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We have derived the solutions of the relativistic anomalous magnetohydrodynamics with longitudinal
Bjorken boost invariance and transverse electromagnetic fields in the presence of temperature or energy
density dependent electric conductivity. We consider the equations of states in a high temperature limit or in
a high chiral chemical potential limit. We obtain both perturbative analytic solutions up to the order of ℏ
and numerical solutions in our configurations of initial electromagnetic fields and Bjorken flow velocity.
Our results show that the temperature or energy density dependent electric conductivity play an important
role to the decaying of the energy density and electromagnetic fields. We also implement our results to the
splitting of global polarization for Λ and Λ̄ hyperons induced by the magnetic fields. Our results for the
splitting of global polarization disagree with the experimental data in low energy collisions, which implies
that the contribution from electromagnetic fields may be insufficient to explain the global polarization of Λ
and Λ̄ hyperons in the low energy collisions.
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I. INTRODUCTION

Recently, strong electromagnetic (EM) fields (of order
1017–1018 Gauss [1–4]) generated in the relativistic
heavy ion collisions provide a platform to study the novel
quantum transport phenomena and nonlinear quantum
electrodynamics.
The strong magnetic fields can induce the chiral mag-

netic effect (CME) [5–8] associated with the chiral
anomaly, chiral separation effect [9] and chiral magnetic
wave [10,11]. While the electric fields can cause chiral
electric separation effect [12–15] and other novel nonlinear
EM responses in chiral systems [15–20]. These chiral
transport phenomena are naturally connected to the
Schwinger mechanism [21–25]. More discussions and
references can be found in recent reviews [26–35]. To
understand and describe these chiral transport, the quantum
kinetic theory or named Wigner function approaches, as an
microscopic effective theory has been widely discussed
[36–73] (also see Refs. [34,72,74] for the recent reviews on
quantum kinetic theory).

It is still challenging to search the CME signal in the
relativistic heavy ion collision at Relativistic Heavy Ion
Collider (RHIC) [75–82] and Large Hadron Collider
(LHC) [83–85]. Although many possible correlators or
observables have been proposed [78], the background
contributions from, e.g., the transverse momentum con-
servation [86–90], local charge conservation [91] and
nonflow correlations [92,93], cannot be neglected.
Nevertheless, the recent isobar collisions [94] in STAR
measurements [95] do not observe the CME signature that
satisfies the predefined criteria. It requires the future
systematical studies on CME.
Another interesting phenomena related to the chiral

transport and EM fields is the global and local polarization
of Λ and Λ̄ hyperons [96–98]. The global polarization has
been measured by the STAR experiments [99] and been
widely studied in several models [100–110] (also see recent
reviews [34,111–113]). Meanwhile, the local spin polari-
zation, in Auþ Au collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV has
been measured [114] and studied [109,110,115–119].
Several studies have pointed out that the splitting of global
polarization of Λ and Λ̄ hyperons may be induced by the
EM fields [120–123] and gradient of baryon chemical
potential [109,110,124]. Therefore, the further studies on
the EM fields and their evolution are also required in
this field.
On the other hand, strong EM fields make the studying of

the nonlinear electrodynamics be possible. The light-by-light
scattering [125], matter generation directly from photons
[126,127], the vacuum birefringence [126,128–132] have
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been measured. People find that the EM fields can be
considered as the real photons approximations. Therefore,
the lepton pair photoproduction in peripheral and ultra-
peripheral collisions have been comprehensively studied at
both experimental [126,133–135] and theoretical sides, e.g.,
by the generalized equivalent photon approximation or the
calculations based on QED models in the background field
approaches [127,136–142], the framework based on the
factorization theorem [143–146] and the calculation based
on QED with the assumption of wave packet [147–149].
As known, the relativistic hydrodynamics [150–157] is

an macroscopic effective theory for the relativistic many
body systems. To learn the chiral transport phenomena, the
relativistic anomalous magentohydrodynamics (MHD),
which are the ordinary relativistic hydrodynamics coupled
to the Maxwell’s equation in the presence of chiral anomaly
and CME, has been widely discussed [158–167].
Meanwhile, the simulations from the anomalous-viscous
fluid dynamics with a given background EM fields are
presented in Refs. [168–170]. Similarly, to describe the
polarization effects, the spin hydrodynamics have been
built [171–197] (also see the recent reviews [34,111–
113,176,198]).
In previous studies [162,163] by some of us, we have

investigated the relativistic anomalous MHD with a longi-
tudinal boost invariant Bjorken flow and transverse EM
fields. For simplicity, we assume the electric conductivity is
a constant. Nevertheless, the recent numerical simulations
from relativistic Boltzmann equations show that the electric
conductivity changes with proper time [199–202]. To
consider these effects, we need to consider a temperature
dependent electric conductivity, also see the early studies
from lattice QCD [203–205] and holographic models
[13,15]. We will solve the anomalous MHD in a longi-
tudinal boost invariant Bjorken flow with a temperature or
energy density dependent electric conductivity. Meanwhile,
we will implement our results to the splitting of global
polarization for the Λ and Λ̄ hyperons.
The structure of this work is as follows. In Sec. II, we

briefly review the relativistic anomalous MHD. Then, we
consider two kinds of equations of state, which are the
system in a high temperature or high chiral chemical
potential limits and take the system in a Bjorken flow in
Sec. III. We present the perturbative analytic solutions and
numerical solutions with our configurations of initial EM
fields in high temperature and high chiral chemical poten-
tial limits in Sec. IVand V, respectively. We implement our
results to the splitting of global polarization of Λ and Λ̄
hyperons in Sec. VI and summarize the work in Sec. VII.
Throughout this work, we choose the metric gμν ¼

diagfþ;−;−;−g and Levi-Civita tensor ϵμνρσ satisfying
ϵ0123 ¼ −ϵ0123 ¼ þ1. Note that ϵμναβϵμνρσ ¼ −2!ðgαρgβσ−
gασg

β
ρÞ. The fluid velocity uμ ¼ γð1; vÞ with γ being

Lorentz factor satisfies uμuμ ¼ 1 and Δμν ¼ gμν − uμuν is
the orthogonal projector to the fluid four-velocity uμ.

