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The doubly charged scalar resonance T¢ ,(2900)*™ is studied in the context of the hadronic molecule

csO

model. We consider 7% (2900) " as a molecule M = D**K** composed of vector mesons and calculate
its mass, current coupling, and full width. The spectroscopic parameters of M, i.e., its mass and current
coupling, are found by means of the QCD two-point sum rule method by taking into account vacuum
expectation values of quark, gluon, and mixed operators up to dimension 10. The width of the molecule M
is evaluated through the calculations of the partial widths of the decay channels M — D{z", M — D;*p™,
and M — D*TK**. Partial widths of these processes are determined by strong couplings ¢g;, g», and g3 of
particles at vertices MDDz, MD!*p™, and MD*"K**, respectively. We calculate the couplings g; by
employing the QCD light-cone sum rule approach and technical tools of the soft-meson approximation.
Predictions obtained for the mass m = (2924 + 107) MeV and width ' = (123 £ 25) MeV of the
hadronic molecule M allow us to consider it as a possible candidate of the resonance T¢,(2900)**.

DOI: 10.1103/PhysRevD.107.094019

I. INTRODUCTION

Recently, the LHCb Collaboration discovered new res-
onances T¢(2900)”** (in what follows, TZ%JF+) in the
processes B’ — D°D}z~ and BT — D~ Dfz" [12],
respectively. They were fixed in the Dyz~ and Dz*
mass distributions and are structures with spin-parity
J¥ = 0*. From the analysis of the decay channels of
TZ’%++ it becomes clear that they are fully open flavor
four-quark systems of cd5 it /cu5 d. Their resonant param-
eters are consistent with each other, which means that they
are members of an isospin triplet: This is the first
observation of an isospin triplet of exotic mesons with
four different quark flavors. The resonance T¢/;" has an
additional attractive feature as the first doubly charged

exotic meson discovered experimentally.

It should be emphasized that T’Z% ™ are not the first fully

open flavor resonances seen by the LHCb experiment.
Indeed, previously LHCb informed about scalar X(2900)
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and vector X;(2900) structures (hereafter X, and Xj,
respectively), which were found in the D~ K™ invariant mass
distribution of the decay B¥ — DT™D~K™ [3,4]. In a four-
quark picture, both X, and X; have the same contents uds c.

New resonances TZ% ** fill up the list of such particles.

The exotic mesons built of four different quarks have
already attracted the interest of researches. Relevant activities
started from an announcement by the DO Collaboration
about the resonance X (5568) [5,6] presumably composed of
quarks sub d. Despite the fact that LHCb, CMS, and ATLAS
experiments did not confirm existence of this state, technical
tools elaborated during this activity led to some interesting
results and are still in use in numerous research works. One
such result is the prediction of a charmed partner X, =
[su][¢ d] of X(5568) in the diquark-antidiquark model [7,8].
In our paper [7], it was investigated in a rather detailed
form. Thus, we calculated the mass and full width of this
tetraquark in the context of the QCD sum rule method using
different interpolating currents. In the case of a scalar-scalar
current, we obtained mg = (2634 £ 62) and I's = (57.7+
11.6) MeV, whereas the axial-axial current led to predictions
ma = (2590 £ 60) and ', = (63.4 4+ 14.2) MeV. 1t is
worth noting that an estimation (2.55 + 0.09) GeV for the
mass of X, was made in Ref. [8] as well.

The doubly charged exotic mesons were also objects of
interesting analyses. The —2|e| charged scalar, pseudosca-
lar, and axial-vector diquark-antidiquarks Zz; = [sd][ ¢]
were explored in Ref. [9]. Another class of tetraquarks

Published by the American Physical Society


https://orcid.org/0000-0003-3741-2167
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.094019&domain=pdf&date_stamp=2023-05-15
https://doi.org/10.1103/PhysRevD.107.094019
https://doi.org/10.1103/PhysRevD.107.094019
https://doi.org/10.1103/PhysRevD.107.094019
https://doi.org/10.1103/PhysRevD.107.094019
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

S.S. AGAEV, K. AZIZI, and H. SUNDU

PHYS. REV. D 107, 094019 (2023)

Z++ = [cu][s d] with the electric charge 2|e| are antipar-
ticles of the states Z;, and have the same masses and decay
widths. Parameters of the vector tetraquark Z{," from this
group of particles were found in Ref. [10].

