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We consider the effects of a noisy magnetic field background over the fermion propagator in QED as an
approximation to the spatial inhomogeneities that would naturally arise in certain physical scenarios, such
as heavy-ion collisions or the quark-gluon plasma in the early stages of the evolution of the Universe. We
considered a classical, finite, and uniform average magnetic field background hBðxÞi ¼ B, subject to
white-noise spatial fluctuations with autocorrelation of magnitude ΔB. By means of the Schwinger
representation of the propagator in the average magnetic field as a reference system, we used the replica
formalism to study the effects of the magnetic noise in the form of renormalized quasiparticle parameters,
leading to an effective charge and an effective refraction index that depend not only on the energy scale, as
usual, but also on the magnitude of the noise ΔB and the average field B.
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I. INTRODUCTION

High-energy physics under the presence of strong
magnetic fields is an important subject of research in many
scenarios, such as heavy-ion collisions [1–5], the quark-
gluon plasma [6–9], and the early-universe evolution
[3,10]. In such systems, rather strong magnetic fields
can emerge in comparatively small regions of space and,
moreover, strong spatial anisotropies and fluctuations can
develop in the magnitude of such fields [1,3].
Remarkably, magnetic fields can influence the physical

properties of both charged as well as neutral particles, the

latter due to the quantum mechanical fluctuations of the
vacuum that lead to the creation of virtual charged fermion-
antifermion pairs. In the context of high-energy physics,
the effect of a constant and “classical” magnetic field
background has been studied since the seminal work of
Schwinger [11], followed with extensive discussions in
the literature in the context of semiclassical effective
Lagrangians [12,13]. More recently, the effect of magnetic
fields on nucleon parameters have been discussed in the
context of QCD [14]. In addition, several studies have been
reported concerning the effects of a classical, static, and
uniform background magnetic field on the charged vacuum
fluctuations leading to the gluon polarization tensor
[7,8,15,16], in particular the role of the field in the breaking
of the Lorentz invariance, thus predicting the emergence of
the vacuum birefringence phenomena [15,16]. On the other
hand, vacuum fluctuations also affect the propagation of
fermions in such magnetized background [17], as expressed
by the self-energy, that leads to the definition of a magnetic
mass and, according to recent studies in QED [18], to an
spectral width involving the contribution of all the magnetic
Landau levels. Moreover, nonperturbative theoretical
approaches [19] reveal the magnetic catalysis effect, where
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the presence of a strong uniform magnetic field leads to the
emergence of effective masses for the fermion species,
regardless of their bare mass.
Interestingly, in most of these studies, the background

magnetic field is always idealized as static and uniform,
and hence the presence of spatial anisotropies or fluctua-
tions in its magnitude are disregarded in the state of the
art of such calculations. A nonuniform but deterministic
background magnetic field has been studied in QED by
means of a path-integral formulation [20]. On the other
hand, statistical fluctuations near a zero average magnetic
field have been studied in the context of QED2þ1 [21,22],
as it arises as an effective continuum theory for certain low-
dimensional Dirac materials such as Graphene [19]. In the
latter, however, the average background field is assumed to
be zero, and hence the reference system is characterized by
a free fermion propagator rather than by a Schwinger
propagator as we consider in the present study. Since spatial
fluctuations with respect to a finite background magnetic
field may indeed exist in the different aforementioned
physical scenarios [3], in the present work we shall study
their effect over the renormalization of the fermion propa-
gator itself in QED. As we shall discuss in this article, a
perturbative treatment of such fluctuations in the frame-
work of the replica method [23,24] allows us to show that
their effect can be captured in terms of a renormalization
of the charge e → z3e and an effective refraction index
v0=c ¼ z−1. Moreover, we show that z3 and z depend
not only on the energy scale, as usual, but also on the
magnitude of the average magnetic field jBj, as well as on
the strength of its spatial fluctuations that we define as ΔB.

II. THE MODEL

We shall consider a physical scenario where a classical
and static magnetic field background, possessing random
spatial fluctuations, modifies the quantum dynamics of a
system of fermions. For this purpose, we shall assume the
standard QED theory involving fermionic fields ψðxÞ, as
well as gauge fields AμðxÞ. In the latter, we shall distinguish
three physically different contributions

AμðxÞ → AμðxÞ þ Aμ
BGðxÞ þ δAμ

BGðxÞ: ð1Þ
Here, AμðxÞ represents the dynamical photonic quantum

field, while BG stands for “background,” representing
the presence of a classical external field imposed by the
experimental conditions. Moreover, for this BG contribu-
tion, we consider the effect of static (quenched) white noise
spatial fluctuations δAμ

BGðxÞ with respect to the mean value
Aμ
BGðxÞ, satisfying the statistical properties

hδAj
BGðxÞδAk

BGðx0Þi ¼ ΔBδj;kδ
3ðx − x0Þ;

hδAμ
BGðxÞi ¼ 0: ð2Þ

These statistical properties are represented by a Gaussian
functional distribution of the form

dP½δAμ
BG� ¼ N e−

R
d3x

½δAμ
BG

ðxÞ�2
2ΔB D½δAμ

BGðxÞ�: ð3Þ

In the context of heavy-ion collisions (HIC), spatial
fluctuations arise from the fact that strong magnetic fields
B ¼ ∇ ×ABG are generated locally within a small spatial
region during individual collisions, where the characteristic
length scale is L ∼

ffiffiffi
σ

p
, with σ being the effective cross

section. In these collisions, the dominant component of the
magnetic field is along the axial z-direction, such that on
averagewe have hBi ¼ ê3B. However, there are also smaller
transverse components δBx and δBy such that we can
estimate the fluctuation of the field within the small collision
region to be on the order of ðδBÞ2 ∼ ðδBxÞ2 þ ðδByÞ2. Since
many such collisions occur at different points in space, an
approximate model for this physical scenario is provided by
the spatial random noise Eq. (2). By dimensional analysis,
the magnitude of ΔB is of the order

ΔB ∼ ðδBÞ2L5 ∼ ðδBÞ2σ5=2: ð4Þ

The effective cross section for a nuclear collision can be
estimated as the fraction f of the area of perfectly central
collisions between two nuclei, each with a radius of rA,

σ ¼ fπr2A: ð5Þ

Here, f represents the fraction of the geometrical cross
section σgeom, which is defined as the area of the circle with
a radius of r1 þ r2 ¼ 2R in a maximum peripheral colli-
sion, and the cross section σb for a peripheral collision with
impact parameter b [25,26]:

f ¼ σb
σgeom

¼
�
Npart

2N

�
2=3

; ð6Þ

where σb describes an effective nucleus of radius b. The
nuclear radius is always written as rA ¼ r0N1=3, where N is
the number of nucleons per ion and r0 ∼ 1.25 fm. Here,
Npart is the number of participants corresponding to the
effective nucleus.
Therefore,

ΔB ∼ π5=2ðδBÞ2r50N5=3

�
Npart

2N

�
5=3

: ð7Þ

In peripheral heavy-ion collisions, the magnetic field
fluctuations along the transverse plane are approximately
jeδBj ∼m2

π=4, where mπ is the pion mass [26,27]. For an
Auþ Au collision with N ¼ 197, and if Npart=N ¼ 1=2,
we obtain
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Δ≡ e2ΔB ∼ 2.6 MeV−1; ð8Þ

or for less central collisions with Npart=N ¼ 1=8,

Δ ∼ 0.26 MeV−1: ð9Þ

As we shall later show in our analysis, the effect of such
fluctuations is determined by the dimensionless parameter
mΔ, where m is the mass of the fermions that propagate
through the region where the magnetic field and its fluctua-
tions are present. If mΔ ≪ 1 (i.e., for m ≪ 0.4 MeV), then
one may in principle neglect the magnetic fluctuation effects.
However, if mΔ ∼ 1 (i.e., form ∼ 0.4 MeV or larger), those
effects may become quite significant. This is an important
physical motivation for this theoretical study.
We write the Lagrangian for this model as a super-

position of two terms

L ¼ LFBG þ LNBG; ð10Þ
where the first represents the system of fermions (and
photons) immersed in the deterministic background
field (FBG)

LFBG ¼ ψ̄ði=∂ − e=ABG − e=A −mÞψ −
1

4
FμνFμν; ð11Þ

with Fμν ¼ ∂μAν − ∂νAν the electromagnetic tensor for the
quantum photon gauge fields. The second term in the
Lagrangian Eq. (11) represents the interaction between
the fermions and the static classical noise (NBG), repre-
sented by the spatial fluctuations δAμ

BGðxÞ

LNBG ¼ ψ̄ð−eδ=ABGÞψ : ð12Þ

The generating functional (in the absence of sources) for
a given realization of the noisy fields is given by

Z½A� ¼
Z

D½ψ̄ ;ψ �ei
R

d4x½LFBGþLNBG�: ð13Þ

To study the physics of this system, we need to calculate
the statistical average over the magnetic background noise
δAμ

BG of the lnZ. For this purpose, we apply the replica
method, which is based on the following identity [23]:

lnZ½A� ¼ lim
n→0

Zn½A� − 1

n
: ð14Þ

Here, we defined the statistical average according to the
Gaussian functional measure of Eq. (3), and Zn is obtained
by incorporating an additional “replica” component for
each of the fermion fields, i.e., ψðxÞ → ψaðxÞ, for
1 ≤ a ≤ n. The “replicated” Lagrangian has the same form
as Eqs. (11) and (12), but with an additional sum over the
replica components of the fermion fields. Therefore, the
averaging procedure leads to

Zn½A� ¼
Z Yn

a¼1

D½ψa;ψa�
Z

D½δAμ
BG�e−

R
d3x

½δAμ
BG

ðxÞ�2
2ΔB

× ei
R

d4x
P

n
a¼1

ðLFBG½ψ̄a;ψa�þLNBG½ψ̄a;ψa�Þ

¼
Z Yn

a¼1

D½ψ̄a;ψa�eiS̄½ψ̄a;ψa;A�; ð15Þ

where in the last step we explicitly performed the Gaussian
integral over the background noise, leading to the definition
of the effective averaged action for the replica system

S̄½ψ̄a;ψa;A� ¼
Z

d4x

�X
a

ψ̄aði=∂ − e=ABG − e=A −mÞψa −
1

4
FμνFμν

�

þ i
e2ΔB

2

Z
d4x

Z
d4y

X
a;b

X3
j¼1

ψ̄aðxÞγjψaðxÞψ̄bðyÞγjψbðyÞδ3ðx − yÞ: ð16Þ

Clearly, we end up with an effective interacting theory,
with an instantaneous local interaction proportional to the
fluctuation amplitude ΔB that characterizes the magnetic
noise, as defined in Eq. (2). The “free” part of the action
corresponds to fermions in the average background
classical field Aμ

BGðxÞ. We choose this background
to represent a uniform, static magnetic field along the
z-direction B ¼ ê3B, using the gauge [12]

Aμ
BGðxÞ ¼

1

2
ð0;−Bx2; Bx1; 0Þ: ð17Þ

Therefore, this allows us to use directly the Schwinger
proper-time representation of the free-fermion propagator
dressed by the background field [11,12],

SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4 e

−ip·ðx−x0ÞSFðpÞ; ð18Þ

where the Schwinger phase Φðx; x0Þ can be gauged away
(see Appendix A for details and Ref. [18]) when calculating
diagrams involving an even number of vertices (such as the
self-energy and vertex corrections considered in this work).
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Therefore, we restrict ourselves to the consideration of the
translational-invariant part of the Schwinger propagator

½SFðkÞ�a;b ¼ −iδa;b
Z

∞

0

dτ
cosðeBτÞ e

iτðk2k−k2⊥
tanðeBτÞ
eBτ −m2þiϵÞ

×
�
½cosðeBτÞ þ iγ1γ2 sinðeBτÞ�ðmþ =kkÞ

þ =k⊥
cosðeBτÞ

�
; ð19Þ

which is clearly diagonal in replica space. Moreover, since
it is an explicit function of the average magnetic field B ¼
∇ ×ABG (rather than a function of the background gauge
field Aμ

