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We study the process D° — 777 £((980), fo — z*x~ by introducing the triangle mechanism, in which
f0(980) is considered to be dynamically generated from the meson-meson interaction. For the total
contribution of this process, the contribution of the triangular loop formed by K*KK particles could
generate a triangular singularity of about 1418 MeV. We calculate the differential decay width of this
process and show a narrow peak of about 980 MeV in the 7z~ invariant mass distribution, which comes
from f, decay. For the M, (zf) invariant mass distribution, we obtain a finite peak at 1418 MeV, which is

consistent with the triangle singularity.
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I. INTRODUCTION

Triangle diagrams give the same good descriptions in the
hadron physics, but of particular concern are those that lead
to triangle singularities (TS) in amplitude [1-4]. Triangle
singularities were introduced by Landau [5,6]. Nowadays, a
large amount of peaks observed in high-energy experiments
are considered to be caused by triangle singularities,
especially the processes involving heavy quarks. With
the development of experiments, triangle singularities play
an increasingly important role in hadron physics. The
picture of the triangle mechanism can be summarized as
follows: the initial particle A decays into two internal
particles 1 and 2 flying back-to-back, particle 2 decays into
internal particle 3 and external particle B, the former moves
in the same direction as particle 1, and the two internal
particles 1 and 3 rescatter to form an external particle C.
According to the Coleman-Norton theorem [4], the gen-
eration of triangle singularity depends on whether the
above process is a classical process and whether all three
internal particles are simultaneously placed on-shell and
collinear in the rest frame of the decay particle [5]. In
reality, the internal particles have finite widths and result in
the transformation of triangle singularities to finite peaks
which can be observed in experiments.

In Ref. [7], the triangle singularity was introduced
to explain J/y — yn(1405/1475) — yn°f,(980) — y3x
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experiment data, and gave some good conclusions to
explain the f;—a, mixing and the relation between
1(1405/1475). Soon after, some literature were published
to analyze the important role of triangle singularity in the
process 7(1405) — £,(980)z" [8—11]. Meanwhile, in order
to further solve the issue of f;(980) — a((980) mixing
and isospin breaking, the triangle mechanism in
different processes that contain f — a, mixing has been
researched [12-18]. In Ref. [19], the production of f(980)
in semilepton decay process 7~ — v,z f4(980) has been
studied through a K*K+ K~ triangle loop which produces a
singularity located at 1418 MeV in the zf invariant mass
distribution. Applying triangle mechanism to f;(1285) —
7yao(980) and f(1285) — m,f(980) processes and con-
sidering all three resonances as dynamically generated
states, authors in Ref. [12] obtained the branching fractions
which are consistent with the experiments. Especially in
Ref. [14], authors found the two nonresonant peaks at
2850 MeV in the invariant mass of zD, pairs and around
the 3000 MeV in the invariant mass of 7D} pairs, which
are associated with the kinematical triangle singularities.
By adjusting the values of ¢ and K* width, it shows the
peak’s developmental behavior of the real and imaginary
parts of the loop function.

Recently, the authors in Ref. [20] proposed the triangle
singularity close to the Kd threshold for the first time in the
pX~ — K d and K~d — pX~ processes. In Ref. [21], the
processes Dy — a¢(980)p and a((980)w including a
7"ty loop have been researched. Further, for the y(2s) —
xtn~ KK~ process, the authors in Ref. [22] introduced
a moving triangle singularity in the range of 1.158 to
1.181 GeV. In addition, a lot of other research has been
done on the triangle mechanism [23-50].

Published by the American Physical Society
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In this paper, following the procedure in Refs. [14,28],
we study D° — 7tz f, and D° — ntnf,, fo = ntn,
decay processes by introducing triangle mechanism.
The amplitude for the production of f;,(980) could be
obtained by chiral unitary approach, which f, is considered
as dynamically generated from the meson-meson interac-
tion [51-53]. We consider the main contributions of
K*9K* K~ triangle loop as well as the contributions that
come from intermediate state a; (1260). Although the
traditional Feynman parametrization and dispersion
relation methods could be used to calculate the loop
integral to obtain the triangular amplitude, the authors in
Refs. [54,55] put forward a simple formula to judge
whether the triangular singularity exist, such formula is
derived by performing the residue theorem on the loop
function, and the poles of the spatial integral are then
analyzed. In order to obtain the total amplitude of this
process, some coupling strength for different D° decay
processes needs to be calculated by fitting to corresponding
experimental data.

