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We apply the tensor renormalization group method to the (1þ 1)-dimensional SU(2) principal chiral
model at finite chemical potential with the use of the Gauss-Legendre quadrature to discretize the SU(2)
Lie group. The internal energy at vanishing chemical potential μ ¼ 0 shows good consistency with the
prediction of the strong and weak coupling expansions. This indicates an effectiveness of the Gauss-
Legendre quadrature for the partitioning of the SU(2) Lie group. In the finite density region with μ ≠ 0 at
the strong coupling we observe the Silver-Blaze phenomenon for the number density.
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I. INTRODUCTION

The tensor renormalization group (TRG) method1 is a
deterministic numerical algorithm with no sign problem,
whose basic idea was proposed in the field of condensed
matter physics in 2007 [1]. Since the original algorithm was
designed to study only two-dimensional (2d) classical spin
systems, it was necessary to develop new algorithms and
calculational techniques to apply the TRG method to
particle physics, where we have to treat various theories
consisting of the scalar, gauge, and fermion fields on the
ð3þ 1Þd space-time. Our first task was to develop efficient
methods to treat the scalar, gauge, and fermion fields
verifying the following expected advantages of the TRG
method using the lower-dimensional models: (i) no sign
problem [3,10–15], (ii) logarithmic computational cost on
the system size, (iii) direct manipulation of the Grassmann
variables [3,4,16], (iv) evaluation of the partition function
or the path-integral itself. Recently, we have gradually
moved on to the next stage to study various ð3þ 1Þd
models with the TRG method. So far we have analyzed the
phase transitions of the Ising model [17], the complex ϕ4

theory at finite density [18], the real ϕ4 theory [19], the
Nambu-Jona-Lasinio (NJL) model at high density and very
low temperature [7], and Z2 gauge-Higgs model at finite
density [20]. The next target would be the ð3þ 1Þd

non-Abelian gauge theories, especially, with the SU(2) and
SU(3) gauge groups.
A difficulty in treating the non-Abelian gauge theories

with the TRG method stems from the discretization for the
parameter space of the Lie group. In the previous studies of
the scalar field theories with the TRG method, the con-
tinuous degrees of freedom are successfully discretized
with the Gauss quadrature [13,14,18,19,21]. It also works
well for the 2d U(1) gauge theory with a θ term [15]. Based
on these experiences it is worth to apply the Gauss
quadrature to the SU(2) case.2 Before exploring the
ð3þ 1Þd SU(2) and SU(3) gauge theories, it would be
better to check the efficiency of the discretization method
for the non-Abelian group employing a lower-dimensional
model. In this paper we investigate the ð1þ 1Þd SU(2)
principal chiral model (PCM) at finite density. This model
share the property of asymptotic freedom with the ð3þ 1Þd
non-Abelian gauge theories so that it should be a good
starting point for approach to the finite density QCD, which
is one of our final goals. We examine the efficiency of the
Gauss quadrature by comparing the results of the internal
energy at zero density to those of the strong and weak
coupling expansions [26,27] over the wide range of the
coupling constant. Once the efficiency of the Gauss
quadrature is confirmed, we investigate the μ dependence
of the number density at finite density changing the
chemical potential μ systematically.
This paper is organized as follows. In Sec. II, we define

the (1þ 1)-dimensional SU(2) PCM at finite density on the
lattice and explain how to construct its tensor network
representation. We present the results for the internal
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1In this paper, the “TRG method” or the “TRG approach”
refers to not only the original numerical algorithm proposed by
Levin and Nave [1] but also its extensions [2–9].

2Other possible approaches to non-Abelian gauge theories are
proposed in Refs. [22–25].
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energies at μ ¼ 0 and the number density at μ ≠ 0 in
Sec. III. Section IV is devoted to summary and outlook. In
the Appendix we show our results for the ð1þ 1Þd O(3)
nonlinear sigma model at finite density in comparison with
those obtained by the dual lattice simulation [28]. The
consistency between them provides validity of our method
against the sign problem in the finite density region.