BG), it is also gauge-invariant. Here, as usual, we
separated the parallel from the perpendicular directions
with respect to the background external magnetic field by
splitting the metric tensor as gμν ¼ gμνk þ gμν⊥ , with

gμνk ¼ diagð1; 0; 0;−1Þ;
gμν⊥ ¼ diagð0;−1;−1; 0Þ; ð20Þ

thus implying that for any four-vector, such as the
momentum kμ, we write

=k ¼ =k⊥ þ =kk ð21Þ

and

k2 ¼ k2k − k2⊥: ð22Þ

In particular, k2k ¼ k20 − k23, while k⊥ ¼ ðk1; k2Þ is the

Euclidean two-vector lying in the plane perpendicular to
the field, such that its square-norm is k2⊥ ¼ k21 þ k22. The
Schwinger propagator can be expressed as

½SFðkÞ�a;b ¼ −iδa;b
�
ðmþ=kÞA1

þ ðieBÞiγ1γ2ðmþ=kkÞ
∂A1

∂k2⊥
þ ðieBÞ2=k⊥

∂
2A1

∂ðk2⊥Þ2
�

¼ −iδa;b½ðmþ =kkÞA1

þ iγ1γ2ðmþ=kkÞA2 þA3=k⊥�: ð23Þ

Here, we defined the function

A1ðk; BÞ ¼
Z

∞

0

dτeiτðk
2
k−m

2þiϵÞ−ik
2⊥
eB tanðeBτÞ ð24Þ

that clearly reproduces the inverse scalar propagator (with a
Feynman prescription) in the zero-field limit

lim
B→0

A1ðk; BÞ ¼
i

k2 −m2 þ iϵ
≡ i

D0ðkÞ
; ð25Þ

with

D0ðkÞ ¼ k2 −m2 þ iϵ; ð26Þ

and its derivatives

A2ðk; BÞ≡
Z

∞

0

dτ tanðeBτÞeiτðk2k−tBðτÞk2⊥−m2þiϵÞ

¼ ieB
∂A1

∂ðk2⊥Þ
; ð27aÞ

A3ðk; BÞ≡
Z

∞

0

dτ
cos2ðeBτÞ e

iτðk2k−tBðτÞk2⊥−m2þiϵÞ

¼ A1 þ ðieBÞ2 ∂
2A1

∂ðk2⊥Þ2
: ð27bÞ

Moreover, with these definitions it is straightforward to
verify that the inverse of the Schwinger propagator Eq. (23)
is given by

Ŝ−1F ðkÞ ¼ i
DðkÞ ½ðm − =kkÞA1 − iγ1γ2ðm − =kkÞA2−A3=k⊥�;

ð28Þ
where

DðkÞ ¼ A2
3k

2⊥ − ðA2
1 −A2

2Þðk2k −m2Þ: ð29Þ

Then, all the relevant expressions will be given in terms
of A1.

III. PERTURBATION THEORY: SELF-ENERGY
AND VERTEX CORRECTIONS

Our goal is to develop a perturbation theory in powers of
Δ, where as described in Sec. II and particularly in Eq. (16),
the effective fermion-fermion interaction arises as a result
of averaging over the background magnetic noise. Starting
from a free Fermion propagator, as defined by Eq. (19),
we include the magnetic noise-induced interaction effects
by “dressing” the propagator with a self-energy, as shown
diagrammatically in the Dyson equation depicted in Fig. 1.
We remark that for this theory, the skeleton diagram for the
self-energy is represented in Fig. 2.

FIG. 1. Dyson equation for the “dressed” propagator (double-
line), in terms of the free propagator (single-line) and the
self-energy Σ.
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IV. SELF-ENERGY AT ORDER Δ

It is possible to express the background-noise contribution
to the self-energy (where for notational simplicity, we define
the parameter Δ≡ e2ΔB), as depicted in the Feynman
diagram in Fig. 3, by the integral expression

Σ̂ΔðqÞ ¼ ðiΔÞ
Z

d3p
ð2πÞ3 γ

jŜFðpþ q;p0 ¼ 0Þγj

¼ iðiΔÞ
ð2πÞ3

Z
d3p

�
3ðγ0q0 −mÞA1ðq0; p3;p⊥Þ

þiγ1γ2ðm − q0γ0ÞðieBÞ
∂

∂p2⊥
A1ðq0; p3;p⊥Þ

�
:

ð30Þ

The derivative term in the last expression can be
integrated in cylindrical coordinates d3p ¼ πdp3dðp2⊥Þ,
as follows:

Z
d3p

∂

∂p2⊥
A1ðq0; p3;p⊥Þ

¼ π

Z þ∞

−∞
dp3

Z
∞

0

dðp2⊥Þ
∂

∂p2⊥
A1ðq0; p3;p⊥Þ

¼ −π
Z þ∞

−∞
dp3A1ðq0; p3;p⊥ ¼ 0Þ; ð31Þ

where the identity limp2⊥→∞A1ðq0; p3;p⊥Þ ¼ 0 was
applied. Substituting this result into Eq. (31), we finally
obtain the exact expression (valid at all orders in the
background average magnetic field B)

Σ̂ΔðqÞ ¼
iðiΔÞ
ð2πÞ3

h
3ðγ0q0 −mÞÃ1ðq0Þ

−iγ1γ2ðiπeBÞðm − q0γ0ÞÃ2ðq0Þ
i
; ð32Þ

where we have defined

Ã1ðq0Þ≡
Z

d3pA1ðq0; p3;p⊥Þ;

Ã2ðq0Þ≡
Z þ∞

−∞
dp3A1ðq0; p3;p⊥ ¼ 0Þ: ð33Þ

Inserting the first order in the Δ expression for the self-
energy Eq. (32) into the Dyson equation, as depicted
diagrammatically in Fig. 1, we obtain the dressed inverse
propagator at first order in Δ,

Ŝ−1Δ ðkÞ ¼ Ŝ−1F ðkÞ − Σ̂Δ; ð34Þ

so that by using Eqs. (28) and (32) we explicitly obtain

Ŝ−1Δ ðqÞ ¼ i

�
mA1ðqÞ
DðqÞ þ 3mðiΔÞ

ð2πÞ3 Ã1ðq0Þ
�

− i

�
A1ðqÞ
DðqÞ þ

3ðiΔÞ
ð2πÞ3 Ã1ðq0Þ

�
ðq0γ0Þ

− i

�
mA2ðqÞ
DðqÞ − i

mπðiΔÞðeBÞ
ð2πÞ3 Ã2ðq0Þ

�
ðiγ1γ2Þ

þ i

�
A2ðqÞ
DðqÞ −

iπðiΔÞðeBÞ
ð2πÞ3 Ã2ðq0Þ

�
ðiγ1γ2q0γ0Þ

− i
A1ðqÞ
DðqÞ ðq3γ

3Þþ i
A2

DðqÞ ðiγ
1γ2q3γ3Þ− i

A3

DðqÞ=q⊥:

ð35Þ

V. RENORMALIZATION OF THE PROPAGATOR

Let us define by m0, z, and z3 the renormalization factors
for the mass, the wave function, and the charge, respec-
tively. While z will emerge as a global factor in the dressed
propagator, the factor z3 will only be associated with the
tensor structures involving the spin-magnetic field inter-
action eσμνF

μν
BG ¼ iγ1γ2eB. Therefore, we can compare

Eq. (28) with Eq. (35), in order to identify the correspond-
ing scalar factors for each tensor structure in both expres-
sions, thus leading to the definition of the renormalized
coefficients as follows:

(i) For 1:

mA1ðqÞ
DðqÞ þ 3mðiΔÞ

ð2πÞ3 Ã1ðq0Þ≡ z
m0A1ðqÞ
DðqÞ : ð36aÞ

FIG. 2. Skeleton diagram representing the self-energy for the
effective interacting theory. The dashed line is the disorder-
induced interaction ΔB, while the box Γ̂ represents the four-point
vertex function.

FIG. 3. Self-energy diagram at first order in Δ ¼ e2ΔB.
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(ii) For γ1γ2γ0:

A2ðqÞ
DðqÞ −

iπðiΔÞðeBÞ
ð2πÞ3 Ã2ðq0Þ≡ z · z3

A2ðqÞ
DðqÞ : ð36bÞ

(iii) For γ1γ2:

mA2ðqÞ
DðqÞ −

imπðiΔÞðeBÞ
ð2πÞ3 Ã2ðq0Þ≡ z · z3

m0A2ðqÞ
DðqÞ :

ð36cÞ

Then, solving the system of equations we obtain

z ¼ 1þ 3iΔ
ð2πÞ3

Ã1ðq0Þ
A1ðqÞ

DðqÞ; ð37aÞ

z3 ¼
1 − iπðiΔÞðeBÞ

ð2πÞ3
Ã2ðq0Þ
A2ðqÞ DðqÞ

1þ 3iΔ
ð2πÞ3

Ã1ðq0Þ
A1ðqÞ DðqÞ

; ð37bÞ

m0 ¼ m; ð37cÞ
and

v0

c
¼ z−1 ¼

�
1þ 3iΔ

ð2πÞ3
Ã1ðq0Þ
A1ðqÞ

DðqÞ
�−1

: ð37dÞ

With these definitions into the “magnetic noise-dressed”
inverse propagator Eq. (35), after organizing the different
tensor structures, we obtain the expression

S−1Δ ðqÞ ¼ iz
DðqÞ ½ðm − q0γ0 − z−1q3γ3ÞA1ðqÞ

− z3ðiγ1γ2Þðm − q0γ0 − z−1q3γ3ÞA2ðqÞ
− iA3ðqÞz−1=q⊥�

¼ iz
DðqÞ ½ðm − =̃qkÞA1ðqÞ − z3ðiγ1γ2Þðm − =̃qkÞ

×A2ðqÞ − iA3ðqÞ=̃q⊥�; ð38Þ

where in the last line we defined the four-vector q̃μ ¼
ðq0; z−1qÞ that incorporates the definition of the effective
refraction index v0=c ¼ z−1 due to the random magnetic
fluctuations. By comparing Eq. (38) with Eq. (28), it is
clear that they possess the same tensor structure. Therefore,
by means of the elementary properties of the Dirac
matrices, this expression can be readily inverted to obtain
the “magnetic noise-dressed” fermion propagator

SΔðqÞ ¼ −iz−1
DðqÞ
D̃ðqÞ

h	
mþ =̃qk



A1ðqÞ

þiz3γ1γ2
	
mþ =̃qk



A2ðqÞ þA3ðqÞ=̃q⊥

i
; ð39Þ

where DðqÞ was defined in Eq. (29), and

D̃ðqÞ ¼ A2
3z

−2q2⊥ − ðA2
1 −A2

2Þðz−2q2k −m2Þ: ð40Þ

Let us now discuss the explicit magnetic field and
magnetic noise dependence of the renormalized parameters
defined in Eqs. (37a) and (37b), i.e., z and z3. For this
purpose, we shall distinguish three different regimes,
corresponding to the very weak, the intermediate, and
the ultra-intense magnetic field, respectively.

