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Boost-invariant equations of spin hydrodynamics confined to the first-order terms in gradients are
numerically solved. The spin equation of state, relating the spin density tensor to the spin chemical
potential, is consistently included in the first order. Depending on its form and the structure of the spin
transport coefficients, we find solutions which are both stable and unstable within the considered evolution
times of 10 fm/c. These findings are complementary to the recent identification of stable and unstable
modes for perturbed uniform spin systems described by similar hydrodynamic frameworks.
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I. INTRODUCTION

Recent evidence of the spin polarization of weakly
decaying Lambda hyperons has opened up a new pathway for
investigating nontrivial vortical structures of strongly inter-
acting matter generated in heavy-ion experiments [1-10].
Several approaches for describing relativistic hydrodynamics
for spin-polarized fluids have been developed as a result of
the successes of the relativistic dissipative hydrodynamic
framework in heavy-ion phenomenological research [11,12].
Different frameworks have been constructed using entropy
current analysis [13—-19], relativistic kinetic theory [20-38],
effective Lagrangian approach [39-42], quantum statistical
density operators [43—47], equilibrium partition func-
tions [48], and holography [49,50]. To allow for future
dynamic simulations of spin polarization [51-53], a consis-
tent framework of relativistic hydrodynamics with spin
degrees of freedom (spin hydrodynamics) is currently being
built.

In this work, we present an analysis of boost-invariant
solutions of the spin hydrodynamic equations formulated
by Hattori et al. in Ref. [13] and investigated later in a
series of publications [14,18,19,54,55]. The approach of
Ref. [13] is based on the gradient expansion and require-
ment of positive entropy production. This leads to the
identification of first order in gradient corrections to
the energy-momentum tensor 7#, in a way similar to
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the construction of the Navier-Stokes relativistic hydro-
dynamics for ordinary (spinless) fluids. A novel feature of
spin hydrodynamics is that the gradient corrections include
not only symmetric but also antisymmetric contributions
to T#. The presence of such antisymmetric parts of the
energy-momentum tensor leads to a nontrivial equation for
the spin tensor of the fluid, which should be treated as one
of the hydrodynamic equations (in addition to the standard
conservation of TH),

A characteristic feature of the framework proposed in
Ref. [13] is also the form of the leading (zeroth order)
contribution to the spin tensor,

Sai = w'S. (M

which can be traced back to the seminal work of Weyssenhoff
and Raabe [56] (here u* is the hydrodynamic flow vector and
the antisymmetric tensor S% describes spin density). The
formulation of spin hydrodynamics with such a form of the
spin tensor is often called the phenomenological approach.
Recently, a connection between this form and the canonical
formalism of spin hydrodynamics, where the spin tensor is
totally antisymmetric, has been established [19]. It turns out
that these two approaches differ not only by a pseudogauge
transformation [57] but also by a gradient term which should
be included in the definition of the canonical energy-
momentum tensor. Nevertheless, the structure of those
differences makes the phenomenological and canonical
formulations of spin hydrodynamics completely equivalent.
The results of Ref. [19] shed new light also on the results
presented in Ref. [14] where the Belinfante form of the
energy-momentum tensor is used—as long as the derivation
of the dissipative spin hydrodynamics starts from the same

© 2023 American Physical Society
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definition of the entropy current, the resulting hydrodynamic
framework is the same as in Ref. [13]. Given these findings,
in this work, we continue to work with the form (1).
Another general problem one encounters while dealing
with the gradient expansion for spin hydrodynamics is the
counting scheme—the same physical quantities may be
considered to be of a different order (in the gradient
expansion) in different works. Herein, we follow the strategy
outlined in [13] and treat the spin density S* as being of the
zeroth order in gradients (O(1)), and the spin chemical
potential @ to be of the first order (O(9)). This leads,
however, to a substantial difficulty if one assumes that S% is
a function of temperature T and w®, and uses the equation
S%(T, ™) = So(T)w™, as the orders of magnitude of the
two sides of this equation do not match [Sy(7) here is a
certain function of temperature]. A possible solution to this
problem is to argue that one considers the case where Sy (T')
is so large that it compensates for the smallness of @ [13].
This leads us, however, beyond the original gradient
expansion. In this work, to remain within the gradient
expansion we assume the following dependence:

0ad

Vot e, '
A more detailed discussion of the form (2) will be given
below; here we only stress that Eq. (2) is a new feature
explored in this work that makes it different from previous
studies performed within the first-order spin hydrodynam-
ics. In particular, this makes our analysis different and
complementary to earlier work on boost-invariant solutions
of spin hydrodynamics performed in Ref. [18]. The formal-
ism developed herein is also similar to that presented in
Refs. [24,58] where, however, a significantly different
formulation of spin hydrodynamics was used.

Our paper is organized as follows: In Sec. II we define
the framework of spin hydrodynamics based on the
gradient expansion, introduce the constitutive equations
for matter with spin polarization, and identify the form of
the dissipative currents. In Sec. III the symmetry of boost-
invariance is implemented into our hydrodynamic frame-
work. The forms of the spin equation of state and the spin
kinetic coefficients are presented in Sec. IV. The results of
our numerical calculations are given in Sec. V. Finally, we
conclude in Sec. VL

In this work we use the notation where ¢#*% is the totally

antisymmetric tensor, and we follow the convention

0123 _ _
€ = —€p123 — 1.