The discovery of the resonances X, and X; highly
intensified investigations of fully open flavor structures
[11-33]. In these articles, different models were suggested
to explain the observed parameters of these states and
understand their inner organizations. Traditionally, they
were explored in the diquark-antidiquark and hadronic
molecule pictures, which are dominant models to account
for similar experimental data. Thus, X, was treated as a
scalar diquark-antidiquark state [sc][i d] in Refs. [11,12].
The X, was assigned to be the S-wave hadronic molecule
D*~K**, whereas X, was examined as the P-wave diquark-
antidiquark state [ud][¢ 5] in Ref. [13]. There were attempts
to consider these structures as rescattering effects. In fact, in
Ref. [15] it was asserted that two resonancelike peaks in the
process BT — DTD~K™ may be generated by rescattering
effects and occur in the LHCb experiment as the states X,
and X.

The structures X, and X; were studied in our publications
as well [34,35]. The mass and width of the resonance X, were
calculated in Ref. [34] in the framework of a hadronic
molecule model D**K*°. Results found in this work for
the parameters of X allowed us to confirm its molecule
nature. We explored also the resonance X; by considering
it as a vector diquark-antidiquark state Xy = [ud][c 5] [35]:
It turned out that the diquark-antidiquark structure is an
appropriate model to explain the measured parameters of X .

The LHCDb observed only the vector tetraquark Xy =
[ud][c 5], which was interpreted as X,. It is quite possible
that, in the near future, the diquark-antidiquark structures
[ud][¢ 5] with other quantum numbers will be seen in various
exclusive processes. Therefore, parameters of these yet
hypothetical exotic mesons are necessary to form a theo-
retical basis for upcoming experimental activities. Motivated
by this reason, we computed the masses and full widths of the
ground state and radially excited scalar particles X(()/) =
[ud][c 5] [36]. The axial-vector and pseudoscalar tetraquarks
X v and Xpg were investigated in Ref. [37], in which we
evaluated their spectroscopic parameters, i.e., their masses,

current couplings, and widths.

The resonances T?%Jr+ are the last experimentally

confirmed members of the fully open flavor tetraquark
family. In this article, we are going to study the doubly
charged state T g;g*; therefore, we write down its parameters

measured by LHCb as follows [2]:

Mgy = (2921 + 17 + 20) MeV,
Teyp = (137 £32 4 17) MeV. (1)

Observation of new tetraquarks T?%++ generated theo-

retical investigations aimed to bring them under one of the

existing models of four-quark mesons. In our article [38],
we argued that diquark-antidiquark structures are not
suitable for these resonances, because parameters of such
states were already evaluated and predictions obtained for

their masses are well below the LHCb data. One of the

possible ways to explain Tﬁ% ** is to treat them as hadronic

molecules. Then 79" may be interpreted as a hadronic
molecule D*Tp* or D*"K**. In Ref. [38], we realized the
first of these scenarios and estimated the mass of molecule
Di*p*t by employing the QCD two-point sum rule
approach. Our result m = (2917 + 135) MeV for the mass
of the molecule Ditp™ is consistent with Eq. (1).