The structure of this paper is as follows. In Sec. I, the
detailed pictures of D° — zt7~£((980), fo = nt 7z~ decay
process and interaction vertices including D° have been
depicted. We calculate the coupling strength of the
D°K*°K=z* and D%z~ vertices by fitting the corre-
sponding experiments. Then, we give the derivation details
and formalism for the calculation of D° — 7tz £,(980),
fo = ntn~ decay that contains the triangle mechanism,
where f is considered as the dynamically generated states.
Moreover, we give the expressions of the amplitudes for the
corresponding Feynman diagrams. In Sec. III, the numeri-
cal results for differential distribution of decay width as a
function of the invariant masses have been shown. Finally,
a brief summary is given in Sec. IV.

II. FORMALISM

In this section, we show that a peak around 1.42 GeV in
the My, (7 f() invariant mass distribution will be produced
in the D° — 7t 77 £((980) and D° — "7z~ £,(980), f, —
#tx~ decay processes by triangle singularity. The total
Feynman diagrams contributing to this process, which
include the K*9(K**)K*K~ and K** KK triangle loops,
have been depicted in Fig. 1. In order to determine the
interaction strength of the first decay vertices of Fig. 1, such
as D’ - 7"K*K~ and D° — afn, the access to the
corresponding decay width is essential. From the PDG
[56], for the first vertex of D° — 7K*K process Figs. 1(a)
and 1(d), there is only the production channel of z7F K*0 K+
pair. Because the 3rd component of isospin obeys the
conservation law, only the Figs. 1(a) and 1(d) will con-
tribute to the total amplitude for the first D° — 7K*K
vertex. There is the similar situation for other subfigures of
Fig. 1, but Ref. [57] gives the branching fractions of a} 7~
and al‘zﬁ productions, which the former is about two
orders of magnitude larger than the latter. Thus, for the
vertices of D° — afz¥ processes, we neglect the contri-
bution from the D%a; 7" vertex. Another important point is
that the a, from the D° decay will considered as dynami-
cally generated in a two coupled channel problem with
building blocks pz and K*K [15,57]. Thus, the a; could
decay to for by the K*KK and prz triangle loop as
Refs. [15,18,57,58]. Because the width of p meson is very
broad, the contributions from the pzz triangle loop are
neglected [45,55]. In the following, we will take Figs. 1(a)
and 1(d) as examples to perform the calculation and
discussion. From Fig. 1(a), we can see that the D° decays
to 7t K*OK~ first, then the K* decays to the 77K *. Since
the K+ and K~ move in the same direction, and the former

FIG. 1.
involving intermediate state a; and K*KK triangle loop.

The total Feynman diagrams contributing to D° — z+7~ £(980) and D° — #* 7~ £(980), f(980) — "z~ decay processes
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is faster than the latter, the KTK~ rescattered to form
f0(980). Meanwhile, f, could be considered as the
dynamically generated states of the ztz~, KTK~, 2920,
K°K", and nn in S-wave within the chiral unitary approach
[51-53].

It is worthy to note that there is a triangle singularity for
the K**K* K~ triangle loop in Fig. 1 when we take value of
the £((980) mass just above the K™K~ threshold, in other
words, the mass m, must meet the condition for triangle
singularity [54,55]

(mg + myeo) (mgmyo +mg) = mygm,

2 2
mj, € |(2mg)*, Mo

(1)

In order to get the triangle singularity, it is straightfor-
ward to use the following condition

mv
2M inv (ﬂf 0) 7
(2)
where g3 denotes the on shell three momentum of K~ in

the center-of-mass frame (COM) of K*°K~, M;,,(xf) is
the invariant-mass of K**K~ system, and A(x,y, z) = x> +

l%(MZ (ﬂfo)’M%(erM?(*O)

lirré(qi“ -¢*)=0, and ¢"=
€

y2 4+ 7> —2xy —2yz —2xz is the Kihlen function.
Meanwhile, g is given by
g~ = 7/(1/Ej(+ - pjﬁ) — e, (3)

with definitions

k1K
Efo 1-12 mg,
. mp o mp —mye . /ﬁ(m;-o M- M%)
EK+ - ’ pK+ - )