(T, ) = Sy(T) 2)

I1. SPIN HYDRODYNAMICS

A. Basic conservation laws

The hydrodynamic framework for a spin-polarized
fluid is based on the conservation laws for the energy-
momentum tensor 7#* and the total angular momentum
tensor JH#,

3,1 =0, (3)
9, = 0. (4)

The total angular momentum tensor is the sum of the orbital
part L# = 2x*T# and the spin part $%*.' We use the
phenomenological energy-momentum and spin tensors
which have the following forms [13]:

T’;ﬁ = eutu’ — pA* + h*u¥ 4+ h¥u
+ 0+ g = g+ P (5)

Sl = urs 4 S (6)
Here € is the energy density, and p is the equilibrium
pressure. We define u# as the fluid four-velocity satisfying the
normalization condition u#*u, = 1, and A*” is the symmetric
operator projecting onto the space orthogonal to u”, i.e.,
A" = g — u'u¥, where g, = diag(+1,—-1,—1,—1) is the
metric tensor. In Eq. (5) the vector 4* represents the heat flux,
while 7 = 7*¥ 4+ IIA* is the symmetric dissipative cor-
rection to the perfect-fluid form: z** is the shear stress tensor
(the traceless and orthogonal part of z#¥ related to the shear
viscosity), and I is the bulk pressure. In an analogous way,
the antisymmetric dissipative corrections are defined by the
vector ¢ and the tensor ¢**. The tensor $** in Eq. (6) can be
interpreted as the spin density, S* = u,S**. In Eq. (6) we
have also displayed the gradient correction S, which

)
satisfies the constraint u ﬂSﬁﬁ‘)” = 0. We will neglect it below,

as it does not contribute to the nonequilibrium entropy
current in the order considered in this work [13]. Finally,
we note that the tensors h*, o, g and ¢ satisfy the
following conditions: h*u, =0, o =7, "u, =0,
q"u, =0, ¢ = —¢*, and ¢""u, = 0.

In general, in four dimensions, the energy-momentum
tensor 7# can have 16 independent components. In dis-
sipative hydrodynamics, these 16 components must come
from the following quantities: ¢, p, u#, h*, 7#*, 11, ¢*, and
@" . Note that due to the equation of state, the variables € and
p together give only one unknown, while both u# and 4" have
three independent components due to the conditions u*u, =
1 and A u, = 0. The shear stress tensor 7 is symmetric,
traceless, and orthogonal to u*. Hence, it has only five
independent components. The bulk pressure I is just a scalar
representing 1 degree of freedom. The four-vector ¢ has
3 degrees of freedom, just like ##. Moreover, the tensor ¢** is
antisymmetric and orthogonal to u*. Therefore, it can be
argued that ¢ also has three independent components.
This counting summarizes 19 independent components in the

1Symmetric and antisymmetric part of a tensor X** is denoted as
X =X®) = (X" +X*)/2 and X[, =XW = (X —X*)/2,
respectively.
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T#* instead of 16; hence we have the freedom to eliminate
3 degrees of freedom. This can be done by the “so-called”
frame choice, where one defines the flow velocity. Note that in
dissipative hydrodynamics, the fluid flow is not unique and
must be specified along with the normalization. Any par-
ticular definition of #* reduces the number of independent
components to the correct value of 16. In the standard
hydrodynamics (spinless fluid) with a symmetric energy-
momentum tensor such reduction of degrees of freedom can
be done by choosing the Landau frame (particularly in the
absence of a conserved current). In standard hydrodynamics
with a symmetric energy-momentum tensor, the Landau
frame is defined by the equation T?’;') u, = eu”. Here T’;;’)

is the symmetric part of the energy-momentum tensor. This
implies that #/# = 0. But in the presence of an antisymmetric
component, one has different alternatives.

We can of course apply the standard Landau frame
choice to the symmetric part of 7#*. This implies that
h* = 0. Below, we will consider the Landau frame by
setting #* = 0. But, once we have set ## = 0, we cannot
further set ¢ = 0 since this condition will overconstrain
the system. However, if on dynamical grounds (namely, by
solving hydrodynamic equations for specific initial con-
ditions and with special symmetries assumed) we can show
that ¢* = 0, then the hydrodynamic solutions are consistent
with this condition. Instead of applying the Landau frame
condition only to the symmetric part of the 7%, we can also
include the antisymmetric part. In that case, we obtain
h* + g" = 0. This immediately implies that we can have h*
and ¢* nonvanishing but satisfying together the Landau
condition. Fortunately, our results do not depend on such
choices of the Landau frames, as we argue in a subsequent
subsection III B that within the framework considered here,
for a consistent description of a boost-invariant system, we
should use ¢* = 0 along with h* = 0. We note that the
same condition was used in Ref. [18].