II. ANOMALOUS MAGNETOHYDRODYNAMICS

In this section, we give a brief review for the relativistic
anomalous MHD. The MHD equations are the conserva-
tion equations coupled to the Maxwell’s equations (see,
e.g., Refs. [158–163,206–208]). The energy-momentum
conservation equation is,

∂μTμν ¼ 0; ð1Þ
where the energy-momentum tensor Tμν can be decom-
posed as two parts,

Tμν ¼ Tμν
F þ Tμν

EM: ð2Þ

Here, Tμν
F stands for the energy-momentum tensor of the

medium and is usually written as in the Landau frame,

Tμν
F ¼ εuμuν − ðpþ ΠÞΔμν þ πμν; ð3Þ

where ε; p;Π; πμν denote the energy density, pressure, bulk
viscosity pressure and shear viscous tensor, respectively.
The Tμν

EM is the energy and momentum given by the EM
fields, i.e.,

Tμν
EM ¼ −FμλFν

λ þ
1

4
gμνFρσFρσ: ð4Þ

In the relativistic hydrodynamics, we usually rewrite the
EM tensor Fμν as,

Fμν ¼ Eμuν − Eνuμ þ ϵμναβuαBβ; ð5Þ

where we introduce the four vector form of electric and
magnetic fields,

Eμ ¼ Fμνuν; Bμ ¼ 1

2
ϵμναβuνFαβ: ð6Þ

Note that, by definition (6), we find that uμEμ ¼ 0 and
uμBμ ¼ 0. For convenience, we also define

E ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−EμEμ

p
;

B ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−BμBμ

p
: ð7Þ

Besides the energy and momentum conservation, we
have the charge (or vector current) jμe conservation equa-
tions and the anomalous equations for the axial current (or
chiral current) jμ5,

∂μj
μ
e ¼ 0;

∂μj
μ
5 ¼ −e2CEμBμ: ð8Þ

Here, C ¼ ℏ=ð2π2Þ is the chiral anomaly coefficient
[162,163,209–212]. The constitutive equations for the
currents are,
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jμe ¼ neuμ þ σEμ þ ξBμ þ ξωω
μ þ νμ;

jμ5 ¼ n5uμ þ σ5Eμ þ ξ5Bμ þ ξ5ωω
μ þ νμ5: ð9Þ

Here, ne and n5 are the electric and chiral charge density,
respectively. The νμ, νμ5 are the heat conducting flow for the
charge and chiral currents, respectively. The transport
coefficients for conducting flows induced by the electric
fields σ; σ5 are computed by Refs. [12,13,15]. The transport
coefficients for the CME and chiral separation effect ξ and
ξ5 are [8,36,38],

ξ ¼ eCμ5; ξ5 ¼ eCμe; ð10Þ

where μe and μ5 are the chemical potentials for the charge
and chiral charge, respectively. The terms ξωωμ and ξ5ωω

μ

denote the chiral vortical effect and the chiral current
induced by the vortical fields [8,36,38], with
ωμ ¼ 1

2
ϵμναβuν∂αuβ, being the vortical field.

Two types of Maxwell’s equations are

∂μFμν ¼ jνe;

∂μðϵμναβFαβÞ ¼ 0: ð11Þ

Or, we can rewrite Eqs. (11) in the terms of Eμ and Bμ,

∂μðEμuν − Eνuμ þ ϵμναβuαBβÞ ¼ jνe;

∂μðBμuν − Bνuμ þ ϵμναβuβEαÞ ¼ 0: ð12Þ

The thermodynamic relations and Gibbs relations read,

εþ p ¼ Tsþ μnþ μ5n5;

dε ¼ Tdsþ μdnþ μ5dn5: ð13Þ

Note that, in general, the EM fields can modify the above
relations through the magnetization and electric polariza-
tion [158]. Here, we neglect these higher order corrections.
Besides Eqs. (13), we also need the equations of state (EoS)
to close the whole system.
In Ref. [162], the electric conductivity σ is assumed as a

constant. However, in general, the electric conductivity
depends on both temperature and chemical potential and is
changed with the evolution of the system. Therefore, in the
current study, we consider a temperature and/or energy
density dependent conductivity σ.

III. EQUATIONS IN A BJORKEN FLOW

In this section, we introduce two equations of state (EoS)
and consider the initial system is in a Bjorken flow.
We follow Refs. [158–163] to search the solutions in a

force-free MHD. We need to simplify the main equations
for MHD. First, we neglect the standard dissipative terms in
Tμν and currents jμ; jμ5, i.e., we setΠ ¼ πμν ¼ νμ ¼ νμ5 ¼ 0.
Second, although the vortical fields ωμ is of importance to

the spin polarization in the relativistic heavy ion collisions
(see the recent reviews [34,72] and the references therein),
it is not directly connected to the evolution of EM fields.
Therefore, we also neglect the terms proportional to ωμ in
the currents (9) for simplicity. Third, from the Maxwell’s
equations, we know the charged fluid cells will be
accelerated by the EM fields. To search for the force-free
type solutions in Ref. [158–163], we assume that the fluid
is charge neutral, i.e., we set μe ¼ ne ¼ 0. Since the chiral
electric conductivity σ5 is proportional to μeμ5 [12,13,15]
in the small chemical potentials limits, we find that σ5 ¼ 0
under the assumption of vanishing μe.
We consider two typical EoS to close the system.
In the high temperature limit, the EoS labeled as “EOS-

HT” is assumed as

ε ¼ c−2s p;

n5 ¼ aμ5T2; ð14Þ

where speed of sound cs and a are dimensionless constants.
For an ideal fluid, c2s ¼ a ¼ 1=3 for instance [213]. In the
high temperature limit, the electric conductivity is assumed
to be proportional to temperature T due to the dimension
analysis, i.e.,

σ ¼ σ0

�
TðτÞ
Tðτ0Þ

�
þO

�
μ5
T

�
; ð15Þ

with σ0 being a constant, τ is the proper time and τ0 being
the initial proper time.
In the high chiral chemical potential limit, we label the

EoS as “EOS-HC”, which is given by,

ε ¼ c−2s p;

n5 ¼ aμ35: ð16Þ

In the ideal fluid limit, a ¼ 1=ð3π2Þ [36,213]. The electric
conductivity is assumed to be, σ ∝ ðμ2e þ μ25Þ=T, i.e.,

