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The bubble wall velocity is essential for the spectra of phase-transition gravitational waves, electroweak
baryogenesis and the dynamical dark matter mechanism. We perform detailed calculations of the bubble
wall velocity in the well-motivated inert doublet model using the microphysical approach with some recent
new methods.

DOI: 10.1103/PhysRevD.107.095005

I. INTRODUCTION

Many fundamental problems, like the electroweak bar-
yogenesis [1], the dark matter (DM) formation mechanism
[2–4] and the strength or energy budget [5–10] of the
phase-transition gravitational wave (GW) strongly depend
on the precise value of the bubble wall velocity. For
traditional electroweak baryogenesis, bubble wall velocities
lower than the sound speed are favored to guarantee
sufficient diffusion time for the baryons. The net baryon-
to-photon ratio observed by the cosmic microwave back-
ground or big bang nucleosynthesis may be sensitive to the
bubble wall velocity. New mechanisms for baryogenesis
with large bubble wall velocity were recently proposed in
Refs. [11–13]. Thus, to understand the origin of the matter-
antimatter asymmetry of our Universe, precise calculation
of the bubble wall velocity is crucial for a given electro-
weak-baryogenesis model. Recently, motivated by the
current situation of DM detection, a new mechanism is
proposed to produce DM by the bubble dynamics through a
strong first-order phase transition (SFOPT) process in the
early Universe [2–4]. For this new DM mechanism, the
bubble wall velocity is also important as shown in Ref. [4].
The DM relic density might depends on the bubble wall
velocity. Both the electroweak baryogenesis and the new
DM mechanisms could be probed by phase-transition GW
signals, whose spectra strongly depend on the bubble wall
velocity. The GW spectra for subsonic bubble wall velocity

and supersonic bubble wall velocity might have several
orders of hierarchy. For example, the energy budget of the
phase transition GW is sensitive to the bubble wall velocity.
Therefore, from the perspective of GWexperiments, bubble
wall velocity would be the first dynamical parameter
of a SFOPT to be confirmed if the phase-transition GW
is observed at future GW experiments like LISA [14],
TianQin [15,16], and Taiji [17].
The bubble wall velocity is very important for both

theoretical study and experimental search. However, the
precise calculation of bubble wall velocity is complicated
and difficult. The bubble wall velocity of a given new
physics model is generally determined by the hydrody-
namic and microphysical processes which basically involve
the particles scattering processes between the relevant
particles of the new model at the vicinity of the bubble
wall. Besides the complicated hydrodynamic effects, the
bubble wall velocity might be model dependent based on
the fact that it is complicated to quantify these particle
scattering processes precisely in the thermal plasma due to
the thermal effects and the infrared behavior. These issues
make it difficult to precisely predict the bubble wall
velocity. Most of the previous studies on electroweak
baryogenesis, phase-transition GW, and phase-transition
related DMmechanism just take the bubble wall velocity as
an input parameter. Therefore, there exists large theoretical
uncertainties for these predictions due to the model-
dependent bubble wall velocity. Some pioneering works
[18–23] show us how to calculate the wall velocity under
certain assumptions. The bubble wall velocity depends on
the friction force acting on the expanding bubbles, which is
determined by the deviation of the massive particle pop-
ulations from thermal equilibrium. Basically, under semi-
classical approximation, the bubble wall velocity can be
obtained by simultaneously solving the equation of motion
for the Higgs field (or the order-parameter scalar field for

*Corresponding author.
huangfp8@mail.sysu.edu.cn

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOI. Funded by SCOAP3.

PHYSICAL REVIEW D 107, 095005 (2023)

2470-0010=2023=107(9)=095005(19) 095005-1 Published by the American Physical Society

https://orcid.org/0000-0002-0224-5357
https://orcid.org/0000-0001-6789-4027
https://orcid.org/0000-0003-2271-1340
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.095005&domain=pdf&date_stamp=2023-05-03
https://doi.org/10.1103/PhysRevD.107.095005
https://doi.org/10.1103/PhysRevD.107.095005
https://doi.org/10.1103/PhysRevD.107.095005
https://doi.org/10.1103/PhysRevD.107.095005
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/


the phase transition process) and the Boltzmann equations
of the massive particle species. To solve the Boltzmann
equations, it is crucial to calculate the collision terms,
which quantify the particle scattering processes in the
vicinity of bubble wall.
The bubble wall velocity was first calculated micro-

physically in Refs. [21,22] by Moore and Prokopec for the
Standard Model (SM) case and then in the minimally
supersymmetric Standard Model [24]. To avoid their
expansive calculations, some works modeled the friction
by using a phenomenological method [5,25–27] and they
also considered the hydrodynamic effects in detail to the
velocity calculation. As the method of Moore and Prokopec
is problematic when the wall velocity is approaching the
speed of sound, Refs. [11–13,28] proposed some new
ansatz, and Refs. [29,30] did higher-order calculations.
Recently, it is also interesting to consider bubble wall
velocity in local equilibrium [31–34].
Using the microphysical approach with the recent new

methods, for the first time we calculate the bubble wall
velocity in the well-motivated inert doublet model (IDM),
which could help to greatly reduce the large uncertainties in
calculating the phase-transition GWand electroweak baryo-
genesis from the unknown bubblewall velocity.We show the
basic procedure to calculate the bubble wall velocity in a
given new physics model with a SFOPT in Fig. 1.
This paper is organized as follows. We briefly discuss the

IDM and choose the benchmark parameters in Sec. II, and
describe the equation of motion for the Higgs background
field in Sec. III. Then we derive the hydrodynamic effects
in the calculation of bubble wall velocity in Sec. IV. In
Sec. V, taking the IDM model as concrete model, we
introduce the basic method to calculate the bubble wall
velocity. After that, we calculate the collision terms of the
IDM in Sec. VI. Therefore, we obtain the final bubble wall
velocity in Sec. VII. The conclusion is given in Sec. VIII.

II. A CASE STUDY: INERT DOUBLET MODEL

Firstly, we briefly introduce the well-studied IDM, which
could improve the naturalness problem and provide a
natural DM candidate [35,36]. Meanwhile, the IDM could
trigger a SFOPT [37] in the early Universe around 100 GeV
during the electroweak spontaneously symmetry breaking
process. Then, one could use the phase-transition GW to
explore the IDM. However, the GW spectra strongly
depend on the bubble wall velocity, which has not been
calculated before in the IDM. In this work, we perform
detailed calculations on the bubble wall velocity. We begin
our discussions from the tree-level scalar potential at zero
temperature,

V0 ¼ μ21jΦj2 þ μ22jηj2 þ
1

2
λ1jΦj4 þ 1

2
λ2jηj4

þ λ3jΦj2jηj2 þ λ4jΦ†ηj2 þ 1

2
fλ5ðΦ†ηÞ2 þH:c:g; ð1Þ

where Φ is the SM Higgs doublet and η represents the inert
doublet. The vacuum stability requires λ1 > 0, λ2 > 0,ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λ1 þ λ2

p þ λ3 > 0, and λ3 þ λ4 � jλ5j > 0 [35,36]. At
zero temperature, the two doublet scalar fields could be
written as

Φ ¼
� Gþ

1ffiffi
2

p ðhþ vþ iG0Þ
�
; η ¼

� Hþ

1ffiffi
2

p ðH þ iAÞ
�
; ð2Þ

where the mass of SM Higgs boson h is 125 GeV and the
vacuum expectation value (VEV) is v ¼ 246 GeV. G� and
G0 are the charged and neutral Nambu-Goldstone bosons
respectively. H and A are the CP-even and CP-odd inert
scalars, respectively. H� are the charged inert scalars. At
zero temperature, we show the inert scalar masses beyond
the SM

FIG. 1. Schematic procedure to calculate the bubble wall velocity during a cosmological phase transition.