The conservation laws for energy, linear momentum, and
angular momentum can be written as’

(u-0)e+(e+p)o-u=-0-q—q"(u-o)u,
= u,0," + v ,u,, (7)

(e+p)(u-0)u” = A%0,p == (q-)u+ q*(0- u)
+ A% (u - 0)g" — A%0,9"
— A%9,7, (8)

0,(w'ST) = = 2q"u — gPus + ¢P).  (9)

*Since we will show that g" = 0 later, here we write the
hydrodynamic equations in the Landau frame by using #* =0
only.

B. Thermodynamic relations and spin EoS

Following earlier works [13,14,19], we assume that the
presence of spin degrees of freedom leads to generalized
thermodynamic identities:

e+ p=Ts+ w5, (10)
de = Tds + w,5dS?, (11)
dp = sdT + SPdw,. (12)

where 7 is the temperature, s is the entropy density, and the
antisymmetric tensor @, can be interpreted as the spin
chemical potential conjugated to the spin density S*.

We consider the spin chemical potential to be of the first
order in the gradient expansion, i.e., @,, ~ O(d). This is
implied by the fact that in the presence of the antisymmetric
part of the energy-momentum tensor the quantity ,, can
be expressed at global equilibrium in terms of the thermal
vorticity tensor [13]

th __
v 50

W 5 P =

(ayﬂv _auﬂy)’ (13)

T
a 4
where f# = pu* and f = 1/T is the inverse temperatmre.3
Consequently, the last terms on the right-hand sides of
Egs. (10)—(12) are not negligible only if the spin density
tensor S% is of the zeroth order in gradients O(1). In the
previous works (see, e.g., Eq. (17) in [18]) one assumes the
form S ~ T?w" and argues that sufficiently large values
of T may compensate for the smallness of @*. We find
this argument as not completely convincing since in the
hydrodynamic gradient expansion we have S ~ O(1),
" ~O(d), and T ~ O(1).
Due to the difficulties outlined above, in this work we
propose a different scaling of the spin density tensor,
namely, we assume the form

ot [

Voo, = 5o(7) Voio
This form implies that S* ~ O(1) with @ ~ O(d). We
note that the quantity w:® is not necessarily positive.4 In
the case where it is negative one should include the minus
sign within the square root.

Equation (12) implies that pressure can be treated
as a function of 7" and w*”. Moreover, Eq. (10) implies
that pressure includes first-order corrections in /.
Consequently, we propose a general form of the pressure

(T, ™) = S,(T) (14)

3Note that in the natural units, the thermal vorticity is
dimensionless, while the spin chemical potential has mass
dimension 1.

“We expect that solutions of the presented model will split into
two categories, one with @:@ > 0 and the other with w: @ < 0.
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p(T. ") = po(T) + p1(T)Vw: . (15)

Here py(T) is the thermodynamic pressure in the absence
of spin chemical potential. Using the thermodynamic
relation (12) one obtains

op o
Sab — = p (T . 16
g 7 pi(T) o (16)
Combining Egs. (14) and (16) we find
pi(T) = So(T). (17)

This relation allows us to write the following expressions
for pressure, entropy density, and energy density:

p(T.@") = po(T) + So(T)Ve:w, (18)
S(T, ") = s5o(T) + SH(T)Vw: o, (19)
e(T, ") =¢ey(T) +TSH(T)Vo: o, (20)

where S((T) = dSo(T)/dT. Similarly to py(T), the
quantities &,(7) and so(7) refer to the case of an unpo-
larized system. They satisfy the thermodynamic relation
&y + po = T'sg, which is consistent with Eq. (10).

C. Dissipative currents and kinetic coefficients

In the last section, we defined various thermodynamic
quantities appearing in the hydrodynamic equations. For a
complete description, we also have to specify the dissipa-
tive currents appearing in Eqs. (7)—(9). Using the condition
of the positive entropy production and restricting our
consideration to the linear terms in gradients, one
obtains [13,14,19]

W = —k(Du — BVAT), (21)

¢" = A(Du" + BVIT — 4o u,), (22)
= 2n,0M, (23)

I = (0, (24)

P = (@ + 2NN )
= H(VFur — Voub + 4A AP y). (25)

Here 0 = 0,u” is the expansion scalar, D = u*d, is the
convective derivative, V¥ = A#*9, is the transverse gradient,
7=pr/2,0" =V —LoA" and Q" = pVIu’. Note
that *, g*, 7" and ¢** are all O(9) in the hydrodynamic
gradient expansion. All transport coefficients are positive,
e,k >0,4>0,7, >0, >0,andy > 0, to ensure positive
entropy production in a dissipative system. With the specified

equation of state and dissipative currents, the system of
hydrodynamic equations becomes closed, and we can search
for its solutions.