σ ¼ σ0

�
n5ðτÞ
n5ðτ0Þ

�
2=3

�
εðτ0Þ
εðτÞ

�
c2s=ð1þc2sÞ þOðT=μ; T=μ5Þ: ð17Þ

Note that, for simplicity, we replace the temperature
dependence by the energy density dependent in Eq. (17).
More systematical discussions on the electric conductivity
can be found in lattice QCD [203,204], perturbative QCD
at finite temperature and chemical potentials and holo-
graphic models [214] and other models [205].
We summarize the main differential equations. The

Eqs. (1), (8), (11) with the constitutive equations (3),
(9), the EoS (14) or (16) with thermodynamic relations
(13) and electric conductivity (15) or (17) are the main
equations for the anomalous MHD. The acceleration
equations for the fluid velocity, i.e., Δμα∂νTμν ¼ 0, gives,
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ðu · ∂Þuα ¼
1

εþ pþ E2 þ B2

�
Δα

ν
∂ν

�
pþ 1

2
E2 þ 1

2
B2

�
þ ΔμαðE · ∂ÞEμ þ Eαð∂ · EÞ þ ΔμαðB · ∂ÞBμ

þ Bαð∂ · BÞ þ ϵνλρσEλBρuσð∂νuαÞþð∂ · uÞϵαλρσEλBρuσ þ Δμνðu · ∂ÞϵμλρσEλBρuσ

�
: ð18Þ

The total energy conservation equation uμ∂νTμν ¼ 0 reads,

ðu · ∂Þ
�
εþ 1

2
E2 þ 1

2
B2

�
þ ðεþ pþ E2 þ B2Þð∂ · uÞ

¼ uμðE · ∂ÞEμ þ uμðB · ∂ÞBμ þ ϵνλρσ∂νðEλBρuσÞ þ uμð∂ · uÞϵμλρσEλBρuσ: ð19Þ

The conservation equations (8) becomes,

∂μðσEμ þ ξBμÞ ¼ 0;

∂μðn5uμÞ ¼ 0: ð20Þ

The charge conservation equation in the first line of
Eq. (20) can also be derived from the Maxwell’s equation,
therefore, it is not an independent dynamical equation for
EM fields. The explicit expression for the Maxwell’s
equations (12) under our assumptions is,

∂μðEμuν − Eνuμ þ ϵμναβuαBβÞ ¼ σEν þ ξBν;

∂μðBμuν − Bνuμ þ ϵμναβuβEαÞ ¼ 0: ð21Þ

We follow the basic idea in Refs. [158–163] to search for
the analytic solutions in our cases. We assume that the fluid
is a Bjorken flow initially. We introduce the Milne
coordinates

z ¼ τ sinh η; t ¼ τ cosh η; ð22Þ

where

τ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 − z2

p
;

η ¼ 1

2
ln

�
tþ z
t − z

�
; ð23Þ

are the proper time and the space-time rapidity, respec-
tively. The fluid velocity of a longitudinal boost invariant
Bjorken flow is given by [215],

uμ ¼ ðcosh η; 0; 0; sinh ηÞ ¼ γð1; 0; 0; z=tÞ: ð24Þ

For simplicity, we also assume the initial Eμ and Bμ

depends on τ only and are parallel or antiparallel to the
each other. Without loss of generality, we set the initial EM
field be put in the y direction only,

Eμ ¼ ð0; 0; χEðτÞ; 0Þ; Bμ ¼ ð0; 0; BðτÞ; 0Þ; ð25Þ

where χ ¼ �1 represent parallel or antiparallel. Following
the standard conclusion in a Bjorken flow, we also assume
that all the thermodynamic quantities depend on proper
time τ only at the initial time τ0.
We first assume that during the evolution the EM fields

are still satisfying the profile (25) and the thermodynamic
variables still depend on the proper time only and then
check whether this assumption can always be satisfied. The
acceleration equation (18) reduces to ðu · ∂Þuα ¼ 0, i.e.,
the fluid will not be accelerated by the EM fields. The
Maxwell’s equations (21) reduce to,

ðu · ∂ÞEþ Eð∂ · uÞ þ σEþ χξB ¼ 0;

ðu · ∂ÞBþ Bð∂ · uÞ ¼ 0: ð26Þ

The equations for energy conservation and chiral anomaly
becomes, under these assumptions and with the help of
Eq. (26),

ðu · ∂Þεþ ðεþ pÞð∂ · uÞ − σE2 − χξEB ¼ 0;

ðu · ∂Þn5 þ n5ð∂ · uÞ − e2CχEB ¼ 0: ð27Þ

Although one can automatically derive the charge con-
servation equation from Maxwell’s equation, let us still
check whether the charge conservation equation (20) as a
constrain equation for EM fields can be satisfied or not.
With our configurations for the transverse EM fields in
Eq. (25) and the our assumption for conductivities in
Eq. (15) or (17), it is straightforward to obtain
∂μjμ ¼ ∂μðσEμ þ ξBμÞ ¼ 0. Combining Eqs. (26) and
(27), we can conclude that with the initial configurations
(25), the initial fluid velocity (24) holds and all the
thermodynamic variables will always depend on the proper
time only during the evolution.
Note that we do not take the EM fields as the background

fields. In a background EM fields approach, all the possible
acceleration given by EM fields or back reactions from
fluid cells are neglected. Here, we are searching for the
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configurations of EM fields to satisfy the force-free con-
dition, i.e., the EM fields will not accelerate the fluid cells.
Before end of this section, we would like to emphasize

the Eμ and Bμ in Eq. (25) are defined in a comoving frame.
The electromagnetic fields Elab and Blab in the laboratory
frame can be obtained through Fμν directly,

Elab ¼ ðγvzBðτÞ; χγEðτÞ; 0Þ;
Blab ¼ ð−γvzχEðτÞ; γBðτÞ; 0Þ: ð28Þ

In the ideal MHD limit, i.e., σ → 0, since jμ ∼ σEμ should
be finite, Eμ vanish. Therefore, the magnetic fields in lab
frame will reduce to Blab ¼ ð0; γBðτÞ; 0Þ.
In next section, we will solve Eqs. (26), (27).