2my,
(4)

where E}, and py., are the energy and momentum of the
K™ meson in the COM frame of the K™K~ system, v and y
are the velocity of the KK~ system and Lorentz boost
factor, respectively. When Eq. (2) is established, on the one
hand, it means that all particles in the triangle loop are on-
shell, the K~ and f,(980) move in the same direction in the
rest frame of f((980) and COM frame of zf,(980),
respectively. Meantime, in order that the K™ and K~ in
the triangle loop could rescatter to form the f((980) in a
classical picture, it is required that the momentum of K~ in
the COM frame of zf is smaller than that of K™ in the rest
frame of the decay particle, which is derived from the
K*® — K*z~ decay. On the other hand, in mathematics,
Eq. (2) represents that g and ¢" are the singularities of

triangle loop function in the upper and lower half of the
complex-¢g plane, respectively, and the integration path of
loop function Eq. (22) is pinched between ¢ and ¢9" in the
same position of the real axis. In addition,

o Miznv (ﬂf0> + m?'o - m72[+

E - ’
fo 2Mipny (nfo)
B(M2 (nfo), m2 , m2,
k= ( 1nv( fO) for'n ) (5)
21Minv

Now, we can obtain a triangle singularity around
1418 MeV in the M, (nf,) invariant mass distribution
by using Eq. (2). Further, when the complex mass of K*°
with m'.o = mgw — ilg0/2, Tgo =50 MeV is used in
Eq. (2), it leads to a complex triangle singularity
near 1418 —i29.7 MeV.

A. The process of D — K*'zK

Before calculating the amplitudes of Fig. 1(a), the ampli-
tudes of D’ — 77 K* 9K~ decay processes need to be
established to determine the vertex couplings strength.
The pictures of decay processes at the quark level as shown
in Fig. 2, which only includes the z*K*°K~ final state.
Taking Fig. 2 as an example, the first part is that the du and dii
quark pairs could be produced via an external emission of a
W boson, where two vertices cdW and udW included by the
weak decay are Cabibbo-suppressed and Cabibbo-favored,
respectively. In the next step, the du quark-antiquark pair
hadronizes and produces a z™ meson. At the same time,
the remaining di and ss quark-antiquark pairs, selected from
the vacuum gq(iiu + dd + §s) state, combine to form the
K*°K~ vector-pseudoscalar mesons pair.

In order to conserve angular momentum, the coupling
vertex of Fig. 2 can be calculated via the P-wave inter-
action. Following the construction of vertex interactions in
Refs. [16,28], we take

_itDO—>K*OJT+K7 — _iCEKx() . ﬁ”+, (6)
where €0 and p,+ are the polarization vector of K* and

momentum of the ", respectively. The C presents the
coupling strength of this vertex, the analytical expression

u
-

d
d

DY < 8s
7

u -

FIG. 2. The D° — z7K**K~ decay process at the quark level.
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and numerical results will be given below. From Eq. (2),
we have obtained the triangle singularity around 1.42 GeV,
thus the momentum of K*° is approximately 135.66 MeV
in the 7~ f,, rest frame, which is smaller than the K*° mass
895.81 MeV. For this reason, we can safely ignore the time-
component €’ of the K** polarization vector, so the
following form of polarization sum is taken

E €K*0u€K*0u~ E 6](*()1'6](*0]' = 51],

8% i.j

"= i,j=1,2,3. (7)

M=,

From the PDG [56], the partial decay branching ratio
are T'(D° - KK¥7* K - K*z%)/T(K* K n"n") =
11+2+1% and Br(K*K-7n"727)=(2.45+0.11) x 107.
Considering the Br(K*® - Kz) ~100%, we can get
Br(D%— K*°K=n")=3Br(D’ - K*'K~n" K" > K*x7).
Meanwhile, the decay width of D° — z*K*9K~ process is
given by

U |pk-Ilpge|
() 4m?,

g (8)

T po_ gt gog- = / dM;,, (K*°K™)

X E |tp0rt k0K

pol

where M, (K*°K™) is the invariant mass of the K*°K~

system. The f)/,(- 5”+ are three momentum of the K~ in the
K**K~ COM frame and that of the z™ in the D° rest frame,
respectively. They are given by

