PHYSICAL REVIEW D 107, 096021 (2023)

QED as a many-body theory of worldlines. II. All-order S-matrix formalism

Xabier Feal®,' Andrey Tarasov,”” and Raju Venugopalan

3.4

'IGFAE, Universidade de Santiago de Compostela, Riia de Xoaquin Diaz de Rdbago,
s/n 15705 Santiago de Compostela, Spain
2Department of Physics, North Carolina State University, Raleigh, North Carolina 27695, USA
3Center for Frontiers in Nuclear Science (CFNS) at Stony Brook University,
Stony Brook, New York 11794, USA
4Physics Department, Bldg. 510A, Brookhaven National Laboratory, Upton, New York 11973, USA

® (Received 8 December 2022; accepted 7 May 2023; published 26 May 2023)

In [1], we developed a first-quantized worldline formalism for all-order computations of amplitudes
in QED. In particular, we demonstrated in this framework an all-order proof of the infrared safety of the
Faddeev-Kulish (FK) S-matrix for virtual exchanges in the scattering of charged fermions. In this work,
we extend the worldline formalism for both the Dyson and FK S-matrix to consider further the emission
and absorption of arbitrary numbers of photons. We show how Low’s theorem follows in this framework
and derive Weinberg’s theorem for the exponentiation of IR divergences. In particular, we extend our all-
order proof of the IR safety of the FK S-matrix to both virtual exchanges and real photon emissions.
We argue that the worldline approach leads to a modern Wilsonian interpretation of the IR safety of the
FK S-matrix and provides a novel template for the treatment of IR divergences in real-time problems.
Using Grassmannian integration methods, we derive a simple and powerful result for N-th rank vacuum
polarization tensors. Applications of these methods will be discussed in follow-up work.

DOI: 10.1103/PhysRevD.107.096021

I. INTRODUCTION

In our previous paper [I] (henceforth Paper I), we
employed a powerful worldline formalism [2-4] to
reformulate QED as a first quantized many-body Lorentz
covariant theory of 0 4 1-dimension superpairs of spinning
charged worldlines with pairwise worldline interactions
described by Lorentz forces. As we noted, the quest for
such a first-quantized many-body framework can be traced
back to the foundational papers of QED [5-7] and inspired
attempts to extend such approaches to QCD [8]. The
semiclassical description of this worldline formalism
including internal degrees of freedom also motivated what
is sometimes called “old-fashioned” string theory [9-15].
Other early attempts in this direction include replacing
conventional Wilson loop operators by exact, gauge-
invariant and renormalizable worldline path integrals in a
supersymmetric loop-space formulation of QED [16] and a
systematic strong-coupling f-expansions of QED and QCD
with point-like particle worldline variables [17,18].
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In Paper I, we demonstrated several novel features of
this reformulation of QED that are valuable for a deeper
understanding of the structure of the infrared (IR) of the
theory, and its extensions to other gauge theories and
gravity. They also hold the promise of more efficient
computations with phenomenological consequences.
Examples of these novel results include recent work by
us on the role of the chiral anomaly in the proton’s spin
[19,20] and in a covariant wordline formulation of chiral
kinetic theory [21,22] relevant for heavy-ion collisions and
in astrophysical contexts.

A significant result in Paper I suggestive of the power of
this formalism was the reformulation of perturbation theory
in QED to all-loop order. In particular, we showed that
multiloop vacuum-vacuum amplitudes, to all orders in
perturbation theory, can be expressed compactly as nth-rank
polarization tensors of worldline currents. As a limiting case
of these results [3], one recovers the Bern-Kosower expres-
sion for the one-loop polarization tensor with arbitrary
numbers of external photon legs [23]. An explicit mapping
of the polarization tensor to the language of Feynman
diagrams is given in [24]. For the one-loop case, these
techniques can be extended to QCD to compute multileg
one-loop amplitudes [23,25,26]; a recent review of the state-
of-the art going beyond one-loop can be found in [27].

Another key result of Paper I was a demonstration
of a formal proof of the infrared finiteness of the
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Faddeev-Kulish (FK) S-matrix [28] to all orders in pertur-
bation theory. The original argument of Faddeev and Kulish
was that the IR divergences of QED present in the
convential Dyson S-matrix formalism can be accounted
for by dressing the in and out scattering states of the latter,
to take into account the asymptotic interactions that are the
underlying reason of these divergences. The FK S-matrix of
these modified in and out states is then IR finite. In the
worldline framework, the corresponding IR divergences
can be removed by modifying the worldline currents to
include their asymptotic interactions at very early and late
times. We showed in Paper I that accounting for these
asymptotic worldline currents provided a remarkably sim-
ple proof of the IR safety of the FK S-matrix for the
scattering of charged fermion currents including virtual
photon exchanges (dressed by virtual fermion loops) to all
orders in perturbation theory. We discussed as a specific
example the case of Moller scattering and demonstrated the
equivalence of our results to those of Hannesdottir and
Schwartz [29], who showed that the IR finiteness of the FK
S-matrix can be obtained by absorbing the IR divergences
of the Dyson S-matrix into asymptotic soft Wilson line
factors that dress the latter.

In this paper, we will extend the discussion of Paper I
to the general case, where in addition to virtual photon
exchanges one also includes the emission and absorption
of arbitrary numbers of photons. A classic theorem in this
regard is Low’s theorem [30], which states that the
bremsstrahlung amplitude of low energy photons in any
transition can be extracted, to all-loop orders in perturba-
tion theory, into a soft factor multiplying the amplitude of
the transition without the emission or absorption of the
low energy photon.1 More generally, radiative amplitudes
admit an expansion in powers of the emitted soft photon
energy wj;, where the leading power O(w;') soft theorem
reproduces classical long-distance radiation [31,32], and
depends only on the momenta of the in and out charged
particles of the transition at infinity.

A problem of active interest is that of the systematic
computation of the next-to-leading power corrections,
known as next-to-soft theorems. Using Ward’s identity,
Low showed [33] that for particles of spin-O the leading
O(w;") and O(w)) terms in this multipole expansion are
exactly determined by the non-radiative amplitude. This
result was subsequently extended to spin-1/2 particles by
Burnett and Kroll in [34], and generalized subsequently
by Bell and Van Royen [35] to particles of arbitrary spin.
Discussions of the structure of this multipole expansion
have been extended to high-energy hadronic interactions
[36,37]; recent reviews of various aspects of subleading
soft theorems can be found in [38-40]. A particularly

"The latter is usually called the non-radiative amplitude, albeit
it can include the radiation of an arbitrary numbers of hard
bosons.

interesting aspect of these investigations is the interpreta-
tion of the leading and subleading soft theorems in terms of
the conformal dynamics of Goldstone modes of sponta-
neously broken BMS-like symmetries on the celestial
sphere [38,41-44]. The connections of this work to the
language of worldlines is under investigation and will be
reported separately.

A related fundamental result is the generalization of
Low’s theorem by Weinberg who demonstrated the
Abelian exponentiation and cancellation of IR divergences
in both QED and in gravity to all loop orders in the Dyson
S-matrix [30]. In the modern language of gauge theories,
the surviving infrared safe exponentiated soft factors can be
expressed in terms of so-called cusp anomalous dimensions
we discussed previously in Paper 1. In this paper, we will
first show how both Low’s theorem and the Abelian
exponentiation theorem are recovered in the worldline
version of the Dyson S-matrix formalism. We will then
construct the corresponding FK S-matrix for soft photon
absorptions and emissions and demonstrate explicitly
that it is infrared safe to all orders. Just as for the case
of virtual exchanges, the proof follows fundamentally
from the simple asymptotic classical structure of the first-
quantized worldline currents. In particular, we will show
how both the asymptotic real and virtual contributions of
the FK S-matrix are expressed naturally in the first-
quantized language of cusps in worldline currents. The
results of this paper complete the proof initiated in Paper I
of the IR safety of the FK S-matrix in QED to all orders
in perturbation theory.

In addition, we will demonstrate explicitly how one
recovers Weinberg'’s result for the emission rate for arbitrary
numbers of soft photons in the n — m scattering of charged
fermions. This computation is illustrative because it dem-
onstrates that the IR safety of the Faddeev-Kulish S-matrix is
due to its dependence on the finite initial and final times at
which the in and out states of this S-matrix are defined;
modes with energies below the characteristic scale therefore
do not contribute. This FK strategy can be understood
fundamentally as the Minkowski spacetime analog of the
Wilsonian approach to the lattice regularization of ultraviolet
(UV) and IR divergences in the Euclidean formulation
of gauge theories. In the latter, computations of physical
quantities are performed at fixed volume and lattice spacing,
with the results then extrapolated to infinite volume and
zero lattice spacing. The existence of the former guarantees
infrared safety, while the latter limit corresponds to the UV
renormalization of bare quantities into physical ones.
Likewise, for real-time scattering computations, the FK
S-matrix can be employed at all intermediate steps in the
computation of physical observables with the initial and
final times taken to infinity in the final step of the
computation. As we will demonstrate, worldlines provide
the natural framework for a concrete implementation of this
Wilsonian philosophy to real-time problems. In forthcoming
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work, we will demonstrate the power of this strategy in high
order computations of cusp anomalous dimensions in QED.

The paper is organized as follows. In Sec. II, we will
revisit the derivation of the Dyson S-matrix in the worldline
formalism and generalize it to include the emission
and absorption of arbitrary numbers of photons. This is
obtained straightforwardly by including the coupling of
gauge fields to external currents and then performing the
functional integral over the gauge fields; the final expres-
sions are derived simply by taking functional derivatives of
the generalized Wilson lines obtained in Paper I and then
setting the external currents to zero. The low energy limit of
worldline currents is examined in Sec. III; these classical
currents can be factorized from the worldline path integrals
in the Dyson S-matrix to all loop orders. This provides a
straightforward proof of Low’s theorem. We next demon-
strate Abelian exponentiation of infrared divergences,
and recover Weinberg’s result for the cancellation of the
exponentiated real and virtual divergences. Further, we
clarify that these infrared divergences are unrelated to the
infrared divergences in the field-strength renormalization
factors that appear in the Lehmann-Symanzik-
Zimmermann (LSZ) reduction formula that relates the
S-matrix to the residues of the poles of time ordered
Green functions. We show, following Weinberg, that these
divergences are cancelled at the level of the S-matrix itself.

Section IV spells out the proof the infrared safety of the
FK S-matrix. This follows from the inclusion of asymptotic
worldline currents which play the role of an infrared
regulator of infrared divergences. Both real and virtual
exponentiated soft contributions are shown to be infrared
finite and combine to give Weinberg’s result for the cross
section. We discuss in detail the implications of our results
in the context of the Wilsonian interpretation of the FK
S-matrix we outlined above.

The paper contains two Appendices. The first of these
discusses the explicit computation of N-th rank polarization
tensors discussed previously in Paper I. We show for
the first time that the Grassmannian integrals for these
can be performed explicitly resulting in elementary

|

expressions for vacuum polarization tensors of arbitrary
rank. A straightforward consequence is the worldline proof
of Furry’s theorem [45]. More nontrivially (as we will
demonstrate in Paper III) our expressions can be used to
efficiently compute light-by-light scattering and cusp
anomalous dimensions to high orders. The second
Appendix illustrates the cancellation between virtual and
real divergences for the Dyson S-matrix and its comparison
to the Faddeev and Kulish S-matrix result for concrete
example of the cross section for single photon emission in
Moller scattering.

II. THE DYSON S-MATRIX: RADIATION
AND ABSORPTION OF REAL PHOTONS
TO ALL-LOOP ORDERS

In Paper I [1], we derived a general expression for
the Dyson S-matrix involving the exchange of virtual
photons to all loop orders. We will here extend this
result to include the absorption and emission of real
photons to all orders.

Our notations are similar to those defined previously. We
will denote as N¢, N¢, and N’ the number of in charged
particles, antiparticles and real photons, respectively, and
N¢, N¢, and N’ the number of out charged particles,
antiparticles and real photons. The total number of in
and out charges are given by N¢; = N¢+ NS and
Ng = Ng + N¢, respectively. Incoming and outgoing
external charges are identified with indices n,m =1, ..., r,
with the required number of real worldlines to describe
the process, given then by r= (N§;+Ni;)/2=
(NS + N¢;)/2. A pair of virtual charges will be denoted
with indices i, j = 1, ..., £, with £ the required number of
virtual worldlines to a given loop order within the loop
expansion of the S-matrix.