A. Very weak field eB=m2 ≪ 1

As shown in detail in Appendix B, for very weak fields
eB=m2 ≪ 1 the function A1ðk; BÞ can be expanded in
terms of the power series

A1ðk; BÞ ¼
i
Dk

�
1þ

X∞
j¼1

�
ieB
Dk

�
j
EjðxÞ

�
; ð41Þ

where for notational simplicity, we defined the “parallel”
inverse scalar propagator

Dk ¼ k2k −m2 þ iϵ; ð42Þ

and the dimensionless variable x ¼ k2⊥=eB. We also
defined the polynomials EjðxÞ, as those generated by the
function e−ix tan v, i.e.,

EjðxÞ ¼ lim
v→0

∂
j

∂vj
ðe−ix tan vÞ: ð43Þ

For instance, the explicit analytical expressions for the
first three polynomials (j ¼ 1; 2; 3) are as follows:

E1ðxÞ ¼ −ix;

E2ðxÞ ¼ −x2;

E3ðxÞ ¼ −2ixþ ix3:

At the lowest order, after subtracting the divergent vacuum
contribution from Eq. (41), we have after Eq. (B15) (see
Appendix B for details)

A1ðk; BÞ −A1ðk; 0Þ ¼
−2iðeBÞ2k2⊥

½k2 −m2 þ iϵ�4 þOððeBÞ4Þ: ð44Þ

Therefore, using this weak field expansion of the propa-
gator, we calculate the integral (details in Appendix D)

Ã1ðq0Þ ¼ −2iðeBÞ2
Z

d3p
p⊥2

ðq20 − p2
3 − p⊥2 −m2 þ iϵÞ4

¼ −
π2

6

ðeBÞ2
ðq20 −m2Þ3=2 : ð45Þ
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In addition, at order OððeBÞ2Þ we also need to evaluate
the integral (details in Appendix D)

Ã2ðq0Þ ¼ i
Z þ∞

−∞

dp3

q20 − ðp3Þ2 −m2 þ iϵ

¼ πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2

p : ð46Þ

Therefore, from Eqs. (37a), (44), (45), and (46), we can
directly evaluate the renormalization parameters to obtain

z ¼ 1þ 3iΔ
ð2πÞ3

Ã1ðq0Þ
A1ðqÞ

DðqÞ

¼ 1þ ΔðeBÞ4
8π

q2⊥
ðq2 −m2 þ iϵÞ3ðq20 −m2 þ iϵÞ3=2

¼ 1þOððeBÞ4Þ; ð47Þ

and similarly from Eq. (37b)

z3 ¼ 1þOððeBÞ4Þ: ð48Þ

B. Intermediate field

For intermediate magnetic field intensities, we can
calculate the integral A1 by means of an expansion in
terms of Landau levels. For this purpose, let us consider the
generating function of the Laguerre polynomials [28]

e−
x
2
1−t
1þt ¼ ð1þ tÞe−x=2

X∞
n¼0

ð−tÞnL0
nðxÞ; ð49Þ

since

e−ix tan v ¼ exp ½−xð1 − e−2ivÞ=ð1þ e−2ivÞ�

¼ ð1þ e−2ivÞe−x
X∞
n¼0

ð−1Þne−2invL0
nð2xÞ: ð50Þ

Therefore, we have (for x ¼ k2⊥=eB)

A1ðkÞ ¼ e−x
�X∞

n¼0

ð−1ÞnL0
nð2xÞ

Z
∞

0

dτeiðDk−2ðnþ1ÞeBÞτ

þ
X∞
n¼0

ð−1ÞnL0
nð2xÞ

Z
∞

0

dτeiðDk−2neBÞτ
�
: ð51Þ

Evaluating the exponential integrals, we obtain

A1ðkÞ ¼ ie−x
�X∞

n¼0

ð−1Þn L0
nð2xÞ

Dk − 2ðnþ 1ÞeB

þ
X∞
n¼0

ð−1Þn L0
nð2xÞ

Dk− 2neB

�

¼ i
e−x

Dk

�
1þ

X∞
n¼1

ð−1Þn½L0
nð2xÞ−L0

n−1ð2xÞ�
1− 2n eB

Dk

�
: ð52Þ

Inserting this expression into the definition of Ã1 of
Eq. (33), we obtain

Ã1ðq0Þ ¼
Z

d3pA1ðq0; p3;p⊥Þ

¼ i
Z

d3p

�
e−p

2⊥=eB

q20 − p2
3 −m2 þ iϵ

þ
X∞
n¼1

ð−1Þne−p2⊥=eB
Lnð2p

2⊥
eB Þ − Ln−1ð2p

2⊥
eB Þ

q20 − p2
3 −m2 − 2neBþ iϵ

�

¼ I1 þ
X∞
n¼1

ð−1ÞnI2;n: ð53Þ

Here, we defined

I1 ¼ i
Z

d3p
e−p

2⊥=eB

q20 − p2
3 −m2 þ iϵ

¼ π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2 þ iϵ

p ð54Þ

and

I2;n ¼ i
Z

d3pe−p
2⊥=eB

Lnð2p
2⊥

eB Þ − Ln−1ð2p
2⊥

eB Þ
q20 − p2

3 −m2 − 2neBþ iϵ
: ð55Þ

We calculate the momentum integrals in cylindrical
coordinates, making use of the azimuthal symmetry, such
that d3p ¼ dp3πdðp2⊥Þ. Moreover, in the integral over p⊥,
we define the auxiliary variable x ¼ 2p2⊥

eB , such that

I2;n ¼
πeB
2

Z
∞

−∞

dp3

q20 −m2 − p2
3 − 2nqBþ iϵ

×
Z

∞

0

dxe−x=2½LnðxÞ − Ln−1ðxÞ�

¼ 2πeBð−1Þn
Z

∞

−∞

dp3

q20 −m2 − p2
3 − 2nqBþ iϵ

; ð56Þ

where we used the identity [29]
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Z
∞

0

dxe−bxLnðxÞ ¼ ðb − 1Þnb−n−1Reb > 0: ð57Þ

Inserting Eq. (54) and Eq. (56) into Eq. (53), we obtain
(after shifting the index n → nþ 1)

Ã1ðq0Þ¼
π2ðeBÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20−m2þ iϵ

p
þ2πeB

Z þ∞

−∞
dp3

×
X∞
n¼0

1

q20−m2−p2
3−2ðnþ1ÞeBþ iϵ

: ð58Þ

Let us introduce the density of states for Landau levels

ρðEÞ ¼
Z

∞

−∞

dp3

2π

X∞
n¼0

δðE − Enðp3ÞÞ; ð59Þ

with the dispersion relation for the spectrum

Enðp3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þm2 þ 2ðnþ 1ÞeB

q
: ð60Þ

As shown in detail in Appendix C

ρðEÞ ¼ Θ
	
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2eB

p 
 E

π
ffiffiffiffiffiffi
eB

p

×

�
ζ

�
1

2
;
E2 −m2 − 2eB

2eB
− NmaxðEÞ

�

−ζ
�
1

2
;
E2 −m2

2eB

��
; ð61Þ

where we defined

NmaxðEÞ ¼
�
E2 −m2

2eB
− 1

�
; ð62Þ

with bxc the integer part of x, and ζðn; zÞ is the Riemann
zeta function. The spectral density Eq. (61) is represented
in Fig. 4, as a function of the dimensionless energy scale
E=m. For large magnetic fields eB=m2 ≫ 1, the spectral
density displays a clear staircase pattern, where each step
represents the contribution arising from a single Landau
level n ¼ 0; 1;…. On the other hand, for weak magnetic
fields eB=m2 ≪ 1, the spectral density exhibits a denser,
quasicontinuum behavior.
With these definitions, we obtain from Eq. (59) the exact

expression

Ã1ðq0Þ ¼
π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2 þ iϵ
p þ 4π2eB

Z þ∞

−∞
dE

ρðEÞ
q20 −E2 þ iϵ

:

ð63Þ

On the other hand, from Eq. (33) we have

Ã2ðq0Þ ¼
Z

∞

−∞
dp3pA1ðq0;p3;p⊥ ¼ 0Þ

¼ i
Z

∞

−∞
dp3

1

q20−p2
3−m2þ iϵ

þ i
Z

∞

−∞
dp3

X∞
n¼1

ð−1Þn Lnð0Þ−Ln−1ð0Þ
q20 −p2

3−m2− 2neBþ iϵ
;

ð64Þ
where the second term vanishes, given that
Lnð0Þ ¼ 1 ∀ n. Hence, we end up with the simple
expression

Ã2ðq0Þ ¼
πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2 þ iϵ
p : ð65Þ

In order to evaluate the formulas for z in Eq. (37a) and z3
in Eq. (37b), we also need to evaluate the following
coefficients [for x ¼ k2⊥=ðeBÞ]:

5

10

15

20

25

30

FIG. 4. Spectral density for the Landau level spectrum ρðEÞ, as
a function of the dimensionless energy scale E=m, for different
values of the average background magnetic field eB=m2. The
inset is shown in order to appreciate in detail the staircase pattern
produced by the discrete Landau levels.
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A2 ¼ ieB
∂A1

∂k2⊥
¼ i

∂A1

∂x

¼ e−x

Dk

�
1þ

X∞
n¼1

ð−1ÞnðLnð2xÞ − 2L0
nð2xÞ − Ln−1ð2xÞ þ 2L0

n−1ð2xÞÞ
1 − 2 neB

Dk

�

A3 ¼ A1 þ ðieBÞ2 ∂
2A1

∂ðk2⊥Þ2
¼ A1 −

∂
2A1

∂x2

¼ i
e−x

Dk

X∞
n¼1

ð−1ÞnðLnð2xÞ − Ln−1ð2xÞ − 2L0
nð2xÞ þ 4L00

nð2xÞ þ 2L0
n−1ð2xÞ − 4L00

n−1ð2xÞÞ
1 − 2 neB

Dk

: ð66Þ

Finally, in order to further simplify these expressions, it
is convenient to use the identities

L0
nð2xÞ ¼

�
−Lð1Þ

n−1ð2xÞ; n ≥ 1

0; otherwise

¼ −θn−1 · L
ð1Þ
n−1ð2xÞ; ð67Þ

L00
nð2xÞ ¼ θn−2L

ð2Þ
n−2ð2xÞ; ð68Þ

where θn−k is the Heaviside step function

θn−k ¼
�
1; n ≥ k

0; otherwise:
ð69Þ

With these identities, we obtain the final expressions

A2 ¼
e−x

Dk

�
1þ

X∞
n¼1

ð−1ÞnðLnð2xÞ þ 2Lð1Þ
n−1ð2xÞ − Ln−1ð2xÞ − 2θn−2 · L

ð1Þ
n−2ð2xÞÞ

1 − 2 neB
Dk

�
;

A3 ¼ i
e−x

Dk

X∞
n¼1

ð−1ÞnðLnð2xÞ − Ln−1ð2xÞ þ 2Lð1Þ
n−1ð2xÞ þ 4θn−2 · L

ð2Þ
n−2ð2xÞ − 2Lð1Þ

n−1ð2xÞ − 4θn−3 · L
ð2Þ
n−3ð2xÞÞ

1 − 2 neB
Dk

: ð70Þ

With these expressions, we evaluate

DðkÞ ¼ A2
3k

2⊥ − ðA2
1 −A2

2Þðk2k −m2Þ; ð71Þ

and finally evaluate z and z3 with Eq. (37a) and Eq. (37b),
respectively. These results can be appreciated in Figs. 5–10,
as a function of the energy scale q0=m, as well as the
magnitude of the average background magnetic field
eB=m2, respectively.

C. Ultra-intense (LLL) field eB=m2 ≫ 1

Let us now analyze the asymptotic behavior of the
quasiparticle renormalization parameters z, z3, and v0=c,
respectively, in the ultra-intense magnetic field regime
eB=m2 ≫ 1. Here, we obtain the corresponding asymptotic
expression for A1ðqÞ by considering only the lowest-
Landau level (LLL) n ¼ 0 in Eq. (53). Therefore, we have

A1ðqÞ ∼ i
e−q

2⊥=eB

q2k −m2
; ð72Þ

and the corresponding expressions for its derivatives are
FIG. 5. Wave function renormalization factor z as a function of
the dimensionless energy scale q0=m. Here q3 ¼ 0.
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A2ðqÞ ¼
e−q

2⊥=eB

q2k −m2
ð73Þ

and

A3ðqÞ ¼ 0: ð74Þ

Similarly, we also have

DðqÞ ¼ 2
e−2q

2⊥=eB

q2k −m2
: ð75Þ

Finally, the integrals of A1ðqÞ are given, in this approxi-
mation, by the expressions

FIG. 6. Wave function renormalization factor z as a function of
the dimensionless magnetic field scale eB=m2. Here q3 ¼ 0, and
eB=m2 ∈ ½10; 500�.