2(ME(KOK™), M%- . M2.,)

|l:;/ 7| _ inv
« 2Minv<K*0K_) ’
2 2 *0 pr— 2
|1:7’ﬂ+|_j'<MDU’va(K K )’Mﬂ+)‘ (9)
2MDO

After squaring the amplitude ?po_, .+ g0g- and employing
the polarization sum Eq. (7), we get

Z“Do—nﬁk*“r = C[p,
pol

, (10)

where the faiﬁ is the three momentum of the z* in the
K*°K= COM frame
/1 (MD“’ mv(KV*OKv ) M;2[+)

2Mi (KOK)

(11)

|p7r+| =

Finally, combining the Egs. (8) and (10), C?*/Tpo is
given by
o Br(D° —» 7zt K*0K™)

FDO fdMinv(K*OK_) (2715)3 ‘plznl‘;;ﬁ‘ |~7z |2
D

~5.69516 x 1077 MeV~!. (12)

B. The processes D° — 7+ 7z~ f((980) and
D° — 7t f(980), f(980) - n* ™
For the Feynman diagrams of Fig. 1(a) process, accord-

ing to the Feynman rules, we have the following amplitude
form

—l.tDO_)ﬂJrn.ffo

/ d4q ltDO—m*K*OK’

pol q —mK—l-le

ltK*OKJr
(P q)? —m%. + ie

ltK+KfO
, 13
(P q—k)? —m% + ie (13)

in the COM frame of 7~ f, where the z~ comes from the
K*0 decay. It can be seen from Eq. (13) that in order to
obtain full amplitude, the 7p0_, -+ g0, Tgog+,~ and fgv -,
need to be calculated. And, the fpo_ +gog- has been
obtained in Egs. (6) and (12).

In order to calculate the fxog+,-, we need to employ
the chiral invariant Lagrangian with the local hidden
symmetry [59,60], which is given by

Lypp = _ig<V”[P’aﬂP]>’ (14)

where the brackets (- --) represent SU(3) trace, and cou-
pling constant g = my,/2f, in the local hidden gauge, with
my = 800 MeV and f, =93 MeV. The P and V* stand
for the pseudoscalar and vector mesons octet, respectively,
which are given by

_ - 0 Ui 0

P= zr —%%—\/—% K
K- K° —\/igﬂs
)0 k
Gra o K

V= - Lo g0 15
p H+% K (15)
K I_(*O ¢

Then, the amplitude of K** decay is written as

—ilgog+ - = _iQEK*O : (13;- - 13/1<+) (16)
Similarly to the calculations of Eq. (10), the zero compo-
nent of polarization vector in Eq. (16) is omitted, and the
polarization sum Eq. (7) is also used here. The p- and p',..
are the momenta of the z~ and K™ in the COM frame of
zf, respectively, and the former is given by

094040-4



ROLE OF TRIANGLE SINGULARITY IN THE DECAY PROCESS ...

PHYS. REV. D 107, 094040 (2023)

)“Z(M%nv(ﬂfO)7 MIZT_ ’ MJZ‘O)
2M inv (ﬂf 0)
Finally, the 7k g- ¢, need to be provided, in which f could

be considered as the dynamically generated state. Thus the
amplitude is simply written as

7| = [k| = (17)

Ikt k=f, = 9K K fo- (18)

Now, by substituting Eqgs.
Eq. (13), we can get

(6), (16), and (18) into

< (P — Py+) 1

tD() = igK+KfogCZ/

pol

~xt1 o

where p}- could be obtained from Eq. (17) and the p/,
from the D° decay. We have

‘g —mK—l-le(P q)? —m%. +ie(P—q—k)>—m% +ie’

(19)

| is the momentum of the z* in the COM frame of zf ), which comes

|p | _ A’ (MZDO ? MIZHV( f )’ M72[+) (20)
& 2Minv (ﬂfO) '
The Eq. (7) could be employed to perform polarization sum of Eq. (19), which gives

d*q 1 L (2k+9) 1
0t amp = —igg+ k-, gC , 21
Di=ra fo KK fod /(271) q* —mK—f—le(P q) —m%. +ie(P—q—k)>—m% +ie 1)

where P = (M;,,,0,0,0) and py- — pl = k- (—/? -q) = 2k + q. We define expression 77 as

dq . - 1 1

tT:,/( E AR (22)

q* —mx +ie(P—q)* —m% +ie(P—q—k)*—m¥ +ie

For the K* propagator in the ¢, we can ignore the part of negative energy as Refs. [12,54,55]. After performing analytically
integration Eq. (22) in dg® by using residue theorem, we can use the following formula

