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The production of a heavy quark is accompanied by gluon bremsstrahlung, which is suppressed at small
angles Θ≲MQ=E for mass MQ and high energy E, according to perturbative quantum chromodynamics
(QCD) (“dead cone effect”). As particles at small angles typically have large momenta, the heavy quark
mass also causes a suppression of high momentum particles. In this paper, we studied this effect in c- and
b-quark events using data from Z boson decays in eþe− annihilation. The heavy quark fragmentation
function for charged particles is reconstructed in the momentum fraction variable x or ξ ¼ lnð1=xÞ by
removing the decays of the heavy quark hadrons. Indeed, we find an increasing suppression of particles
with rising x down to a fraction of≲1=10 for particles with x ≳ 0.2 in b-quark and x ≳ 0.4 in c-quark jets in
comparison to light quark fragmentation. The sensitivity to the dead cone effect in the present momentum
analysis is considerably increased in comparison to the recently presented angular analysis. This
amount of suppression and the differences between c- and b-quark fragmentation are in good quantitative
agreement with the expectations based on perturbative QCD within the modified leading logarithmic
approximation (MLLA) in the central kinematic region. The data also support a two parameter description
in the MLLA of these phenomena (“limiting spectrum”). The sensitivity of these measurements to the
heavy quark mass is investigated.

DOI: 10.1103/PhysRevD.107.094039

I. INTRODUCTION

The dead cone effect is a prediction of QCD, the theory
of strong interactions within the Standard Model of
particle physics. It originates from the radiation pattern
off a heavy quark as obtained in perturbation theory [1,2].
For an energetic heavy quark Q of mass MQ and energy
EQ such that EQ=MQ ≫ 1, the gluon emission probability
for small emission angle Θ and low energy ω can be
written as

dσQ→Qþg ≃
αs
π
CF

Θ2dΘ2

ðΘ2 þ Θ2
0Þ2

dω
ω

; ð1Þ

with angular cutoff Θ0 ¼ MQ=EQ; αs denotes the strong
coupling constant and CF the QCD color factor at the

branching vertex Q → Qþ g. Therefore, for smaller
emission angles Θ < Θ0, gluon radiation is suppressed
and vanishes in the forward direction such that the region
with the gluon depopulated cone around the flight
direction of the heavy quark Q is called “dead cone.”
For large emission angles Θ ≫ Θ0, the gluon radiation
pattern becomes identical to that of a light quark jet, and
the same statement holds for the internal angular ordered
structure of secondary gluon subjets.
In the early studies, as a first consequence of the dead

cone effect, a reduction of the full particle multiplicity in
the heavy quark jet has been predicted. This effect has
indeed been observed in [3] and in the subsequent update
[4] with results nearby the QCD expectation. Only
recently, a more direct observation of the dead cone effect
has been achieved by the ALICE collaboration [5], which
has presented results on the differential angular structure
of charm-quark and inclusive jets from proton-proton
collisions at

ffiffiffi
s

p ¼ 13 TeV at the Large Hadron Collider.
A relative suppression of small angle particle emission is
observed in the heavy quark jet in agreement with
Monte Carlo Event Generators (MCEG), combining the
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hard interactions of the partons from the protons
with a QCD parton shower and a hadronization model.
Already before, some preliminary angular studies
of the dead cone effect have been presented using data
on charm jets from hadron electron ring accelerator
(HERA) [6] and data on b-jets from the large electron
positron collider (LEP) [7].
Multiparton final states in quark and gluon jets can be

calculated perturbatively from subsequent parton branch-
ings with running coupling αs down to the transverse
momentum cutoff Q0, within the probabilistic parton
shower picture based on angular ordering [8–11]. Some
insight can be gained by first considering the double
logarithmic approximation (DLA), which accounts
for leading collinear and soft singularities as in Eq. (1)
for Θ0 ¼ 0. A more accurate description is achieved in the
modified leading logarithmic approximation (MLLA) if
single logarithmic terms are included [relative order
Oð ffiffiffiffiffi

αs
p Þ]. In the comparison with experiments, the hypoth-

esis of “local parton hadron duality” (LPHD) [12] has
turned out to be quite successful in many applications. In
this scheme, perturbative QCD predictions on sufficiently
inclusive observables for final state partons are in close
correspondence with these observables for hadrons, where
Q0 may achieve low values, even down to the mass scale Λ
of QCD (“limiting spectrum”).
The single inclusive gluon spectrum for a quark or

gluon jet in the variable ξ ¼ lnð1=xÞ, with x ¼ Eg=E, has
been computed as a function of the primary energy E in
MLLA [12–14]. The main feature is a Gaussian-like
peak in the ξ spectrum, the so-called “hump-backed
plateau” resulting from the coherent emission of soft
gluons in the cascade. Predictions for the ξ spectrum and
the primary energy dependence of the Gaussian param-
eters agree well with eþe− annihilation data, see e.g. [15]
for a review and [16] for a recent analysis. Generally, only
charged particles are studied experimentally since the
resolution for direction and momentum measurements is
improved with respect to neutral particles, in particular,
for low momentum particles dominating the hadronic
final states. For an overview of the perturbative QCD
approach on parton shower evolution, approximations,
and some applications to multiparticle production, see
e.g. [11,17].
In this paper the dead cone effect is studied for the first

time by exploring the internal momentum structure of
heavy and light-quark jets, which can be directly com-
pared with the early QCD predictions within the MLLA-
LPHD approach [1,2]. Jet particles with large momenta
are emitted on average at small angles and particles with
small momenta at larger angles. Therefore, the dead cone
effect at small angles corresponds to a suppression of large
momentum gluons. An advantage of studying momentum
spectra is that their determination does not require a jet
axis definition which may cause important systematic
uncertainties.