The resonances T?% ** were investi gated in Refs. [39-45]
as well, in which authors used different models and calcula-
tional schemes. The one-boson exchange model was
employed in Ref. [39] to study interactions in systems of
D™ K™ mesons. Analysis allowed the authors to assign
T%/;" to be an isovector D*K** molecule state with the
spin-parity J* = 0" and mass 2891 MeV. Interpretation of a
new tetraquark candidate T¢, as the resonancelike structure
generated by threshold effects was proposed in Ref. [40]. It
was argued that the triangle singularity induced by the
x.1K*D* loop peaks around the threshold D*K* and may
simulate 7¢ ,. A multiquark color flux-tube model was used

to investigate the resonances T“%++ in the context of the

diquark-antidiquark model [41]. The authors found that a
system [cu][5 d] built of the color antitriplet diquark and
triplet antidiquark with the mass 2923 MeV is a very nice
candidate of the resonance 7%} ". Features of the charmed-
strange tetraquarks were explored also in Ref. [43] in a
nonrelativistic potential quark model. Decays of the neutral
state 799 in the molecular picture were considered in
Ref. [44], whereas production mechanisms of the hidden
and open charm tetraquarks in B decays were addressed
in Ref. [45].

In the present work, we explore the resonance T%;" in
the context of the hadronic molecule model. We implement
the second scenario and model 79" as the hadronic
molecule M = D*TK**. Our analyses of M include cal-
culations of its mass m, current coupling f, and full width
I'. The spectroscopic parameters of M are extracted from
the QCD two-point sum rule computations [46,47] by
taking into account vacuum expectation values of different
quark, gluon, and mixed operators up to dimension 10.

To estimate the full width of the molecule M, we
consider its decays to pairs of conventional mesons
Dfzx", Ditp*, and D*"K*". Partial widths of these
processes depend on parameters of initial- and final-state
particles, as well as on couplings g;, which determine
strong interactions of the molecule M and mesons at the
vertices MD} z", MD:"p™, and MD**K**, respectively.
Because masses and decay constants of ordinary mesons
are known, and spectroscopic parameters of M are the
object of present studies, the only missed quantities are
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strong couplings g;. The couplings g; are evaluated in the
framework of the QCD light-cone sum rule (LCSR) method
[48]. Additionally, to treat technical peculiarities of four-
quark molecule-two conventional meson vertices, we
invoke the technical methods of soft-meson approximation
49,50]].

This article is organized in the following way: In Sec. II,
we find the sum rules for the mass m and current coupling f
of the molecule M = D*"K** in the framework of the
QCD sum rule method. Numerical analysis of the quan-
tities m and f is carried out in this section as well, where
their values are evaluated. In Sec. III, we investigate the
vertices MD[z", MD:*p™, and MD*"K*" and calculate
the corresponding strong couplings g;, i = 1,2, 3. Obtained
information on g; is used to find partial widths of these
decay channels and estimate the full width of the molecule
M. Section 1V is reserved for our conclusions.

II. MASS m AND CURRENT COUPLING f
OF THE HADRONIC MOLECULE M =D**K**

The key quantity necessary to investigate the spectro-
scopic parameters of the molecule M using the QCD
two-point sum rule method is the interpolating current
J(x) for this state. An analytic form of J(x) depends on the
structure and constituents of a four-quark exotic meson
41429394 In the molecule picture, the color-singlet struc-
tures come from [1.], , ® [1.],, and [8.], ® [8.], .
and (g3 <> g4) terms of the color group SU.(3). In the case
under discussion, we assume that the hadronic molecule M
is composed of two ordinary vector mesons D*t and K**
and restrict our analysis by singlet-singlet-type current.
Then, in the [1.];.® [1 )5, representation, J(x) takes the
following form:

T(x) = [do(x)7" ca(0)][55 (xX)7,5 (X)), (2)

where a and b are color indices.

This current has the meson-meson structure and is a
local product of two vector currents corresponding to
the mesons D** and K**. It couples well to the molecule
state D*TK**. But, at the same time, J(x) couples also to
diquark-antidiquark states, because using Fierz transfor-
mation a molecule current can be presented as a weighted
sum of different diquark-antidiquark currents [51]. In its
turn, a diquark-antidiquark current is expressible via
molecule structures (for instance, see Refs. [52,53]). For
example, the current J(x) rewritten in the form

Su

J(x) = BamOpuldar" ] [Spyuttal, (3)

after Fierz transformation, contains the vector-vector
component

1 -
Jyv = _iéamébn [dayﬂun] [sbyﬂcm]' (4)