II. FORMULATION AND NUMERICAL
ALGORITHM

A. (1 + 1)-dimensional SU(2) principal chiral model
at finite density

We consider the partition function of the SU(2) PCM at
finite density on an isotropic hypercubic lattice Λ1þ1 ¼
fðn1; n2Þjn1;2 ¼ 1;…; Lg whose volume is equal to
V ¼ L × L. The lattice spacing a is set to a ¼ 1 without
loss of generality. The SU(2) matrix UðnÞ reside on the
sites n and satisfies the periodic boundary conditions
Uðnþ ν̂LÞ ¼ UðnÞ (ν ¼ 1, 2). Following Ref. [29] we
take the lattice action S defined by

S ¼ −βN
X

n∈Λ1þ1;ν

fTr½eδν;2σ3μ1þμ2
2 UðnÞeδν;2σ3μ1−μ22 U†ðnþ ν̂Þ�

þ Tr½e−δν;2σ3μ1−μ22 U†ðnÞe−δν;2σ3μ1þμ2
2 Uðnþ ν̂Þ�g; ð1Þ

where μ1;2 are the chemical potentials coupled to two
Noether charges and N ¼ 2 for the SU(2) group in this
work. σ3 is the third generator in the SU(2) group. Note that

this model suffers from the complex action problem in case
of μ1;2 ≠ 0. The partition function Z is given by

Z ¼
Z

D½U�e−S; ð2Þ

where D½U� is the SU(2) Haar measure, whose expression
is given later.

B. Tensor network representation of the model

The SU(2) matrix in PCM can be expressed as

U ¼ s0σ0 þ isjσj; j ¼ 1; 2; 3; ð3Þ

where σi are the generators in the SU(2) group, and σ0 is an
identity matrix. Moreover, this follows U†U ¼ 1, which
means the SU(2) PCM can be represented by expression of
O(4) σ model

sTðΩÞ ¼ ðcosψ ; sinψ cosθ; sinψ sinθ cosϕ;sinψ sinθ sinϕÞ
Ω¼ ðψ ;θ;ϕÞ; ψ ;θ ∈ ð0;π�; ϕ∈ ð0;2π�: ð4Þ

After expanding etσi to cosh tþ σi sinh t, we obtain the
representation of the action (1) as follows:

S ¼ −2N2β
X

n∈Λ1þ1;ν

siðnÞDijðμ1; μ2; ν̂Þsjðnþ ν̂Þ; ð5Þ

where Dijðμ1; μ2; ν̂Þ is a 4 × 4 matrix expressed as

Dijðμ1; μ2; ν̂Þ ¼

0
BBB@

coshðδν;2μ1Þ −i sinhðδν;2μ1Þ
coshðδν;2μ2Þ i sinhðδν;2μ2Þ

−i sinhðδν;2μ2Þ coshðδν;2μ2Þ
i sinhðδν;2μ1Þ coshðδν;2μ1Þ

1
CCCA ð6Þ

with the use of the commutation relations of the SU(2)
generators. Note that the action becomes complex in case of
the finite density. The partition function and its measure are
written as

Z ¼
Z

DΩ
Y
n;ν

e2N
2βsiðΩnÞDijðμ1;μ2;ν̂ÞsjðΩnþν̂Þ ; ð7Þ

DΩ ¼
YV
p¼1

1

2π2
sin2ðψpÞ sinðθpÞdψpdθpdϕp: ð8Þ

We discretize the integration (7) with the Gauss-Legendre
quadrature [15,18] after changing the integration variables:

−1 ≤ α ¼ 1

π
ð2ψ − πÞ ≤ 1; ð9Þ

−1 ≤ β ¼ 1

π
ð2θ − πÞ ≤ 1; ð10Þ

−1 ≤ γ ¼ 1

π
ðϕ − πÞ ≤ 1: ð11Þ

We obtain

Z ¼
X

fΩ1g;…;fΩVg

�YV
n¼1

π

8
sin2ðψðαanÞÞ sinðθðβbnÞÞwanwbnwcn

�

×
Y
ν

MΩn;Ωnþν̂
ð12Þ
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with Ωn ¼ ðψðαanÞ; θðβbnÞ;ϕðγcnÞÞ≡ ðan; bn; cnÞ, where
αan , βbn , γcn are a-, b-, cth roots of the Kth Legendre
polynomial PKðsÞ on the site n, respectively.