Interestingly, there are no terms proportional to ∂μσ in
Eqs. (26), (27), i.e., Eqs. (26), (27) are the same as those in
the case of constant σ. We emphasize that now the σ
depends on proper time, e.g., in Eq. (15) for EoS-HT (14)
and Eq. (17) for EoS-HC (16). Therefore, the system
evolution becomes more complicated then those in
Ref. [162,163].

IV. SOLUTIONS IN HIGH TEMPERATURE LIMIT

In this section, we solve the simplified differential
equations (26), (27) with the EoS-HT (14) and temperature
dependent conductivity (15).
Following Refs. [162,163,165,216], we implement the

following method. For a given differential equation

�
d
dτ

þm
τ

�
fðτÞ ¼ fðτÞ d

dτ
λðτÞ; ð29Þ

withm being a constant and λðτÞ being a given source term,
the solution for fðτÞ can be written in a compact form,

fðτÞ ¼ fðτ0Þ exp½λðτÞ − λðτÞ�
�
τ0
τ

�
m
; ð30Þ

where τ0 is an initial proper time and fðτ0Þ is the initial
value of fðτÞ at τ0.
From Eq. (26) it is straightforward to get

BðτÞ ¼ B0

τ0
τ
; ð31Þ

where B0 is initial magnetic fields.

We rewrite Eqs. (26), (27) in a compact form,

d
dτ

εþ ð1þ c2sÞ
ε

τ
¼ ε

d
dτ

L;

d
dτ

Eþ E
τ
¼ E

d
dτ

E;

d
dτ

n5 þ
n5
τ
¼ n5

d
dτ

N ; ð32Þ

where the source terms are given by,

d
dτ

L ¼ 1

ε
σE2 þ 1

ε
eCχμ5EB;

d
dτ

E ¼ −σ − eCχμ5
B
E
;

d
dτ

N ¼ e2CχEB
n5

: ð33Þ

Following Eq. (30), the solutions of Eqs. (32) read,

EðτÞ¼E0

�
τ0
τ

�
exp ½EðτÞ−Eðτ0Þ�≡E0

�
τ0
τ

�
xðτÞ;

n5ðτÞ¼ n5;0

�
τ0
τ

�
exp ½N ðτÞ−N ðτ0Þ�≡n5;0

�
τ0
τ

�
yðτÞ;

εðτÞ¼ ε0

�
τ0
τ

�
1þc2s

exp ½LðτÞ−Lðτ0Þ�≡ ε0

�
τ0
τ

�
1þc2s

zðτÞ;

ð34Þ

where E0; n5;0; ε0 are initial electric field, chiral density and
energy density at τ ¼ τ0 and we have introduced three
variables xðτÞ, yðτÞ and zðτÞ,

xðτÞ ¼ exp ½EðτÞ − Eðτ0Þ�;
yðτÞ ¼ exp ½N ðτÞ −N ðτ0Þ�;
zðτÞ ¼ exp ½LðτÞ − Lðτ0Þ�: ð35Þ

In the high temperature limit, the energy density can be
written in the power series of μ5=T ≪ 1,

εðτÞ ¼ ε0

�
T
T0

�
1þc−2s þO

�
μ25
T2

�
: ð36Þ

From Eq. (34) for energy density ε, we get

T ¼ T0

�
τ0
τ

�
c2s
zðτÞc2s=ð1þc2sÞ: ð37Þ

and, from Eq. (15),
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σ ¼ σ0

�
τ0
τ

�
c2s
zðτÞc2s=ð1þc2sÞ: ð38Þ

Inserting the expression for x, y, z into Eqs. (33),
yields,

d
dτ

x ¼ −σ0
�
τ0
τ

�
c2s
xzc

2
s=ð1þc2sÞ −

a1
τ0

�
τ0
τ

�
1−2c2s

yz−2c
2
s=ð1þc2sÞ;

d
dτ

y ¼ a2
x
τ
;

d
dτ

z ¼ E2
0

ε0
σ0

�
τ0
τ

�
x2zc

2
s=ð1þc2sÞ

þ a1
τ0

�
E2
0

ε0

��
τ0
τ

�
2−3c2s

xyz−2c
2
s=ð1þc2sÞ; ð39Þ

where by definition, xðτ0Þ ¼ yðτ0Þ ¼ zðτ0Þ ¼ 1, and a1;2
are all dimensionless constants determined by the initial
conditions

a1 ¼ eCχ
B0n5;0
aT2

0E0

τ0;

a2 ¼ e2Cχ
E0B0

n5;0
τ0: ð40Þ

We notice that a1;2 ∝ C ∼ ℏ and it denotes that the terms
proportional to a1, a2 in Eqs. (39) are quantum corrections
to the ordinary MHD.
From the numerical simulations in Ref. [4], we find that

the initial energy density of fluid ε0 is much larger than the
initial energy density of EM fields ε0 ≫ E2

0; B
2
0; E0B0. For

simplicity, we consider OðE2
0

ε0
Þ ∼Oða1;2Þ ∼OðℏÞ. To the

leading order of ℏ, we get the solutions for Eqs. (39),

xðτÞ ¼ em1ðτ̃−1Þ − a1em1 τ̃ð1 − c2sÞ−1½Eðn1; m1Þ − τ̃−2c
2
s=ðc2s−1ÞEðn1; m1τ̃Þ�;

yðτÞ ¼ 1þ a2e−m1ð1 − c2sÞ−1½Eð1;−m1Þ − Eð1;−m1τ̃Þ�;

zðτÞ ¼ 1 −
E2
0

ε0
m1e−2m1 ½Eð1;−2m1Þ − Eð1;−2m1τ̃Þ� þ a1

E2
0

ε0
e−m1ð1 − c2sÞ−1½Eð2n2;−m1Þ − τ̃ð1−3c2sÞ=ðc2s−1ÞEð2n2;−m1τ̃Þ�;

ð41Þ

where

Eðn;mÞ≡
Z

∞

1

dtt−ne−mt; ð42Þ

is the generated exponential integral, and

n1 ¼
1 − 3c2s
1 − c2s

;

n2 ¼
1 − 2c2s
1 − c2s

;

m1 ¼ −
σ0τ0
1 − c2s

;