The Dyson S-matrix element for emitting N, photons
and absorbing N photons in the initial to final (i — f)
transition amplitude of r real charges of spin-1/2 is
given by

N

(r) 1 NS NS 1 1 =N NS T Y\ 1 1.
St (N7, N¥) = 11m<pf S s DS DS s s Py S K Ak A

tf—>+eo

tj—>—c0

out charges

c

Ne
X tr|p;'.s;

out anticharges out photons

in charges

§ 1o SN ~1 o N NT 1 1.
e DI Si DS DSk A kAL ), (1)

in anticharges in photons

where |p, s) denotes the single fermion state of momentum p and spin s, and |k, ) a photon state of momentum k and

polarization A.
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Our starting point in constructing this Dyson S-matrix element will be the QED Euclidean path integral2

_ — 1 1
zw%ﬂ:/DWWWa%ZJQM%—K/fmmﬁ+/#wwﬂ
- / d*x¥P(P +m)¥ + /d“xﬁ‘lJ + / d4x‘1711}, (2)
where g = +e, { is the gauge-fixing parameter, m represents the lepton mass and P = D,y, and D, = 9, —igA,. In
addition to the two anticommuting sources 7(x) and 7(x) required to describe real external fermions, we introduced here an
auxiliary photon source 7 (x) to describe real external photons. We will follow here the strategy in Paper I and work in
Euclidean spacetime, where the path integral in Eq. (2) is well defined nonperturbatively and the gauge and matter fields can
be completely integrated out to express the resulting amplitudes as a theory of worldlines. The corresponding on-shell
Dyson S-matrix elements can be always obtained later, to any given order in perturbation theory, by Wick rotation of the

Euclidean amplitude to Minkowski spacetime and performing successive LSZ reductions as discussed in Paper 1.
Integrating out the fermion field first in Eq. (2) gives

1 1
Z[j7 4 ;1] B /DA exp{_Z/d4xF2 __C d4x(aﬂAﬂ)2 +/d4xt7ﬂAﬂ

smaerpem)+ [ [ @i, )
where the dressed Euclidean fermion Green function satisfies

(P +m)Dp(x,y) = 6*(x — y). 4)

To obtain the radiative amplitudes in Eq. (1), we will require, as the main building blocks, the evaluation of gauge field
expectation values of the propagation of r spin-1/2 fields from {x} to {x;}} Let us consider here the emission and

absorption of real photons for the scattering problem of r positive energy charges, so that N = N = r. From Eq. (3),
we then obtain

1 5N,V,+N7+N‘+N4,Z[j 7, 77]
ZIT- 0 57 (%) - 5T (YT () <87 (y1)an(x}") - - sn(xh el --- i) |

n=i=0

-— P D BURLY | IR NE )

8T (y;")--- 8T (yp)8T (y;') - ) perm T=0

where ey | denotes the totally antisymmetric symbol, and the sum runs over the r! permutations of their r spacetime
points given by the dressed Green functions. The generalization of the present procedure to negative energy plane wave
solutions is straightforward. The expectation value (---), contains the A,-path integral and is given by

r 1 1 1
<ED%(X;’~,X?)>AL7] _M/DAGXP{_Z/d4XFiv_2_C/d4x(aﬂAﬂ)2

+/d4xj A, + logdet(p + m) }HD? X X7, (6)

2We will not consider here the limit of masslesss QED where, as is well known, the emergence of additional collinear divergences
makes the treatment of IR divergences more problematic [30,46,47] relative to the discussion in this work.
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expressed as a functional of 7. It describes the many-body
Green’s function of r spinning charges propagating from x7
to x%, coupled to a fully dynamical gauge field A,, that
further interacts with 7, and polarizes from the vacuum an
arbitrary number of virtual fermions within the fermion
loop determinant.

|

7!

To perform the A,-integral above, we will express the
fermion loop determinant and the r fermion dressed
Green’s functions in Eq. (6) as closed and open worldline
propagators of virtual and real pointlike spinning charges,
respectively. As discussed in detail in [1], the fermion loop
determinant can be rewritten exactly as

det(p + m) = i (_l)fexp{%Tr/w@e—fo}
0

—0 €0

’
4 0
© dg; Dr; . .
L | De;—— | Dy, Dy, e '/d4J’A, 7
XHA 28?/ e, 27[[) X; - wlexp{ voTi xJy, (7)

where the Zth term in the sum includes ¢ closed worldline propagators of # virtual fermions in interaction with A, with the

ith virtual fermion free worldline action given by

Syo=n ['a <>+1/1d*?<’>+1/1d (22 (3)
=m £ — —
V.0 ; Tei (T 1), T€i(’¢') 1), Ty, (T)y,(T),
and its charged current by
i TR ! i i 0 o
Tvu¥) =g | dri (D)5 (x = xi(r) =g | - deei(@w o)y (n) 3 =68 (x = x(2)). ©)

The various elements entering the worldline representa-
tion of the fermion determinant in Eq. (7) deserve a brief
explanation, with the reader referred to [1] for details. The
Zth loop term in the infinite sum in Eq. (7) can be thought
as the amplitude of finding £ virtual fermions polarized
from the vacuum coupled to A, which, in light of Eq. (6), is
dynamical and couples to J e Each of the i=1,....7
virtual fermion paths are described by a commuting 0 + 1-
dimensional closed bosonic wordline, xfl(r), and an anti-
commuting Grassmanian worldline v/, (7), with = € [0, 1].
The former encodes the local 4-position of the virtual
pointlike spinning charge i in spacetime during its inter-
action with A,. The later, its spin precession, with local spin
tensor o}, () = i[y}(7),w,(7)]/2 couples to the magnetic
and boosted electric components of the gauge field in F,.

Besides the worldline superpair {x/(z).y}(7)}, a com-
muting einbein worldline ¢;(z) and its conjugate partner
7;(r) are introduced to account for the diffeomorphism
invariance of the worldline parameter z. The einbeins
have trivial dynamics and can be replaced by their zero
modes &) = ¢;(0), that correspond to the proper times of
each virtual particle within the loop; alternately, they

N 1 = J i Dﬂ’l n ; n n
Df}(x?,x?)—N—Sexp{na—Hz}A deg/dxg/Denﬁ/D)(ann/D“xn/Dsy/nexp{—SR.o—i—z/d4xJR_”Aﬂ}

[
correspond to a Schwinger parameter in the corresponding
Feynman diagram.

The 7Zth loop contribution includes ¢ path integrals
for each loop fermion present, taken over all possible
closed path configurations are given by periodic (P) and
antiperiodic (AP) boundary conditions for x,,(z) and y,(7),
respectively,

xi (1) = x1(0),

! : v, (1) = =, (0). (10)

It includes also the required integrals over all possible
proper times €%, in which each individual fermion can
complete the closed loop. The common UV divergent
factor in the loop expansion in Eq. (7) removes the UV
poles of the free loop contributions, subtracting thus the
zero-point energy of the vacuum.

The r dressed Green’s functions in Eq. (6) can be
expressed as open worldline path integrals as well, describ-
ing in a first-quantized fashion the amplitude of the r real
spinning charges to go from xj to xj while interacting
with the gauge field A,. Using the Fradkin and Gitman
result [48] (see Paper I for a pedagogical derivation and
further details) one obtains,

’

=0

(11)
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with Di(x}, x}') = DR(x}, x})ys, 7, = —iy,rs and Ns is
the free anticommuting path integral normalization.

The various terms in the above expression also require
a detailed discussion. Analogously to virtual fermions,
a real fermion is fully described by a superpair of open
0 + 1-dimensional worldlines x};(z) and y/} (7), but with the
dimension of the fermionic degrees of freedom now labeled
by 4 =1, ...,5, the fifth element being necessary to imple-
ment the helicity-momentum constraint on their trajecto-
ries. Further, in distinction to virtual fermions traversing
closed loops, the superpair {x};(z), w7 (7)} of a real external
spinning charge in the scattering satisfies the open boun-
dary conditions,

(1) =™, x(0) = xi", (1) = =y (0) + 265
(12)

We have left explicit here as well the time reparametrization
invariance of the real spinning charge worldline action
by introducing a super-pair of einbeins, the commuting
worldine ¢,(7) and the anticommuting worldline y,(7),
with trivial dynamics, as well as their momentum conjugate
partners 7, (7) and v,(7). The commuting einbein ¢,()
implements, as in the case of virtual fermions, the energy-
momentum constraint of the real spinning charge, while
xn(7) implements the required helicity-momentum con-
straint. The einbein zero modes are denoted ¢, (0) = &} and
(0) = x4 and correspond to a commuting and an anti-
commuting Schwinger parameter, respectively, in the

1

N

o = w020+ [ dr{m"<r>é"<r> L) + et 4

1

N

1
A
kj\' = (u)k}.’kf

1
A
k} = (U)k\i !

FIG. 1. A one-fermion loop contribution S(%'l)(Z, 1) to the
amplitude for the emission of two real photons with on-shell
4-momenta k}’z and the absorption of a real photon with four-
momentum k} , in the scattering of two real fermions. Each fermion,
real or virtual, is described by a 0+ 1-dimensional superpair
{x,(7),w,(r)}, of open or closed worldlines, respectively,
exchanging arbitrary numbers of virtual photons. The worldline
amplitude implements the possibility that the three real photons are
emitted or absorbed at any proper time = € [0, 1], from any real or
virtual worldline. The solid lines depict real and virtual fermion
worldlines, the solid wavy line the real photons, and the faded wavy
lines the virtual photon exchanges between the fermions.

corresponding Feynman diagrams, to any given order in
perturbation theory.

The A,-independent terms in Eq. (11) are collected in
the super-gauge unfixed worldline action of the free real
spinning charge

+ W) =26 (m(0) + g W) ) . (13)

The interaction-dependent terms in Eq. (11) are expressed entirely in terms of the coupling to A, of the real spinning

charge’s worldline current

2 5 (x—x(0)), (14)

1a0) =g [ a3 - (0) - g [ deelopuion(o) 2

which is then of identical form as the currents created by virtual spinning charges in Eq. (9).
Substituting Eqs. (7) and (11) into Eq. (6), and performing the quadratic A ,-integral yields,

- VA (0 _ ZMW - _ 9 . (_1)f () (yr +r pr 1 .1 pl
<’HDF(xf’x")>A[j}_Z[O,O,O]H exp “59’; Z o w (xf,xi,ﬁ,...,xf,xi,ﬁ)0":0[\7], (15)

n=1 =0

where the r and ¢ generalized Wilson lines and loops are encoded in the many-body propagator W) for r real charge
trajectories from x7' to x and for ¢ virtual fermions to describe a closed loop, while interacting nonlocally, to all orders in

perturbation theory, among themselves, and with the external current 7:
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WO, 0o 0017 = (exp 45 [ [ @500 + TDDG =)W 0) + 2,00 )
(16)

where

DB () :47;/2p<d—2> - 2;_1 {1;4 +(d-2) Zéxx;c } (17)

is the Euclidean free photon propagator in d dimensions and the charged worldline currents of the r real and £ virtual
fermions in Eqgs. (9) and (14) are combined into the net worldline current

r r+¢
=D T+ D Ty (). (18)
n=1 i=r+l

Equation (16) has the structure of a normalized worldline expectation value (- - -) of a functional O of the r 4 £ real and
virtual worldline currents (%) in Eq. (18) and the external photon source 7, with the later remaining fixed. It is a many-
body path integral over all possible closed path configurations of the # virtual loop particles, with the periodic boundary
conditions specified in Eq. (10), and over all possible open paths of the r real particles, with the open boundary conditions
given in Eq. (12), with a final integration over each particle’s proper time:

(r2) B 1 dey e / del) / D / ' / |
<O[‘]ﬂ ,j;,]) _eXp{2Tr/0 8’ }l 1 286 Dgl 0 PD4Xl AP D4Wz
{ / dgo/d)(o/De Dr /D)(”Dy /D4x /D5wn}exp S(rf))O[J(rf),jﬂ}. (19)

I
The free worldline action of the system of r + ¢ charges  auxiliary current with itself. It is a straightforward exten-
in the many-body path integral is simply the sum of the  sion of W(") in Paper I to the general case of real photon

individual free actions in Egs. (8) and (13), absorption and emission. Finally, we note that the con-
tribution of disconnected graphs in Eq. (15) will be

= adequately removed by the normalization Zyy/Z[0, 0, 0].

Z SVO T ZSRO (20) Having integrated the matter and gauge fields out of

i=rtl Z[J,1,1n], we will now proceed to construct on-shell ampli-

Note that Eq. (16) contains the full exponentiation, with tudes in physical tirr.le,.as in the amplitudt? depicted in Fig. 1.
spin precession and backreaction, of all photon lines, hard In general, the radiative Dyson S-matrix element for the
or soft, connecting any of the r real and £ virtual particles. ~ amplitude for the absorption of N i and emission of N7 real
It contains as well as all the photon lines connecting these ~ Photons during the scattering of Ny to Nj = Nj positive
with the external auxiliary current 7, and the external energy charges (N = N = 0) in Eq. (1) can be written as

N, —ie*, (KD, AR) N P oap
p f’ f P \,P e ])(k» ) P P
S(") N};,Ny — /d4 P —lkf yfa2p /d4 pe+lki Vi 821)
i (Ve ) plzll \/g (22)2 v H V2wl (2np2 )

r 1 1\ NoA+NI+NG+N¢
X lim [ dx} / d*x" (xm X} o= <—>
g n_ 4o / f ﬁ f yﬁnan in an( ) Z[j’ 7, ;7] i
N7

SO }’{ 5 } SNHNZLT )
X * o . , (21)
,H,{éjﬂ;(y}’) 11 8T, (F) 5%([. )...571},1()(})577/;]()(})--oéﬁﬁNg(x?")

J=0
7=n=0
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where Z[J,7, 7] is the QED generating functional in Minkowski spacetime, and

¥ () = (e sp)e”7
W) = ulpl sy (22)

are free plane wave solutions of positive energy of momentum P and spin St and a,, 3, and y,, are spin indices. The LSZ

reduction formula requires that one introduce the corresponding wave-function renormalization factors for each real
fermion and photon field present. We have left these factors implicit because, as we will discuss at length in section 3.3,
they do not play any role in the proof of the IR safety of cross sections.

Consider first the case of a single outgoing photon (N7, = 1 and N” = 0). In Euclidean time, the gauge field expectation
value at point x within the propagation of the r charges gives, using Egs. (5) and (15) (and noting y2 = +1),

51+N§H»N§'ZW’,,]7 j]
ZIn. TN 6.7,(y)8n,, (x2") - -~ 6n, (x1)87p, (x4 - - 6y, ()] 5

n= )]0

- _ 9 Zaw = (=1)7 WU, X7, 07, xp x), 0)[ T
= ¢ e - . 23
E €ne...1 n|:|l {CXP{H agz, }75 }/}ny” Z[O, 0, O] ;:0 £ 5\7,4 (y) ( )

0, =0
perm J=0

Using further Eq. (16), the functional derivative of the many-body generalized Wilson lines and loops for the r real and ¢
virtual charges can be expressed as

5W(’f>(x},x{,9’ xf,x IV
5\7/4( ) J=0

([ Sk np@ia @en{) [ SLI Coth@i )} 24)

where ny(q) and J ff’f) (q) are, respectively, the Fourier transforms of the free Euclidean photon propagator in Eq. (17) and
the Euclidean charged worldline currents in Eq. (18).

