
When moving the excision surface, the boundary condi-
tions are redefined based on the new values of the metric
variables on the excision surface, i.e., the conformal factor
uses ϕ at the new radius as its initial value, the ratio
α=ðϕ2βrÞ is reset using the metric quantities at the new
radius, and the radial component of the shift is calculated as
usual, albeit at the new radius too. We always move the
excision surface to as large a radius as possible to avoid

numerical issues. This means the excision surface and
actual apparent horizon are almost the same, differing in
radius by the width of one radial cell at most, keeping the
boundary consistently inside the apparent horizon whilst
minimizing numerical difficulties in the hydrodynamics.

III. NUMERICAL IMPLEMENTATION
IN METRIC SOLVER

A. Application of metric boundary conditions

The differential operator in Eq. (4) is the flat space
Laplacian. Assuming spherical symmetry, this has a kernel
consisting of functions of the form c1r−1 þ c2 where r is
the radial coordinate and c1, c2 are set by the boundary
condition at the excision surface [Eq. (7)] and the required
asymptotic behavior ϕ → 1 as r → ∞. An iterative multi-
pole expansion is used to generate a solution, ϕ, of Eq. (4)
without explicit boundary conditions (see [41,42]). Adding
the aforementioned element of the kernel to this solution
does not change the lhs of Eq. (4) since, by definition, these
terms vanish under the action of the Laplacian. This method
produces a solution to the metric equation which satisfies
the required boundary conditions. Boundary conditions for
α and βi are enforced in a similar manner, although the
differential operator applied to βi has slightly different
kernel elements: c1r−2 þ c2. The asymptotic values for α
and βi are 1 and 0, respectively, at spatial infinity, as
mentioned previously.

B. Reformulated lapse equation

The excision scheme is switched on only once the
apparent horizon has formed as per the condition in
Eq. (20). However, we found that Eqs. (4)–(6) tend to
become numerically unstable when the minimum value of
α approaches zero so that the code crashes before an
apparent horizon is formed. For small values of α, numeri-
cal inaccuracies in the metric solver cause the solution for
the lapse to become slightly negative at small radii in
subsequent iterations. These are purely numerical effects
arising from the discretization due to the spatial resolution
not being very high in the core. Locally negative values of α
then immediately destabilize the hydrodynamics solver.
To avoid this issue, Eq. (5) is reformulated in log-space

[see also [41]],

Δ logðαϕÞ ¼ 2πϕ−2
�
E� þ 2S� þ 7ϕ6KijKij

16π

�

−
�
∂ logðαϕÞ

∂r

�
2

: ð21Þ

The Poisson equation is now solved for the term logαϕ,
The solution for αϕ ¼ exp ðlog αϕÞ is then guaranteed
to be strictly positive irrespective of the sign of logαϕ,
thus precluding a negative lapse function. Transforming to
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log-space induces an additional term of ð∂=∂r logðαϕÞÞ2
which must be included in the source term calculation.
The original scheme and the new formulation should

coincide during the collapse before black hole formation
when there is no risk of a negative lapse function. In a test
run using an 85M ⊙ black hole forming progenitor, we
found that, from the start of collapse (t ¼ 0) to 70 ms
postbounce and ∼150 ms prior to black hole formation, the
two methods produce solutions with a cumulative fractional
difference of at most 2 × 10−4, i.e., two simulations,
otherwise identical except for the lapse solution method,
have lapse solutions which differ by<0.02% after 0.61 s of
simulated time. It is theoretically conceivable that numeri-
cal inaccuracies, for instance numerically evaluating the
new radial derivative the log-transformation incurs, neg-
atively impact the solution. However, there is no compel-
ling indication of this in our results, e.g., local entropy
conservation and ADMmass conservation prior to excision
remains on par with the standard formulation of the lapse
equation. Hence, we conclude that the reformulated lapse
equation provides a robust and reliable means to extend
simulations to the point of horizon formation.

IV. MODIFICATIONS TO THE
HYDRODYNAMICS SOLVER

The details of the hydrodynamic treatment in CoCoNuT

have already been discussed by Dimmelmeier et al. [29]
and Müller et al. [30]. We will limit our description to any
changes that are required for excision and black hole
formation.

A. Hydrodynamic boundary conditions

Placing the excision surface inside the apparent horizon
guarantees, in theory, that no hydrodynamic artifacts on the
boundary can propagate outwards and pollute the rest of the
grid. In practice, sensible values must still be enforced to
ensure numerical stability. To minimize changes to the code
infrastructure, we implement the boundary conditions at the
horizons by populating the cells inside the excision region
as ghost zones.
For most variables, e.g., density, pressure, temperature, it

is safe to use constant extrapolation into the excised region,
i.e., ρinterior ¼ ρboundary in the case of density. The velocity
vector requires slightly more finesse, as a poor choice in
boundary conditions has been found to produce artifacts in
the solution to the relativistic fluid equations. Specifically,
we found that a flat velocity profile inside the excised core
based on the velocity on the excision surface produces large
velocity oscillations just outside the excised region. In the
worst case, this can cause the recovery of the primitive
variables to crash, as no solution with v2 < 1 can be found.
However, naive linear or higher-order extrapolation of the
infall velocity is not viable either since this can result in

unphysical superluminal velocities (v2 > 1) in the ghost
zones.
To suppress oscillations in the infall velocity profile near

the black hole, we adopt the following strategy: first, vi on
the boundary is set to the minimum velocity in the four
zones immediately outside the excision surface. This
ensures that any spurious oscillations causing small, or
even positive, velocities are not copied to the boundary
where they may cause numerical issues. We then extrapo-
late the quantity ϕ2Wvi (essentially the four-velocity
components measured in the orthonormalized Eulerian
frame) into the ghost zones inside the excision region
assuming ϕ2Wvi ∝ r−1=2. This procedure ensures that the
extrapolated infall velocity increases monotonically
towards smaller radii, while ensuring v2 < 1 in the ghost
cells, and largely eliminates oscillations in the velocity
profile outside the excision surface.