III. BOOST-INVARIANT DESCRIPTION
OF SPIN HYDRODYNAMICS

A. Implementation of the boost invariance

For the boost-invariant systems which are uniform in the
transverse plane, the hydrodynamic flow has the form
u# = (cosh#,0,0,sinh#), where n=(1/2)In[(t+2z)/(t—2z)]
is the spacetime rapidity [59]. Moreover, all thermo-
dynamic quantities depend only on the proper time
7=V — 72 In this case, the four-acceleration of the
fluid, @ = Du", as well as the transverse gradient of
temperature, V#T, vanish. Consequently, the tensors g*
and ¢* defined by Egs. (22) and (25) can be directly
expressed by the spin chemical potential [18]

q" = 420" u,, (26)
¢ = 2yB(w + 2utwPuy). (27)

While dealing with a boost-invariant system, it is also
convenient to introduce the following basis vectors:

w" = (cosh 7,0,0, sinh 7), (28)
X* = (0,1.0,0), (29)
Y= (0,0,1,0), (30)

ZF = (sinh 7,0, 0, cosh 7). (31)

The fluid flow four-vector u# is timelike, while the four-
vectors X#, Y#, and Z* are spacelike and orthogonal to u*.
They satisfy the following properties:

u'X, =0, u'Y, =0, wz,=0, (32)
XX, = -1, Yry, =-—1, 7'z, =-1, (33)
X*y, =0, X*zZ,=0, Y*Z,=0. (34)

The spin chemical potential @ is antisymmetric and can
be generally decomposed as [20]

" = K'u — KUt + e Py, (35)
Here, the four-vectors x* and w* are also spacelike and
orthogonal to u*, i.e., ¥*u, = 0 and @*u, = 0. Using the

decomposition (35) in Egs. (26)—(27), we find

q" = -4+, (36)
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P = 2By Pu,wp. (37)

Furthermore, using the spacelike basis vectors X, Y*, and
Z#, one can introduce the following representation of the
vectors k* and w* [24]:
k' = Cx X + CoyY* + Cp ZF
= (Cyz sinh n, Ccy, Cyy, Ciz cosh 1), (38)

CU” = waxﬂ "‘ CwaM —|— szzﬂ
= (Ca)Z sinh n, CwXﬂ CwY’ CwZ cosh 77) (39)

B. Boost-invariant fire cylinder: Spin
and orbital angular momentum
In order to get physical insight into the coefficients
C., and C,;, we calculate the spin and orbital angular
momentum of the fire cylinder (FC) occupying the
spacetime region defined by the conditions 7z = const,

—nrc/2 <11 < npe/2, and /x> + y* < R (see also Fig. 1
in Ref. [24]). A spacetime volume element of the fire
cylinder can be defined as

d¥; = u;dxdyrdn. (40)

Using the leading term of the spin tensor, one can calculate
the spin angular momentum contained in the fire cylinder

Skt = / dz, Si = / dxdyr dn Sy,

.

—/dxdyrdn

X (Ku” = kw4 e Pugwy). (41)

[0

With the help of Eq. (41), the 8%’0 components can be
obtained, which read as

S
SUL = —27 Rz —22_ Cy sinh ("%) (42)

Ky

S = 27 R*c 0

N0
o= Ca sinh ("%) (43)

.
So
Copirc. 44
\/m ZMFC ( )

On the other hand, the orbital part of the total angular
momentum can be obtained from the formula

S% = -nR%*t

o — / dz, L = / 45, (T — ), (45)

which leads to the expression

L = /dxdy’rdﬂ(ex"u” —ex’u' — x'q" + x'q").  (46)

In the above equation, we have used the orthogonality
condition between the fluid four-velocity and various
dissipative currents. Using the representation of ¢# in terms
of k* as given in Eq. (36), we obtain the £ components

L0 = 84CaR?7? sinh <’%C) (47)
L2 = 81CynR>e? sinh (”%) (48)
;C%% = 4ACK2ﬂR2T27’]Fc. (49)

Interestingly, the coefficients C,; do not appear in the
equations above.

The J% = L% + S components of the fire cylinder
describe its center-of-mass motion and should vanish in the
center-of-mass system that we use here. The conditions
J =0 (for i = 1, 2, 3) can be explicitly rewritten as

S
TR*tCy <— 4 4&1) sinh <’7%>

o 0. (50

TRTCy <— So +4m> sinh ("ﬂ> =0, (51)

Voo 2

So
Rt Cyy| —
e Z( Voo

Since A and S, are independent quantities, Eqs. (50)—(52)
can be fulfilled only if the coefficients C,; vanish,

CKX = CK‘Y = CK‘Z =0. (53)

The solution (53) also implies that x* = 0, and conse-
quently, g* = 0. Moreover, in this case @ is determined
entirely by @* and

>We have argued that for the generalized Landau frame
condition with the total energy-momentum tensor, i.e.,
T*u, = eut, we obtain A" + g" = 0. Interestingly, if we look
into the constitutive relation of #* [Eq. (21)], then it can be shown
that for the one-dimensional boost-invariant flow A is identically
zero. This is due to the symmetry of the flow where all scalars
are functions of the proper time only and there is no four-
acceleration. This implies g* = 0 according to the generalized
Landau condition. This condition might be difficult to be satisfied
as can be seen from Eq. (22) which combines different hydro-
dynamic quantities. However, again for the one-dimensional
boost-invariant flow the four-acceleration and transverse gradient
of temperature present in Eq. (22) vanish, and the condition
g¢" = 0implies that @*u, = 0. The last constraint can be fulfilled
in a nontrivial way as is demonstrated in this calculation. The
arguments presented here, however, may not hold if one con-
siders a boost-invariant model with transverse expansion. Hence
boost invariance does not necessarily imply the condition ¢* = 0.