The evaluation® of the on-shell amplitude requires the Wick rotation of this quantity before plugging it into Eq. (23).
This involves replacing each free photon propagator by its Minkowski counterpart,

G 9.9,
P+ (1-0)-—*

D~B - - )
u(4) q* + ie (q* + ie)?

(25)

multiplied by a factor of 7, replacing the real and virtual Euclidean worldline currents in Eq. (18) by currents in Minkowski
spacetime,

70 (g) = Z [ detis@ + i) ) 1 3 g [ artisio) + devi@ui@e . o

i=r+l

and likewise, for each dressed fermion Green’s function in the 2r-point correlator. Finally, one replaces the Euclidean Dirac
matrix 75 by —iys. One then obtains’

See Appendix A of [1] for the notations and conventions employed as well as full details of this procedure.
*It is to be understood henceforth that the currents and propagators are in Minkowski spacetime unless specified otherwise.
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SUNINGZi7. 0, T

2 167, (s)on(x;") -

on(x})di(xy) - S7(xy")

c

J=0
n=i=0

= ZGN;;..J H{exp{fz 0%:’”})/5}
n=1 A Pt

perm

- </ él:)[

Note that the normalized expectation value (- -

—igve .3(r, 1 q .=, R uv .37,
Dl @it ) e 5 [ ST iy @ ()} ).

Zyw <= (1)
Z[0.0 0]; 2!

d4

(27)

-} defined in Eq. (19) has to be replaced at this point by its rotation to

Minkowski time following the rules given in Appendix A of Ref. [1]. Plugging Eq. (27) into Eq. (21) and defining 7, = ys7,
one finally gets a loop expansion for the Dyson S-matrix element for the radiation of a single real photon off the scattering of

r positive energy charges of the form

-3

0

with the Zth loop contribution given by

ZMW

Z[0,0,0] ¢! n:l s

SE0(1.0)

(1,0), (28)

J .
o e

ll /1)3/2 kziﬁgy(k)<ij£rf)(_k) exp{i/ (;1;)14 ijﬁrf)(_q)iﬁﬂ% )IJ (+q)}> Fperm (29

V2w, (27)

We can further simplify Eq. (29) and simultaneously confirm that it is gauge invariant to all-loop orders in perturbation
theory. Using Eq. (25), the real photon vertex in Eq. (29) can be rewritten as

g Kk

¢

v rt 1 - r
ey (010 = {0 (1= 0 S far 0 = sty e e T, o)
Next, using Eq. (26) the factor in front of the gauge dependent term gives
r+f
100 = o [ delhe o) + ey 3o [ el )+ )Pt
i=r+l1
r+¢ r
g Z {eiku(l) — gikn(0)) +5_.]Z{eik‘x,,(1) — ek}, (31)
i
i=r+1 n=1

To obtain the final equality in the above equation, we
used the fact that for either virtual or real fermions the
quantity k,k,y*y" vanishes. This is because k*k” is a
symmetric tensor whereas the Grassmanian tensor l//;',y/f, is
antisymmetric.

The first term in brackets of the final expression on the
r.h.s. of Eq. (31) corresponds to a Ward identity for the
scalar QED vertex, and has been rewritten as a total
derivative of a pure phase. It vanishes since the periodic
boundary conditions in Eq. (10) hold for the i=
r+1,...,r+ ¢ virtual fermion worldlines; this simply

reflects the fact that the charge flux that goes out from
x;(0) in the loop comes back in at x;(1) and is therefore a
conserved quantity.

For the second term in brackets, the r real charges
worldlines have open boundary conditions, x" (1) = x} and

x"(0) = x?; as noted in Eq. (12),

(tj xf)

(#7,x}),

n
tf — 400,

n
xr
}’l
l

(32)

1l = —o0.
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These two remaining boundary terms e**(1) and e#*~(0)
can be neglected as well’; in this case however it is on
account of the rapid oscillatory behavior of their phases as
fy; — too. With this understanding, the second term in
brackets in the r.h.s. of Eq. (31) also vanishes.

The net result is that k - J"*) (k) = 0 for any real or virtual
worldline fermion current, and independently of its particular
|

ZMW
Z[0.,0.0]

S10(1,0) =

iey (k. A) s
X W J(r,f)( k) exp

configuration inside the path integral. Since the previous
statements are valid for off-shell photon momenta ¢ as well,
the same identity holds for the gauge-dependent terms in the
virtual exchange vertices in the exponential within the
normalized expectation value of Eq. (29). Therefore the only
surviving terms in Eq. (29) are the gauge-independent terms
that acquire the simple gauge-invariant worldline expression:

- 3}
341 3.1 n
fl | | ,}ﬂrﬂo/d /dx ‘P xf exp{nae }yO‘I‘ (x1)

a* diqg 1
(2n)* ¢ + ie

IO, o(+) ) +pem. ()

The procedure outlined for the emission of a single real photon can be straightforwardly extended to the emission and

absorption of an arbitrary number of quanta in the scattering,

NG N =3 SO (NN, (34)
=0
with the Zth loop contribution given by
¥ P P 7
ST (N, NT) = Zuw (=113 5 7)) ﬁ ie,r (k7. A7
s l Z[0,0,0] 2! 1 Zwkp (27)32 | 2 Za)kp (27)3/?

hm / &x? / &Px¥ ) exp

N »
X<H{i’(‘; kP}H{J“ +kp}exp
p=1

Equations (34) and (35) are the central result of the
present work. They provide compact expressions that
capture in full generality the i — f scattering of a system
of r real fermions accompanied by the radiation or
absorption of any number of hard or soft real photons
and an arbitrary number of virtual soft or hard photons
exchanged between real and virtual fermions during the
scattering. The normalized expectation value is finally
taken, averaging over all possible worldline paths of the
r real and ¢ virtual charges within each term in the loop
expansion. An example of one of these radiative amplitudes
is illustrated in Fig. 1. In the next section we will show how
this all-order compact form of the radiative amplitudes

>The requirement that the Ward identity be valid for external
charges, and its relation to IR divergences, will be addressed at
length in the next section.

Ya

}mT+()

T e j;(trf) (_q)j’(‘rf) (+q) } > +perm.  (35)

provides an intuitive infrared safe formulation of these
amplitudes in QED.

III. ABELIAN EXPONENTIATION OF REAL
AND VIRTUAL IR DIVERGENCES
IN THE DYSON S-MATRIX

Now that we have derived the general worldline form of
the Dyson S-matrix in QED with any number of real and
virtual photons attached, we will turn to addressing the
problem of its IR structure. We will first show how virtual
and real divergences in the S-matrix can be easily isolated
in this worldline formulation from an analysis of the low
energy limit of the currents, and how this behavior naturally
leads to the well-known Abelian soft theorems and their
exponentiation. We will then review in this context the
Dyson S-matrix approach to IR regularization; specifically,
we will show how real and virtual IR divergences cancel
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among themselves in the cross section to all-loop orders
in perturbation theory when any number of real photons
of arbitrarily low energies accompany the scattering of
charged particles. In Section IV, we will confront this
conventional solution to the IR problem in QED with the
alternative formulation in terms of infrared safe Faddeev-
Kulish (FK) S-matrix elements. We will further employ the
worldline formalism to demonstrate how this FK S-matrix
can be constructed to be manifestly free of real and virtual
IR singularities to all orders in perturbation theory.

A. IR structure of worldline currents
in the Dyson S-matrix and Low’s theorem

We wrote the Dyson S-matrix in Eq. (35) as a quantum
theory of worldline currents, as was also the case in Paper I,
with the novel feature being the absorption and emission of
real photons attached to the charged currents. Our strategy
to analyze its IR structure will follow the same logic as in
our earlier work. We will inspect the low energy k — 0
limit® of the net current given in Eq. (26):

r+¢ r
7IR =1 §(r.) =1 7i li
Ji (k) = limJ, ™" (k) = lim 2 v (k) +lim 2

T (k).
(36)

Virtual IR divergences will be introduced in the Dyson
S-matrix element when any current in Eq. (36) contains a
~1/q contribution that survives in the ¢ — 0 limit, corre-
sponding to the divergence of the loop integral for a virtual
photon 4-momenta g. Real IR divergences appear when a
worldline current in Eq. (36) contains a ~1/k factor. For
each real photon present, there is a corresponding ~1/k
factor multiplying the amplitude without real photons.
When the modulus squared is taken of this amplitude,
and integrated over the phase space of the emitted photons,
the contribution of the 1/k terms results in the well-known
IR divergence of soft photon amplitudes. As we empha-
sized in Paper I, it is therefore vital to better understand the
nature of the 1/k terms in the worldine currents.

First, in Eq. (26), the fermion piece of the currents can be
neglected in the k — O limit; this is because they are
subleading relative to the bosonic contribution. For the
latter, it is instructive to sample any virtual or real bosonic
worldline x,(7) in the path integral at points xj, = x,(z,),
k =1,..., N, and connect pairs of points with straight line
propagation in infinitesimal proper time 67, = 7,.| — 7y,
with their path described by

°In what follows, by the limit k - 0 we mean asymptotic
equivalence. That is, there is always an implicit IR scale A
below which the currents can be safely replaced by their IR
equivalents Ji} (k), where the photon momenta k < A. We will
have an extensive discussion of this infrared scale later on in the
manuscript.

w(e) =+ O (o,
Ot

€ (tn). (37)
Here 6xi = xi, | — xk, 7, = 0 and 7y = 1. Path integration
in this piecewise representation of the worldlines corre-
sponds to the sum over all possible intermediate posi-
tions x%.

For a virtual particle current, the discretization in
Eq. (37) produces an incoherent sum of 2N — 2 real or
virtual photon graphs, representing the 2N — 2 possible
ways of attaching a photon line of 4-momentum &k, real or
virtual, to each of the two sides of the N — 1 cusps in the
virtual fermion worldline,

limJ?

1 .
o i (N ikexi(7)
lim ”,V(k) %Lmol dr gxj (t)e

Nl T+l i
— T S0 ikx'(t
=m), [ o

N-1 i
ox! . o
—1im Iy T (i it (38)
k=00 <=k - 6x;c

The soft photon diagrams appearing in Eq. (38) are
illustrated in Fig. 2 for a given closed trajectory of the
ith virtual fermion contributing to the path integral.

The phase structure of the sum of diagrams in Eq. (38)
determines the IR finite behavior of the virtual particle
currents within the Dyson S-matrix. For finite xi and x/ oy
the two ~1/k IR divergent photon diagrams in the
parenthesis in Eq. (38) coherently cancel when k — 0
since their relative phases vanish. Therefore for all x4 finite
(x =1, ..., N), in other words, for virtual charges confined
to a finite 4-volume, the sum in Eq. (38) contains no ~1/k
contributions.

A possibility one must consider is that a virtual charge
can explore a given point x; located at spacelike and/or
timelike infinity in the worldline path integral. The sum in
Eq. (38) can then be organized to isolate x¢ from finite
spacetime points as follows:

g N-1 5.X'i " )
limJ? — i J WA (pkx L pikex]
kl—%J”'V(k) o) i Z k- ox (e —et)
n=k+1 n
gaxl ik'xi+1 — M
o )
9 5x’i<—l# et _ ik,
ik-oxi_, ( eher)
Kk—1 i
g 5xi’],ﬂ ikex! | ikexi
= . - . 39
+i’7=1k-5x,’1(e = eth) (39)

For any finite k, the phases with x¢ are highly oscillatory
and can therefore be dropped. Further noticing that 8x../k -
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URIOE

FIG. 2. Diagrams generated by the ith particle current f;;.v(k) contribution to the Dyson S-matrix, including all possible ways of
attaching a real (solid wavy line) or virtual photon (dashed wavy line) of 4-momentum k to any point 7 of the ith particle trajectory. In the
k — 0 limit, the ~1/k divergence of the soft photon graph pinched to « cancels the 1/k divergence of the graph with the soft photon
pinched to k + 1,k =1,...,N.

Sxi. = 6xi_, /k-Sxi_| asxi — +oo, the two ~1/k divergent diagrams left unpaired, as shown above, can be paired together,
with the sum then reorganized as

N-1 i i k=1 o i
. ]9 X ik iy 9 ew i ket 9 OXyu (i ikex!
li _]‘ K =1 J | pikx J i el — plkexl_ J i | — plkx} ) 40
Py v(k) pm iq=;1k'5xl( "l — e ”)+ik-5x,’<(€ 1—e ])+i;k-5x’(e l — elh) (40)

Since each of the parentheses contain only finite spacetime points by construction, the relative phases within each,
as previously, cancel in the limit £ — 0. Hence the # virtual fermions present in the #th loop contribution to the Dyson
S-matrix can never introduce ~1/k IR divergences of photons, virtual or real, since

llcm(l)J’ v(k)y=const i=r+1,....r+¢ (41)
For real fermion currents (labeled i = 1, ..., r), the situation is quite different. These have open worldlines with end

points in Eq. (32) at timelike infinity. The discretization in Eq. (37) then reads

N L = U LR
%J'{R(k)_g%g [ dt (1) e’ <z>—e|z|:g%;g /[ dt i (1) ek~ (0=l

N-1 n n
. hmg 5.)(?,(” ek xe el 6x’<” eikxi—elty] , (42)
k=00 = | k- 8xi + isign(1], | )e k- 6x + isign(1)e

where we introduced an e-regularization and performed the integral in the physical time of the charged currents. The soft
photon diagrams introduced by the nth real fermion current in the Dyson S-matrix in Eq. (42) are shown in Fig. 3 for a given
4-trajectory of the nth virtual fermion contributing to the path integral.