P
fΩng

denotes
P

K
an¼1

P
K
bn¼1

P
K
cn¼1. M is a 6-legs tensor de-

fined by

Man;bn;cn;anþν̂;bnþν̂;cnþν̂

¼ expf2N2βsiðan; bn; cnÞDijðμ1; μ2; ν̂Þ
× sjðanþν̂; bnþν̂; cnþν̂Þg: ð13Þ

The weight factor w of the Gauss-Legendre quadrature is
defined as

wan ¼
2ð1 − αan

2Þ
K2P2

K−1ðαanÞ
; wbn ¼

2ð1 − βbn
2Þ

K2P2
K−1ðβbnÞ

;

wcn ¼
2ð1 − γcn

2Þ
K2P2

K−1ðγcnÞ
: ð14Þ

After performing the singular value decomposition (SVD)
on M:

Man;bn;cn;anþν̂;bnþν̂;cnþν̂

≃
XDcut

in¼1

Uan;bn;cn;inðνÞσinðνÞV†
in;anþν̂;bnþν̂;cnþν̂

ðνÞ; ð15Þ

we can obtain the tensor network representation of the SU
(2) PCM on the site n ∈ Λ1þ1

Tin;jn;kn;ln ¼
π

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σinð1Þσjnð1Þσknð2Þσlnð2Þ

q

×
X

an;bn;cn

wanwbnwcnsin
2ðψanÞ sinðθbnÞ

× V†
in;an;bn;cn

ð1ÞUan;bn;cn;jnð1ÞV†
kn;an;bn;cn

ð2Þ
×Uan;bn;cn;lnð2Þ; ð16Þ

where Dcut is the bond dimension of tensor T, which
controls the numerical precision in the TRG method. The
tensor network representation of partition function is
given by

Z ≃
X

i0j0k0l0���

Y
n∈Λ1þ1

Tinjnknln ¼ Tr½T � � �T�: ð17Þ

We employ the higher order tensor renormalization group
(HOTRG) algorithm [2] to evaluate Z.
In this work we calculate two physical quantities:

internal energy and number density. The operator of the
internal energy is defined by the average of all links
between the nearest sites:

E ¼ 1 −
1

Vd

X
n;ν

hsiðnÞDijðμ1; μ2; ν̂Þsjðnþ ν̂Þi

¼ 1 −
1

d

X
ν

hsið0ÞDijðμ1; μ2; ν̂Þsjðν̂Þi: ð18Þ

Note that the matrix D is reduced to be the identity matrix
in case of zero density. The internal energy can be obtained
by the numerical differentiation of the free energy in terms
of β or the impure tensor method [21,30]. Since the
numerical accuracy of the former method depends on
the interval of β, we employ the latter one to calculate
the internal energy. With the use of two types of the impure
tensors

T̃i0;j0;k0;l0;λ ¼
π

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σi0ð1Þσj0ð1Þσk0ð2Þσl0ð2Þ

q

×
X

a0;b0;c0

wa0wb0wc0sin
2ðψa0Þ sinðθb0Þ

× sλða0; b0; c0ÞV†
i0;a0;b0;c0

ð1ÞUa0;b0;c0;j0ð1Þ
× V†

k0;a0;b0;c0
ð2ÞUa0;b0;c0;l0ð2Þ; ð19Þ

T̃iν̂;jν̂;kν̂;lν̂;λ¼
π

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σiν̂ð1Þσjν̂ð1Þσkν̂ð2Þσlν̂ð2Þ