B. Internal energy scheme

During and after collapse to a black hole, one encounters
infall velocities that are close to the speed of light and also
highly supersonic. For such kinetically dominated flow,
hydrodynamic schemes based on the total energy equation
are prone to stability problems [47] because the recovery of
the internal energy density from the total energy density
becomes inaccurate. We found clear symptoms of such
problems in the entropy profiles close to the horizon when
using the total energy equation. As a result of an inaccurate
determination of the internal energy, entropy conservation
is violated in regions of very high infall velocity, resulting
to a downward drift of entropy during the infall to the
horizon, sometimes compounded by isolated glitches in
the entropy profiles from small velocity fluctuations in the
infall profile. Eventually, this typically leads to equation of
state failures some time after black hole formation.
To address these problems, we also evolve the specific

internal energy, ϵ, and overwrite the values of ϵ from the
usual recovery of the primitive variables in regions the
Mach number of the flow is very high (see below). Internal
energy schemes have been widely used in Newtonian
hydrodynamics, and Wilson and Mathews [48] have also
derived forms for the specific internal energy evolution
equation for use in special and general relativistic hydro-
dynamics simulations. We use a slight variation of Wilson’s
scheme, which we derive in the following.
We start with the first law of thermodynamics for

adiabatic flow, which gives the change of ϵ by PdV work,

dϵ ¼ −Pd
�
1

ρ

�
; ð22Þ

where P is the pressure and ρ is the fluid density. This leads
to the covariant form of the internal energy equation,
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uμ∇μϵ ¼ −Puμ∇μ
1

ρ
: ð23Þ

By combining Eq. (23) with the continuity equation,

∇μðρuμÞ ¼ uμ∇μρþ ρ∇μuμ ¼ 0; ð24Þ

where u is the four-velocity, we can bring the rhs of (23)
into a more convenient form,

∂ϵ

∂t
þ αv̂i

∂ϵ

∂xi
¼ −

Pffiffiffiffiffiffi−gp
ρu0

�
∂

ffiffiffiffiffiffi−gp
u0

∂t
þ ∂

ffiffiffiffiffiffi−gp
ui

∂xi

�
: ð25Þ

Here g is the determinant of the metric and v̂i ¼ ui=ðαu0Þ.
In order to apply the same higher-order finite-volume
discretization to the lhs as for the continuity, momentum,
and energy equation, we multiply by

ffiffiffi
γ

p
ρW to cast the lhs

in flux-conservative form. For numerical stability and
computational convenience, it is also convenient to elimi-
nate the spatial derivative term ∂

ffiffiffiffiffiffi−gp
ui=∂xi containing the

four-velocity in favor of a derivative of the baryonic mass
flux

ffiffiffiffiffiffi−gp
ρWv̂i, which is available from the solution of the

Riemann problem at cell interfaces,

∂
ffiffiffi
γ

p
ρWϵ

∂t
þ ∂

ffiffiffi
γ

p
ρWαv̂iϵ

∂xi
¼ −

P
ρ

∂
ffiffiffiffiffiffi−gp

ρWv̂i

∂xi
− P

∂
ffiffiffi
γ

p
W

∂t

− Pρ
ffiffiffi
γ

p
Wv̂i

∂ρ−1

∂xi
: ð26Þ

Here, γ is the determinant of the spatial three-metric, W is
the Lorentz factor, and vi is the three-velocity in the
Eulerian frame, which is related to v̂i as v̂i ¼ vi − βi=α
with vi.
We only use the value of ϵ obtained from Equation (26) if

the square of the Eulerian three-velocity satisfies v2 >
350c2s where cs is the local sound speed, i.e., only in highly
supersonic flow. The factor 350 has no particular physical
significance and has been chosen as a compromise that
eliminates spurious entropy losses robustly for several
hundred milliseconds in our test run, but it still restricts
the use of the internal energy equation as much as possible
(as it violates the strictly conservative nature of the original
hydrodynamics scheme). We do not achieve perfect
entropy conservation; the old method of calculating the
internal energy from the total energy produces a drop in
entropy while the new method tends to cause an upward
drift in entropy close to the black hole. Such an upward
drift is more acceptable than the downward drift found for
the original total energy equation, as it does not compro-
mise numerical stability and avoids equation of state
failures. Since the drift occurs in the highly supersonic
region close to the black hole, it cannot directly affect the
infall further upstream. The only minor effect of an upward
drift in entropy close to the horizon is through artificially

enhanced neutrino emission, which will be discussed later
in Sec. V B.

C. Neutrino boundary conditions

The fast multigroup neutrino transport scheme described
by Müller and Janka [49] originally prescribes an inner
boundary condition for the neutrino distribution functions
at the center of the simulation grid. During excision,
however, this region is not evolved physically and so this
boundary condition would become incorrect. Hence, we
have moved the boundary condition to the excision surface
and minimally altered the underlying physics.
In the original formulation, by a symmetry argument

(zero flux at the origin), the value of ingoing and outgoing
distribution functions along a ray at the grid center must
be equal. In the excision regime, the constraint we choose
is that the outgoing distribution function is zero at the
apparent horizon, i.e., the neutrinos are trapped. This
introduces a small change to the boundary condition such
that the rightmost term of (A10) in Müller and Janka [49]
now reads

fþðrAHÞ ¼ −
ψðrAHÞ

χðrAHÞ þ 1
: ð27Þ

Additionally, the neutrino transport is not calculated
inside the apparent horizon. No other changes are made to
the neutrino transport solver.

V. CODE TESTS

One-dimensional (1D) core-collapse simulations are
inherently unable to include important multidimensional
processes which play a crucial role in the explosion
mechanism [47]. However, 1D simulations remain useful,
among other purposes, for method verification. We test the
excision scheme in 1D using an 85M⊙ progenitor [50].
This progenitor is a zero-metallicity (Population III) star
which experiences oscillatory instability in oxygen shell
burning and pair instability during iron core collapse; see
also Powell et al. [51] for further discussion. For this
progenitor, core bounce occurs after 0.54 s of simulation
time, and the black hole forms after 0.77 s. In this 1D
simulation the shock is not revived and the black hole forms
via direct collapse of the core without fallback. The black
hole accretes rapidly after it forms, reaching a final (ADM)
mass of 15.2M⊙ at the end of the 10 s simulation. The
equation of state (EOS) of Lattimer and Swesty [52] with a
compressibility modulus of K ¼ 220 MeV is used in the
high-density regime. Neutrinos are treated using the fast
multigroup transport scheme of [49].
Profiles of select hydrodynamic quantities and metric

variables are shown in Fig. 1, depicting important phases of
the evolution of the collapsing star. Before collapse, the
shell structure of the progenitor is evident in both the
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FIG. 1. Profiles of the radial velocity (upper left), density (middle left), entropy (lower left), conformal factor (ϕ; upper right), lapse
function (α; middle right) and radial component of the shift (βr; lower right) at various times throughout the 1D simulation. Colors
encode the time from the onset of collapse as indicated in the legend at the top of the figure. Only data outside the apparent horizons are
shown after black hole formation. The dashed vertical lines show the radius of the excision surface (if it exists) at a time corresponding to
the lines’ color.