Taking the x} , = =1 > o and x{ ; = 1} — —oo limits in Eq. (42), the two soft photon graphs pinched to plus and minus

timelike infinity drop out due to the wildly oscillatory phases, giving

n n
KmJ7 o (k) = lim I VI kel | 4 9 ﬂeik.x;_w
k0" R k=0 ik-5xx,1+ze i k-ox| —ie
N=2 .
J efri el Oy pikxi—elt] 43
* i Kz: {k oxt + 151gn( 1€ ST oxit + isign(£})e ' (43)

As shown above, this leaves the two graphs with the real or virtual soft photon attached to the two in and out external legs of
the nth real fermion unpaired, each introducing a different ~1/k contribution. Taking then the k — O limit, the ~1/k
divergences of the photon graphs attached to the internal lines cancel, resulting in the expression
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Tipdy= =+ e .

n
‘XN,O_) + oo

n
- —
xl,O o)

n
XK+2,/4

o + -

n
X0~ —®

n
Yo >t

n
XK+2,/4

FIG. 3. Diagrams generated by the nth real charged fermion current J . (k) contribution to the Dyson S-matrix, including all possible
ways of attaching a photon line of 4-momentum k to any point 7 of the nth real particle trajectory. In the k — 0 limit the ~1/k
divergences of the soft photon graphs from the internal lines cancel with each other, but the two soft photon graphs of the external lines
survive, leaving two terms ~1/k when k — 0 in Jﬂl’j. z(k). The dots at the ends of the photon lines indicate that the photon can be either
real or virtual.

hmJ” r(k) = —ghm

{ OXN_1, oxy , } contribution to the Dyson S-matrix element in Eq. (36) is
k—0 I k=0

k-o6xl_ +ie  k-ox!— given by the bosonic pieces of the currents created by the
o o external legs of the r real fermions,
— —lim? { S Ttw } (44)

k- pf+le k-pl—ie

s F(E) ‘o FIR
lim — lim
k1—>OJﬂ (k) k1—>0Jﬂ (k) ’

In the second equality we multiplied and divided numer- NE4NE o

ators and denominators by the nth real fermion mass m and with JR(k) = — 9 Z n" Py (47)

proper time s, respectively, which gives K = k- P4 inte’

n n

lim méxr’l\'_l = p}, lim m% =k-p}, (45)  where the sum in n' is taken over all in and out legs of

fymoo OSy_y oo sy the real worldlines, with initial or final 4-momenta p,,, and
7' =41 or y = —1 if the charge is outgoing or incoming,

and respectively. Equation (47) then states that real or virtual

soft photons attached to internal legs—namely, virtual

T g o o m 5:? —k-pl. (46) charge.d fermion wgrldlines or the ir.1terna1 parts of real
fi=—co OS] fim—co OS] worldlines—do not introduce real or virtual IR divergences

in the Dyson S-matrix. These arise solely from the

In summary, using Eqs. (41) and (44), the soft photon  (asymptotic) external legs of the real charges. The graphs

limit of the total worldline current of the many-body system  accounted for in the IR limit of the total current of the
comprising the r real and ¢ virtual particles in the Zth loop  system of r + £ charges are illustrated in Fig. 4.

K+2 N

+ © K+] N e }
Xyo =t (.. R x> — o

ﬂ
K+2 N

FIG. 4. Graphs with soft photon lines of 4-momentum k attached to the two external legs of each n of the r external charges that

survive in the k — 0 limit JI} (k) of the total current J, ,(f’f) (k) from r real and # virtual charges within the Zth term of the Dyson S-matrix.
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To factor out the this IR structure of the soft photon
currents in the Dyson S-matrix, we follow the strategy
articulated in Paper I and separate out soft and hard, real
and virtual photons in the general expression in Eq. (35).
The term with the virtual photon interactions in the
normalized worldline expectation value in Eq. (35) can
be rewritten as

i / ©dq 1 g
2o 2n)*q* +ie™”

ifrdlq 1 e v
=5 | G Ty 0

)T, (+9)

i d'q 1 s .
+§/A Wmfft )(—CI)J’(‘,/)(JFCI), (48)

where the parameter 4 — 0 is the IR cutoff and the scale A
delimits the upper limit of the IR region of low momentum

virtual photons for whom the exact form of the worldline

currents j,(,r'f) can be replaced by their ¢ — 0 limits in

Eq. (47), giving
i [Adq 1 e
5 g (27[)4 qz T ieJ” (_‘I)J(rf)('f'CI)

gifA dq 1 JIR
2, @r)tg?+ie”

(=9)Jix(+9)

lgz N +N§ / d4 1 ]’Im/pm/

2 =14 (2”)4 q2 + i€q ’ pm’ - i’/lm/e
’ﬂipw (49)
q-p" +ine

This term is IR divergent when 4 — 0 and encodes very
early and late soft interactions among all the real charges.
|

Vo (e, (k). A7)

S;‘z)s(NJ(/’Y’N/ ) = H I S i)

p=1 | 4 /260k"(2”)3/2 "

<ol | G

2—Fie

Since it depends only on their asymptotic 4-momenta at
infinity, the term can be factored out of the normalized
worldline expectation value in Eq. (35) because it is
unaffected by the worldline path integrals. The second
term in Eq. (48) is IR finite by construction, and should be
retained as part of the normalized worldline expectation
value encoding the hard virtual exchanges among all real
and/or virtual worldlines.

The real photon attachments to the real and virtual
charged currents that multiply the exponential factor in
the normalized expectation value in Eq. (35) can likewise
be separated into soft and hard contributions. We will now
discuss how this is achieved in practice.

Let Ni s and N7 denote the number of in and out soft
real photons of energy less than A, N, and N7, the
number of hard photons of energy greater than A, for a
given total number of hard and soft outgoing and incoming
photons, N, = Nj, s+ N’ , and Ni = N/ + N, respec-
tively. For each of the N + Nf,s soft real photons, the

corresponding worldline current J, ,(,r'f) can be replaced by

Eq. (47), and subsequently factored out of the normalized
worldline expectation value in Eq. (35). In contrast, the
N, 4 N’ hard real photons are kept as part of the
normalized worldline expectation value, with the exact

form for J, ,(f"’ﬂ)(k); they have to be evaluated as part of the
path integral.

In light of Egs. (36), (48), and (49), the i — f amplitude
in Eq. (35) can then be expressed as the product

fly(Ni/)\aNy )

zh(Noh’ zh)’ (50)

where the interactions of the charged particles with soft
real and virtual photons is absorbed into the IR Dyson
S-matrix

N e w (k7 A7)

(=ky) L[] W T (kP
T -0} (s1)

In obtaining Eq. (50), we used the fact that the low energy limit of the currents in Eq. (47) does not depend on the £ loop
fermions; hence the loop expansion in ¢ affects only the hard part of the Dyson S-matrix,

fz h(Na h’

= > SR (NN, (52)
0
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with the Zth loop contribution

(=1)" Zuw

N e " (kp /lp

N
wo| e (K7, A7)

fl,h( O,h l,h) f! Z[O, 0’ 0} p:]

nhm /d3 /d3x
:h
it el

Equation (50) is a statement of the Abelian factorization
of the Dyson S-matrix, and can be understood as the
generalization by Weinberg [30] of the well-known Low
theorem in QED [33]. It demonstrates to all-loop orders in
perturbation theory the factorization of real and virtual IR
divergences due to soft photons from an all-loop IR finite
Dyson S-matrix element containing arbitrary numbers of
real and virtual hard photons. In the worldline formalism,
it manifestly represents the factorization of very early and
late time interactions of real spinning charges among
themselves, and of the real photons radiated off or absorbed
by these charges at very early or late times. These IR
divergences are encoded in universal soft factors dressing
the infrared finite hard Dyson S-matrix element. We will
turn now to a discussion of the cancellation of these real
and virtual IR divergences in Eq. (51) in QED cross
sections.

B. Weinberg’s proof of the cancellation of real
and virtual IR divergences

In the conventional understanding of the IR problem,

the amplitude of the radiative i — f transition in Eq. (50)
|

(r)
dr;
— 15— §(wp)|S!

r) 2
’(0,0)]F +
dwy "“'( )

204 (2m) 3/2

"(x) exp{nagn}ro‘l‘,,, x}) <H{J

A
— BPrLS(wp —
'/121//1 f( T
f

|| l’l

vt | (/2000 (27)37

o.h

1, ;
T (0 | ) -+ e (53)

(2) q* + ie

|
for the Dyson S-matrix element is zero in QED on account
of the IR singularities in the exponentiated virtual IR
divergences. In this Bloch-Nordsieck picture [31], real
and virtual IR divergences only cancel among themselves
in the total cross section, when one considers within
the transition the emission of an arbitrary number
of low energy photons escaping undetected due to a finite
detector resolution.

To observe this cancellation between real and virtual IR
divergences in our worldline framework, we will show in

detail how one recovers the classic result of Weinberg [30]

)

for the photon emission rate F for the emission of hard

photons accompanied by an arbltrary number of real soft

photons whose energies add up to a total emitted energy

w7 < A, in the i — f scattering the r charged particles.
From Eq. (50), it is clear that this rate can be factorized as

L = TH T (54)

The differential soft emission rate is given by the infinite
sum over final states’

wi)| 72,10

g~ 032)|SL (2, 0) 4. (55)

A
&Sk / BK2S(wp —
ng/ f;: g jolor
f

with &’k = a)kda)dek, where @y, and & are a real photon’s energy and solid angle, respectively, and the 1/N? ! factor in

each term accounts for the Bose statistics of photons. The differential rate for the hard i — f transition only includes hard
photons (with momenta > A), and is given by

"As noted by Kinoshita [47], and by Lee and Nauenberg [46] (KLN), in general the problem of infrared singularities requires a
summation over both initial and final final states that are degenerate in energy. As noted in [49], from the KLN perspective, the Bloch-
Nordsieck summation over final states discussed in this section is only valid because the emission and absorption of soft photons cannot
be distinguished in the limit of vanishing photon energies. It is further observed in [49] that the link between summations of initial and
final states is provided by Low’s theorem. In our worldline approach, as will be discussed further in section IV, both initial and final state
emission and absorption are treated on the same footing in deriving the Faddeev-Kulish S-matrix.
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N} +N”

oh Ny
ar'), =180, v NP T R {Hd3,,;},
p=N’ +1 n=1

(56)

where the hard S-matrix element on the r.h.s is given by
Egs. (52) and (53). We will not discuss the hard emission
rate any further except to note that it can be computed

|

drfl, 1 [

order-by-order in perturbation theory employing the tech-
niques outlined in Paper I and in the previous section.
Our focus in the rest of this section will be on the soft
differential emission rate, in particular the explicit cancel-
lation of real and virtual infrared divergences.

Using the well-known integral representation of the
Dirac delta function, the sum in Eq. (55) can be compactly
and conveniently rewritten as

. . A +icw,p
JLs —iow E | | E 31.P K (r) 4 2
da)T = Z . doe T N7 | { / d kfe s }|S i’S(No,s, O>| . (57)

/1”

Substituting Eq. (51) into the r.h.s above, and summing in N’ ;, Eq. (57) can be expressed as

(r)
de“ 1

Here the contribution to the absolute square of the
amplitude from the exponentiation of virtual IR photon
exchanges in Eq. (51) is expressed in terms of the function

IR 1 lgm/ 7IR 7IR
V( ) :qu I l-g‘]ﬂ (_Q)Ju (+CI)
:g_sz-'er, i nm/Pm/ . ;/]nrpnr
2 Ml >+ ieq- pm’ — ir]m/e q- p”/ + in"’eh
(59)

The contribution coming from the real IR photons in
Eq. (51) can also be exponentiated in the cross section as®
AR (k) = g (T} (=k)) TR (=k)
N§+N¢ !

=- —, (61
gzkp—l—mekp —in"e (61)

with kg = wy.

*In obtaining AR(k), we used the completeness relation

k,k, k,n, + k,n
> ek Aej(k. 1) = =g, — (n’fk)z + e £ (60)

A==%1

where 7 is the normalized time-like 4-vector; we used further the
fact that the dependence on n drops out of the amplitude. This is
because the k, and k, terms, once contracted with the currents

vanish, giving k- JI"!) = 0, as we discussed previously.