τ̃ ¼
�
τ0
τ

�
c2s−1

: ð43Þ

Inserting the solutions for x, y, z back into Eqs. (34), we can
get the solutions for EðτÞ; n5ðτÞ and εðτÞ.
In the order of ℏ0, we find,

EðτÞ ¼ E0

�
τ0
τ

�
xðτÞ ∝ 1

τ
e−σðτÞτ;

n5ðτÞ ¼ n5;0

�
τ0
τ

�
yðτÞ ∝ τ0

τ
;

εðτÞ ¼ ε0

�
τ0
τ

�
1þc2s

zðτÞ ∝
�
τ0
τ

�
1þc2s

; ð44Þ

which are consistent with the results in a ordinary MHD
with finite electric conductivity in a Bjorken flow as
discussed by Refs. [162,163]. We also find that,

σðτÞ ¼ σ0

�
TðτÞ
Tðτ0Þ

�
∝
�
τ0
τ

�
c2s
; ð45Þ

which decays with proper time. The numerical studies of
σðτÞ in the evolution of QGP can also be found in
Refs. [201,202].
Next, we present the above perturbative analytic solu-

tions (34), (41) and the results for solving Eqs. (32) directly
in a numerical way. We choose the τ0 ¼ 0.6 fm=c and the
speed of sound c2s ¼ 1=3. The electric conductivity σ are
given by σ ∼ 5.8T=Tc MeV from lattice QCD [203–205]
and σ ∼ 20–30 MeV for T ≃ 200 MeV from the holo-
graphic QCD [13,15]. In this work, we choose the region
of the initial electric conductivity σ0 as σ0 ∼ 5–30 MeV≃
0.025–0.15 fm−1.
From the solutions (41), the proper timescaled electric

field E=E0 × ðτ=τ0Þ and chiral density n5=n5;0 × ðτ=τ0Þ
will not be sensitive to the E2

0=ε0. We have also confirmed it
numerically. For simplicity, we fix E2

0=ε0 ¼ 0.1 for the
discussion on E=E0 × ðτ=τ0Þ and n5=n5;0 × ðτ=τ0Þ.
In the left-hand side of Fig. 1, we plot the proper

timescaled electric field E=E0 × ðτ=τ0Þ as functions of
the proper time τ with different sets of parameters a1;2; σ0.
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The analytic solutions (34), (41) agree with the numerical
results well. Note that our analytic solutions (41) for E do
not have the a2 dependence and, therefore, it only matches
the numerical results in small ja2j case.
Similar to Refs. [162,163], we find thatEðτÞ decays faster

when a1 increases and E=E0 can be negative at late time on
condition that the initial E and B field are of the same
orientation due to the competition between the anomalous
conservation equation and Maxwell’s equations.

We can also compare our results (solid or dashed-dotted
lines) with temperature dependent σðτÞ to those with a
constant σ derived in Refs. [162,163] (dotted lines). From

Eq. (44) in the order of ℏ0, EðτÞ ∼ 1
τ e

−σ0τ
c2s
0
τ1−c

2
s ∼

1
τ e

−σ0τ
1=3
0

τ2=3 ≤ 1
τ e

−σ0τ0 when τ ≥ τ0. It means that the σðτÞ
will quicken up the decaying of EðτÞ. We can understand it
in the following way. At late time limit, limτ→∞ σðτÞ → 0,
the fluid becomes dilute close to the vacuum and the EM

FIG. 1. The proper timescaled electric field E=E0 × ðτ=τ0Þ and chiral charge density n5=n5;0 × ðτ=τ0Þ computed with EoS-HT (14) as
functions of proper time τ with different parameters a1, a2, σ0. We have fixed E2

0=ε0 ¼ 0.1. The colored solid, black dashed-dotted, and
colored dotted lines denote the results for solving the results from Eqs. (32), (33) numerically, analytic solutions (34), (41) and numerical
results with a constant σ derived in Refs. [162,163], respectively.
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fields decays much rapidity in the vacuum than in a
medium. It is consistent with the results in Fig. 1. On
the other hand, we also notice that when a1;2 are negative,
the E=E0 × ðτ=τ0Þmay increase when proper time grows. It
corresponds to the cases that EM fields gain the energy
from the medium.
In the right-hand side of Fig. 1, we present the proper

timescaled chiral density n5=n5;0 × ðτ=τ0Þ as functions of
the proper time τ with different sets of parameters a1, a2
and σ0. Since our analytic solutions (41) for n5 do not have
the a1 dependence, the analytic solutions for n5 agree with
the numerical results in small ja1j limit. We find that the
proper timescaled chiral density computed from numerical
solutions is not sensitive to the a1 and σ0 at early proper
time. It agrees with the analytic solutions (41). At late
proper time, proper time scaled chiral density computed
from numerical solutions decreases with a1 decreasing. We
also observe that the proper timescaled chiral density
computed from numerical solutions increases when a2
grows. The temperature dependent σðτÞ seems not to affect
the evolution of n5, which can also be found in the
solutions (41).

In Figs. 2, we plot the proper timescaled energy density
ε=ε0 × ðτ=τ0Þ1þc2s as functions of the proper time τ with
different sets of parameters a1, a2, σ0 and E2

0=ε0.
As shown in Eqs. (41), our analytic solutions for ε do not

have a2 dependence and it only corresponds to the small
ja2j limit. On the other hand, we observe that our analytic
solutions (41) for ε matches the numerical results only at
early proper time. It implies that the system is beyond the
approximation for ε in Eq. (36) at late proper time.
We observe that the proper timescaled energy density

increases when a1; a2; σ0; E2
0=ε0 increases. When a1; a2;

σ0; E2
0=ε0 is large enough, the proper timescaled energy

density can increasewith proper time. It corresponds that the
medium gains the energy from the EM fields, which is also
found in the ideal MHD with a background magnetic field
[158,159]. In the comparisonwith the case of constant σ0, we
find that the temperature dependent σðτÞ enhances the
decaying of energy density.
In this section, we have solved the MHD with the

temperature dependent σðτÞ in Eq. (15) and EoS-HT
(14). We present both the analytic solutions (41) up to
the OðℏÞ and the numerical results.

