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This work is a continuation in our series of papers that addresses quark models of hadronic structure on
the light front, motivated by the QCD vacuum structure and lattice results. The spontaneous breaking of
chiral symmetry on the light front is shown to parallel that in the rest frame, where the nonlocal instanton
induced ’t Hooft interaction plays a central role. By rewriting this interaction solely in terms of the good
component of the fermionic field, a scalar chiral condensate emerges in the mean-field approximation,
which is identical to the one obtained in the rest frame. The pions and kaons emerge as deeply bound
Goldstone modes in the chiral limit, with the scalar-isoscalar sigma meson mode as a threshold state with
zero binding. We explicitly derive the light front distribution amplitudes (DAs) and parton distribution
functions (PDFs) for these mesons. The DAs and PDFs are in good agreement with those extracted from the
QCD instanton vacuum in the rest frame, using the large momentum effective theory (LaMET). The QCD
evolved DAs and PDFs compare well with available measurements, as well as recent lattice results.
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I. INTRODUCTION

Parton distribution functions (PDFs) are important for
the description of hadrons at high energy. They are
currently central for the description of high energy cross
sections at the Large Hadron Collider (LHC). The PDFs
describe unidimensional distribution of the quark and
gluons in the infinite momentum frame, and are inherently
nonperturbative. In the leading twist approximation, they
can be gleaned from experiments [1], or more recently from
first principle lattice simulations [2] using the large
momentum effective theory (LaMET) as suggested in
[3], and some variants [4,5]. The generalized PDFs offer
a multidimensional description of the quarks and gluons,
but their extraction from current or future experiments, as
well as numerical lattice simulations, is more challenging.
A physical understanding of the quark and gluon

distributions in hadrons at low resolution requires an
understanding of the QCD vacuum. Cooled lattice simu-
lations whereby the gauge configurations are iteratively
pruned of quantum fluctuations [6] suggest a semiclassical

landscape dominated by tunneling instanton and anti-
instanton configurations, with large actions and finite
topological charge. Their inclusion in the determination
of the PDFs for the light pseudoscalar mesons is one of the
essential thrusts of this work.
The QCD instanton liquid model (ILM) is a compre-

hensive model of QCD at low resolution that is currently
supported in its details by current lattice cooling simula-
tions. It unequivocally captures the essentials of the
spontaneous breaking of chiral symmetry, with the emer-
gence of the quark zero mode zone. It provides a semi-
classical description of the QCD ground state at low
resolution, hence a well-defined organizational principle
that enforces chiral and gauge Ward identities [7–11].
However, the QCD instanton liquid model is inherently

spacelike, making the ensuing physics less transparent
timelike. This is particularly acute for the PDFs which
capture the nonperturbative timelike structure the partonic
constituents of hadrons, as probed by deep inelastic
scattering. Recently, two of us in a series of papers [12–16]
have put forth a program on how to export the successes of
the QCD instanton liquid model, spacelike. The program is
based on the idea of deriving the essential of the central and
spin forces on the light front by analytically continuing
in (Euclidean) rapidity pertinent correlators spacelike. In a
way, this construction is similar in spirit to the one put forth
by Ji [3].
This paper is a continuation of this series [17], whereby

we show in detail how chiral symmetry is spontaneously
broken on the light front, using solely the emergent
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’t Hooft effective interactions from the QCD instanton
liquid model. It fufills for the schematic argument we put
forth in [13]. The light front formulation of the QCD
vacuum supports a scalar chiral condensate, which is
identical to the one derived in the rest frame, as expected.
The ensuing light front (LF) pion and kaon wave functions
are characterized by the same masses and decay constants
as in the rest frame. In addition, they provide a detailed
description of the partonic content of these mesons for the
leading twist-2 operators. For the latter, a number of models
has been also used [5,18–38].
The organization of the paper is as follows. In Sec. II we

briefly review the emergent ’t Hooft multiflavor and non-
local fermionic interactions in the QCD ILM vacuum. In
Sec. III we address the role of these effective interactions on
the light front. The central new element on the light front is
the decomposition of the fermionic fields into good plus
bad components along the light cone directions. The bad
component is a constraint, as it does not propagate in the
light front direction. The elimination of the constraint in the
mean-field approximation yields a constituent quark mass
much like in the rest frame, and renormalized ’t Hooft
multiflavor interactions, as initially proposed in [39–41]
for local interactions of the Nambu-Jona-Lasinio (NJL)
type. In Sec. IV we derive the corresponding light front
Hamiltonian solely in terms of the good fermionic compo-
nent. In Sec. V we show that the emergent constituent quark
mass and chiral condensate on the light front are identical to
the ones in the rest frame. As expected, the spontaneous
breaking of chiral symmetry is driven by the induced
multiflavor instanton and anti-instanton interactions in the
ILM. It is universal and frame independent.
In Sec. VI we diagonalize the light front Hamiltonian in

the two-body sector for light u, d quarks, with a strongly
bound pion as a Goldstone mode. All other scalar and
pseudoscalar modes are unbound on the light front, in the
mean-field approximation, and away from the chiral limit.
The pion distribution amplitude (DA) stemming from the
diagonalization is also discussed. In Sec. VII we derive the
pion PDF. The result is QCD evolved with a detailed
comparison to existing measurements, lattice results, and
models. In Sec. VIII we extend our analysis to include
strangeness, and derive the pertinent gap equations and
chiral condensates. In Sec. IX the light front wave functions
and masses for the kaons usingU and V spin are discussed.
The kaon DA and PDF are derived. The results are also
evolved and compared with available empirical data, recent
lattice results, and models. Our conclusions are in Sec. X. A
number of appendices are included to complement some of
the derivations.

II. FLAVOR INTERACTIONS IN ILM

In the ILM, the QCD vacuum is composed of instanton
and anti-instanton gauge fields, tunneling and topologically
active gauge configurations, surrounded by swaths of

empty space-time free of perturbative fields [42–44].
These configurations are self-dual and strong, with a typical
size of 1

3
fm, and a mean tunneling density of 1=R4 ≈

1 fm−4 [45]. As a result, the starting and complex gauge
dynamics can be reduced to the dynamics of a dilute
ensemble of pseudoparticles on their pertinent moduli, and
organized using the packing fraction

κIþĪ ¼
2π2ρ4

R4
≈ 0.1: ð1Þ

The remarkable thing about the self-dual instantons
(anti-self-dual anti-instantons) is their ability to trap quark
states as zero modes with fixed helicity (left for instantons
and right for anti-instantons). The collectivization of these
zero modes gives rise to a zero mode zone in a narrow band
of virtualities

jΔλj ∼ ρ2

R3
∼ 20 MeV ð2Þ

with a mean density ϱð0Þ of near-zero Dirac eigenvalues.
As noted initially by Banks and Casher [46], this mean
density gives rise to a finite quark condensate

hψ̄ψi ¼ −πϱð0Þ: ð3Þ

Equation (2) is also characterized by universal fluctuations
of the chiral condensate in the microscopic limit, which are
captured by chiral random matrix theory [47]. In many
ways, the spontaneous breaking of chiral symmetry in the
ILM is tantamount of the onset of conductivity in dirty
metals.
The delocalization of the quark zero modes and the

emergence of (2) is a direct proof of the importance of the
gauge topology in the spontaneous breaking of chiral
symmetry. It provides for a microscopic origin of the
spontaneous breaking of chirality in QCD, as noted
originally by ’t Hooft [48]. It generates four-dimensional
fermionic zero modes, which lead to multifermion flavor
mixing interactions,

ūu ↔ d̄d ↔ s̄s;

which are quasilocal.
ForNf ¼ 3 and in the instanton zero size approximation,

the interactions between the u, d, s quarks in the current
mass limit is [49]

VLþR
qqq ¼

GHooft

NcðN2
c − 1Þ

��
2Ncþ 1

2ðNcþ 2Þ
�
detðUDSÞ

þ 1

2ðNcþ 1Þ ðdetðUμνDμνSÞ þ cyclicÞ
�
þ ðL↔ RÞ

ð4Þ
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with U ¼ ūRuL and Uμν ¼ ūRσμνuL, and similarly forD, S. The strength of the 6-quark operators is related to the instanton
plus anti-instanton density

GHooft ¼
nIþĪ
2
ð4π2ρ3Þ3

�
1

m�uρ

��
1

m�dρ

��
1

m�sρ

�
ð5Þ

with the effective quark masses m�q. For most of the analyses to follow in this work, we will specialize to Nf ¼ 2 with u, d
species with almost degenerate quark masses. Strangeness will be addressed also in the same spirit, using U and V spin.
With this in mind, (4) reduces to

VLþR
qq ¼ κ2

ð2Nc − 1Þ
2NcðN2

c − 1Þ
�
detðUDÞ þ 1

4ð2Nc − 1Þ detðUμνDμνÞ
�
þ ðL ↔ RÞ ð6Þ

with κ2 ¼ 3GHoofths̄si < 0 and attractive. Equation (6) breaks explicitly UAð1Þ axial symmetry, but otherwise preserves
flavor left-right symmetry. This can be made explicit through Fierzing, with the full Lagrangian now of the form

L ∝ Ψ̄ði∂−mÞΨþ G
8ðN2

c − 1Þ
�
2Nc − 1

2Nc
½ðΨ̄ΨÞ2 − ðΨ̄τaΨÞ2 − ðΨ̄iγ5ΨÞ2þ ðΨ̄iγ5τaΨÞ2�− 1

4Nc
½ðΨ̄σμνΨÞ2 − ðΨ̄σμντaΨÞ2�

�
:

ð7Þ

It is strongly attractive in the sigma and pion channel,
and repulsive in the η0 channel thereby solving the UAð1Þ
problem. Equation (7) in QCD is a replacement to the
posited Nambu-Jona-Lasinio model [50] of pre-QCD.
For the small size mesons such as pions and kaons (and

also Upsilons), the quasilocal approximation is not reliable,
and the full nonlocality of the instanton zero modes need to
be retained. This amounts to the shift

ψðxÞ →
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψðxÞ ð8Þ

in (7). The explicit form of F ðkÞ in momentum space is

F ðkÞ ¼ ½ðzF0ðzÞÞ2�
			
z¼kρ

2

; ð9Þ

where

FðzÞ ¼ I0ðzÞK0ðzÞ − I1ðzÞK1ðzÞ

and k ¼
ffiffiffiffiffi
k2
p

is the Euclidean 4-momentum.

III. ’THOOFTEFFECTIVELAGRANGIANONTHE
LIGHT FRONT

On the light front, the old lore was that the QCD vacuum
is trivial owing to the vanishing of the backward diagrams
in perturbation theory [51]. However, more careful analyses
reveal that the vacuum physics is encoded in the longi-
tudinal zero modes of the fields [52], which is rather
manifest in two-dimensional QCD [53] (and references
therein). In effective models of QCD such as the NJL
model, the nontrivial aspects of the vacuum on the light

front are explicitly tied to the tadpole contributions,
generated by the constrained part of the fermion field
[39–41]. Most of the analysis to follow in the ILM will
make use of this observation.
More specifically, the projection of the fermion field

along the light front splits the field into a good plus bad
component, with the latter nonpropagating or constraint.
The elimination of the constraint induces multifermion
interactions in terms of the good component. In the mean-
field approximation, using 1

Nc
counting rules, these inter-

actions account for the spontaneous breaking of chiral
symmetry on the light front through tadpoles [39–41]. In
this section, we will show that this approach can be applied
to the emergent multiflavor interactions in the ILM, with
finite size form factors from the quark zero modes.
For simplicity and clarity of the analysis, we consider

first the local form of (7) in the large Nc approximation.
The modifications for the finite instanton sizes will be
quoted at the end. More specifically, we have

L ∝ Ψ̄ði∂ −mÞΨþ GS

2
½ðΨ̄ΨÞ2 − ðΨ̄τaΨÞ2

− ðΨ̄iγ5ΨÞ2 þ ðΨ̄iγ5τaΨÞ2� ð10Þ

with GS ¼ G
4N2

c
. In the mean field or 1

Nc
approximation, it is

customary to use the semibosonized form of (10), through
the use of the auxillary fields σ, σa, π, and πa

L ∝ Ψ̄ði∂ −mÞΨþ GSΨ̄ðσ − σaτa − iπγ5 þ iπaτaγ5ÞΨ

−
GS

2
½σ2 − ðσaÞ2 − π2 þ ðπaÞ2�; ð11Þ
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where m ¼ mu ¼ md represents the current mass of the u,
d quarks. Note that the combination

σ2 − ðσaÞ2 − π2 þ ðπaÞ2

is flavor UAð1Þ violating. The extension to s quarks with
larger mass will be discussed below, by reduction to U and
V spin.
To proceed, we now split the fermionic field Ψ into a

good component Ψþ and a bad component Ψ−

Ψ ¼ Ψþ þ Ψ− ≡ 1

2
γ−γþΨþ 1

2
γþγ−Ψ: ð12Þ

The bad component does not propagate along the light front
xþ direction, and therefore can be eliminated from (10)
using the equation of motion. The latter is readily solved in
terms of the good component Ψþ

Ψ− ¼
γþ

2

−i
∂−
ð−iγi⊥∂i þ M̂ÞΨþ; ð13Þ

where M̂ denotes

M̂ ¼ m −GSðσ − σaτa − iπγ5 þ iπaτaγ5Þ; ð14Þ
−i
∂−
is equal to the Green’s function Gðx−; y−Þ for i∂− where

the Green’s function can be defined as

Gðx−;y−Þ¼
Z

∞

−∞

dkþ

2π

1

kþ
e−ik

þðx−yÞ− ¼−i
2
ϵðx− −y−Þ: ð15Þ

In terms of (12), the semibosonized Lagrangian (11) can be
solely rewritten in terms of the good component

L ∝ Ψ̄þiγþ∂þΨþ −
GS

2
½σ2 − ðσaÞ2 − π2 þ ðπaÞ2�

− Ψ̄þðiγi⊥∂i − M̂Þ γ
þ

2

−i
∂−
ðiγi⊥∂i − M̂ÞΨþ: ð16Þ

It is now clear that the elimination of the Gaussian
mesonic fields from (16) generates strings of multifermion
interactions, of increasing complexity on the light front.
Fortunately, they are tractable in 1=Nc, with the leading
order referred to as the mean-field approximation. For that,
we shift the scalar field by σ ¼ Ncσ0 þ δσ in (16) with a
finite vev σ0 ∼ N0

c, as all other vevs are excluded by isospin
symmetry and parity. We can now use the counting rules

σa; π; πa; δσ ∼Oð
ffiffiffiffiffiffi
Nc

p
Þ

with gS ¼ NcGS ∼ N0
c, in the semibosonized Lagrangian

(16) to resum all of the leading tadpole diagrams, by setting
the coefficient of δσ to zero,

hψ̄ψi − Ncσ0 ¼ 0 ð17Þ

with now the effective fermionic field

ψ ¼ Ψþ þ
γþ

2

−i
∂−
ðiγi⊥∂i −MÞΨþ: ð18Þ

As a result, the good component of the quark field acquires
a constituent mass of order N0

c

M ¼ m − GShψ̄ψi: ð19Þ

Equations (17) and (19) reflect on the spontaneous break-
ing of chiral symmetry. Equation (19) is a gap equation as
we detail below.
As the remnant fluctuation of the bosonic fields σa, π, πa,

and δσ ¼ σ − Ncσ0 are of order Oð ffiffiffiffiffiffiNc
p Þ, these fields

compensate the Oð1=NcÞ contribution from the ’t Hooft
coupling GS ¼ gS=Nc, leaving the semibosonized
Lagrangian at the leading order of large Nc of the form

L ¼ ψ̄ði∂ −MÞψ

−
1

2
GS½δσD̂þδσ − σaD̂−σ

a − πD̂−π þ πaD̂þπa�
þ GS½ψ̄ψσ̂ − ψ̄τaψσa − ψ̄iγ5ψπ þ ψ̄iγ5τaψπa�: ð20Þ

Higher order contributions have not been retained. The
factors D̂� inside the quadratic bosonic potential are
defined as

D̂� ¼ 1�GS



ψ̄γþ

−i

∂−
⟷ψ

�
; ð21Þ

where −i=∂−
⟷

in (25), is defined such that for any fields χðxÞ
and ψðxÞ,

χðxÞ −i
∂−
⟷ψðxÞ ¼ i

∂−
½χðxÞ�ψðxÞ þ χðxÞ−i

∂−
½ψðxÞ�: ð22Þ

D̂� follows from the resummation of the tadpole diagrams
in the mean field, or leading order in 1=Nc. Indeed, each
virtual quark tadpole is of order OðNcÞ, thereby compen-
sating the ’t Hooft coupling GS ∼Oð1=NcÞ, with a net
factor of OðN0

cÞ. Note that the fermionic contributions ψ̄ψ ,
ψ̄τaψ , ψ̄iγ5ψ , and ψ̄iγ5τaψ in (20) are all of the same order
as the remnant quantum fluctuations or Oð ffiffiffiffiffiffiNc

p Þ. With this
in mind, we can now eliminate the auxillary bosonic fields,
to obtain the light front Lagrangian,
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L ¼ ψ̄ði=∂ −MÞψ þGS

2
½ψ̄ψD̂−1þ ψ̄ψ − ψ̄τaψD̂−1

− ψ̄τaψ − ψ̄iγ5ψD̂−1þ ψ̄iγ5ψ þ ψ̄iγ5τaψD̂−1þ ψ̄iγ5τaψ �: ð23Þ

In the mean field or leading order in 1=Nc approximation, the light front Lagrangian can be solely written in terms of the
good fermionic component. The elimination of the bad component generates a constituent mass, introduces an effective
quark field (18), and renormalizes by D̂−1

� (tadpole resummation) each of the original multifermion interaction in the ILM in
the zero size limit.
Most of the arguments presented above carry for the nonlocal effective Lagrangian in the ILM. More specifically, the

mean-field version of (20) is now

L¼ ψ̄ði∂−MÞψ −
1

2
GS½δσD̂þδσ−σaD̂−σ

a−πD̂−πþπaD̂þπa�

þGS

�
ψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
δσ

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψ − ψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
σaτa

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψ− ψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
iγ5π

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψþ ψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
iγ5τaπa

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψ


:

ð24Þ

Here
ffiffiffiffi
F
p ði∂Þ is a derivative operator acting on all of the

fields on its right-hand side. In momentum space, it
generates the pertinent form factors inherited from the
underlying quark zero modes. Also,

D̂� → 1�GS



ψ̄γþF ði∂Þ −i

∂−
⟷ ½F ði∂Þψ �

�
ð25Þ

following from the mean-field resummation of the leading
tadpoles. The auxillary bosonic fields can be eliminated by
carrying explicitly the Gaussian integration, as in the zero
size limit. The astute reader may object that (24) may suffer
from abnormal characteristics and light propagation.
However, since

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þp

vanishes rapidly at large jρ∂j,
this is not the case.