A d4q +o0 . A d3k e+iwko'
- 2R AIR doeo@r " AIR k . 58
i = grew{ e [* S AR @)} [T aoerexp [M S5 g (58)

|

We can now use Eq. (58) to extract the emission rate
for any number of real soft photons adding up to a total
emitted energy less than E, with E < A. To achieve this, we
integrate the differential rate above between w; = 0 and
w7 = +E; we further replace the upper limit of soft photon
energies A by E. Since from Eq. (55) we see that the rate
vanishes for wr < 0, in order to symmetrize the expression,
we can formally integrate it between w; = —F and
wr = +E, to obtain

(r) 4
(r) tE dUyis 1 /A q
I = d =— 2R —A
+o  singE Edk 1 .
d +la)k(7AIR k .
x/_00 o— exp{A (2n)3_2wke R )}
(62)

As discussed at length in section 5.2 of [1], the real part
of the integral over AR (g) comes wholly from the on-shell
modes of the virtual IR photon exchanges, ¢° = tawy,.
It contains the interaction of the in and out charges at
asymptotic times with their own radiative Lienard-Wiechert
or “acceleration” fields, created due to the overall shift in
momenta in the scattering. The imaginary part comes
wholly instead from the off-shell Coulomb modes, and
encodes the interaction of the same charges at asymptotic
times with the Lienard-Wiechert “velocity” fields created
when the charges come in from minus infinity and go
out to plus infinity with constant momenta. As our result
indicates, the imaginary part does not contribute to the
cross section.
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We can reexpress our expression for the virtual part as

NG+N{

/

A dig [N dPq
ZRG/ AIR q) = 92 ”m nn /
f (27[)4 Vv ( ) Z f

(2r)3 20, q - p" g p" -

n' . m'=1

1 p” p" /A dq 1
=— — AR(g). 63
, ) 20, & (q) (63)

We observe thus that the radiative virtual gauge fields created by the charges and exponentiated in Eq. (63) are of precisely
the same form—but opposite in sign—as the real photon fields radiated in the scattering, and exponentiated later in the cross

section in AR (k). Hence

(n 1 [+ sincE /E &k ione AR /1\ dg 1 &
== do—— — et AR — [ LA , 64
O exp{ | e AR~ | AR @) (64)

which is IR finite as w; — 0. The expression above can be rewritten as

3
(r) AMNdk 1 g 1/+°°
fi,s exp{ A (2]27)3 20)k R( ) 7)o

It is clear that this expression is independent of the IR
cutoff A. The integral over the soft photon angle can be
performed and yields

&Pk 1 , d
/ AIR(k) = Féu?%p ﬂ ,

(27)3 2w R P
NG+N¢§
gz o+N;
F((:G)ip - _4_”2 Z N M Y ' m! coth Y'm'
n'.m'=1

(66)

The many-body cusp anomalous dimension réﬁlp, encodes
the IR behavior of the scattering of the r charges, in terms
of the asymptotic 4-angles y" ™ between in and out charges
defined as

Pw - Pw
\ PP

With this, and reintroducing in Eq. (65) the differential rate
of the hard scattering Eq. (56), the total differential rate of
the i — f hard transition (including the undetected emis-
sion of low energy photons adding up to a total emitted
energy less than E) acquires the simple compact form
obtained by Weinberg:

r r r ANdw, r
dr ;i) =dr (fi?h exp{_réulp /E a)—kk}F(F((:u?ﬂp)

o (E\Tee
= arf), (5) Fl) (68

where F is the function [50]

cosh Ym = (67)

sincE E &k 1 ,
do—— ———— (et — 1)AR(E) 5. 65
o ep] [* g e - AR} (69

1 +o0 i 1 d, .
F(x) = —/ do —Smaexp{x/ 99k (eTiowo — 1)}
T ) - o 0 @

1
:I—En'zxz—i—“-. (69)

Eq. (68) crystalizes Weinberg’s insight that the well-known
cancellation between real and virtual IR divergences can be
expressed in terms of the RG scaling of IR sensitive cross
sections determined solely in terms of the relative angles,
encoded in universal cusp anomalous dimensions, among
all the in and out real charges at infinity.

In Sec. IV, we will adopt a different perspective on the
IR problem and consider the renormalization of the IR
divergences—with arbitrary numbers of real and virtual
photons—within the amplitude itself, by introducing the
infrared safe Faddeev-Kulish S-matrix in worldline form.

C. IR divergences in field-strength
renormalization factors

The previous discussion showed that IR divergences
exactly cancel to all-loop orders in perturbation theory in
the conventional construction of physical observables
through the Dyson S-matrix. However there is an important
technical point that must be resolved before this proof
of the IR safety of cross sections is considered complete. As
noted earlier, virtual soft photons produce IR divergences
not only directly in the Dyson S-matrix but in the charged
particle field-strength renormalization factors Z, as well.
This constant Z, can be read off from the fermion wave
function normalization condition which, in the worldline
framework, is the Dyson S-matrix matrix element for the
evolution of a single fermion (r = 1) [1]:

096021-17



FEAL, TARASOV, and VENUGOPALAN

PHYS. REV. D 107, 096021 (2023)

1 .
‘S(f"i) =—- lim (py, S,f§x$)f|Pi7Si§x?>

i

1 Z & (-1)7 _ 0
= 1 &Px ;dx; ¥ 72— o 7o ()W) (x/, x,, )|, 70
2, Zyw 2 7! X?Tm Xra x f(xf)exp{}’zaei}m (x:) (xy,x )9:0 (70)

0

x—>—00
i

where W, ;(x) represent free plane waves of an on-shell
fermion of momentum p,; and spin s;;. Equation (70)
describes the creation of a free fermion at past infinity and
its subsequent evolution up to plus infinity while interact-
ing with the dynamical gauge field created by it. As we
have shown, these self-interactions (encoded in the world-
line path integral W('9)(x, x;, 6) in Eq. (70) produce an IR
singularity when x — oo and x — —co. Hence Z, con-
tains an IR divergent contribution that can eventually show
up in the renormalization of the unrenormalized amplitudes
we computed previously. Our focus here is to assess the
sensitivity of the renormalization of the Dyson S-matrix in
Eq. (1) to the IR divergent contributions in Z, as outlined
by Weinberg [51] using standard power counting in
perturbation theory. (See also the related discussion in
Bjorken and Drell [52].)

In the worldline framework, UV renormalization can be
performed by introducing a UV cut-off in the discretization
of the worldline paths. This method makes direct contact
with the framework for the UV renormalization of Wilson
loops discussed at length by several authors [8,53-55].
We should emphasize that the IR and UV divergences in the
worldline framework can be identified as the usual ones
extracted from equivalent Feynman diagram calculations,
and hence the renormalization of these can be mapped to
the standard methods of quantum field theory where the
field-strength, electron mass and charge multiplicative
renormalization factors are defined by

v =z, A, = ZPAR

m = meR’ g= ZggR' (71)

The re-scaled QED Lagrangian then becomes

| ) _
L= ‘133(172)2 + Z,VYrd¥r — 2, 2,,mg¥r¥r
— R Z P AR (72)

where Z| = ZQZQZé/ 21t follows from the Ward identity

that Z, = Z, and hence Z, = Z;l/ 2. Unrenormalized
and renormalized propagators and vertex functions are
related by

|
DF(P) = ZZEF.R(p)’ D%U(Q) = Z3D~I§TR(‘1):
(p', p) = Z7'TR(p'. p). (73)

Let us now consider the UV renormalization of the
Dyson S-matrix element for the scattering of r positive
charged fermions,” depicted schematically in Fig. 5, and
given by setting N, = 0 and N7 = 0 in Eq. (1). Following
Eq. (71), the LSZ reduction of the Dyson S-matrix in
Eq. (1) with renormalized fields requires introducing a

Z, /2 factor for each truncated in and out external fermion
line. The key point here, as noted by Weinberg but
frequently misunderstood in the literature, is that these
Z, factors will be exactly cancelled by the Z, factors
appearing within the internal lines and vertices. To see this,
following Eq. (73), one first observes that each vertex
gets renormalized by a factor Z7!. Besides this factor,
each photon propagator line flowing into this vertex

contributes with a factor Zé/ 2 Similarly, the two fermion

lines joining the vertex each contribute with a factor Zé/ 2,

(The other Zé/ * and Z;/ * factors flow either to a different
vertex or to an external fermion line—or a photon line for
the case where external photons are considered in the
scattering process.)

At each vertex, one finds an overall factor

927 2,21 = gp. (74)
Therefore each fermion external line is left with a Z;/ >
factor. In the final LSZ truncation, these factors are

exactly canceled by the corresponding Z, 1/2 wave function
renormalization constants appearing within the LSZ
formula—as shown in Fig. 5. This cancellation happens
at the level of the S-matrix itself.

In contrast, as emphasized by Weinberg, the infrared
divergences that appear in the soft factor in Eq. (51) are
unrelated to those associated with the aforementioned
renormalization constants of the field strengths, the cou-
pling and the mass. Indeed, the divergences in the soft
factor would set the Dyson S-matrix to zero if the infrared
cutoff A — 01in section III B. Further, as we discussed there,

%Since photons are neutral, Z5 does not contain IR divergent
contributions and we can restrict our analysis to the power
counting of Z, factors in the above nonradiative process.
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FIG. 5.

Schematic representation of a general QED transition with N¢ initial and N, final charges. The bubble represents the skeleton

of all the internal lines and vertices in the Feynman diagram. Unrenormalized quantities have been expressed in terms of their

renormalized counterparts.

this infrared divergence is cancelled by the infrared
divergence in the emission of soft photons at the level
of the cross section. We will discuss in the next section the
origins of the divergences in the soft factor in the worldline
formalism and how they can be regulated to construct
infrared safe S-matrices along the lines first proposed by
Faddeev and Kulish.

IV. WORLDLINE IR RENORMALIZATION
OF AMPLITUDES TO ALL-LOOP ORDERS
IN PERTURBATION THEORY:

THE FADDEEV-KULISH S-MATRIX

In Paper I, we derived in the worldline formalism for
QED the infrared safe Faddeev-Kulish (KF) S-matrix for
virtual photon exchanges to all orders in perturbation
theory. We will extend this program here to the case of
real photon absorptions and emissions thereby completing
our proof of infrared safety of this S-matrix.

As was already understood in the original Faddeev-
Kulish paper [28], the difference between the infrared
divergent Dyson S-matrix and the infrared safe FK
S-matrix is primarily one of the ordering of limits. In
the former, one first takes the limits of infinite past and
infinite future 7;; — 4o, and then takes the infrared

|

N,
Zyw (=1)

1'6;2}T (k7. 2%)

momentum cutoff 1 — 0, revealing a logarithmic infrared
divergence in the ratio of this scale to a hard scale A. In
the FK S-matrix, one instead keeps #;; = 1/A’ finite. The
contribution of asymptotic currents at earlier/later times
than those characterized by the scale A’ cancels the
dependence of the result on A, resulting in an infrared safe
result for the FK S-matrix when 4 — 0.

We will discuss below in detail how this works and
demonstrate that one recovers Weinberg’s result for the
photon emission rate. We will then discuss how our results
can be understood straightforwardly in the modern lan-
guage of the lattice regularization of UV and IR divergences
in gauge theories. The takeaway message remains the
same as in Weinberg’s paper: in QED, as in QCD, there
is ultimately one fundamental scale and all results can, in
principle, be expressed in terms of this scale.

The FK S-matrix is defined analogously to the Dyson
S-matrix in Egs. (34) and (35) as

0

S (N, NT) :Z
=0

(Nb.NT), (75)

where the Z-th loop contribution is given by

SUO(NT NT) =
i 2 Z[0,0,0] ¢!

AL o [ o

XH{J' (+k”)}exp{ /(;’73

Il ¢sz;<2”>3/2
pese{7 o Yo e (T {740}

1
11;[1 \/ 20k (27)*?

1 (r¢ 7 .
P ] )(—q)J’(’rf)(—i—q) }> + permutations. (76)
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As stated earlier, it is important to note that the limits 1

— Foo specified in Eq. (35) must be taken only after all virtual

and real IR divergences are cancelled in the diagrams generated by the FK S-matrix, to any particular order in

perturbation theory.

Specifically, this means that the low momentum limits of the currents in Eq. (36), as per the FK S-matrix prescription,
now contain in addition boundary terms (for #; < —1/A" and t; > 1/A’) coming wholly from the r real charged particle
asymptotic currents that were neglected when computing the current in the conventional Dyson S-matrix in Eq. (42):

n
hmJ” r(k) = hm_]” (k) = lim g#
k=0 HR k—0 n-R k—0 i k . p;’( + ie

p ;‘l'-ﬂ p ?ﬂ

eik-x}’.—et}l _g {
i

R SR e R
k-pf—f—le k-p!—ie ik-pl—ie

Final asymptotic current

In the IR limit, the charged current in Eq. (36) should be
replaced by the corresponding current for the FK S-matrix,
with

hmJ k) = hm(JIR(k) + Ja5 (k).
Ry ’7 '
where J45(k + TP ik (78
Z k-p" +in"e (78)
and JIR is given, as per the Dyson S-matrix prescription, in
Eq. (47)

A pair of asymptotic photon graphs at negative and
positive asymptotic times generated by J j}s (k) for each real

charge n of r participating charges in the scattering is
|

g[ll/

IR Current in the Dyson S-matrix

Initial asymptotic current

|
shown in Fig. 6. Clearly, the current above now has no 1/k
contributions since those in JN/IJR exactly cancel with the
ones in Ji% for real or virtual photons of sufficiently low
4-momentum. The cancellation of 1/k contributions in the
currents occurs for momentum k below the asymptotic
scale A’ that we introduced that correspond to the boun-
daries 77 ; in the problem under consideration. This scale,
by construction, is smaller than the scale A we defined for
the separation of the long-distance soft interactions from
the hard interactions in the conventional Dyson S-matrix.
We will show that physics does not depend on A’ and shall
discuss further the interpretation of this scale.

The virtual photon exchanges within the normalized
worldline expectation value in the FK S-matrix in Eq. (76)
can then be expressed as

gﬂl./

/AQED d4q
2 (27)* ¢?