SIYU JIANG, FA PENG HUANG, and XIAO WANG PHYS. REV. D 107, 095005 (2023)

095005-2



m̄2
H ¼ μ22 þ

1

2
ðλ3 þ λ4 þ λ5Þv2; ð3Þ

m̄2
A ¼ μ22 þ

1

2
ðλ3 þ λ4 − λ5Þv2; ð4Þ

m̄2
H� ¼ μ22 þ

1

2
λ3v2: ð5Þ

These new inert scalars could modify T parameter with the
deviation ΔT approximated as

ΔT ≃
1

6πe2v2
ðm̄H� − m̄HÞðm̄H� − m̄AÞ: ð6Þ

From the above expression, there exists a simple and
obvious parameter region that ΔT ≃ 0 if we assume
m̄2

A ¼ m̄2
H� . This assumption corresponds to λ4 ¼ λ5 < 0,

λ3 > 0, and could satisfy all the constraints from electro-
weak precise measurements, DM direct searches and the
collider data [37]. In other words, we assume degenerate
CP-odd and charged scalar masses

m̄2
A ¼ m̄2

H� ¼ μ22 þ
1

2
λ3v2: ð7Þ

This makes m̄2
H ¼ μ22 þ λLv2 the lightest particle, which

becomes the natural DM candidate [35,36] with the tiny
DM-Higgs boson coupling λL ¼ ðλ3 þ λ4 þ λ5Þ=2. It should
be very small to be consistent with the DM direct search.
Using the package micrOMEGAs [38], we include the resonant
effects and require the DM relic abundance [39] ΩDMh2 ¼
0.11933� 0.00091. Then we could obtain the constraint
[40] λL ≲ 0.003. These constraints almost reach the blind
spots of the IDM, which are difficult for DM direct searches.
Future lepton colliders, in synergy with phase-transition
GWs, might help to explore the DM blind spots [40,41].
When λ3, λ4, λ5 are Oð1Þ, a SFOPT with associated phase-
transition GW could be produced [37,40–51].
When we discuss the phase transition dynamics of the

SFOPT, we denote the background of the Higgs field as ϕ,
namely,

Φ ¼
�

0
1ffiffi
2

p ϕ

�
: ð8Þ

Then we could have the following new field-dependent
masses beyond the SM,

m2
HðϕÞ ¼ μ22 þ

1

2
ðλ3 þ λ4 þ λ5Þϕ2; ð9Þ

m2
AðϕÞ ¼ μ22 þ

1

2
ðλ3 þ λ4 − λ5Þϕ2; ð10Þ

m2
H�ðϕÞ ¼ μ22 þ

1

2
λ3ϕ

2: ð11Þ

We should obtain the finite-temperature effective potential
[52,53] after taking the one-loop quantum and thermal
corrections with daisy resummation into account. Namely,

Veffðϕ; TÞ ¼ V0ðϕÞ þ VCWðϕÞ þ VTðϕ; TÞ: ð12Þ

The one-loop quantum correction of the potential in the on-
shell renormalizaiton scheme is

VCWðϕ; T ¼ 0Þ ¼
X
i

ni
64π2

�
m4

i ðϕÞ
�
ln
m2

i ðϕÞ
m̄2

i
−
3

2

�
þ 2m̄2

i m̄
2
i ðϕÞ

�
; ð13Þ

where ni is the degree of freedom for each massive particle
miðϕÞ. For the daisy resummation, we use the scheme
proposed by Dolan and Jackiw [54] where one only needs
to consider the thermal correction in the thermal function
Ib. Namely, the one-loop thermal correction VT should be
improved as

VTðϕ; T > 0Þ ¼
X
i

ni
T4

2π2
Ib

�
M2

i

T2

�
; ð14Þ

where M2
i ¼ m2

i ðϕÞ þ ΠiðTÞ and Ib;fða2Þ ¼
R∞
0 dxx2 ×

ln ð1 ∓ e−
ffiffiffiffiffiffiffiffiffi
x2þa2

p
Þ. ΠiðTÞ represents the thermal correction

for scalar bosons and the longitudinal components of gauge
bosons. Scalars with μ21 and μ22 appearing in their field-
dependent masses can be simply replaced by μ21 þ ΠΦðTÞ
and μ22 þ ΠηðTÞ, respectively, where

ΠΦ ¼ T2

12

�
3λ1 þ 2λ3 þ λ4 þ

3

4
ð3g2w þ g2YÞ þ 3y2t

�
; ð15Þ

Πη ¼
T2

12

�
3λ2 þ 2λ3 þ λ4 þ

3

4
ð3g2w þ g2YÞ

�
: ð16Þ

For the gauge bosons, only their longitudinal components
need to include the thermal corrections in the thermal
function Ib as the following:

ΠWðTÞ ¼ ΠΦ
WðTÞ þ Πη

WðTÞ ¼
�
11

6
þ 1

6

�
g2wT2 ¼ 2g2wT2;

ΠBðTÞ ¼ ΠΦ
B ðTÞ þ Πη

BðTÞ ¼
�
11

6
þ 1

6

�
g2YT

2 ¼ 2g2YT
2;

where gw and gY are the gauge coupling of SUð2ÞL and
Uð1ÞY , respectively. Hence, for the longitudinal compo-
nents of the gauge bosons, their physical masses are
eigenvalues of the following matrix
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M2
L ¼

0BBB@
m2

1 þ ΠW 0 0 0

0 m2
1 þ ΠW 0 0

0 0 m2
1 þ ΠW m2

12

0 0 m2
12 m2

2 þ ΠB

1CCCA;

ð17Þ

wherem2
1 ¼ g2wϕ2=4,m2

2 ¼ g2Yϕ
2=4 andm2

12¼−gwgYϕ2=4.
To focus on the calculation of bubble wall velocity

during the SFOPT in the IDM, we simply choose three sets
of benchmark model parameters based on our numerical
calculations where we use the package micrOMEGAs [38] for
DM relic abundance, DM direct search, collider constraints
[55], and use CosmoTransitions [56] to calculate the phase-
transition dynamics. Taking all the above discussions into
consideration, we choose the following benchmark param-
eters where m̄h ¼ 125 GeV, λ2 ¼ 0.2. Other parameters
are shown in Table I. For these benchmark point sets, the
DM relic density, the DM direct search, the collider
constraints and condition of the SFOPT could be satisfied
simultaneously. We perform detailed calculations of the
bubble wall velocity based on Benchmark A and give the
final results of bubble wall velocity for Benchmarks B
and C.

III. STANDARDMETHOD FOR SOLVING BUBBLE
WALL VELOCITY

After bubbles of the broken phase are nucleated, they
will expand at a steady bubble wall velocity under some
certain circumstances. To obtain the reliable bubble wall
velocity in a given new physics model, we firstly need to
know the bubble dynamics which are described by the
equation of motion (EOM) of the background field for the
SFOPT process. We can obtain the EOM by using energy-
momentum conservation of the scalar-plasma system. The
energy-momentum tensor of the field is

Tμν
ϕ ¼ ∂

μϕ∂νϕ − gμν
�
1

2
∂αϕ∂

αϕ − VT¼0ðϕÞ
�
; ð18Þ

where ϕ is the background Higgs field in the IDM,
VT¼0ðϕÞ ¼ V0ðϕÞ þ VCWðϕÞ is the effective potential at
zero temperature. The energy-momentum tensor of the
plasma is

Tμν
pl ¼

X
i

Z
d3p
ð2πÞ3

pμpν

Ei
fiðx; pÞ; ð19Þ

where fiðx; pÞ is the distribution function of the particle
and Ei ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
. The sum is over all particle species.

Using energy-momentum conservation condition

∇μðTμν
ϕ þ Tμν

pl Þ ¼ 0; ð20Þ

we can derive the EOM of the background field
[5,21,22,57],

□ϕþ ∂VT¼0ðϕÞ
∂ϕ

þ
X
i

dm2
i

dϕ

Z
d3p

ð2πÞ32Ei
fiðx; pÞ ¼ 0;

ð21Þ

During a SFOPT, some massive particles will be in an out-
of-equilibrium state near the bubble wall. Hence the
distribution function could be approximated as a thermal
equilibrium part plus an out-of-equilibrium part, namely,

fi ≡ f0;i þ δfi:

The equilibrium distribution function for fermions and
bosons in the plasma frame are given by f0;i ¼ 1

expðEi=TÞ�1
,

respectively. The integral of the equilibrium part of the
distribution functions gives the thermal-correction part of
the effective potential VTðϕ;TÞ. Therefore, the EOM for
the background field could be further simplified to

□ϕþ ∂Veffðϕ; TÞ
∂ϕ

þ
X
i

dm2
i

dϕ

Z
d3p

ð2πÞ32Ei
δfiðx; pÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

friction term

¼ 0;

ð22Þ

where Veffðϕ; TÞ ¼ V0ðϕÞ þ VCWðϕÞ þ VTðϕ; TÞ is the
thermal effective potential in a specific model. The second
term is the driving term that accelerates the bubble wall.
The third term in Eq. (22) behaves as the friction force
acting on the bubble wall. We can see that the contributions
mainly come from “heavy” particles with non-negligible
field-dependent mass. “Heavy” means that the particle
could get field-dependent mass comparable with the
temperature. Thus, in the IDM, we could only consider
the contributions from t;W�; Z; A;H�. For the stationary

TABLE I. Three sets of benchmark model parameters.

m̄H [GeV] m̄A ¼ m̄H� [GeV] λL Tc [GeV] TN [GeV]

Benchmark A 62.66 300 0.0015 118.3 117.1
Benchmark B 65.00 300 0.0015 118.6 117.5
Benchmark C 63.00 295 0.0015 119.4 118.4
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wall, choosing the−z as the propagating direction as shown
in Fig. 2, all quantities Q are functions of zþ vwt, so we
can set zþ vwt → z and hence ∂tQ → vwQ0, ∂zQ → Q0. vw
is the bubble wall velocity and prime means derivative with
respect to z. Then in the plasma frame, the EOM with
bubble wall velocity could be further expressed as in
Refs. [21,22]