IV. LIGHT FRONT HAMILTONIAN

The effective light front Hamiltonian associated with the
mean-field Lagrangian (20) in the zero size limit, or (24) in

the finite size limit, can be derived using the canonical
rules. The light front Hamiltonian allows for the explicit
derivation of the boost-invariant meson spectra and their
corresponding light-cone wave function. We now detail
the canonical Legendre transformation from (20) to the
Hamiltonian, and quote the results for (24) at the end.
Given a fermionic field theory in Lagrangian form, the

corresponding symmetric energy-momentum tensor is

Tμν ¼ 1

2
½ψ̄iγμ∂νψ þ ψ̄iγν∂μψ � − gμνL: ð26Þ

The light front Hamiltonian is then

P− ¼
Z

dx−d2x⊥Tþ−

¼
Z

dx−d2x⊥
1

2
½ψ̄iγþ∂þψ þ ψ̄iγ−∂−ψ � − L: ð27Þ

Applying this to (20) gives

P− ¼
Z

dx−d2x⊥ψ̄
ð−∂2⊥ þM2Þ

2i∂−
γþψ

−
GS

2

Z
dx−d2x⊥½ψ̄ψD̂−1þ ψ̄ψ − ψ̄τaψD̂−1

− ψ̄τaψ − ψ̄iγ5ψD̂−1þ ψ̄iγ5ψ þ ψ̄iγ5τaψD̂−1þ ψ̄iγ5τaψ � ð28Þ

or in momentum space

P− ¼
Z
½d3k�þ

Z
½d3q�þ

k2⊥ þM2

2kþ
ψ̄ðkÞγþψðqÞð2πÞ3δ3þðk − qÞ

þ
Z
½d3k�þ

Z
½d3q�þ

Z
½d3p�þ

Z
½d3l�þð2πÞ3δ3þðpþ k − q − lÞVðk; q; p; lÞ: ð29Þ
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The first term in the light front Hamiltonian corresponds to the kinetic term. The second term is the two-body interaction
relevant to two-particle bound states where the interaction kernel in the scalar and pseudoscakar channels can be defined as

Vðk; q; p; lÞ ¼ −
GS

2
αþðkþ − qþÞψ̄þðkÞ

�
γ⃗⊥ · k⃗þM

2kþ
γþ þ γþ

γ⃗⊥ · q⃗þM
2qþ

�
ψþðqÞ

× ψ̄þðpÞ
�
γ⃗⊥ · p⃗þM

2pþ
γþ þ γþ

γ⃗⊥ · ⃗lþM
2lþ

�
ψþðlÞ

þGS

2
α−ðkþ − qþÞψ̄þðkÞ

�
γ⃗⊥ · k⃗þM

2kþ
iγþγ5 þ iγ5γþ

γ⃗⊥ · q⃗þM
2qþ

�
ψþðqÞ

× ψ̄þðpÞ
�
γ⃗⊥ · p⃗þM

2pþ
iγþγ5 þ iγ5γþ

γ⃗⊥ · ⃗lþM
2lþ

�
ψþðlÞ

þGS

2
α−ðkþ − qþÞψ̄þðkÞ

�
γ⃗⊥ · k⃗þM

2kþ
γþτa þ τaγþ

γ⃗⊥ · q⃗þM
2qþ

�
ψþðqÞ

× ψ̄þðpÞ
�
γ⃗⊥ · p⃗þM

2pþ
γþτa þ γþτa

γ⃗⊥ · ⃗lþM
2lþ

�
ψþðlÞ

−
GS

2
αþðkþ − qþÞψ̄þðkÞ

�
γ⃗⊥ · k⃗þM

2kþ
iγþγ5τa þ τaiγ5γþ

γ⃗⊥ · q⃗þM
2qþ

�
ψþðqÞ

× ψ̄þðpÞ
�
γ⃗⊥ · p⃗þM

2pþ
iγþγ5τa þ iγ5γþτa

γ⃗⊥ · ⃗lþM
2lþ

�
ψþðlÞ: ð30Þ

Here

α�ðPþÞ ¼
�
1� 2gS

Z
dlþd2l⊥
ð2πÞ3

ϵðlþÞ
Pþ − lþ

�−1
:

The fermionic field in momentum space is defined as

ψðx−; x⊥Þ ¼
Z
½d3k�þψðkÞe−ikþx−þik⊥·x⊥ : ð31Þ

It annihilates a particle in a usðkÞ mode, or creates an
antiparticle in a vsðkÞ mode, i.e.

ψðkÞ¼
X
s

usðkÞbsðkÞθðkþÞþvsð−kÞc†sð−kÞθð−kþÞ: ð32Þ

The measure in momentum space is

½d3k�þ ¼
dkþd2k⊥
ð2πÞ32kþ ϵðk

þÞ ð33Þ

which sums over the positive kþ region for particle modes
and over the negative kþ region for antiparticle modes. For
the ’t Hooft interaction in the zero size limit, the interaction
is generically of the form

Vðk; q; p; lÞ
¼

X
s1;s01;s2;s

0
2

Vs1;s2;s01;s
0
2
ðk; q; p; lÞb†s1ðkÞc†s2ðqÞcs02ðpÞbs01ðlÞ

ð34Þ

with

Vs1;s2;s01;s
0
2
ðk; q; p; lÞ ¼ −gSαþðkþ þ qþÞūs1ðkÞvs2ðqÞv̄s02ðpÞus01ðlÞ þ gSα−ðkþ þ qþÞūs1ðkÞiγ5vs2ðqÞv̄s02ðpÞiγ5us01ðlÞ

þ gSα−ðkþ þ qþÞūs1ðkÞτaiγ5vs2ðqÞv̄s02ðpÞτaiγ5us01ðlÞ
− gSαþðkþ þ qþÞūs1ðkÞτaiγ5vs2ðqÞv̄s02ðpÞτaiγ5us01ðlÞ: ð35Þ

In the large Nc limit, only the s-channel contribution of the ’t Hooft interaction dominates. Further details regarding the
interplay of the s- and t-channel exchanges can be found in Appendix B.
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These arguments carry to the mean-field Lagrangian (24) through the substitutions

Vðk; q; p; lÞ →
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðkÞF ðkÞF ðlÞ

p
Vðk; q; p; lÞ ð36Þ

and

α�ðPþÞ→
�
1� 2gS

Z
dlþd2l⊥
ð2πÞ3

ϵðlþÞ
Pþ − lþ

F ðlÞF ðP − lÞ
�−1

ð37Þ

so that

P− ¼
Z
½d3k�þ

Z
½d3q�þ

k2⊥ þM2

2kþ
ψ̄ðkÞγþψðqÞð2πÞ3δ3þðk − qÞ

þ
Z
½d3k�þ

Z
½d3q�þ

Z
½d3p�þ

Z
½d3l�þð2πÞ3δ3þðpþ k − q − lÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðqÞF ðpÞF ðlÞ

p
Vðk; q; p; lÞ: ð38Þ

The interaction kernel is now

Vðk; q; p; lÞ ¼ −
GS

2
½αþðkþ − qþÞψ̄ðkÞψðqÞψ̄ðpÞψðlÞ − α−ðkþ − qþÞψ̄ðkÞiγ5ψðqÞψ̄ðpÞiγ5ψðlÞ

− α−ðkþ − qþÞψ̄ðkÞτaψðqÞψ̄ðpÞτaψðlÞ þ αþðkþ − qþÞψ̄ðkÞiτaγ5ψðqÞψ̄ðpÞiτaγ5ψðlÞ�; ð39Þ

where the tadpole resummed vertices read as

α�ðPþÞ ¼
�
1� 2gS

Z
dlþd2l⊥
ð2πÞ3

ϵðlþÞ
Pþ − lþ

F ðlÞF ðP− lÞ
�−1

:

Again, the astute reader may have noticed that for the
Lagrangian (24) in nonlocal form, the symmetric form of
the energy-momentum tensor may require further amend-
ment in the presence of the nonlocal form factors. This is
not the case, as we now explain. Indeed, boost invariance
and parity suggests the substitution

lim
Pþ→∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP−kÞ

p
→F

�
2PþP−

λ2S
¼ k2⊥þM2

λ2Sxx̄

�
: ð40Þ

The same substitution was developed in the analysis of the
ILM using the large momentum effective theory (LaMET)
[54,55]. The substitution (40) guarantees the consistency
of the two approaches. λS is a parameter of order 1.
Remarkably, the same boost-invariant substitution with
λS ¼ 1 was argued long ago by Lepage and Brodsky in
[51] in their analysis of two-body bound states on the light
front using Bethe-Salpeter vertices. Note that the substi-
tution (40) eliminates the metric component g−þ from the
nonlocal form factors, with consequently no change in the
symmetric energy-momentum tensor component Tþ−.
Finally, we note that it is straightforward to generalize

the Hamiltonian formalism to consider meson bound states
in the U-spin or V-spin sectors relevant for kaons. In the
case of kaons, the coupling constant will be replaced by

gK ¼ NcGK , with a constituent mass matrix M ¼
diagðMu;MdÞ in the flavor basis, as the s quark is
significantly heavier than u, d quarks. This construction
will be detailed below.

V. CONSTITUENT MASS AND CHIRAL
CONDENSATE

The emergent chiral condensate (17) and constituent
quark mass (19) are frame-invariant scalars. Whether
evaluated in the rest frame or on the light front, they
should give the same results. We now show that this is the
case for the resummed tadpoles provided careful consid-
erations are given to the form factor arising from the zero
mode in the ILM.

A. Rest frame

The emergent constituent quark mass in the rest frame
follows readily from (19) supplemented by (8) in the mean-
field approximation. In Euclidean signature, we have

MðkÞ ¼ mþ 2gSF ðkÞ
Z

d4q
ð2πÞ4

4MðqÞ
q2 þM2ðqÞF ðqÞ; ð41Þ

where gS ¼ GS=Nc is the coupling strength for the ’t Hooft
interaction. At low momenta kρ ≪ 1, the dynamical mass
MðkÞ is about constant M ¼ Mð0Þ. This is consistent with
the ’t Hooft interaction in the zero instanton size limit.
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At high momenta, the dynamical constituent mass asymp-
totes the current mass m.
The formal solution to (41) is

MðkÞ ¼ m½1 − F ðkÞ� þMF ðkÞ ∼MF ðkÞ ð42Þ

for which (41) turns to a gap equation for the constant
part M,

m
M
¼ 1 − 8gS

Z
d4k
ð2πÞ4

F 2ðkÞ
k2 þM2

: ð43Þ

Solutions for M only exist for a critical gS, which in
ILM is fixed by the mean instanton-anti-instanton density.
Following the arguments in [55], we have dropped the k
dependence of the running mass in the denominator of (43),
thanks to the smallness of the packing fraction (1).
The chiral condensate follows similarly,

hψ̄ψi ¼ −
Z

d4k
ð2πÞ4 TrSðkÞ

¼ −8NcM
Z

d4k
ð2πÞ4

1

k2 þM2
F ðkÞ: ð44Þ

It reduces the scalar mean-field expectation hσi ¼
hψ̄ψi=Nc only in the zero instanton size limit. In the latter,
)43 ) and (44) are seen to diverge logarithmically, both in the

IR and UV limits. So the quark zero mode induced form
factor F ðkÞ is key for a finite result.
In Fig. 1(a) we show the dependence of the constituent

mass M on the current mass, for different multifermion
couplings gS in the ILM of the QCD vacuum. In Fig. 1(b)
we show the scalar quark condensate dependence on these
parameters.

B. Light front frame

On the light front only the physical modes of the good
fermionic component ψþ are present after removal of the
bad component in the mean-field approximation. The
running quark mass on the light front is Mðk−Þ ∼
MF ðk−Þ with the on-shell condition 2k−kþ ¼ k2⊥ þM2,
where M is fixed by the scalar gap equation (43). In terms
of the physical modes for ψþ, (43) can be rewritten as

m
M
¼ 1 − 2gS

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F 2ðkÞ
				
k−¼k2⊥þM2

2kþ

ð45Þ

assuming that F ðk2Þ is free of physical poles. This is the
case of (9) after analytical continuation, except for spurious
branch points, which contributions can be disregarded in
leading order in the diluteness factor (1) as detailed in [55].
For the chiral condensate on the light front, the quark

propagator for the effective light front effective field (18),
with the bad component fully reexpressed in terms of the
good component, reads as

SðkÞ→
�
i½=kþMðk2Þ�
k2 −Mðk2Þ2 −

iγþ

2kþ

�
→

�
i½=kþMðk2Þ�
k2 −M2

−
iγþ

2kþ

�
:

ð46Þ

The quark condensate in the light front signature is then

hψ̄ψi ¼ −2NcM
Z

dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F ðk−Þ: ð47Þ

More specifically, the gap equation with the ILM induced
form factor is

m
M
¼ 1 −

4gS
π2ρ2

Z
∞

0

dzz
z3

z2 þ ρ2M2

4

× jzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j4: ð48Þ

FIG. 1. (a) Quark constituent mass M versus the current quark mass m in the ILM for increasing strength of the ’t Hooft coupling gS
(from bottom to top), with the critical coupling gcrS;RIV ¼ 2.981π2ρ2 and fixed instanton size ρ. (b) Quark condensate hψ̄ψi versus the
current quark mass in the ILM.
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In the chiral limit, the constituent mass is nonzero only when the ’t Hooft coupling is stronger than the critical coupling
gcrS;RIV, which is defined as

gcrS;RIV ¼ 2π2ρ2
�
8

Z
∞

0

dzzjzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j4
�
−1

≈ 2.981π2ρ2: ð49Þ

Similarly, the quark condensate is explicitly given by

ρ3hψ̄ψi ¼ −
4Nc

π2
ρM

Z
∞

0

dz
z3

z2 þ ρ2M2

4

jzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j2: ð50Þ

In the small size expansion, apart from the quadratic
dependence of ρ in leading order, the next-to-leading-order
dependence in ρM is dominated by polynomials. In the
ILM, a slightly stronger coupling gcrS;RIV ¼ 2.981π2ρ2

(instanton density) is required to produce a quark con-
densate that breaks chiral symmetry spontaneously.
For comparison, we will also quote the results in the zero

instanton size limit for whichF → 1. This case necessitates
the introduction of a sharp cutoff. For vacuum loops in the
zero-body sector, we will always enforce the on-shell
condition k2 ¼ 2kþk− − k2⊥ and use the boost-invariant
and parity-even cutoffs,

j
ffiffiffi
2
p

k�j ≤ Λ ∼ 1=ρ:

More discussions on this point can be found in Appendix E.
In the two-body sector and higher, boost invariance
requires a different cutoff as we detail in Appendix F.

VI. LIGHT FRONT SPECTRUM

Now, we can use the light front Hamiltonian (38) to solve
the eigenvalue equation for the meson wave functions,

P−jX;Pi ¼ m2
X

2Pþ
jX;Pi: ð51Þ

In the valence approximation, which is compatible with the
mean-field analysis in leading order in 1=Nc, the meson’s
state is dominated by valence constituent quark dynamics,

jmesonX;Pi¼ 1ffiffiffiffiffiffi
Nc
p

Z
1

0

dxffiffiffiffiffiffiffiffi
2xx̄
p

Z
d2k⊥
ð2πÞ3

×
X
s1;s2

ΦXðx;k⊥;s1;s2Þb†s1ðkÞc†s2ðP−kÞj0i:

ð52Þ

The wave function is normalized by hPjP0i ¼
ð2πÞ32Pþδ3ðP − P0Þ,Z

1

0

dx
Z

d2k⊥
ð2πÞ3

X
s1;s2

jΦXðx; k⊥; s1; s2Þj2 ¼ 1: ð53Þ

A. Boost-invariant bound state equations

For two light flavors ðu; dÞ with equal current masses,
we expect light scalar and pseudoscalar mesons σ, σ5, π�;0,
and π�;05 . A heavy scalar σ meson is commensurate with the
order parameter of the spontaneous breaking of SUð2ÞV ×
SUð2ÞA to SUð2ÞV . The broken SUð2ÞA symmetry gen-
erates near massless Goldstone modes π�;0 with the valence
quark assignments

σ¼ 1ffiffiffi
2
p ðuūþdd̄Þ; π�;0¼ ud̄; dū;

1ffiffiffi
2
p ðuū−dd̄Þ:

ð54Þ

Both of these channels are strongly attractive in the ILM. In
contrast, the ILM interaction in the pseudoscalar meson σ5
(η0) and flavor nonsinglet scalar partners π�;05 is strongly
repulsive. They are unbound both in the rest frame and on
the light front. Irrespective of binding, the generic light
front vertices ΦX in (52) for all these mesonic channels are

Φσðx;k⊥;s1;s2Þ¼ϕσðx;k⊥Þūs1ðkÞ
1ffiffiffi
2
p vs2ðP−kÞ;

Φσ5ðx;k⊥;s1;s2Þ¼ϕσ5ðx;k⊥Þūs1ðkÞ
1ffiffiffi
2
p iγ5vs2ðP−kÞ;

Φa
πðx;k⊥;s1;s2Þ¼ϕπðx;k⊥Þūs1ðkÞ

τaffiffiffi
2
p iγ5vs2ðP−kÞ;

Φa
π5ðx;k⊥;s1;s2Þ¼ϕπ5ðx;k⊥Þūs1ðkÞ

τaffiffiffi
2
p vs2ðP−kÞ: ð55Þ
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For convenience the spin-flavor part is made explicit using the light front spinors usðkÞ for a particle spinor, and vsðkÞ for an
anitparticle spinor, with the remaining ϕX a scalar-isoscalar wave function. The spinors are explicitly given in Appendix A.
Inserting (55) in (52) and then in (51), and unwinding the various contractions from the 4-Fermi interaction terms, yields

the boost-invariant eigenvalue equation

m2
XΦXðx; k⊥; s1; s2Þ ¼

k2⊥ þM2

xx̄
ΦXðx; k⊥; s1; s2Þ þ

1ffiffiffiffiffiffiffiffi
2xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
1

0

dyffiffiffiffiffiffiffiffi
2yȳ
p

Z
d2q⊥
ð2πÞ3

×
X
s;s0

Vs1;s2;s;s0 ðk; P − k; q; P − qÞΦXðy; q⊥; s; s0Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
ð56Þ

with the ILM interaction kernel Vs1;s2;s01;s
0
2

Vs;s0;s1;s2ðq; q0; k; k0Þ ¼ −GS½αþðPþÞūs1ðkÞvs2ðk0Þv̄s0 ðq0ÞusðqÞ − α−ðPþÞūs1ðkÞiγ5vs2ðk0Þv̄s0 ðq0Þiγ5usðqÞ
þ αþðPþÞūs1ðkÞτaiγ5vs2ðk0Þv̄s0 ðq0Þτaiγ5usðqÞ − α−ðPþÞūs1ðkÞτavs2ðk0Þv̄s0 ðq0ÞτausðqÞ�: ð57Þ

Channel by channel, the explicit form of the kernel is

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦσðy; q⊥; s; s0Þ ¼ −gSαþðPþÞTr½ðqþMÞð=q0 −MÞ�ϕσðy; q⊥Þūs1ðkÞ1trð1Þvs2ðk0Þ

¼ −4gSαþðPþÞ
�
q2⊥ þ ðy − ȳÞ2M2

yȳ

�
ϕσðy; q⊥Þūs1ðkÞvs2ðk0Þ; ð58Þ

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦσ5ðy; q⊥; s; s0Þ ¼ gSα−ðPþÞTr½ðqþMÞð=q0 þMÞ�ϕσ5ðy; q⊥Þūs1ðkÞiγ51trð1Þvs2ðk0Þ

¼ 4gSα−ðPþÞ
�
q2⊥ þM2

yȳ

�
ϕσ5ðy; q⊥Þūs1ðkÞiγ5vs2ðk0Þ; ð59Þ

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦa
π5ðy; q⊥; s; s0Þ ¼ gSα−ðPþÞTr½ðqþMÞð=q0 −MÞ�ϕπ5ðy; q⊥Þūs1ðkÞτbtrðτaτbÞvs2ðk0Þ

¼ 4gSα−ðPþÞ
�
q2⊥ þ ðy − ȳÞ2M2

yȳ

�
ϕπ5ðy; q⊥Þūs1ðkÞτavs2ðk0Þ; ð60Þ

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦa
πðy; q⊥; s; s0Þ ¼ −gSαþðPþÞTr½ðqþMÞð=q0 þMÞ�ϕπðy; q⊥Þūs1ðkÞiγ5τbtrðτaτbÞvs2ðk0Þ