FIG. 7. Charge renormalization factor z3 as a function of the
dimensionless energy scale q0=m. Here q3 ¼ 0.

FIG. 8. Charge renormalization factor z3 as a function of the
dimensionless magnetic field scale eB=m2. Here q3 ¼ 0, and
eB=m2 ∈ ½10; 500�.

FIG. 9. Effective refraction index v0=c as a function of the
dimensionless energy scale q0=m. Here q3 ¼ 0.
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Ã1ðqÞ ¼
π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2

p ; ð76aÞ

Ã2ðq0Þ ¼
πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2
p : ð76bÞ

Applying these asymptotic results for the ultrastrong
field regime, and substituting into the general definitions
Eq. (37a) and Eq. (37b), we obtain explicit analytical
expressions for the renormalization factors z and z3,
respectively, as follows:

z ¼ 1þ 3

4

ΔðeBÞe−q2⊥=eB

π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2

p ð77Þ

and

z3 ¼
�
1þ ΔðeBÞe−q2⊥=eB

4π
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2

p �
z−1

¼
1þ ΔðeBÞe−q2⊥=ðeBÞ

4π
ffiffiffiffiffiffiffiffiffiffi
q2
0
−m2

p

1þ 3
4

ΔðeBÞe−q2⊥=ðeBÞ

π
ffiffiffiffiffiffiffiffiffiffi
q2
0
−m2

p
: ð78Þ

Remarkably, while for very large magnetic fields
z ∼ eB=m2 grows linearly, z3 instead converges asymptoti-
cally to the constant limit

lim
eB
m2→∞

z3 ¼
1

3
: ð79Þ

Let us now summarize the behavior of the renormaliza-
tion factors z and z3 as a function of the energy scale q0=m,
and the average background magnetic field eB=m2, respec-
tively, in the whole range of both parameters, as displayed
in Figs. 5–8, respectively. As can be appreciated in Fig. 5,
z presents a monotonically decreasing behavior as a
function of the energy q0=m that asymptotically reaches
the limit z → 1 as q0=m ≫ 1, for all values of the average
background magnetic field eB=m2. In physical terms, this
shows that the quasiparticle renormalization due to the
randommagnetic field fluctuations tends to be negligible as
the energy of the propagating fermions becomes very large,
but in contrast it can be quite significant at low-energy
scales. This trend is also consistent with the effective
refraction index v0=c ¼ z−1, as shown in Figs. 9 and 10.
For low-energy scales, v0=c < 1, indicating a strong
renormalization of the effective group velocity of the
propagating quasiparticles due to the presence of the
magnetic background fluctuations. In contrast, for larger
energy scales the effect becomes weaker, thus recovering
the asymptotic limit v0=c → 1 as q0=m ≫ 1. Since low-
energy and momentum components in the Fourier repre-
sentation of the propagator correspond to long-wavelength
components in the space of configurations, our results are
consistent with the fact that such long-wavelength compo-
nents are more sensitive to the spatial distribution of the
magnetic fluctuations, and hence experience a higher
degree of decoherence, thus reducing the corresponding
group velocity. In contrast, the high-energy Fourier modes
of the propagator that correspond to short-wavelength
components in the configuration space are less sensitive
to the presence of spatial fluctuations of the background
magnetic field.
Concerning the charge renormalization factor z3, as can

be appreciated in Fig. 7 it experiences a strong effect z3 < 1
at low quasiparticle energies q0=m, but this effect becomes
negligible a large energy scales q0=m ≫ 1, since z3 → 1 as
an asymptotic limit. This behavior, which can be inter-
preted physically as a charge screening due to the spatial
magnetic fluctuations in the background, is consistent with
the aforementioned interpretation for the effective index of
refraction as a function of energy. On the other hand, as can
be appreciated in Fig. 8, z3 tends to decrease as a function
of the average background magnetic field intensity, achiev-
ing an asymptotic limit z3 → 1=3 as shown in Eq. (79).

VI. VERTEX CORRECTIONS AT OðΔ2Þ
Let us now consider the renormalization of the effective

interaction term Δ → Δ̃ that characterizes the strength of
the effective interaction vertex in the effective, averaged
action for the replica system, Eq. (16). Following the
skeleton diagrams for the perturbation theory, as depicted

FIG. 10. Effective refraction index v0=c as a function of the
dimensionless magnetic field scale eB=m2. Here q3 ¼ 0, and
eB=m2 ∈ ½10; 500�.
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in Fig. 2, the diagrams contributing at order Δ2 to the four-
point vertex Γ̂ are depicted in Fig. 11.
Therefore, the matrix elements corresponding to each

diagram are given by the following integral expressions:

Γ̂ðaÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðp − qÞγj ⊗ γiSFðp0 − qÞγj; ð80aÞ

Γ̂ðbÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðp − qÞγj ⊗ γiSFðp0 þ qÞγj; ð80bÞ

and

Γ̂ðcÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðpþ qÞγj ⊗ γiSFðp0 − qÞγj: ð80cÞ

In order to compute the expressions above, it is con-
venient to introduce the notation

Γ̂ðλ;σÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðpþ λqÞγj ⊗ γiSFðp0 þ σqÞγj; ð81Þ

where λ; σ ¼ �1. Then, we have the correspondence
Γ̂ðaÞ ¼ Γ̂ð−;−Þ, Γ̂ðbÞ ¼ Γ̂ð−;þÞ, and Γ̂ðcÞ ¼ Γ̂ðþ;−Þ, respectively.
By considering the tensor structure of the propagator, it is

straightforward to realize that the full vertex, taking into
account the multiplicity and symmetry factors for each
diagram, is given by

Γ̂ ¼ 2Γ̂ð−;−Þ þ 2Γ̂ð−;þÞ þ 4Γ̂ðþ;−Þ: ð82Þ

The former leads to an effective interaction of the form

Γ̂ ¼ Δ̃ðψ̄γiψÞðψ̄γiψÞ þ other tensor structures; ð83Þ

where the renormalized coefficient Δ̃ is given, up to second
order in Δ (see Appendix E for details) by the expression

Δ̃ ¼ Δþ 2Δ2ðJ ð−;−Þ
2 þ J ð−;þÞ

2 þ 2J ðþ;−Þ
2

þð1 − ∂
2
xÞð1 − ∂

2
yÞJ ð−;−Þ

3 þ ð1 − ∂
2
xÞð1 − ∂

2
yÞJ ð−;þÞ

3

þ2ð1 − ∂
2
xÞð1 − ∂

2
yÞJ ðþ;−Þ

3 Þ: ð84Þ

Here, we defined the integrals

J ðλ;σÞ
1 ðp; p0Þ≡

Z
d3q
ð2πÞ3A1ðpþ λqÞA1ðp0 þ σqÞ; ð85aÞ

J ðλ;σÞ
2 ðp;p0Þ≡

Z
d3q
ð2πÞ3q

2
kA1ðpþλqÞA1ðp0 þσqÞ; ð85bÞ

and

J ðλ;σÞ
3 ðp;p0Þ≡

Z
d3q
ð2πÞ3q

2⊥A1ðpþλqÞA1ðp0 þσqÞ: ð85cÞ

In order to calculate the integrals J i, we shall use the
analytical expression for A1ðkÞ, Eq. (B24) (details in
Appendix B):

A1ðkÞ ¼
ie−k

2⊥=eB

2eB
exp

�
−
iπðk2k −m2Þ

2eB

�

× Γ
�
−
k2k −m2

2eB

�
U

�
−
k2k −m2

2eB
; 0;

2k2⊥
eB

�
: ð86Þ

A. The integral J 1

Let us first consider the integral

J ðλ;σÞ
1 ðp; p0Þ ¼

Z
d3q
ð2πÞ3A1ðpþ λqÞA1ðp0 þ σqÞ: ð87Þ

For the case ðλ; σÞ ¼ ð−1;−1Þwe change the integration
variables as follows:

p0 − q ¼ q0 þQ;

p − q ¼ q0 −Q: ð88Þ

For notational simplicity, in what follows we shall use q
instead of q0, and we shall define the parameters

FIG. 11. Diagrams contributing to the four-point vertex func-
tion Γ̂ at order Δ2.

JORGE DAVID CASTAÑO-YEPES et al. PHYS. REV. D 107, 096014 (2023)

096014-12



a ¼ −
Dkðq3 þQkÞ

2eB
;

a0 ¼ −
Dkðq3 −QkÞ

2eB
: ð89Þ

Furthermore, we shall use the identity (for z ¼ 2q2⊥=eB)

ΓðaÞUða; ϵ; zÞ ¼ 1

a
Mða;ϵ; zÞ þΓð−1þ ϵÞzMð1þ a;2; zÞ;

ð90Þ

along with the singular expansion for ϵ → 0þ,

Γð−1þ ϵÞ ¼ −1
ϵ

þ γe − 1þOðϵÞ; ð91Þ

where γe ¼ 0.577 is the Euler-Mascheroni constant. In
addition, given that there is a strong exponential damping in
the integral, we consider the expansion of the Kummer
function for small values of its argument, which is given by

Mða; b; zÞ ¼ 1þ a
b
zþOðz2Þ; ð92Þ

so that, after regularization by removing the divergences in
1=ϵ, we end up with the integral

J ð−;−Þ
1 ðp; p0Þ ¼

�
i

2eB

�
2

e−
2Q2⊥
eB

Z
∞

−∞

dq3
2π

eiπðaþa0Þ
Z

∞

0

d2q⊥
ð2πÞ2 e

−
2q2⊥
eB ΓðaÞU

�
a; ϵ;

ðqþQÞ2⊥
eB

�
Γða0ÞU

�
a0; ϵ;

ðq −QÞ2⊥
eB

�

¼ 1

ð2πÞ3
�

i
2eB

�
2

e−
2Q2⊥
eB

Z
∞

−∞
dq3eiπðaþa0Þ

×
Z

∞

0

d2q⊥e−
2q2⊥
eB

�
1

a
þ γe − 1

eB
ðq2⊥ þ 2Q⊥ · q⊥ þQ2⊥Þ

��
1

a0
þ γe − 1

eB
ðq2⊥ − 2Q⊥ · q⊥ þQ2⊥Þ

�
: ð93Þ

Furthermore, we shall set the external three-momenta to zero, except for the presence of the Q⊥ factors, which we shall
keep as finite in order to use this expression as a generating function. Therefore, the integral reduces to the simpler
expression

J ð−;−Þ
1 ðp; p0Þ ¼ −

eB
4π2

e−
2Q2⊥
eB

Z
∞

−∞

dq3
ðq23 þm2 þ iϵÞ2 exp

�
iπ
2eB

ðq23 þm2Þ
�

×

�
1þ ðγe − 1ÞQ⊥2ðq23 þm2Þ

ðeBÞ2 þ ðγe − 1Þðq23 þm2Þ
eB

�
: ð94Þ

Performing the last integral explicitly, we obtain (details in Appendix E)

J ð−;−Þ
1 ðp; p0Þ ¼ −

eB
4π2

e−
2Q2⊥
eB

� ð1 − iÞπ
2

ffiffiffiffiffiffi
eB

p
m2

e
iπm2

2eB þ ðeBþ iπm2Þπ
2ðeBÞm3

�
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

��

þ πðγe − 1Þ
ðeBÞm

�
1þQ2⊥

eB

��
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

���
; ð95Þ

where erfðxÞ is the error function.