/ Pad fG.5) =k, / Wf(q, ). (23)

Now, Eq. (22) reduces to

. 7 [ da 1 1 1
Tl k/ (27)° 8w~ (§)Ex- (§)Ex- (k + ) K* = Ex-(q) — Ex+ (k + §) P° + 0 () + Ex- (K + §) —
2P0k (§) + 20 (K + §) = 2] (@) + Ex (k+ )| [ok-(§) + Ex- (@) + Ex (k+ )] (2 . )
[P* — wk-(§) — Ex+(k + ) — K + ie][P° — wg-(§) — E-(q) + ie] |k
=P, - kxTr, (24)
[
where g (§) = /mg- + % Exo(q) = \/m where |¢*| is the momentum of K~ in the f, rest frame. The

Ex (G+k) =/mg: + (k+3)?* and k0= \/m2 +&°
are the energy of K~, K*°, K* and z~ in the COM frame
of nf, system, respectively. While P® = M, (xf,) is the
invariant mass of the zf, system. The |g| integral in the

Eq. (24) is regulated by cutoff scheme, 0(guma — |97

dmax = 600 MeV in the f, rest frame was obtained in the
chiral unitary approach by fitting experimental data. In
the following calculation, we need to add the width for K *0
with the replacement of Ego by Eg« —il'g0/2 in the
denominator of Eq. (24).
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Finally, for the three body decay process as depicted in
Fig. 1(a), the mass distribution of differential width could
be written as

1L G s me os)
dMin,(zfo) 3 (27)° 4”%0 " ’

where the 1/3 in Eq. (25) originates from the integrand

of phase-space angle in ﬁ;+'E:|5;+||E|0059,

and the p,+ is the momentum of the z* in the D°
rest frame

- a(m2,, M2, M2, (7 f,))
|Ppr| =—2 ’ngo'"v : (26)

At the same time, the other Feynman diagrams contri-
butions Figs. 1(b) and 1(c) were considered to calculate the
differential decay width. Here we give the amplitude
expressions (f) for the Figs. 1(a)-1(c) directly

1= —C( gg)ﬁ;ﬁ kX Tp(mgeo, mg-, mK*)(ngkao)’

Ib — 1
M% (nfo) —mi +im, T,
©=—C 1

M%nv(n'fo) - m%l +im, Ty

From Refs. [7,9,15], the values of factor C{ have been
shown in Table I. We have ggx ¢, = gx+x-5, = —9ggoxoy, for
the coupling between KK and f in isospin base. The value
of coupling gg- k,, in isospin base has been give in Ref. [61]

Jk-ka, = (1872 — i1486) MeV. (28)

Meanwhile, the coupling between a| and the combination
with I=1, C=+ and G =— of the K*K pair is
represented by the state

1 - _ 1 . _
—(K*K = K*K) = — (K"Kt — K*TKY). (29
( ) ﬁ( ). (29)

V2

The C' in the #(*)(¢) stand for the effective coupling strength
of D’ — af zn~ vertices. In the derivation of C’, combining
Br(D® — af (1260),a; —» 2z*7n~) = (4.52+0.31) x 1073
from PDG and Refs. [57,62], we take the branch ratio as
Br(D® - ajzn~) = (4.1 £ 0.4) x 1073. For the propagator
of a; in Eq. (27), we take parameters of a, as m, =
1230 MeV and Fal = 425 MeV, coming from the use of
Ref. [23].