¼ −4gSαþðPþÞ
�
q2⊥ þM2

yȳ

�
ϕπðy; q⊥Þūs1ðkÞiγ5τavs2ðk0Þ: ð61Þ

The corresponding eigenvalue equations for the scalar-isoscalar wave functions ϕX are

m2
σϕσðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕσðx; k⊥Þ

−
2gSαþðPþÞffiffiffiffiffi

xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
dyffiffiffiffiffi
yȳ
p

Z
d2q⊥
ð2πÞ3

�
q2⊥ þ ðy − ȳÞ2M2

yȳ

�
ϕσðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
ð62Þ

m2
σ5ϕσ5ðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕσ5ðx; k⊥Þ

þ 2gSα−ðPþÞffiffiffiffiffi
xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
dyffiffiffiffiffi
yȳ
p

Z
d2q⊥
ð2πÞ3

�
q2⊥ þM2

yȳ

�
ϕσ5ðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
; ð63Þ
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m2
π5ϕπ5ðx;k⊥Þ¼

k2⊥þM2

xx̄
ϕπ5ðx;k⊥Þ

þ2gSα−ðPþÞffiffiffiffiffi
xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP−kÞ

p Z
dyffiffiffiffiffi
yȳ
p

Z
d2q⊥
ð2πÞ3

�
q2⊥þðy− ȳÞ2M2

yȳ

�
ϕπ5ðy;q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP−qÞ

p
; ð64Þ

m2
πϕπðx; k⊥Þ ¼

k2⊥ þM2

xx̄
ϕπðx; k⊥Þ

−
2gSαþðPþÞffiffiffiffiffi

xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
dyffiffiffiffiffi
yȳ
p

Z
d2q⊥
ð2πÞ3

�
q2⊥ þM2

yȳ

�
ϕπðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p
: ð65Þ

B. Meson masses

The generic solution to the boost-invariant equations (62)–(65) is

1 ¼
Z

1

0

dy
Z

d2q⊥
VXðy; q⊥Þ

yȳm2
X − ðq2⊥ þM2ÞF ðqÞF ðP − qÞ; ð66Þ

where for each of the mesonic channels we have for VX in the numerator

VX ¼
8<
:

∓ 2gS
ð2πÞ3 α�ðPþÞ

�
q2⊥þðy−ȳÞ2M2

yȳ



; scalars σ; π5

∓ 2gS
ð2πÞ3 α�ðPþÞ

�
q2⊥þM2

yȳ



; pseudo scalars π; σ5

: ð67Þ

For the scalar σ and pseudoscalar π channel, the potential is negative and a bound solution exists, while for σ5 and π5, the
potential is positive and a solution is ruled out in the mean-field approximation.
To deal with the coupling renormalization αðPþÞ induced by the bad component through the constraint equation, we

separate the kþ integral into an integral in the physical range 0 < kþ < Pþ where the quark momentum can be associated
with the momentum fraction x in the bound state, plus an integral outside the physical range kþ < 0 or kþ > Pþ. The latter
contribution can be identified with a similar contribution in the mass gap equation

α�ðPþÞ−1 ¼ 1� 2gS

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

F ðkÞF ðP − kÞ

¼ 1� 2gS
ð2πÞ3

Z
d2k⊥

�Z
∞

0

dkþ
1

Pþ − kþ
F ðkÞF ðP − kÞ −

Z
0

−∞
dkþ

1

Pþ − kþ
F ðkÞF ðP − kÞ

�

¼ 1� 2gS
ð2πÞ3

Z
d2k⊥

�Z
Pþ

0

dkþ
2

kþ
F ðkÞF ðP − kÞ −

Z
∞

−∞
dkþ

ϵðkþÞ
kþ

F 2ðkÞ
�
: ð68Þ

When the integration runs outside of the physical range of the two-body bound state, the virtual quark momentum will
overtake the two-body bound light front momentum Pþ logarithmically. For fixed Pþ but large, the difference between
F ðkÞ andF ðP − kÞ is then negligible. Hence, in the second part of the integral in (68) where kþ runs outside 0 < kþ < Pþ,
we have replaced F ðkÞF ðP − kÞ by F 2ðkÞ, which gives a contribution identical to that in the mass gap equation (45). With
this in mind, (68) simplifies to

α�ðPþÞ−1 ¼
( m

M þ 4gS
ð2πÞ3

R
d2k⊥

R
1
0 dx 1

xF ðkÞF ðP − kÞ
2 − m

M − 4gS
ð2πÞ3

R
d2k⊥

R
1
0 dx

1
xF ðkÞF ðP − kÞ

; ð69Þ

where x ¼ kþ=Pþ is the momentum fraction of the quark inside the bound state.
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1. Scalars

For the scalar type particle σ and πa5 , the mass eigenvalue equations are

0 ¼ α�ðPþÞ−1 �
2gS
ð2πÞ3

Z
dy
Z

d2q⊥
ðq2⊥ þ ðy − ȳÞ2M2Þ=yȳ
yȳm2

X − ðq2⊥ þM2Þ F ðqÞF ðP − qÞ

¼
8<
:

m
M þ 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
2
y −

1
yȳþ m2

σ−ð1−ðy−ȳÞ2ÞM2=yȳ
yȳm2

X−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ

2 − m
M − 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
2
y −

1
yȳþ

m2
π5
−ð1−ðy−ȳÞ2ÞM2=yȳ

yȳm2
X−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ

¼
8<
:

m
M þ 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
m2

σ−4M2

yȳm2
X−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ; σmeson

2 − m
M − 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
m2

π5
−4M2

yȳm2
X−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ; π5meson:

ð70Þ

The boost-invariant property of the form factor guarantees the cancellation between the integral
R
1
0 dy

2
y and

R
1
0 dy

1
yȳ.

2. Pseudoscalars

For the pseudoscalar type particle σ5 and πa, the mass eigenvalue equations are

0 ¼ α�ðPþÞ−1 �
2gS
ð2πÞ3

Z
1

0

dy
Z

d2q⊥
ðq2⊥ þM2Þ=yȳ

yȳm2
X − ðq2⊥ þM2ÞF ðqÞF ðP − qÞ

¼

8>><
>>:

2 − m
M − 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
2
y −

1
yȳþ

m2
σ5

yȳm2
σ5
−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ

m
M þ 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
2
y −

1
yȳþ m2

π

yȳm2
π−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ

¼

8>><
>>:

2 − m
M − 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
m2

σ5

yȳm2
σ5
−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ; σ5meson

m
M þ 2gS

ð2πÞ3
R
1
0 dy

R
d2q⊥

�
m2

π

yȳm2
π−ðq2⊥þM2Þ

�
F ðqÞF ðP − qÞ; πmeson:

ð71Þ

3. σ meson

With the transverse cutoff regularization from the ILM, the mass eigenvalue of the σ meson is

m
M
¼ −

gS
4π2

Z
1

0

dy
Z

∞

0

dq2⊥
�

m2
σ − 4M2

yȳm2
σ − ðq2⊥ þM2Þ

�
½ðzF0ðzÞÞ4�

				
z¼ρ

ffiffiffiffiffiffiffiffiffi
q2⊥þM2
p
2λS
ffiffiffi
yȳ
p

¼ −
gS
2π2
ð4M2 −m2

σÞ
Z

1

0

dy
Z

∞

ρM
2λS
ffiffiffi
yȳ
p

dz
z

z2 − ρ2m2
σ

4λ2S

½zF0ðzÞ�4; m2
σ < 4M2: ð72Þ

In the chiral limitm ¼ 0 of the scalar-isoscalar σ meson is a threshold state, with massmσ ¼ 2M. The same threshold mass
has been observed for the standard ILM in the rest frame, as it should be. Form ≠ 0, since the integration in the second line
of (72) is always positive, the σ meson unbinds in the ILM. In the mean-field approximation and away from the chiral limit,
the ’t Hooft interaction in the ILM is not strong enough to bind σ ¼ ūuþ d̄d.

4. σ5 and π5 mesons

The same observation applies to the scalar-isovector π5 and the pseudoscalar-isoscalar σ5 channels. The eigenvalue
equation for π5 is
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2 −
m
M
¼ gS

4π2

Z
1

0

dy
Z

∞

0

dq2⊥
�

m2
π5 − 4M2

yȳm2
π5 − ðq2⊥ þM2Þ

�
½ðzF0ðzÞÞ4�

				
z¼ρ

ffiffiffiffiffiffiffiffiffi
q2⊥þM2
p
2λS
ffiffiffi
yȳ
p

¼ gS
2π2
ð4M2 −m2

π5Þ
Z

1

0

dy
Z

∞

ρM
2λS
ffiffiffi
yȳ
p

dz
z

z2 − ρ2m2
π5

4λ2S

½zF0ðzÞ�4; m2
π5 < 4M2 ð73Þ

and the eigenvalue equation for π5 is

2 −
m
M
¼ gS

4π2

Z
1

0

dy
Z

∞

0

dq2⊥
�

m2
σ5

yȳm2
σ5 − ðq2⊥ þM2Þ

�
½ðzF0ðzÞÞ4�

				
z¼ρ

ffiffiffiffiffiffiffiffiffi
q2⊥þM2
p
2λS
ffiffiffi
yȳ
p

¼ −
gS
2π2

m2
σ5

Z
1

0

dy
Z

∞

ρM
2λS
ffiffiffi
yȳ
p

dz
z

z2 − ρ2m2
σ5

4λ2S

½zF0ðzÞ�4 ð74Þ

Regardless of the chiral limit, π5 and σ5 cannot be bound in the mean-field approximation of the ILM on the light front.

5. π meson

The interaction induced by the ILM in the pion channel is very strong and attractive, leading to a triplet of massless
Nambu-Goldstone modes π�;0. The pion decay constant in the chiral limit is solely given by the zero mode form factor on
the light front

fπ ¼
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π
×

�Z
1

0

dx
Z

∞

0

dk2⊥
�

1

k2⊥ þM2

�
F ðkÞF ðP − kÞ

�
1=2

¼
ffiffiffiffiffiffi
Nc
p

M
π

�Z
1

0

dx
Z

∞

ρM
2λS
ffiffiffi
xx̄
p

dzz3ðF0ðzÞÞ4
�
1=2

≈
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ln

C
ρ2M2

s
þOðρÞ: ð75Þ

In the small ρ expansion, it can be defined as

f2π ¼
1

2π2
M2Nc ln

�
C

ρ2M2

�
;

where C ≈ 0.361 is the constant determined numerically with the input parameter λS ¼ 3.285, in total agreement with the
result obtained also in the ILM using the large momentum effective theory [54]. The pion mass is a solution to the
eigenvalue equation

m
M
¼ −

gS
4π2

Z
1

0

dy
Z

∞

0

dq2⊥
�

m2
π

yȳm2
π − ðq2⊥ þM2Þ

�
½ðzF0ðzÞÞ4�

				
z¼ ρ

2λS

ffiffiffiffiffiffiffiffiffi
q2⊥þM2

yȳ

q
¼ gS

2π2
m2

π

Z
1

0

dy
Z

∞

ρM
2λS
ffiffiffi
yȳ
p

dz
z

z2 − ρ2m2
π

4λ2S

½zF0ðzÞ�4; m2
π < 4M2 ð76Þ

with clearly a massless pion in the chiral limit. Away from the chiral limit and with a nonvanishing constituent quark mass
M, the pion mass following from (76) can be assessed in perturbation theory, with the result

m2
π ¼

2m
f2π
jhψ̄ψij þOðm2Þ; ð77Þ

where the quark condensate

jhψ̄ψij ¼ jhūui þ hd̄dij ¼ Nc

gS
ðM −mÞ
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is given by the gap equation. Equation (77) is the expected
Gell-Mann-Oakes-Renner relation for Nambu-Goldstone
modes. In Fig. 2 we show the pion mass solution to (76) in
the ILM on the light front, as a function of the current quark
mass m, for the fermionic coupling gS ¼ 1.844gcrS;RIV and a
fixed instanton size ρ ¼ ð630 MeVÞ−1.
The parameters ρ; m; gS; λS in the mean-field approxi-

mation of the ILM are fixed as follows: the instanton size
is set at its mean canonical value ρ ¼ 0.313 fm; the light
current quark mass is set to m ¼ 16.0 MeV; the multi-
fermion coupling is set to gS ¼ 1.844gcrS;RIV to give a
constituent quark mass of M ¼ 444.8 MeV and a chiral
condensate jhψ̄ψij1=3 ¼ 337.9 MeV; the cutoff parameter

is set to λS ¼ 3.285 to give a pion decay constant fRIVπ ¼
130.3 MeV and pion massmRIV

π ¼ 135 MeV, very close to
the empirical results. In Fig. 2 we show the change of the
pion mass with the current quark mass. We note the rapid
vanishing of the mass in the chiral limit, for a nonvanishing
constituent quark mass M and a chiral condensate, as
expected for a Goldstone mode.

C. Pion DA from LFWF

In the mean-field approximation to the ILM, the generic
solution for the valence light front wave functions (LFWFs)
is generically of the form

ϕXðx; k⊥Þ ¼
1ffiffiffiffiffiffiffiffi
2xx̄
p CX

m2
X − k2⊥þM2

xx̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p
ð78Þ

with the constant CX fixed by the normalization (53).
Alternatively, the LFWFs can also be deduced from the
quark-meson interaction amplitude (by integration over k−)
in which case CX corresponds to the effective quark-meson
coupling gX in the interaction, i.e. CX ¼ −

ffiffiffiffiffiffi
Nc
p

gX. The
minus sign is chosen to ensure a positive-definite LFWF.
Since of all the light scalars and pseudoscalars made out

of u, d light quarks, only the pion is strongly bound in the
mean-field approximation (the sigma meson is a threshold
state), we now construct the pion DA using the pion LFWF.
More specifically, using the pion DA as defined through the
forward matrix element of the twist-2 operator on the light
cone,

ϕπðxÞ ¼ −i
Z

dξ−

2π
eixP

þξ−h0jψ̄ð0Þγþγ5 τaffiffiffi
2
p Wð0; ξ−Þψðξ−ÞjπaðPÞi ð79Þ

with the normalization fixed by the pion weak decay constant

h0jψ̄γþγ5 τaffiffiffi
2
p ψ jπaðPÞi ¼ ifπPþ; ð80Þ

we obtain

ϕπðxÞ ¼
ffiffiffiffiffiffi
Nc
p

M

2
ffiffiffi
2
p

π2

Z
∞

0

dk2⊥
Cπ

xx̄m2
π − ðk2⊥ þM2ÞF ðkÞF ðP − kÞ: ð81Þ

The on-shell normalization (80) fixes the dependence of the pion weak decay constant fπðmπÞ on the pion mass mπ,

fπðmπÞ ¼ fπ

R
1
0 dx

R
∞
0 dk2⊥

�
1

k2⊥þM2−xx̄m2
π



F ðkÞF ðP − kÞ�R

1
0 dx

R
∞
0 dk2⊥

k2⊥þM2

ðk2⊥þM2−xx̄m2
πÞ2 F ðkÞF ðP − kÞ

�
1=2
�R

1
0 dx

R
∞
0 dk2⊥

�
1

k2⊥þM2



F ðkÞF ðP − kÞ

�
1=2 ð82Þ

with fπ given in (75).

FIG. 2. Change of the pion mass with the current quark massm,
for a fixed fermionic coupling gS ¼ 1.844gcrS;RIV and instanton
size ρ ¼ ð630 MeVÞ−1.
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In the zero instanton size approximation with a fixed transverse momentum cutoff jk⊥j < Λ, the pion DA amplitude is a
step function

ϕπðxÞ ¼ −
ffiffiffiffiffiffi
Nc
p

MCπ

2
ffiffiffi
2
p

π2
θðxx̄Þ ln

�
1þ Λ2

M2 − xx̄m2
π

�
⟶
mπ→0

ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π

�
ln

�
1þ Λ2

M2

��
1=2

θðxx̄Þ ð83Þ

in agreement with a result established first in the local NJL model [23]. The pion weak decay constant is

fπ ¼ −
ffiffiffiffiffiffi
Nc
p

MCπffiffiffi
2
p

π2

"
1

2
ln

�
1þ Λ2

M2

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 −m2

π

m2
π

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2−m2

π

m2
π

q ð84Þ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2 þ Λ2Þ −m2

π

m2
π

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2þΛ2Þ−m2

π

m2
π

q
#
⟶
mπ→0

ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π

�
ln

�
1þ Λ2

M2

��
1=2

: ð85Þ

In the ILM with a finite instanton size, the pion DA is

ϕπðxÞ ¼
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π2
Cπ

Z
∞

ρM
2λ
ffiffi
x
p

x̄

dz
z5

ρ2m2
π

4λ2
− z2
ðF0ðzÞÞ4 ð86Þ

which simplifies in the chiral limit to

ϕπðxÞ ¼ −
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π2
Cπ

Z
∞

ρM
2
ffiffi
x
p

x̄

dzz3ðF0ðzÞÞ4: ð87Þ

In general, we note that the induced form factors
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þp

give rise to extra contributions to the Noether axial vector current,
and possibly the axial source current in (79). Indeed, the semibosonized Lagrangian L in (24) with the minimal substitution

i∂μ → i∂μ þ γ5τaAa
μ;

where Aa
μ is a local external flavor gauge field, yields the conserved SUð2ÞA current in the chiral limit,

∂L
∂Aa

				
A;π¼0
σ¼σ̄

¼ ψ̄γμτaψ þ σ̄ ψ̄
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p 0τa
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψ þ σ̄ ψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
τa

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p 0ψ ð88Þ

with
ffiffiffiffiffiffiffiffiffiffiffi
F ðxÞp 0 ¼ d

dx

ffiffiffiffiffiffiffiffiffiffiffi
F ðxÞp

. From (40) it follows that the
extra contributions in Sec. VI C are absent for the leading
twist-2 operator on the light front. Therefore, the Gell-mann-
Oakes-Renner (GOR) relation and the normalization of the
pion DA are unchanged. The results (86) and (87) are in
agreement with those derived from the ILM using the large
momentum effective theory, in the dilute approximation [54].

D. ERBL evolution of the pion DA

The evolution of the pion DA is governed by ERBL
equation

ϕðx;QÞ¼ 6xx̄
X∞
n¼0

anðQ0Þ
�
αsðQ2Þ
αsðQ2

0Þ
�

γn=β0
C3=2
n ðx− x̄Þ ð89Þ

which is an expansion in Gegenbauer polynomials Cm
n ðzÞ

of increasing powers, with anomalous dimension

γn ¼ CF

�
−3þ 4

Xnþ1
j¼1

1

j
−

2

ðnþ 1Þðnþ 2Þ
�
; ð90Þ

where CF ¼ N2
c−1
2Nc

,

αsðQÞ ¼
4π

β0 ln
�

Q2

Λ2
QCD


 ;

β0 ¼ 11
3
Nc − 2

3
nf, and ΛQCD ¼ 226 MeV. Due to the

orthogonality of the Gegenbauer polynomials, the initial
coefficients can be evaluated by
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anðQ0Þ ¼
2ð2nþ 3Þ

3ðnþ 1Þðnþ 2Þ
Z

1

0

dyC3=2
n ðy − ȳÞϕðy;Q0Þ:

ð91Þ
In Fig. 3(a) we show the pion DA versus x in the zero

instanton size limit for fixed fermionic coupling gS ¼
1.32gcrS;NJL and different current quark masses. In Fig. 3(b)
we show the same pion DAversus x in the ILM for a similar

fermionic coupling gS ¼ 1.844gcrS;RIV and different current
quark masses. There is a dramatic change at the endpoints
following the emergence of the instanton induced form
factors from the quark zero modes. In Fig. 3(c) we show
the ERBL evolved pion DA in the zero instanton size limit
and in Fig. 3(d) the same evolution in the ILM. The initial
scale used is μ0 ¼ 0.313 GeV to μ ¼ 6 GeV. The pionmass
is mπ ¼ 135 MeV.

FIG. 3. (a) The pion DAwith different pion massmπ in the zero instanton size limit. (b) The pion DAwith different pion massmπ in the
ILM with finite instanton size ρ ¼ ð630 MeVÞ−1. (c) The Efremov-Radyushkin-Brodsky-Lepage (ERBL) evolution of pion DA in zero
instanton size limit. (d) The ERBL evolution of pion DA in RIV with finite instanton size ρ ¼ ð630 MeVÞ−1.

