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Three-generation solutions of equations of motion in heterotic supergravity
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We study the generation number of massless fermions in compactifications recently found in heterotic
supergravity. The internal spaces are products of two-dimensional spaces of constant curvature, and the
standard embedding is not assumed. The generation number is constrained by the equations of motion and
the Bianchi identity. In the case that the Euler characteristics of the three internal submanifolds are
(2,-2,-2), the generation number is three or less. We also show that three-generation solutions exist for
arbitrary Euler characteristics of the negatively curved 2-manifolds, and we present some explicit solutions.
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I. INTRODUCTION

The origin of three-generation quarks and leptons is one
of the mysteries of the standard model. There may be an
answer in compactifications of the extra dimensions in the
superstring theories. Since the mid-1980s, supersymmetric
compactifications like Calabi-Yau manifolds [1] have
mainly been considered in this context. In particular,
toroidal orbifold compactifications, which are singular
limits of certain Calabi-Yau compactifications, have been
well studied to derive three-generation models; see, e.g.,
Refs. [2-15].

However, supersymmetry has not been discovered by
collider experiments, so low-energy supersymmetry may
not be a necessary condition. If supersymmetry is not
assumed, we have to solve the equations of motion to find
compact spaces (for discussions on the relation between the
supersymmetry conditions and the equations of motion, see
Refs. [16,17]). This is difficult in general since they are
second-order nonlinear partial differential equations.

Recently, nonsupersymmetric exact solutions of equa-
tions of motion in heterotic supergravity were found [18].
They are direct products of Minkowski spacetime
and 2-manifolds: §? x T? x H?/T", $? x S?> x H?/T’, and
§? x H?/T" x H? /T, where S?, T2, and H? /T" denote spaces
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of positive, zero, and negative constant curvature (a sphere,
a torus, and a compact hyperbolic manifold), respectively
[19-21]. These are Riemann surfaces with genus 0, 1, and
> 2, respectively. There are many advantages of consider-
ing such manifolds: the equations of motion are simplified
to algebraic equations, the curvatures of compact dimen-
sions are discretely fixed, the scale of compact space
volumes is determined by o (except T7?), the standard
embedding does not need to be assumed, the 3-form H field
is naturally zero, and the Yukawa couplings may be calcu-
lated by applying previous studies on two-dimensional
compactifications (S? was studied in Refs. [22,23] and
H?/T" in Ref. [24]). Product spaces of 2-manifolds can
satisfy the Bianchi identity for H without the standard
embedding [25]. In this case, the generation number of
fermions Ny, is determined by gauge fluxes [26] and not
by the Euler number y only; the well-known relation
Ngen = |y/2| does not hold.

In this paper, we study the possible Ny, in these
compactifications by considering both the equations of
motion and the Bianchi identity. In Sec. Il we summarize
these equations under the assumption that the internal space
is a product of two-dimensional spaces of constant curva-
ture. In Sec. III we give the explicit relation between N g,
and fluxes. By the relation and an equation of motion, we
obtain Ny, =0 for 2 x T?x H*/T. In Sec. IV we
consider the simplest case that the Euler characteristics
of H?/T" are —2. In this case, we show that N gen < 3 for the
§? x H*/T' x H*/T. On the other hand, a larger N, (in
our scope, 9) is possible for S? x S? x H?/T. Finally, in
Sec. V we prove that the Ny, = 3 solutions always exist
for both S? x §2 x H?>/T" and $? x H?/T" x H*/T" with
arbitrary Euler characteristics.
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II. COMPACTIFICATION

A. Equations of motion

We review the compactification found in Ref. [18] and
summarize the conditions to be solved in the following
sections. We consider the bosonic part of the Lagrangian
for heterotic supergravity [17,27]:

1
L= 1/—g€_2¢ R + 4(v¢>2 - EHMNPHMNP

/

o od
+ §RMNPQRMNPQ ) tr(FynFMN) |, (1)

where ¢ is the determinant of the metric g, and the indices
run M,N,P,0=0,...,9. Runpo is the Riemann tensor,
the Ricci scalar R and Ricci tensor R,y are defined as
R =g"%Ryy = ¢""g"°Rynpo, and Fyy is the gauge
field strength of the gauge group Eg x Eg.