094022-5
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o, = =200,
= 2(C5)X + C(%)Y + CE)Z)
=202 > 0. (54)

In the absence of ¢*, the orbital part of the fire cylinder
becomes

Lhe = /s(x”u” — x*u") dxdyzdn. (55)

Using the explicit form of the fluid four-velocity for the
Bjorken flow in the above equation and performing the
spacetime integration, it can be argued that the orbital angular
momentum of the fire cylinder vanishes, L. = 0 [24].

C. Hydrodynamic equations
for a boost-invariant system

Using the Landau frame as specified above, along with
the condition ¢* = 0 and the explicit expression for ¢** as
given by Eq. (37), one obtains the energy conservation
equation for a boost-invariant system,

d£+g+p—1<2"3+§)=0. (56)

dr T t\37 1

Although ¢* explicitly appears in Eq. (7), it can be shown
for the Bjorken flow that u,d,¢*" = 0. Therefore, the
antisymmetric parts of the energy-momentum tensor do
not explicitly appear in the evolution of energy density
[note, however, that they appear implicitly as they affect the
constitutive equations (18)—(20)].

Note that #,/sy and (/s are dimensionless quantities,
and in the hydrodynamic description they can play an
important role. In terms of these dimensionless variables
the above equation can be rewritten as

de e+ 29,
e e P-S°<’7+C>:o.

dr T 72

57
3S0 So ( )

Let us now consider the acceleration equation (8). For the
Bjorken flow we can use the properties

(u-o)u =0, (58)
A%, p =0, (59)
INTY ) (60)
A%Q, o = 0, (61)

Therefore, for the case g* = 0, the acceleration equation (8)
is trivially fulfilled.

The remaining equation that has to be considered in our
scheme is the spin evolution equation (9). Note that the

antisymmetric part of the energy-momentum tensor cannot
be neglected in this case. However, in the case ¢ = 0, only
¢ affects the spin evolution equation, namely,

osH sw
+ 2= 2 (62)

or T

Note that both the left-hand side as well as the right-hand
side of the above equation depend on @w**. Since " = 0, the
spin chemical potential " is completely determined by
the four-vector @* which has three independent compo-
nents (due to the orthogonality condition @'u, = 0).
Therefore, Eq. (62) can be rewritten as three differential
equations governing the evolution of three independent
components of the tensor w"*. These equations can be
obtained by taking projections of the spin evolution
equation (62) with X,Y,, X, Z,, and Y,Z,. This gives us
the following set of equations for the coefficients C,x, C,y,
and C, :

d [ S, So )1
T2 0 V(20 o)== —4ByCox. (63
dr <\/§C X) (\/EC X T ﬂ}/ X ( )
d (S, So )1
— | —=—=Cuy | + | ——=—=Cuy | —= —4pyC,y, 64
dr (\/EC Y> (\/EC Y T ﬂy Y ( )

d [ S, So ) |
T\ T A C(u + | —7== Cw —=-4 Cm ’ 65
dr ( \/Z C A > ( \/§ C A T ﬂ 14 A ( )

where C = \/C2 + C2,, + C2,;see Eq. (54). After several
algebraic manipulations (see Appendix A), Egs. (63)—(65)
yield

42pp\ dr

U (amdl  So
=375 (SO(T) —+ T). (66)

To obtain the above equation we have assumed that C # 0.

In order to get some insight into Egs. (63)—(65), we
express different components of the spin chemical potential
in terms of C and two spherical angles (©, ®):

C,x = Csin®cos ®, (67)
C,y = Csin®sin @, (68)
C,z; = Ccos®. (69)

In this case, Eq. (65) can be written as

d (S So > 1
— | —=cos® | + [ —=cos® | — = —4pyCcos® 70
i (Jeoe) + (Jyeose) =~ (70)
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which implies

S() . d@ 1 dSO SO
——sin®—+ — O —+—
\/zsm e —l—\/icos <dr + .

= —4pyCcos® (71)

and, consequently, d®/dzr = 0. To obtain the last condition
we used Eq. (66). Similarly, using Eq. (63) or (64), it can be
easily shown that d®/dz = 0. Therefore, the vector built
out of three components C,y, C,y, and C,, does not
change its direction during the time evolution (its orienta-
tion is fixed by the initial condition), and the only nontrivial
dependence is that of the magnitude C.

In this way, our analysis has been reduced to a study of
the hydrodynamic equation (57), where

p(T.C) = po(T) + V2S,C. (72)
&(T, C) = &(T) + V2TS}(T)C, (73)

and the spin evolution equation (66). We note that Eq. (57)
is a first-order differential equation for the energy density.
By the virtue of Eq. (20), the energy density depends on
both the temperature and the spin chemical potential, i.e., it
is a function of T and C. Therefore, one can combine
Eqgs. (57) and (66) into a single second-order differential
equation for the proper time evolution of 7. Once this
equation is solved with appropriate initial conditions, we
can obtain a proper time evolution of temperature.
Subsequently, we obtain the proper time dependence of
C using Eq. (66).