ð1 − v2wÞϕ00 þ ∂Veffðϕ; TÞ
∂ϕ

þ
X
i

dm2
i

dϕ

Z
d3p

ð2πÞ32Ei
δfiðx; pÞ ¼ 0: ð23Þ

IV. HYDRODYNAMIC TREATMENT

Having the above EOM, we begin to consider the
hydrodynamic effects where the temperature might play
important roles. For example, Eq. (23) should be evaluated
at a specific temperature. Then we should consider the
hydrodynamic effects which cause the temperature and
velocity profiles varying across the bubble wall [5–10].
This could be seen from the second term of Eq. (23) in the
wall frame where we multiply it by ϕ0 and integrate over z,Z

dzϕ0 ∂Veffðϕ; TÞ
∂ϕ

¼
Z

dz
dVeffðϕ; TÞ

dz
−
Z

dz
∂Veffðϕ; TÞ

∂T
dT
dz

ð24Þ

≃ Veffðϕ−; T−Þ − Veffðϕþ; TþÞ þ hsiðT− − TþÞ; ð25Þ

where Veffðϕ−; T−Þ − Veffðϕþ; TþÞ is the pressure differ-
ence that push the bubble wall out. Notice that ϕ− ¼ ϕðz >
0Þ and T− ¼ Tðz > 0Þ because we let wall move along the
negative z direction as shown in Fig. 2. Entropy density
sðϕ; TÞ≡ −∂Veffðϕ; TÞ=∂T and it gives non-negligible

contribution to the pressure. hsi ≃ sðϕþ;TþÞþsðϕ−;T−Þ
2

is the
average entropy density. Notice that the presence of Tþ
here in stead of TN is due to the hydrodynamic heating
effects in front of the bubble wall. Besides, as we consider
the hydrodynamic effects, temperature in front of the
bubble wall Tþ is usually different from the one behind
the wall T−. Therefore, it is important to calculate the
temperature profile around the bubble wall. All the per-
turbations are evaluated in front of the wall where T ¼ Tþ.
The energy-momentum tensor of the equilibrium part

of plasma and scalar field can be combined in the form of
ideal fluid,

Tμν
f ¼ ðef þ pfÞuμuν þ pfgμν ¼ ωfuμuν þ pfgμν; ð26Þ

where ef is the energy density, pf is the pressure and ωf is
the enthalpy of the fluid. uμ is the fluid four-velocity
uμ ¼ γðvÞð1; v⃗Þ in the background plasma frame with the
Lorentz factor γðvÞ ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − v2

p
.

We can write the hydrodynamic equations in the rest
frame of the Universe [5],

ðξ − vÞ ∂ξef
ωf

¼ 2
v
ξ
þ ½1 − γ2vðξ − vÞ�∂ξv;

ð1 − vξÞ ∂ξpf

ωf
¼ γ2ðξ − vÞ∂ξv; ð27Þ

where ξ ¼ r=t is the self-similar variable of the above
equations and has unit of velocity. r is the distance to the
bubble center and t is the time since the bubble nucleation.
“Self-similar”means that there is no characteristic length or
time scale for one steadily expanding bubble. vðξwÞ is the
fluid velocity at the location of the bubble wall ξw. Notice
that ξw ¼ vw.
We can obtain the differential equation for the temper-

ature from Eq. (27) by using the following identity

∂pf

∂T
¼ ∂ξpf

∂ξ

∂T
; ð28Þ

then the enthalpy can be written as

ωf ≡ T
∂pf

∂T
¼ T∂ξpfð∂ξTÞ−1: ð29Þ

Substituting it into Eq. (27) one obtains

∂ξT
T

¼ γ2μ∂ξv; ð30Þ

FIG. 2. Dynamical process for a bubble wall in the deflagration
mode. The deflagration wall (w) is moving along the negative z
direction (as indicated by arrows) with a shock front (s) propagating
in front of it. vþ; Tþ are the velocity and temperature in front of the
wall, and v−; T− are the velocity and temperature behind the wall.
All v−; T−; vþ; Tþ are depicted in the bubble wall frame. vsþ; Tsþ
are the velocity and temperature in front of the shock front and
vs−; Ts− the velocity and temperature behind the shock front. All
vs−; Ts−; vsþ; Tsþ are depicted in the shock frame.
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where μðξ; vÞ ¼ ðξ − vÞ=ð1 − ξvÞ is Lorentz transforma-
tion of the velocity. Given the speed of sound in the plasma,
c2s ≡ ðdpf=dTÞ=ðdef=dTÞ, from Eq. (27) we can get the
equation of the velocity profile,

2
v
ξ
¼ γ2ð1 − vξÞ

�
μ2

c2s
− 1

�
∂ξv: ð31Þ

In order to solve the hydrodynamic fluid equations,
one needs to consider the boundary conditions in the
system by using the conservation of the energy momen-
tum tensor ∇μðTμν

ϕ þ Tμν
pl Þ ¼ ∇μT

μν
f ¼ 0 across the bubble

wall,

ωþγ2þv2þ þ pþ ¼ ω−γ
2
−v2− þ p−; ωþγ2þvþ ¼ ω−γ

2
−v−;

ð32Þ

which can be transformed as

vþv− ¼ pþ − p−

eþ − e−
;

vþ
v−

¼ e− þ pþ
eþ þ p−

; ð33Þ

where þð−Þ means in front of (behind) the bubble wall.
These quantities can be estimated by using the so-called
bag model. In the bag model, the pressure and the energy
density can be written as

pþ ¼ 1

3
aþT4þ − ϵþ; eþ ¼ aþT4þ þ ϵþ; where ϵþ ≡ VT¼0ðϕþÞ;

p− ¼ 1

3
a−T4

− − ϵ−; e− ¼ a−T4
− þ ϵ−; where ϵ− ≡ VT¼0ðϕ−Þ: ð34Þ

Notice that these conditions are derived in the rest frame of the bubble wall. We have pointed out that in order to solve the
bubble wall velocity, one important quantity is the temperature in front of the wall Tþ, where massive particles meet the
bubble wall. Actually, vþ; Tþ are important not only for solving wall velocity but also for calculating electroweak
baryogenesis. In bag model we can see the first two terms in Eq. (25),

Veffðϕ−; T−Þ − Veffðϕþ; TþÞ ¼ pþ − p− ¼ ϵ− − ϵþ þ 1

3
aþT4þ −

1

3
a−T4

−

¼ ϵ− − ϵþ þ 1

3
a−ðT4þ − T4

−Þ þ
1

3
ðaþ − a−ÞT4þ: ð35Þ

For weak phase transitions Tþ ≃ T− the third term is approximately zero and the fourth term accounts for entropy variation
which may behave as friction in local equilibrium as discussed in Refs. [31–34,58].
Having assumed that the system could be approximated by the bag equation of state, one could obtain a relation between

the plasma velocities in front of and behind the bubble wall,

vþ ¼ 1

1þ αþ

"�
v−
2
þ 1

6v−

�
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�
v−
2
þ 1

6v−

�
2

þ α2þ þ 2

3
αþ −

1

3

s #
; ð36Þ

where αþ ¼ ðϵþ − ϵ−Þ=ðaþT4þÞ is the phase-transition
strength. There would be three possible stable solutions
to the hydrodynamic equations [59]: (1) Deflagration
solution corresponding to the minus sign of above formula
has a subsonic wall velocity, and vþ < v−. In order to fulfill
the requirement that the velocity far away from the wall
should be zero, there should be a shock front in front of the
bubble wall, as we can see in Fig. 2. Note that in this case,
the fluid behind the wall is at rest so we have v− ¼ vw;
(2) For the detonation solution, the wall velocity is
supersonic and the fluid in front of the wall is at rest. In
this case the solution corresponds to the positive sign of
Eq. (36) and we have vþ ¼ vw; and (3) The hybrid
expansion occurs when vþ < v− ¼ cs. This is a hybrid
state that there should be a shock front in front of the wall
and a rarefaction wave behind the wall.