q

×
X

aν̂;bν̂;cν̂

waν̂wbν̂wcν̂sin
2ðψaν̂Þsinðθbν̂Þ

×Dλγðμ1;μ2; ν̂Þsγðaν̂;bν̂;cν̂ÞV†
iν̂;aν̂;bν̂;cν̂

ð1Þ
×Uaν̂;bν̂;cν̂;jν̂ð1ÞV†

kν̂;aν̂;bν̂;cν̂
ð2ÞUaν̂;bν̂;cν̂;lν̂ð2Þ; ð20Þ

the internal energy (18) is obtained by the following tensor
product:

hsλð0ÞDλγðμ1; μ2; ν̂Þsγðν̂Þi

¼ 1

Z
Tr½T̃i0;j0;k0;l0;λT̃iν̂;jν̂;kν̂;lν̂;λT � � �T�: ð21Þ

The number density is calculated by the numerical
differentiation of the free energy in terms of μ. In case
of μ1 ≠ μ2 the number density is defined as

hnλi ¼
1

V
∂ lnZ
∂μλ

¼ 2N2βhsið0ÞDðμλÞ
ij sjð2̂Þi ð22Þ

with λ ¼ 1 and 2. The case of μ1 ¼ μ2 ¼ μ is denoted by

hni ¼ 1

V
∂ lnZ
∂μ

¼ 2N2βhsið0ÞDðμÞ
ij sjð2̂Þi; ð23Þ

where DðμλÞ
ij ≡ ∂μλDijðμ1; μ2; 2̂Þ with
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Dðμ1Þ ¼

0
BBB@

sinhðμ1Þ 0 0 −i coshðμ1Þ
0 0 0 0

0 0 0 0

i coshðμ1Þ 0 0 sinhðμ1Þ

1
CCCA; ð24Þ

Dðμ2Þ ¼

0
BBB@

0 0 0 0

0 sinhðμ2Þ i coshðμ2Þ 0

0 −i coshðμ2Þ sinhðμ2Þ 0

0 0 0 0

1
CCCA; ð25Þ

DðμÞ ¼

0
BBB@

sinhðμÞ 0 0 −i coshðμÞ
0 sinhðμÞ i coshðμÞ 0

0 −i coshðμÞ sinhðμÞ 0

i coshðμÞ 0 0 sinhðμÞ

1
CCCA:

ð26Þ

III. NUMERICAL RESULTS

The partition function of Eq. (17) is evaluated using the
HOTRG algorithm on lattices of the volume V ¼ L × L
with the periodic boundary condition in all the directions.
In the following, all the results are calculated on the L ¼
1024 lattice, where the TRG computation converges with
respect to the system size and allows us to access the
thermodynamic limit. Note that the correlation length of
this model reachesOð103Þ at β ¼ 1.5 [31]. In order to avoid
contaminations from the finite size effects our results are
restricted to 0 < β ≤ 1.5 in the following.
We first show the results for the internal energy at μ ¼ 0

in Fig. 1, which are obtained with the impure tensor method
choosing K ¼ 26 and Dcut ¼ 50. In the strong coupling
region we observe that our result shows good consistency
with that of the strong coupling expansion up to β ∼ 0.15,

where the relative errors are less than 1%. On the other
hand, the result starts to follow the weak coupling expan-
sion line around β ∼ 0.6, beyond which the relative errors
are kept at most 1%. Figures 2 and 3 show the K- and the
Dcut-dependence of the internal energy, respectively, choos-
ing β ¼ 0.125 and 1.0 as representative β values in the
strong and weak coupling regions. The result converges as
both K and Dcut increases and the combination of K ¼ 26
andDcut ¼ 50, which are fixed in the following calculation,
are large enough to obtain converged results.
Let us turn to the finite density case, where an interesting