BLACK-HOLE EXCISION SCHEME FOR GENERAL … PHYS. REV. D 107, 103010 (2023)

103010-9



density and entropy profiles from jumps in these quantities
at the shell boundaries, which provide convenient markers
for the state of the collapse at later times. The velocity
profile at this early time shows weak contraction of the
entire star as it starts to collapse, with peak infall velocities
of 0.03c at a radius of ∼2 × 103 km. The spacetime is
approximately flat during this period, with α ≈ ϕ ≈ 1
and βr ≈ 0.
As time progresses, the peak infall velocity increases and

moves inwards as the collapsing material falls deeper into
the star, correspondingly increasing the density in the
central region. The distinctive features of the entropy
profiles are advected towards the center as the layers of
the star undergo adiabatic infall. Once the central density
reaches some critical value, the collapsing core rebounds,
forming a shock clearly visible in the velocity profiles at
tens to hundreds of kilometers. Shortly thereafter, a
characteristic postbounce entropy profile is established,
with a shock-heated PNS mantle at ≳6kB=nucleon and
higher entropies in the neutrino heating region immediately
behind the shock. The lapse and conformal factor now
markedly differ from unit. The radial component of the
shift vector also increases marginally.
As material continues to fall onto the PNS, the growing

central density drives the lapse lower still while the peak of
βr increases and moves inwards. Eventually, Eq. (20)
signals the formation of an apparent horizon and therefore
a black hole. Dashed vertical lines in Fig. 1 show the
position of the excision boundary at each time slice. Data
are not shown inside the radii of these lines as the
extrapolated solution inside the horizon is not physically
meaningful in itself and merely serves to guarantee
appropriate boundary conditions at the excision surface.
Once the black hole forms, the infall velocity approaches
the speed of light outside the excision boundary. At
sufficiently late times, the accretion shock has been
advected into the apparent horizon; here the shock dis-
continuity in the radial velocity and the postshock peak in
the entropy are no longer visible.
After a period of rapid change just prior to black hole

formation, the metric slowly adjusts in the subsequent
seconds as material accretes onto the black hole. Most
significantly, the conformal factor gradually increases with
time at any given radius, reflecting the growing mass of the
black hole.2 The value of ϕ on the outward-moving horizon
surface only increases slowly and stays below the asymp-
totic value ϕ ¼ 2 at the horizon for the static Schwarzschild
spacetime in isotropic coordinates.
As time continues, the lapse function and shift also

adjust slightly. One may contrast this postformation behav-
ior with the results of Cordero-Carrión et al. [35]. In their
test simulation, the collapsing body is an unstable neutron

star surrounded by vacuum. The physical scale of their
simulated collapse is thus much smaller and all material on
the grid accretes within tens of milliseconds. In their case,
the metric in the long term is stationary, unlike this test
where continuous accretion prevents a static solution.
In the time slice at 10 s, βr becomes slightly positive at

very large radii. This is shown in Fig. 1 by the dotted red
line representing−βr on the logarithmic scale. The negative
shift is associated with a positive velocity at the same
location and time. The development of a small positive
velocity is due to the long duration of the simulation, which
becomes comparable to the freefall timescale of the
outermost layers, so that the outer boundary condition
for hydrodynamic quantities begins to impact the dynamics
of these shells. Overall, the solutions for all metric variables
appear stable and show no signs of pathological behavior.
In terms of hydrodynamics at late times, the velocity

profiles behave as expected with near freefall infall
(Eulerian) velocities that reach a substantial faction of
the speed of light at the excision surface. Likewise, the
density follows the expected power-law profile (ρ ∝ r−3=2)
until close to the horizon, where it starts to deviate from the
power law as the infall velocity becomes highly relativistic.
The entropy profiles show good conservation of entropy in
the infalling matter up to about two times the excision
radius, but there is a substantial increase in the immediate
vicinity of the horizon surface. This increase is purely
numerical and comes about due to the new prescription for
the internal energy described in Sec. IV B for the strongly
subsonic regime. While this is clearly a sign of limited
accuracy in this regime, the increase is preferable to the
drop in entropy that would occur if the total energy
equation were used at these high infall velocities.
Potential consequences of the spurious rise in entropy
must be considered carefully (see Sec. V B below).
Numerical noise in the entropy profiles and, to a lesser
extent, radial velocity near the excision surface indicate
difficulty in the accurate recovery of the primitive variables
from the internal energy in the strongly supersonic regime.
The jump in entropy at r ¼ 3 × 108 cm around t ¼ 10 s,

and dips at previous times at slightly larger radii, are due to
nuclear burning. The release of energy increases the
entropy of the burned material and produces the sharp
feature seen in Fig. 1.
Figure 2 shows the evolution of metric quantities at three

different radii. The radial shift component βr shows
discontinuities at times where the excision surface is
moved. Such features occur since the boundary condition
for the shift vector does not naturally impose continuity in
time if the excision radius is moved. It may be possible to
remove these jumps in the future using a method which
fixes the shift with Eq. (11), and the lapse with Eq. (8).
There are some barely recognizable jumps in the lapse
function also, but the method of fixing a ratio of the lapse,
α=ðϕ2βrÞ, each time the excision surface moves minimizes

2Recall that in vacuum, the mass of static, nonrotating black
holes is proportional to the surface area 4πϕ4rAH of the horizon.
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any discontinuities. Due to the 1=r (for ϕ and α) and 1=r2

(for βr) dependence close to the horizon, these disconti-
nuities appear most prominently at the lowest radius shown
(r ¼ 2.6 km), which is inside the apparent horizon for
almost all of the simulated time after black hole formation.
At larger radii, the metric mostly depends smoothly on time
with ϕ generally increasing, and both α and βr tending to
decrease.
The metric variables initially seem to be discontinuous

when the black hole forms. This would be concerning, as
continuity of the metric is an important feature. We show in
Fig. 3 that the sharp jumps in Fig. 2 at t ¼ 0.77 s are
primarily due to the very rapid evolution of the metric.
Imposing the excision boundary conditions corresponds to
noticeable jumps in the metric, however these are small
enough to not be a concern. Furthermore, these jumpswould
appear smaller if each simulation iteration was saved (which
is not the case for CoCoNuT), instead tens to hundreds of
iterations [where dt is Oð10−7 sÞ] may pass between out-
puts, contributing to any apparent discontinuities.
While the apparent horizon is initially detected at a

radius of 2.6 km, it gradually moves outwards as material
accretes onto the black hole throughout the simulation (see
Fig. 4). After 10 s of simulated time, the excision surface is
at a radius of 11.1 km with the apparent horizon at a similar
but slightly larger radius. Figure 4 also shows the mass
evolution of the black hole. Here we equate the black hole
mass to the ADM mass of the excised region; that is, the
ADMmass assuming a vacuum outside the excision region.

A. ADM mass

The numerical conservation of the ADM mass is a
critical indicator for the accuracy of the evolution of the
spacetime metric. In the absence of any energy flux out of
the system, the ADM should remain constant in time in the

FIG. 2. Time evolution of the metric variables ϕ (top), α
(middle) and βr (bottom) at three different radii. A gray vertical
dash-dotted line indicates the time when the black hole forms and
the excision scheme is switched on.