B. The integral J 2

For this second integral, we notice that q2k ¼ −q23, so that after integration over z ¼ 2q2⊥=ðeBÞ we obtain (details in
Appendix E)

J ð−;−Þ
2 ðp; p0Þ ¼ eB

4π2
e−

2Q2⊥
eB

Z
∞

−∞
dq3

q23
ðq23 þm2 þ iϵÞ2 exp

�
iπ
2eB

ðq23 þm2Þ
�

×

�
1þ ðγe − 1ÞQ2⊥ðq23 þm2Þ

ðeBÞ2 þ ðγe − 1Þðq23 þm2Þ
eB

�
: ð96Þ

After performing the remaining momentum integral over q3, as shown in detail in Appendix E, we finally obtain
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J ð−;−Þ
2 ðp; p0Þ ¼ eB

4π2
e−

2Q2⊥
eB

�ði − 1Þπffiffiffiffiffiffi
eB

p e
iπm2

2eB þ ðeB − iπm2Þπ
2ðeBÞm

�
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

��

−
mπðγe − 1Þ

ðeBÞ
�
1þQ2⊥

eB

��
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

���
:

C. The integral J 3

By following the same procedure as in the previous two
cases, as shown in Appendix E, it is straightforward to
obtain the analytical expression

J ð−;−Þ
3 ðp;p0Þ ¼−

eB2

8π2
e−

2Q2⊥
eB

� ð1− iÞπ
2

ffiffiffiffiffiffi
eB

p
m2

e
iπm2

2eB

þðeBþ iπm2Þπ
2ðeBÞm3

�
1−

ffiffiffi
π

2

r
erf

�
1− iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

��

þ πðγe− 1ÞQ2⊥
ðeBÞ2m

�
1−

ffiffiffi
π

2

r
erf

�
1− iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

���
:

ð97Þ

Moreover, it is straightforward to verify the following
relations:

J ðþ;þÞ
n ðp; p0Þ ¼ J ð−;−Þ

n ðp; p0Þ;
J ðþ;−Þ

n ðp; p0Þ ¼ J ð−;þÞ
n ðp; p0Þ ¼ J ð−;−Þ

n ðp; p0ÞjQ→P; ð98Þ

for n ¼ 1; 2; 3, which allows us to generate all the remain-
ing expressions from these three explicit analytical results.
An explicit numerical evaluation of our analytical

expressions for the renormalized effective interaction,
expressed by the combination ðΔ̃ − ΔÞ=ð2Δ2Þ, is displayed

in Fig. 12. Clearly, this effective coupling develops both a
real as well as an imaginary part (left and right panels in
Fig. 12, respectively). In particular, the emergence of an
imaginary component implies an imaginary contribution to
the self-energy, corresponding to a relaxation time (spectral
broadening) of the quasiparticle spectrum. This is a natural
consequence of the decoherence mechanism induced by the
random fluctuating magnetic environment. On the other
hand, as can be appreciated in Fig. 12, both the real and
imaginary contributions to the effective interaction Δ̃
display a large enhancement (in absolute value) at low-
energy scales p0=m < 1, while asymptotically Δ̃ → Δ at
higher energies p0=m ≫ 1. This strong renormalization
effect at low energies is consistent with the effect observed
in the previous section for the charge z3 and refraction
index v0=c, respectively, and can be explained in similar
terms due to the short-range spatial distribution of the
magnetic noise that therefore renormalizes mainly the long-
wavelength components of the propagator, corresponding to
the small energy-momentum components in Fourier space.

VII. CONCLUSIONS

We have studied the effects of quenched, white noise
spatial fluctuations in an otherwise uniform background
magnetic field, over the properties of the QED fermion
propagator. This configuration is important in different

FIG. 12. The real and imaginary parts of the correction coefficient from Eq. (84) as a function of the fermion’s energy. Here, we take
Q ¼ 0 and p2⊥ ¼ p2

0 −m2.
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physical scenarios, including heavy-ion collisions and the
quark-gluon plasma, where spatial anisotropies of the
background magnetic field may be present. We developed
explicit results that we carried over by combining the
replica method to average over spatial fluctuations, with a
perturbation theory based on the Schwinger propagator for
the average background field. Upon averaging over mag-
netic fluctuations, we obtained an effective action in the
replica fields, with an effective particle-particle interaction
proportional to the strength Δ of the spatial autocorrelation
function of the background noise. Our perturbative results
show that, up to first order in Δ, the propagator retains its
form, thus representing renormalized quasiparticles with
the same massm0 ¼ m, but propagating in the mediumwith
a magnetic field and noise-dependent index of refraction
v0=c ¼ z−1, and effective charge e0 ¼ z3e, where z and z3
are renormalization factors. We showed that z presents a
monotonically decreasing behavior as a function of the
energy q0=m that reaches the asymptotic limit z → 1 as
q0=m ≫ 1, for all values of the average background
magnetic field eB=m2. In physical terms, this shows that
the quasiparticle renormalization due to the random mag-
netic field fluctuations, while being quite significant at low-
energy scales, tends to be negligible as the energy of the
propagating fermions becomes very large. This trend is also
observed in the effective refraction index v0=c ¼ z−1, since
at low-energy scales v0=c < 1, indicating a strong renorm-
alization of the effective group velocity of the propagating
quasiparticles due to the presence of the magnetic back-
ground fluctuations. In contrast, for larger energy scales the
effect becomes weaker, thus recovering the asymptotic
limit v0=c → 1 as q0=m ≫ 1.
Our results show that the effective quasiparticle charge

experiences a strong renormalization z3 < 1 at low energies
q0=m, while the effect becomes negligible at large energy
scales q0=m ≫ 1, since z3 → 1 as an asymptotic limit.
We interpret this as a charge screening due to the spatial
magnetic fluctuations in the background. On the other
hand, z3 tends to decrease as a function of the average
background magnetic field intensity, achieving an asymp-
totic limit z3 → 1=3 as shown in Eq. (79).
We remark that both the effective refraction index v0=c ¼

z−1 and charge screening z3 display a similar, and therefore
consistent, renormalization behavior of the quasiparticle
properties in the magnetically fluctuating environment. In
order to understand such effects in physical terms, we
remark that the low-energy and momentum components in
the Fourier representation of the propagator correspond to
long-wavelength components in the space of configura-
tions. Therefore, our results are consistent with the fact that
such long-wavelength components are more sensitive to
the spatial distribution of the background magnetic noise,
and hence experience a higher degree of decoherence, thus
reducing the corresponding group velocity and enhancing
the charge screening. In contrast, the high-energy Fourier

components of the propagator that correspond to
short-wavelength components in the configuration space
are less sensitive to the presence of spatial fluctuations of
the background magnetic field. In addition, we remark that
the intensity of the average background magnetic field
defines a characteristic length scale known as the Landau
radius lB ¼ 1=

ffiffiffiffiffiffi
eB

p
that determines the support of the

quasiparticle propagator in configuration space. Moreover,
in the semiclassical picture this length scale represents the
typical size of the “cyclotron radius” of the helicoidal
trajectories that propagate along the magnetic field axis.
Therefore, the stronger the magnetic field, the smaller the
Landau radius, and hence the quasiparticle propagator is
modulated toward higher momentum and energy compo-
nents that, as previously discussed, are more sensitive to
the magnetic noise renormalization effects, as is verified by
the trend observed both in z3 and in v0=c, which strongly
decrease as the average magnetic field intensity increases
eB=m2 ≫ 1.
Moreover, we also showed that four-point vertex cor-

rections at the second order in Δ2 lead to a renormalized
Δ̃ ¼ ΔþOðΔ2Þ, whose relative magnitude grows with the
average magnetic field intensity eB=m2, and tend to
decrease with the quasiparticle energy scale p0=m, in
agreement with the behavior of v0=c and z3 and the physical
interpretation previously discussed. As we pointed out in
Sec. II, in the context of heavy-ion collisions, our calcu-
lations suggest that the magnetic noise effects will depend
on the magnitude of the fermion mass m via the dimen-
sionless parameter mΔ. Therefore, we estimate that for
m ≪ 0.4 MeV noise effects can in principle be neglected,
while for m ∼ 0.4 MeV or larger those effects can be quite
significant.
The analysis and results presented in this work only

concern the study of the quasiparticle fermion propagator in
the noisy magnetic field background. However, the effec-
tive model obtained via the replica method and its conse-
quences can be extended toward the study of other physical
quantities, such as the photon polarization tensor. We are
currently investigating this, and it will be communicated in
a separate article.
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APPENDIX A: GAUGING AWAY THE PHASE
FACTOR IN THE SCHWINGER PROPAGATOR

In the presence of an external magnetic field, the fermion
propagator involves the presence of a phase factor Φðx; x0Þ,
such that

SFðx; x0Þ ¼ Φðx; x0Þ
Z

d4p
ð2πÞ4 e

−ip·ðx−x0ÞSFðpÞ; ðA1Þ

where SFðpÞ represents the translational-invariant factor
given by Eq. (19), while the phase takes the form

Φðx; x0Þ ¼ exp

�
ie
Z

x0

x
dξμ

�
Aμ þ

1

2
Fμνðξ − x0Þν

��
: ðA2Þ

In order to evaluate the integral in Eq. (A2), let us choose
a straight line path parametrized by

ξμ ¼ x0μ þ tðxμ − x0μÞ; for 0 < t < 1: ðA3Þ

Therefore, the phase factor becomes

Φðx; x0Þ ¼ exp

�
ie
Z

1

0

Aμðxμ − x0μÞdt
�
; ðA4Þ

where the antisymmetry of Fμν was used.
From the above, the phase can be removed by the gauge

transformation

AμðξÞ → A0
μðξÞ þ

∂

∂ξμ
αðξÞ: ðA5Þ

For our case, where the average magnetic field is
oriented in the z-direction, we have

Aμ ¼
B
2
ð0;−x2; x1; 0Þ: ðA6aÞ

Therefore, choosing

αðξÞ ¼ B
2
ðx02ξ1 − x01ξ

0
2Þ; ðA6bÞ

we obtain

A0
μ ¼

B
2
ð0; x2 − x02; x1 − x01; 0Þ; ðA7Þ

which implies that

A0
μðxμ − x0μÞ ¼ 0; ðA8Þ

and thus the phase can be safely removed.

APPENDIX B: THE COEFFICIENT A1

We can calculate the integral A1 in terms of Landau
levels by means of the generating function of the Laguerre
polynomials

e−
x
2
1−t
1þt ¼ ð1þ tÞe−x=2

X∞
n¼0

ð−tÞnL0
nðxÞ; ðB1Þ

since

e−ix tan v ¼ e−xð1−e−2ivÞ=ð1þe−2ivÞ

¼ ð1þ e−2ivÞe−x
X∞
n¼0

ð−1Þne−2invL0
nð2xÞ: ðB2Þ

Therefore, we have (for x ¼ k2⊥=eB)

A1 ¼ e−x
�X∞

n¼0

ð−1ÞnL0
nð2xÞ

Z
∞

0

dτeiðDk−2ðnþ1ÞeBÞτ

þ
X∞
n¼0

ð−1ÞnL0
nð2xÞ

Z
∞

0

dτeiðDk−2neBÞτ
�
: ðB3Þ

Evaluating the exponential integrals,

A1 ¼ ie−x
�X∞

n¼0

ð−1Þn L0
nð2xÞ

Dk − 2ðnþ 1ÞeB

þ
X∞
n¼0

ð−1Þn L0
nð2xÞ

Dk − 2neB

�

¼ i
e−x

Dk

�
1þ

X∞
n¼1

ð−1Þn½L0
nð2xÞ − L0

n−1ð2xÞ�
1 − 2n eB

Dk

�
: ðB4Þ

This expansion seems to be fair for eB > 0. However, we
would like to inspect if it is possible to use it to generate a
valid expansion near eB ¼ 0.