Using the rearrangement of the color indices d,,,5,, =
Oanbpm + €apk€mnk> With €;; being the Levi-Civita epsilon,
it is not difficult to see that

1 _
Jyy = _E[dayﬂ”a][sbyycb] +- (5)

The term in Eq. (5) is the —D}"p™ /2 meson-meson current,
whereas dots indicate the second component, which should
be further manipulated to become diquark-type current(s).
In other words, J(x) couples also to a molecule D;*p™ and
can couple to other meson pairs such as Dz with the
same contents and quantum numbers. Nevertheless, the
current J(x) corresponds mainly to the molecule D** K*,
which will be demonstrated quantitatively in the next
section by comparing its strong couplings g; to different
two-meson states.

The sum rules for the mass m and current coupling f of
the hadronic molecule M can be obtained from analysis of
the correlation function [46,47],

M(p) = i/d“xe"”’%OIT{J(X)J*(0)}|0>, (6)

with 7 being the time-ordering operator.

To derive the required sum rules, the correlator I1(p)
should be expressed using the physical parameters of the
molecule M, as well as calculated in terms of the funda-
mental parameters of QCD in quark-gluon language. The
first expression establishes the physical (phenomenologi-
cal) side of the sum rules, for which we get

0/ |M)(M|J7|0)
m? — p? +

() = )

To obtain TTP™3(p), we insert a complete set of the
intermediate states with the content and quantum numbers
of the state M into Eq. (6) and carry out integration over x.
In Eq. (7), the contribution of the ground-state particle M is
isolated and shown explicitly, whereas dots denote effects
due to higher resonances and continuum states in the M
channel.

For further simplification of TTP"Y$(p), it is convenient to
introduce the physical parameters of M by means of the
matrix element

(0l|M) = fm. (8)
Then, we get the final formula for the function TTP"S(p),

f2m2

HPhys —
() =5~ o

©)

The rhs of Eq. (9) contains only a trivial Lorentz structure,
which is the unit matrix I. The function f2m?/(m? — p?) is
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the invariant amplitude TTP"$(p?) that corresponds to this
structure: It will be used in our following analysis.

The QCD side of the sum rules, TI°PE(p), has to be
calculated in the operator product expansion (OPE) with
some fixed accuracy. To derive TT°PE(p), we insert the
interpolating current J(x) into Eq. (6), contract the corre-
sponding heavy and light quark fields, and write the
obtained expression in terms of the corresponding quark
propagators. Having carried out these manipulations, we
get for TIOPE(p),

MOPE(p) = i / dxe P Trly, 599 (x)7, 549(—)
X Tr[pSH (x)7 S (—x)]. (10)

where S, (x) and S, 4 (x) are the quark propagators. The
explicit expressions of the heavy and light quark propa-
gators can be found in Ref. [54].

The correlator TI°PE(p) has also a simple structure ~I
and is characterized by an amplitude IT°PE(p?). To find a
preliminary sum rule, we equate the amplitudes TT?™s(p?)
and TTOPE(p?). This equality contains contributions coming
from both the ground-state particle and higher resonances.
The latter can be suppressed by applying the Borel trans-
formation to both sides of the sum rule equality. Afterward,
using the quark-hadron duality assumption, we subtract the
suppressed terms from the obtained expression. These
manipulations lead to dependence of the sum rule equality
on the Borel and continuum subtraction (threshold) param-
eters M2 and s,. Obtained by this way, the expression and
its derivative over d/d(—1/M?) allow us to find the sum
rules for the mass m and coupling f of the molecule M,
which read

2 = WL 50) (11)
(M2, s0)
and
emz/Mz
2= — (M?, s0). (12)

The function TI(M?,sy) in Eqgs. (11) and (12) is the
invariant amplitude IT°PE ( p?) after the Borel transformation
and continuum subtraction, and IT' (M2, o) = dI1(M?, 5,)/
d(=1/M>).