FIG. 3. Evolution of the metric very close to the time of black hole formation at r ¼ 2.6 km. Each point represents the output of the
simulation at the finest time resolution we computed. That these points form a smooth curve demonstrates the continuity of the solution.
The time of black hole formation (t ¼ 0) is shown by the gray dash-dot line.
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3þ 1 formalism [45] and is an important indicator for the
accuracy of the numerical solution of the metric equations.
Figure 5 shows the fractional change in the ADM mass

over the simulation relative to its initial value. By con-
struction, the ADM mass postexcision changes only
slightly with a small positive gradient after excision.
Most of this gradient can be attributed to the matter flux
at the outer boundary. A much smaller amount is due to
the neutrino energy flux, also across the outer boundary

[see Eq. (18)]. From the start of excision to t ¼ 10 s the
ADM mass changes only in response to these manual
energy inputs and outputs and demonstrates the excellent
performance of the ADM-conserving scheme.
Figure 6 enlarges the evolution of the ADM prior to

excision. There is a small increase in ADM mass prior to
core bounce, followed by a 0.3% drop before the black hole
forms. Most of the decrease in ADM mass is due to strong
neutrino emission. The green line in Fig. 6 shows the time-
integrated energy of radiated neutrinos added to the ADM
mass on the grid. While neutrinos explain most of the ADM
mass decrease, there is still a residual drift of numerical
origin.

B. Effect of entropy errors on neutrino luminosity

The increase of entropy just outside the excision surface
could potentially alter the dynamics of the collapse. Due to
the supersonic nature of the infall, the numerical increase
cannot affect the hydrodynamics in the region further
upstream directly. However, the dynamics could be altered
by the artificial increase in the neutrino energy fluxes that
result from an overestimation of the entropy and temper-
ature near the horizon, which would then lead to spurious
additional neutrino heating at larger radii. Naturally the
prediction of neutrino observables could also be affected.
We investigate the impact of the overestimated entropy

on the neutrino signal by flattening the entropy profile that
is fed into the neutrino transport solver (via extrapolation
from outside the flattened region) once the shock has been
advected into the black hole. The entire process for this test
works as follows: First, the neutrino transport is solved with
no manual change to the entropy, resulting in an update
to the neutrino components of the hydrodynamic source
terms. This ensures that a valid hydrodynamic update is

FIG. 4. Left axis (purple): evolution of the excision radius with
time. The steplike features are a result of moving the excision
surface on a grid with finite spatial resolution. Note that the
position of the apparent horizon is not explicitly calculated, but it
guaranteed to be within one grid spacing (a quantity which varies
approximately logarithmically with the radius) of the excision
radius. Right axis (green): formal black hole mass (or more
precisely ADM mass enclosed within the excision region) as a
function of time.

FIG. 5. Relative variation of the ADM mass as a function of
time with respect to its initial value (i.e., t ¼ 0 s). The time of
excision is marked by a vertical dashed gray line. Recall that, by
construction, the ADM mass is almost perfectly conserved after
excision is switched on except for energy fluxes entering or
leaving the grid.

FIG. 6. Enlargement on the evolution of the ADMmass (purple
line) before excision, showing relatively small changes as the
core collapses. The green line adds to the ADM mass the
equivalent time-integrated mass/energy of neutrinos which have
propagated across the outer grid boundary. These neutrinos
partially explain the decrease in ADM mass before excision.
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available for the next timestep, and that the reprocessed
neutrino transport solution (computed in a subsequent step)
does not impact the dynamics. Next, the entropy is flattened
by extrapolating inwards by a constant value from the
entropy at a radius where the artificial heating is negligible.
The neutrino transport is then solved again, this time
without recomputing the source terms but updating and
recording the neutrino luminosities. This assumes (cor-
rectly, as will be shown later) that neutrinos have a strongly
diminished impact on the dynamics of the collapse when
artificial heating becomes significant. This method prevents
any excess neutrino heating in the gain region from
anomalously stronger neutrino emission in the vicinity
of the apparent horizon. The hydrodynamic solution is not
altered explicitly, i.e., the consequences of the overesti-
mated neutrino emission are considered in isolation, with
no feedback into the simulation.
Figure 7 shows radial profiles of the neutrino luminosity

at the end of the simulation (t ¼ 10 s), calculated from the
neutrino energy flux. Profiles at other times exhibit very
similar characteristics. At smaller radii, the differences in
neutrino luminosity between the original simulation results
(solid lines) and the case with a flattened entropy profile
(dotted lines) are more significant than at larger radii.
Additionally, at small radii, the luminosity becomes neg-
ative, indicating that the neutrino flux is inward pointing.
Negative luminosities occur further from the core for the
flattened entropy profiles; the difference arises because

there is less neutrino production with the flattened entropy
model, and so the net neutrino flux is dominated by
transmission of inward-directed neutrinos produced at
larger radii. Outside the vicinity of the black hole, the
difference between the baseline and flattened-entropy
luminosities is smaller and amounts to about a factor of
3.5 for electron neutrinos. Electron antineutrinos differ a
little more, by a factor of 4.5 between the baseline run and
the test case with manually enforced entropy conservation,
while the heavy-flavor neutrino luminosity is overestimated
by a factor of 2 at the outer boundary.
The timedependence of the electron neutrino luminosity is

shown in Fig. 8. The times of core bounce and black hole
formation are marked by a dotted line and a dashed line,
respectively. Neutrino luminosities calculated by flattening
the entropyprofiles outside the excised region once the shock
has advected into the black hole (after t ¼ 0.8 s) are shown
by the dotted lines. The purple lines show the luminosity at
the outer boundary, a radius of 105 km, while the green lines
show the luminosity at the approximate radius of the shock
prior to black hole formation (about 73 km).
At core bounce, the neutrino luminosity peaks at both

radii in the range of a few 1053 erg s−1 as the newly formed
PNS immediately starts cooling. The luminosity remains
high until black hole formation, at which point the PNS
collapses and the apparent horizon quickly engulfs the
neutrinosphere. As a result, the electron neutrino luminos-
ity decreases dramatically by over three orders of magni-
tude, again at both radii; other neutrino species are similarly
affected.3

The green lines, representing the neutrino luminosity at
the approximate shock radius, indicate that, irrespective of
the entropy flattening test we performed, neutrino heating
in the gain region is abruptly cut off at black hole formation
to a level where it becomes dynamically unimportant.
Hence there is no concern that the overestimated neutrino
luminosities may affect the dynamics of the collapse. The
overestimation of the luminosities may still be a concern for
the prediction of neutrino observables, but we note that the
overestimation only develops shortly after the precipitous
drop in neutrino emission, i.e., the steep phase of decline at
black hole formation, which may still be observable in
neutrino detectors, is less affected by the overestimation. In
fact, the use of a stationary neutrino transport scheme [49]
is a much more severe approximation when it comes to
modeling the abrupt decline in neutrino luminosities.
Ideally, one would combine full general relativistic
Boltzmann transport and a more accurate hydrodynamic
scheme for supersonic infall (e.g., using an entropy

FIG. 7. Radial profiles of the neutrino luminosity for the
different neutrino species νe, ν̄e and νμ;τ (denoted by color) at
t ¼ 10 s. The solid lines show the results of our baseline
simulation with a numerical increase in entropy close to the black
hole, while the dotted lines show the postprocessed neutrino
luminosity assuming a flat entropy profile near the excised region.