#(r.2) 7(r.2) N dq /A d*q
J —-q)Jy =
+ie™ " (=9) (9) {A (27:)4+ N (27)*

Ao dq +(r.0) (r.£)
Ju N (=q)dy . 79
) P AV G

where we replaced the upper limit of phase space of virtual photons by Aggp, the fundamental UV scale of the theory.
The first integral on the r.h.s. contains the contribution to the virtual exchanges coming from the exchanges of photons of

energy less than A’. Using Eqgs. (78) and (47) it produces

n
xK+2~,/4

n
xK+2,ﬂ

n
XK'+],/4 Txn

n
xK+l,;t

FIG.6. Asymptotic worldline (AS) graphs of a soft (real or virtual) photon line pinched at infinity for each n of the r real charges in the
scattering amplitude corresponding to the FK S-matrix prescription.
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A d4q g;w A d4q g/w
A (2n)4q2+z€ -0 / g’ +ieq-p" —in"e

nm

The integrand above clearly vanishes when ¢ — 0 and is
therefore manifestly independent of 4. As long as 7, are
finite, one can choose the corresponding A’ to be small. The
above integral appearing in the exponent of Eq. (76)
therefore gives a vanishingly small contribution to the
FK S-matrix.

The second integral on the r.h.s. of Eq. (79) contains the
contribution of long-distance virtual exchanges (excluding
those in the asymptotic region) among all the charged
particles:

Adq o @Y e =(rf)
\ (27[)4 q2—|—i6‘]” <_Q)‘]U (q)

A d4 v i
:/A’ (2754 ngi ST e). (81

Since this expression only depends on soft exchanges, the
worldline currents satisfy classical trajectories and can be
factored out of the normalized worldline expectation value
in Eq. (76), just as in the Dyson S-matrix.

A further key point is that as long as the IR regulator A’ is
kept finite (which is the case for the finite initial and final
times for which the FK S-matrix is defined), the above
expression is infrared finite. This can be understood in an
analogous way to procedure by which the infinite volume
limit is taken in the Euclidean formulation of gauge theories.
In the latter, modes of order 1 < A’ (where the latter is the
scale of the finite lattice) are automatically excluded.
Computations are performed for this fixed volume, and
only then is the infinite volume limit taken. The statement of
infrared safety is then understood as the fact that all physical
quantities are robust in the infinite volume limit.

|

P (grie 1),
q-p" +in"e
(80)

The worldline asymptotic currents in this language
therefore represent a particular choice of an infrared
regulator in Minkowski spacetime which ensures that
modes 4 < A’ do not contribute. Further, the corresponding
statement of infrared safety is that all physical quantities
must be independent of A" when #;; — +oo0 (or A’ — 0)
taken as the final step in the computation. While this might
seem suspiciously close to the usual Dyson result of the
A-dependence of the S-matrix canceling in cross sections,
there is nevertheless an important difference in the two
approaches which we will return to.

The final integral in Eq. (79) is IR finite by construction
and identical to the hard virtual exchanges as per the
Dyson S-matrix prescription in Eq. (48). It should therefore
be kept as part of the normalized worldline expectation
value in Eq. (76). It too contains divergences; these are
the UV divergences of the theory, which are treated in the
usual way by renormalization of bare charges and masses
in the theory.

The factorization of asymptotic and soft N7  and N’ ; in
and out real photons of energies < A follows similarly,
with the corresponding worldline current J',(,’f) can be
replaced by Eq. (78) and factored out of the normalized
worldline expectation value. The N7, and N7, , hard in and
out real photons are likewise kept as part of the normalized
worldline expectation value, with the full current given
by Eq. (26).

From Eq. (76) and Eq. (79), one then gets

S;’;)(NZ”NJI/) = S;';)s(Nf’"’N?, ) X szh(No h lh) (82)

where the soft factor in the FK S-matrix reads

N Y Y
i ey (7. A7) (Jﬂg(—kf) + JAfS(_k;’))

SN =11

X

P /20 (22) 2

N7, e (kf, A7) (i’ﬁg(+kf’) S Th (kD ))

p=1 A /Za)k(’ (27{)3/2

with AlR(g) corresponding to the integrand of Eq. (81),
defined previously in Eq. (59). Since this virtual soft
photon factor is IR finite as noted previously, and further,
as also noted, the real soft photon factors in Eq. (82) do not

el [(Lat@) 6
I

possess ~1/k contributions,

manifestly infrared finite.
The hard Dyson S-matrix element S;:)h(Nf,h,N’l’h)

defined in Egs. (52) and (53) (where N’ in and Noh in

the entire soft factor is
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and out are real hard photons) is likewise infrared finite by
construction. Thus the FK S-matrix S}?, with arbitrary

numbers of real and virtual photons, is infrared finite to all
orders in perturbation theory.10

The final step in the proof of infrared safety is to
show that the emission rate corresponding to the IR safe
FK S-matrix is IR safe as well, and agrees with Weinberg’s
result discussed in Sec. III B. Towards this end, we observe
that the photon emission rate for the FK S-matrix can be
factorized as

dr‘y)
L5 2
dor (wT)ISf, 5(0,0)]> +

where we replaced the lower limits of integration by
A — N, with the latter denoting that the FK matrix element
is computed for 7; = finite.

Using Eq. (83), the infinite sum over final states in
Eq. (85) can be reexponentiated to obtain

ar'y) 1 A gt
fis q IR
2R — A
oo, 2ﬂe><p{ e /A ) v(q)}

+ood ) A d3k etiwko
X —icwr
/_oo ce exP{A, 27) 2ay

The emission rate of any number of real soft photons
adding up to a total emitted energy less than E, with
|

A w)}

(86)

=(r) ANkl e 1 /+oo
., = - —Ap (k) p — d
fi,s CXP{ L (2”)3 260k R ( ) 7)o 9

/ IS

311 312
+2'Z/, dkfz;[v dK35(oop —
A
!

sincE

Iy =10 sl (84)

The hard emission rate I" ;‘:)h is the squared modulus of the
hard Dyson S-matrix element in Egs. (52) and (53). From our
previous discussion, since the role of J%; ; terms in Eq. (83) to
to eliminate modes A < A/, itis sufficient to keep the J4; terms
for modes A’ < @ < A. Then following the same procedure
as in the previous section for the Dyson S-matrix, the
differential FK soft emission rate is given by

=(r 2
wr = ) |8f,(1.0)

=(r 2
S0+, (85)

Okl — wkﬁ)

[
N < E < A, is given by replacing the upper limit A of the
real photon phase space integrals above by E, and by
integrating the resulting differential rate from w; =0
to oy = +E, or alternatively between w; = —FE and
o7 = +E (as pointed out in Sec. III B), giving

=(r) 4

~(7) +E de,.J 1 /A dq R
I, = d =— 2R A

i /_E w7 dar, ﬂexp e v (27 v(q)

oo sincE E Pk 1
+1(ukaAIRk .
X/_w s p{/ (27) 20 ”}
(87)

Using the identity in Eq. (63) the expression above can be
rewritten as

ewl [ L - naRw). (6)

and after performing the required angular integrals, gives the result

—(r 1 , A d, +o0
FJS- ) — —exp —F&,Lp / 4% / d
Yoo E O -~

)

sincE

E .
—exp{l"((;ﬁ)sp/ @(eﬂ“’k" - 1)}, (89)
o A WD

where the cusp anomalous dimension Féﬁsp was defined earlier in Eq. (66). Finally, rescaling E — ¢ in Eq. (89), gives the

total differential emission rate

""Note that the previous analysis of IR divergences in the FK S-matrix did not include the field-strength renormalization factors that
appear in LSZ reduction formulae. This is because the infrared divergences in fermion wave-function normalization factors Z,, which
are unrelated to those in the soft factors, are exactly cancelled by the Z, factors introduced by the internal lines and vertices, in a
completely analogous way to the discussion we had in Sec. III C for the Dyson S-matrix case. In this regard, there is no difference
between the Dyson and F-K S-matrices; our conclusions mirror those of Weinberg and differ from those of Zwanziger [56] who modifies
the field-strength renormalization factors in the LSZ reduction formula to accommodate the FK asymptotic currents.

096021-22



QED AS A MANY-BODY THEORY OF WORLDLINES. 1II. ...

PHYS. REV. D 107, 096021 (2023)

., Ello _ [y N .
ar'y) — H F(F&Jsp,f) xdl. (90)

The differential hard emission rate was defined in Eq. (54)
and the function F is

F(x, N'/E)

1 +o0 1 , 1 d .
. / do Sin o exp{l“ﬁulp / ﬂ (e+lmkrf -1 ) }
T J-co o N/E D

(O1)

Equation (90) approaches Weinberg’s result in Eq. (68),
when at this final stage one takes the infinite time
limit #;; — =4-co; this corresponds to A’ — 0, resulting in

F (Féﬁ)sp, 0)=F (rﬁﬁlp) As noted earlier, this is analogous
to taking the infinite volume limit in the Euclidean “lattice”
formulation of gauge theories.

As emphasized” by Weinberg, the scale A which was
introduced as the “factorization” scale, can equivalently be
thought of as a UV scale, since such a replacement of the
former merely renormalizes the hard cross section. To
minimize the amount of this renormalization it is however
advisable to choose a scale appropriate for the relevant
energy of the process of interest.

A skeptical reader may question the value of the FK
S-matrix; one can argue that the IR divergence of the Dyson
S-matrix is now “hidden” in the dependence of the result on
t; with the divergence reappearing when these times are
taken to infinity. 2 Further, if the asymptotic current is seen
primarily as a regulator, its exact form does not matter as
long as it cancels the 1/k terms that cause IR divergences.
What then is the value of the interpretation in terms of
asymptotic BMS-like symmetries [38] of the FK S-matrix?

This hypothetical critic can be answered as follows. First,
by changing the order of limits, and by introducing the early
and late time cutoffs, one is adapting the modern Wilsonian
approach to UV and IR divergences in quantum field theory
to the real-time problem of the S-matrix. The elaborate
cancellations between real and virtual IR divergences con-
tributions to cross sections in the Dyson S-matrix approach,
which becomes increasingly cumbersome at high orders, can
be avoided. Further, the worldline formalism is ideally suited
to an implementation of this strategy'” since closed and open
worldlines can be treated on the same footing. With regard to
the second point concerning the IR regulator, while it is
indeed true that physical observables do not depend on its
details (the form of the asymptotic currents), such a regulator
is natural in the worldline formulation of QED. In high order
computations, the choice of appropriate regulators of spu-
rious divergences can greatly simplify computations,

1See the discussion after Eqgs. 2.52 in [30].
For an interesting discussion along these lines, see Ref. [29].
“This remark may only be made in full confidence for QED.

especially if one can appeal to the symmetries satisfied
by such a regulator.14 Ultimately, the proof of this pudding
will be in explicit demonstrations of the efficacy of the
approach to real-time problems in gauge theories.

V. SUMMARY AND OUTLOOK

In Paper I, we developed the worldline formulation
of QED to express vacuum-to-vacuum amplitudes to all
orders in perturbation theory as a first quantized theory of
superpairs of pointlike bosonic and fermionic worldlines
interacting via pair-wise exchange of Lorentz forces.
We further considered the general formulation of the
Dyson S-matrix for scattering in this framework and
demonstrated that the underlying origin of infrared diver-
gences arises from the asymptotic structure of worldline
currents at very early and very late times (7;; — £o0) in
the scattering. We further showed that keeping asymptotic
currents that are discarded in the Dyson S-matrix due to
their rapid oscillations when 77 ; — +o0 is equivalent to the
Faddeev-Kulish prescription for deriving an infrared safe
S-matrix. Specifically, this corresponds to reversing the
usual order of limits in the Dyson S-matrix by keeping
t7; = finite, taking infrared cutoff 4 — 0, and only sub-
sequently taking 7; — +oo in the computation of physical
observables. In Paper I, we provided a proof of the infrared
safety of the Faddeev-Kulish S-matrix for virtual photon
exchanges, to all orders in perturbation theory, for the
scattering of arbitrary numbers of charged fermions.

In this work, we first developed the worldline formalism
to obtain general expressions for the usual Dyson S-matrix,
to all loop orders, for both virtual exchanges and real
radiation. For the latter, we demonstrated an explicit proof
of Low’s theorem; we further demonstrated Weinberg’s
soft photon theorem for the Abelian exponentiation of
infrared divergences. In particular, we derived Weinberg’s
result demonstrating that the emission rate for charged lepton
scattering with the emission of arbitrary numbers of photons
with a fixed net energy satisfies renormalization group
evolution of the energy with respect to the hard characteristic
scale of the theory; the corresponding anomalous dimension
is nothing but the cusp anomalous dimension, which has a
simple interpretation in terms of the relative 4-angles
between incoming and outgoing classical currents into the
hard vertex for the scattering.

“An interesting counterpoint is provided by the observation
by Faddeev and Kulish that their IR safe S-matrix has asymptotic
states that are coherent states. This inspired an interesting
program towards a coherent state description of the QCD analog
of the FK S-matrix. However our discussion clarifies that the
coherent state description of FK is not its fundamental feature;
another choice of a finite time infrared regulator would in
principle do as well. Thus the search for infrared safe descriptions
of amplitudes in QCD [57,58] should be distinguished from their
possible description as coherent states.
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We next extended the proof of the infrared safety of the
FK S-matrix to the general case of both virtual exchanges
and real radiation. The proof follows similarly to that of
virtual exchanges considered previously. A key point is the
introduction of an infrared scale A’ corresponding to the
finite asymptotic times at which the FK S-matrix is defined.
With the introduction of this scale, the FK S-matrix is
shown to be independent of the soft photon momentum
cutoff as 4 — 0. We then employed this setup to recover
Weinberg’s result for the emission rate of soft photons;
this result is recovered exactly in the final step when
t;; = oo, or equivalently, A" — 0.