The equation of motion for the 3-form field H is

oM(e P Hyyp) = 0. (2)

We take the dilaton ¢ as a constant and assume that H
vanishes,

o =0.  Hyyp =0, (3)
and then the equation of motion for H [Eq. (2)] is satisfied.
Such a configuration with unbroken supersymmetry leads
to Ricci-flat compactification [1]. In this paper, we do not

assume low-energy supersymmetry. The other equations of
motion [17,28] become

/

o o
R+3 RynpoRYVTC — gtr(FMNFMN) =0, (4
o o
Ryn + ZRMPQRRNPQR - Ztr<FMPFNP> =0, (5

By multiplying Eq. (5) by ¢”" and comparing with Eq. (4),
the dilaton equation becomes much simpler:

R=0. (7)

In addition to the above equations of motion, the
curvature 2-form R and the gauge field 2-form F have
to satisfy the Bianchi identity

/

S

0=dH=—(URAR-tuFAF) (8)

- |

for the Green-Schwarz anomaly cancellation mecha-
nism [29].

B. Curvatures and gauge field configurations

We are going to solve Egs. (5)—(8). We assume that
the ten-dimensional spacetime M'? is a product of four
manifolds:

MIOZMoxM]XM2XM3, (9)

where M|, is the four-dimensional Minkowski spacetime
and M; (i = 1, 2, 3) are two-dimensional spaces of constant
curvature. Note that the antisymmetric tensor field H y;yp is
naturally zero for two-dimensional M;. The metric of M'°
is block diagonal and depends only on the coordinates of
corresponding submanifolds: gf,;)n = g% (x(i)), where the
indices m and n are tangent to M;. The nonzero Riemann
tensor components are then

Riinpq = 4i(GhpGhd — Ghuaghip): (10)
where 4; is a constant sectional curvature. The manifold
with 4; > Ois a sphere $?, A, = Ois atorus 72, and 4; < 0 is
a compact hyperbolic manifold H?/T" [19-21].

For the gauge field strength Fy;y = FaynT4 (T4 are
generators of Eg X Eg), we assume that it is also block
diagonal for M and N and nonzero only for U(1),
components (A =1,2,...,11). The range of A is
set to leave the gauge group SO(10) in E® x E® >
SO(10) x U(1); x ... x U(1);,. For each block of
F apn» We assume the Freund-Rubin configuration [30]

FAi,mn = \/EfAieE'i)n’ (11)

where g; = det(gs,?n), fa; is a constant (sometimes called a

flux density [31]), and eﬁ,l,)n is a Levi-Civita symbol for M;
(for example, ef‘? = —eg? =1).

The configuration of Eq. (11) satisfies the equation of
motion for Fy;y [Eq. (6)]. The other equations of motion
[Egs. (5) and (7)] and the Bianchi identity (8) are much

simplified (we take o' = 2 for simplicity) [18]:

ﬂ.] +ﬂ.2+i3:0, (12)
11
h+R=Y fh=0, (13)
A=l
11
ZfAifAjZO (i #J)- (14)
A=1

The first equation of motion (12) does not allow curvatures
A; to be all positive or all negative. If 4; = 0, the second
equation of motion (13) necessitates f,; = 0 for all A. In
this case, the generation number is zero, as we will see in
the following section. We consider the cases with 4; # 0.

095039-2



THREE-GENERATION SOLUTIONS OF EQUATIONS OF MOTION ...

PHYS. REV. D 107, 095039 (2023)

We set A, > 4, > 13 without loss of generality, and then
M, = 5% and M; = H?/T". For the second submanifold
M,, both S? and H?/T are possible.

C. Euler characteristics and flux quantization

Equations (12), (13), and (14) are actually integer
equations, as we will see below. The sphere S? and the
compact hyperbolic manifold H?/T" are compact, boun-
daryless surfaces. Their genera g are 0 and g > 2, respec-
tively.' The Euler characteristics y and genera are related by
x = 2 — 2g. By the Gauss-Bonnet formula for compact and
boundaryless surfaces, we obtain

R
A/I 5 Vgid*x = vol(M,;)A; = 2my;, (15)

where R is the Ricci scalar of M; and y; is its Euler
characteristic. In addition, the gauge field strength satisfies
the flux quantization condition [25]

/ Fyi = vol(M;)f a; = 2mny;, (16)

where ny; is an integer. For y; # 0, from Egs. (15) and (16)
we find

Fai =40, (17)

i

By substituting Eqs. (16) and (17) into Egs. (13) and (14),
the equations of motion and the Bianchi identity become

11

|
> =2(147): (18)
A=1 i

1
Z”Ai”Aj =0 (i#]) (19)
A=

1
gen (2”

1 .
N )36‘/tr{(dlag[_Fla_F27_F3’F1 +Fy+ F3))*}

The equations to be solved in this paper are Egs. (12), (18),
and (19).