The Borel transform of the amplitude IT""Y*(p?) is given
by the formula

BITMYS (p?) = fme™""/M", (13)

For the correlator TI(M?, 5,), we find a more complicated
expression,

K

dspOPE(s)e™™M* 1 TI(M?),  (14)
2

TI(M?, o) :/

M

where M = m, + m; is the mass of constituent quarks
in the molecule M. It is worth noting that we neglect masses
of u and d quarks, but take into account terms ~my,. At
the same time, we do not include into analysis contribu-
tions ~m? and set m? = 0. The spectral density pOFF(s) is
computed as an imaginary part of the amplitude IT°F(p?).
The Borel transforms of the terms obtained directly from
[I°PE(p) are denoted in Eq. (14) by T1(M?). In this paper,
calculations are carried out by taking into account vacuum
condensates up to dimension 10. Analytical expressions of
pOPE(s) and T1(M?) are lengthy; therefore, we do not write
down them here explicitly.

For numerical computations of m and f, one should
specify different vacuum condensates, which enter into the
sum rules in Eqgs. (11) and (12). These condensates are
universal parameters, which were extracted from analysis
of numerous processes. Their numerical values are listed as
follows:

(Gq)=—(0.240.01)3GeV?, (55)=(0.80.1)(7q),

m3=(0.8+0.2) GeV?,

GZ
<“S > =(0.0120.004) GeV*,

($2G?)=(0.57+0.29) GeV®,
my=93"1'"MeV, m,=1.2740.02GeV. (15)

We have also included in Eq. (15) the masses of ¢ and s
quarks.

The sum rules in Eqgs. (11) and (12) depend also on the
Borel and continuum threshold parameters M? and s,,. The
choice of working windows for M? and s, has to satisfy
standard constraints imposed on the pole contribution (PC)
and convergence of the operator product expansion. To
quantify these constraints, it is appropriate to use the
expressions

~ II(M?, )
PC = II(T202) (16)
and
R(Mz) _ HDimN(MZ’ SO) (17)

H(Mz,SO) ’

where TIPimN (MZ’ SO) — [Pim(8+9+10) (MZ’ SO)'
The PC is used to fix the maximum of the Borel
parameter M2,,, whereas its minimal value M2, is limited

by the convergence of OPE. In sum rule analyses of
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FIG. 1. Dependence of the pole contribution on the Borel

parameter M? at fixed s,. The limit PC = 0.5 is shown by the
horizontal black line. The red diamond notes the point where the
mass m of the molecule M = D*TK** has effectively been
calculated.

ordinary hadrons, PC > 0.5 is a standard requirement.
When studying multiquark particles, this constraint reduces
the region of the allowed M?. To be convinced in
convergence of the operator product expansion, we demand
fulfillment of R(M2. ) < 0.05.

Our calculations prove that the regions for the parameters
M? and s,

M? € [2,27)GeV2, sy €[10.7,11.7) GeV2, (18)

meet all required restrictions. Thus, at M? = 2.7 GeV?
the pole contribution on average in s, is 0.53, whereas
at M? =2 GeV? it equals to 0.72. In Fig. 1 the pole
contribution is plotted as a function of M? at various
fixed sq. It is seen that by excluding the small region
M? > 2.65 GeV? at s, = 10.7 GeV? the pole contribution
exceeds 0.5. On average in s, the constraint PC > 0.5 is
satisfied for all values of the Borel parameter from
the working window Eq. (18). At the minimum point

©
0
———

Perturbative ]

..... Nonperturbative

g

o
——
.

Cont / N(M?,s,)
o
S

o©
)
———
.

0.0"“‘A‘“‘A“"A““A““A““A““A
20 21 22 23 24 25 26 27

M?(GeV?)

M? =2 GeV?, we find R(2 GeV?) ~ 0.015 and the sum of
dimension-8, -9, and -10 contributions is less than 1.5% of
the full result.