This derivation, and the manner in which Weinberg’s
result is recovered, provides a modern understanding of the
FK S-matrix as a realization of the Wilsonian program for
addressing the IR and UV divergences of gauge theories
for real-time observables. The Wilsonian approach is of
course standard in the Euclidean lattice formulation of
gauge theories where physical quantities are defined with
UV and IR lattice regulators, with continuum and infinite
volume extrapolations of these performed subsequently.
This Wilsonian program is harder to realize in the Feynman
diagram approach to real-time problems which deals with
asymptotic in and out states at the very outset.

The virtue of the worldline formulation of the S-matrix we
have developed here is that it provides a concrete path
towards implementing the Wilsonian approach to regulate IR
divergences in real-time problems. (UV divergences can be
handled in the usual manner.) One sees explicitly that the FK
S-matrix must be understood as a finite time regularization of
IR divergences. Within this logic, the detailed nature of the
asymptotic currents, and any symmetries that they may
satisfy, appear to be irrelevant as long as they fulfill the task
of smoothly cancelling the 1/k divergences. Though one
should therefore hesitate in ascribing physical meaning to
the asymptotic symmetries of the currents, they are however
not irrelevant in practice. Such symmetries may help
facilitate high order computations just as the proper choice
of IR regulators in Feynman diagram computations can
transform a cumbersome computation to a simple one.

We note finally that in Appendix A we derive, employing
Grassmannian integration of worldline currents, a novel
simple expression for N-th rank vacuum polarization
tensors. An immediate outcome is an all-order proof of
Furry’s theorem. However the power of this result will be
manifest in high order computations, a specific example of
which is the high order computation of cusp anomalous
dimensions in QED. This computation is in progress and
will be reported on in follow-up work.

|
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APPENDIX A: EXPLICIT COMPUTATION
OF N-th RANK POLARIZATION TENSORS
AND FURRY’S THEOREM

In Paper I, we showed that multi-loop vacuum-to-
vacuum amplitudes in QED (see for instance ZEi; in
Eq. (95) of [1]), encoding the contributions of all
Feynman diagrams with # fermion and »n photon loops,
can be systematically simplified in the worldline frame-
work to the evaluation of a product of # one-loop Nth rank
vacuum polarization tensors, with N = (n;; + nj;) the
corresponding number of photons attached to the particular
ith fermion subgraph in the amplitude. We also showed
on general grounds that the relevant N-th rank vacuum
polarization tensor in the worldline formalism in d dimen-
sions can be expressed as the normalized worldline expect-
ation value of a product of N charged particle currents:

I, (ks ky) = =(id, (ky) - id, (ky)).  (Al)
Further, we showed that in order to perform the path
integrals of the normalized worldline expectation value, the
ith current insertion at the time 7; can be rewritten, with
the aid of two independent dummy Grassmann variables 6;

and 6;, as

1 . .
i, (k) = i / ey (3, (2;) + iequ, (e)w (2 kD)

0
1 _ 1 . 1 .
_ / dr, / .46, exp{i / Ao, B3 (1) (2i) — / dka,i;(Tk)w,,(fk)},
0 0 0
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where the auxiliary bosonic and fermionic virtual worldline
currents are given by

i ; d i
Jﬁi})(Tk) = (’7;4,»/;91'91‘ d_T + k;)) 6(7'-]( - Ti),

J/i}i(fk) = (M,,0; + Eok;;éi)fs(fk - 7). (A3)
Note that a summation is implicit in the repeated index p in
Eq. (A2), while the index g; is kept fixed, corresponding to
the particular y; component of the polarization tensor. Since
|

(T, (k) - i, (k) = 2%’: (22)16%(k, +

X / dOydOy exp{

i,j=1
1]1

where 0; and 6; for
Grassmann variables, and

i=1,...,N are independent

GB(Tk - Tz) =
Gr(te — 1)

\Tk - Tz| - (Tk - Tz)z’

= sgn(t; — 77). (AS)
are the bosonic (B) and fermionic (F) worldline Green’s
functions.

The primary purpose of this appendix is to demonstrate
that the Grassmann integrals in Eq. (A4) can be performed
exactly for arbitrary N, see also [59] for a recent discussion.
|

B.j
Tl)Jlle]J(Tl)

€ 1 ! i
OZ/ di/)' dT[Jgi’p(Tk)GB<Tk

i,j=1

& &Gy - dGY
Z{n%e 0,0,0,—% drdr, + ki, 0,0, —2 &,
i,j=1

Z{nﬂ,ﬂ/elgj + gokl 9,01 + Eokjieiéj + €%ki . kjéléJ}G;{,

l]l

where we used the shorthand notation Gg = Gp(z; —

dd

/ dz / de, B (20) Gl — )T (2)

/ d, [ duulf (206

+ k0,0,

7;) and G = Gp(t; -

the above discussion refers to vacuum-vacuum amplitudes
in Euclidean spacetime, 7, is the Euclidean metric tensor.
The final expressions for the amplitudes can be straight-
forwardly rotated to Minkowski times using the rules
specified in Appendix A of [1].

After replacing each current appearing in Eq. (Al) by
Eq. (A2), we shown that the path integrals over all possible
x,(7) and w,(z) virtual worldlines of the normalized
worldline expectation value can be performed leading to
the following compact form valid for arbitrary N:

d
/ 990 peo(p4m? / dr, -- / dzy / d0,do), - -
0o €

- )50 . (A%)

|
This results in a novel universal expression for the Nth
rank vacuum polarization tensor in QED that can be
evaluated employing only elementary integrals of poly-
nomial functions of the 7, ...,7y proper time points at
which each photon is attached within the loop accounting
for all possible N! permutations in conventional perturba-
tion theory. As an illustration, we will show that this
expression can be employed to obtain the proof of Furry’s
theorem [45] in the worldline formalism for general N.

We start by plugging Eqs. (A3) into the exponential
factor of Eq. (A4), which gives

/ di/ drid iy (1) Gr (7 — )Ji,"z(fl)

l]l

dG
i lszi

B ki kG }
(A6)

7;). Here as previously, the indices y; and y;

correspond to the particular y; and p; components of the polarization tensor and should not be summed over. Equation (A4)

then becomes

(i, (ky) - id, (ky)) =

Q)25 (ky + -+ - + ky) / (di / ”

Nl
2N
/ dr; - / drNexp{ Zk’ ka"’f},

€0 eo(p2rm?)

277.')d &

(A7)
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where the integral I is always of the general form

I= /déldel -+ dOydOy exp{A;;0,0,0,0; + B;;0,0, — C;;0,0, — D;;0,0,},

with i, j = 1,..., N, we adopt the repeated index summation convention, and the matrices have elements

€o aaGg - a ngI ai 1 ij 8% i i ~ij
ij:Eﬂ#iyjm, Bij:é‘();km 5ijd71_i+5ajGF , Cijziﬂﬂiﬂij{, Dij:EchfGPZ. (A8)

We used here the symmetries of the worldline Green’s functions Gg = Gg and Gg = —G{Vi .

The integral [ is not of standard form, since it contains terms quartic and quadratic, and in different combinations, of
the Grassmann variables. However it can still be evaluated for general N by standard Grassmannian integration. We refer
the reader to Appendix A of [24] for further details of the Grassmann integration procedure. We expand first the
exponential to get

)

o0 1 _ B _ _ _ e .
I= Z;; / d0,do; - - dOydOy{A;;0,0,0,0, + B;j0,0, — C;j0,0, — D;;0,0,}". (A9)

It is clear that one should make a distinction at this point between even or odd N. This observation will be crucial later on
with implications impinging directly on the proof of Furry’s theorem. If N is even, only terms ranging from n = N/2 to
n = N in the sum in Eq. (A9) do not vanish within the integral. Hence,

N/2
1 _ _ - _ R

Expanding in powers the terms in within brackets in Eq. (A10), one gets

N/2 N/2+n

- | (N/2+n)!
I—Z(N/2+n)!NA:ONA!(N/2+n—NA)!

/déld‘gl "'déNdaN(Aij‘giéiej j)NA (Buby0,— Cy0,0; — Dy 0,0,)N/> =N,
n=0

(Al1)

For each n, the only non-vanishing contributions are those with Ny, = N/2 — n. This is because they carry (N — 2n)
different @ and @ variables, coming from the A,-je,-éﬁjéj factors, plus N/2 +n— N, = 2n other different 6 and 6

coming from the required combination of the B;,0,0,, C;,0,0, and Dy,0,6, factors. Hence picking in Eq. (A11) only the
N, = N/2 — n terms, and redefining later on the dummy variable n to n = N/2 — N, gives

N/2 )

1 _ _ _ _ _
I= Nzom / d6,do, - - - d0ydOy (A;0:0,0,0,)* (B0:0, — Cri0:8; — D)V "Nr.  (A12)

Next, expanding the second term in the parenthesis on the r.h.s. of Eq. (A12) gives

1 1 / _ _ - _
I= d6,do, ---dOydOy(A;0,0,0,0,)4(B,,0,0,)N*(-C, 0,0
1\;0 ]\;0 NA!NB!(N—ZNA—NB)! 1 1 N N( J J j) ( kiVk l) ( rq’pYq

- quépéq)N_ZNA_NB'
(A13)

Observe that if N — 2N, — N is odd, there will be always an odd number of either 6,0, or 0 péq in the integral causing / to
vanish. Hence only even N — 2N, — Ny contributions should be kept. Setting then N — 2N, — Ny = 2N p, Eq. (A13) can
be rewritten as
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N/2
1 1 / - _ - -
1= — [ dh,db, - - dOydOy (A, 10,0,0,0,)" A(By00,)Ns(-C,,0,0, —D,.,0,0,)Neo.
1\;0 NB+2NCDEN on, Na!N!(2Ncp)! ! e e
(A14)
Finally expanding the third and last term in parenthesis on the r.h.s. of Eq. (A14) in powers gives
N/2 2N¢p
1 1 (2N¢p)!
1= — (=1)?Neo
1\;01\@4_21\1;]\/ 2NAN (2NCD) Z NC!(ZNCD_NC)!
X / d0,do, - - - dOydOy(A;0,0,0,0,)V (B0,0,)Vs (C,,0,0,)V¢ (D,0,0,)Ner=Ne. (A15)

Note finally that only the terms in Eq. (A15) with exactly the same number of C),,0,0, and D, 0,0, factors survive in I.
Namely, No = 2N¢p — N, whereby N = Np. One then gets

11 1 1 / _ o _ o
1= ————— [ d0,d0, - -- dOyd6y (A;;0,0,0,0,)" (B1,0,0,)V (C,y0,0,)V¢ (D,0,0,)Nc.  (A16)
2NA+NBZ+2NC=NNA!NB!NC!NC1 ra’rYa

To perform now the @ and @ integrals, we conveniently rewrite Eq. (A16) as

1 Ne¢ Ne
= S e (L I {6 (T )

ONo+Ng+2Nc=N

{a l/de do) }{HG 0,,9,,0,, }{(Hek g, }{ﬂ%%}{ﬁérﬁsa}- (A17)

In Eq. (A17) we will now move all &'s to the left and all &'s to the right. To do this systematically, note that from the
anticommutation properties of any two independent Grassmann variables, one can obtain the following identities:

f[lxawa = (—1)"("‘”/2{ﬁm} {f[l wa},
({1 (fTo) = oo} 172 "

valid for any set {y,} and {y,} of n and/or m independent Grassmann variables. Applying Egs. (A18) to Eq. (A17), one
easily obtains

et O OO N CORR DAV CO
I = AT VAT VAT IAT 1 laa Bkal(x «a FaSq da(l :
2NA+NBZ+2N(;= Na!Ng!Nc!Ne! H al H 1:[1 Pad L 0,

x {ﬁéza}{HG 9%}{1_[/619 }{He 0, }{ﬂ%}{ﬁ%%} (A19)

where we used the fact that N = 2N, + N + 2N is even (and hence in this case Ny is even as well) to obtain the overall
parity factor (—1)V¢ of the permutations. Permuting finally as

Ny Ng N¢
{Heiueja}{H ela}{H eraesa} = €iljl~~'iNAjNAZI"-lNBrISl'-~rNCSNC9192 Oy, (Azo)
a=1 a=1 a=1
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and

a=1

Ny Nc
{H g /a}{Hek }{Hemesa} = eiljl-~iNAjNAk1~--kNBPIQ1---PNCQNC9162 o 'eN’
a=1

(A21)

where ¢; ..;, is the Levy-Civita symbol, and using Eq. (A18) to reshuffle the df and 6 variables, and the df and 0 variables,

respectively, one finally finds

. (e

2Ny +Ng+2Nc=N

At it e )

Let us now consider the case of an odd number N
of photons attached to the fermion loop. In that case,
one can show that the only nonvanishing contributions
to the [ integral in Eq. (A10) are those ranging from
n=(N+1)/2 to n=N. The strategy to extract the

—_— €
NAINgINCING! Cirji.oiy kn ki kg P14, - PNeANG i1 iy N L g TS PN SN

II».. } (A22)

|
Eq. (A22) is the final result. The only difference is that
N is odd and hence Ny is also odd. Therefore Eq. (A22) is
valid for general N.

Plugging this result for / in Eq. (A7), one gets for the
normalized worldline expectation value of the product of N

different powers of A;;, B;;, C;; and D;; factors follows
the same procedure, and one can in fact show that
|

ddp °°d8() 24 .2
.. k — 270 ey (p*+m?)
+ho) [ G e
()Y

NA 'NB'NC'NC' €i|j]<--iNAjNAkl ---kNBP]ql---chcheilj] ---iNAjNAlI ---INBrl»"lmrNCSNC

currents a very general result valid for any N:

(1, 0) i, b)) = 2 257k +

X
2N, +Ng+2Nc=N

1 NA NB NC NC
o [lare [ e3> 0w a W s T {TT00 |
0 0 a=1 a=1 a=1 a=1

(A23)

We have obtained thus a compact form of expression for the calculation of the Nth rank vacuum polarization tensor in
QED involving only elementary and unordered integrations of polynomials of proper time in Eq. (A5) and accounting
for at once all N! Feynman diagrams in conventional perturbation theory, corresponding to a particular ordering of
the 7y, ..., 7y variables.