As in standard hydrodynamic models, the procedure
outlined above works in practice if the equation of state is
known. In our case, with spin degrees of freedom included,
this means that we have to know the temperature depend-
ence of the function §,.

IV. SPIN EQUATION OF STATE
AND TRANSPORT COEFFICIENT y

In Eq. (14), we have introduced a relation between the
spin density tensor $* and the spin chemical potential @*.
To completely specify the spin equation of state, we need to
know the form of the temperature-dependent function
So(T). Unfortunately, at the moment we lack any micro-
scopic models for this function. Consequently, in our
numerical calculations, we have used arguments that refer
to dimensional analysis and overall simplicity. Since So(7')
has mass-dimension three, we have explored the form

So(T) = \% T“M’K, (%) , (74)

where a and b are numerical constants satisfying the
condition a + b = 3. Here M is the particle mass, and

K, denotes the modified Bessel function of the second
kind. The parameter @ is a numerical constant. The
appearance of the modified Bessel function in Eq. (74)
is connected with the fact that we are going to include, as
special cases, the scaling of the function Sy (7') with particle
density ny(T) or entropy density so(7). These two cases
can be obtained by the appropriate choice of a, a, and n
in Eq. (74).

Using Eq. (74), the thermodynamic variables defined by
Egs. (18)—(20) can be expressed in the following manner:

p(T.C) = po(T) + aT*MPK, (%) c. (75)

M
s(T,C) = so(T) + aaT"'M°K,, <7> C

M
+ aT*M'K/, (?) C, (76)

M
e(T,C) = &y(T) + aaT*M"K, <?> c

M
+aT ' MPK, <T> C, (77)

where the prime in K}, (M/T) denotes a derivative with
respect to temperature. For a massive Boltzmann gas, the
explicit expressions for thermodynamic quantities without
the spin part are

9s 7o M
=Bk, (=), 78
Po ) 2<T> ( )
g, M\ M _ (M

& :2—”2T2M2 |:3K2 <7) +7K1 <?>:|, (79)
ng = po/T, (80)

(&0 + Po) _ s M
Sozfzz—ﬂ_zM3K3 ? , (81)

where g, is the spin and particle-antiparticle degeneracy
factor.

To obtain the proper time evolution of temperature and
spin chemical potential, we need to specify the transport
coefficient y, since it is present in Eq. (66). To select a
specific form of y we use again dimensional analysis. In
analogy to Eq. (74), we use

M
y = ar<"'MK,, (7) (82)

where @, ¢, d, and m are numerical constants, with
¢ +d = 3. To demonstrate the effect of different forms
of Sy(7T') and y on the proper time evolution of temperature
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and spin chemical potential, we consider two different
options:

Case I In this case, we assume that the function Sy(7) is
given by the particle density ny(7T), while y(T') is propor-
tional to the pressure po(T),

So(T)=ny(T).  ¢(T)=Apy(T).  (83)
These expressions for So(7) and y(T) can be obtained
from Egs. (74) and (82) by choosing a=1, n=2,
a=g\2/(27%), c=1, m=2, and A=27%&/g,. In
order to be able to treat the spin effects as a small correction
to the standard (spinless) dynamics, we assume a very small
value of the parameter &. In practice, we choose & = 0.001.

Case II' In this case, we assume that the functions Sy(7')
and y(T) are closely related to the entropy density s (7)),
namely

So(T) =so(T).  y(T) =Tso(T). (84)
These expressions for Sy(7) and y(7T) can be obtained
from Eqs. (74) and (82) by choosing a =0, n =3,
a=g,\2/(27%), c =0, m =3, and @ = g,/ (27%).

Some comments about the choice of Case I or Case II
may be in order here. Only a consistently developed kinetic
theory for particles with spin (or some other microscopic
model or theory) can uniquely determine S, and y.
However, even if such a theory is known, the possible
diversity of physical systems that exhibit spin polarization
effects introduces arbitrariness in the definitions of S, and
y. In our case, we can use dimensional arguments to remove
this arbitrariness to some extent. Since we know that the
mass dimension of S is 3, then a natural choice would be to
consider a number density or entropy density scaling.
Similarly, the transport coefficient y has the mass dimen-
sion 4. The scaling of transport coefficients with entropy
density is motivated by the fact that dimensionless ratios of
the form 7,/ s or {/s, enter the hydrodynamic description.
Following this observation, we consider y = T's,, where an
additional factor of temperature has been introduced to
make the expression dimensionally consistent. Another
scaling of y, i.e., y ~ pgy is also due to the dimensional
arguments. In principle, one can also explore other choices.

Moreover, y(T) is a transport coefficient governing the
spin relaxation, which is expected to depend on interaction.
One naively expects this coefficient to be related to the
relaxation rate or relaxation time (zz) of microscopic
constituents of the system. But here y(7T) is expressed
only in terms of thermodynamic quantities, and the
relaxation time does not appear explicitly in Egs. (83)
and (84). To understand why y is related to pressure, or
entropy density we will use our knowledge of kinetic
theory. Using the Boltzmann kinetic theory in the absence
of any vortical medium the shear viscosity (#,) of massless
Boltzmann gas can be expressed in terms of the entropy

density (sq), n, = 7gTsy. To obtain this relation one
assumes a momentum-independent relaxation time.
Moreover, if we consider that 7z ~ T~! [25] then we find
that 7, scales as entropy density, consistently with dimen-
sional arguments. This shows that although transport
coefficients are proportional to the relaxation time of the
microscopic constituents, they can be expressed also in
terms of thermodynamic quantities. In a similar way, we
assume that y(7') is related to p, or T'sj.