II. EXPERIMENTAL DETERMINATION
OF PARTICLE SPECTRA IN b- AND

c-QUARK EVENTS

A. Reconstruction of heavy quark
fragmentation functions

Experimental data are presented as functions of the
charged particle momenta p, with xp ¼ 2p=W or ξp ¼
lnð1=xpÞ at c.m. system energyW. In eþe− annihilation, we
refer to the fragmentation function

D̄ðξ;WÞ ¼ 1

2

1

σtot

dσh

dξ
ðξ;WÞ; ð2Þ

where D̄ðξ;WÞ¼xDðx;WÞwith the inclusive x-distribution
Dðx;WÞ for particles from both hemispheres. In order to
obtain the heavy quark fragmentation function D̄ch

Q ðξp;WÞ,
Q ¼ c; b, we start from the measured ξp-distribution of
light hadrons in events tagged as originating from Z → QQ̄
decays. This distribution also contains the charged hadrons
from B-hadron or charm-hadron decays, and they have to
be subtracted. The ξp-distributions of charged B-hadron or
charm-hadron decay products have not been measured
separately,1 and we obtain them from a MCEG program;
the most recent version of PYTHIA8 [18,19] is used for this
purpose with 100,000 events generated.
The full ξp-distribution of events with B-hadrons,

including their decays, has been measured by several
groups [20–23] with good mutual agreement. The results
obtained2 by DELPHI [20] and OPAL [21] are shown in
Fig. 1 together with the MCEG prediction for this dis-
tribution (left panel). The predictions agree within ∼10%
with the data. The measured charged hadron multiplicities
Nch

b ¼ 23.17� 0.35 (DELPHI) and Nch
b ¼ 23.16� 0.45

(OPAL) compare to Nch
b ¼ 21.26� 0.02, as obtained with

PYTHIA8. Furthermore in Fig. 1, the ξp-distribution of the
charged B-hadron decay particles is displayed, which
integrates up to the multiplicity ndecb ¼ 9.80.
The parameters of the MCEG program are tuned to a

large variety of data from eþe− and pp collisions [19].
Therefore, one cannot expect an optimal agreement in all
processes. Indeed, for the B-hadron decay multiplicity, an
experimental value has been determined with a rather small
error [4] (practically identical to the earlier result [3]),
which differs from the MCEG prediction:

ndecb ¼ 9.80 ðPYTHIA8Þ
ndecb ¼ 11.10� 0.18; ðexperimentÞ: ð3Þ

1A measurement could use the impact parameters of recon-
structed tracks with respect to the primary vertex to select the
heavy hadron decay products.

2Only DELPHI and OPAL presented their data for b- or c-
quarks and uds-quarks in ξ.
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The experimental result is based on the evaluation [24] of
the measurements by ALEPH, CDF, DELPHI, L3, OPAL,
and SLD for the single B-hadron decay multiplicity Nb ¼
4.955� 0.062 and includes contributions from K0 and Λ
decays among others. This number for ndecb exceeds the one
obtained by PYTHIA8 by 13%.
In our subsequent analysis, only the shape of the ξp-

distribution is taken from the MCEG simulation, but its
normalization is scaled by 13% to obtain the experimental
decay multiplicity Eq. (3). We add a systematic error of
6.5% to all data points in order to allow for variations in a
band of the missing decay rate. Subtracting this rescaled
B-hadron decay distribution from the spectra of the full
b-events by DELPHI and OPAL, the final b-quark
fragmentation function is derived and displayed in
Fig. 1 (left panel) as well. There is a good agreement
between the results from both experiments. We have
compared our result for the B-hadron decay distribution
with the results obtained by the DELPHI collaboration
[20] using the JetSeT MCEG by adding the contributions
from π, K, p. The b-quark fragmentation function com-
puted with their result agrees with ours within the errors,
lying for ξp ≳ 3 below our result at the edge of the
error bars.
The corresponding results for cc̄-events are shown in

Fig. 1 (right panel). The ξp-distribution for the full events
including the charm-hadron decays as obtained by OPAL
[21] are found in good agreement with the PYTHIA8 results:
the full multiplicity by OPAL Nch

c ¼ 21.55� 0.74 com-
pares with Nch

c ¼ 20.05. Also shown is the ξp-distribution

of the charged decay products of the charm-hadrons which
integrates to the multiplicity ndecc ¼ 5.04 and compares well
with the observed decay multiplicity, ndecc ¼ 5.2� 0.3 [4],
such that no rescaling is applied. Subtracting the distribu-
tion of decay products from the full distribution finally
yields the experimentally derived c-quark fragmentation
function.

B. Evidence for the dead cone effect
in heavy quark events

Next we compare in Fig. 2 the light uds-quark
ξp-distributions measured by DELPHI and OPAL with
the b-quark and c-quark ξp-distributions derived in the last
subsection by removing the charged heavy hadron decay
products. One observes the strong suppression of particle
production in the b-quark and c-quark fragmentation
(upper panels) and in the ratios of both distributions (lower
panels). While the ratios approach unity for large ξp in the
low momentum limit, the suppression progresses down to a
ratio of ≲1=10 for small ξp values (large momenta) before
it levels off. There is a notable difference between c- and
b-quark fragmentation: the ratio for the b-quark starts
decreasing already at ξp ∼ 5 and falls down to ∼1=10 near
ξp ∼ 2, whereas for the c-quark, it starts decreasing later at
ξp ∼ 3 and falls to zero near ξp ∼ 1. This difference will be
related to the different quark masses MQ below.
The dead cone effect is established in this process with a

high significance, which is comfortably larger than five σ
for both b-quarks and c-quarks. According to Eq. (1), the
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FIG. 1. Distribution of charged hadrons in ξp ¼ lnð1=xpÞ for full bb̄ events including B-hadron decays at 91.2 GeV: DELPHI and
OPAL data and prediction from the PYTHIA8 MCEG; B-hadron decay charged particle ξp-distribution from PYTHIA8 with systematic
error (6.5%); the b-quark fragmentation functions as derived from DELPHI and OPAL data after subtraction of the B-hadron decay
charged particle distribution rescaled to the experimental decay multiplicity Eq. (3) (left panel); corresponding results for cc̄ events: full
spectrum by OPAL and from PYTHIA8, charm-hadron decay charged particle distribution from PYTHIA8 and the c-quark fragmentation
function (right panel).
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dead cone effect is characterized by the full suppression of
the small angle fragmentation from the heavy quark. The
results in Fig. 2 show the efficiency of the momentum space
analysis in reflecting the almost complete suppression of
heavy quark fragmentation in the corresponding limit of
large momenta. This suppression is stronger than the
maximal suppression by a factor of about 1=2 observed
in the angular analysis by ALICE [5]. This may be related
to the finite jet resolution and the difficulty to define the
gluon emission angle in this analysis.