ITII. NUMBER OF GENERATIONS

In this section, we obtain an expression for the gen-
eration number N, from the fluxes ny; by applying the
general formula in Ref. [26].

We consider the decomposition of Eg and a gaugino in
the 248 representation [32]:

Eg D SO(10) x SU(4), (20)

248 = (45.1) + (1,15) + (10,6) + (16,4) + (16.4).
(21)

One generation of the standard model fermions can be
in a 16 representation. In general, the number of gener-
ations depends on two terms proportional to tr(F?) and
tr(F)c,(R), where ¢, denotes the second Chern class [26].
We consider fluxes in SU(4), and thus tr(F) = 0; the
second term vanishes. Thus, the number of generations is

Mo = g | [ )

To be concrete, we take the basis of the Cartan subalgebra
of 3u(4) as

. (22)

T, = diag[-1,0,0, 1],

T, = diag[0,-1,0, 1],

Ty = diag[0,0, -1, 1]. (23)
We consider that U(1), (A = 1,2,3) fluxes are in SU(4).
The other fluxes U(1), (A =4,...,11) in another Eg are

not relevant for N,. Then, by using F' = >3 FuT,, the
generation number is

el (57 - ) @

As an example, we calculate one of the second terms in
Eq. (24) explicitly:

'Any Riemann surface of genus g > 2 can be expressed as a
quotient H?/T". For example, the surface of g = 2 is obtained by a
discrete group I" that has an octagonal fundamental region in the
hyperbolic plane H?. See Refs. [19-21] for more details.

[
e R N N W
Cal6) AT @a)l S, M e
3
:HnA,-. (25)

We have used the flux quantization condition (16). The
other terms can be obtained similarly. The result is
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We calculate N, using this formula in this paper.

If one of the submanifolds M, is 72, 4; = 0 and Eq. (13)
implies ny; = 0 for all A, then Ny, = 0. Thus, nonzero
generation numbers are possible only for the compactifi-
cations with S?> x H?/T" x H?/T" or S? x S? x H?/T’, and
we consider these manifolds below.

IV. RANGES OF GENERATION NUMBERS

The generation number N, depends on ny;, and ny; are
constrained by the equations of motion (12), (18), and (19).
In this section, we discuss the possible ranges of Ny, that
satisfy these constraints.

A. S? x H?*/T x H*/T case

First, we show that the curvature 4; is uniquely deter-
mined in this case. For the sphere %, A; > 0 and y; = 2.
By substituting it into Eq. (18), n4; have to satisfy

11
> ng >4 (27)
A=1

To obtain nonzero Ny, at least one of {n,;},_;,3 for
every i has to be nonzero; Y 3, nj; > 1. To satisfy this
condition in the hyperbolic regions 4, < 0, 4; < 0, Eq. (18)
necessitates 4, < —1, 43 < —1. By these inequality and
Eq. (12), we obtain 4; = —1, — A3 > 2. By applying it to
Eq. (18), n,; also need to satisfy

11

> n}, <. (28)

A=1

Thus, there is only one possibility,

11
anxl =3, (29)
A=l

and it corresponds to A, =4. On the other hand, the
conditions 4, < 0, 43 < 0 mean that

11
S onki<iad (i=2.3). (30)
A=1

In general, |y;| (i = 2, 3) and the fluxes can be arbitrarily
large. The generation number can be (almost) any integer in
our compactifications. However, it would be natural that
the Euler characteristics and fluxes are not so large.

To be concrete, we consider the simplest case y, = y; =
—2 in this section. We can show that Ny, < 3 in this case.