FIG. 4. (a) Pion DA in the ILM with zero instanton size (NJL-like) as given in (99) (solid blue curve), in the ILM with finite instanton
size as given in (103) (solid orange curve), after ERBL evolution from μ0 ¼ 0.313 GeV to μ ¼ 6 GeV. The pion mass is
mπ ¼ 135 MeV. The results are compared to the DAs obtained in [54,55] (green solid curve) by applying the LaMET in the
ILM, also evolved to μ ¼ 6 GeV. We also show the asymptotic pQCD result of 6xx̄ from [56] (dashed red curve). The measured DA
(purple) is from π− into dijets via diffractive dissociation, with invariant dijet mass of 6 GeV [57], as extracted and normalized in [58].
(b) The same evolved pion DAs from (99) (solid blue curve) and from (103) (solid orange curve) now evolved to only μ ¼ 2 GeV are
compared to recent lattice results using LaMET (purple band) from [60]. The DSE curve (dashed black curve) follows from Dyson-
Schwinger equations with Bethe-Salpeter wave functions [59].
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In Fig. 4(a) we compare the ERBL evolved pion DAs to
μ ¼ 6 GeV with the QCD asymptotic result of 6xx̄ [56]
(dashed red curve) and the measured pion DA by the E791
dijet collaboration [57] (purple points). The data are from
π− into dijets via diffractive dissociation with invariant
dijet mass 6 GeV [57], as compiled in [58]. The evolved
DAs are for zero size insantons (blue solid curve), the
current light front analysis of the ILM (orange solid
curve), and the LaMET analysis of the ILM in [54,55].
In Fig. 4(b) we compare our pion DA to the Dyson-
Schwinger result [59] (dashed black curve) and the
more recent lattice result done by the lattice group in
Michigan State University (MSULAT) using the LaMET

procedure [60] (filled purple band). The evolution is now
from μ0 ¼ 0.313 GeV to μ ¼ 2 GeV. Our evolved results
are for zero size instantons (solid blue curve), and the ILM
(solid orange curve).

VII. PARTON DISTRIBUTION FUNCTIONS

In general, the partonic structures in a hadron are related
to pertinent leading twist matrix elements, following
factorization of various observables. The PDFs are
Fourier transforms of fermionic (gluonic) correlators at
fixed separation on the light cone. They follow from the
LFWFs. More specifically, the quark twist-2 PDF in a
bound meson state, is given by

qXðxÞ ¼
Z

∞

−∞

dξ−

4π
eixP

þξ−hPjψ̄ð0ÞγþWð0; ξ−Þψðξ−ÞjPi ¼
Z

d2k⊥
ð2πÞ3 jΦXðx; k;s; s0Þj2 ð92Þ

while the antiquark PDF is given by

q̄XðxÞ ¼
Z

∞

−∞

dξ−

4π
e−ixP

þξ−hPjψ̄ð0ÞγþWð0; ξ−Þψðξ−ÞjPi ¼
Z

d2k⊥
ð2πÞ3 jΦXðx̄; k;s; s0Þj2: ð93Þ

Here

Wðξ−; 0Þ ¼ exp
�
−ig

Z
ξ−

0

dη−Aþðη−Þ
�
→ 1

is a gauge link, which will be set to 1 throughout. For the meson PDFs, the quark and antiquark distributions are related by
charge symmetry

q̄XðxÞ ¼ qX̄ðxÞ ¼ qXð1 − xÞ ¼ q̄X̄ð1 − xÞ:

Also, the PDFs are normalized to 1 by charge conservation

hXðPÞjψ̄ 1

2
γþψ jXðPÞi ¼ 1: ð94Þ

A. σ and pion PDFs

The σ PDF is

qσðxÞ ¼
1

4π2

Z
∞

0

dk2⊥
1

xx̄

				 Cσ

m2
σ −

k2⊥þM2

xx̄

				2 k2⊥ þ ðx − x̄Þ2M2

xx̄
F ðkÞF ðP − kÞ: ð95Þ

Also, the pion PDF is

qπðxÞ ¼
1

4π2

Z
∞

0

dk2⊥
1

xx̄

				 Cπ

m2
π −

k2⊥þM2

xx̄

				2 k2⊥ þM2

xx̄
F ðkÞF ðP − kÞ: ð96Þ

In the chiral limit, the normalization constant can be determined by the cutoff function induced by the nonlocal quark
form factor as well. Thus, the normalization constant can be related to the pion decay constant fπ and the constituent
mass M,
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Cπ ¼ −2π
Z

∞

0

dk2⊥
1

k2⊥ þM2
F ðkÞF ðP − kÞ

¼ −
ffiffiffiffiffiffiffiffi
2Nc
p

M
fπ

: ð97Þ

Again, the minus sign is chosen to make the wave function
positive-definite for convenience.
In the zero instanton size limit, we can use the same hard

cutoff described in Appendix E, with the result for the
sigma PDF as

qσðxÞ ¼
C2
σ

4π2
θðxx̄Þ ln

�
1þ Λ2

ðx − x̄Þ2M2

�
; ð98Þ

where

−Cσ ¼ 2π

�
ln

�
1þ Λ2

M2

�
þ 2

Λ
M

tan−1
M
Λ

�−1=2
:

Recall that the sigma meson is only bound in the chiral limit
with mσ ¼ 2M. For comparison, we note that in the same
approximation of zero instanton size, the pion PDF is

qπðxÞ ¼
C2
π

4π2
θðxx̄Þ

�
xx̄m2

πΛ2

ðM2 − xx̄m2
πÞðM2 þ Λ2 − xx̄m2

πÞ
− ln

�
M2 − xx̄m2

π

M2 þ Λ2 − xx̄m2
π

��

⟶
mπ→0 C2

π

4π2
θðxx̄Þ ln

�
1þ Λ2

M2

�
; ð99Þ

where in the chiral limit

Cπ ¼ −2π
�
ln

�
1þ Λ2

M2

��−1=2
:

This result agrees with the result in the zero instanton size
limit ρ → 0 in [54,55] using the large momentum effective
theory. It was first established in the NJL model in [21].
However, it is at variance with the endpoint expectation
fq=πðx → 1; Q2Þ ∼ ð1 − xÞ at Q2 → ∞, from the Drell-
Yan-West result [61,62]. The discrepancy is expected to
wane out with QCD evolution, which depletes the large-x
part of the PDF as we show below.

For a finite instanton size, all integrations are tamed by
the induced zero mode form factor

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þp

discussed
earlier. The ensuing nonlocal interactions are expected to
contribute to the currents, hence to the twist-2 part of the
PDFs in general [63,64], as we noted earlier for the axial-
vector current in Sec. VI C. For the vector current, the extra
contributions follow from minimal substitution,

i∂μ → i∂μ þ Vμ; ð100Þ

where Vμ is the externalUð1Þ flavor gauge field. The vector
current for the nonlocal semibosonized Lagrangian (24)
follows from the Noether construction in the form

∂L
∂V

				
V;π¼0
σ¼σ̄

¼ ψ̄γμψ þ σ̄ ψ̄
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p 0 ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψ þ σ̄ ψ̄

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p 0ψ ; ð101Þ

where again, the derivative on the functional form of the form factor is defined as
ffiffiffiffiffiffiffiffiffiffiffi
F ðxÞp 0 ¼ d

dx

ffiffiffiffiffiffiffiffiffiffiffi
F ðxÞp

. Now we recall that
in the two-body channel, the boost-invariant substitution (40) is only dependent on the relative transverse momentum of the
pair. From (101), it follows that the leading twist-2 light front current is not modified, leaving the chiral relation and
normalization of the twist-2 meson PDF and DA unchanged.
With this in mind, the sigma PDF in the ILM in the chiral limit is

qσðxÞ ¼
1

4π2

Z
∞

0

dk2⊥C2
σ

1

k2⊥ − ð4xx̄ − 1ÞM2
F ðkÞF ðP − kÞ ¼ C2

σ

2π2

Z
∞

ρM
2λS
ffiffiffi
xx̄
p

dz
z5

z2 − ρ2M2=λ2S
ðF0ðzÞÞ4 ð102Þ

while the pion PDF, in general, is
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qπðxÞ ¼
1

4π2

Z
∞

0

dk2⊥
C2
πðk2⊥ þM2Þ

ðxx̄m2
π − k2⊥ −M2Þ2F ðkÞF ðP − kÞ

¼ C2
π

2π2

Z
∞

ρM
2λS
ffiffiffi
xx̄
p

dz
z3

ðρ2m2
π

4λ2S
− z2Þ2

½zF0ðzÞ�4:

In the chiral limit,

qπðxÞ⟶
mπ→0 C2

π

2π2

Z
∞

ρM
2λS
ffiffiffi
xx̄
p

dzz3ðF0ðzÞÞ4; ð103Þ

with the normalization constant

Cπ ¼ −
ffiffiffi
2
p

π

�Z
1

0

dx
Z

∞

ρM
2λS
ffiffiffi
xx̄
p

dzz3ðF0ðzÞÞ4
�
−1=2

¼ −
ffiffiffiffiffiffiffiffi
2Nc

p
M=fπ ≈ −7.993 ð104Þ

withM¼ 421.5MeV, ρ¼ 0.313 fm, and fπ ¼ 130.3 MeV.
At the endpoint x; x̄ ¼ 0, the asymptotic form of
FðzÞ ∼ 1=4z3 dominates the integral. The endpoint behavior

of the pion PDF in the ILM at a resolution of Q2 ∼ 1=ρ2 is
softer than theone expected from theDrell-Yan-West relation
at much larger resolution [61,62] with

qπðxÞ ∼
C2
π

2π2
108λ12S
ρ12M12

ðxx̄Þ6: ð105Þ

In Fig. 5(a)we show the sigmaPDF in the chiral limit, with
a threshold sigma mass 2M ¼ 418.3 MeV, in the instanton
zero size approximation. The PDF is sharply picked at x ¼ 1

2

and does not vanish at the endpoints x ¼ 0, 1. In Fig. 5(b) we
show the pion PDF for different current quarkmasses, also in
the zero instanton size approximation. In Fig. 5(c) we show
the sigma PDF in the ILM, with a much sharper distribution
at x ¼ 1

2
that reflects on the threshold state, in the zero

instanton size limit. In Fig. 5(d) the pion PDF in the ILM is
shown for different current quark masses. The instanton
induced form factors cause it to vanish at the endpoints, with
little sensitivity to the current quark masses.

FIG. 5. (a) The σ PDF in zero instanton size and in the chiral limit, with a threshold σ mass 2M ¼ 418.9 MeV. (b) The pion PDF with
zero instanton size, but with different pion masses varying with quark current masses. (c) The σ PDF with the finite instanton size
1=ρ ¼ 630 MeV, with a threshold σ mass 2M ¼ 418.9 MeV in the chiral limit. (d) The pion PDF with the finite instanton size
ρ ¼ 0.313 fm with different pion masses.
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B. DGLAP evolution

In the ILM the partonic distributions are defined at a
factorization scale μ0 which is smaller than the inverse size
1=ρ ∼ 630 MeV of an instanton. To compare our result

with the available experiments in [38,65,66], we evolve the
PDFs in (99) and (103), starting from say μ0 ¼ 313 MeV, a
nonperturbative scale that is not large enough to resolve the
instantons and anti-instantons in the ILM. The PDFs are

FIG. 6. (a) DGLAP evolution of pion PDF for zero instanton size and in the chiral limit. (b) DGLAP evolution of the pion valence
quark momentum distribution for zero instanton size and in the chiral limit. (c) DGLAP evolution for the pion PDF with a finite
instanton size ρ ¼ 0.313 fm. (d) DGLAP evolution of the pion valence quark momentum distribution with a finite instanton size
ρ ¼ 0.313 fm in the chiral limit. All evolutions start from the initial scale μ0 ¼ 0.313 GeV.

FIG. 7. (a) Pion parton momentum distribution function for zero instanton size (solid blue curve) and finite instanton size of
ρ ¼ 0.317 fm (solid orange curve), both of which are evolved to μ ¼ 4 GeV with a pion mass mπ ¼ 135 MeV. The results are
compared to the those extracted from the ILM using the LaMET (solid green curve) [54,55] also evolved to μ ¼ 4 GeV. The E615 data
from 1989 (red) are from [65], corresponding to a fixed-invariant muon pair mass mμþμ− ≥ 4.05 GeV. The improved E615 data from
2020 (dashed purple curve) are from [66] using the original E615 experimental data from [65]. (b) The same pion parton distribution
functions as in (a), but now evolved to μ ¼ 2 GeV, for comparison with the lattice data using cross sections (LCS) (red) from [67].
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evolved to 2 GeV for comparison to also lattice data [67].
Since only the valence quark dynamics is retained in our
analysis, we will only keep the quark splitting in the
DGLAP evolution. The reader may be concerned that at
such a low energy scale, an altogether nonperturbative
evolution of the type discussed recently in [16] may be
required. This point will be addressed in a sequel. Here, we
will only implement the perurbative DGLAP evolution for
a qualitative comparison.
In Figs. 6(a) and 6(b) we show the DGLAP evolved pion

PDF in the zero instanton size approximation, starting from
the initial scala μ0 ¼ 313 MeV up to 4 GeV. In Figs. 6(c)
and 6(d) we show the same DGLAP evolution for the
results in the ILM, with a finite instanton size
ρ ¼ 0.313 fm. In both cases, the pion mass is fixed at
its physical value mπ ¼ 135 MeV.
In Fig. 7(a) we compare our DGLAP evolved results

with the original E615(1989) data [65] (red) and the
subsequent E165(2020) improved analysis [66] (dashed
purple curve) at μ ¼ 4 GeV. The data are compiled from
measurements of an invariant muon pair mass
mμþμ− ≥ 4.05 GeV. Our evolved results are for the zero

instanton size (solid blue curve) and finite instanton size in
the ILM model (solid orange curve). They are also
compared to the extracted pion PDF from the ILM model
using LaMET [54,55] (solid green). Our results are evolved
from an initial scale μ0 ¼ 313 MeV below the instanton
resolution scale 1=ρ ¼ 631 MeV to a final scale of 4 GeV.
In Fig. 7(b) our evolved results are compared to the LCS
lattice results [67] (red) at μ ¼ 2 GeV. All of the theoretical
results are also evolved to the same scale.

VIII. Nf = 2 INSTANTON-INDUCED INTERACTION
WITH UNEQUAL MASSES

To construct the kaon partonic distributions, we need to
address the three flavor case with u, d, s quarks. For
simplicity, we will consider the reduced mass case with
light mu ¼ md and heavier ms. In this case, the 2-flavor
kaon sectors of SUð3ÞwithU spin and V spin are amenable
to the same light front effective Lagrangian (23). The only
difference is the large difference in the assigned current
quark masses. More specifically, we have

L ¼ ψ̄ði∂ −MÞψ þ GK

2
½ψ̄ψD̂−1

Kþψ̄ψ − ψ̄τaψD̂−1
K−ψ̄τ

aψ − ψ̄ iγ5ψD̂−1
Kþψ̄iγ5ψ þ ψ̄iγ5τaψD̂−1

K−ψ̄iγ
5τaψ � ð106Þ

with the tadpole resummed vertices

D̂−1
K� ¼

1

1� gK
Nc

D
ψ̄γþ −i

∂−
⟷ψ

E : ð107Þ

GK is the corresponding ’t Hooft coupling strength in the
Kaon channel. The quark constituent mass is now matrix
valued M ¼ diagðMu;MsÞ, where u denotes the lighter
quark u or d, and s denotes the heavier strange quark.

A. Gap equation

In the U-spin (V-spin) sector, the effective momentum-
dependent form factors

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F u=sðkÞ

p
for each flavor will also

be introduced to the interacting quark fields. Effectively,
the quark fields in the ’t Hooft interaction terms will be
dressed by a form factor,

ψðxÞ →
ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
ψðxÞ: ð108Þ

The assignment suggested on mass shell in (40) that
enforces boost invariance in the two-body state implies that

ffiffiffiffiffiffiffiffiffiffiffiffi
F ði∂Þ

p
→

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uði∂Þ

p
0

0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F sði∂Þ

p �
: ð109Þ

The nonlocal ’t Hooft interaction given by the momentum-
dependent form factors yields momentum-dependent gap
equations with running constituent masses Mu=sðk2Þ for
each flavor,

Mu=sðk2Þ ¼ Mu=sF u=sðk2Þ ¼ Mu=s½ðzF0ðzÞÞ2�
				
z¼kρ

2

: ð110Þ

In the low momentum regime (kρ ≪ 1), the dynamical
constituent masses are constant and a solution to the gap
equations in the mean-field approximation reads

Ms −ms

Mu
¼ 2gK

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F 2
uðk2Þ;

Mu −mu

Ms
¼ 2gK

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F 2
sðk2Þ: ð111Þ

Since the two-flavor quark doublet carries different masses,
both hψ̄ψi and hψ̄τ3ψi receive contributions from the
explicit flavor symmetry breaking. In the mean-field
approximation, they amount to different scalar condensates

hūui ¼ −NcMu

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F uðk2Þ;

hs̄si ¼ −NcMs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F sðk2Þ; ð112Þ
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with

hs̄si ¼ 1

2
ðhψ̄ψi − hψ̄τ3ψiÞ;

hūui ¼ 1

2
ðhψ̄ψi þ hψ̄τ3ψiÞ: ð113Þ

To accommodate the effective dynamical mass with the
light front formalism, we have to analytically continue
the Euclidean momentum dependence k2 to the Minkowski
space. The argument of the form factor will become 2kþk−.
For simplicity, we first analyze the gap equations and

quark condensates in the zero instanton size limit.
Using the boost-invariant cutoff Λ scheme discussed in
Appendix E, we have for the gap equations

Ms −ms

Mu
¼ 2gK

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

θðΛ=
ffiffiffi
2
p

− kþÞθðΛ=
ffiffiffi
2
p

− k−Þ
				
k−¼k2⊥þM2

u
2kþ

;

Mu −mu

Ms
¼ 2gK

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

θðΛ=
ffiffiffi
2
p

− kþÞθðΛ=
ffiffiffi
2
p

− k−Þ
				
k−¼k2⊥þM2

s
2kþ

: ð114Þ

Using the result in (E2), the solutions of the gap
equations in zero size limit are

Ms −ms

Mu
¼ gKΛ2

2π2

�
1 −

M2
u

Λ2
þM2

u

Λ2
ln
M2

u

Λ2

�
;

Mu −mu

Ms
¼ gKΛ2

2π2

�
1 −

M2
s

Λ2
þM2

s

Λ2
ln
M2

s

Λ2

�
: ð115Þ

In the chiral limit mu ¼ ms ¼ 0, the constituent masses are
equal. The nonzero solution in the chiral limit exists only
for sufficiently strong couplings larger than gcrK;NJL ¼ 2π2

Λ2 .