In this work, we concentrate on deflagration mode
where a shock front is formed in front of the bubble wall
as shown in Fig. 2. We can clearly see that there exist
two different interface boundaries, which lead to discon-
tinuous thermodynamic quantities and two different
reference frames. Therefore, we should carefully mention
the designated reference frame when we deal with the
velocity. For convenience, we denote the fluid velocities
as measured with respect to the wall frame as vþ if the
fluid is in front of the wall and as v− if the fluid is
behind the wall. And we denote the fluid velocities as
measured with respect to the shock frame as vsþ if the
fluid is in front of the shock front and as vs− if the fluid
is behind the shock front.
For the shock front, the fluid on both sides of it is in the

symmetric phase and it has the same matching conditions
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as bubble wall in Eq. (32), then the velocities on both sides
can be written as

vsþvs− ¼ 1

3
;

vsþ
vs−

¼ T4
sþ þ 3T4

s−

T4
s− þ 3T4

sþ
: ð37Þ

We use tildes ṽ� to refer to fluid velocities in the fluid
reference frame. This is also the frame of the universe or the
reference frame of the center of the bubble. In this frame the
fluid far behind the bubble wall and far ahead of the shock
front is at rest. The fluid velocities in wall frame or shock
frame and fluid frame are related by Lorentz transforma-
tions, i.e.,

ṽ� ¼ vw − v�
1 − vwv�

; ṽs� ¼ vsh − vs�
1 − vωvs�

; ð38Þ

where vw is just the bubble wall velocity, i.e., the relative
velocities between the wall and the center of the bubble, vsh
is the relative velocity between the shock front and the
center of the bubble.
Since we focus on the subsonic bubble wall velocity, we

should give a more precise definition of a deflagration. In
this case the fluid velocity behind the wall is zero in the
fluid frame, i.e.,

ṽ− ¼ 0 ��! vw ¼ v−: ð39Þ

Similarly, we require that the fluid far away should be at
rest as in the presence of the shock front. Then we will get

ṽsþ ¼ 0 ��! vsh ¼ vsþ: ð40Þ

In order to obtain the fluid velocity and temperature profile
in front of the bubble wall, we need to solve their
corresponding hydrodynamic equations (30) and (31).
Given αþ and some value for the wall velocity vw < cs,
noting we have ξw ¼ vw ¼ v−, the boundary condition for
the velocity equation in front of bubble wall is

ṽþ ≡ ξw − vþ
1 − ξwvþ

¼ vðξwÞ;

with vþ which is determined by Eq. (36). From Eq. (31),
we can see that the solution would have a singularity when
μðξ; vÞ ¼ cs. However, the solution will reach the shock-
front position ξsh before the singularity. The shock-front
position satisfies the second boundary condition,

ṽs− ≡ ξsh − vs−
1 − ξshvs−

¼ vðξshÞ: ð41Þ

Notice that ξsh ¼ vsh ¼ vsþ. However, we still do not know
the position of the shock front ξsh. One can use the inverse
transformation of Eq. (41) and then substitute it into
Eq. (37) which describes the discontinuities of velocities
across the shock front, then we will get

μðξsh; vðξshÞÞξsh ¼
1

3
¼ c2s ; ð42Þ

which determines the position of the shock front. Having
the velocity profile, we can substitute it into Eq. (30) to get
the temperature profile. The boundary values are the values
of the temperature outside the wall Tþ and the temperature
inside the shock front Ts−. In Fig. 3 we show an illustration
of velocity profile and temperature profile where we choose
αN ¼ 0.005. We could integrate Eq. (30) and get

Tþ
Ts−

¼ exp

�Z
ξw

ξsh

dξγ2μ∂ξv

�
¼ exp

�Z
ξw

ξsh

dξ
2c2svðξ − vÞ

ξððξ − vÞ2 − c2sð1 − vξÞ2Þ
�
: ð43Þ

Notice that the temperature in front of the shock front
corresponds to the nucleation temperature of the transition,
i.e., Tsþ ¼ TN . Using Eq. (37) and eliminate vsþ we can
find

FIG. 3. Velocity and temperature profiles in the deflagration mode for different bubble wall velocity vw ¼ 0.1, 0.2, 0.3, 0.4. Here we
choose αN ¼ 0.005. Left panel is the velocity profile and right panel is the temperature profile.
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T4
s−

T4
N
¼ T4

s−

T4
sþ

¼ 3ð1 − v2s−Þ
9v2s− − 1

: ð44Þ

Using Eqs. (43) and (44) the temperature in front of
the bubble wall Tþ is related to the nucleation temperature
TN as

Tþ
TN

¼
�
3ð1 − v2s−Þ
9v2s− − 1

�
1=4

× exp

�Z
ξw

ξsh

dξ
2c2svðξ − vÞ

ξððξ − vÞ2 − c2sð1 − vξÞ2Þ
�
: ð45Þ

Then we can use

aþT4þ
a−T4

−
¼ ωþ

ω−
; ð46Þ

to determine the temperature behind the wall T−.
In Fig. 4 we show an example of the heating effect with

Tc ¼ 118.3 GeV and TN ¼ 117.1 GeV. It can be seen that
there is one value of vw at which Tþ will be larger than Tc
(However, in reality we think that the Tþ could not be
larger than Tc. It could only approach Tc, because when
Tþ ¼ Tc the potential difference is almost zero and the
wall could not be accelerated anymore.). We can give an
approximation of the upper limit of the wall velocity [58],

vw ≃
�log Tc

TN

6αc

�1=2

: ð47Þ

Actually, the heating effect can effectively be viewed as
hydrodynamic backreaction because it effectively reduces
the potential difference in front of and behind the
wall [34,58].

V. BASIC METHOD OF CALCULATING BUBBLE
WALL VELOCITY

Besides heavy particles in the standard model (top quark,
W and Z bosons), in IDM we have extra-heavy particle
species, theCP-odd scalar A and two charged scalarsH� of
the inert doublet η. As we can see in Eqs. (10) and (11),
these three scalars have the same coupling such that same
field-dependent mass and same interactions. Therefore, in
this work one can treat them as the same species A. For the
same reason, sinceW� and Z have nearly degenerate mass,
we can also treat them as the same species W. Other
massive species that obtain light field-dependent mass
should be almost in thermal equilibrium and we can treat
them as background.
In order to evaluate the friction term, we adopt the flow

ansatz. We must know the out-of-equilibrium distribution
part δf for each massive particle population. In principle,
the distribution function f for the microscopic particles are
described by the quantum Liouville equation. However,
when the de Broglie thermal wavelength of particles in the
system is smaller than the bubble wall thickness, the
Wentzel-Kramers-Brillouin (WKB) condition p ≫ 1=L
(p is the momentum of concerned particle and L is the
bubble wall thickness) is satisfied. Then the background
field varies slowly and hence the distribution function for
each particle can be approximated by the following
Boltzmann equation

d
dt

f ¼
�
∂

∂t
þ _z

∂

∂z
þ _pz

∂

∂pz

�
f ¼ −C½f�; ð48Þ

where _z ¼ pz=E and _pz ¼ −∂zE ¼ −ðm2Þ0=ð2EÞ. The
distribution function for one species f, which deviates
from its equilibrium form, can be expressed as

f ¼ 1

eðEþδÞ=T � 1
; ð49Þ

where þ is for fermions, − is for bosons, and δ is the
perturbations (δ ≪ 1) that can be parametrized as [21,22]

δ ¼ −μ − μbg −
E
T
ðδT þ δTbgÞ − pzðδvþ δvbgÞ: ð50Þ

And we take the background chemical potential perturba-
tion as zero [21,22]. We treat particles and antiparticles as
one species neglecting CP violation.1 C½f� is the collision
term; we will discuss the detailed calculations in next
section. The collision term and the EOM of the background
field are model dependent. Then the Boltzmann equation
can be written as

0.1 0.2 0.3 0.4 0.5

117.0

117.2

117.4

117.6

117.8

118.0

118.2

118.4

FIG. 4. An illustration of temperature variation in front of the
wall. We have Tc ¼ 118.3 GeV and TN ¼ 117.1 GeV for the
benchmark model parameters in the IDM.

1Noting that this description is not appropriate for infrared (IR)
excitation with momenta p ≪ T. These contributions can be
important for boson species [60,61].
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ð−f00Þ
�
pz

E

�
∂zμþ

E
T
∂zðδT þ δTbgÞ þ pz∂zðδvþ δvbgÞ

�
þ ∂tμ

þE
T
∂tðδT þ δTbgÞ þ pz∂tðδvþ δvbgÞ

�
þ TC½μ; δT; δv� ¼ ð−f00Þ

∂tðm2Þ
2E

; ð51Þ

where f0 is the equilibrium distribution function and f00 ¼ − expðE=TÞ=½expðE=TÞ � 1�2. It is difficult to solve the full
Boltzmann equation. However, one can truncate the full Boltzmann equation with three moments for an approximate
solution. The three moments are chosen as

R
d3p=ð2πÞ3; R Ed3p=ð2πÞ2, and R

pzd3p=ð2πÞ3 [21,22]. Then, after the
integration and keeping in mind that ∂tQ → vwQ0, ∂zQ → Q0 for every heavy species i ¼ t, W, A, we obtain

vwci2ðμ0i þ μ0bgÞ þ vwci3ðδT 0
i þ δT 0

bgÞ þ
ci3T
3

ðδv0i þ δv0bgÞ þ μiΓμ1;i þ δTiΓT1;i ¼
vwci1
2T

ðm2
i Þ0;

vwci3ðμ0i þ μ0bgÞ þ vwci4ðδT 0
i þ δT 0

bgÞ þ
ci4T
3

ðδv0i þ δv0bgÞ þ μiΓμ2;i þ δTiΓT2;i ¼
vwci2
2T

ðm2
i Þ0;

ci3
3
ðμ0i þ μ0bgÞ þ

ci4
3
ðδT 0

i þ δT 0
bgÞ þ

vwci4T
3

ðδv0i þ δv0bgÞ þ δviTΓv;i ¼ 0; ð52Þ

with different integration coefficients of the collision termZ
d3p

ð2πÞ3T2
C½fi� ¼ μiΓμ1;i þ δTiΓT1;i;Z

d3p
ð2πÞ3T3

EC½fi� ¼ μiΓμ2;i þ δTiΓT2;i;Z
d3p

ð2πÞ3T3
pzC½fi� ¼ TδviΓv;i: ð53Þ

In Eq. (52), the constants cb=fj are defined as

cb=fj Tjþ1 ¼
Z

Ej−2ð−f00Þ
d3p
ð2πÞ3 : ð54Þ

At lowest order in m=T, we have

cb1 ¼
logð2T=mbÞ

2π2
; cb2 ¼

1

6
; cb3 ¼

3ζð3Þ
π2

; cb4 ¼
2π2

15
;