1. Expansion for low magnetic fields

Notice that from Eq. (51) we have the identities

e−x
X∞
n¼0

ð−1Þne−2invL0
nð2xÞ ¼

e−ix tan v

1þ e−2iv
; ðB5Þ

e−x
X∞
n¼0

ð−1Þne−2iðnþ1ÞvL0
nð2xÞ ¼

e−2ive−ix tan v

1þ e−2iv
: ðB6Þ
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Therefore, we can calculate the following expansions:

e−x
X∞
n¼0

ð−1ÞnL0
nð2xÞ

Dk − 2ðnþ 1ÞeB ¼ 1

Dk

X∞
k¼0

�
2eB
Dk

�
k

×

�
e−x

X∞
n¼0

ð−1Þnðnþ 1ÞkL0
nð2xÞ

�

¼ 1

Dk

X∞
k¼0

�
2eB
Dk

�
k 1

ð−2iÞk
∂
k

∂vk

�
e−2ive−ix tan v

1þ e−2iv

�
v→0

ðB7Þ

and similarly

e−x
X∞
n¼0

ð−1ÞnL0
nð2xÞ

Dk − 2neB
¼ 1

Dk

X∞
k¼0

�
2eB
Dk

�
k

×

�
e−x

X∞
n¼0

ð−1ÞnnkL0
nð2xÞ

�

¼ 1

Dk

X∞
k¼0

�
2eB
Dk

�
k 1

ð−2iÞk
∂
k

∂vk

�
e−ix tan v

1þ e−2iv

�
v→0

: ðB8Þ

Substituting both expressions into Eq. (B4), we obtain
the infinite series

A1 ¼
i
Dk

�
1þ

X∞
k¼1

�
ieB
Dk

�
k
EkðxÞ

�
: ðB9Þ

Here, we have defined the polynomials EkðxÞ (for
x ¼ k2⊥=eB) as generated by the function e−ix tan v,

EkðxÞ ¼ lim
v→0

∂
k

∂vk
ðe−ix tan vÞ: ðB10Þ

The first few cases

E1ðxÞ ¼ −ix;

E2ðxÞ ¼ −x2;

E3ðxÞ ¼ −2ixþ ix3;

E4ðxÞ ¼ x4 − 8x2;

E5ðxÞ ¼ −ix5 þ 20ix3 − 16ix;

E6ðxÞ ¼ −x6 þ 40x4 − 136x2: ðB11Þ

..

. ðB12Þ

Substituting these expressions into the series Eq. (41), it
can be reorganized as an expansion in terms of the variable
y ¼ k2⊥=Dk, as follows:

A1 ¼
i
Dk

�
ð1þ yþ y2 þ y3 þ � � �Þ

−2
�
eB
Dk

�
2

yð1þ 4yþ 10y2 þ 20y4 þ � � �Þ

þ8

�
eB
Dk

�
4

yð2þ 17yþ 77y2 þ � � �Þ
�
þO

�
eB
Dk

�
6

¼ i
Dk

�
1

1 − y
− 2

�
eB
Dk

�
2 y
ð1 − yÞ4

þ8

�
eB
Dk

�
4 yð3yþ 2Þ
ð1 − yÞ7

�
þO

�
eB
Dk

�
6

: ðB13Þ

Finally, using the simple identity

Dkð1 − yÞ ¼ Dk

�
1 −

k2⊥
Dk

�
¼ k2 −m2 þ iϵ; ðB14Þ

we obtain the final form

A1 ¼
i

k2 −m2 þ iϵ

�
1 − 2

�
eB
Dk

�
2 y
ð1 − yÞ3

þ8

�
eB
Dk

�
4 yð3yþ 2Þ
ð1 − yÞ6

�
þO

�
eB
Dk

�
6

¼ i
k2 −m2 þ iϵ

þ −2iðeBÞ2k2⊥
½k2 −m2 þ iϵ�4 þOððeBÞ4Þ: ðB15Þ

2. A closed expression in terms
of hypergeometric functions

In order to simplify the integrals J i, let us provide an
analytical expression for A1ðkÞ. From the generating
function of Laguerre’s polynomials:

X∞
n¼0

ð−1ÞntnLα
nðxÞ ¼

1

ð1þ tÞα exp
�

t
1þ t

x

�
; ðB16Þ

and then, by defining

b≡ t
1þ t

; ðB17Þ

we get

ð1 − bÞtþαebx ¼
X∞
n¼0

ð−1Þn bn

ð1 − bÞn L
α
nðxÞ: ðB18Þ

Multiplying by bβ=ð1 − bÞβþ2,

bβð1þ bÞα−β−1e−bx ¼
X∞
n¼0

ð−1Þnbnþβð1 − bÞ−n−β−2Lα
nðxÞ;

ðB19Þ
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so that

Z
−∞

0

dbbβð1þ bÞα−β−1e−bx ¼ −
X∞
n¼0

ð−1ÞnLα
nðxÞ

nþ β þ 1
: ðB20Þ

Now by setting b → −b:

X∞
n¼0

ð−1ÞnLα
nðxÞ

nþ βþ 1
¼ ð−1Þβ

Z
∞

0

dbbβð1þbÞα−β−1e−bx

¼ eiπβΓð1þ βÞUð1þ β;1þα; xÞ; ðB21Þ

where ΓðzÞ and Uða; b; zÞ are the gamma function and the
confluent hypergeometric function, respectively.
Now, from Eq. (B4)

A1 ¼ ie−x
X∞
n¼0

� ð−1ÞnL0
nð2xÞ

Dk − 2ðnþ 1ÞeBþð−1ÞnL0
nð2xÞ

Dk− 2neB

�

¼−
ie−x

2eB

X∞
n¼0

"
ð−1ÞnL0

nð2xÞ
nþ

	
1− Dk

2eB


þð−1ÞnL0
nð2xÞ

n− Dk
2eB

#
: ðB22Þ

Therefore, by using Eq. (B21),

A1 ¼ −
ie−x

2eB

×

�
e−iπ

Dk
2eBΓ

�
1 −

Dk
2eB

�
U

�
1 −

Dk
2eB

; 1; 2x

�

þ e−iπð1þ
Dk
2eBÞΓ

�
−

Dk
2eB

�
U

�
−

Dk
2eB

; 1; 2x

��
: ðB23Þ

The latter can be simplified with the properties of the
gamma and the hypergeometric functions. First, from the
identity Γðzþ 1Þ ¼ zΓðzÞ:

A1 ¼
ie−x

2eB
exp

�
−
iπDk
2eB

�
Γ
�
−

Dk
2eB

�

×

�
Dk
2eB

U

�
1 −

Dk
2eB

; 1; 2x

�
þU

�
−

Dk
2eB

; 1; 2x

��
:

ðB24Þ

Moreover, given that

Uða; b; zÞ − aUðaþ 1; b; zÞ ¼ Uða; b − 1; zÞ; ðB25Þ

we finally arrive to

A1ðkÞ ¼
ie−k

2⊥=eB

2eB
exp

�
−
iπðk2k−m2Þ

2eB

�

×Γ
�
−
k2k−m2

2eB

�
U

�
−
k2k−m2

2eB
;0;

2k2⊥
eB

�
: ðB26Þ

APPENDIX C: THE DENSITY OF STATES ρðEÞ
In this appendix, we show the details for the calculation

of the density of states for the Landau level spectrum ρðEÞ
defined in the main text. We start from the definition of the
density of states

ρðEÞ ¼
Z

∞

−∞

dp3

2π

X∞
n¼0

δ

�
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þm2 þ 2ðnþ 1ÞeB

q �

¼ 2
X∞
n¼0

Z
∞

0

dp3

2π

δ
	
p3 −

ffiffiffiffiffiffi
E2

p
−m2 − 2ðnþ 1ÞeB



p3=E

¼ E
π

X∞
n¼0

Θ
	
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2ðnþ 1ÞeB

p 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 − 2ðnþ 1ÞeB

p : ðC1Þ

Since this function, and hence the corresponding sum, is
defined for each fixed value of the energy E, there is a
maximum integer n ¼ NmaxðEÞ at which the sum is
truncated by the condition imposed on the Heaviside step
function

E −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2ðNmax þ 1ÞeB

q
¼ 0 ðC2Þ

that leads to the definition (with bzc the lowest integer part)

NmaxðEÞ ¼
�
E2 −m2

2eB
− 1

�
: ðC3Þ

Hence, we have

ρðEÞ ¼ Θ
	
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2eB

p 
E
π

×
XNmaxðEÞ

n¼0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 −m2 − 2ðnþ 1ÞeB

p : ðC4Þ

In this finite sum, 0 ≤ n ≤ NmaxðEÞ, we can redefine the
index by

l≡ NmaxðEÞ − n ⇒ 0 ≤ l ≤ NmaxðEÞ; ðC5Þ
and hence we have the equivalent expression

ρðEÞ ¼ Θ
	
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2eB

p 
 E

π
ffiffiffiffiffiffi
eB

p

×
XNmaxðEÞ

l¼0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2−m2−2ðNmaxðEÞþ1ÞeB

2eB

q
þ l

: ðC6Þ

Finally, using the property of the Riemann zeta function

XN
l¼0

ðzþ lÞ−s ¼ ζðs; zÞ − ζðs; zþ N þ 1Þ; ðC7Þ
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we obtain

ρðEÞ ¼ Θ
	
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2eB

p 
 E

π
ffiffiffiffiffiffi
eB

p

×

�
ζ

�
1

2
;
E2 −m2 − 2eB

2eB
− NmaxðEÞ

�

−ζ
�
1

2
;
E2 −m2

2eB

��
: ðC8Þ

APPENDIX D: COMPUTING Ã1 AND Ã2

1. Weak magnetic field limit

We need to compute

Ã1ðq0Þ ¼ −2iðeBÞ2
Z

d3p
p2⊥

ðq20 − p2
3 − p2⊥ −m2 þ iϵÞ4

ðD1Þ

so that in spherical coordinates, with p3 ¼ p cos θ and
p⊥ ¼ p sin θ,

Ã1ðq0Þ¼−4πiðeBÞ2
Z

π

0

dθsin3θ
Z

∞

0

dp
p4

ðq20−p2−m2þiϵÞ4

¼−4πiðeBÞ24
3

Z
∞

0

dp
p4

ðq20−p2−m2þiϵÞ4

¼−4πiðeBÞ24
3

Z
∞

0

dp
p4

ðq20−p2−m2þiϵÞ4 : ðD2Þ

By defining

a2 ≡ q20 −m2 þ iϵ ðD3Þ

and

a� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2

q
� iϵ; ðD4Þ

we can use complex integration:

Ã1ðq0Þ ¼ −4πiðeBÞ2 4
3

1

2

Z
∞

−∞
dz

z4

ðz2 − a2Þ4

¼ −4πiðeBÞ2 4
3

1

2

2πi
3!

lim
z→aþ

d3

dz3

�
z4

ðz − a−Þ4
�

¼ −4πiðeBÞ2 4
3

1

2

2πi
3!