FIG. 2. The proper timescaled energy density ε=ε0 × ðτ=τ0Þ1þc2s computed with EoS-HT (14) as functions of proper time τ with
different parameters a1, a2, σ0 and E2

0=ε0. The colored solid, black dashed-dotted, and colored dotted lines denote the results for solving
the results from Eqs. (32), (33) numerically, analytic solutions (34), (41) and numerical results with a constant σ derived in
Refs. [162,163], respectively.
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V. SOLUTIONS IN HIGH CHIRAL CHEMICAL
POTENTIAL LIMIT

In this section, we solve the simplified differential
equations (26), (27) with the EoS-HC (16) and temperature
and energy density dependent conductivity (17).
Following the same method in the previous section, we

can get the Eqs. (32), (33), (34), (35). The conductivity (17)
becomes,

σ ¼ σ0

�
τ0
τ

�2
3
−c2s

y2=3 · z−c
2
s=ð1þc2sÞ: ð46Þ

Using variables x, y, z, Eqs. (33) becomes,

d
dτ

x ¼ −σ0
�
τ0
τ

�2
3
−c2s

xy2=3 · z−c
2
s=ð1þc2sÞ −

a01
τ0

�
τ0
τ

�
1=3

y1=3;

d
dτ

y ¼ a02
x
τ
;

d
dτ

z ¼ E2
0

ε0
σ0

�
τ0
τ

�5
3
−2c2s

x2y2=3z−c
2
s=ð1þc2sÞ þ a01

τ0

�
E2
0

ε0

��
τ0
τ

�4
3
−c2s

xy1=3; ð47Þ

where xðτ0Þ ¼ yðτ0Þ ¼ zðτ0Þ ¼ 1, and dimensionless constants a01; a
0
2 read

a01 ¼ eCχ

�
n5;0
a

�
1=3 B0

E0

τ0;

a02 ¼ e2Cχ
E0B0

n5;0
τ0: ð48Þ

We follow the same power counting in Sec. IV, i.e., OðE2
0

ε0
Þ ∼Oða01;2Þ ∼OðℏÞ and derive the analytic solutions up to the

order of ℏ,

xðτÞ ¼ em
0
1
ðτ̃0−1Þ þ 3

2
a1em

0
1
τ̃0 ðn01 − 1Þ½Eðn01; m0

1Þ − τ̃02=ð1þ3c2sÞEðn01; m0
1τ̃

0Þ�;

yðτÞ ¼ 1 −
3

2
a2e−m

0
1ðn01 − 1Þ½Eð1;−m0

1Þ − Eð1;−m0
1τ̃

0Þ�;

zðτÞ ¼ 1 −m0
1

E2
0

ε0
e−2m

0
1 ½Eð−2n01 þ 1;−2m0

1Þ − τ̃02n01Eð−2n01 þ 1;−2m0
1τ̃

0Þ�

−
3

2
a1

�
E2
0

ε0

�
e−m

0
1ðn01 − 1Þ½Eð−n01 þ 1;−m0

1Þ − τ̃0n01Eð−n01 þ 1;−m0
1τ̃

0Þ�; ð49Þ

where we introduce

n01 ¼
−1þ 3c2s
1þ 3c2s

;

m0
1 ¼ −

σ0τ0
1
3
þ c2s

;

τ̃0 ¼
�
τ0
τ

�
−1
3
−c2s

: ð50Þ

For the numerical calculations, we choose the τ0 ¼
0.6 fm=c and the speed of sound c2s ¼ 1=3. Meanwhile,
we fix E2

0=ε0 ¼ 0.1 for the discussion on E=E0 × ðτ=τ0Þ
and n5=n5;0 × ðτ=τ0Þ again.

In Figs. 3, we plot the proper timescaled electric field
E=E0 × ðτ=τ0Þ, chiral density n5=n5;0 × ðτ=τ0Þ as functions
of the proper time τ with different parameters a01; a

0
2 and σ0.

Interesting, in the comparison with Fig. 1, the proper time-
scaled electric field in small ja02j cases and chiral density,
computed with EoS-HC, seem to be close the those com-
putedwith EoS-HTwhenwe choose a1 ¼ a01 and a2 ¼ a02. It
means that the evolution of electric fields in the small ja02j
cases and chiral density are not sensitive to the EoS.
Different to the constant electric conductivity case in

Refs. [162,163] (colored dotted e/bclines in Fig. 3), the
temperature and energy density dependent σðτÞ with
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EoS-HCwill slow down the decaying of electric fields when
a02 < 0. Such behavior is also also insensitive to the ja02j
when a02 < 0.
In Fig. 4, we present the proper timescaled energy density

ε=ε0 × ðτ=τ0Þ1þc2s as functions of the proper time τ with
different parameters a01; a

0
2; σ0 and E2

0=ε0. We observe the
similarity in small ja02j cases between the figures in Fig. 4 and

in Fig. 2. When a02 < 0, the evolution of energy density is
insensitive to the ja02j. The temperature and energy density
dependent electric conductivity σðτÞ will accelerate the
decaying of energy density when a02 < 0. Combining with
the results in Fig. 3, it implies that the temperature and energy
density dependent electric conductivity σðτÞ helps the
electric fields gain the energy from the medium.

FIG. 3. The proper timescaled electric field E=E0 × ðτ=τ0Þ and chiral density n5=n5;0 × ðτ=τ0Þ computed with EoS-HC (16) as
functions of proper time τ with different parameters a1, a2, σ0. For simplicity, we fix E2

0=ε0 ¼ 0.1. The colored solid, black dashed-
dotted, and colored dotted lines denote the results for solving the results from Eqs. (32), (33) numerically, analytic solutions (34), (49)
and numerical results with a constant σ derived in Refs. [162,163], respectively.
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In this section, we have solved the MHD with the
temperature and energy density dependent σðτÞ in
Eq. (17) and EoS-HC. We present both the analytic
solutions (49) up to the OðℏÞ and the numerical results.