ð55Þ
for bosons, whereas for fermions we have

cf1 ¼ logð2Þ
2π2

; cf2 ¼ 1

12
; cf3 ¼

9ζð3Þ
4π2

; cf4 ¼
7π2

60
:

ð56Þ
ζðxÞ is the Riemann zeta function.
Equation (52) are not enough to solve for six quantities

μ, δT, δv, μbg, δTbg, δvbg. Therefore, we need three more
equations which describe the evolution of the background
fluid [22]. The background fluid is the sum of all light
particles which have negligible mass variation across the
bubble wall. All light particle species are treated as being at
the same temperature T þ δTbg and same velocity δvbg, and
the annihilation rates are fast enough that the background is

in chemical equilibrium μbg ¼ 0. Then we obtain three
background equations which have a similar form as the
heavy particles in Eq. (52):

c̃4

�
vwδT 0

bg þ
δv0bg
3

T

�
¼ NtðμtΓμ2;t þ δTtΓT2;tÞ

þ
X
bosons

NbðμbΓμ2;b þ δTbΓT2;bÞ;

c̃4
3
ðδT 0

bg þ vwTδv0bgÞ ¼ NtTδvtΓv;t þ
X
bosons

NbTδvbΓv;b;

μbg ¼ 0; ð57Þ
where we have used the fact that the collision term between
massive particle species and light particle species in the
fluid equations with opposite sign. Here the heat capacity
of the light degrees of freedom c̃4 ¼ 78cf4 þ 19cb4 .
From Eq. (57) the derivative of the background temper-

ature and velocity can be written as

δT 0
bg ¼

−vwðAþ B̄Þ þ ðC̄þ D̄Þ
c̃4ð1=3 − v2wÞ

;

δv0bg ¼
−3vwðC̄þ D̄Þ þ ðĀþ B̄Þ

Tc̃4ð1=3 − v2wÞ
; ð58Þ

where

Ā ¼ NtðμtΓμ2;t þ δTtΓT2;tÞ;
B̄ ¼

X
bosons

NbðμbΓμ2;b þ δTbΓT2;bÞ;

C̄ ¼ NtTδvtΓv;t;

D̄ ¼
X
bosons

NbTδvbΓv;b: ð59Þ
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After substituting Eq. (58) and μbg ¼ 0 into Eq. (52), one
can simplify the Boltzmann equation into the following
compact matrix form

Âδ0 þ Γδ ¼ Σ; ð60Þ

in our case the vector of perturbations comprise top quark t,
vector bosons W and scalar A,

δ ¼ ðμt; δTt; Tδvt; μW; δTW; TδvW; μA; δTA; TδvAÞ; ð61Þ
the source term

Σ ¼ vw
2T

ðct1ðm2
t Þ0; ct2ðm2

t Þ0; 0; cW1 ðm2
WÞ0; cW2 ðm2

WÞ0; 0; cA1 ðm2
AÞ0; cA2 ðm2

AÞ0; 0Þ; ð62Þ

and

Γ ¼ Γ0 þ
1

c̃4
M; ð63Þ

Â ¼

0BB@
Ât 0 0

0 ÂW 0

0 0 ÂA

1CCA; where Âi ¼

0BB@
vwci2 vwci3

1
3
ci3

vwci3 vwci4
1
3
ci4

1
3
ci3

1
3
ci4

1
3
vwci4

1CCA; ð64Þ

Γ0 ¼

0BB@
Γt 0 0

0 ΓW 0

0 0 ΓA

1CCA; where Γi ¼

0BB@
Γμ1;i ΓT1;i 0

Γμ2;i ΓT2;i 0

0 0 Γv;i

1CCA: ð65Þ

Here M is

M ¼

0BB@
Mtt MtW MtA

MWt MWW MWA

MAt MAW MAA

1CCA; where Mij ¼ Nj

0BB@
ci3Γμ2;j ci3ΓT2;j 0

ci4Γμ2;j ci4ΓT2;j 0

0 0 ci4Γv;j

1CCA; ð66Þ

where Nj is the total degree of freedom for the massive
species (Nt ¼ 12, NW ¼ 9, and NA ¼ 3).
We should note that when mb ≫ T the approximation of

cb1 in Eq. (55) break down and we have

cb1 ¼ ðmb=TÞ1=2 expð−mb=TÞ=ð2πÞ3=2; ð67Þ

so that the contribution of the heavy boson particles to
the right-hand side term in Eq. (62) is suppressed by a
Boltzmann factor. Their contribution to friction would then
be suppressed. For an extremely strong phase transition,
this Boltzmann factor should be taken into account and
tends to increase the predicted velocity.

VI. COLLISION TERMS

The collision terms are very important for calculating
bubble wall velocity. If they are large enough, we expect
that massive particles are only slightly apart from equilib-
rium and that they can not produce enough friction to
prevent the bubble expansion. Then the wall velocity may
be very large. On the other hand, if the collision terms are

too small, our method that introduce perturbations may be
problematic; thus, it is essential to calculate collision terms
accurately.
In most of the previous studies, only two massive species

are considered; namely, the top quark and the W bosons.
Here, in our work we include extra-massive particle
species, the new scalars H� and A. We treat them as same
species when calculating wall velocity so we can only
calculate their collision terms once.
The collision term of the Boltzmann equation for species

i can be expressed as

C½fi� ¼
1

2N̄i

X 1

2Ep

×
Z

d3kd3p0d3k0

ð2πÞ92Ek2Ep02Ek0
jMiðp; k;p0; k0Þj2ð2πÞ4

× δ4ðpþ k − p0 − k0ÞP½fiðpÞ�; ð68Þ

where the sum is over all 4-body processes. The matrix
elements are summed over helicities and colors of all four
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external quasiparticles, then divided by the number of
degrees of freedom N̄i corresponding to species i,

N̄t ¼ N̄t̄ ¼ 6; N̄Wþ ¼ N̄W− ¼ N̄Z ¼ 3;

N̄A ¼ N̄Hþ ¼ N̄H− ¼ 1: ð69Þ

p is the momentum of the concerned heavy particle species,
k represents the momentum of the other incoming particle.
p0 and k0 denote the momenta of the outgoing particles.
Then the Mandelstam variables s, t, u are defined as
s ¼ ðpþ kÞ2 ¼ ðp0 þ k0Þ2, t ¼ ðp − p0Þ2 ¼ ðk − k0Þ2, and
u ¼ ðp − k0Þ2 ¼ ðk − p0Þ2. The population factor for proc-
ess ij → mn is

P½fiðpÞ�≡ fiðpÞfjðkÞð1� fmðp0ÞÞð1� fnðk0ÞÞ
− fmðp0Þfnðk0Þð1� fiðpÞÞð1� fjðkÞÞ ð70Þ

with the upper (lower) signs corresponding to bosons
(fermions) and fi the appropriate perturbed distribution
function for particle i, which we assume to take the form

fi ¼ ðeðEþδiÞ=T � 1Þ−1: ð71Þ

We now analyze the distribution function at first order.
We can write fi ¼ 1=ðexp ai � 1Þwith ai ¼ ðEi − δiÞ=T in
the plasma frame such that 1� fi ¼ fi expai. Then
Eq. (70) can be expressed as

P½fi� ¼ ðeamþan − eaiþajÞfifjfmfn; ð72Þ

and we have

expðai þ ajÞ ¼ exp ½ðEi þ EjÞ=T� × expð−δi=T − δj=TÞ
≃ exp ½ðEi þ EjÞ=T� × ð1 − δi=T − δj=TÞ:

ð73Þ

Then to the first order in δ, we have

P½fi� ≃
δi þ δj − δm − δn

T
f0;if0;jð1� f0;mÞð1� f0;nÞ;

ð74Þ

where f0;i ¼ ðeEi=T � 1Þ−1 is the equilibrium distribution
for species i, and we use the fact that fieEi=T ¼
f0;ieEi=T þOðδiÞ ¼ 1� f0;i þOðδiÞ. After integration
we get the collision terms with the forms in Eq. (53).
Then, we need to consider the dominant scattering

processes of the massive particle species. We calculate
the collision terms by using the leading-log approximation
[21]: (a) Neglecting masses of all the external particles;
(b) Neglecting s-channel contributions because they are not
logarithmic; and (c) The logarithmic IR divergences are
regularized by the thermal mass of the mediator. We use

propagators of the forms 1=ðt −m2
i;TÞ or 1=ðu −m2

i;TÞ,
where mi;T is thermal mass of the mediator. The thermal
masses for quarks and gluons are m2

q;T ¼ g2sT2=6 and
m2

g;T ¼ 2g2sT2, respectively. gs is the strong coupling con-
stant. The thermal mass of W boson is m2