ð−3Þ
16ðq20 −m2Þ3=2

¼ −
π2

6

ðeBÞ2
ðq20 −m2Þ3=2 : ðD5Þ

On the other hand, at order OððeBÞ2Þ,

Ã2ðq0Þ ¼ i
Z þ∞

−∞

dp3

q20 − ðp3Þ2 −m2 þ iϵ

¼ −i
Z þ∞

−∞

dz
z2 − a2

¼ −i
Z þ∞

−∞

dz
ðz − aþÞðzþ a−Þ

: ðD6Þ

By choosing a contour closing upside, we get from the
residue theorem

−i
Z þ∞

−∞

dz
ðz − aþÞðzþ a−Þ

¼ π

aþ
: ðD7Þ

Then

Ã2ðq0Þ ¼
πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2
p : ðD8Þ

2. Arbitrary magnetic field

From the definition of Ã1,

Ã1ðq0Þ ¼
Z

d3pA1ðq0; p3;p⊥Þ

¼ i
Z

d3p

�
e−p

2⊥=eB

q20 − p2
3 −m2 þ iϵ

þ
X∞
n¼1

ð−1Þne−p2⊥=eB
Lnð2p

2⊥
eB Þ − Ln−1ð2p

2⊥
eB Þ

q20 − p2
3 −m2 − 2neBþ iϵ

�

¼ I1 þ
X∞
n¼1

ð−1ÞnI2;n: ðD9Þ

Here, we defined

I1 ¼ i
Z

d3p
e−p

2⊥=eB

q20 − p2
3 −m2 þ iϵ

¼ −i
Z

d2p⊥e−p
2⊥=eB

Z
∞

−∞

dz
ðz − a − iϵÞðzþ aþ iϵÞ

¼ −iπðeBÞ 2πi
2ðaþ iϵÞ ¼

π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2 þ iϵ

p ðD10Þ

and

I2;n ¼ i
Z

d3pe−p
2⊥=eB

Lnð2p
2⊥

eB Þ−Ln−1ð2p
2⊥

eB Þ
q20−p2

3−m2 − 2neBþ iϵ
: ðD11Þ
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In cylindrical coordinates, with azimuthal symmetry,
d3p ¼ dp3πdðp2⊥Þ. Moreover, in the integral over p⊥,
define x ¼ 2p2⊥

eB , such that

I2;n ¼
πqB
2

Z
∞

−∞

dp3

q20−m2−p2
3 − 2nqBþ iϵ

×
Z

∞

0

dxe−x=2½LnðxÞ−Ln−1ðxÞ�

¼ 2πqBð−1Þn
Z

∞

−∞

dp3

q20 −m2−p2
3− 2nqBþ iϵ

; ðD12Þ

where we used the identity (Gradshteyn-Ryzhik)

Z
∞

0

dxe−bxLnðxÞ ¼ ðb − 1Þnb−n−1Reb > 0: ðD13Þ

Inserting Eq. (54) and Eq. (56) into Eq. (53), we obtain
(after shifting the index n → nþ 1)

Ã1ðq0Þ ¼
π2ðeBÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2 þ iϵ
p ;

þ 2πqB
Z þ∞

−∞
dp3

×
X∞
n¼0

1

q20 −m2 −p2
3 − 2ðnþ 1ÞeBþ iϵ

: ðD14Þ

Let us introduce the density of states for Landau levels

ρðEÞ ¼
Z

∞

−∞

dp3

2π

X∞
n¼0

δðE − Enðp3ÞÞ; ðD15Þ

with the dispersion relation for the spectrum

Enðp3Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2
3 þm2 þ 2ðnþ 1ÞeB

q
: ðD16Þ

With these definitions, we obtain from Eq. (59) the exact
expression

Ã1ðq0Þ ¼
π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2 þ iϵ
p
þ 4π2eB

Z þ∞

−∞
dE

ρðEÞ
q20 − E2 þ iϵ

; ðD17Þ

where, as shown in detail in Appendix C,

ρðEÞ ¼ Θ
	
E −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2 þ 2eB

p 
 E

π
ffiffiffiffiffiffi
eB

p

×

�
ζ

�
1

2
;
E2 −m2 − 2eB

2eB
− NmaxðEÞ

�

−ζ
�
1

2
;
E2 −m2

2eB

��
; ðD18Þ

where we defined

NmaxðEÞ ¼
�
E2 −m2

2eB
− 1

�
; ðD19Þ

with bxc the integer part of x, and ζðn; zÞ is the Riemann
zeta function.
On the other hand,

Ã2ðq0Þ ¼
Z

∞

−∞
dp3pA1ðq0;p3;p⊥ ¼ 0Þ

¼ i
Z

∞

−∞
dp3

1

q20−p2
3−m2þ iϵ

þ i
Z

∞

−∞
dp3

X∞
n¼1

ð−1Þn Lnð0Þ−Ln−1ð0Þ
q20 −p2

3−m2− 2neBþ iϵ
;

ðD20Þ
where the second term vanishes, given that
Lnð0Þ ¼ 1 ∀ n. Hence

Ã2ðq0Þ ¼ I1 ¼
π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2 þ iϵ
p : ðD21Þ

3. Strong magnetic field limit

In this limit

A1ðqÞ ¼ i
e−q

2⊥=eB

q2k −m2
; ðD22aÞ

A2ðqÞ ¼
e−q

2⊥=eB

q2k −m2
; ðD22bÞ

A3ðqÞ ¼ 0; ðD22cÞ

DðqÞ ¼ 2
e−2q

2⊥=eB

q2k −m2
; ðD22dÞ

and

Ã1ðqÞ ¼
π2eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q20 −m2

p ; ðD23aÞ

Ã2ðq0Þ ¼
πffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q20 −m2
p : ðD23bÞ
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APPENDIX E: VERTEX CORRECTIONS
AT OðΔ2Þ

The diagrams contributing at order Δ2 to the four-point
vertex are depicted in Fig. 11, and hence their correspond-
ing matrix elements are given by the following integral
expressions:

Γ̂ðaÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðp − qÞγj ⊗ γiSFðp0 − qÞγj; ðE1aÞ

Γ̂ðbÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðp − qÞγj ⊗ γiSFðp0 þ qÞγj; ðE1bÞ

and

Γ̂ðcÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðpþ qÞγj ⊗ γiSFðp0 − qÞγj: ðE1cÞ

In order to compute the former expressions, it is
convenient to introduce the notation

Γ̂ðλ;σÞ ¼
Z

d3q
ð2πÞ3 γ

iSFðpþ λqÞγj ⊗ γiSFðp0 þ σqÞγj; ðE2Þ

where λ; σ ¼ �1. Then, we have the correspondence
Γ̂ðaÞ ¼ Γ̂ð−;−Þ, Γ̂ðbÞ ¼ Γ̂ð−;þÞ, and Γ̂ðcÞ ¼ Γ̂ðþ;−Þ, respec-
tively. By considering the tensor structure of the propaga-
tor, it is straightforward to realize that the full vertex, taking
into account the multiplicity factors for each diagram,

Γ̂ ¼ 2Γ̂ð−;−Þ þ 2Γ̂ð−;þÞ þ 4Γ̂ðþ;−Þ; ðE3Þ

leads to an effective interaction of the form

Γ̂ ¼ Δ̃ðψ̄γiψÞðψ̄γiψÞ þ other tensor structures; ðE4Þ

where the renormalized coefficient Δ̃ is given up to second
order in Δ by

Δ̃ ¼ Δþ 2ðΔÞ2
	
J ð−;−Þ

2 þ J ð−;þÞ
2 þ 2J ðþ;−Þ

2

þð1 − ∂
2
xÞð1 − ∂

2
yÞJ ð−;−Þ

3 þ ð1 − ∂
2
xÞð1 − ∂

2
yÞJ ð−;þÞ

3

þ2ð1 − ∂
2
xÞð1 − ∂

2
yÞJ ðþ;−Þ

3



: ðE5Þ

Now, from Eq. (23)

Γ̂ðλ;σÞ ¼ −
	
Γ̂ðλ;σÞ
11 þ Γ̂ðλ;σÞ

12 þ Γ̂ðλ;σÞ
13 þ Γ̂ðλ;σÞ

21

þ Γ̂ðλ;σÞ
22 þΓ̂ðλ;σÞ

23 þ Γ̂ðλ;σÞ
31 þ Γ̂ðλ;σÞ

32 þ Γ̂ðλ;σÞ
33



; ðE6Þ

where

Γ̂ðλ;σÞ
11 ¼

Z
d3q
ð2πÞ3

	
mþ =pk þ λ=qk


	
mþ =p0

k þ σ=qk



×A1ðpþ λqÞA1ðp0 þ σqÞ; ðE7aÞ

Γ̂ðλ;σÞ
12 ¼ iγ1γ2

Z
d3q
ð2πÞ3 ðmþ =pk þ λ=qkÞðmþ =p0

k þ σ=qkÞ

×A1ðpþ λqÞA2ðp0 þ σqÞ; ðE7bÞ

Γ̂ðλ;σÞ
13 ¼

Z
d3q
ð2πÞ3

	
mþ =pk þ λ=qk


	
=p0⊥ þ σ=q⊥



×A1ðpþ λqÞA3ðp0 þ σqÞ; ðE7cÞ

Γ̂ðλ;σÞ
21 ¼ iγ1γ2

Z
d3q
ð2πÞ3

	
mþ =pk þ λ=qk


	
mþ =p0

k þ σ=qk



×A2ðpþ λqÞA1ðp0 þ σqÞ; ðE7dÞ

Γ̂ðλ;σÞ
22 ¼ −

Z
d3q
ð2πÞ3

	
mþ =pk þ λ=qk


	
mþ =p0

k þ σ=qk



×A2ðpþ λqÞA2ðp0 þ σqÞ; ðE7eÞ

Γ̂ðλ;σÞ
23 ¼ iγ1γ2

Z
d3q
ð2πÞ3

	
mþ =pk þ λ=qk


	
=p0⊥ þ σ=q⊥

�
×A2ðpþ λqÞA3ðp0 þ σqÞ; ðE7fÞ

Γ̂ðλ;σÞ
31 ¼

Z
d3q
ð2πÞ3

	
=p⊥ þ λ=q⊥


	
mþ =p0

k þ σ=qk



×A3ðpþ λqÞA1ðp0 þ σqÞ; ðE7gÞ

Γ̂ðλ;σÞ
32 ¼ −iγ1γ2

Z
d3q
ð2πÞ3

	
=p⊥ þ λ=q⊥


	
mþ =p0

k þ σ=qk



×A3ðpþ λqÞA2ðp0 þ σqÞ; ðE7hÞ

Γ̂ðλ;σÞ
33 ¼

Z
d3q
ð2πÞ3

	
=p⊥ þ λ=q⊥


	
=p0⊥ þ σ=q⊥



×A3ðpþ λqÞA3ðp0 þ σqÞ: ðE7iÞ

The latter equations can be condensed by defining a
single master integral in terms of A1 and its derivatives. To
do so, note that

	
mþ =pk þ λ=qk


	
mþ =p0

k þ σ=qk



¼ m2 þm
h
=pk þ =p0

k þ ðσ þ λÞ=qk
i
þ =pk=p0

k

þ σ=pk=qk þ λ=qk=p0
k þ λσð=qkÞ2; ðE8Þ

and given that Ai are even functions of q, the linear terms
can be ignored. Then
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mþ =pk þ λ=qk


	
mþ =p0

k þ σ=qk



→ m2 þm
	
=pk þ =p0

k


þ =pk=p0

k þ λσq2k: ðE9Þ

Now, it is convenient to define

P≡ p0 þ p
2

;

Q≡ p0 − p
2

; ðE10Þ

from which	
mþ =pk þ λ=qk


	
mþ =p0

k þ σ=qk



→ m2 þ 2m=Pk þ
	
=Pk − =Qk


	
=Pk þ =Qk



þ λσq2k: ðE11Þ

Similarly,	
mþ =pk þ λ=qk


	
=p0⊥ þ σ=q⊥



→ m

	
=P⊥ þ =Q⊥



þ
	
=Pk − =Qk


	
=P⊥ þ =Q⊥



; ðE12Þ

	
=p⊥ þ λ=q⊥


	
mþ =p0

k þ σ=qk



→ m
	
=P⊥ − =Q⊥



þ
	
=P⊥ − =Q⊥


	
=Pk þ =Qk



; ðE13Þ

and

	
=p⊥ þ λ=q⊥


	
=p0⊥ þ σ=q⊥



→

	
=P⊥ − =Q⊥


	
=P⊥ þ =Q⊥



− λσq2⊥: ðE14Þ

Moreover, Eqs. (27) provide relations between A1 and
A2 and A3 so that by introducing the variables

x ¼ p2⊥
eB

; y ¼ p02⊥
eB

; ðE15Þ

so that

Γ̂ðλ;σÞ ¼ −½ð=Pk − =QkÞð=Pk þ =QkÞ þ 2m=Pk þm2�½1þ ∂x∂y − γ1γ2ð∂x − ∂yÞ�J ðλ;σÞ
1 ðp; p0Þ