3Note that the drop in neutrino emission manifests itself
immediately at the outer boundary due to our use of a stationary
neutrino transport scheme, whereas the drop in neutrino emission
would in reality take hundreds of milliseconds to manifest itself
on the outer grid boundary due to the finite speed of neutrinos.
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evolution equation) to more accurately predict the cutoff of
the neutrino signal.

VI. EXCISION IN A 2D SUPERNOVA
EXPLOSION MODEL

The primary purpose of a black hole excision scheme for
core-collapse supernovae is to enable simulations of fall-
back explosions or collapsars, which are inherently multi-
dimensional scenarios. We therefore briefly present a first
two-dimensional test simulation with the new excision
scheme in this section.
We consider the same nonrotating 85M⊙ progenitor

model as in our 1D test, which has previously been found to
undergo shock revival prior to black hole formation in a
three-dimensional simulation [51]. In keeping with the
restriction to a spherically symmetric metric, this model is
representative of the fallback scenario rather than the
collapsar scenario for rapidly rotating progenitors, where
deviations of the metric from spherical symmetry and from
the conformal flatness condition would become relevant.
To avoid prohibitively small time steps due to the

Courant, Friedrichs, Lewy condition, we routinely impose
spherical symmetry on the hydrodynamics in multidimen-
sions simulation with CoCoNuT in the PNS core region near
the center of the grid. This spherical region is initially set to
encompass the innermost ∼1 km. Once the apparent
horizon forms, the spherical region is expanded concomi-
tant with the excision surface. Outside this region, we still
use multidimensional hydrodynamics with the spherically
symmetric spacetime.

Figure 9 shows snapshots from a 2D core-collapse
supernovae simulation of the 85M⊙ progenitor. The shock
forms at 0.54 s after the beginning of collapse, the same as
in the 1D collapse. The first snapshot at t ¼ 0.06 s after
bounce [Figs. 9(a) and 9(d)] shows the stalled shock at a
radius of ∼200 km. At this time, convective overturn has
developed with plumes on medium scales and insignificant
global shock deformation. Whereas the progenitor col-
lapsed to a black hole in 1D without undergoing shock
revival, in 2D, support by convection eventually leads to
neutrino-driven shock revival about 0.15 s after bounce.
Shock expansion is driven by two prominent neutrino-
heated high entropy bubbles [Figs. 9(b) and 9(e)]. The PNS
still continues to accrete through a prominent downflow
near the equator (albeit at a lower rate than in 1D) while
the shock expands, which eventually leads to black hole
formation at about 0.31 s postbounce. Because of the
reduced accretion rate after shock revival, black hole
formation occurs about 80 ms later than in 1D. At this
stage, the shock has already expanded to about 2000 km,
driven by the hot bubbles along the north and south polar
axis. The shock geometry has become strongly bipolar at
the time of black hole formation.
Similar to previous simulations that have followed the

long-time evolution of fallback explosions after mapping to
a Newtonian code at [7,8] or some time after the collapse of
the PNS [10], the shock and the neutrino-heated bubbles
continue to expand after black hole formation, but are
continuously decelerated. As a result, much of the material
in the hot plumes undergoes fallback onto the black hole.
At 0.66 s, three plumes still survive, the biggest of which
has expanded to a radius of more than 6000 km along the

FIG. 8. Time evolution of the electron neutrino luminosity at the outer boundary (purple) and near the location of pre-black-hole shock
radius (green) at 73 km. Solid lines represent simulation results and dotted lines represent postprocessed luminosities assuming a flat
entropy profile near the horizon. The dotted vertical line indicates the time of core bounce while the dashed vertical line coincides with
black hole formation.
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South polar axis [Figs. 9(c) and 9(f)]. 0.35 s after formation,
the black hole has grown to 2.4M⊙. In the 1D run, the mass
0.35 s after the black hole forms is 2.7M⊙, i.e., black hole
growth in the 2D simulation is delayed somewhat because
some of the neutrino-heated material is still expanding and
because the infall material from the outer shells is tran-
siently slowed down when it is hit by the shock.
The minimum, maximum and mean of the shock

radius over all directions are shown as a summary of the
trajectory of the asymmetric shock in Fig. 10. The shock
forms at a radius of tens of kilometers and subsequently
expands. It then stalls at approximately 200 km for 100 ms
until sufficient heating produces shock revival. Throughout
the explosion phase the shock radius steadily increases,
almost linearly with time. The trajectory of the shock
shows no immediate response to the formation of the
black hole (dashed line in Fig. 10); however this is
expected.
We also examine a diagnostic explosion energy by

taking the integral over material with a positive binding

FIG. 9. Snapshots of radial velocity (top row) and entropy (bottom row) during the collapse and fallback explosion of an 85M⊙
progenitor in 2D. The times shown indicate time postbounce. Very large negative velocities, < −0.1c and < −0.05c for (b) and (c),
respectively, are truncated to more clearly show the expanding shock on the color scale. Note the differing radial axes in each snapshot.

FIG. 10. Trajectory of the shock in the 2D fallback supernova
simulation of an 85M⊙ progenitor as a function of time after
bounce. Owing to the asymmetry of the shock we show the
minimum, maximum and mean shock radius at each time step.
The vertical dashed line marks the time of black hole formation.
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energy in line with Müller et al. [53]. The explosion energy
is defined as

Ediag ¼
Z
ebind>0

ebinddV; ð28Þ

where the relativistic binding energy ebind is given by
Müller et al. [53] and dV is the volume element in curved
space (thus incurring an additional

ffiffiffi
γ

p
term).

As shown in Fig. 11, material first becomes unbound
about 150 ms after the shock forms. From here, the
explosion energy increases by > 9 × 1050 erg in 150 ms
until black hole formation. There are three main plumes of
material with positive binding energy which contribute to
the diagnostic explosion energy. As these rise outwards,
they exchange energy with their surroundings, resulting in
a decrease in their binding energy.
Figure 12 shows the entropy near the black hole soon

after formation. Nearly radial accretion funnels onto
the black region, which denotes the excised black hole,
display entropies in the range of ∼20–50 kB=baryon. Like
in 1D, there is some numerical increase in entropy of
the accretion flow, more so in the downflows of moder-
ately warm shocked material (with original postshock
entropies of ∼20 kB=baryon) than in hot fallback material
from neutrino-heated bubbles, which retains entropies of
∼20 kB=baryon almost down to the apparent horizon.
Narrow streaks of higher entropy indicate some localized
numerical heating of this material as well.
One can also recognize small boundary artifacts just

outside the excision surface about 30°� 10° from the north
pole, where the entropy dips slightly just outside the black
hole. However, despite some artifacts, accretion onto the
black hole proceeds stably.