III. MLLA EXPECTATIONS FOR HEAVY
QUARK FRAGMENTATION FUNCTIONS

A. The MLLA QCD relations between light
and heavy quark jets

The dead cone effect has first been studied for total
multiplicities of light hadrons in QCD jets within the
MLLA of perturbative QCD [1,2], and the predictions
have been compared with data in [3,4]. In the MLLA the
accompanying multiplicity in the production of a heavy
quark pair NQQ̄ðWÞ at c.m. system energy W can be
expressed in terms of the multiplicity Nqq̄ðWÞ in the light
quark qq̄ production (q ¼ u; d; s) with the multiplicity in
the dead cone subtracted as

NQQ̄ðWÞ ¼ Nqq̄ðWÞ − Nqq̄ð
ffiffiffi
e

p
MQÞ; ð4Þ

with the dead cone mass scale W0 ¼
ffiffiffi
e

p
MQ (e ¼ expð1Þ).

The directly observed full charged hadron multiplicity
in heavy quark events produced in eþe− annihilation
Nch

Q ≡ Nch
eþe−→QQ̄ can be written as

Nch
Q ðWÞ ¼ Nch

QQ̄ðWÞ þ ndecQ ; ð5Þ

i.e. as the sum of multiplicities accompanying the heavy
quarks Nch

QQ̄ and the charged multiplicities from the decays

of the two heavy hadrons ndecQ .
As an important consequence of Eq. (4), the difference

between the observed charged particle multiplicities in
heavy and light quark events,

δQl ¼ Nch
Q ðWÞ − Nch

qq̄ðWÞ; ð6Þ

is predicted in the MLLA as

δMLLA
Ql ¼ ndecQ − Nqq̄ð

ffiffiffi
e

p
MQÞ; ð7Þ

such that this quantity is independent of the total energy
W and depends only on the heavy quark mass MQ.
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FIG. 2. Fragmentation function in ξp ¼ lnð1=xpÞ for the light uds-quarks in comparison with experimentally derived ξp-distributions
for the b-quark and c-quark fragmentation (upper panels); ratio of the heavy quark over the light quark fragmentation functions showing
the strong suppression of the heavy quark fragmentation for small ξp (large momenta) by an order of magnitude which constitutes the
dead cone effect (lower panels).
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As reviewed in the dead cone analysis [4], this difference is
indeed found to be independent of the c.m. system energy
in eþe− annihilation to b-quarks up to LEP 2 energies
within the experimental uncertainties. An alternative model
without the dead cone effect and a pronounced energy
dependence of δbl has been excluded at high confi-
dence level.
For our analysis of the inclusive spectra, the relation for

multiplicities as their integrals will serve as an important
cross-check. For the b-quark with the values ndecb ¼ 11.10�
0.18 andW0 ¼ 8 GeV withNqq̄ð8 GeVÞ ¼ 6.7� 0.34, the
prediction is close to the experimental result [4]

δMLLA
bl ¼ 4.4� 0.4; δexpbl ¼ 3.14� 0.14; ð8Þ

but a significant difference remains.
For the c-quark, with the values ndecc ¼ 5.2� 0.3,

W0 ¼ 2.7 GeV, and Nqq̄ð2.7 GeVÞ ¼ 3.7� 0.3, one finds
the charged particle multiplicity difference [4] as

δMLLA
cl ¼ 1.5� 0.4; δexpcl ¼ 1.0� 0.4; ð9Þ

with consistent results between theory and experiment.
The spectrum DQðx; EÞ of gluons with energy fraction3

x ¼ Eg=E at primary energy E accompanying the QQ̄ pair
can be treated in a similar way to that of mean multiplicities
in Eq. (4); for a review, see [25]. Some insight can be
gained by first considering the results for the leading DLA.
The difference between the heavy quark DQðx; EÞ and the
light quark Dqðx; EÞ spectra due to the dead cone effect
comes from the radiation of very energetic gluons at small
angles Θ < Θ0. This radiation can be considered as
resulting from a Lorentz boost by the factor γ ¼ E=MQ

along the heavy quark direction from the corresponding
radiation at lower hardness MQ. In the DLA, a simple
formula in analogy to the equation for multiplicities,
Eq. (4), can be written as follows [2,26]:

DQðx; EÞ ¼ Dqðx; EÞ −Dqðx;MQÞ: ð10Þ

Hence, the heavy quark fragmentation function is rep-
resented in terms of the light quark fragmentation functions
at the different energy scales E and MQ. This equation
cannot be strictly correct since the x-distribution at large x
decreases with rising energy because of scale breaking
effects, therefore, Dqðx; EÞ < Dqðx;MQÞ and DQðx; EÞ in
Eq. (10) would become negative (see e.g. Fig. 8 below).
While the equation for multiplicities, Eq. (4), is derived

systematically within the MLLA, the corresponding analy-
sis for the inclusive spectra in MLLA is not yet available at
the same rigor. An improved equation for the inclusive
x-spectra has been presented which reproduces the

equation for multiplicities in MLLA after integration over
x and avoids a negative fragmentation function. The MLLA
estimate has been reported as [2]

D̄Qðx;WÞ ¼ D̄qðx;WÞ − D̄q

�
x

hxQi
;

ffiffiffi
e

p
MQ

�
; ð11Þ

where D̄ðx;WÞ ¼ xDðx;WÞ. This expression, after inte-
gration over the variable x, reproduces Eq. (4) for the
multiplicities. For our comparison with the heavy quark
fragmentation function D̄Qðξ;WÞ with variable ξ as deter-
mined in the last section, we rewrite this relation as