− ½ð=Pk − =QkÞð=P⊥ þ =Q⊥Þ þmð=P⊥ þ =Q⊥Þ�ð1 − γ1γ2∂xÞð1 − ∂
2
yÞJ ðλ;σÞ

1 ðp; p0Þ
− ½ð=P⊥ − =Q⊥Þð=Pk þ =QkÞ þmð=P⊥ − =Q⊥Þ�ð1þ γ1γ2∂yÞð1 − ∂

2
xÞJ ðλ;σÞ

1 ðp; p0Þ
− ð=P⊥ − =Q⊥Þð=P⊥ þ =Q⊥Þð1 − ∂

2
xÞð1 − ∂

2
yÞJ ðλ;σÞ

1 ðp; p0Þ
− λσ½1þ ∂x∂y − γ1γ2ð∂x − ∂yÞ�J ðλ;σÞ

2 ðp; p0Þ − λσð1 − ∂
2
xÞð1 − ∂

2
yÞJ ðλ;σÞ

3 ðp; p0Þ; ðE16Þ

where

J ðλ;σÞ
1 ðp; p0Þ≡

Z
d3q
ð2πÞ3A1ðpþ λqÞA1ðp0 þ σqÞ; ðE17aÞ

J ðλ;σÞ
2 ðp; p0Þ≡

Z
d3q
ð2πÞ3 q

2
kA1ðpþ λqÞA1ðp0 þ σqÞ;

ðE17bÞ

and

J ðλ;σÞ
3 ðp; p0Þ≡

Z
d3q
ð2πÞ3 q

2⊥A1ðpþ λqÞA1ðp0 þ σqÞ:

ðE17cÞ

In order to simplify the integrals J i, we shall use the
analytical expression for A1ðkÞ Eq. (B24) (details in
Appendix B):

A1ðkÞ ¼
ie−k

2⊥=eB

2eB
exp

�
−
iπðk2k −m2Þ

2eB

�

× Γ
�
−
k2k −m2

2eB

�
U

�
−
k2k −m2

2eB
;0;

2k2⊥
eB

�
: ðE18Þ

1. The integral J 1

We shall consider the integral

J ðλ;σÞ
1 ðp; p0Þ ¼

Z
d3q
ð2πÞ3A1ðpþ λqÞA1ðp0 þ σqÞ: ðE19Þ

For the case ðλ; σÞ ¼ ð−1;−1Þwe change the integration
variables as follows:

p0 − q ¼ q0 þQ;

p − q ¼ q0 −Q: ðE20Þ

JORGE DAVID CASTAÑO-YEPES et al. PHYS. REV. D 107, 096014 (2023)

096014-22



In what follows, we shall use q instead of q0. For notation
simplicity, we shall define the parameters

a ¼ −
Dkðq3 þQkÞ

2eB
;

a0 ¼ −
Dkðq3 −QkÞ

2eB
; ðE21Þ

and we shall use the identity

ΓðaÞUða; ϵ; zÞ ¼ 1

a
Mða;ϵ; zÞ þΓð−1þ ϵÞzMð1þ a;2; zÞ;

ðE22Þ

together with ϵ → 0þ

Γð−1þ ϵÞ ¼ −1
ϵ

þ γe − 1þOðϵÞ; ðE23Þ

where γe ¼ 0.577 is the Euler-Mascheroni constant. Also,
given that there is a strong exponential damping in the
integral, we consider the expansion of the Kummer
function for small values of its argument that is given by

Mða; b; zÞ ¼ 1þ a
b
zþOðz2Þ; ðE24Þ

so that, after removing the divergences, we end up with the
integral

J ð−;−Þ
1 ðp; p0Þ ¼

�
i

2eB

�
2

e−
2Q2⊥
eB

Z
∞

−∞

dq3
2π

eiπðaþa0Þ
Z

∞

0

d2q⊥
ð2πÞ2 e

−
2q2⊥
eB ΓðaÞU

�
a; ϵ;

ðqþQÞ2⊥
eB

�
Γða0ÞU

�
a0; ϵ;

ðq −QÞ2⊥
eB

�

¼ 1

ð2πÞ3
�

i
2eB

�
2

e−
2Q2⊥
eB

Z
∞

−∞
dq3eiπðaþa0Þ

×
Z

∞

0

d2q⊥e−
2q2⊥
eB

�
1

a
þ γe − 1

eB
ðq2⊥ þ 2Q⊥ · q⊥ þQ2⊥Þ

��
1

a0
þ γe − 1

eB
ðq2⊥ − 2Q⊥ · q⊥ þQ2⊥Þ

�
: ðE25Þ

Let us focus on the integrand. At order Oðq2⊥Þ, we have

�
1

a
þ γe − 1

eB
ðq2⊥ þ 2Q⊥ · q⊥ þQ2⊥Þ

��
1

a0
þ γe − 1

eB
ðq2⊥ − 2Q⊥ · q⊥ þQ2⊥Þ

�

≃
1

aa0
þ ðγe − 1Þq2⊥

eB

�
1

a
þ 1

a0
þ 2ðγe − 1ÞQ2⊥

eB

�
þ ðγe − 1Þð2Q⊥ · q⊥Þ

eB

�
1

a0
−
1

a

�

−
ðγe − 1Þ2ð2Q⊥ · q⊥Þ2

eB2
þ ðγe − 1ÞQ2⊥

eB

�
1

a
þ 1

a0

�
: ðE26Þ

Then, by defining

z≡ 2q2⊥
eB

ðE27Þ

such that

Q⊥ · q⊥ ¼ jQ⊥jjq⊥j cos θ ¼
ffiffiffiffiffiffi
eB
2

r
jQ⊥jz1=2 cos θ;

d3q ¼ dq3d2q⊥ ¼ eB
4
dzdθdq3; ðE28Þ

where after angular integration we obtain
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J ð−;−Þ
1 ðp; p0Þ ¼ 1

ð2πÞ3
πeB
2

�
i

2eB

�
2

e−
2Q2⊥
eB

Z
∞

−∞
dq3e

− iπ
2eBðDkðq3þQkÞþDkðq3−QkÞÞ

×
Z

∞

0

dze−z
�

1

aa0
þ ðγe − 1Þ

2

�
1

a
þ 1

a0

�
zþ ðγe − 1ÞQ2⊥

eB

�
1

a
þ 1

a0

��
: ðE29Þ

Performing the integration over z:

J ð−;−Þ
1 ðp; p0Þ ¼ −

eB
4π2

e−
2Q2⊥
eB e−

iπðQ2
k−m

2Þ
eB

Z
∞

−∞
dq3

exp ð iπ
2eB q

2
3Þ

ðQ2
k − q23 −m2 þ iϵÞ2 − 4Q2

3q
2
3

×

�
1 −

ðγe − 1ÞQ2⊥ðQ2
k − q23 −m2Þ

ðeBÞ2 −
ðγe − 1ÞðQ2

k − q23 −m2Þ
eB

�
: ðE30Þ

In what follows, we shall set the external three-momenta to zero, except for the presence of the Q⊥ factors—those we
shall keep in order to use this expression as a generating function. Then

J ð−;−Þ
1 ðp; p0Þ ¼ −

eB
4π2

e−
2Q2⊥
eB

Z
∞

−∞

dq3
ðq23 þm2 þ iϵÞ2 exp

�
iπ
2eB

ðq23 þm2Þ
�

×

�
1þ ðγe − 1ÞQ2⊥ðq23 þm2Þ

ðeBÞ2 þ ðγe − 1Þðq23 þm2Þ
eB

�
: ðE31Þ

Now, from the well-known resultsZ
∞

−∞

dx
x2 þm2

exp
�
iπ
2b

ðx2 þm2Þ
�
¼ π

m

�
1 − ð1 − iÞC

�
mffiffiffi
b

p
�
− ð1þ iÞS

�
mffiffiffi
b

p
��

ðE32aÞ

and

Z
∞

−∞

dx
ðx2 þm2Þ2 exp

�
iπ
2b

ðx2 þm2Þ
�
¼ ð1 − iÞπ

2
ffiffiffi
b

p
m2

e
iπm2

2b þ ðbþ iπm2Þπ
2bm3

�
1 − ð1 − iÞC

�
mffiffiffi
b

p
�
− ð1þ iÞS

�
mffiffiffi
b

p
��

; ðE32bÞ

where CðxÞ and SðxÞ are the cosine and sine Fresnel integrals, respectively. From the property

CðxÞ þ iSðxÞ ¼
ffiffiffi
π

2

r
1þ i
2

erf

�
1 − iffiffiffi

2
p x

�
; ðE33Þ

we have

J ð−;−Þ
1 ðp; p0Þ ¼ −

eB
4π2

e−
2Q2⊥
eB

� ð1 − iÞπ
2

ffiffiffiffiffiffi
eB

p
m2

e
iπm2

2eB þ ðeBþ iπm2Þπ
2ðeBÞm3

�
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

��

þ πðγe − 1Þ
ðeBÞm

�
1þQ2⊥

eB

��
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

���
; ðE34Þ

where erfðxÞ is the error function.

2. The integral J 2

For this integral, note that q2k ¼ −q23, so that after integration over z we get
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J ð−;−Þ
2 ðp; p0Þ ¼ eB

4π2
e−

2Q2⊥
eB

Z
∞

−∞
dq3

q23
ðq23 þm2 þ iϵÞ2 exp

�
iπ
2eB

ðq23 þm2Þ
�

×

�
1þ ðγe − 1ÞQ2⊥ðq23 þm2Þ

ðeBÞ2 þ ðγe − 1Þðq23 þm2Þ
eB

�
: ðE35Þ

By using

Z
∞

−∞
dx

x2

x2 þm2
exp

�
iπ
2b

ðx2 þm2Þ
�

¼ ð1þ iÞeiπm2

2b

ffiffiffi
b

p
−mπ

�
1 − ð1 − iÞC

�
mffiffiffi
b

p
�
− ð1þ iÞS

�
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b

p
��

ðE36aÞ

and

Z
∞

−∞
dx

x2

ðx2 þm2Þ2 exp
�
iπ
2b

ðx2 þm2Þ
�

¼ ði − 1Þπffiffiffi
b

p e
iπm2

2b þ ðibþ πm2Þπ
2bm

�
−iþ ð1þ iÞC

�
mffiffiffi
b

p
�
− ð1 − iÞS

�
mffiffiffi
b

p
��

; ðE36bÞ

we get

J ð−;−Þ
2 ðp; p0Þ ¼ eB

4π2
e−

2Q2⊥
eB

�ði − 1Þπffiffiffiffiffiffi
eB

p e
iπm2

2eB þ ðeB − iπm2Þπ
2ðeBÞm

�
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

��
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ðeBÞ
�
1þQ2⊥

eB

��
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

���
:

3. The integral J 3

By following the same procedure, it is straightforward to obtain at order OðzÞ:

J ð−;−Þ
3 ðp; p0Þ ¼ −

eB2

8π2
e−

2Q2⊥
eB

� ð1 − iÞπ
2

ffiffiffiffiffiffi
eB

p
m2

e
iπm2

2eB þ ðeBþ iπm2Þπ
2ðeBÞm3

�
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

��

þ πðγe − 1ÞQ2⊥
ðeBÞ2m

�
1 −

ffiffiffi
π

2

r
erf

�
1 − iffiffiffi

2
p mffiffiffiffiffiffi

eB
p

���
: ðE37Þ

Moreover, it is easy to check that

J ðþ;þÞ
n ðp; p0Þ ¼ J ð−;−Þ

n ðp; p0Þ;
J ðþ;−Þ

n ðp; p0Þ ¼ J ð−;þÞ
n ðp; p0Þ ¼ J ð−;−Þ

n ðp; p0ÞjQ→P; ðE38Þ

for n ¼ 1; 2; 3.
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