Meanwhile, we further consider that the f(980) decay
to the #z~ final state, as depicted in Fig. 1(d). In order to
write amplitude of D — 777 f,(980), fo = n"n~ proc-
ess, following Refs. [28,34], we only need to replace the
couplings C§ggky, O gk+k-5, in Egs. (25) and (27) by the
transition amplitude fg+ - _, ,+,-. The amplitude g+ g-_, .-
is obtained by solving the coupled channels Bethe-Salpeter
(BS) equation in the chiral unitary approach, in which f,

(C’fgk*Kal)(C’ég)ﬁ;— kX Er(mpgeo, my-, mK’)(ngl_(Kfo)7

(C?gK*Kal)(ng)ﬁ;z’ k% ;T(mK*+v mgo, mKO)(ngi{Kfo)' (27)

appears as dynamically generated state. The BS equation is
given by

T=[1-VG]'v, (30)

where the V and G are the interaction potential and meson
loop function respectively, which have been calculated in
Ref. [51]. The meson loop function G is regulated by a
cutoff ¢, = 600 MeV. Finally, the double differential
distribution for D° — 7777 f,(980), fo — ntx~ decay
process is written as

ar’
dMinv (”fO)dMinv(ﬂ+ﬂ_)

~ FC P Lk,
|t7]

= Nkt K=t 2, 31
e tekmn P (31)

(27)°

TABLE I. Coefficients entering the evaluation of amplitudes in
Egs. (27) and (32). The C, have a minus sign compared with

Ref. [15], this is because that we taken the p)- — p}. = 2k + q

form used in Refs. [14] for the VPP vertex instead of P — 2% — q
in Ref. [15].

Diagram C, C, Cs
Figure 1(a) 1 1
Figure 1(b) % 1 1
Figure 1(c) —% -1 -1
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Similar to Eq. (27), the amplitudes expressions of Figs. 1(d)-1(f) have

(Ci9-Ka, (C59) P - k X Tr(mges s mgo, mgo) (gogozi )

(legi(*kal)(cgg)%- kX T (mgeo, mgr, M=) (tgr kgt 7= )

(32)

= _C<Clzlg)ﬁ;,+ kX ;T(mK*Oa mg-, mK+><tK+K*_>,T+,f),
1
€= —C > . :
Minv(ﬂfﬂ) — My, + lmalral
: 1
t=-C _
Miznv(ﬂf()) - m%, + lmalral

III. RESULTS

With the former formula Eq. (24), by fixing the value of
M, the distributions of the triangle amplitudes 77, Im(77),
Re(77) and [77]* x 1.3 x 107 as functions of the M., (zf;)
invariant mass have been shown in Fig. 3 for the K*°K+ K~
triangle loop diagram. From the Fig. 3, we see that there is a
peak around 1418 MeV for the |7;|?, which is consistent
with the result of Eq. (2). Since kinematic factors are the
function of the invariant mass M, (7fy), as Mi, (7fo)
increases, it could impose restrictions on phase space and
change the shape of the final mass distribution. According
to Ref. [14], we need to consider whether the cutoff g,
and triangle singularity will affect the behavior of Im(7;).
Comparing the three subfigures of Fig. 3 where M, (zf)
is fixed at 600, 700, and 800 MeV, respectively, one can
find that as the g,,,, increases the behavior of the Im(7;) at
the higher M,,,(zf,) becomes softer, while the peak that
associated to the triangle singularity remains. There are two
peaks for Im(7;) and Re(7;) located at 1440 MeV and
1390 MeV, respectively. The reason is that the peak of
Im(77) is derived from the triangle singularity while the
peak of Re(7;) is derived from the threshold of the K*K*
that is about 1390 MeV in Fig. 1(a). Next, we will more
intuitively show the behavior of Im(7;) and Re(7;) peaks.

In Fig. 4, analogy to Ref. [14], we show the develop-
ment of triangle singularity of K**K*K~ triangle loop

1x107 1 x 107

|

with T'x-/2 and e fixed at different finite values but
close to zero. To reach the triangle singularity in the
Fig. 1(a), it is required that the mass of f, should be
slightly larger than the K~K™* threshold as in Eq. (1).
In Fig. 4, we have taken my; =990 MeV. Due to the
different sources of the two peaks of Im(7;) and Re(7;),
from Fig. 4, we can see that there are two different
distribution behavior for Re(7;) and Im(7;). For the
Re(7;), in Fig. 4(a), there is a cusp located at threshold
of the K*°K system 1390 MeV and a sharp downfall
nearby the triangle singularity 1418 MeV. And, in Fig. 4(b),
the triangle singularity appears in the form of narrow
peak around 1418 MeV in the distribution of Im(7;). At the
same time, by taking the different values of I'g+/2 and e,
namely 1, 0.5, 0.25, and 0.1 MeV, Fig. 4 shows that as the
values decreases, the cusp of the Re(7;) converges to a
finite value, which is associated to the threshold of the
K*°K, and the peak of Im(7;) becomes more and more
sharp and finally transforms into a singularity when
I'g:/2=€¢=0.