W;T ¼ 11g2wT2=6.
And for the new scalars,m2

A;T ¼ λ3T2=24. To see where the
“leading-log” comes from, we show an example of the
t-channel annihilation process tt̄ → gg with matrix
element −ð64=9Þg4sst=ðt −m2

t;TÞ2. The integral about p0

and k0 gives (in the center-of-mass frame),Z
p02dp0dΩp0

ð2πÞ34Ep0Ek0
2πδð2Ep−2Ep0 Þ ð2p ·kÞ2pp0ð1−cosθ0Þ

½2pp0ð1−cosθ0Þþm2
t;T �2

≃
1

8π
log

2p ·k
m2

t;T
; ð75Þ

where we have used the leading-log approximation that
Ek0 ¼ Ep0 ¼ jp⃗0j ¼ jk⃗0j ¼ p0 and Ek ¼Ep ¼ jp⃗j ¼ jk⃗j ¼ p.
Here, 2p · k ¼ 2pkð1 − cos θÞ þOðm2

t;TÞ, with θ being the
plasma-frame angle between p⃗ and k⃗. Then the remaining
integrals about θ in the plasma frame containZ

d cos θ
1

2
log

�
2pkð1 − cos θÞ

m2
t;T

�
¼ −1þ log

4pk
m2

t;T
: ð76Þ

The remaining integrals can be done numerically.
However, in order to get more accurate results, we do the

numerical integration directly like
R d3p

ð2πÞ3T2 C½fi� by using

the phase-space parametrization as discussed in Ref. [24].
The Monte Carlo package VEGAS [62] is used in our
numerical integration calculations. Then we can use
Eq. (53) to extract Γμ1, ΓT1, Γμ2, ΓT2, and Γv for each
particle species. We use another approximation in that we
neglect the collisions between different massive species
since we expect their contributions are subdominant com-
pared with other processes. This is implied in Eq. (65). The
results of the matrix elements are shown in Table II. We
only include processes at order of g4s , y2t g2s , g2wg2s , g4w, λ43 as
the dominant contributions. The matrix elements are
summed over the helicities and colors of all four external
states.
We perform numerical integration and get, for the top

quarks,

Γμ1;t ≃ ð5.0 × 10−4g4s þ 5.8 × 10−4g2sy2t ÞT;
ΓT1;t ≃ Γμ2;t ≃ ð1.1 × 10−3g4s þ 1.3 × 10−3g2sy2t ÞT;
ΓT2;t ≃ ð1.1 × 10−2g4s þ 4.0 × 10−3g2sy2t ÞT;
Γv;t ≃ ð2.0 × 10−2g4s þ 1.8 × 10−3g2sy2t ÞT; ð77Þ

for the W bosons,
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Γμ1;W ≃ ð2.3 × 10−3g2sg2w þ 2.0 × 10−3g4wÞT;
ΓT1;W ≃ Γμ2;W ≃ ð4.7 × 10−3g2sg2w þ 4.1 × 10−3g4wÞT;
ΓT2;W ≃ ð1.5 × 10−2g2sg2w þ 1.5 × 10−2g4wÞT;
Γv;W ≃ ð5.7 × 10−2g2sg2w þ 1.5 × 10−2g4wÞT; ð78Þ

and for the new bosons A,

Γμ1;A ≃ 1.0 × 10−2λ43T;

ΓT1;A ≃ Γμ2;A ≃ 4.9 × 10−3λ43T;

ΓT2;A ≃ 5.1 × 10−3λ43T;

Γv;A ≃ 1.8 × 10−3λ43T: ð79Þ

VII. BUBBLE WALL VELOCITY

Given the above results, the perturbations could be
derived from Eq. (60) by using Green’s function method,

ðÂ−1ΓÞijχjk ¼ χjkρk; ð80Þ

where ρk are the eigenvalues of Â−1Γ and χ is the matrix
constituting of the eigenvectors. Note that there is no sum
on k. It is then straightforward to write down the Green’s
function

Giðz; yÞ ¼ sgnðρiÞe−ρiðz−yÞΘ½sgnðρiÞðz − yÞ�: ð81Þ

The Heaviside function means the boundary condition
δiðz → �∞Þ ¼ 0. Then the perturbation δi will be given by

δiðzÞ ¼ χij

Z
∞

−∞
dyGjðz; yÞ½χ−1Â−1ΣðyÞ�j; ð82Þ

where Σ is given by Eq. (62). However, in order to evaluate
this integration, we must know the explicit form of
m2

i ðϕðzÞÞ. To proceed further, we choose the ansatz of
the bubble wall profile as

ϕðzÞ ¼ ϕ−

2

�
1þ tanh

z
L

�
; ð83Þ

where ϕ− is the VEV of the Higgs boson in the broken
phase at T−, ϕ− ¼ ϕðT−Þ. L is the bubble wall thickness.
This bubble wall profile might work well for relatively
weak first-order phase transition.2 In this work, for the
chosen benchmark parameters in the IDM, we just have a
relatively-weak first-order phase transition. Thus, it is
reasonable to assume this shape in the following analysis.
Numerically solving the truncated Boltzmann equation,

we could obtain the perturbations of all massive species as
shown in Fig. 5 and background perturbations in left panel
of Fig. 6, where we have chosen wall velocity vw ¼ 0.1 and
wall thickness L ¼ 0.1 GeV−1. We can give brief discus-
sions on the underlying physics of these numerical results.
One can see that the values of perturbations for t andW are
larger than A’s. This is because the magnitudes of the
collision rates of A are larger than the rates of t and W,
such that A is closer to equilibrium than t andW. Also, for t
and W, their collision rates with respect to the chemical
potential are smaller than those with respect to temperature,
so that t and W are easier to deviate from chemical
equilibrium than thermal equilibrium. Then. the extent of
their decoupling from chemical equilibrium should be
larger than thermal equilibrium, such that in Fig. 5, we
can see that the perturbations of the chemical potential are
much larger than temperature and velocity. It is the same for
A, whose particle number-changing collision rate is larger
than temperature-exchanging rate, so the magnitude of
chemical perturbations of A is smaller than temperature and
velocity. As the wall is thick enough respect to the de

TABLE II. Relevant 4-body processes and their corresponding
matrix elements for massive particles in the leading-log approxi-
mation. The matrix elements are summed over the helicities and
colors of all four external states. We only include processes at the
order of g4s , y2t g2s , g2wg2s , g4w, λ43 as the dominant contributions.
Here q, b, and l represent quarks, bottom quark, and leptons,
respectively.

Process jMij2
Oðg4sÞ∶
tt̄ ↔ gg∶ 128

3
g4s
	

u
t−m2

t;T
þ t

u−m2
t;T



tg ↔ tg∶ − 128

3
g4s

su
ðu−m2

g;T Þ2
þ 96g4s

s2þu2

ðt−m2
t;T Þ2

tqðq̄Þ ↔ tqðq̄Þ∶ 160g4s
u2þs2

ðt−m2
t;T Þ2

Oðy2t g2sÞ∶
tt̄ ↔ hg; G0g∶ 8y2t g2s

	
u

t−m2
t;T
þ t

u−m2
t;T



tb̄ ↔ hGþ∶ 8y2t g2s

	
u

t−m2
t;T
þ t

u−m2
b;T



tg ↔ th; tG0∶ −8y2t g2s s

t−m2
t;T

tg ↔ bGþ∶ −8y2t g2s s
t−m2

b;T

tG− ↔ bg∶ −8y2t g2s s
t−m2

t;T

Oðg2wg2sÞ∶
Wq ↔ qg∶ −72g2sg2w s

t−m2
q;T

Wg ↔ qq̄∶ −72g2sg2w s
t−m2

q;T

Oðg4wÞ∶
WW ↔ ff̄∶ − 27

2
g4w
	

3s
t−m2

q;T
þ s

t−m2
l;T



Wf ↔ Wf∶ 360g4w

u2

ðt−m2
W;TÞ2

− 27
2
g4w
	

3s
u−m2

q;T
þ s

u−m2
l;T



Oðλ43Þ∶
AA ↔ hh∶ λ4

3
v4

2

h
1

ðt−m2
A;T Þ2

þ 1
ðu−m2

A;T Þ2
i

Ah ↔ hA∶ λ4
3
v4

2
1

ðt−m2
A;T Þ2

2For a SFOPT or the ultrasupercooling phase transition, this
profile ansatz might not be appropriate [63].
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Broglie wavelength of massive particles, we expect that the
shape of the dominant perturbations μ=T for t and W and
δT=T for A will be closely proportional tomm0 and δTbg=T
be proportional to m2, which is consistent with our results.
Substituting the results obtained from Boltzmann equa-

tion under semiclassical and fluid approximations into
Eq. (23) we get that at leading-order perturbations, the
EOM of Higgs can be approximated as

SEOM ¼ ð1 − v2wÞϕ00 þ ∂Veffðϕ; TþÞ
∂ϕ

þ NtTþ
2

dm2
t

dϕ

× ðct1μt þ ct2ðδTt þ δTbgÞÞ

þ
X
b

NbTþ
2

dm2
b

dϕ
ðcb1μb þ cb2ðδTb þ δTbgÞÞ ¼ 0;

ð84Þ

where Ni is the degree of freedom of particle i. Here Tþ is
temperature just in front of the bubble wall and can be
solved with the hydrodynamic treatment of expanding
bubble which we have discussed previously.