D̄Qðξ;WÞ ¼ D̄qðξ;WÞ − D̄qðξ − ξQ;
ffiffiffi
e

p
MQÞ; ð12Þ

with D̄ðξ;WÞ ¼ xDðx;WÞ and ξQ ¼ lnð1=hxQiÞ. Again, as
in the equation for multiplicities, the low energy scale is
W0 ¼

ffiffiffi
e

p
MQ. Furthermore, the mean momentum fraction

hxQi of the primary heavy quark Q is introduced which
reduces the light particle energies to x < hxQi. The shift of
the ξ-spectrum by ξQ corresponds to a MLLA correction
of Oð ffiffiffiffiffi

αs
p Þ as can be seen by a Taylor expansion of

D̄qðξ − ξQ;
ffiffiffi
e

p
MQÞ in ξQ at ξQ ¼ 0. Equation (12) repre-

sents an approximation that does not work well at small ξ
since the shifted contribution D̄qðξ − ξQ;W0Þ has to vanish
for ξ < ξQ. Comparisons of these predictions with the
experiment should take these limitations into account.
If hxQi is taken from the experiment, then the heavy

quark fragmentation function at c.m. system energy W can
be obtained by the relation Eq. (12) from the light quark
fragmentation functions at energies W and W0 in absolute
normalization.
As numerical values of these parameters, we take for

b-quarks, W0 ¼ 8.0 GeV4 [4] and the experimental evalu-
ation hxbi ¼ 0.7092� 0.0025 [28]. For c-quarks, we use
W0 ¼ 2.7 GeV [4] and the experimental value hxci ¼
0.495� 0.006 [29]. This yields the shift parameters

ξc ¼ 0.70; ξb ¼ 0.36: ð13Þ

These numbers are also consistent with the results in [17],
based on calculations for the heavy quark x-spectra in [30].

B. Experimental test of the MLLA relation
between light and heavy quark jets

At first, we probe the MLLA expectation, Eq. (12), by
inserting for D̄ðξ;WÞ the experimentally observed distri-
butions in ξp ¼ ln 1=xp at the respective energiesW. At the
low energy W0 ¼ 2.7 GeV for the c-quark fragmentation,
we insert the ξp-distribution data obtained by the BES

3For the massless partons E ¼ p in the calculations, in the
comparison with light hadrons, we take x ¼ ph=E.

4This value corresponds to a b-quark pole mass Mb ¼ 4.85�
0.15 which is consistent with the most recent world average pole
mass Mb ¼ 4.78� 0.06 [27].
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collaboration at the nearby energy 2.6 GeV [31]. There
are no data nearby W0 ¼ 8.0 GeV for the b-quark frag-
mentation, and therefore, we obtain the corresponding
ξp-distribution from the interpolation between two neigh-
boring energies, also a correction for charm production has
been applied (see the Appendix). The ξp-distribution at
W0 ¼ 8.0 GeV, so obtained and shifted by ξb ¼ 0.36
according to Eq. (12), i.e. D̄qðξ − ξb;W0Þ, is shown in
Fig. 3 (left panel) as a dashed line; also shown are the
data for D̄qðξ;WÞ at W ¼ 91.2 GeV, both referring to
uds-quark events. From their difference, according to
Eq. (12), one obtains the MLLA prediction for the b-quark

distributions D̄bðξp;WÞwhere the error bars shown include
the systematic errors.
This MLLA-expected distribution for the b-quark is now

compared in Fig. 3 to the experimentally derived b-quark
fragmentation functions using DELPHI and OPAL data
(see Fig. 1 (left panel) as discussed in the last section).
Again, we point to the strong suppression of the b-quark
fragmentation function which becomes almost complete for
the high momentum particles with ξp ≲ 2. The MLLA
expectations match with the experimentally derived
b-quark fragmentation data at a quantitative level in the
region around the peak of the 8 GeV distribution between
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FIG. 3. Fragmentation functions in ξp ¼ lnð1=xpÞ for uds-quarks at 91.2 GeV and at W0 ¼ 8.0 GeV by interpolation between
neighboring energies, with correction for charm decays (see the Appendix) and with shift ξb ¼ 0.36, see Eq. (13). Subtracting these
distributions as in Eq. (12), yields the MLLA prediction for the b-quark fragmentation function to be compared with the experimentally
derived one on linear and logarithmic scales (left panels); corresponding results for c-quark fragmentation: at 91.2 GeV the OPAL
uds-quark data; at W0 ∼ 2.6 GeV the data by BES; the MLLA prediction for the c-quark fragmentation function to be compared with
the experimentally derived c-quark fragmentation function (right panels).
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ξp ¼ 1.5 and ξp ¼ 3.2. There are deviations at small ξp
(large momenta) at a low level of particle density. A larger
deviation occurs in the region above ξp ¼ 3, which
corresponds to the ultrasoft particles with momenta p≲
Q0 ∼ Λ at the hadronic mass scale. This region is outside
the range of validity of the perturbative approach.
Now we turn to the results on the c-quark events in the

right panel of Fig. 3. By subtracting the low energy BES ξp-
distribution at W0 ¼ 2.6 GeV, after a shift by ξc ¼ 0.7,
from the uds-quark distribution at W ¼ 91.2 GeV, one
obtains the MLLA-predicted c-quark fragmentation
function. The experimentally derived and the predicted
ξp-distributions for c-quark fragmentation are compatible
with each other within the larger errors over the full
considered region supporting the MLLA ansatz. There is
no direct evidence for an excess multiplicity at large ξp as
seen in b-quark fragmentation but the errors are larger.
The different behavior of the c-quark and b-quark

fragmentation functions is caused by the different behavior
of the ξp-distributions at the low energies W0ðMQÞ, i.e. at
2.6 and 8.0 GeV, respectively. In this way, the essential
features of the dead cone effect are explained by the
subtraction of particles with the ξp-distribution at the
respective mass scale MQ from the full particle ensemble
at energy W.
We also observe in Fig. 3, that the light and heavy

quark spectra approach each other for large ξp as theoreti-
cally expected since the soft particles are mainly emitted at
large angles and are thereby insensitive to the cutoff,
Θ0 ¼ MQ=EQ, i.e. the dead cone effect.
It is noted, that our results on the shapes of observed

uds-quark and MLLA-expected b-quark distributions in
Fig. 3 qualitatively agree with the expectations presented in
the original publication [1].