VII. CONCLUSION

We have introduced an excision scheme for core-
collapse supernova simulations beyond black hole forma-
tion with the neutrino radiation hydrodynamics code
CoCoNuT-FMT. The excision scheme builds on previous
work on excision within a mixed elliptic-hyperbolic for-
mulation of the Einstein equations by Cordero-Carrión
et al. [35], whose excision formalism has been modified
slightly to fit specific requirements of long-time core-
collapse supernova simulations, such as good ADM mass
conservation. Like the excision scheme of Cordero-Carrión
et al. [35], our method is currently limited to a spherically
symmetric spacetime metric, but it can be coupled to
multi-D hydrodynamics as a first approximation for real-
istic problems involving black hole formation. We also
discussed modifications to the hydrodynamics solver in the
CoCoNuT-FMT code that are required to deal with the strongly
relativistic accretion flow onto a black hole. These mod-
ifications include the use of the relativistic internal energy
equation in the highly supersonic regime as well as care-
fully chosen boundary condition in the ghost cells inside
the excision surface.
We have tested the excision code in spherical symmetry

and have also performed a 2D simulation of black hole
formation in a fallback supernova as a proof of principle.
In 1D, the scheme is able to stably evolve the collapse
of a massive star for several seconds after black hole
formation. As ADM mass conservation is imposed explic-
itly via the boundary conditions for the conformal factor,

FIG. 11. Diagnostic explosion energy for the 2D, fallback
supernova model of an 85M⊙ progenitor. The vertical dashed line
marks the time of black hole formation.

FIG. 12. Entropy in the inner 10 km of the grid immediately
after black hole formation at t ¼ 0.85. The black area denotes the
excised region.
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it can accurately follow the growth of the black hole from
2.3M⊙ to 14.4M⊙. However, the highly supersonic accre-
tion flow near the excision surface presents some chal-
lenges. While using the internal energy equation instead of
the total energy equation avoids stability problems, this
comes at the price of an upward drift in entropy in the
vicinity of black hole.
Our simulations show limitations in several areas, but the

most striking is the unphysical behavior of the entropy near
the excision surface. This issue should be addressed at some
point in the future to improve these simulations. As a result,
neutrino emission after black hole formation can be over-
estimated by a factor of several. However, this effect does not
strongly come into play after the rapid drop of the neutrino
luminosity that is associatedwith black hole formation, and is
dynamically unimportant. The use of an entropy equation for
highly supersonic flowmay provide a possible remedy in the
future. Further refinements may come about from a better
approximation for the neutrino transport problem or a more
accurate equation of state. It may also be possible to relax the
spherical symmetry assumption on the spacetime metric in
the future. These problemsmay incur a heavy computational
cost to solve and will likely require significant high perfor-
mance computing resources.
In future, the excision scheme in CoCoNuT will be useful

to explore fallback supernovae and the collapsar scenario
for long gamma-ray bursts in 2D and 3D simulations. As a
proof of principle, we have conducted a 2D simulation of
black hole formation in a fallback supernova of a 85M⊙
progenitor. The model has been run for more than 0.3 s after
the formation of the apparent horizon, and conforms to the
qualitative features seen in previous fallback supernova
simulations [7,8,10]. Although the energy of the explosion
is slowly drained as the shock scoops up bound material,
the shock continues to expand at a steady pace.
As the metric equations are currently solved assuming

spherical symmetry, the excision scheme is currently most
suitable for fallback explosions of progenitors with slow or
modest rotations. Applications to black holes with high
spin parameter in the collapsar scenario will require a
generalization of the excision scheme to multi-D within the
fully constrained formalism of Bonazzola et al. [31].
Ideally, the hyperbolic evolution equations for the non-
conformally flat part of the three-metric and the extrinsic
curvature should be fully included. This would also allow
for the consistent extraction of gravitational waves around
and after black hole formation, when the quadrupole
formula is no longer suitable, even with relativistic cor-
rections. In the long term, collapsar simulations should also
include fully multidimensional Boltzmann neutrino trans-
port [8,54] and magnetohydrodynamics.
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APPENDIX: TIME DERIVATIVE
OF THE ADM SURFACE TERM

Recall from Sec. VA that the ADM mass in spherical
symmetry can be expressed as

MADM ¼ −2R2ϕ0ðRÞ: ðA1Þ
Although not practical for calculating the ADM mass, it

can be insightful to express this in terms of the sources in
Eq. (4), the elliptic equation for the conformal factor.
Simply integrating and substituting into the ADM mass
equation, one gets

MADM ¼ −2
Z

R

rAH

r2Δϕdr − 2r2AHϕ
0ðRÞ; ðA2Þ

where rAH and R are the apparent horizon and outer grid
boundary radii, respectively. Clearly, Eq. (4) can be sub-
stituted into the integral to find the contribution to the ADM
mass from the volume of the star. The first term of the left-
hand side is the contribution to the ADMmass from the bulk
of the star, from the apparent horizon to the outer boundary
(the outer boundary is equivalent to infinity for our purposes).
The second term represents the contribution to the ADM
mass frommaterial inside the apparent horizon. As theADM
mass should be constant, the change in the first term should
be matched by an equal and opposite change in the second.
We here consider the time derivative of the second term and
show its relation to the source terms of the elliptic equations.
We denote the second term MP and simply evaluate

∂MP

∂t
¼ −2r2AH

�
∂

∂r
∂ϕ

∂t

�
r¼rAH

: ðA3Þ
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Fortunately, ∂tϕ is given by Eq. (7), and hence we can
write

∂MP

∂t
¼ −2r2AH

�
βr

∂
2ϕ

∂r2
þ ϕ

6

∂
2βr

∂r2
þ 7

6

∂ϕ

∂r
∂βr

∂r

þ ϕ

3r
∂βr

∂r
þ βr

3r
∂ϕ

∂r
−
ϕβr

3r2

�
r¼rAH

: ðA4Þ

Some of these terms can be absorbed in Laplacians,
resulting in

∂MP

∂t
¼ −2r2AH

�
βrΔϕ −

5βr

3r
∂ϕ

∂r

þ ϕ

6
Δβr þ 7

6

∂ϕ

∂r
∂βr

∂r

�
r¼rAH

: ðA5Þ

We note that the first and third term in brackets can be
reexpressed in terms of the sources in Δϕ and Δβr:

∂MP

∂t
¼ 2r2AH

�
2πβrE�

ϕ
þ βrϕ5KijKij

8

þ 5βr

3r
∂ϕ

∂r
−
2πα

ϕ
ðS�Þr

−
ϕ11Krr

4
∇r

α

ϕ6
−
7

6

∂ϕ

∂r
∂βr

∂r

�
r¼rAH

: ðA6Þ

This makes it manifest that some of the contributions to the
rate of change ofMP—the first and fourth term in brackets—
are due to the flux of matter across the excision surface
(including passive advection due to a nonvanishing shift
vector).
Equation (A6) effectively describes the mass gained by

the black hole. A numerical evaluation of the individual
terms illustrates that achieving the correct long-term
evolution of the ADM mass requires a near-exact cancel-
lation of terms in the evolution equations that is difficult to
achieve in practice. Equation (A6) is dominated by the third
and fifth terms. Since ∂ϕ=∂r ∼M=r2, the third term is of
order βrMP=rAH (by including the r2AH outside the brack-
ets), i.e., will drive rapid changes of MP on the order of a
few light-crossing timescales of the black hole if βr ≳ 0.1,
unless it is almost canceled by the other terms. Because
Krr ∼ βr=r, the fifth term is of a similar order (as confirmed
by numerical evaluation). To maintain the mass of a black
hole of a few solar masses over ∼1 s to within 10%, these
two terms need to cancel each other almost exactly (or be
canceled by other terms) to an accuracy of about 10−6.
Hence it is unsurprising that we find a significant drift of
the ADMmass if we do not explicitly force it to be constant
(or change according to the energy flux of neutrinos
leaving, and material entering, the computational domain).

[1] W. Baade and F. Zwicky, Proc. Natl. Acad. Sci. U.S.A. 20,
254 (1934).

[2] S. J. Smartt, Annu. Rev. Astron. Astrophys. 47, 63 (2009).
[3] S. J. Smartt, Pub. Astron. Soc. Aust. 32, e016 (2015).
[4] S. M. Adams, C. S. Kochanek, J. R. Gerke, K. Z. Stanek,

and X. Dai, Mon. Not. R. Astron. Soc. 468, 4968 (2017).
[5] A. I. MacFadyen and S. E. Woosley, Astrophys. J. 524, 262

(1999).
[6] S. E.Woosley and J. S.Bloom,Annu.Rev.Astron.Astrophys.

44, 507 (2006).
[7] C. Chan, B. Müller, A. Heger, R. Pakmor, and V. Springel,

Astrophys. J. Lett. 852, L19 (2018).
[8] C. Chan and B. Müller, Mon. Not. R. Astron. Soc. 496,

2000 (2020).
[9] G. Stockinger, H. T. Janka, D. Kresse, T. Melson, T. Ertl, M.

Gabler, A. Gessner, A. Wongwathanarat, A. Tolstov, S. C.
Leung, K. Nomoto, and A. Heger, Mon. Not. R. Astron.
Soc. 496, 2039 (2020).

[10] N. Rahman, H.-T. Janka, G. Stockinger, and S. Woosley,
Mon. Not. R. Astron. Soc. 512, 4503 (2022).

[11] J. Thornburg, Numerical relativity in black hole spacetimes,
Ph.D. thesis, University of British Columbia, 1993.

[12] S. Brandt andB. Brügmann, Phys. Rev. Lett. 78, 3606 (1997).
[13] I. V. Artemova, G. Bjoernsson, and I. D. Novikov, Astrophys.

J. 461, 565 (1996).

[14] A. Marek, H. Dimmelmeier, H.-Th. Janka, E. Müller, and R.
Buras, Astron. Astrophys. 445, 273 (2006).

[15] T. Kuroda, K. Kotake, T. Takiwaki, and F.-K. Thielemann,
Mon. Not. R. Astron. Soc. 477, L80 (2018).

[16] K.-C. Pan, M. Liebendörfer, S. M. Couch, and F.-K.
Thielemann, Astrophys. J. 857, 13 (2018).

[17] K.-C. Pan, M. Liebendörfer, S. M. Couch, and F.-K.
Thielemann, Astrophys. J. 914, 140 (2021).

[18] J. A. Isenberg, Int. J. Mod. Phys. D 17, 265 (2008).
[19] J. R. Wilson, G. J. Mathews, and P. Marronetti, Phys. Rev. D

54, 1317 (1996).
[20] I. Cordero-Carrión, P. Cerdá-Durán, H. Dimmelmeier, J. L.

Jaramillo, J. Novak, and E. Gourgoulhon, Phys. Rev. D 79,
024017 (2009).

[21] S. Fujibayashi, K. Takahashi, Y. Sekiguchi, and M. Shibata,
Astrophys. J. 919, 80 (2021).

[22] S. S. Komissarov and M. V. Barkov, Mon. Not. R. Astron.
Soc. 382, 1029 (2007).

[23] M. V. Barkov and S. S. Komissarov, Mon. Not. R. Astron.
Soc. 385, L28 (2008).

[24] D. M. Siegel, J. Barnes, and B. D. Metzger, Nature
(London) 569, 241 (2019).

[25] F. Pretorius, arXiv:0710.1338.
[26] J. Centrella, J. G. Baker, B. J. Kelly, and J. R. van Meter,

Rev. Mod. Phys. 82, 3069 (2010).

BAILEY SYKES et al. PHYS. REV. D 107, 103010 (2023)

103010-18

https://doi.org/10.1073/pnas.20.5.254
https://doi.org/10.1073/pnas.20.5.254
https://doi.org/10.1146/annurev-astro-082708-101737
https://doi.org/10.1017/pasa.2015.17
https://doi.org/10.1093/mnras/stx816
https://doi.org/10.1086/307790
https://doi.org/10.1086/307790
https://doi.org/10.1146/annurev.astro.43.072103.150558
https://doi.org/10.1146/annurev.astro.43.072103.150558
https://doi.org/10.3847/2041-8213/aaa28c
https://doi.org/10.1093/mnras/staa1666
https://doi.org/10.1093/mnras/staa1666
https://doi.org/10.1093/mnras/staa1691
https://doi.org/10.1093/mnras/staa1691
https://doi.org/10.1093/mnras/stac758
https://doi.org/10.1103/PhysRevLett.78.3606
https://doi.org/10.1086/177084
https://doi.org/10.1086/177084
https://doi.org/10.1051/0004-6361:20052840
https://doi.org/10.1093/mnrasl/sly059
https://doi.org/10.3847/1538-4357/aab71d
https://doi.org/10.3847/1538-4357/abfb05
https://doi.org/10.1142/S0218271808011997
https://doi.org/10.1103/PhysRevD.54.1317
https://doi.org/10.1103/PhysRevD.54.1317
https://doi.org/10.1103/PhysRevD.79.024017
https://doi.org/10.1103/PhysRevD.79.024017
https://doi.org/10.3847/1538-4357/ac10cb
https://doi.org/10.1111/j.1365-2966.2007.12485.x
https://doi.org/10.1111/j.1365-2966.2007.12485.x
https://doi.org/10.1111/j.1745-3933.2008.00427.x
https://doi.org/10.1111/j.1745-3933.2008.00427.x
https://doi.org/10.1038/s41586-019-1136-0
https://doi.org/10.1038/s41586-019-1136-0
https://arXiv.org/abs/0710.1338
https://doi.org/10.1103/RevModPhys.82.3069


[27] M. Alcubierre, Introduction to 3+1 Numerical Relativity,
International Series of Monographs on Physics Vol. 140
(Oxford University Press, Oxford, 2008).