To illustrate the versatility, power and usage of the present procedure, let us consider the simpler case of N = 2. Since the
possible combinations (N4, Ng, N¢) such that 2N, + Ng + 2N = N with N =2 are (1, 0, 0), (0, 2, 0) and (0, 0, 1),
Eq. (A22) gives simply

I = (A + Ay) + (B11Bx — BiaBy1) — (C1p — €1 )(Dy1p — D). (A24)
Using now Egs. (A8), this can be rewritten as
de}QZ dG? dG%
1= s gy 0K g gy~ ek -k = K ) (G (A25)

which as shown in Paper I [cf. Eqs. (C22) and (C23) therein], after substitution in Eq. (A7) and integration in 7; and 7,, leads
immediately to the conventional form of the 2nd rank vacuum-polarization tensor obtained from conventional perturbation
theory,
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2 2
(i1, (k)iJ,(q)) = (27)5* (k + q) 8"k

An important property of the general result we obtained
in Eq. (A23) for any N is its behavior, as noted in [4,60,61],
under the worldline time reparametrizations 7}, = 1 — z; for
i=1,...,N. The worldline Green’s functions Gz and Gg
in Eq. (AS5) are symmetric and antisymmetric, respectively,
under the previous transformations, since Gg = Gg and
G} = —G%. The first and second order time derivatives of
the bosonic contributions

dGY
d'z'l- = Sgn(Tl‘ - TJ) - Z(Ti - Tj),
dG} dGy,
=2 _25(r;— 1) = A27
dTide (Tl TJ) dTl'de ( )

are hence antisymmetric and symmetric, respectively.
Accordingly, under the transformations 7; =1—17; for
i=1,...,N, the term k' - k¥/G} in the exponential factor
in the third line of Eq. (A23) remains invariant, each A;;
factor remains invariant, the Ny factors B;; introduce an
overall parity factor of (—1)"# in Eq. (A22), and the factors
C;; and D;; while antisymmetric, introduce an overall
parity of (—=1)?Ne = +1 since these always appear in pairs.
Correspondingly, noticing that the integration measures
remain invariant, one finds

(idy, (k) - id, (ky)) = (=D)Ne(id, (ky) -~ id, (ki)
(A28)

Hence in light of Eq. (A23), if N is odd, then Np is also
odd, and hence due to reparametrization invariance of the
amplitude, the only consistent result is that it must vanish.
This result is nothing but Furry’s theorem [45] in the
worldline formalism!

To illustrate the previous point and demonstrate further
the usage of Eq. (A23), let us next consider the case of
N = 3. The triads (N4, Ny, N.) such that 2N, + Ny +
2N- =3 are (1, 1, 0), (0, 3, 0) and (O, 1, 1), and hence
Eq. (A22) becomes

1
I = ¢€jjr€ijiAijBu + 5€k1k2k3€zlzzz33klzlBkzzsz313

- empqenrsanCqurSﬂ (A29)
whose contributions involve always an odd number of By,
terms making the amplitude in Eq. (A22) vanish after the
corresponding time integration. One can in fact continue
exploring higher powers N. If N =35, for instance, the
integral / would involve terms of the form

(41)4/?

—k,k,) [(4—d 1 (1-1)
r d . A26
( 2 ) A T[mz + K27(1 = 7)]74/? (A26)
|
~A’B, ~AB?, ~ABCD, ~B,
~B3CD, and ~ BC?D?. (A30)

All of them vanish as well for the same reason of reparamet-
rization invariance of the amplitude in Eq. (A23), satisfying
Furry’s theorem as anticipated. In follow-up work, we will
apply the powerful technique demonstrated here to high
order computations.

APPENDIX B: PHOTON RADIATION IN
MOLLER SCATTERING

Just as in Paper I, it is useful to consider the concrete
example of photon emission in the final state in Moller
scattering (e”e” — e~ e, illustrated in Fig. 7) in the
worldline framework. We will first discuss the conventional
approach using the Dyson S-matrix and then the infrared
safe Faddeev-Kulish S-matrix.

For simplicity, we shall only consider the amplitude for
the emission of one single IR photon. In the standard
approach, the soft factor of the Dyson S-matrix in Eq. (50)
then reads (with Nj,s = 1 and N} = 0)

ie,(k,2) -,
(1,0) :WJIR(—IC)

1 [A dbq g™
- JIR _ JIR .
X exp{zl (271_)4 qz ek ( q) v (+q)

(2)
S fi.s

(B1)

The net current at low energies, Jiy, comes wholly from the
k,q — 0 limits of the charged currents of the two external
electrons. In these limits, the currents are only sensitive to

e ﬁf! /}/2 PR

— 1 2 —
e~ 7 p; pie

FIG. 7. Worldlines for a pair of electrons with initial and final
4-velocities /}llf2 (gray), and pair of cusped worldlines with a
single cusp matching the same initial and final velocities (black).
In the (real or virtual) soft photon momentum limit (out of the
hard region H denoted with blob) they both are described by the
same charged currents.
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the 7;; = +oo regions of the electron worldlines; their
worldlines can be replaced by the cusped 4- trajectories of
Fig. 7 (with initial and final velocities %, = p%; ./ E% )

2 +o0
7 _ 1 s ik-x"(t)—e
JLR(k) o il—I}(% Z g /_oo dtx” (t)e (t) M

__9 P u
k- ﬁf—I—le k-p! —ie

B2 4 B
(B2) _ _g_ by (B3)
l n =1 k- ﬁn' +inye

x/rdl(t) - 'xlﬂ +ﬁl}t( )’ re (tlr'l’t?>’

X (1) = x, + By (1= 12), te (12.1}).

The particular form of the worldlines at short distances,
replaced here by the cusps x? within the blob in Fig. 7, are
accounted for in the path integral as part of the normalized
worldline expectation value in the hard S-matrix element.
Using Eq. (B2), one obtains

where the sum in 7’ in the r.h.s. of Eq. (B3), as defined
previously, runs over the 4 possible in and out legs of the
two external electron worldlines. Plugging Eq. (B3) into
Eq. (B1) gives

4 92 A d4_ . i y

q m nn/ﬂ/ nm/ﬂ ’
S (1,0 —/ # n m . (B4
f”< ) 2a)k 271. 3/2 Zk ﬁn, a ”7n’8 p{n’;l 2 /i (27[)4 q2 +ieq Py —iNyeq - P +inye ( )

The soft factor above contains the emitted soft photon and arbitrary numbers of virtual soft photons. The real soft photon
will introduce an IR divergence in the cross section, when integrating the modulus squared amplitude over the full phase
space, including that of the soft photon. The virtual soft photons introduce IR divergences as well due to the ¢ — 0

singularity of the integral in the loop momentum ¢ in Eq. (B4). As shown previously in [1], one obtains the result
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v
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2

The sum in »n’ and m’ in the real part of the exponential
factor in the r.h.s. of Eq. (B5) runs over all pairs of in and
out legs of the two electron worldlines, with the pairs
(n',m") and (m',n’) counted separately. The sum in the
imaginary part runs only over in-in or out-out pairings of
the legs. The relative cusp 4-angle between worldline legs
n’ and m’ was previously defined in Eq. (67).

The real part of the exponent in the r.h.s. of Eq. (BYS) is
always negative for on-shell electrons [30]. Hence the soft
factor in Eq. (B4), and therefore the amplitude of the
|
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A

transition, vanishes with 4 — 0 due to the exchange of
arbitrary numbers of very soft photons during the scatter-
ing. The emission rate is still well defined in the IR limit;
as discussed thoroughly in Section III B, this is the case if
with the scattering one also considers the emission of any
number of very soft real photons. Indeed, the rate of
emission of for a photon with energy less than E, with
E < A, is given by Eq. (B4). Since the imaginary part drops
out of the squared modulus, one has

7272 I{Zekl)ekﬂ}i;_ Zkﬂ;m }

A=%£1

(B6)
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FIG. 8.

/}fl /X/Z /,,1 3 /if

fin.stat.

7 R 3

O(a) diagrams with the exchange of a single virtual IR photon (left) and the emission of real IR photon (right) in Méller

scattering, in the Dyson S-matrix computation of the emission rate. The ellipses represent diagrams with additional virtual or real IR

photons attached in all possible ways to the in and out legs.

The first term on the l.h.s. corresponds to the probability
of not emitting a photon. The second term corresponds to
the probability that a single photon is emitted and integrates
over its phase space up to a maximal energy E of the photon.

|
/ | SEL(1,0)[ + -

‘s (0, 0)‘

A
= exp{4 Z rurase coth Y'm' log 1 } {
n' m'=

1

Expanding the exponential in the r.h.s. of Eq. (B7), the
leading O(g?) term accounts for all the diagrams wherein a
single virtual soft photon is exchanged in the scattering and
contains the logarithmic IR divergence log A/4 as 4 — 0.
As anticipated, this virtual IR divergence is canceled
exactly by the logarithmic IR divergence log E/A resulting
from the phase space integral of the real emitted photon.
This well-known cancellation between virtual and real IR
divergences in the scattering cross section is schematically
shown in Fig. 8 to O(a) in perturbation theory.

At higher orders, virtual IR divergences from the
exchange of many virtual IR photons will likewise be

|

eik: X" (1)—et|

hmJ

The ellipses represent higher order terms containing the
emissions of two or more soft photons. Summing over
polarizations using Eq. (60), and performing the remaining k
integral, the expression above can be expressed as

N V' w coth Yo'm' log 2 + - } (B7)

|
cancelled exactly by the real IR divergences from the
integrated phase space of the many emitted IR photons,
reproducing our general result in Eq. (68), valid to all-loop
orders in perturbation theory.

We will now consider exactly the same process from
in Eq. (76). The
electron worldlines at large distances are again well
approximated by the cusped 4- trajectories of Fig. 7.
Using Eq. (B2), and keeping finite tfl, the net current
of the system in the low momentum limit k — 0 is
given by

the perspective of the FK S-matrix S(-ri)

k—»O

2
— lim {g Piu

As emphasized previously, in Weinberg’s derivation [30],
the first and last terms in the r.h.s. of Eq. (B8) are dropped
due to the rapid oscillations of their phases at asymptotic
times, giving back the charged currents in Eq. (B3)
corresponding to the Dyson S-matrix prescription. How-
ever for finite x’ ; the phases accompanying the in and out
asymptotic currents go to unity when k — 0, thus canceling
the currents at the cusps.

elkx_”_g ﬁfﬂ _ Ly eth?_g LY
ik- ﬁf—l-ls i \k-pt+ie k-pi—ie ik-pl—ie

(B8)

ik } )

As discussed previously, one can split the net current in
the IR limit into the two contributions,

7(2.2) — i ( T 7
tim2) (k) = lim(745(k) + JIR(K)),

i =+t
k ﬂ” —|—n1”e
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Low’s theorem real soft photon diagrams

Faddeev — Kulish real asymptotic photon diagrams

FIG.9. Real IR photon diagrams in Moller scattering representing Low’s theorem within the Dyson S-matrix approach and asymptotic
Faddeev-Kulish real photon diagrams, with the ellipses indicating photons attached to any other of the in and out electron worldline legs.
Each asymptotic photon diagram gives ~1/k - p,, and exactly cancels the ~1/k - p,, singularity of the corresponding real soft photon in
Low’s theorem in the & — O limit where their relative phase vanishes.

Using now Egs. (B3) and (B9), the soft factor in the FK S-matrix element in Eq. (83) corresponding to the amplitude of

emission of the single real soft photon (N, =1 and N;; = 0) can be cast as

3(2)
Sjts

(1,0) =

independently of the A cutoff, and is regular when k — 0.
Hence the effect of the asymptotic phases carried by the in
and out electron currents in the scattering is to cancel both
the IR divergences of the virtual soft photon exchanges, and
the ~1/k behavior of the amplitude created by the emission
of the real photon. We refer the reader to Paper I for the
details of the cancellations within the IR virtual exchanges
in Eq. (B10). Both the real soft photon diagrams from
Low’s theorem for the Dyson S-matrix and the novel
Faddeev-Kulish real asymptotic photon diagrams are
shown here in Fig. 9.

This amplitude level cancellation of the real and virtual
IR divergences independently, should be contrasted with
the conventional cross section cancellation of Eq. (B7)
shown schematically in Fig. 8, involving the low energy
phase space of the real photon emitted and the IR
divergence created by the corresponding virtual photon
loop. It is important to note, as emphasized in Paper I, that

nn’ﬂn’
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(B10)

in the Faddeev-Kulish S-matrix S}ri) the full cancellation of

the virtual IR divergences requires one to consider fully the
off-shell modes of the virtual exchanges. These are imagi-
nary contributions and do not play any role in the conven-
tional cross section cancellation.

Equation (B10) shows transparently that the worldline
formulation of any amplitude in QED as a first-quantized
theory of charged currents with non-local interactions can be
expressed in the low energy limit as a classical theory of
worldline currents. With this understanding, the interpreta-
tion of the IR aspects of the interactions like the Faddeev and
Kulish phases becomes straightforward. In the case of the
cross section for photon radiation in Mdéller scattering as per
the FK S-matrix element prescription of the amplitude in
Eq. (B10), the procedure follows exactly as that for the
derivation for arbitrary number of charged particles r in the
transition detailed in Sec. IV by setting therein r = 2.
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