V. NUMERICAL RESULTS

If the functions Sy(7') and y(7T') are defined by Egs. (74)
and (82), respectively, the hydrodynamic evolution equa-
tions for the proper-time dependence of temperature and
the magnitude of spin chemical potential, Eqgs. (57) and
(66), can be written in a compact form as

A(7) & + B(7) (%)2 + D(7) % +E(r) =0, (85)

C() = Cu®) S+ Cale). (56)
The explicit expressions for various coefficient functions
appearing above are given in Appendix B. Equation (85) is
a second-order ordinary differential equation governing the
proper-time evolution of temperature. A unique solution of
Eq. (85) can be found if the initial conditions are specified
at T = 1, for the functions 7'(z) and d7T'(z)/dr. We note that
the initial value of the temperature gradient can be obtained
from Eq. (86) if the initial values for T(z) and C(z) are
known. Hence, as expected, the full dynamics of our
system is determined by the initial values of the temper-
ature and magnitude of the spin chemical potential. We also
note that Eq. (85) has the form of the Riccati equation that
may have analytic solutions for some specific choices of
the coefficients; however, in general, one has to solve it
numerically.

In this work, we present our numerical solutions
obtained for the two cases defined in the previous section.
We assume the initial temperature 7 = T'(z) = 200 MeV
at 79 = 0.5 fm and the initial magnitude of the spin
chemical potential Cy = C(zy) = 50 MeV. The internal
degeneracy factor equals g, = 4.0 (particles and antipar-
ticles with spin 1/2), and M = 500 MeV represents an
effective particle mass. Moreover, we use the result
ns/so = 1/(4x), and ignore the effect of the bulk viscosity.

In Fig. 1 we present the proper-time evolution of
temperature. The solid (black) line and the dashed-dotted
(brown line) represent the solutions of Eq. (85) for cases I
and II, respectively, while the dashed (red) line represents
the standard Bjorken flow solution (spinless fluid). Note
that for the standard Bjorken flow the temperature evolu-
tion equation is a first-order differential equation. We
emphasize that one cannot set C = 0 in Eq. (85) to obtain
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FIG. 1. Proper-time evolution of temperature. Black (solid) line

represents the temperature evolution for case 1. Brown (dashed-
dotted) line represents the temperature evolution for case II. Red
(dashed) line represents the variation of temperature with the
proper time for the standard Bjorken flow without spin. We
consider Ty = 200 MeV and 7, = 0.5 fm.

the standard Bjorken flow without spin, since to obtain
Eq. (85) we used Eq. (66) which assumes C # 0.

As the temperature profile for the evolution with spin is
very close to the standard Bjorken solution in case I, we
observe a rapid drop of temperature for case II. For larger
evolution times, temperature becomes negative for case II,
which suggests that this solution cannot be accepted as
physically meaningful.

In Fig. 2 we present the proper-time evolution of the
magnitude of the spin chemical potential C(z). We clearly
observe that C decreases with proper time for case 1. This
behavior could be interpreted as an approach of spin
chemical potential to its global-equilibrium value given
by thermal vorticity that vanishes for Bjorken flow.
However, the Killing condition 9,4, + d,4, =0 is not
satisfied by the boost-invariant flow; hence, strictly speak-
ing, the global equilibrium can never be reached in the
considered case.

Again, for case II we observe a singular behavior; in this
case the spin chemical potential rapidly grows with time.
Clearly, the assumed equation of state and form of the y
coefficient for case II lead to unphysical behavior of the
system.

Finally, in Fig. 3 we demonstrate the spin contribution to
the thermodynamic pressure. The solid (black) line repre-
sents the pressure without the spin contribution, i.e., the
function po(T). Note that the temperature 7(z) is the
solution of the coupled equations (85) and (86). The dashed
(red) line represents the total pressure p (7, C) including the

effect of the spin chemical potential. With our choice of
parameters, the difference between p and p remains small

1.0
0.9
0.8
0.7

- 0.6

— C/Cy Case 1
''''' C/(50 x Cp) Case I1

< 05
04
0.3
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FIG. 2. Proper-time evolution of the magnitude of the spin
chemical potential C. We consider C, =50 MeV and
79 = 0.5 fm. For case I the C decreases with proper time. But
for the case II the spin chemical potential grows rapidly with
proper time.

during the whole time evolution of the system. At the end of
the evolution, when the value of C is small, the difference
between p, and p is almost negligible. This indicates that
our expansion scheme is consistently realized by the
solution in case I. Throughout the manuscript for Case I
we have considered the value of @ = 0.001. However, even
if we change the value of & to 0.0001 for Case I we do not
observe any significant changes in the results (not shown
here explicitly).