From Egq. (30), there are three possibilities: >, nf” =1,2,

3 (i =2, 3). These correspond to A,,4; = —4/3, -2, —4.
Only one pattern of curvatures can satisfy the equation of
motion (12):

)«2 - 13 - —2. (31)

Equivalently, the fluxes need to satisfy

11 11 11
Znil =35, Z”fxz = ann =2. (32
A=l A=l A=l

Then, n4 = (2,1,0) or (1,1,1,1,1,0), ns = (1,1,0),
ny3 = (1,1,0) or their permutations and the signs of each

component can be changed. The fluxes that contribute to
Ngen are A =1, 2, 3, and these fluxes satisfy

3
E Ny
A=1

The Bianchi identity (19) restricts Ny, further. It
requires each column of ny; to be orthogonal to the others.
Since only two components of columns i =2, 3 are
nonzero, nynanysy = 0 for every A. Thus, the second
term of N, in Eq. (26) vanishes.

The latter inequality of Eq. (33) is satisfied in three
cases: |> 3_;n4| =0 or 2 for one of i€ {23},
or >3 nmaal=1>3_,n4 =1 1In the first case,
Ngen = 0. In the second case, |>3_ na;l cannot
be 2 for both i =2, 3 by the Bianchi identity. For
example, if (ny3) = (1,1,0,...), the Bianchi identity
necessitates (n4,) = (0,0,1,...) and (ny4;) = (0,0,1,...)

<3, an

A=1

<2 (i=23). (33)

3

or (£1,F1,1,...), and then Ngen < 2. In the last case,
3
Noen = | mgy|-1-1<3. (34)
A=l

The equality Ny, = 3 can hold and an example is shown in
Solution 1 of Table I. Thus, the maximal generation number
is three when y, = y3; = —2.

B. S? x S? x H?/T case

Next, in the M, =S, case the sectional curvatures
are not uniquely determined, and larger N, are possible.
The curvatures satisfying the equations of motion (12) and

(18) are
4 2
(A1, A0 43) = (2,2,-4), (1,1,-2), (3,5,—2>,
1 4 22 4
J— 22 -2,
(’3’ 3)’ <3’3’ 3> (35)
For example, let us consider the case (4;,4,,43) =
(%% —%) and y; = —2. In this case, the fluxes are
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TABLE L.

Samples of three-generation solutions. These Euler characteristics y; and fluxes (ny;) satisfy the equations of motion (12)

and (18), the Bianchi identity (19), and Nye, = 3 [Ny, is given in Eq. (26)]. Solutions 1-3 are for $% x H?/T" x H?/T" cases, and

Solutions 4-6 are for S? x S? x H?/T cases.

Solution 1 Solution 2 Solution 3 Solution 4 Solution 5 Solution 6
2 -2 -2 —4 2 2 2
X3 -2 —4 —4 -2 -4 -6
(nai) 2.0 0 2 0 -1 2 0 -1 300 300 300
1 0 O 1 0 2 1 0 2 01 0 01 0 01 0
o1 1 01 0 01 0 0 0 1 0 0 1 0 0 1
01 -1 01 0 02 0 1 0 0 1 0 0 1 00
00 O 00 O 01 0 0 3 0 0 3 0 0 3 0
00 O 00 O 01 O 0 0 O 0 0 1 0 0 2
00 O 00 O 01 O 0 0 O 0 0 1 0 0 2
00 O 0 0 1 0 0 1 0 0 0 0 0 1 0 0 O
00 O 0 0 1 0 0 1 0 0 O 0 0 O 0 0 O
00 O 0 0 1 0 0 1 0 0 O 0 0 O 0 0 O
00 O 00 O 0 0 O 0 0 O 0 0 O 0 0 O

11 11 11
Sk =Y nm,=10. Y ;=1 (36)
A=1 A=1 A=1

These equations constrain the fluxes ny; and ny, to be
permutations of (3,1,0), (2,2,1,1,0), (2,1,1,1,1,1,1,0),
or(1,1,1,1,1,1,1,1, 1, 1, 0) and ny; to be a permutation
of (1, 6) (the signs of each component can be changed). We
have checked all the cases that also satisfy the Bianchi
identity (19). We found that Ny, <9 and Ny, # 5, 7. The
fluxes that give Ny, =9 are, for example,

300
03 0
00 1
=11 4 ol (37)
010
0 00

where 0 is a six-component zero vector. The fluxes that give
Ngen = 3 are shown in Solution 4 of Table 1.