physical quantity is the number density. We evaluate it with
the numerical differentiation of the free energy in terms of
the chemical potential as explained in Sec. II B. Figure 4
shows the μ1 dependence of hn1i with μ2 ¼ 0 at β ¼ 0.125
and 1.0. The former is a representative case in the
strong coupling region and the latter belongs to the weak
coupling region. Although both results seem to increase
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FIG. 1. β dependence of internal energy at μ ¼ 0 on a lattice
with L ¼ 1024. Solid curves denote the result of the strong and
weak coupling expansions.
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FIG. 2. K dependence of internal energy at μ ¼ 0 with
Dcut ¼ 62 on a lattice with L ¼ 1024.
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FIG. 3. Dcut dependence of internal energy at μ ¼ 0 with
K ¼ 26 on a lattice with L ¼ 1024.
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monotonically from zero as μ1 increases in the large scale,
we find a clear Silver-Blaze phenomena in the small μ1
region up to μ1c ≈ 0.95 at β ¼ 0.125 in the inset, where the
larger volume makes the rise in the number density around
μ1c sharper. Note that the L ¼ 64 results are almost
degenerated with the L ¼ 1024 ones. The similar β
dependence of the number density is found in the 4d
case [29], where the Silver-Blaze region becomes narrower
as β increases. We also find similar μ2 dependence for hn2i
at μ1 ¼ 0 in Fig. 5.
It may be instructive to check some special cases. First,

we show the μ dependence of hni in Fig. 6, which is quite
similar to the μ1 dependence of hn1i at μ2 ¼ 0 in Fig. 4.
Second, we plot hn1i as a function of μ1 at β ¼ 0.125 for
the cases of finite μ2 in Fig. 7, where our specific choices

are μ2 ¼ 0.5 < μ1c and 2.0 > μ1c. For the case of μ2 ¼
2.0hn1i shows the Silver-Blaze property up to μ1 ≈ μ2,
beyond which the behavior of the number density is similar
to the μ2 ¼ 0 case. On the other hand, the Silver-Blaze
region for the case of μ2 ¼ 0.5 looks same as the case of
μ2 ¼ 0. In this case the magnitude of μ2 is smaller than μ1c
so that the Silver-Blaze region may be controlled by μ1c.

IV. SUMMARY AND OUTLOOK

In this work we have shown the efficiency of the Gauss
quadrature to discretize the SU(2) Lie group using the
ð1þ 1Þd SU(2) PCM at finite density. The internal energy
at μ ¼ 0 shows good consistency with the predictions of
the strong and weak coupling expansions over 0 < β ≤ 1.5.
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FIG. 6. μ dependence of hni at β ¼ 0.125 (red) and 1.0 (blue)
on a lattice with L ¼ 1024. Inset graph magnifies the results at
L ¼ 8, 16, 64 and 1024 in small μ region for β ¼ 0.125.

0.0 1.0 2.0 3.0 4.0 5.0 6.0
μ

1

0

50

100

150

200
<

n
1
>

=0.125

=1.0

0.0 0.5 1.0 1.5

0.0

0.5

1.0

L=1024
L=64
L=16
L=8

FIG. 4. μ1 dependence of hn1i with μ2 ¼ 0 at β ¼ 0.125 (red)
and 1.0 (blue) on a lattice with L ¼ 1024. Inset graph magnifies
the results at L ¼ 8, 16, 64 and 1024 in small μ region for
β ¼ 0.125.
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FIG. 5. μ2 dependence of hn2i with μ1 ¼ 0 at β ¼ 0.125 (red)
and 1.0 (blue) on a lattice with L ¼ 1024. Inset graph magnifies
the results at L ¼ 8, 16, 64 and 1024 in small μ region
for β ¼ 0.125.
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FIG. 7. μ1 dependence of hn1i with μ2 ¼ 0.5 (red) and 2.0
(blue) at β ¼ 0.125 on a lattice with L ¼ 1024. Inset graph
magnifies the results with μ2 ¼ 0.5 in small μ region for
β ¼ 0.125.
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We have successfully evaluated the number density in the
finite density region, which shows the Silver-Blaze phe-
nomena in the strong coupling region. The next step would
be to study the higher-dimensional SU(2) gauge theory
with the Gauss quadrature method.
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APPENDIX: ð1 + 1Þd O(3) NONLINEAR SIGMA
MODEL AT FINITE DENSITY