po/M* x 100
""" p/M* x 100

Case 1

8 10 12 14 16
7/70

18 20

FIG. 3. Proper-time evolution of py(7), and p(7, C) for case L
We observe that the spin contribution to pressure remains a small

correction to the total pressure during the whole evolution of the
system.
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VI. CONCLUSIONS

In this work we have analyzed the boost-invariant
version of the spin hydrodynamic equations formulated
by Hattori et al. in Ref. [13]. A novel feature of our
treatment was a form of the spin density tensor that was
manifestly of leading order O(1) in gradients. We have
numerically solved the resulting system of differential
equations and found that they exhibit both stable and
unstable behavior, depending on the assumed spin equation
of state and form of the spin kinetic coefficient y. Our
finding of unstable behavior is similar to other results
obtained within the first-order spin hydrodynamics. It is
well known that the standard relativistic Navier-Stokes
theory also has problems with stability and causality—the
fact that triggered development of the second-order Israel-
Stewart framework. Our results indicate that a similar
extension for spin hydrodynamics is also necessary [60].

Some of the problems encountered in our approach may
be due to the assumed boost invariance. As we have
mentioned above, the Killing equation is never satisfied
for such a geometry; hence, the boost-invariant systems
cannot reach a state of global thermodynamic equilibrium.
Boost invariance imposes also many constraints on the
dynamic quantities, which make the spin evolution rather
trivial; in particular, no mixing between different compo-
nents of the spin density is possible.

Clearly, other forms of the spin equation of state and the
spin kinetic coefficient y could be analyzed in the context of
stability of the hydrodynamic solutions. However, the two
cases analyzed herein correspond most likely to two
extreme situations one can encounter.

The main conclusion of the present work and other
recent studies of stability of spin hydrodynamics [54,55] is
the need to construct a second-order theory that may be free
of the problems discussed above.
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APPENDIX A: DERIVATION OF EQ. (66)

To obtain Eq. (66) we introduce the notation Sy(7) =
\%S’O(T) and write

Cox = Cox = C . Cul

SOT"_SO C SOCu}XC2+S0 C 1 -==8pyC,x, (Al)
Cov 2 Cor o~ C <« Cuyl

So C +8p—=- C SOCwYC2+S0 C . —==8pyC,y, (A2)
Coz wCuz o, C oCupl

So?+50 C SOCwZC2+So C 1 8ByCuz, (A3)

where the dot denotes the derivative with respect to the
proper time 7. The above set of equations can be simplified
in the following manner: We first multiply Eq. (A1) by C,x,
Eq. (A2) by C,y, and Eq. (A3) by C,,. Then, we add these
three equations to obtain

(A4)

which reproduces Eq. (66).

APPENDIX B: DERIVATION OF EQS. (85) AND
(86)

Using Eqs. (74) and (82) back into Eq. (66) and
considering that for the Bjorken flow, T is only a function
of the proper time (7), we find

dr

C=Cy — +Cyy, B1
11d1+ 12 (B1)

a K K,
Ciy=——T%" M g—L- , B2
1T 84 < TK,, +K> (B2)

1K,

o ——8—T“ M (B3)

In the above equation, the argument of the Bessel functions
is M/T. But for a neat representation, we have removed
the arguments of the Bessel functions. Moreover one
can write

dcC d*T

= —_C,,——
22d1'2

dr dT
it + Gy <—> +Cx < > + Coy. (B4)

dr dr

Various temperature-dependent coefficients appearing in
the above equation are given as

a K K’
Cy =——T M g—2 4], BS
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K K’
Cyy = — L ppe=a ala—c—1)T42 1 4 qTo—c-1 2
8 Km m
K/ K/ 1"
_ Ta—c—l n’>m _ Ta—c—l _n oy ra—c N
a K2 +(a-c) K, + K,
K' K
— Ta—c m2 n:| , (B6)
K
a 1 K K' K,K!
Con — ——Ta=cpge—a_ _ n Bn  Balm ’ B7
57784 . [(a Tx Tk, k| B
Cpy = 2L pacpge-a L Kn (BS)
* 7 3 2K,

Using the expression of energy density (¢), and dC/dr as
given in Eqgs. (77) and (B4), respectively, we obtain

de

de

T dT\ 2
= fzczzﬁ + (&2Cy + €, Cy) <dr)

de dr
+ (d; + C12€1 + C23€2) (E) + €2C24. <B9)
The functions ¢; and &, are given as
e = aaT*M°[aT~'K, + K] + a(a + 1)T*M°K,,
+ aT*H ' MPK, (B10)

&, = aT*M"(aK, + TK},). (B11)

Therefore the hydrodynamic equation governing the proper
time evolution of temperature can be recast as

de e+p 5021
de,etp % 205 EY
dr T 350 S

2
:A(T)C;?—I—B(r) (d—T)2 +D(1)£+E(1) =0. (B12)

dr dr

In the above equation,

A7) =&,Cny,
B(7) = (£,Cy1 +£,Cyy),

de
D(z)= (d]?+C1281+C2382)+ C11+ Tapmi-ag 2Cils

C
E(z )—52C24+80—:_p0+82112+ T“M*K,C),
S0 2’73 Z.:
20 (20, 5 ), B13
72 <3so+s0> ( )
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