Given specific bubble wall profile in Eq. (83), it is still
difficult to fully solve the EOM in Eq. (84). In practice, we
could obtain an approximate solution when the following
two constraints are satisfied [57]

M1 ¼
Z

SEOMϕ0dz ¼ 0;

M2 ¼
Z

SEOMð2ϕ − ϕ−Þϕ0dz ¼ 0: ð85Þ

The first equation M1 ¼ 0 in Eq. (85) means the total
pressure on the bubble wall vanishes in the steady velocity
regime. And the second equation M2 ¼ 0 indicates the
bubble wall thickness should not change anymore, which
means the total pressure gradient should be zero for the
steady bubble wall velocity.
The equilibrium, constant temperature part of Eq. (85)

can be easily performed,Z �
ð1 − v2wÞϕ00 þ ∂Veffðϕ; TþÞ

∂ϕ

�
ϕ0dz

¼ Veffðϕ−; TþÞ − Veffðϕþ; TþÞ; ð86aÞ
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FIG. 5. Chemical, temperature and velocity perturbations ofW, t, and A for vw ¼ 0.1 and L ¼ 0.1 GeV−1. Left: perturbations for top
quark (solid lines) and W boson (dashed lines). Right: perturbations for a new scalar.
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FIG. 6. Left panel: An illustration for the perturbation of background velocity and background temperature for vw ¼ 0.1,
L ¼ 0.1 GeV−1. Right panel:

R
dzFðzÞ=T4

N for different species as a function of wall velocity vw.
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Z �
ð1 − v2wÞϕ00 þ ∂Veffðϕ; TþÞ

∂ϕ

�
ð2ϕ − ϕ−Þϕ0dz

¼ 2ð1 − v2wÞϕ3
−

15L2
þ
Z

ϕ−

ϕþ

∂Veffðϕ; TþÞ
∂ϕ

ð2ϕ − ϕ−Þdϕ:

ð86bÞ

The kinetic term ϕ00 tends to stretch the wall (increasing L)
while Veff tends to accelerate and compress the wall.
Before further calculations, one should emphasize that

the vacuum value ϕ− using here is its value at z → ∞. More
precisely, it is actually ϕ− ¼ ϕðT−Þ that evaluated at T−
instead of ϕðTþÞ.3 This temperature jump is actually from
the hydrodynamic effects discussed in Sec. IV. However, as
we can see from Eq. (84), ϕ00, the perturbations μi, δTi and
vi should vanish at z → ∞. On the contrary, δTbg is not
zero there. We will find that ∂V=∂ϕ and the friction term
coming from δTbg do not exactly cancel with each other.
This behavior appears for the reason that the temperature
jump is nonlinear so T− ≠ Tþ þ δTbg and the vacuum
value ϕ0 is very sensitive to temperature.
We can see this more clearly in the following. Since we

already had

∂VTðϕ; TÞ
∂ϕ

¼
X
i

dm2
i

dϕ

Z
d3p

ð2πÞ32Ei
f0;iðp; TÞ; ð87Þ

we simply expect that

0≡ ∂Veffðϕ−;T−Þ
∂ϕ−

≃
∂Veffðϕ−;TþÞ

∂ϕ−
þ ∂

2VTðϕ−;TþÞ
∂ϕ−∂Tþ

δTbgþ;

ð88Þ

where δTbgþ ¼ δTbgðz → ∞Þ is the background temper-
ature perturbation at large positive z. The second term of
Eq. (88) is just the friction term coming from δTbg, but in
reality, the temperature varies nonlinearly in front and
behind the wall, so this equality is too crude. In other
words, Eq. (84) is not the real EOM at large positive z.
Actually, we can use ∂VT=∂T ¼ −s such that

∂
2VTðϕ;TþÞ
∂ϕ∂Tþ

δTbgðzÞ ¼ −
∂sðϕ; TþÞ

∂ϕ
δTbgðzÞ; ð89Þ

which can be multiplied by ϕ0 and integrated,

Z
dzϕ0

�
∂Veffðϕ; TþÞ

∂ϕ
−
∂sðϕ; TþÞ

∂ϕ
δTbgðzÞ

�
≃ Veffðϕ−; TþÞ − Veffðϕþ; TþÞ − sðϕ−; TþÞδTbgþ þ hsiδTbgþ

≃ Veffðϕ−; T−Þ − Veffðϕþ; TþÞ þ hsiδTbgþ; ð90Þ

where the last term hsiδTbgþ can be approximated as hsiðT− − TþÞ at first order, which is consistent with Eq. (25).
So in order to minimize this inconsistency, we should find a new vacuum value ϕ− to make EOM hold at infinity [64],�

∂Veffðϕ; TþÞ
∂ϕ

þ
�
NtTþ
2

dm2
t

dϕ
ct2 þ

X
b

NbTþ
2

dm2
b

dϕ
cb2

�
δTbg

�����
ϕ¼ϕ−;z→∞

¼ 0: ð91Þ

The new ϕ− does not minimize the potential but it cancels the friction term. Then we should recompute the perturbations
and iterate.
Reference [64] also introduced another method that one can find an Oð1Þ parameter y so that the modified EOM

ð1 − v2wÞϕ00 þ ∂Veffðϕ; TþÞ
∂ϕ

þ NtTþ
2

dm2
t

dϕ
ðct1μt þ ct2ðδTt þ yδTbgÞÞ

þ
X
b

NbTþ
2

dm2
b

dϕ
ðcb1μb þ cb2ðδTb þ yδTbgÞÞ ¼ 0 ð92Þ

is satisfied for larger positive values of z. In this work we will use the former method that redefines the VEV.
The last term of Eq. (84), multiplied by ϕ0, gives the friction term

FðzÞ ¼ NtTþ
2

dm2
t

dz
ðct1μt þ ct2ðδTt þ δTbgÞÞ þ

X
b

NbTþ
2

dm2
b

dz
ðcb1μb þ cb2ðδTb þ δTbgÞÞ: ð93Þ

Then the M1 of Eq. (85) gives the condition of steady wall expansion,

3Generally ϕðTþÞ ≠ ϕþ where ϕðTþÞ is the VEV at Tþ but ϕþ is the field value in front of the bubble wall.
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Veffðϕ−; TþÞ − Veffðϕþ; TþÞ ¼
Z

dzFðzÞ: ð94Þ

We can see the behavior of
R
dzFðzÞ in Fig. 6; we find that

when vw approaches cs the friction force will approach
negative infinity which is due to the singularity of δTbg, as
seen in Eq. (58). This singularity may be caused by the
selection of ansatz [11,12] or some physical reasons
[13,29,30], but these works have shown that in the low-
velocity regime our treatment still works well. Fortunately,
we found that the velocity in the IDM is indeed small
enough.
To do other integrals, it is much simpler to work in

momentum space. However, it should be noted that mb ¼
mbðzÞ so the cb1 ¼ cb1ðzÞ is function of z. Butwe have noticed
that the source term of perturbations is proportional to

ϕϕ0 ¼ ϕ2
−

4
sech2

�
z
L

��
1þ tanh

�
z
L

��
; ð95Þ

which has a peak at z ¼ ln 2
2
L. Therefore, the main contribu-

tions should come from z around thepeak. So it is reasonable to
make an approximation that cb1 ≃ cb1ðz ¼ ln 2

2
LÞ.

Then the Boltzmann equations can be written in
Fourier space as

ikδ̃i þ ðÂ−1ΓÞijδ̃j ¼ ðÂ−1KÞigϕϕ0; ð96Þ

ikfδTbg ¼ Riδ̃i; ð97Þ

where K and R can be read from Eqs. (58) and (62),
respectively.