In order to check the validity of the TRGmethod with the
Gauss-Legendre quadrature we apply it to the ð1þ 1Þd
O(3) nonlinear sigma model at finite density and compare
the results with those obtained by the dual lattice simu-
lation [28]. The action is defined by

S ¼ −β
X

n∈Λ1þ1;ν

sλðθn;ϕnÞDλγðμ; ν̂Þsγðθnþν̂;ϕnþν̂Þ; ðA1Þ

where spin sλðθ;ϕÞ and matrix Dλγðμ; ν̂Þ are

sðθan ;ϕbnÞ ¼

0
B@

cos θan
sin θan cosϕbn

sin θan sinϕbn

1
CA ðA2Þ

Dðμ; ν̂Þ ¼

0
B@

1

coshðδ2;νμÞ −i sinhðδ2;νμÞ
i sinhðδ2;νμÞ coshðδ2;νμÞ

1
CA ðA3Þ

respectively. θan , ϕbn are a-, bth roots of the Kth Legendre
polynomial PKðsÞ on the site n, respectively. The tensor
network representation of ð1þ 1Þd O(3) nonlinear sigma
model with Gauss-Legendre quadrature is similar to SU(2)
PCM

Tin;jn;kn;ln ¼
π

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σinð1Þσjnð1Þσknð2Þσlnð2Þ

q

×
X

an;bn;cn

wanwbn sinðθanÞ

× V†
in;an;bn

ð1ÞUan;bn;jnð1Þ
× V†

kn;an;bn
ð2ÞUan;bn;lnð2Þ ðA4Þ

T̃i0;j0;k0;l0;λ ¼
π

8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σi0ð1Þσj0ð1Þσk0ð2Þσl0ð2Þ

q

×
X
a0;b0;

wa0wb0 sinðθa0Þ

× sλða0; b0ÞV†
i0;a0;b0

ð1ÞUa0;b0;j0ð1Þ
× V†

k0;a0;b0
ð2ÞUa0;b0;l0ð2Þ; ðA5Þ

T̃iν̂;jν̂;kν̂;lν̂;λ ¼
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FIG. 8. β dependence of internal energy at μ ¼ 0 for the
ð1þ 1Þd O(3) nonlinear sigma model at finite density. The lattice
size is L ¼ 1024. Solid curves denote the results of the strong and
weak coupling expansions.
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FIG. 9. μ dependence of hni for the ð1þ 1Þd O(3) nonlinear
sigma model at finite density. β ¼ 1.0, 1.2 and 1.4 are chosen on a
lattice with L ¼ 64 (open) and 1024 (closed).
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The number density can be obtained by replacing the
matrix D with

DðμÞ ¼

0
B@

0

sinhðμÞ −i coshðμÞ
i coshðμÞ sinhðμÞ

1
CA: ðA7Þ

Figure 8 shows the results for the internal energy at
μ ¼ 0 obtained with the impure tensor method choosing

K ¼ 100 and Dcut ¼ 48. As in the SU(2) PCM case, our
results show good consistency with the strong and weak
coupling expansions in the strong and weak coupling
regions, respectively. In Fig. 9 we present the results for
the number density at β ¼ 1.0, 1.2 and 1.4. We observe that
the Silver Blaze behavior becomes sharper as the lattice
size increases from L ¼ 64 to L ¼ 1024. In comparison
with Fig. 2 in Ref. [28], the dual lattice simulation on a
90 × 90 lattice shows better consistency with our results
with L ¼ 64 than those with L ¼ 1024.
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