VI. SPLITTINGOFGLOBAL POLARIZATION FOR
Λ AND Λ̄ HYPERONS INDUCED BY

MAGNETIC FIELDS

In Sec. IV and V, we have derived the analytic and
numerical solutions for the relativistic MHD in a Bjorken
expansion with the transverse EM fields and a temperature
dependent electric conductivity. In this section, we imple-
ment the results for relativistic MHD to the global polari-
zation of Λ and Λ̄ hyperons in the relativistic heavy ion
collisions. We will first review the general theoretical
framework for the global polarization of Λ and Λ̄ hyperons
in the relativistic heavy ion collisions. Wewill show that the
magnetic fields can induce the splitting of global polari-
zation of Λ and Λ̄ hyperons. Then, we implement our
solutions for the magnetic fields to estimate the splitting

effects at different collisional energies and compare the
results with experimental data.
The polarization pesudovector is given by the modified

Cooper-Frye formula [217,218],

SμðpÞ ¼
R
dΣ · pJ μ

5ðp;XÞ
2mΛ

R
dΣ ·N ðp;XÞ ; ð51Þ

where mΛ is the mass of Λ hyperon, Σ is the freeze out
hypersurface, J μ

5ðp;XÞ and N μðp; xÞ are axial and vector
components of Wigner functions in phase space. By
inserting the general solutions in Wigner functions
[36,38,45,47,50,72,73], the polarization vector Sμ in
Eq. (51) can be divide as several different parts [47,118,119],

SμðpÞ ¼ Sμ
thermalðpÞ þ Sμ

shearðpÞ þ Sμ
accTðpÞ

þ Sμ
chemicalðpÞ þ Sμ

EBðpÞ; ð52Þ

where

FIG. 4. The proper timescaled energy density ε=ε0 × ðτ=τ0Þ1þc2s computed with EoS-HC (16) as functions of proper time τ with
different parameters a1, a2, σ0 and E2

0=ε0. The colored solid, black dashed-dotted and colored dotted lines denote the results for solving
the results from Eqs. (32), (33) numerically, analytic solutions (34), (49) and numerical results with a constant σ derived in
Refs. [162,163], respectively.
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Sμ
thermalðpÞ ¼

Z
dΣσFσϵ

μναβpν∂α
uβ
T
;

Sμ
shearðpÞ ¼

Z
dΣσFσ

ϵμναβpνuβ
ðu · pÞT

× pρ½∂ρuα þ ∂αuρ − uρðu · ∂Þuα�;

Sμ
accTðpÞ ¼ −

Z
dΣσFσ

ϵμναβpνuα
T

�
ðu · ∂Þuβ −

∂βT

T

�
;

Sμ
chemicalðpÞ ¼ 2

Z
dΣσFσ

1

ðu · pÞ ϵ
μναβpαuβ∂ν

μB
T
;

Sμ
EBðpÞ ¼ 2

Z
dΣσFσ

�
ϵμναβpαuβEν

ðu · pÞT þ Bμ

T

�
; ð53Þ

with

Fμ ¼ ℏ
8mΛΦðpÞp

μfeqð1 − feqÞ;

ΦðpÞ ¼
Z

dΣμpμfeq: ð54Þ

where ΦðpÞ ¼ R
dΣμpμfeqðx; pÞ is the particle number

density at freeze out hypersurface, μB is the baryon chemical
potential and feq is assumed as the standard Fermi-Dirac
distribution function. The Sμ

thermalðpÞ;Sμ
shearðpÞ;Sμ

accTðpÞ for
Λ hyperons are the same as those for Λ̄ hyperons.While, due
to the difference in charge and baryon number, Sμ

chemicalðpÞ
and Sμ

EBðpÞ flip their sign when we changeΛ to Λ̄ hyperons.
Therefore, the gradient of μB=T andEM fields can lead to the
splitting of global polarization for Λ and Λ̄ hyperons. An
alternative mechanism induced by the interplay between
chiral and helical vortical effects, without the incorporation
of a magnetic field can also explain the difference in the
global spin polarization of Λ and Λ̄ hyperons [219–221].
In order to compare with experiments, we need to

transform the polarization pseudovector in the rest frame
of Λ and Λ̄, named P⃗�ðpÞ

P⃗�ðpÞ ¼ P⃗ðpÞ − P⃗ðpÞ · p⃗
p0ðp0 þmÞ p⃗; ð55Þ

where

PμðpÞ≡ 1

s
SμðpÞ; ð56Þ

with s ¼ 1=2 being the spin of the particle. Finally, the
local polarization is given by the averaging over momen-
tum and rapidity as follows,

hP⃗ðϕpÞi ¼
R
ymax
ymin

dy
R
pTmax
pTmin

pTdpT ½ΦðpÞP⃗�ðpÞ�R
ymax
ymin

dy
R
pTmax
pTmin

pTdpTΦðpÞ ; ð57Þ

where ϕp is the azimuthal angle.
In this work, we concentrate on the splitting induced by

the magnetic fields. From Eq. (53), we introduce

ΔP ¼ PΛ − PΛ̄; ð58Þ

where PΛ and PΛ̄ are the integration of local polarization
(57) alone the out-of-plane direction over the ϕp. Taking
1 − feq ≃ 1 in Eqs. (53), the ΔP induced by the magnetic
fields is given by, ΔPEB ∝ By=ðmΛTÞ. Recalling the
definition spin magnetic moment, following Ref. [120],
ΔP induced by magnetic fields is estimated as

ΔPEB ≈ 2
μΛ
T

B̄; ð59Þ

where μΛ ¼ −0.613μN is the spin magnetic moment for Λ
hyperons. In the Ref. [120], B̄ is averaged the magnetic
field. Also see other related theoretical studies on the
splitting of polarization induced by EM fields [121–123].
Next, we will evaluate the ΔPEB in the framework of

relativistic MHD. Recalling the expression in Eq. (57),
since the polarization pseudovector is computed near the
freeze out surface, we need to know the averaged magnetic
fields at the freeze out hypersurface.
For the initial magnetic fields, we choose the maximum

value of space-averaged initial magnetic fields in different
impact parameters, which is computed by Ref. [222]. The
initial proper time is chosen as τ0 ≃ 0.6 fm=c.
The evolution of the EM field can be estimated by using