V. THREE-GENERATION SOLUTIONS

In this section, we show that three-generation solutions
exist for arbitrary Euler characteristics of H, /T, in both the
M, =S, and H,/T" cases. Samples of the solutions are
summarized in Table I.

A. S? x H?/T x H?*/T case
In this case, we search for the solution with 1; =4,
Ay = A3 = —2.In a special case with y, = y;3 = —2, we can
find a solution as shown in Table I (Solution 1). In the other

cases, we can set y3 < —4 without loss of generality, and
we can choose

2 0 -1
1 0 2
(ny) = | 0 0. (38)
0 @ 0
0 0 it
where 75 = (ng,...,nyy) and 1} = (ng3,...,nqy3) are

four-component vectors. Such fluxes satisfy the Bianchi
identity (19) and the three-generation condition. From
Eq. (18), the curvatures 1, = A3 = —2 can be obtained
from the fluxes satisfying

7 2

X
D =51, (39)
A=4
2y — B s 40
Z”m—?_ (40)

Since y, < =2, y3 < —4 and both are even numbers, the
right-hand sides are positive integers. According to
Lagrange’s four-square theorem (see Ref. [33] for a recent
discussion), every positive integer can be written as the sum
of at most four squares. Interestingly, we have four integer
parameters on the left-hand sides, so the solutions of
Ay = A3 = =2 always exist. For example, if y; = —4, then
iy = (1,1,1,0). In Table I, we show three explicit sol-
utions with (y,,3) = (=2,-2), (=2,—4), (-4, —-4).

095039-5
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B. S? x S% x H?/T case

To satisfy the equation of motion (12), we search for the
solution with 4, =1, =2/3, A3 = —4/3. The curvatures
A1 =4, =2/3 can be obtained from the fluxes satisfying

11

11
2 _

2 =D

A=1 A

=1

n3, = 10. (41)

Then, we choose

30 0
01 O
=" #2)
Ny;) = )
A 10 0
0 3 0
0 0 il
where 715 = (ng3. ..., n1;3) is a six-component vector. The
Bianchi identity (19) and the three-generation condition are
satisfied. From Eq. (18), the condition 4; = —% becomes
11 2
X
> ndy = f —1. (43)
A=6

If y3 = -2, the right-hand side is 0, and thus 7§ = 0.
If y; <-4, the right-hand side is a positive integer,
so there is a 775 that satisfies this equation by Lagrange’s
four-square theorem. Thus, the solutions of Ny, =3
always exist.

For example, if y; = —6, then 7§ =(2,2,0,0,0,0).
Three sample solutions with y3 = —2,—4, —6 are shown
in Table I.

VI. CONCLUSION

In this paper we have discussed how the generation
number N, is restricted by both the equations of motion
and the Bianchi identity in S?>x H?/T' x H?>/T and
§? x 82 x H?/T. In Sec. II we reviewed the compactifica-
tion and summarized the equation of motion (12) and (18),
and the Bianchi identity (19). These equations constrain the
Euler characteristics y; and the flux quantization numbers
ny;. We saw in Sec. III that the generation number N, is
calculated from the flux quantization numbers ny;(A =
1,2,3) [Eq. (26)]. In Sec. IV we studied how the generation
numbers N, satisfying the equations of motion (12) and
(18) and the Bianchi identity (19) can be obtained when the
Euler characteristics y; of H>/T" are —2. We obtained three-
generation solutions in both the §? x H?/I" x H*>/T" and
§? x 8? x H?/T cases. In particular, in the case of
§? x H*/T x H? /T, the generation number N, is at most
three. In Sec. V we showed that three-generation solutions
exist for arbitrary Euler characteristics of H?/T".

These results are interesting for two reasons. One is that,
in general, flux quantization numbers 7,; can take arbitrary
integers, but they can be restricted considerably by the
equations of motion and the Bianchi identity. The second is
that we have obtained three-generation solutions in com-
pactifications without supersymmetry. To derive four-
dimensional realistic models, we will study fermion mass
hierarchy and flavor mixings as well as CP violation in
these compactifications.
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