C. Description of ξp-distributions
by the limiting spectrum

In this subsection we will probe the MLLA suggested
prediction Eq. (12) by inserting, for the description of
inclusive ξp-distributions, the analytical MLLA results for
the ξ-distribution of gluons. In a particular approach, the
transverse momentum cutoff is taken at its minimum value
Q0 ¼ Λ and one obtains the so-called limiting spectrum,
which can be written in terms of an integral representation
of the confluent hypergeometric function [11]. In this
application of the MLLA framework, one assumes that
the parton cascade evolves down to the hadron mass scale
Q0 ¼ Λ and represents the hadron cascade in an average
sense (LPHD) [12]). As the bulk of particles inside the
Gaussian hump have only small momenta of a few GeV, the
number of active flavors in the calculation of the coupling
αs is usually taken as nf ¼ 3 [11,32,33]. The only
remaining parameters in this approach are the QCD scale
Λ and an overall normalization factor Kch. Previous fits to

the charged particle spectra for all flavors yielded values,
see e.g. [32], with Λ ¼ 250 MeV and Kch ¼ 1.28 at c.m.
system energy W ¼ 91.2 GeV. Distributions at lower
energies down to 14 GeV could be fitted with the same
Λ but for Kch increased by 14%. This energy dependence is
interpreted as an effect from higher order corrections to
the MLLA.
The limiting spectrum function will now be used for

the description of the ξp spectra in this analysis. The
ξp-distribution for b-quark fragmentation at 8 GeV is
obtained by using the same parameters as for the neighbor-
ing energies and applying a correction for charm quark
production (see the Appendix). This spectrum at 8 GeV is
shown in Fig. 4 (left panel) as the dashed line, also shown
is the corresponding fit to the uds-quark data at
W ¼ 91.2 GeV. The parameters of the fit are obtained
as Λ ¼ 275 MeV in this energy range, Kch ¼ 1.28 atW ¼
91.2 GeV and Kch ¼ 1.52 at the lower energies. From
these two limiting spectrum distributions one obtains the
MLLA based predictions for the b-quark fragmentation
function using Eq. (12) shown as the short dashed line.
This prediction is in quantitative agreement with the
experimentally derived b-quark spectrum (see Sec. II A)
in the region around the maximum of the spectrum at
8 GeV for ξp ≳ 1.8, with a mild disagreement below that
value where errors are large and the relation Eq. (12) is
only approximately valid (at large x). The predictions end
at the kinematic limit of the limiting spectrum ξ0 ¼ ξlimmax þ
ξb ¼ 3.05 with ξlimmax ¼ lnðW=ð2Q0ÞÞ.
The same procedure is followed with the c-quark

fragmentation in the right panel of Fig. 4. At the low
energy of 2.6 GeV both parameters have to be adjusted
and are reported by BES [31] as Λ ¼ 342 MeV and
Kch ¼ 1.52. In the narrow available region in ξp the
predictions at the energies 2.6 and 91.2 GeV are nearby
but somewhat below the data.
In Fig. 5 we show again the ratio of heavy quark over

light quark fragmentation functions in comparison with the
MLLA prediction Eq. (12) using data input and limiting
spectrum fits. These ratios are correctly reproduced in the
central region 1≲ ξp ≲ 3 for b-quarks and in 1≲ ξp ≲ 2
for c-quarks. Below ξp ∼ 1 (x≳ 0.4) the limiting spectrum
ratios are rising again because of a mismatch in the lower
limit in ξp for the limiting spectrum at 91.2 GeV and the
shifted one at the low energy W0 (i.e. at 2.6 or 8 GeV),
therefore, we excluded those results from the figure (see
also next section). The amount of suppression from the
dead cone effect is correctly reproduced for both heavy
quark fragmentation processes.
The Figs. 4, 5, and 8 show the good overall description of

the ξp-distributions for both light and heavy quarks within
the very compact MLLA-LPHD and limiting spectrum
(Q0 ¼ Λ) approach in terms of only two parameters, the
QCD scale Λ and the slowly moving normalization
parameter Kch. For the very low energy around 2 GeV
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also a change of Λ from 275 to 340 MeV is required. These
small variations reflect the relevance of higher order
corrections beyond MLLA.

D. Behavior of fragmentation functions
near kinematic limits

In the Figs. 3 and 4, it is demonstrated that the MLLA
expectation Eq. (12) quantitatively predicts the suppression
of particle production in the central region around the
maximum of the ξp-distribution at the lower mass scaleW0.
For the b-quark, however, there is a major surplus of
particles at large ξp beyond expectation and a smaller
excess at small ξp. To quantify these effects more clearly,
we investigate the difference between the heavy and light

quark fragmentation functions at W ¼ 91.2 GeV which,
according to the MLLA expectation Eq. (12), should
just yield the expected light quark ξp-distribution at the
lower mass scale W0. This will clarify how the predicted
ξp-distribution at the low energy W0 deviates from the
observed one.
These differences are shown in Fig. 6 for the b-quark

(left panel) and c-quark fragmentation (right panel). The
MLLA expected ξp-distributions are compared with the
experimental ξp-distribution: for the b-quark at 8 GeV with
the distribution obtained by interpolation with correspond-
ing systematic errors (dashed line, see Sec. III B), for the
c-quark with the observed distribution at 2.6 GeV by the
BES collaboration. The differences between the MLLA
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FIG. 4. Fragmentation function in ξp ¼ lnð1=xpÞ for uds-quarks at 91.2 GeV together with the MLLA limiting spectrum distributions;
at W0 ¼ 8.0 GeV the limiting spectrum at this energy including the correction for charm decays (normalization Kch ¼ 1.43, See the
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b-quark fragmentation function to be compared with the experimentally derived one (left panels); the corresponding results for c-quark
fragmentation (right panels).
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expected and experimental ξp-distributions are shown in
the lower part of Fig. 6.
This figure clearly shows that the difference between

heavy and light quark fragmentation, in its main features,

can just be related to the low energy hump-backed plateau,
which changes with the MLLA mass scale W0 ¼

ffiffiffi
e

p
MQ.