our solutions in Secs. IV and V. In the ideal MHD limit of
Eq (28), By dominates in the lab frame [158–161]. While
the temperature dependent electric conductivity will turn on
the Bx in the lab frame. For simplicity, as a first attempt, we
first estimate the magnetic fields in ideal MHD limit and we
will comment on the effects of temperature dependent
conductivity at the end of this section. Physically, it is also
natural to choose the ByðτfÞ with τf being the proper time
for the chemical freeze out instead of the averaged B̄.
For simplicity, we choose the τf ¼ 10 fm=c for all

collision energies. The temperature for the chemical freeze
out is followed by the experimental studies in Ref. [223].
We summarize these parameters in different collision
energies in Table I.
In Fig. 5, we plot the splitting of the global polarization

for Λ and Λ̄ hyperons, and compare our estimation from
Eq. (59) with the data from STAR measurements [99,224]
at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7; 11.5; 27; 39; 62.4; 200 GeV collisions. We
find that the ΔPEB computed from our framework agrees
with the data expect the results at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV.
Roughly speaking, in the high energy collisions, the quark
pairs are generated from the vacuum and therefore, the net
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baryon number and baryon chemical potential are approx-
imately vanishing. The splitting induced by EM fields may
dominate in the global polarization of Λ and Λ̄ hyperons in
the high energy region. On the other hand, the collisions in
the low energy region, the net baryon density is not
negligible and will play a crucial role to the global and
local polarization, e.g., see Ref. [109] and the discussions
on the simulations for spin Hall effects in heavy ion
collisions [110,124]. Our results indicates that the magnetic
fields may be not strong enough to cause such huge
splitting of global polarization in low energy region. It
implies that the contributions from∇μB=T [109,110] or the
interplay between chiral and helical vortical effects [219–
221] may dominate the splitting of global polarization in
low energy collisions.
Before concluding this section, we address the impact of

temperature dependent electric conductivity on the electro-
magnetic field. As previously mentioned, the temperature
dependence of the electric conductivity leads to the gen-
eration of a magnetic field component, Bx, in the lab frame.
This magnetic field can ultimately alter the averaged
magnetic fields at the freezeout hypersurface. However,
due to the significant experimental uncertainties and the

fact that our calculation of the magnetic field decay in the
ideal MHD limit agrees with experimental data, except for
collisions at

ffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV,we think thatwe currently do
not need to consider the temperature dependent electric
conductivity in the context of splitting of global polarization.

VII. SUMMARY

We have derived the solutions of the relativistic anoma-
lous magnetohydronamic with longitudinal Bjorken boost
invariance and transverse electromagnetic fields in the
presence of temperature or energy density dependent
electric conductivity.
After a short review on the anomalous MHD in Sec. II,

we simplify the energy-momentum and charge currents
conversation equations coupled to theMaxwell’s equations.
To close the system, we introduce two kinds of EoS, i.e.,
EoS-HT (14) and EoS-HC (16) correspond to the high
temperature and high chiral chemical potential limits,
respectively. The electric conductivity is also parametrized
as Eqs. (15) and (17) for the EoS-HT and EoS-HC,
respectively. We assume that the initial conditions for
the system is a Bjorken velocity (24) with initial EM fields
in Eq. (25). After some calculations, we confirm that the
Bjorken boost invariance holds during the evolution. The
main differential equations reduce to Eqs. (26), (27).
Next, in Sec. III, we derive the perturbative analytic

solutions (34), (41) up to the order of ℏ for the simplified
differential equations (26), (27) with the EoS-HT (14) and
temperature dependent conductivity (15). We present the
numerical solutions for electric fields, chiral density and
energy density in Figs. 1, 2. We find that the temperature
dependent σðτÞ will quicken up the decaying of electric
fields. While, the decaying of chiral density seems not to be
sensitive to the σðτÞ.
Similarly, we derive the perturbative analytic solutions

(34), (49) up to the order of ℏ with the EoS-HC (16) and
temperature dependent conductivity (17). The numerical
results for the proper timescaled electric fields, chiral
density and energy density are shown in Figs. 3, 4. We
find that the decaying of electric fields and energy density
in the small ja02j limit and chiral density seem not be
affected by the EoS when we choose a1 ¼ a01 and a2 ¼ a02.
On the other hand, when a02 < 0, temperature and energy
density dependent electric conductivity σðτÞ will slow
down or accelerate the decaying of electric fields or energy
density, respectively.

FIG. 5. The difference of the global polarization between Λ and
Λ̄ hyperons in different collision energies. The triangle points are
derived from STAR measurements [99,224]. The filled circle
points denotes the estimation from Eqs. (59) where the initial
magnetic fields at τ0 ¼ 0.6 fm=c are given by Ref. [222] and the
evolution of magnetic fields are given by Eq. (31) with final time
τf ¼ 10 fm=c.

TABLE I. Collision energies, temperature given by Ref. [223], the initial space-averaged magnetic fields from
Ref. [222], the magnetic fields estimated by Eq. (31) with τf ¼ 10 fm=c.

ffiffiffiffiffiffiffiffi
sNN

p
(GeV) 7.7 11.5 27 39 62.4 200

T (MeV) 144.3 149.4 155.0 156.4 160.3 164.3
space-averaged eBðτ0Þ=m2

π 9.1 × 10−2 1.7 × 10−1 4.5 × 10−1 4.5 × 10−1 3.2 × 10−1 5.6 × 10−2

eBðτfÞ=m2
π 5.5 × 10−3 1.0 × 10−2 2.7 × 10−2 2.7 × 10−2 1.9 × 10−2 3.3 × 10−3
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At last, we implement the results for relativistic MHD to
the global polarization ofΛ and Λ̄ hyperons in the relativistic
heavy ion collisions in Sec. VI. The splitting of global
polarization forΛ and Λ̄ hyperons is estimated byEq. (59). In
Fig. 5, we plot the splitting of the global polarization for Λ
and Λ̄ hyperons, and compare our estimation from Eq. (59)
with the data from STAR measurements at

ffiffiffiffiffiffiffiffi
sNN

p ¼
7.7; 11.5; 27; 39; 62.4; 200 GeV collisions. TheΔPEB com-
puted from our framework agrees with the data in both high
and intermediate collisions energies and fails atffiffiffiffiffiffiffiffi
sNN

p ¼ 7.7 GeV. It implies that the contributions from

other sources may dominate the splitting of global polari-
zation in low energy collisions.
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