As shown in Fig. 5(a), differential distributions of decay
width T” have been depicted for different f(980) masses
M, =980, 983, and 987 MeV. It is clear that the mass of
f0(980) will enhance the result of decay width, but the
peaks of differential distributions are still located around
the location of the triangle singularity M, (7fy) =
1418 MeV. In Fig. 5(b), we plot the double differential

1x 107

T T T
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s il
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L Gmax=700MeV - ’

T T T

T
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R
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FIG. 3. The distributions of the triangle amplitude 7; for the K**K+ K~ triangle loop in the Fig. 1(a). We take Mg, =980 MeV, and

times 1.3 x 107 for 3.
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x 107 x 107
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1 -
L st teteid
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FIG. 4. The distributions of the real (a) and imaginary (b) parts of 7, for the K**K* K~ triangle loop by taking M o = 990 MeV and
the different values of I'x: /2 =¢ =1, 0.5, 0.25, and 0.1 MeV.
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FIG.5. (a) The differential distribution of decay width I” for f,(980) productions, as Eq. (25). (b) The double differential distribution
of decay width T as a function of the invariant mass M;,, (7" z~) for the four body decay processes at My, (zfy) = 1398, 1418 and
1438 MeV. (c) The differential distributions of T" for Figs. 1(d) and 1(e) plus Fig. 1(f) with M,,,(zf,) = 1418 MeV.
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FIG. 6. The differential distribution of decay width I" as a function of the invariant mass M for the four body decay processes.
(a) The integration region is M, & [900, 1000] MeV. (b) The integration region is M, € [800, 1200] MeV.
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1 4T
FDO dMinV(”fO)dMinv (ﬂ7”+)

function of the invariant mass M,,(z~z") in the region
of the f,(980) for the four body decay process. In Fig. 5(b),
we take M, (nfy) = 1398, 1418, and 1438 MeV as
triangle singularity is around. For the Fig. 5(b), there is
a clear peak around the 980 MeV, and have strong
contribution to M, (z"z~) distribution around the
region of M, (z*z~) =980 MeV. The Fig. 5(c) shows
that although we consider the contributions of the inter-
mediate state a;, it is very small compared with the
Fig. 1(a). Moreover, the peak at triangle singularity
(M (zfo) = 1418) is significantly larger than the values
of My, (xfy) = 1398 and 1438 MeV. In the following
analysis, we only focus on the domain of f((980),
and the main contribution comes from the range of
My € [900, 1000]. Therefore, we can restrict integral
range of M;,,(z"7~) of Eq. (31) to these limits. Further,

we can obtain the differential distribution for ---—4"__as
FDO dM;y, (”fO)

a function of the invariant mass M, (zf,). The results have
been depicted in Fig. 6. From the Fig. 6, for the total
contribution, there is a clear peak located at 1418 MeV with
considering the f,(980) as a dynamically generated states,
which is consistent with Figs. 3 and 5.

distribution of decay width as a

IV. SUMMARY

In the present work, we give the derivation details and
formalism for the decay width calculation of DY —
a7 fo(980), fo — nta~ process. From the Fig. 1(a),
DO first decays to K*°zK, then the K** decays to the 7K
and the KK fuse to form a f(;(980). Only the triangle
mechanism corresponding to K**KK triangle diagrams can
produce triangle singularity around 1418 MeV for the

invariant mass of M,,,(nf,). Through calculating the
d&’r

dMiny (fo)dMipy (2" 77)

mass distribution of #z~ system that comes from the f

decay, showing a clear f,(980) shape. After integrating

over My, (7" n~), the m-digno) shows a clear peak in the
M, (zfy) invariant mass distribution located at 1418 MeV,
and the main contribution of the peak comes from the

triangle singularity.

, a clear peak is produced in the invariant
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