When gK is less than gcrK;NJL ¼ 2π2

Λ2 , no quark condensate will
be formed in the chiral limit. However, as long as the
coupling gK is strong enough, chiral symmetry is

dynamically broken, with a nonvanishing scalar quark
condensate, in the chiral limit. The constituent mass ratio
of two quarks Ms=Mu will be controlled by the coupling
gK and the two current quark mass mu, ms. The quark
condensates for two flavors are

hūui
Λ3
¼ −

Nc

4π2

�
Mu

Λ

��
1 −

M2
u

Λ2
þM2

u

Λ2
ln
M2

u

Λ2

�
;

hs̄si
Λ3
¼ −

Nc

4π2

�
Ms

Λ

��
1 −

M2
s

Λ2
þM2

s

Λ2
ln
M2

s

Λ2

�
: ð116Þ

For a finite instanton size, the integrals in the emergent
constituent masses and chiral condensates are naturally
regulated by the boost-invariant cutoffs given in (110).
More specifically, the mass gaps are given by

Ms −ms

Mu
¼ 4gK

π2ρ2

Z
∞

0

dzz
z3

z2 þ ρ2M2
u

4

jzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j4;

Mu −mu

Ms
¼ 4gK

π2ρ2

Z
∞

0

dzz
z3

z2 þ ρ2M2
s

4

jzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j4; ð117Þ

and the scalar condensates are given by

ρ3hūui ¼ 2Nc

π2
ρMu

Z
∞

0

dzz
z3

z2 þ ρ2M2
u

4

jzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j2;

ρ3hs̄si ¼ 2Nc

π2
ρMs

Z
∞

0

dzz
z3

z2 þ ρ2M2
s

4

jzðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0j2: ð118Þ

In Figs. 8(a) and 8(b) we show the change of the constituent u quark massMu, and the constituent s quark massMs with
the strange quark massms, for different multifermion couplings gK , respectively. The current u quark mass is set to zero. In
Fig. 8(c) we show the ratio Ms=Mu for fixed gK=gcrK but varying mu. In Fig. 8(d) we show the ratio Ms=Mu for fixed
mu ¼ 12.7 MeV and varying gK . All Figs. 8(a)–8(d) are for the zero instanton size limit but a finite transverse cutoff Λ.
Figures 8(e)–8(h) display the same results for the ILM with a finite instanton size ρ.
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FIG. 8. (a),(b) The constituent masses Mu;s versus the strange quark mass ms for different couplings gK=gcrK and fixed mu ¼ 0 in the
zero instanton size limit. (c),(d) The constituent mass ratio Ms=Mu versus ms=mu, for fixed coupling gK=gcrK ¼ 1.418 with varying mu
and fixed mu ¼ 12.7 MeV with varying gK=gcrK in the zero instanton size limit. (e)–(h) The same constituent masses as in (a)–(d) in the
ILM with a finite instanton size.
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In Fig. 9(a) we show the change in the ratio of the strange
to nonstrange condensates hs̄si=hūui, with the ratio of the
strange to nonstrange current masses ms=mu, for different
u quark masses but fixed coupling gK=gcrK ¼ 1.418. In
Fig. 9(b) we show the same but now with fixed u quark
mass mu ¼ 12.7 MeV and increasing coupling gK=gcrK .

IX. KAONS FROM U AND V SPIN:
LFWFs AND MASSES

The general light fron state (52) can be readily adapted to
kaons with K� ¼ us̄, sū in the U-spin sector. In the V-spin
sector, we have the pseudoscalars K0; K̄0 ¼ ds̄; sd̄, with
their scalar counterparts K0

5, K̄
0
5. Without loss of generality,

we will assume that isospin symmetry still holds. Thus,
the result in U spin and V spin will be identical, ΦK� ¼
ΦK0 ¼ ΦK . With this in mind, the LFWFs for the pseudo-
scalar kaonsK� and their scalar counterpartsK5 are given by

ΦK5
ðx; k⊥; s1; s2Þ ¼ ϕK5

ðx; k⊥Þūs1ðkÞτ�vs2ðP − kÞ;
ΦKðx; k⊥; s1; s2Þ ¼ ϕKðx; k�⊥Þūs1ðkÞiγ5τ�vs2ðP − kÞ;

ð119Þ
where τ� ¼ 1

2
ðτ1 � iτ2Þ are the Pauli matrices for U or V

spin. Again, we have separated the spin-independent part of

the wave functions and express the spin part in terms of light
front Dirac spinors.

A. Bound state equations for kaons

In the kaon channels, there are still two quark species,
but their masses are different, compared with the isospin
sector. The constituent mass of the s quark is heavier than
the u and d quarks. However, we can still assume that
isospin symmetry holds for simplicity, i.e. the induced
instanton coupling GK is the same for U-spin and V-spin
sectors. With this in mind, we can generalize the light front
Hamiltonian in (38) to theU-spin and V-spin sectors. Since
the current mass of the s quark is significantly different
from that of the u and d quarks, we will treat M as a
diagonal matrix M ¼ diagðMu;MsÞ. This will slightly
break the U spin in the K� channels, or the V-spin
symmetry of the K0 and K̄0 channels.
To be consistent with the boost-invariant light front

symmetry requirement in the two-body process, the
momentum-dependent cutoff function F ðkÞ induced from
the finite size effect of the instanton ensemble has to be a

function of boost-invariant variables k2⊥þM2
u

x and k2⊥þM2
s

x̄
related to the quark kinetic energies. In light of the
substitution (40), we use

lim
Pþ→∞

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðkÞF sðP − kÞ

p
→ F

�
2PþP− ¼ k2⊥ þM2

u

x
þ k2⊥ þM2

s

x̄

�
: ð120Þ

As a result, the bound-state equation for the kaons (K�) is

m2
KΦKðx; k⊥; s1; s2Þ ¼

�
k2⊥ þM2

u

x
þ k2⊥ þM2

s

x̄

�
ΦKðx; k⊥; s1; s2Þ

þ 1ffiffiffiffiffiffiffiffi
2xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðkÞF sðP − kÞ

p Z
1

0

dyffiffiffiffiffiffiffiffi
2yȳ
p

Z
d2q⊥
ð2πÞ3

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦKðy; q⊥; s; s0Þ

×
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðqÞF sðP − qÞ

p
: ð121Þ

FIG. 9. (a) The ratio of the quark condensates hs̄si=hūui versusms=mu for fixed gK=gcrK ¼ 1.418 and differentmu. (b) The ratio of the
quark condensates hs̄si=hūui versus ms=mu for fixed mu ¼ 12.7 MeV and different gK=gcrK .

LIU, SHURYAK, and ZAHED PHYS. REV. D 107, 094024 (2023)

094024-24



The interaction kernel includes the K pseudoscalar meson channel and the K5 scalar meson channel,

Vs;s0;s1;s2ðq; q0; k; k0Þ ¼ −gK½αKþðPþÞūs1ðkÞτþiγ5vs2ðk0Þv̄s0 ðq0Þτ−iγ5usðqÞ − αK−ðPþÞūs1ðkÞτþvs2ðk0Þv̄s0 ðq0Þτ−usðqÞ
þ αKþðPþÞūs1ðkÞτ−iγ5vs2ðk0Þv̄s0 ðq0Þτþiγ5usðqÞ − αK−ðPþÞūs1ðkÞτ−vs2ðk0Þv̄s0 ðq0ÞτþusðqÞ�; ð122Þ

where

αK� ¼
�
1� gK

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

½F uðkÞF sðP − kÞ þ F sðkÞF uðP − kÞ�
�−1

: ð123Þ

The interaction kernels for Kþ are

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦK5
ðy; q⊥; s; s0Þ ¼ 2αK−ðPþÞTr½ðqþMuÞð=q0 −MsÞ�ϕK5

ðy; q⊥Þūs1ðkÞλ�Uvs2ðk0Þ

¼ 4αK−ðPþÞ
�
q2⊥ þ y2M2

s − 2yȳMuMs þ ȳ2M2
u

yȳ

�
ϕK5
ðy; q⊥Þūs1ðkÞλþUvs2ðk0Þ;

ð124Þ

X
s;s0

Vs;s0;s1;s2ðq; q0; k; k0ÞΦKðy; q⊥; s; s0Þ ¼ −2αKþðPþÞTr½ðqþMuÞð=q0 þMsÞ�ϕKðy; q⊥Þūs1ðkÞiγ5λ�Uvs2ðk0Þ

¼ −4αKþðPþÞ
�
q2⊥ þ y2M2

s þ 2yȳMuMs þ ȳ2M2
u

yȳ

�
ϕKðy; q⊥Þūs1ðkÞiγ5λþUvs2ðk0Þ:

ð125Þ

The kernel for K− follows similarly from the exchange u ↔ s and τþ ↔ τ−. Hence, the bound state equations

m2
Kþ

5

ϕKþ
5
ðx; k⊥Þ ¼

�
k2⊥ þM2

u

x
þ k2⊥ þM2

s

x̄

�
ϕKþ

5
ðx; k⊥Þ þ

2gKαK−ðPþÞffiffiffiffiffi
xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðkÞF sðP − kÞ

p Z
1

0

dyffiffiffiffiffi
yȳ
p

Z
d2q⊥
ð2πÞ3

×

�
q2⊥ þ y2M2

s − 2yȳMuMs þ ȳ2M2
u

yȳ

�
ϕKþ

5
ðy; q⊥Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðqÞF sðP − qÞ

p
;

m2
KþϕKþðx; k⊥Þ ¼

�
k2⊥ þM2

u

x
þ k2⊥ þM2

s

x̄

�
ϕKþðx; k⊥Þ −

2gKαKþðPþÞffiffiffiffiffi
xx̄
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðkÞF sðP − kÞ

p Z
1

0

dyffiffiffiffiffi
yȳ
p

Z
d2q⊥
ð2πÞ3 ϕKþðy; q⊥Þ

×

�
q2⊥ þ y2M2

s þ 2yȳMuMs þ ȳ2M2
u

yȳ

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðqÞF sðP − qÞ

p
: ð126Þ

The bound state equations for K0 and K̄0 follow by interchanging u ↔ d.

B. Kaon spectrum

The bound state masses are solutions to the gaplike equation

1 ¼
Z

1

0

dy
Z

d2q⊥
VXðy; q⊥Þ

yȳm2
X − ðq2⊥ þM2ÞF uðqÞF sðP − qÞ: ð127Þ

The contribution of different quark flavors will change as the momentum fraction changes. When y ∼ 0, most of the
hadronic momentum is taken by the s quark. The dynamics of the constituent quark mass will be dominated by the u quark
in that region. The mass difference between the two constituents slightly shifts the center of the longitudinal momentum
distribution to the lighter constituent, which tends to carry more momentum fraction. The potential for K and K5 will be
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VX ¼
8<
:
þ 2gK
ð2πÞ3 αK−ðPþÞ

�
q2⊥þy2M2

s−2yȳMuMsþȳ2M2
u

yȳ



; scalars K5;

− 2gK
ð2πÞ3 αKþðPþÞ

�
q2⊥þy2M2

sþ2yȳMuMsþȳ2M2
u

yȳ



; pseudo scalars K:

ð128Þ

To solve the gap equation (127) for the kaon spectra, we proceed as in the pion case. More specifically, we split the kþ
integral in αK�ðPþÞ to isolate the part carrying the longitudinal momentum fraction x in the bound state with Pþ, from the
part which is UV dominated by the one-body integral in the gap equation

αK�ðPþÞ−1 ¼ 1� gK

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

½F uðkÞF sðP − kÞ þ F sðkÞF uðP − kÞ�

¼ 1� gK
ð2πÞ3

Z
d2k⊥

�Z
1

0

dx
2

x
−
Z

∞

0

dx
1

x
þ
Z

0

−∞
dx

1

x

�
½F uðkÞF sðP − kÞ þ F sðkÞF uðP − kÞ�

¼
8<
:

1
2

�
ms
Mu
þ mu

Ms



− ðMu−MsÞ2

2MMs
þ 2gK
ð2πÞ3

R
d2k⊥

R
1
0 dx

2
x ½F uðkÞF sðP − kÞ þ F sðkÞF uðP − kÞ�

2 − 1
2

�
ms
Mu
þ mu

Ms



þ ðMu−MsÞ2

2MMs
− 2gK
ð2πÞ3

R
d2k⊥

R
1
0 dx

2
x ½F uðkÞF sðP − kÞ þ F sðkÞF uðP − kÞ�:

ð129Þ

In the last split identity, we made use of the solution of the gap equation in (111), namely

1 − gK

Z
u

dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F 2
uðkÞ − gK

Z
s

dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F 2
sðkÞ ¼

1

2

�
ms

Mu
þ mu

Ms

�
−
ðMu −MsÞ2

2MMs
: ð130Þ

Now we insert (129) for αK�ðPþÞ back into (127) and obtain the mass eigenvalue equation for the kaons

0 ¼ 2 −
1

2

�
ms

Mu
þ mu

Ms

�
þ ðMu −MsÞ2

2MMs

−
2gK
ð2πÞ3

Z
1

0

dy
Z

d2q⊥
�
2

y
−

1

yȳ
þ m2

K5
− ðMu −MsÞ2

yȳm2
K5

− ðq2⊥ þ yM2
s þ ȳM2

uÞ
�
½F uðqÞF sðP − qÞ þ F sðqÞF uðP − qÞ�

¼ ðMu þMsÞ2 −Msms −Mumu

2MuMs

−
2gK
ð2πÞ3

Z
1

0

dy
Z

d2q⊥
�

m2
K5

− ðMs þMuÞ2
yȳm2

K5
− ðq2⊥ þ yM2

s þ ȳM2
uÞ
�
½F uðqÞF sðP − qÞ þ F sðqÞF uðP − qÞ� ð131Þ

and

0 ¼ 1

2

�
ms

Mu
þ mu

Ms

�
−
ðMu þMsÞ2

2MMs

þ 2gK
ð2πÞ3

Z
dy
Z

d2q⊥
�
2

y
−

1

yȳ
þ m2

K − ðMs −MuÞ2
yȳm2

K − ðq2⊥ þ yM2
s þ ȳM2

uÞ
�
½F uðqÞF sðP − qÞ þ F sðqÞF uðP − qÞ�

¼ 1

2

�
ms

Mu
þ mu

Ms

�
−
ðMu −MsÞ2
2MuMs

þ 2gK
ð2πÞ3

Z
1

0

dy
Z

d2q⊥
�

m2
K − ðMu −MsÞ2

yȳm2
K − ðq2⊥ þ yM2

s þ ȳM2
uÞ
�
½F uðqÞF sðP − qÞ þ F sðqÞF uðP − qÞ�: ð132Þ

The boost-invariant cutoff guarantees the cancellation between the integral
R
1
0 dy

2
y and

R
1
0 dy

1
yȳ. The integral

Z
1

0

dx
Z

d2k⊥
1

x
½F 2

uðkÞ þ F 2
sðkÞ − F uðkÞF sðP − kÞ − F sðkÞF uðP − kÞÞ� ð133Þ
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in the last line will be dropped, since the difference between
these two integrals only depends on the boost-invariant UV
cutoff. Indeed, as the cutoff scale 1=ρ increases, (133)
becomes vanishingly small.
In leading order of the chiral expansion around the small

quark mass, we recover to the GOR mass relation as a
solution

m2
K ¼

mu þms

f2K
jhūui þ hs̄sij þOðm2

u; m2
s ; mumsÞ ð134Þ

with the quark condensate

jhūui þ hs̄sij ¼ Nc

2gK
ðMu þMs −mu −msÞ

following from the gap equation. The kaon weak decay
constant fK in leading order of the chiral expansion is
described by the quark form factor

fK ¼
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π

�Z
1

0

dy
Z

∞

0

dq2⊥
�

1

q2⊥ þ yM2
s þ ȳM2

u

�
½F uðkÞF sðP − kÞ þ F sðkÞF uðP − kÞ�

�
1=2

; ð135Þ

where M ¼ ðMu þMsÞ=2.
In the zero instanton size limit, we can use the transverse cutoff described in Appendix E to analyze the kaon spectra and

their dependence on the UV cutoff explicitly. For instance, the eigenvalue equation for the scalar counterpart of the kaon or
K5 is

ðMu þMsÞ2 −Msms −Mumu

2MuMs
¼ gK

4π2

Z
1

0

dy
Z

Λ2

0

dq2⊥
�

m2
K5

− ðMs þMuÞ2
yȳm2

K5
− ðq2⊥ þ yM2

s þ ȳM2
uÞ
�
: ð136Þ

The mass of K5 is above the cutoff scale, mK5
> Λ, and clearly unbound. In contrast, the pseudoscalar kaons bind. Indeed,

the mass eigenvalue mK is a solution to

1

2

�
ms

Mu
þ mu

Ms

�
¼ ðMu −MsÞ2

2MuMs
−

gK
4π2

Z
1

0

dy
Z

Λ2

0

dq2⊥
�

m2
K − ðMu −MsÞ2

yȳm2
K − ðq2⊥ þ yM2

s þ ȳM2
uÞ
�

¼ ðMu −MsÞ2
2MuMs

þ gK
4π2
½m2

K − ðMu −MsÞ2�
Z

1

0

dy ln

�
1þ Λ2

yM2
s þ ȳM2

u − yȳm2
K

�
ð137Þ

with the condition that ðMs −MuÞ2 ≤ m2
K ≤ ðMu þMsÞ2. The last integration can be carried out explicitly, with the final

result for the zero instanton size

1

2

�
ms

Mu
þmu

Ms

�
¼ðMu−MsÞ2

2MuMs
þ gK
4π2
½m2

K−ðMu−MsÞ2�

2
6664
�
1

2
þM2

s−M2
u

2m2
K

�
ln

�
1þ Λ2

M2
s

�
þ
�
1

2
−
M2

s−M2
u

2m2
K

�
ln

�
1þ Λ2

M2
u

�

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðM2

sþM2
uÞ−m2

K

m2
K

−
ðM2

s−M2
uÞ2

m4
K

s 0
BBB@tan−1

1þM2
s−M2

u

m2
Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðM2
sþM2

uÞ−m2
K

m2
K

− ðM
2
s−M2

uÞ2
m4

K

r þ tan−1
1−M2

s−M2
u

m2
Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðM2
sþM2

uÞ−m2
K

m2
K

− ðM
2
s−M2

uÞ2
m4

K

r
1
CCCA

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Λ2þ2ðM2

sþM2
uÞ−m2

K

m2
K

−
ðM2

s−M2
uÞ2

m4
K

s

×

0
BBB@tan−1

1þM2
s−M2

u
m2

Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4Λ2þ2ðM2

sþM2
uÞ−m2

K
m2

K
− ðM

2
s−M2

uÞ2
m4

K

r þ tan−1
1−M2

s−M2
u

m2
Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4Λ2þ2ðM2
sþM2

uÞ−m2
K

m2
K

− ðM
2
s−M2

uÞ2
m4

K

r
1
CCCA
3
7775: ð138Þ
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In the second line of (137), the finiteness of the q⊥
integration requires the inequality yȳm2

K < yM2
u þ ȳM2

s to
hold. This inequality restricts the range of the y integration.
To ensure the y integration can run over 0 to 1 smoothly, the
kaon mass is constrained as noted.
We show in Fig. 10 the dependence of mK on the current

quark masses mu;ms, as well as the multifermion coupling
gK . Although the current quarkmass of the strange quark s is
substantially larger than that of theu, d quarks, the difference
between the two constituent masses Mu and Ms remains
small. If we expand Eq. (137) in terms of the current mass
differenceΔM=M, whereΔM ¼ ðMs −MuÞ=2, the squared
kaon massm2

K depends linearly on the quark current masses

mu and ms at leading order, leading to the expected GOR
relation

m2
K ¼

mu þms

f2K
jhūui þ hs̄sij þOðΔM4Þ; ð139Þ

where M ¼ ðMu þMsÞ=2, ΔM ¼ ðMs −MuÞ=2, and

jhūui þ hs̄sij ¼ Nc

2gK
ð2M −mu −msÞ: ð140Þ

With the first-order correction of the constituent mass differ-
ence around the chiral limit, the Kaon decay constant is

fK ¼
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π
ln

�
1þ Λ2

M2

�"
1 −

ΔM2

M2

1þ 3Λ2=M2

6ð1þ Λ2=M2Þ2 ln
�
1þ Λ2

M2


þOðΔM4=M4Þ
#
: ð141Þ

In the zero size approximation, the ILM is NJL-like. We
can fix its parameters by fixing the kaon mass, kaon decay
constant, and the ratio between the s and u current mass
ms=mu ¼ 22.7. As a result, the transverse cutoff is fixed to
Λ ¼ 720.1 MeV, slightly higher than ρ ¼ 0.313 fm in the