When the energy W0 is increased from 2.6 to 8.0 GeV, the
ξp-distribution shifts to a higher mean value ξ̄p with larger
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width and increasing height in agreement with the behavior
known from the experiment in absolute terms. This result
not only explains the limits of their ratios in Fig. 5 for small
and large ξp with R ∼ 0 and R ¼ 1, but also the behavior in
between.
For the b-quark, the interpolated distribution at 8 GeV

approaches quite closely the data in the central region
1≲ ξp ≲ 3, but falls somewhat below the expectations for
the very small ξp ≲ 1 (xp ≳ 0.4), and there is a considerable
and very significant excess over the expectation in the large
ξp ≳ 3 region. For the c-quark fragmentation there is a
good agreement but errors become large for the larger ξp.
We also compare these experimental results with

the MLLA limiting spectrum distributions in Fig. 7. The
agreement for b-quarks is rather satisfactory up to the
region close to the upper limit at p ∼ Λ, i.e. at ξ ∼ 3, but
there are deviations at the very small ξp ≲ 1 (xp ≳ 0.4). For
c-quarks the agreement in the central region around ξp ∼ 2

is satisfactory, but there are considerable differences at
small ξp. These deviations at small ξp are a consequence
of the approximate form of Eq. (12) in which the
ξp-distribution is shifted to ξ≳ ξQ, i.e. to the values 0.36
and 0.70 for b- and c-quarks, respectively. Therefore, the
approximate form of Eq. (12) works best in the central

region around the maximum, away from limits ξp ¼ 0

and ξp ¼ ξlimmax ¼ lnðW=ð2ΛÞÞ.
It appears that the width of the observed distribution

in b-quark fragmentation is larger than the expected one.
One possible explanation could be that the momentum
fluctuations of the heavy quark are larger than anticipated
in the MLLA formula, Eq. (11), where a fixed energy loss
hxQi is assumed. More generally, one could consider the
emitting heavy quark with a distribution FQðxQÞ or

F̄QðξQÞ ¼ xQFQðxQÞ; ξQ ¼ lnð1=xQÞ: ð14Þ

Then the distribution of the final partons is obtained from
the convolution integral

D̄qðξp;W0Þ ¼
Z

ξp

0

dξ0pF̄Qðξ0pÞD̄qðξp − ξ0p;W0Þ;

W0 ¼ 8 GeV; ð15Þ

which may also fill the region ξp < ξQ. With FbðxbÞ ¼
δðxb − hxbiÞ, Eq. (11) is restored. If one takes, as an
exercise, for the momentum spectrum of the heavy
quark FbðxbÞ, the distribution as experimentally measured
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(DELPHI [28]), then the second curve (short dashed) in
Figs. 6 and 7 from the convolution is obtained, which is
broader than the experimental ξp-distribution for 8 GeV, as
expected, but the effect is rather small and cannot explain
the observed deviations.
Finally, the MLLA prediction for b-quark fragmentation

and the experimental spectrum at 8 GeV are compared
separately for the regions below and above ξp ¼ 3.
To this end, the difference between the expected and
experimental distributions at 8 GeV, see Fig. 6, is fitted
to a polynomial function, and the respective multiplicities,
ΔN ¼ Nð8 GeVÞMLLA-Nð8 GeVÞexp, are calculated from
the integrals over the two ξp regions for distorted Gaussian
(Fig. 6) and the limiting spectrum distributions (Fig. 7). The
results are shown in Table I.
The first number ΔN in Table I is obtained by summing

the data points over the full ξp range, and it should
agree with the results using the published total multipli-
city data instead. For DELPHI, one has Nð8 GeVÞMLLA ¼
Nuds − Nb þ ndec ¼ ð19.44 � 0.34Þ − ð23.17 � 0.38Þ þ
ð11.10 � 0.18Þ ¼ 7.87 � 0.54 and with Nudsð8GeVÞexp¼
6.1�0.3, one finds ΔN ¼ 1.8� 0.6, which compares well
with the value from our fit ΔN ¼ 1.52� 0.25.
As a main result for the b-quark fragmentation, it can be

seen from Table I that the full multiplicity in the lower part
of the ξp-spectrum (its integral over ξp < 3) agrees with the
MLLA expectation for both interpolating functions, i.e.
ΔN ¼ 0, but at large ξp there is a significant difference for
which we have no direct explanation, but the effect appears
in the kinematic region p≲Q0 ¼ Λ outside the validity of
the perturbative MLLA approach.
In this way, we also suggest a solution to the problem

found in the previous study of full multiplicities [4], where
a moderate but significant discrepancy between expected
MLLA results and the experimental finding was noted,
namely δMLLA

bl − δexpbl ¼ 1.26� 0.42 multiplicity units, see
Eq. (8), corresponding to our result on the equivalent
quantity ΔN ¼ 1.52� 0.25. The observed difference of
these two numbers comes from the slightly different
determination of Nð8 GeVÞ. We now conclude that the
previously observed discrepancy in the MLLA multiplicity
equation (4) can be related to the contribution from the
ultrasoft particles with ξp > 3. These are contributions

from other sources outside the control of perturbation
theory for the heavy quark jets.
For the c-quark fragmentation the statistical errors

in Figs. 3 and 6 are too large to confirm or exclude
such an ultrasoft anomaly. The result on multiplicities
δMLLA
cl − δexpcl ¼ 0.5� 0.6 from Eq. (9) does not show any
such effect either.