[28] T. W. Baumgarte and S. L. Shapiro, Numerical Relativity:
Solving Einstein’s Equations on the Computer (Cambridge
University Press, Cambridge, England, 2010).

[29] H. Dimmelmeier, J. A. Font, and E. Müller, Astron.
Astrophys. 388, 917 (2002).

[30] B. Müller, H.-T. Janka, and H. Dimmelmeier, Astrophys. J.
Suppl. Ser. 189, 104 (2010).

[31] S. Bonazzola, E. Gourgoulhon, P. Grandclément, and J.
Novak, Phys. Rev. D 70, 104007 (2004).

[32] J. L. Jaramillo, E. Gourgoulhon, and G. A. Marugán, Phys.
Rev. D 70, 124036 (2004).

[33] J. L. Jaramillo, E. Gourgoulhon, I. Cordero-Carrión, and
J. M. Ibáñez, Phys. Rev. D 77, 047501 (2008).

[34] N. Vasset, J. Novak, and J. L. Jaramillo, Phys. Rev. D 79,
124010 (2009).

[35] I. Cordero-Carrión, N. Vasset, J. Novak, and J. L. Jaramillo,
Phys. Rev. D 90, 044062 (2014).

[36] R. Arnowitt, S. Deser, and C.W. Misner, in Gravitation: An
Introduction to Current Research (Chap. 7)., edited by
Louis Witten (John Wiley & Sons Inc, New York, 1962),
p. 227.

[37] A. Lichnerowicz, J. Math. Pures Appl. 23, 37 (1944).
[38] G. B. Cook, S. L. Shapiro, and S. A. Teukolsky, Phys. Rev.

D 53, 5533 (1996).
[39] M. Saijo, Phys. Rev. D 71, 104038 (2005).
[40] A. Bauswein, R. Ardevol Pulpillo, H. T. Janka, and S.

Goriely, Astrophys. J. Lett. 795, L9 (2014).
[41] H. Dimmelmeier, J. Novak, J. A. Font, J. M. Ibáñez, and E.

Müller, Phys. Rev. D 71, 064023 (2005).

[42] E. Müller and M. Steinmetz, Comput. Phys. Commun. 89,
45 (1995).

[43] P. Grandclément, S. Bonazzola, E. Gourgoulhon, and J. A.
Marck, J. Comput. Phys. 170, 231 (2001).

[44] I. Cordero-Carrión, P. Cerdá-Durán, and J. M. Ibáñez, Phys.
Rev. D 85, 044023 (2012).

[45] E. Gourgoulhon, arXiv:gr-qc/0703035.
[46] T. W. Baumgarte and S. L. Shapiro, Phys. Rep. 376, 41

(2003).
[47] B. Müller, Living Rev. Comput. Astrophys. 6, 3 (2020).
[48] J. R. Wilson and G. J. Mathews, Relativistic Numerical

Hydrodynamics (Cambridge University Press, Cambridge,
England, 2003).

[49] B. Müller and H. T. Janka, Mon. Not. R. Astron. Soc. 448,
2141 (2015).

[50] A. Heger and S. E. Woosley, Astrophys. J. 724, 341 (2010).
[51] J. Powell, B. Müller, and A. Heger, Mon. Not. R. Astron.

Soc. 503, 2108 (2021).
[52] J. M. Lattimer and D. F. Swesty, Nucl. Phys. A535, 331

(1991).
[53] B. Müller, H.-T. Janka, and A. Marek, Astrophys. J. 756, 84

(2012).
[54] K. Sumiyoshi, H. Nagakura, W. Iwakami, S. Furusawa, H.

Matsufuru, A. Imakura, and S.Yamada, in 14th International
Symposium on Nuclei in the Cosmos (NIC2016), edited by
S. Kubono, T. Kajino, S. Nishimura, T. Isobe, S. Nagataki,
T. Shima, and Y. Takeda (The Physical Society of Japan
(JPS), Niigata, Japan, 2017), p. 010606.

Correction: A typographical error in one of the grant
numbers in the Acknowledgments section has been fixed.

BLACK-HOLE EXCISION SCHEME FOR GENERAL … PHYS. REV. D 107, 103010 (2023)

103010-19

https://doi.org/10.1051/0004-6361:20020563
https://doi.org/10.1051/0004-6361:20020563
https://doi.org/10.1088/0067-0049/189/1/104
https://doi.org/10.1088/0067-0049/189/1/104
https://doi.org/10.1103/PhysRevD.70.104007
https://doi.org/10.1103/PhysRevD.70.124036
https://doi.org/10.1103/PhysRevD.70.124036
https://doi.org/10.1103/PhysRevD.77.047501
https://doi.org/10.1103/PhysRevD.79.124010
https://doi.org/10.1103/PhysRevD.79.124010
https://doi.org/10.1103/PhysRevD.90.044062
https://doi.org/10.1103/PhysRevD.53.5533
https://doi.org/10.1103/PhysRevD.53.5533
https://doi.org/10.1103/PhysRevD.71.104038
https://doi.org/10.1088/2041-8205/795/1/L9
https://doi.org/10.1103/PhysRevD.71.064023
https://doi.org/10.1016/0010-4655(94)00185-5
https://doi.org/10.1016/0010-4655(94)00185-5
https://doi.org/10.1006/jcph.2001.6734
https://doi.org/10.1103/PhysRevD.85.044023
https://doi.org/10.1103/PhysRevD.85.044023
https://arXiv.org/abs/gr-qc/0703035
https://doi.org/10.1016/S0370-1573(02)00537-9
https://doi.org/10.1016/S0370-1573(02)00537-9
https://doi.org/10.1007/s41115-020-0008-5
https://doi.org/10.1093/mnras/stv101
https://doi.org/10.1093/mnras/stv101
https://doi.org/10.1088/0004-637X/724/1/341
https://doi.org/10.1093/mnras/stab614
https://doi.org/10.1093/mnras/stab614
https://doi.org/10.1016/0375-9474(91)90452-C
https://doi.org/10.1016/0375-9474(91)90452-C
https://doi.org/10.1088/0004-637X/756/1/84
https://doi.org/10.1088/0004-637X/756/1/84