ILM. The current quark masses are then mu ¼ 12.7 MeV
and ms ¼ 287.2 MeV, and the fermionic coupling is fixed
to gK ¼ 1.418gcrK;NJL. The constituent masses are found to

be Mu ¼ 155.8 MeV and Ms ¼ 466.1 MeV. The quark
condensate will thus be jhūuij1=3 ¼ 170.7 MeV and

FIG. 10. (a) The change in the kaon mass versusms=mu, for differentmu and fixed gK=gcrK ¼ 1.418 in the zero instanton size. (b) Same
as in (a) for fixed mu ¼ 0 MeV and different gK=gcrK in the zero instanton size. (c),(d) Same as in (a),(b) in the ILM with a finite
instanton size.
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jhs̄sij1=3¼158.4MeV. Conversely, by fixing Λ;gK;mu=ms,

the kaon mass and the kaon decay constant are mNJL
K ¼

435 MeV and fNJLK ¼ 155 MeV, respectively.
In Fig. 10(a) we show the behavior of the kaon mass

mK=λ versus the ratio of strange to nonstrange current
masses ms=mu for fixed coupling gK=gcrK;NJL and for
increasing light quark mass mu (bottom to top). In

Fig. 10(a) we show the same ratio for now fixed mu ¼
0 but increasing fermionic coupling gK (top to bottom).
Figures 10(a) and 10(b) are for zero size instantons
but a fixed cutoff Λ. In Figs. 10(c) and 10(d) we
show the same ratios for the ILM with fixed instanton
size ρ.
In the ILM, the boost-invariant cutoff for the kaon

channels is

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðkÞF sðP − kÞ

p
→ F

�
2PþP−

λ2K

�
¼ ½ðzF0ðzÞÞ2�

				
z¼ ρ

2λK

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2⊥þM2

u
x þk2⊥þM2

s
x̄

q ð142Þ

with λK a parameter of order 1. The mass eigenvalue for K5 is fixed by

ðMu þMsÞ2 −Msms −Mumu

2MuMs
¼ gK

2π2
½ðMu þMsÞ2 −m2

K�
Z

1

0

dy
Z

∞

ρ
ffiffiffiffiffiffiffiffiffiffiffiffi
ȳM2

uþyM2
s

p
2λK
ffiffiffi
yȳ
p

dz
z

z2 − ρ2m2
K

4

ðzF0ðzÞÞ4: ð143Þ

Regardless of the chiral limit, the scalar kaon state K5 cannot be formed, due to a repulsive (positive) potential in this
channel. The mass eigenvalue for the pseudoscalar kaon is

1

2

�
ms

Mu
þ mu

Ms

�
¼ ðMu −MsÞ2

2MuMs
þ gK
2π2
½m2

K − ðMu −MsÞ2�
Z

1

0

dy
Z

∞

ρ
ffiffiffiffiffiffiffiffiffiffiffiffi
ȳM2

uþyM2
s

p
2λK
ffiffiffi
yȳ
p

dz
z

z2 − ρ2m2
K

4

ðzF0ðzÞÞ4: ð144Þ

The solution to (144) satisfies the GOR relation in (77). The kaon weak decay constant fK is fixed by (135) in the chiral
limit,

fK ≃
ffiffiffiffiffiffi
Nc
p
π

Mu þMs

2

�Z
1

0

dx
Z

∞

ρ
ffiffiffiffiffiffiffiffiffiffiffiffi
x̄M2

uþxM2
s

p
2λK
ffiffiffi
xx̄
p

dzz3ðF0ðzÞÞ4
�
1=2

ð145Þ

With the empirical inputs fK ¼ 156.4 MeV, mK ¼ 445.0 MeV, and ρ ¼ 630 MeV−1, we fix the ILM parameters in
the kaon sector. λK is fixed to be 3.970 in the chiral limit. The light current quark mass is mu ¼ 12.3 MeV and
ms ¼ 296.9 MeV. The fermionic coupling is gK ¼ 1.542gcrK;RIV. The constituent mass with fixed current massesmu,ms and
fixed coupling is Mu ¼ 366.1 MeV and Ms ¼ 605.8 MeV. The quark condensate for u and s quarks are jhūuij1=3 ¼
257.2 MeV and jhs̄sij1=3 ¼ 283.5 MeV.

C. Kaon DAs and PDFs

The positive kaon LFWFs are generically of the form

ϕKþðx; k⊥Þ ¼
1ffiffiffiffiffiffiffiffi
2xx̄
p CK

m2
K − k2⊥þxM2

sþx̄M2
u

xx̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F uðkÞF sðP − kÞ

p
; ð146Þ

where CK is the normalization constant determined by (53). They enter in the definition of the kaon PDFs in the leading
twist-2 approximation, as defined by
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qKðxÞ ¼
Z

dξ−

4π
e−ixP

þξ−hKðPÞjψ̄ðξ−ÞγþWðξ−; 0Þψð0ÞjKðPÞi

¼
Z

d2k⊥
ð2πÞ3

X
s1;s2

jΦKðx; k⊥; s1; s2Þj2; ð147Þ

where the gauge link Wðξ−; 0Þ ¼ exp ½−ig R ξ−0 dη−Aþðη−Þ� is to 1. In the case of meson PDFs, quark and antiquark
distributions are related by the charge symmetry

q̄XðxÞ ¼ qX̄ðxÞ ¼ qXð1 − xÞ ¼ q̄X̄ð1 − xÞ:

For charged positive kaons, the u quark PDF is

uKþðxÞ ¼
1

4π2

Z
∞

0

dk2⊥
1

xx̄

				 CK

m2
K − k2⊥þxM2

sþx̄M2
u

xx̄

				2 k2⊥ þ x2M2
s þ 2xx̄MsMu þ x̄2M2

u

xx̄
F uðkÞF sðP − kÞ

¼ C2
K

4π2

Z
∞

0

dk2⊥
k2⊥ þ x2M2

s þ 2xx̄MsMu þ x̄2M2
u

½xx̄m2
K − ðk2⊥ þ xM2

s þ x̄M2
uÞ�2

F uðkÞF sðP − kÞ: ð148Þ

In the ILM, the result is

uKþðxÞ ¼
C2
K

2π2

Z
∞

ρ
ffiffiffiffiffiffiffiffiffiffiffiffi
x̄M2

uþxM2
s

p
2λK
ffiffiffi
xx̄
p

dz
z2 − ρ2

4λ2K
ðMs −MuÞ2�

ρ2m2
K

4λ2K
− z2



2

z5ðF0ðzÞÞ4: ð149Þ

Note that charge symmetry implies

uKþðxÞ ¼ ūK−ðxÞ ¼ s̄Kþð1 − xÞ ¼ sK−ð1 − xÞ:

Due to the unequal masses of the u and s quarks, the heavier s quark will carry more momentum fraction inside the kaon.
Thus, the positive kaon PDF uKþðxÞ will tilt to a small x region.
For comparison, (149) for zero size instantons, and using the transverse cutoff detailed in Appendix F, reduces to

uKþðxÞ ¼
C2
K

4π2
θðxx̄Þ

� ðm2
K − ðMs −MuÞ2Þxx̄Λ2

ðxM2
s þ x̄M2

u − xx̄m2
KÞðxM2

s þ x̄M2
u þ Λ2 − xx̄m2

KÞ
þ ln

�
1þ Λ2

xM2
s þ x̄M2

u − xx̄m2
K

��
: ð150Þ

The normalization constant CK is related to the effective kaon-quark coupling. In leading order in an expansion using
ΔM=M expansion, we have

CK ¼ −
ffiffiffiffiffiffiffiffi
2Nc
p

M
fK

 
1 −

m2
KΛ2

M4
�
1þ Λ2

M2



ln
�
1þ Λ2

M2


þOðΔM2=M2; m2
K=M

2Þ
!
: ð151Þ

In the chiral limit, CK satisfies the Goldberger-Treiman relation.

D. Kaon PDF evolution

As we noted earlier for the pion, the PDFs in the ILM are
defined at a low renormalization scale μ0, below the
instanton size resolution 1=ρ ∼ 631 MeV. To compare
our result with the experiments in [38,65,66], we evolve
the PDFs in (99) and (103) starting from μ0 ¼ 313 MeV.
The evolution will be carried to 2 GeV to compare with the

available lattice data [67] as well. Since our analysis
reduced the PDFs to their valence quark content, only
quark splitting will be considered in the DGLAP evolution.
A more realistic evolution, starting from this low renorm-
alization, may require the iteration of the instanton inter-
action as recently suggested in [16]. This point will be
considered elsewhere.
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In Fig. 11(a) we show the kaon PDF at a low renormal-
ization point μ0 ¼ 0.313 GeV. The displayed results are
for fixed fermion coupling gK and light u quark mass
mu ¼ 12.7 MeV, with increasing strange quark mass (bot-
tom to top starting from the left). In Figs. 11(b) and 11(c) we
show the DGLAP evolution of the result with mK ¼
435 MeV from μ ¼ μ0 ¼ 0.313 GeV to μ ¼ 4 GeV (bot-
tom to top starting from the left). All Figs. 11(a)–11(c) are
carried with zero size instantons but a finite cutoff Λ. The
analogous results for the ILM with a finite size instanton
ρ ¼ 0.313 fm are shown in Figs. 11(d)–11(f). With increas-
ing strange quark mass, the PDF is skewed in favor of s̄.
In Fig. 12(a) we show our results for the ratio of the u

quark PDF in Kþ to that in πþ versus parton-x, in

comparison to experimental data and lattice measurements.
The experimental data are from CERN-NA3 [68] (red dots)
which measure the muon pair production within the
invariant mass cut between 4.1 and 8.5 GeV to eliminate
the meson production on resonance. The lattice measure-
ments are those reported by the MSULAT [69] (purple
band) using LaMET at μ ¼ 5.2 GeV. Our DGLAP evolved
result from μ ¼ μ0 ¼ 0.313 GeV to μ ¼ 5.2 GeV corre-
sponds to the zero instanton size limit (solid blue curve),
the ILM with finite instanton size (solid orange curve), and
the LaMET in the ILM [54,55] (solid green curve). For
additional comparison, we show the results from the
Dyson-Schwinger equation with full Bethe-Salpeter wave
function from [70] (black dashed curve).

FIG. 11. (a) The kaon charged PDF versus x in the zero instanton size limit for fixed coupling andmu but varyingms=mu. (b) DGLAP
evolution from μ0 ¼ 0.313 GeV to μ ¼ 4 GeV, of the kaon charged PDF versus x in the zero instanton size limit for fixed kaon mass
mK ¼ 435 MeV. (c) Same as (b) for the charged kaon momentum distribution. (d)–(f) Same as (a)–(c) for the charged kaon in the ILM
with a finite instanton size ρ ¼ 0.313 fm.
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E. ERBL evolution of kaon DA

The kaon DAs are also tied to the kaon LFWFs,

ϕKðxÞ ¼ −i
Z

dξ−

2π
eixP

þξ−h0jψ̄ð0Þγþγ5 τaffiffiffi
2
p Wð0; ξ−Þψðξ−ÞjKaðPÞi

¼
ffiffiffiffiffiffi
Nc
pffiffiffi
2
p

π2

Z
dk2⊥

ϕKðx; k⊥Þffiffiffiffiffiffiffiffi
2xx̄
p ½xMsF sðP − kÞ þ x̄MuF uðkÞ� ð152Þ

with the standard normalization

h0jψ̄γþγ5 τaffiffiffi
2
p ψ jKaðPÞi ¼ ifKPþ: ð153Þ

In the ILM, the kaon DA is

ϕKðxÞ ¼
ffiffiffiffiffiffi
Nc
p ðxMs þ x̄MuÞ

2
ffiffiffi
2
p

π2

Z
∞

0

dk2⊥
CK

xx̄m2
K − ðk2⊥ þ xM2

s þ x̄M2
uÞ
F uðkÞF sðP − kÞ: ð154Þ

From the normalization condition of the kaon DA, we can extract the kaon mass dependence of the kaon weak decay
constant,

fKðmKÞ
fK

¼

2
64

R
1
0 dx

R∞
0 dk2⊥

�
1

k2⊥þx̄M2
uþxM2

s−xx̄m2
K



F uðkÞF sðP − kÞ�R

1
0 dx

R∞
0 dk2⊥

ðk2⊥þx̄M2
uþxM2

sÞ
ðk2⊥þx̄M2

uþxM2
s−xx̄m2

KÞ2
F uðkÞF sðP − kÞ

�
1=2

3
75

×

�Z
1

0

dx
Z

∞

0

dk2⊥
�

1

k2⊥ þ x̄M2
u þ xM2

s

�
F uðkÞF sðP − kÞ

�
−1
2 ð155Þ

with fK ¼ fπ given in (75). In the ILM, the kaon DA is

ϕKþðxÞ ¼
ffiffiffiffiffiffi
Nc
p ðxMs þ x̄MuÞffiffiffi

2
p

π2
CK

Z
∞

ρ
ffiffiffiffiffiffiffiffiffiffiffiffi
x̄M2

uþxM2
s

p
2λK
ffiffiffi
xx̄
p

dz
z5

ρ2m2
K

4λ2K
− z2
ðF0ðzÞÞ4: ð156Þ

Its evolution, starting from μ0 ¼ 313 MeV, will also follow from (C2) in the ERBL regime.

FIG. 12. (a) The ratio of positive charge kaon to pion PDF versus parton x, in the zero instanton size limit, with mK ¼ 435 MeV and
evolved to μ ¼ 5.2 GeV (solid blue curve), in the ILM with finite instanton size ρ ¼ 0.318 fm with mK ¼ 431 MeV and evolved to
μ ¼ 5.2 GeV (solid orange curve). The comparison is to the results of the ILM using the LaMET extraction in [54,55] and evolved to
μ ¼ 5.2 GeV (solid green curve) and the results from the Dyson-Schwinger equation with full Bethe-Salpeter wave function [70]
(dashed black curve). The data for the measured ratio (red) are from [68] using muon pair production and using the invariant mass cuts
between 4.1 and 8.5 GeV to eliminate the meson production on resonance. The recent lattice data MSULAT (purple band) are from [69]
using the LaMET construction at μ ¼ 5.2 GeV. (b) The same as in (a) but for the strange quark momentum distribution for the negative
kaon xsK−ðxÞ versus x.
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For completeness, we note that in the zero instanton size limit, the form factor will reduce to the transverse cutoff
discussed in Appendix F, with the result for the kaon DA as

ϕKþðxÞ ¼
ffiffiffiffiffiffi
Nc
p ðxMs þ x̄MuÞ

2
ffiffiffi
2
p

π2
θðxx̄Þ

Z
Λ2

0

dk2⊥
CK

xx̄m2
K − ðk2⊥ þ xM2

s þ x̄M2
uÞ

¼ −
ffiffiffiffiffiffi
Nc
p ðxMs þ x̄MuÞCK

2
ffiffiffi
2
p

π2
θðxx̄Þ ln

�
1þ Λ2

xM2
s þ x̄M2

u − xx̄m2
K

�
ð157Þ

with ϕK−ðxÞ ¼ ϕKþð1 − xÞ. The kaon decay constant fK simplifies to

fK ¼ CK

ffiffiffiffiffiffi
Nc
p

M

2
ffiffiffi
2
p

π2

Z
1

0

dx
xMs þ x̄Mu

M
ln

�
1þ Λ2

xM2
s þ x̄M2

u − xx̄m2
K

�
: ð158Þ

In Fig. 13(a) we show the kaon DA at the low
renormalization point μ0 ¼ 0.313 MeV with increasing
quark mass (top to bottom from the left). The results are
for instantons of zero size, a fixed cutoff Λ, a fixed fermion
coupling gS, and a light quark mass mu ¼ 12.7 MeV. In
Fig. 13(b) the same results for mK ¼ 435 MeV are evolved
from μ ¼ μ0 ¼ 0.313 GeV to μ ¼ 6 GeV (top to bottom
from the left). Figures 13(c) and 13(d) are the results for the
ILM with a finite instanton size, with a slight difference in
the input parameters.

In Fig. 14 our results for the kaon DA are compared to
the recent lattice results MSULAT [60] using LaMET
(purple band). Our results are for instantons of zero size
evolved to μ ¼ 2 GeV (blue solid curve), the ILM with
finite size instantons (orange solid curve), and the ILM
using the LaMET construction [54,55] (solid green curve).
For further comparison, we show the asymptotic QCD
result of 6xx̄ [56] (dashed red curve) and the results from
the Dyson-Schwinger equation with Bethe-Salpeter wave
functions [59] (dashed black curve).

FIG. 13. (a) The positive charged kaon DA versus parton-x for fixed coupling gS=gcrK ¼ 1.418 and fixed mu ¼ 12.7 MeV but with
different ratiosms=mu in the zero instanton size limit. (b) The positive charged kaon DAversus parton-x for fixedmK ¼ 435 MeV using
the ERBL evolution from the initial μ ¼ 0.313 GeV to μ ¼ 6 GeV. (c),(d) Same as (a),(b) but in the ILM for a fixed instanton size
ρ ¼ 0.313 fm.
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X. CONCLUSIONS

We presented a comprehensive analysis of the sponta-
neous breaking of chiral symmetry on the light front in the
context of the ILM with induced nonlocal multifermion
interactions. The new element in the light front analysis is
the splitting of the effective fermion fields into good plus
bad components, with the latter nonpropagating in the
light front direction. It is a constraint that, once elimi-
nated, generates additional multifermion interactions
between solely the good fermionic components in the
emergent multiflavor and nonlocal ’t Hooft interaction.
This construction generalizes the original arguments
presented in [39–41] using local NJL interactions. The
nonlocality is important in the characterization of the
partonic distributions.
In the mean-field approximation (leading contribution in

1=Nc), the spontaneous breaking of chiral symmetry
parallels that in the rest frame. A running constituent mass
and chiral condensates are generated, that are identical to
the ones derived in the rest frame, thanks to boost
invariance. More importantly, we have shown that the pion
and kaon DAs and PDFs derived on the light front in the
mean-field approximation are all in agreement with those
established in the ILM using the LaMET construction.
The results we presented for the pion and kaon partonic

distributions are all evaluated at a low factorization scale
μ0 < 1=ρ ∼ 630 MeV. A comparison with experimental
data and lattice results at larger scales requires evolution.
For simplicity, we assumed that factorization holds at this
relatively low scale and used perturbative QCD evolution.
Good agreements with the existing data for the pion and
kaon were found.