K ¼ vw
2T

�
ct1y

2
t ; ct2y

2
t ; 0;

cW1 g
2
w

2
;
cW2 g

2
w

2
; 0; cA1 λ3; c

A
2 λ3; 0

�
; ð98Þ

R ¼ 1

c̃4ð1=3 − v2wÞ
ð−vwNtΓμ2;t;−vwNtΓT2;t; NtΓv2;t;−vwNWΓμ2;W;−vwNWΓT2;W;

NWΓv2;W;−vwNAΓμ2;A;−vwNAΓT2;A; NAΓv2;AÞ: ð99Þ

Substituting these into Eq. (85), we get the contributions of perturbations to M1 and M2,

Ω1 ¼
Z

dk
2π

�
fiχij

Sj
ρj þ ik

þϒRiχij

�
Sj

ikðρj þ ikÞ −
Sjπ

ρj
δðkÞ

��gϕϕ0ðkÞgϕϕ0ð−kÞ; ð100Þ

Ω2 ¼
Z

dk
2π

�
fiχij

Sj
ρj þ ik

þϒRiχij

�
Sj

ikðρj þ ikÞ −
Sjπ

ρj
δðkÞ

��gϕϕ0ðkÞ g2ϕ2ϕ0ð−kÞ − ϕ−Ω1; ð101Þ

where S ¼ χ−1Â−1K, f and ϒ can be read from Eq. (84),

f ¼ T

�
ct1Nty2t

2
;
ct2Nty2t

2
; 0;

cW1 NWg2w
4

;
cW2 NWg2w

4
; 0;

cA1NAλ3
2

;
cA2NAλ3

2
; 0

�
; ð102Þ

ϒ ¼ ct2Nty2t
2

þ cw2NWg2w
4

þ cA2NAλ3
2

: ð103Þ

It should be noted that we introduce Dirac delta function δðkÞ in Eqs. (100) and (101) because Eq. (97) can only determine
δTbg up to a constant of integration. In order to satisfy the boundary condition δTbgðz → −∞Þ ¼ 0, we must add this into
the equation.
Using

gϕϕ0ðkÞ ¼ ϕ2
−

2
ð1 − ikL=2Þ kLπ

2
csch

kLπ
2

; ð104Þ

g2ϕ2ϕ0ðkÞ ¼ ϕ3
−

12
ð8 − 6ikL − k2L2Þ kLπ

2
csch

kLπ
2

; ð105Þ

Equations (100) and (101) can be solved by using the following integrals:
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Z
dk
2π

1

ρþ ik
gϕϕ0ðkÞgϕϕ0ð−kÞ ¼ ϕ4

−

16

��
ρL −

ðρLÞ3
4

�
I1

�
ρLπ
2

�
þ ρL

3

�
; ð106aÞ

Z
dk
2π

1

ikðρþ ikÞ
gϕϕ0ðkÞgϕϕ0ð−kÞ ¼ −

1

ρ

ϕ4
−

16

��
ρL −

ðρLÞ3
4

�
I1

�
ρLπ
2

�
þ ρL

3

�
; ð106bÞ

Z
dk
2π

1

ρþ ik
gϕϕ0ðkÞ g2ϕ2ϕ0ð−kÞ ¼ ϕ5

−

12

��
ρ4L4

16
−
ρ3L3

4
−
ρ2L2

4
þ ρL

�
I1

�
ρLπ
2

�
−
�
ρ2L2

12
−
ρL
3

−
2

5

��
; ð106cÞ

Z
dk
2π

1

ikðρþ ikÞ
gϕϕ0ðkÞ g2ϕ2ϕ0ð−kÞ ¼ −

1

ρ

ϕ5
−

12

��
ρ4L4

16
−
ρ3L3

4
−
ρ2L2

4
þ ρL

�
I1

�
ρLπ
2

�
−
�
ρ2L2

12
−
ρL
3

��
; ð106dÞ

where

I1ðaÞ ¼
Z

∞

−∞
dx

x2csch2x
x2 þ a2

; ð107Þ

which can be evaluated by contour integrals in the complex
plane,

I1ðaÞ ¼
πjaj
sin2 a

− 2 −
X∞
n¼1

nð2πaÞ2
½ðnπÞ2 − a2�2 : ð108Þ

In summary, the main procedure of calculating the bubble
wall velocity is shown in Fig. 1. For a given set of model
parameters (in this case, theBenchmarkAof IDM),we firstly
calculate the thermodynamic quantities like the nucleation
temperature TN and the phase-transition strength αN of the
nucleation process with the CosmoTransitions package. Then we

perform a grid scan in the ðvw; LÞ space. At each point in the
grid we perform the next steps:
(1) Solve the hydrodynamic equations of the SFOPT.

This allows us to obtain the thermodynamic param-
eters evaluated in front of and behind the wall, that is
Tþ;αþ; vþ;ϕþ, T−, and v−. Then we modify the
field value by using the correct minimization con-
ditions with the effective potential which should be
evaluated at the temperature inside the bubble, with

∂Veffðϕ; T−Þ
∂ϕ

����
ϕ¼ϕ−

¼ 0: ð109Þ

(2) Solve the truncated Boltzmann equations for con-
cerned perturbations, which determines the friction
force from the massive particles.

(3) Choose new vacuum value ϕ− such that it can satisfy the condition

�
∂Veffðϕ; TþÞ

∂ϕ
þ
X

i
Ni

dm2
i

dϕ

Z
d3p

ð2πÞ32Ei
δfiðp; zÞ

�����
ϕ¼ϕ−;z→∞

¼ 0: ð110Þ

FIG. 7. Illustration of the two constraints M1=T4
N and M2=T4

N . The red dots represent the final bubble wall velocity and bubble wall
thickness for the benchmark parameters in IDM.
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(4) Recompute the perturbations and iterate. Then
calculate M1 and M2.

In Fig. 7, we show the two constraints M1 and M2 as
functions of vw and L. For the two red dots, M1 ¼ 0 and
M2 ¼ 0 are satisfied simultaneously. The two dots corre-
spond to the same value of bubble wall velocity and
thickness. Therefore, the solution of two constraints is
vw ≃ 0.165, L ≃ 0.084 GeV−1 which implies that the wall
velocity is subsonic in IDM. This solution is consistent
with our assumption that LTN ≫ 1 such the WKB approxi-
mation holds in this case.
In Table III, we also give the results of Benchmark B and

C. We can see that in the allowed parameter spaces of IDM,
the bubble wall velocity varies slightly around vw ≃ 0.165.
There are some uncertainties in our calculation. First, we

parametrize the nonequilibrium with leading-order pertur-
bations which may be problematic. Recently there were
some modified schemes [11–13,29,30], but they have
shown that in low-velocity regime the result of new scheme
is almost the same as in the old scheme. Second, we
calculated collision terms by using leading-log approxi-
mation. Actually, if the collision term is larger, we expect
that the velocity would be increased because the massive
particles would be more closely to equilibrium. Then the
friction would be decreased.

VIII. CONCLUSION

It is crucial and complicated to precisely calculate the
bubble wall velocity, which is essential to the phase
transition dynamics, the electroweak baryogenesis, the
new dark matter mechanism from the bubbles, and the
spectra of the phase-transition gravitational wave. And
more gravitational wave experiments (LISA, TianQin,
Taiji, ...) are proposed and they need accurate theoretic
predictions on the gravitational wave signals. Thus, it
becomes necessary and useful to calculate the model-
dependent bubble wall velocity both for the fundamental
problems and the gravitational wave experiments [65,66].
In this work, we have systematically calculated the

bubble wall velocity in the well-motivated inert doublet
model for the first time. The contribution from the heavy

inert scalar bosons are taken into account. All the thermal
masses are included in our numerical calculations. One
difficulty is to consistently consider the hydrodynamic
effects including the heating effects. To obtain the correct
bubble wall velocity, it is important to figure out the correct
temperature and vacuum value. We consider the hydro-
dynamic effects to obtain more reliable results of the
temperature and vacuum value. Another difficulty is the
precise calculations of the collision terms, which represent
various particle scattering processes at the vicinity of the
bubble wall, so we have used the Monte Carlo algorithm to
numerically obtain more precise collision terms. After
having more rigorous hydrodynamic effects and collision
terms, we get relatively more reliable nonequilibrium per-
turbations of various massive particles, which are essential
for the friction force. Finally, by scanning the grid of wall
velocity and wall thickness, we obtain the relatively precise
bubble wall velocity in the inert doublet model for the first
time. It is obviously smaller than the speed of sound and is
favored by the traditional electroweak baryogenesis. This
result could also help us to greatly reduce the uncertainty of
the gravitational wave spectra from the strong first-order
phase transition.
Our results might be useful for other similar models. This

procedure is also appropriate for other standard model-like
models that have weak first-order phase transitions.4

Regarding the precise prediction of bubble wall velocity
for a given new physics model, there are still some uncer-
tainties from the collision terms and fluid approximations.
More precise calculations on the collision terms [67–71]
including the resummation over the large logarithmic terms
[72,73] and more accurate fluid ansatzes are left for the
future study.
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TABLE III. Bubble wall velocity, bubble wall thickness and
phase transition parameters for different benchmark points.

Tc [GeV] TN [GeV] vw L [GeV−1]

Benchmark A 118.3 117.1 0.165 0.084
Benchmark B 118.6 117.5 0.164 0.085
Benchmark C 119.4 118.4 0.164 0.088

4For strong enough phase transitions, it is necessary to
introduce new methods to solve Boltzmann equations [11–13].
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