E. Sensitivity of experimental dead cone data
to the heavy quark mass

In the last subsection we have compared the experi-
mental data on the difference between light and heavy
quark fragmentation in Figs. 6 and 7 with the expectation
for the fragmentation function at the given low energy scale
W0 ¼

ffiffiffi
e

p
MQ, according to the MLLA estimate Eq. (12). In

turn, one could treat the low energy scale W0 in this
equation as a free parameter to be determined from the best
fit of the ξp spectrum in eþe− annihilation to the exper-
imental data in Fig. 6. We perform such a fit to the data in
the lower pad of Fig. 6 and determine a constant shift
to the zero line (corresponding to the ξp-distribution at
W0 ¼ 8.0 GeV) in the central region 1.6≲ ξp ≲ 2.6, avoid-
ing contributions from the excess multiplicity at large ξ.
The maximum height of the inclusive ξp spectra hmaxðWÞ
as measured by BES [31] and TASSO [34] collaborations is
found by interpolation to rise by 0.2 units for an increase of
W by 1 GeV near W ¼ 8.0 GeV. For the DELPHI and
OPAL data we obtain the shifts δhmax ¼ −0.17� 0.13
and δhmax ¼ −0.14� 0.15, respectively, or combined
δhmax ¼ −0.16� 0.10 and correspondingly for the low
energy scale

Wexp
0 ¼ ð7.2� 0.5Þ GeV ðDELPHI andOPALÞ: ð16Þ

This is to be compared with the evaluation [4]
WMLLA

0 ¼ ð8.0� 0.2Þ GeV, based on the b-quark pole-
mass Mb ¼ 4.85� 0.15 GeV and the MLLA correctionffiffiffi
e

p ¼ 1.65 applied to the lowest order DLA result
WDLA

0 ¼ MQ. It is remarkable how close the MLLA
prediction with its large correction factor comes to the
experimental data. If we would take the quark mass Mb
itself as low energy scale, then we have to replace the
Gaussian curve forW0 ¼ 8.0 GeV in Fig. 6 by the curve at
4.8 GeV, displayed in Fig. 8, which is clearly far away from
the data in Fig. 6. The experimental uncertainty of the low
energy scale W0 in (16) is about 7%, but there are also
theoretical uncertainties from possible corrections beyond
MLLA to the correction factor for the energy scale

ffiffiffi
e

p
and

from the approximation of applying a constant shift in
Eq. (12). Therefore, although the dead cone measurements
at present cannot be competitive to the available heavy
quark mass determinations, they come close to the pre-
dicted value within less than 10%.

TABLE I. Integrals ΔN over the difference data shown in
Figs. 6 and 7 (left panels) between expected and experimental
ξp-distributions for b-quark fragmentation for different ξp re-
gions and two interpolating functions at 8 GeV.

ξp-range Distorted Gaussian Limiting spectrum

all ξp ΔN ¼ 1.52� 0.25 ΔN ¼ 0.24� 0.15
ξp < 3 ΔNlow ¼ 0.14� 0.16 ΔNlow ¼ 0.24� 0.15
ξp > 3 ΔNhigh ¼ 1.37� 0.16 Not applicable
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IV. CONCLUSIONS

The dead cone effect predicted by perturbative QCD
has been studied using data taken at LEP on identified
heavy b- and c-quark and light uds-quark fragmentation.
The dead cone effect for particle production at small angles
to the primary quark is also reflected in the production
of large momenta, as is typical for the jet structure. In
the present study, QCD expectations for the momentum
spectra in heavy quark jets based on the MLLA [1,2] are
investigated.
At first, we reconstruct the inclusive distributions of

charged particle momenta using the variable ξp ¼ lnð1=xpÞ
in b-quark and c-quark events by correcting for B-hadron
and charm-hadron decays. In the comparison of heavy and
light quark fragmentation we observe a convergence of the
spectra for large ξp (xp → 0) but a strong suppression of
the fragmentation functions of the heavy b- and c-quarks
with respect to one of the light uds-quarks with decreasing
ξp → 0 (increasing x → 1) down to a fraction of ≲1=10.
This observed almost complete suppression reflects the
presence of the dead cone with a high significance (≫ 5σ).
There is a characteristic difference between b- and c-quark
fragmentation, in that the decrease for the c-quark is shifted
towards lower ξp as compared to the b-quark. It would be
desirable to replace the MCEG based subtraction of the
charged heavy hadron decay products by an experimental
measurement in order to remove any residual model
dependence.
The ξp-distributions derived from experimental data are

then compared directly with the QCD expectations within

the MLLA following the hypothesis of LPHD. This QCD
analysis provides a quantitative explanation of the dead
cone effect: the difference between the heavy and light
quark fragmentation functions in the variable ξp at high
c.m. system energyW is just given by the ξp-fragmentation
function at the lower energy W0 ¼

ffiffiffi
e

p
MQ with the heavy

quark mass MQ [see Eq. (11)].
Equation (11), an estimate within MLLA, is tested

first with the experimentally observed or derived
ξp-distributions as input. For both the b-quark and the
c-quark fragmentation this equation is found to be well
supported in the central kinematic region around the peak
of the ξp-spectrum at scale MQ corresponding to the
momentum range x≲ 0.4 and p≳ Λ. It explains quanti-
tatively the suppression of both fragmentation functions
down to about 1=10 of the one for uds-quarks. The
different suppression profiles of c- and b-quark fragmen-
tation are directly related to the different shapes of the ξp
spectra (the hump-backed plateau) at the respective c- and
b-quark mass scalesW0, i.e. at the c.m. system energies 2.7
and 8.0 GeV, respectively. In the MLLA estimate Eq. (11),
the mean fractional momentum hxQi of the heavy quark
appears as additional (known) parameter. This parameter is
important for the successful quantitative description. The
interplay between heavy quark fragmentation and energy
loss deserves further attention.
The MLLA estimate Eq. (11) has also been tested using

as input the analytic expressions for the ξ-distributions
obtained within MLLAwith the simplification Q0 ¼ Λ for
the pT-cutoff and the QCD scale, the so called limiting
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spectrum. This formula describes to a reasonable approxi-
mation the experimental ξp-spectra in the c.m. system
energy range 2–100 GeV for allowed momenta p > Q0 ¼
Λ in terms of only two parameters, the QCD scaleΛ and the
normalization Kch. These parameters show a small varia-
tion with energy which hints towards contributions beyond
MLLA. In this way, a very compact representation of
momentum spectra with two parameters for light and
heavy quark jets in a wide kinematic region for not too
large x (x≲ 0.4) and p > Λ is established.
In the kinematic region of small ξp ≲ 1 (xp ≳ 0.4), at low

values for the heavy quark fragmentation functions, vio-
lations of the MLLA relation have been observed. This is to
be expected in the present approximate scheme using a
shifted spectrum at the low energy W0. Integrating the
fragmentation function of the b-quark over the important
region ξp ≲ 3 (p≳ Λ) yields the respective multiplicity
which is found in good agreement with the MLLA expect-
ation. A large and significant excess of particle production
in b-quark fragmentation over these expectations is
observed for large ξp ≳ 3, which concerns the region of
very soft particle production with p≲ Λ. The total excess
multiplicity in this kinematic region corresponds quantita-
tively to the excess over MLLA expectations already noted
in the previous study of the full multiplicity [4]. This
discrepancy comes from a kinematic region outside the
validity of the perturbative approach. In case of the c-quark
fragmentation no such excess at large ξp can be resolved
within the larger errors, and there is a satisfactory agree-
ment between prediction and experimental data for not too
large momenta (ξp ≳ 1).
We estimated a value for the low energy scale W0 ¼