The present analysis of the pion and kaon parton
distributions relies on the mean-field approximation in
the ILM. It is the leading contribution in a 1=Nc book-
keeping analysis, that can be improved a priori. Clearly, the
present analysis can be extended to study the formation of
light diquarks on the light front, as well the nucleon and
delta baryons.
A major goal of the upcoming physics at the electron ion

collider (EIC) is to understand the partonic composition of
nucleons and nuclei as they enter in their composition of
mass and spin. The present analysis shows that for pions
and kaons, most of their composition follows from the
QCD vacuum. At low resolution, it is mostly due to the
emerging multifermion ’t Hooft interactions induced by
the light quark zero modes as captured by the ILM. The
pion and kaon longitudinal parton distributions are sensi-
tive to the nature of the quark zero modes in the vacuum.
Contrary to common lore, on the light front the vacuum

is anything but trivial. Its main effect is to induce the
spontaneous breaking of chiral symmetry with a running
constituent quark mass for the valence partons. It also,
induces nonperturbative multifermion interactions among
the flying leading partons and a scalar chiral condensate
much like in the rest frame. How this analysis in the context
of the ILM squares with the recently suggested superfluid
at zero x-parton [52] would be of future interest.
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FIG. 14. Evolution of the negative kaon DA in (157) with mK ¼ 435 MeV from μ ¼ 0.313 GeV to μ ¼ 2 GeV in the zero instanton
size limit (solid blue curve) and in the ILMwith a finite instanton size in (156) withmK ¼ 431 MeV (solid orange curve). The results are
compared to those obtained also from the ILM (solid green curve) using the LaMET construction in [54,55], also evolved to μ ¼ 2 GeV.
The results using the Dyson-Schwinger equation with Bethe-Salpeter wave functions (dashed black curve) are from [59]. The QCD
asymptotic result of 6xx̄ (dashed red curve) is from [56]. The recent lattice data MSULAT (purple band) are from [60] using the LaMET
construction.
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APPENDIX A: CONVENTIONS USED ON THE LF

Throughout this paper, our conventions of the light front
frame follows Kogut-Soper convention based on the Weyl
chiral basis of the gamma matrices,

γ0 ¼
�
0 1

1 0

�
; γi ¼

�
0 σi

−σi 0

�
: ðA1Þ

The light front components are normalized to be

γ� ¼ γ0 � γ3ffiffiffi
2
p ðA2Þ

with light front projection defined by

Pþ ¼
1

2
γ−γþ ¼

0
BBB@

1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 1

1
CCCA ðA3Þ

and P− ¼ 1 − Pþ. The free LF spinors for the quarks and
antiquarks are

usðpÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
p

pþ
q ðpþMÞ

�
χs

χs

�
ðA4Þ

and

vsðpÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
p

pþ
q ðp −MÞ

�
2sχs
−2sχs

�
; ðA5Þ

respectively, with χs a 2-spinor with a spin pointing in the z
direction and M the constituent quark mass.
To denote the spin states in the creation of a quark-

antiquark pair, the matrix elements with different spin states
can be written as a matrix with ½s1s2� entries,

ūs1ðkÞvs2ðP − kÞ ¼ 1ffiffiffiffiffi
xx̄
p

�
kL Mðx̄ − xÞ

Mðx̄ − xÞ −kR

�
ðA6Þ

for the scalar, and

ūs1ðkÞiγ5vs2ðP − kÞ ¼ iffiffiffiffiffi
xx̄
p

�−kL M

−M −kR

�
ðA7Þ

for the pseudoscalar, with kL=R ¼ k1 ∓ ik2 and x ¼ kþ=Pþ

the quark momentum fraction on the LF. Similarly, for the
quark-quark pair, the spin matrix elements with entries ½s0s�
are

ūs0 ðpÞusðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
pþkþ

p 0
B@M

�
1
pþ þ 1

kþ



pL
pþ −

kL
kþ

kR
kþ −

pR
pþ M

�
1
pþ þ 1

kþ



1
CA;

ðA8Þ

ūs0 ðpÞγ5usðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
pþkþ

p 0
B@M

�
1
pþ −

1
kþ



kL
kþ −

pL
pþ

kR
kþ −

pR
pþ −M

�
1
pþ −

1
kþ



1
CA;

ðA9Þ

v̄sðkÞvs0 ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
pþkþ

p 0
B@−M

�
1
pþ þ 1

kþ



kL
kþ −

pL
pþ

pR
pþ −

kR
kþ −M

�
1
pþ þ 1

kþ



1
CA;

ðA10Þ

v̄sðkÞγ5vs0 ðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
pþkþ

p 0
B@−M

�
1
pþ −

1
kþ



pL
pþ −

kL
kþ

pR
pþ −

kR
kþ M

�
1
pþ −

1
kþ



1
CA:

ðA11Þ

The lowest Fock states for the scalar σ and pseudoscalar
π are explicitly

jσ; Pi ¼ 1ffiffiffiffiffiffi
Nc
p

Z
1

0

dxffiffiffiffiffiffiffiffi
2xx̄
p

Z
d2k⊥
ð2πÞ3 fϕ

0
σðx; k⊥Þ½b†↑ðkÞc†↓ðP − kÞ þ b†↓ðkÞc†↑ðP − kÞ�

þ ϕþ1σ ðx; k⊥Þb†↑ðkÞc†↑ðP − kÞ þ ϕ−1
σ ðx; k⊥Þb†↓ðkÞc†↓ðP − kÞgj0i; ðA12Þ

jπ; Pi ¼ 1ffiffiffiffiffiffi
Nc
p

Z
1

0

dxffiffiffiffiffiffiffiffi
2xx̄
p

Z
d2k⊥
ð2πÞ3 fϕ

0
πðx; k⊥Þ½b†↑ðkÞc†↓ðP − kÞ − b†↓ðkÞc†↑ðP − kÞ�

þ ϕþ1π ðx; k⊥Þb†↑ðkÞc†↑ðP − kÞ þ ϕ−1
π ðx; k⊥Þb†↓ðkÞc†↓ðP − kÞgj0i; ðA13Þ

with the light front normalizations subsumed, provided that
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Z
1

0

dx
Z

d2k⊥
ð2πÞ3 jϕ

0
σj2 þ jϕþ1σ j2 þ jϕ−1

σ j2 ¼ 1 ðA14Þ

and

Z
1

0

dx
Z

d2k⊥
ð2πÞ3 jϕ

0
πj2 þ jϕþ1π j2 þ jϕ−1

π j2 ¼ 1: ðA15Þ

Each spin-wave function can also be redefined to extract out the corresponding normalization of their spin state with

ϕ0
σ ¼

Mðx̄ − xÞffiffiffiffiffi
xx̄
p ϕσ; ϕþ1σ ¼

kLffiffiffiffiffi
xx̄
p ϕσ; ϕ−1

σ ¼
−kRffiffiffiffiffi
xx̄
p ϕσ ðA16Þ

and

ϕ0
π ¼

iMffiffiffiffiffi
xx̄
p ϕπ; ϕþ1π ¼

−ikLffiffiffiffiffi
xx̄
p ϕπ; ϕ−1

π ¼
−ikRffiffiffiffiffi
xx̄
p ϕπ: ðA17Þ

APPENDIX B: TWO-BODY ’T HOOFT HAMILTONIAN ON THE LIGHT FRONT

The general form of the two-body bound state equation can be written as

Z
dqþd2q⊥
ð2πÞ3 Ĥs1s2s01s

0
2
ðk; P − k; q; P − qÞΦXðq; P − q; s01; s

0
2Þ ¼ m2

XΦXðk; P − k; s1; s2Þ; ðB1Þ

where the light front Hamiltonian in the momentum space is

Ĥs1s2s01s
0
2
ðk; P − k; k0; P − k0Þ ¼

�
k2⊥ þM2

x
þ k2⊥ þM2

x̄

�
ð2πÞ3δ3þðk − k0Þ þ 1ffiffiffiffiffiffiffiffi

2xx̄
p Vs1;s2;s01;s

0
2
ðk; P − k; k0; P − k0Þ 1ffiffiffiffiffiffiffiffi

2yȳ
p

Pþ

ðB2Þ

for a pair of identical constituents. The labels 1, 2 refer to the two constituents. To address the s-channel and t-channel on
equal footing, we use the Fierze rearranged instanton induced ’t Hooft interaction,

L0tHooft ¼
G

8ðN2
c − 1Þ

�
N2

c − 1

N2
c
½ðψ̄ψÞ2 − ðψ̄iγ5ψÞ2 − ðψ̄τaψÞ2 þ ðψ̄iγ5τaψÞ2�

þ Nc − 2

4Nc
½ðψ̄λαψÞ2 − ðψ̄iγ5λαψÞ2 − ðψ̄λατaψÞ2 þ ðψ̄iγ5τaλαψÞ2� þ 1

8
ðψ̄σμνλαψÞ2 − 1

8
ðψ̄σμνλατaψÞ2

�
: ðB3Þ

1. s-channel

The interaction in the s-channel follows solely from the first contribution in (B3) through the substitution
ðψ̄ψÞ2 → ū10v20 v̄2u1,

VS
s1;s2;s01;s

0
2
ðk1; k2; k01; k02Þ ¼ −

G
4ðN2

c − 1Þ ½αþðP
þÞūs0

1
ðk01Þvs02ðk02Þv̄s2ðk2Þus1ðk1Þ − α−ðPþÞūs0

1
ðk01Þτavs02ðk02Þv̄s2ðk2Þτaus1ðk1Þ

− α−ðPþÞūs1ðk1Þiγ5vs2ðk2Þv̄s02ðk02Þiγ5us01ðk01Þ þ αþðPþÞūs1ðk1Þiγ5τavs2ðk2Þv̄s02ðk02Þiγ5us01ðk01Þ�
ðB4Þ

in leading order in 1=Nc. The colored vertices in (B3) do not contribute in the s-channel to this order, since the bound two-
body eigenstate is colorless. The extra vertex factors of α�ðPþÞ resum the tadpoles.
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2. t-channel

The interaction in the t-channel follows from the second and third contributions in (B3), through the substitution
ðψ̄ψÞ2 → −ū10u1v̄2v20 ,

VT
s1;s2;s01;s

0
2
ðk1;k2;k01;k02Þ¼

G
4ðN2

c−1Þð1− τa1τ
a
2Þ
�
N2

c−1

2Nc
ðūs1ðk1Þus01ðk01Þv̄s02ðk02Þvs2ðk2Þ− ūs0

1
ðk01Þiγ5us1ðk1Þv̄s2ðk2Þiγ5vs02ðk02ÞÞ

þN2
c−1

4Nc
ūs0

1
ðk01Þσμνus1ðk1Þv̄s2ðk2Þσμνvs02ðk02Þ

�
ðB5Þ

also in leading order in 1=Nc. The minus sign arises from Fermi statistics. We made use of the color averaging hλα1 · λα2i ¼
2 N2

c−1
Nc

in the t-channel, since the interaction kernel acts on a color-singlet two-body eigenstate.

3. Eikonal approximation

In the eikonal or large momentum limit, kþ1 ≈ k0þ1 and kþ2 ≈ k0þ2 as the in-out particles fly on straight trajectories. The
bound state equation simplifies by replacing the y dependence in the interaction kernel by x, with the result

m2
XΦXðx; k⊥; s1; s2Þ ¼

k2⊥ þM2

xx̄
ΦXðx; k⊥; s1; s2Þ −

1

2xx̄

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðkÞF ðP − kÞ

p Z
1

0

dy

×
Z

d2q⊥
ð2πÞ3

X
s;s0

�
VS=T
s1;s2;s;s0

ðk; P − k; q; P − qÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F ðqÞF ðP − qÞ

p �				
x¼y

ΦXðy; q⊥; s; s0Þ: ðB6Þ

In coordinate space, the LFWF is defined as

Φðξ−; b⊥Þ ¼
Z

dxd2k⊥
ð2πÞ3 Φðx; k⊥Þe−ixPþξ−þik⊥·b⊥ ðB7Þ

and the bound state equation is now a standard Schrödinger equation,

�
−∇2⊥ þM2

xx̄
δs1s01δs2s02 þ V̂s1s2;s01s

0
2
ðξ−; b⊥Þ

�
ΦXðξ−; b⊥; s01; s02Þ ¼ m2

XΦXðξ−; b⊥; s1; s2Þ ðB8Þ

with the spin-flavor-dependent potential

V̂ðξ−; b⊥Þ ¼ −2gSð1 − τa1τ
a
2Þ

1

2xx̄
F 2

�
−∇2⊥ þM2

xx̄

�
Vð1; 2Þ: ðB9Þ

The momentum fraction in coordinate space is 1
x ¼ −i

∂−
with ∂− ¼ 1

Pþ
∂

∂ξ−. In the large Nc limit, the interaction kernel in (B9)
simplifies to
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Vð1; 2Þ ¼
�
M11M12 −

1

2
ðσ1⊥ ×∇⊥ÞðM12Þ þ

1

2
ðM11Þðσ2⊥ × ∇⊥Þ

−
1

4
ðσ1⊥ × ∇⊥Þðσ2⊥ ×∇⊥Þ −

1

4
ðiσ1⊥ · ∇⊥Þðiσ2⊥ · ∇⊥Þ

�
δ2ðb⊥Þ

−
�
Mσ1zMσ2z þ

1

2
ðiσ1⊥ · ∇⊥ÞðMσ2zÞ −

1

2
ðMσ1zÞðiσ2⊥ ·∇⊥Þ

−
1

4
ðiσ1⊥ ·∇⊥Þðiσ2⊥ ·∇⊥Þ −

1

4
ðσ1⊥ ×∇⊥Þðσ2⊥ ×∇⊥Þ

�
δ2ðb⊥Þ

þ ½ðMσ1⊥σ2z −Mσ1zσ2⊥Þ · i∇⊥ þ ðσ1⊥ ·∇⊥Þðσ2⊥ ·∇⊥Þ − ðσ1⊥ ×∇⊥Þðσ2⊥ ×∇⊥Þ�δ2ðb⊥Þ

þ 1

2
½ðσ1⊥ ·∇⊥δ2ðb⊥ÞÞðσ2⊥ · ∇⊥Þ þ ðσ1⊥ ·∇⊥Þðσ2⊥ ·∇⊥δ2ðb⊥ÞÞ�

−
1

2
½ðσ1⊥ × ∇⊥δ2ðb⊥ÞÞðσ2⊥ ×∇⊥Þ þ ðσ1⊥ ×∇⊥Þðσ2⊥ ×∇⊥δ2ðb⊥ÞÞ�: ðB10Þ

The first two lines in (B10) stem from the nontensor parts in (B3), in agreement with [14]. The remaining contributions in
(B3) are from the tensor part in (B3). Note that the minus sign from the Fermi statistics is compensated by the minus sign
from the antispinor contraction v̄v, with net attraction in the t-channel for the pion and sigma.

APPENDIX C: DGLAP EVOLUTION AND ERBL EVOLUTION

Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) evolution is governed by

μ
d
dμ

�
qðx; μÞ
gðx; μÞ

�
¼
X
q0

αsðμÞ
π

Z
1

x

dy
y

�
Pqq0 ðx=yÞ Pqgðx=yÞ
Pgq0 ðx=yÞ Pggðx=yÞ

��
q0ðy; μÞ
gðy; μÞ

�
ðC1Þ

with the splitting functions defined as follows:

PqqðxÞ ¼ CF

�
1þ x2

ð1 − xÞþ
þ 3

2
δð1 − xÞ

�
;

PqgðxÞ ¼
1

2
½x2 þ ð1 − xÞ2�;

PgqðxÞ ¼ CF

�
1þ ð1 − xÞ2

x

�
;

PggðxÞ ¼ 2CA

�
x

ð1− xÞþ
þ 1− x

x
þ xð1− xÞ

�
þ β0

2
δð1− xÞ;

where CF ¼ N2
c−1
2Nc

, CA ¼ Nc, and the one loop running

coupling β0 ¼ 11
3
Nc − 2

3
nf.

The full evolution of the quark parton distribution inside
a hadron is described by the DGLAP equations. At low
energy, where the valence degrees of freedom dominate,
the valence quark distribution is sufficient to describe the
hadronic structure. Only the quark-to-quark splitting
process denoted by PqqðxÞ, has to be taken into account.
As the energy scale increases, the sea quark and gluon
production spreads the momentum distribution on more
partons, effectively shifting the momentum valence quark

distribution to small x, and eventually softening the
x ¼ 1 tail behavior.
On the other hand, the evolution of the light front wave

function and its associated distribution amplitudes is
governed by the Efremov-Radyushkin-Brodsky-Lepage
(ERBL) equation, which expands the LFWF and DA from
the asymptotic form 6xð1 − xÞ, in a complete basis of
Gegenbauer polynomials,

ϕðx;QÞ ¼ 6xx̄
X∞
n¼0

anðQ0Þ
�
αsðQ2Þ
αsðQ2

0Þ
�

γn=β0
C3=2
n ðx − x̄Þ:

ðC2Þ

The anomalous dimension associated with the evolution is
defined as

γn ¼ CF

�
−3þ 4

Xnþ1
j¼1

1

j
−

2

ðnþ 1Þðnþ 2Þ
�
; ðC3Þ

where
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αsðQÞ ¼
4π

β0 ln

�
Q2

Λ2
QCD

�

and ΛQCD ¼ 226 MeV. Cm
n ðzÞ are Gegenbauer polyno-

mials. Due to the orthogonality of the Gegenbauer poly-
nomials, the initial coefficients can be evaluated by

anðQ0Þ ¼
2ð2nþ 3Þ

3ðnþ 1Þðnþ 2Þ
Z

1

0

dyC3=2
n ðy − ȳÞϕðy;Q0Þ:

ðC4Þ

APPENDIX D: RANDOM INSTANTON VACUUM

Here we briefly review the emergence of the running
constituent quark massMðkÞ in the ILM by resummation of
the leading 1=Nc contributions [7,9]. The analysis is in the
rest frame in Euclidean signature. For a sufficiently dilute
vacuum composed of instantons and anti-instantons, the
gauge fields are

AðxÞ ¼
XN−

I¼1
AIðxÞ þ

XNþ
Ī

AĪðxÞ; ðD1Þ

where I; Ī refer to the instanton and anti-instanton moduli.
More specifically, each instanton is localized at zI , with size
ρI and color orientation UI

AIðxÞ ¼ UIAðx − zI; ρIÞU†
I : ðD2Þ

For a topologically neutral vacuum, the mean number of
instantons match that of the anti-instantons Nþ ¼ N−.
Light quarks in the ILM scatter randomly at each

instanton and anti-instanton site, with the light quark
propagator

Sðx; yÞ ¼


hxj 1

−i=∂ − =A − im
jyi
�

A
ðD3Þ

averaged over (D1) with N ¼ Nþ þ N− fixed in an
Euclidean 4-volume V. The average runs the entire instan-
ton ensemble with equal sampling. The planar rescattering
contributions to the light quark propagator in leading order
in 1=Nc counting gives [7,71]

S−1 − S−10 ¼
N

2NcV
hxj
�X

I

Z
d4zIdUI

1

S − =A−1
I
þ
X
Ī

Z
d4zĪdUĪ

1

S − =A−1
Ī

�
jyi ðD4Þ

with the apparent diluteness factor ρ4N=NcV ∼ κIþĪ=Nc.
The dominant contribution to (D4) stems from the quark
zero modes with a running constituent quark mass [54]

Mðk;mÞ ¼ mþ Mð0; 0Þ
ð1þ ξ2Þ1=2 þ ξ

× ½zðI0ðzÞK0ðzÞ − I1ðzÞK1ðzÞÞ0�2
			
z¼kρ

2

ðD5Þ

with

ξ ¼ NcmMð0; 0Þ
4π2ρ2N=V

:

If we define M ¼ Mð0; mÞ and Mðk2Þ ¼ Mðk;mÞ, then

Mðk2Þ ¼ MðzF0ðzÞÞ2 þm½1 − ðzF0ðzÞÞ2�
			
z¼kρ

2

ðD6Þ

with

FðzÞ ¼ I0ðzÞK0ðzÞ − I1ðzÞK1ðzÞ

the profile of the quark zero mode in singular gauge. The
running quark mass asymptotes the current mass m

for kρ ≫ 1, and reduces to the constant mass M for
kρ ≪ 1.