ð7.2� 0.5Þ GeV of the dead cone subtraction from the data
which is consistent within the uncertainties with the MLLA
prediction W0 ¼

ffiffiffi
e

p
Mb ¼ ð8.0� 0.2Þ GeV. By relating

W0 to the b-quark mass this shows the mass sensitivity of
the dead cone effect, which is, however, currently limited
by uncertainties of the MLLA predictions.
We would like to point out that our results could be of

direct relevance to the experimental task of identifying
(tagging) jets originating from heavy quarks. Traditional
heavy quark jet tagging algorithms only use variables
derived from particles associated with the heavy hadron
decay, see e.g. [35] for a review of algorithms used at LEP.
Recent developments using advanced machine learning
techniques (see e.g. [36,37] and references therein) include
all objects associated with the jet, and thus, their improved
performance compared to traditional algorithms could be
related at least partially to the dead cone effect. This topic
should be investigated further.
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APPENDIX: HADRON ξp-DISTRIBUTION
AT W = 8 GeV FROM INTERPOLATION

The ξp-distributions of hadrons at W ¼ 8 GeV are
obtained by interpolation between the neighboring ener-
gies. Such data have been collected by the BES [31]
and TASSO [34] experiments at W ¼ 2–5 GeV and
14–44 GeV, respectively, and can be fitted by a distorted
Gaussian, acknowledged to be well suited for QCD
analysis [14,16]:

D̄ðξ;WÞ ¼ N

σ
ffiffiffiffiffiffi
2π

p exp

�
1

8
k −

1

2
sδ −

1

4
ð2þ kÞδ2

þ 1

6
sδ3 þ 1

24
kδ4

�
; ðA1Þ

with δ ¼ ðξ − ξ̄Þ=σ and the mean ξ̄. The parameters in
Eq. (A1) are the mean multiplicity Nch, mean value ξ̄ or
maximum peak position ξmax ¼ ξ̄ − 1

2
σs, width σ, skew-

ness s, and kurtosis k. These moments show only a smooth
dependence as a function of lnW [16]. Therefore, the first
five moments are determined atW ¼ 4.8 and 14 GeV from
a fit to the ξp spectra, and those at W ¼ 8.0 GeV by
interpolation in lnW, see Table II.
In Fig. 8, the results of the fits and the interpolated

spectrum at W ¼ 8.0 GeV are displayed. An estimate of
the errors is obtained by averaging the relative errors of
D̄ðξ;WÞ of the BES and TASSO data at their maxima
δD̄max (6%) and by increasing their values for smaller D̄ðξÞ
as δD̄ðξÞ ¼ δD̄max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D̄max=D̄ðξÞ

p
so as to account for

statistical fluctuations.
At W ¼ 8.0 GeV, there is also some production of

c-quarks, which contributes to the multiplicity Nch ¼
6.49� 0.19 with 0.4� 0.2 units according to the estimate
in [4], such that Nch

uds ¼ 6.1� 0.3 is taken in the following.
In order to obtain the ξp-distribution for uds-quarks, the
distorted Gaussian fit obtained with parameters displayed
in Table II has to be corrected for charm particle decays.
This small correction is approximated by a global lowering
of the ξp-distribution by 6%, and a systematic error of 3% is
linearly added to the experimental error above.
In Fig. 8 (right panel), the uds-quark ξp-distribution data

by DELPHI [20] and OPAL [21] atW ¼ 91.2 GeV and the
data by BES [31] at W ¼ 4.8 GeV and TASSO [34] at

TABLE II. Moments of the DG distribution for BES and
TASSO data and interpolated DG at W ¼ 8.0 GeV. The errors
for N, ξmax and σ are 1–4%, 1–5%, and 3–10%, respectively,
while s and k are not well determined by the available data.

Moments N ξmax σ s k

BES (4.8 GeV) 4.62 1.81 0.70 0.72 0.14
Interp. DG (8 GeV) 6.49 2.05 0.74 0.37 −0.20
TASSO (14 GeV) 8.73 2.35 0.80 −0.05 −0.60

OBSERVATION OF THE DEAD CONE EFFECT IN CHARM AND … PHYS. REV. D 107, 094039 (2023)

094039-13



W ¼ 14 GeV have been fitted with the limiting spectrum
with the same Λ ¼ 275 MeV, the normalization was
changed from Kch ¼ 1.28 at W ¼ 91.2 GeV to Kch ¼
1.52 at the lower energies. There is a good overall
description of the data by the hump-backed plateau dis-
tribution rising and broadening between 4.8 and 91.2 GeV
with deviations of up to 10% from the data, except for the
high end of the distribution, where there is a kinematic limit
for the massless partons at p ¼ Q0 ¼ 275 MeV. With

these parameters, the limiting spectrum at W ¼ 8.0 GeV,
shown as dashed curve in Fig. 8 (right panel), can be found.
The maximum of this curve is consistent with the value
dn=dξjmaxð8 GeVÞ ¼ 3.5� 0.1 found by interpolating, as
before, the corresponding maxima in the BES [31] and the
TASSO [34] data.
The uds-quark ξp-distribution at W¼8.0GeV is

obtained again after charm decays are corrected for by
rescaling the ξp spectrum by 6% using Kch ¼ 1.43.
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