APPENDIX E: GAP EQUATION FOR ZERO
INSTANTON SIZE

In the zero instanton size limit, the induced form factor
from the quark zero modes F ðk2Þ → 1 and the induced
’t Hooft effective interactions become local in Euclidean
space. While their continuation to Minkowski space is
straightforward, they lead to diverging results both in the IR
and UV in the mean-field treatment. This situation is
familiar for local fermionic or NJL type interactions in
the rest frame, and therefore carry to the light front.
For virtual loops with running momenta k in Euclidean

space, the cutoff choice should preserve Oð4Þ symmetry,
which naturally means

ffiffiffiffiffi
k2
p

< ΛE. For virtual loops in
Minkowski space, the cutoff should preserve boost invari-
ance on the light front, which translates to

ffiffiffi
2
p

k� < Λ or
equivalently [40,41]

k2⊥ þM2ffiffiffi
2
p

Λ
< kþ <

Λffiffiffi
2
p : ðE1Þ
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The lower bound follows from the on-shell condition k2 ¼ 2kþk− − k2⊥ ¼ M2.
With this in mind, the diverging integrals in (45) and (47) after the boost-invariant regularization yield

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

θðΛ=
ffiffiffi
2
p

− kþÞθðΛ=
ffiffiffi
2
p

− k−Þ
					
k−¼k2⊥þM2

2kþ

¼ Λ2

4π2

�
1 −

M2

Λ2
þM2

Λ2
ln
M2

Λ2

�
: ðE2Þ

As a result, the gap equation in the zero instanton size
limit is

m
M
¼ 1 −

gSΛ2

2π2

�
1 −

M2

Λ2
þM2

Λ2
ln
M2

Λ2

�
ðE3Þ

and the quark condensate hψ̄ψi is

hψ̄ψi
Λ3
¼ −

Nc

2π2

�
M
Λ

��
1 −

M2

Λ2
þM2

Λ2
ln
M2

Λ2

�
: ðE4Þ

A nonzero constituent quark mass M develops whenever
the fermionic interaction is sufficiently attraCtive with
gS > gcrS;NJL ¼ 2π2

Λ2 .
In Fig. 15(a) we show the dependence of the constituent

quark mass M=Λ versus the current quark mass m=Λ, with
increasing fermionic coupling gS (bottom to top from left)
for a fixed cutoff Λ and a critical coupling gcrS;NJL ¼ 2π2=Λ2.
The same display for the chiral condensate is shown in In
Fig. 15(b).

APPENDIX F: BOUND STATES FOR ZERO
INSTANTON SIZE

In the zero instanton size limit, the emergent form factor
from the quark zero modes reduces to 1, F → 1. To

regulate the vacuum or zero-body integrals to one loop,
we use the parity-even and boost-invariant sharp cutoff
discussed in Appendix E. In an n-body state on the light
front, the natural cutoff from time ordered perturbation
theory relates to the light front energy K− ¼Pi k

−
i of free

valence quarks [51],

K− ¼
Xn
i¼1

k2⊥i þM2
i

xiKþ
< 2Λ2: ðF1Þ

Here k⊥i and xi, are the transverse momentum and the
longitudinal momentum fraction of the valence parton-i,
respectively. This cutoff is boost invariant and parity even.
For two-body bound states with unequal masses, it trans-
lates to

k2⊥ þM2
u

x
þ k2⊥ þM2

s

x̄
< 2Λ2 ∼

1

ρ2
: ðF2Þ

A similar cutoff was used in [40] for equal quark masses
and independently argued in the context of the LaMET
analysis of the ILM in [54].

FIG. 15. (a) The change of the constituent massM versus the current mass m, for different couplings gS=gcrS with gcrS ¼ 2π2=Λ2 in the
zero instanton size limit. (b) Same as in (a) for the chiral condensate.
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1. σ meson

m
M
¼ −

gs
4π2

Z
1

0

dy
Z

Λ2

0

dq2⊥
�

m2
σ − 4M2

yȳm2
σ − ðq2⊥ þM2Þ

�

¼ −
gs
4π2
ð4M2 −m2

σÞ
Z

1

0

dy ln
�
1þ Λ2

M2 − yȳm2
σ

�
; m2

σ < 4M2

¼ −
gs
2π2
ð4M2 −m2

σÞ

×

"
1

2
ln

�
1þ Λ2

M2

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 −m2

σ

m2
σ

s  
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2−m2

σ

m2
σ

q −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2 þ Λ2Þ −m2

σ

4M2 −m2
σ

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2þΛ2Þ−m2

σ

m2
σ

q
!#

: ðF3Þ

The sigma is a threshold state with a mass mσ ¼ 2M in the chiral limit but otherwise unbound in ILM with a sharp or a
smooth cutoff on the light front.

2. π5 meson

2 −
m
M
¼ gs

4π2

Z
1

0

dy
Z

Λ2

0

dq2⊥
�

m2
π5 − 4M2

yȳm2
π5 − ðq2⊥ þM2Þ

�

¼ gs
4π2
ð4M2 −m2

π5Þ
Z

1

0

dy ln

�
1þ Λ2

M2 − yȳm2
π5

�
; m2

π5 < 4M2

¼ gs
2π2
ð4M2 −m2

π5Þ

×

2
641
2
ln

�
1þ Λ2

M2

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 −m2

π5

m2
π5

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2−m2

π5

m2
π5

r þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2 þ Λ2Þ −m2

π5

m2
π5

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2þΛ2Þ−m2

π5

m2
π5

r
3
75: ðF4Þ

3. σ5 meson

2 −
m
M
¼ gs

4π2

Z
1

0

dy
Z

Λ2

0

dq2⊥
�

m2
σ5

yȳm2
σ5 − ðq2⊥ þM2Þ

�

¼ −
gs
2π2

m2
σ5

×

2
641
2
ln

�
1þ Λ2

M2

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 −m2

σ5

m2
σ5

s 0
B@tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2−m2

σ5

m2
σ5

r −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2 þ Λ2Þ −m2

σ5

4M2 −m2
σ5

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2þΛ2Þ−m2

σ5

m2
σ5

r
1
CA
3
75: ðF5Þ

The instanton induced interactions are repulsive in both of the σ5, π5 channels on the light front. There are no bound states in
this channel in the chiral limit or otherwise.
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4. π meson

m
M
¼ −

gs
4π2

Z
1

0

dy
Z

Λ2

0

dq2⊥
�

m2
π

yȳm2
π − ðq2⊥ þM2Þ

�

¼ gs
4π2

m2
π

Z
1

0

dy ln

�
1þ Λ2

M2 − yȳm2
π

�
; m2

π < 4M2

¼ gs
2π2

m2
π

2
641
2
ln

�
1þ Λ2

M2

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2 −m2

π

m2
π

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2−m2

π

m2
π

q þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2 þ Λ2Þ −m2

π

m2
π

s
tan−1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðM2þΛ2Þ−m2

π

m2
π

q
3
75: ðF6Þ

This is by far the strongest channel in the ILM with a
strongly bound π state. The dependence of the pion mπ on
the current massm for fixedΛ is shown in Fig. 16. The pion
mass mπ increases as m increases to eventually reach the
2-constituent quark threshold 2M. It is a true Goldstone
mode, with the mass vanishing in the chiral limit

m2
π ¼

m=M
gs
4π2

ln ð1þ Λ2

M2Þ
¼ 2m

f2π
jhψ̄ψij þOðm2Þ ðF7Þ

which is the expected Gell-Mann-Oakes-Renner relation.
In the chiral limit, the pion decay constant is

fπ ¼
ffiffiffiffiffiffi
Nc
p

Mffiffiffi
2
p

π

�
ln
�
1þ Λ2

M2

��
1=2

: ðF8Þ

With the physical input of the pion decay constant and
pion mass, we can fix the best parameters for our NJL-type
model. The transverse cutoff is fixed to be Λ ¼ 729 MeV,
roughly higher than inverse instanton size ρ ¼ 0.313 fm.
The current quark mass we obtained is m ¼ 12.4 MeV and
the coupling will be fixed to be gS ¼ 1.314gcrS;NJL. The
constituent mass with the given current mass and fixed
coupling will be M ¼ 207.7 MeV. The quark condensate
will thus be jhψ̄ψij1=3 ¼ 228.9 MeV. The pion mass and
the pion decay constant with the given parameters will be
mNJL

π ¼ 135.0 MeV and fNJLπ ¼ 130.3 MeV, respectively,
which is very consistent with the physical values.

APPENDIX G: FERMIONIC CONSTRAINT IN
THE OPERATOR FORM

One of the key features of the light front approach is the
elimination of the fermionic constraint on the bad compo-
nent of the fermionic field. In the main text, we have used
an auxiliary field approach and the mean-field approxima-
tion to eliminate the bad component in leading order in
1=Nc. Here, we briefly show that the elimination can be
enforced solely at the operator level, without recourse to
auxiliary fields, using power counting in 1=Nc.
The multifermion interactions generated in the ILM are

essentially determinantal, owing to the induced UAð1Þ
flavor symmetry breaking by instantons. By Fierzing, they
consist of combinations of only twist-3 operators, σ ¼ ψ̄ψ ,
π ¼ ψ̄iγ5ψ , σa ¼ ψ̄τaψ , and πa ¼ ψ̄iτaγ5ψ , which form a
closed set. The elimination of the bad component ψ− in
favor of the good component ψþ amounts to the closed
hierarchy in 1=Nc,

FIG. 16. Pion mass versus the current quark mass with fixed
cutoff Λ and a fermion coupling gS in the zero instanton
size limit.
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σðxÞ ¼ σð0ÞðxÞ − gS
2Nc
½V̂ðxÞσðxÞ − ÂðxÞπðxÞ − V̂aðxÞσaðxÞ þ ÂaðxÞπaðxÞ�; ðG1Þ

πðxÞ ¼ πð0ÞðxÞ − gS
2Nc
½−ÂðxÞσðxÞ − V̂ðxÞπðxÞ þ ÂaðxÞσaðxÞ þ V̂aðxÞπaðxÞ�; ðG2Þ

σaðxÞ ¼ σað0ÞðxÞ − gS
2Nc
½V̂aðxÞσðxÞ − ÂaðxÞπðxÞ − V̂abðxÞσbðxÞ þ ÂabðxÞπbðxÞ�; ðG3Þ

πaðxÞ ¼ πað0ÞðxÞ − gS
2Nc
½−ÂaðxÞσðxÞ − V̂aðxÞπðxÞ þ ÂabðxÞσbðxÞ þ V̂abðxÞπbðxÞ�; ðG4Þ

with gS ¼ GSNc assumed of fixed order in Nc, and

σð0ÞðxÞ ¼ ψ̄þðxÞ
1

2
ðiγi⊥ ∂i
!þmÞγþ

�
−i
∂−

ψþðxÞ
�
þ
�

i
∂−

ψ̄þðxÞ
�
1

2
ðiγi⊥ ∂
 

i þmÞγþψþðxÞ; ðG5Þ

πð0ÞðxÞ ¼ ψ̄þðxÞ
1

2
ð−iγi⊥ ∂i

!þmÞiγ5γþ
�
−i
∂−

ψþðxÞ
�
−
�

i
∂−

ψ̄þðxÞ
�
1

2
ðiγi⊥ ∂
 

i þmÞiγ5γþψþðxÞ; ðG6Þ

σað0ÞðxÞ ¼ ψ̄þðxÞ
1

2
ð−iγi⊥ ∂i

!þmÞγþτa
�
−i
∂−

ψþðxÞ
�
þ
�

i
∂−

ψ̄þðxÞ
�
1

2
ðiγi⊥ ∂
 

i þmÞγþτaψþðxÞ; ðG7Þ

πað0ÞðxÞ ¼ ψ̄þðxÞ
1

2
ð−iγi⊥ ∂i

!þmÞiγ5γþτa
�
−i
∂−

ψþðxÞ
�
−
�

i
∂−

ψ̄þðxÞ
�
1

2
ðiγi⊥ ∂
 

i þmÞiγ5γþτaψþðxÞ: ðG8Þ

In this hierarchy, the active operators generate

V̂ðxÞ½·� ¼ ψ̄þðxÞγþ
−i
∂−
ðψþðxÞ½·�Þ þ

i
∂−
ðψ̄þðxÞ½·�ÞγþψþðxÞ; ðG9Þ

ÂðxÞ½·� ¼ ψ̄þðxÞiγþγ5
−i
∂−
ðψþðxÞ½·�Þ −

i
∂−
ðψ̄þðxÞ½·�Þiγþγ5ψþðxÞ; ðG10Þ

V̂aðxÞ½·� ¼ ψ̄þðxÞγþτa
−i
∂−
ðψþðxÞ½·�Þ þ

i
∂−
ðψ̄þðxÞ½·�ÞγþτaψþðxÞ; ðG11Þ

ÂaðxÞ½·� ¼ ψ̄þðxÞiγþγ5τa
−i
∂−
ðψþðxÞ½·�Þ −

i
∂−
ðψ̄þðxÞ½·�Þiγþγ5τaψþðxÞ; ðG12Þ

V̂abðxÞ½·� ¼ ψ̄þðxÞγþτaτb
−i
∂−
ðψþðxÞ½·�Þ þ

i
∂−
ðψ̄þðxÞ½·�ÞγþτbτaψþðxÞ; ðG13Þ

ÂabðxÞ½·� ¼ ψ̄þðxÞiγþγ5τaτb
−i
∂−
ðψþðxÞ½·�Þ −

i
∂−
ðψ̄þðxÞ½·�Þiγþγ5τbτaψþðxÞ: ðG14Þ

In the light front vacuum j0i empty of valence particles and anitparticles, these operators can develop a vev. Parity and
isospin symmetry (chiral limit) restrict these vevs,

hσð0ÞðxÞi ¼ −2Ncm
Z

d4k
ð2πÞ4

4ikþ

ðk2 −M2Þkþ ¼ −2Ncm
Z

dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

; ðG15Þ

hV̂ðxÞi ¼ −4Nc

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

; ðG16Þ

hV̂abðxÞi ¼ hV̂ðxÞiδab; ðG17Þ
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hÂðxÞi ¼ hV̂aðxÞi ¼ hÂaðxÞi ¼ hÂabðxÞi ¼ 0: ðG18Þ

Here ϵðkþÞ ¼ sgnðkþÞ is the signum function. A non-
vanishing vev for the scalar operator in (G15) reflects on
the spontaneous breaking of chiral symmetry and is mainly

driven by the accumulation of the kþ ¼ 0 zero modes on
the light front. With this in mind, the vev of the
scalar σ ¼ ψ̄ψ operator can be unwound to all orders
in 1=Nc,

hσðxÞi ¼ hσð0Þi
�
1þ 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ
þ 4g2s

�Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

�
2

þ � � �
�

ðG19Þ

which is a resummation of all the tadpole diagrams in
leading order in 1=Nc. The elimination of the bad compo-
nent of the fermionic field on the light front amounts to a
mass renormalization.
To characterize the operator hierarchy (G1)–(G4) in

different Fock sectors, it is best to shift to momentum
space:

σðPÞ ¼
Z

dx−d2x⊥σðxÞeiPþx−−P⊥·x⊥ ; ðG20Þ

πðPÞ ¼
Z

dx−d2x⊥σ5ðxÞeiPþx−−P⊥·x⊥ ; ðG21Þ

σaðPÞ ¼
Z

dx−d2x⊥πa5ðxÞeiP
þx−−P⊥·x⊥ ; ðG22Þ

πaðPÞ ¼
Z

dx−d2x⊥πaðxÞeiPþx−−P⊥·x⊥ ; ðG23Þ

with the expectation values

hV̂ðxÞ½e−iPx�i ¼ 4Nc

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

e−iPx;

hV̂abðxÞ½e−iPx�i ¼ δabhV̂ðxÞ½e−iPx�i:

In the two-body Fock space, with P the total momentum of
the pair, we have

σðPÞ ¼ σð0ÞðPÞ − 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

σðPÞ; ðG24Þ

πðPÞ ¼ πð0ÞðPÞ þ 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

πðxÞ; ðG25Þ

σaðPÞ¼σað0ÞðPÞþ2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ−kþ

σaðPÞ; ðG26Þ

πaðPÞ¼πað0ÞðPÞ−2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ−kþ

πaðPÞ: ðG27Þ

Again, the elimination of the bad component of the
fermionic field amounts to a resummation of the tadpole
contributions, which is equivalent to a vertex renormaliza-
tion of the multifermion interaction by the factor

α�ðPþÞ ¼
�
1� 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

�−1
:

More specifically, we have

σðPÞ ¼ σð0ÞðPÞ
�
1 − 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

þ 4g2s

�Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

�
2

þ � � �
�
; ðG28Þ

πðPÞ ¼ πð0ÞðPÞ
�
1þ 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

þ 4g2s

�Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

�
2

þ � � �
�
; ðG29Þ

σaðPÞ ¼ σað0ÞðPÞ
�
1þ 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

þ 4g2s

�Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

�
2

þ � � �
�
; ðG30Þ

πaðPÞ ¼ πað0ÞðPÞ
�
1 − 2gs

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

þ 4g2s

�Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
Pþ − kþ

�
2

þ � � �
�
: ðG31Þ

The zeroth order operators in 1=Nc in momentum space are
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σð0ÞðPÞ ¼
Z
½d3k�þ

Z
½d3q�þψ̄þðkÞ

�
γþðγ⃗⊥ · q⃗þmÞ

2qþ
þ ðγ⃗⊥ · k⃗þmÞγþ

2kþ

�
ψþðqÞð2πÞ3δ3þðPþ k − qÞ; ðG32Þ

πð0ÞðPÞ ¼
Z
½d3k�þ

Z
½d3q�þψ̄þðkÞ

�
iγ5γþðγ⃗⊥ · q⃗þmÞ

2qþ
−
iγ5γþðγ⃗⊥ · k⃗þmÞ

2kþ

�
ψþðqÞð2πÞ3δ3þðPþ k − qÞ; ðG33Þ

σað0ÞðPÞ ¼
Z
½d3k�þ

Z
½d3q�þψ̄þðkÞ

�
γþτaðγ⃗⊥ · q⃗þmÞ

2qþ
þ ðγ⃗⊥ · k⃗þmÞγþτa

2kþ

�
ψþðqÞð2πÞ3δ3þðPþ k − qÞ; ðG34Þ

πað0ÞðPÞ ¼
Z
½d3k�þ

Z
½d3q�þψ̄þðkÞ

�
iγ5γþτaðγ⃗⊥ · q⃗þmÞ

2qþ
−
iγ5γþτaðγ⃗⊥ · k⃗þmÞ

2kþ

�
ψþðqÞð2πÞ3δ3þðPþ k − qÞ; ðG35Þ

with ½d3k�þ ¼ dkþd2k⊥
2kþð2πÞ3 ϵðkþÞ.

APPENDIX H: LIGHT FRONT ZERO MODES

In the ILM, the spontaneous breaking of chiral symmetry and the emergence of a scalar quark condensate are due to the
instanton and anti-instanton fermionic zero modes as we noted above. In the rest frame and in Euclidean signature, this is
manifest in (42) with the k2 ¼ 0 pole forM → m. In Minkowski signature on the light front, this is manifest in (45) with the
kþ ¼ 0 pole. Technically, there is a subtlety in trying to relate (42)–(45) by analytical continuation since

IðM2Þ ¼
Z

d2k⊥dkþdk−
ð2πÞ4

4i
2kþk− − k2⊥ −M2 þ iϵ

F 2ðkÞ →
Z

dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ

F 2ðkÞ ðH1Þ

assumes that the pole k− ¼ k2⊥þM2

2kþ remains within the closing contour. However, as kþ → 0, the pole pinches the contour,
hence the subtlety [72]. Another way to see this is to rewrite (H1) using the Schwinger trick.
In the zero instanton size limit,

IðM2Þ→
Z

d2k⊥dkþdk−
ð2πÞ4

Z
∞

0

dα4eiαð2kþk−−k2⊥−M2þiϵÞ; ðH2Þ

the k− integration yields a singular delta function,Z
∞

−∞

dk−

2π
eiα2k

þk− →
1

2α
δðkþÞ: ðH3Þ

The spontaneous breaking of chiral symmetry on the light front stems from the accumulation of the kþ ¼ 0 fermionic
modes in the gap equation. The singularity can be regulated by the covariant Bogoliubov-Parasiuk-Hepp-Zimmermann
(BPHZ) subtraction scheme

∂IðM2Þ
∂M2

→ −
Z

d2k⊥
ð2πÞ3

2

k2⊥ þM2
; ðH4Þ

hence

Z
dkþd2k⊥
ð2πÞ3

ϵðkþÞ
kþ
¼ 2

Z
d2k⊥
ð2πÞ3 ln

�
Λ2

k2⊥ þM2

�
ðH5Þ

with Λ a dimensionful scale left over by the substraction.
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