Dominance of the perturbative contribution to IT(M?, s;)
and convergence of the operator product expansion are
other important problems in the sum rule studies. In
Fig. 2, we compare the perturbative and nonperturbative
components of the correlation function. One sees that
the perturbative contribution to TT1(M?,s,) prevails over
the nonperturbative one and forms more than 53% of
II(M?, s), already at M> = 2 GeV? growing gradually in
the considered range of M?. From this figure, it is also clear
that convergence of OPE is satisfied: Contributions of the
nonperturbative terms reduce by increasing the dimensions
of the corresponding operators. There is some disordering
in these contributions connected with smallness of gluon
condensates. The dimension -3, -6, -9, and -10 terms are
positive. The Dim3 and Dim6 contributions numerically
exceed contributions of other operators, whereas Dim9 and
Dim10 terms are very small and not shown in the plot.

Predictions for m and f are obtained by taking the mean
values of these parameters calculated at different choices of
M? and s,

m = (2924 + 107) MeV,
f=(43£0.7) x 1073 GeV*. (19)

The m and f from Eq. (19) effectively correspond to the
sum rules’ results at M> = 2.3GeV? and s, = 11.2 GeV?
noted in Fig. 1 by the red diamond. This point is
approximately at the middle of the intervals shown in
Eq. (18), where the pole contribution is PC =~ 0.62. The
circumstances discussed above ensure the ground-state
nature of M and reliability of the obtained results.

The dependence of the mass m on the parameters M? and
sq is drawn in Fig. 3. In general, a physical quantity should
not depend on the auxiliary parameter of computations M?>.
Nevertheless, such residual dependence of m on the Borel
parameter, as well as on s, exists and generates theoretical

1.0 T T T T T T

0.5F—o— ]

»e
S
»e

»

‘ E
i
p
%
o %
[ 2

DimN / N(M?,s,)
o
o

-0.5[ o Dim3 Dim4 —&— Dim5 ]

——#—— Dim6 —%—— Dim7 —&—— Dim8 |

R N ) S ST S S S S S R PR
20 21 22 23 24 25 26 27
M?(GeV?)

FIG. 2. Left: different contributions to TI(M?,s,) normalized to 1 as functions of the Borel parameter M2. Right: normalized
contributions of various operators to I1(M?, s,) as functions of M?. All curves in this figure have been calculated at s, = 11.2 GeV?2.
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£ r 1
25¢ ]
2.0f ]
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20 21 22 23 24 25 26 27
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FIG. 3.

ambiguities of the extracted predictions in Eq. (19). It is
worth noting that these ambiguities are smaller for m than for
f. Indeed, for the mass, they are equal only to £4% of the
central value, whereas in the case of f, they amount to £16%.
Such difference is connected by the analytical forms of the
sum rules for these quantities: The mass m is given by the
ratio of the correlation functions which smooths relevant
effect, whereas f depends on IT(M?, s,) itself.

Our result for the mass of the molecule D**K** agrees
very well with the LHCb datum. This is necessary, but not
enough to make credible conclusions about the nature of
the resonance T%[;": For more reliable statements, one
needs to estimate also the full width of the hadronic

molecule D*TK** suggested in this paper to model 7¢*.

III. WIDTH OF THE MOLECULE M

The quark content, spin-parity, and mass of the molecule
M = D*"K** allow us to classify its decay channels.
Because 74" was seen in the D{z" invariant mass
distribution, the process M — D} z" should be the dom-
inant decay channel of the molecule M. The processes
M — D!Tp" and M — D*"K** are also among the kin-
ematically allowed decay modes of the M. We are going to
evaluate the full width of the molecule M using these decay
channels. It is worth noting that p™ and K** mesons decay
almost exclusively to 77 7% and (Kx)* pairs (see Ref. [55]),
therefore widths of the last two processes can be con-
sidered also as widths of the modes M — D**z+z° and
M — D*"(Kn)™", respectively.

Partial widths of the aforementioned processes are
determined by the strong couplings g, at vertices
MD}r", etc. One of the effective ways to evaluate them
is the QCD light-cone sum rule method [48]. In this
approach, the QCD side of the sum rule, instead of the
local vacuum condensates, is expressed in terms of one of
the final meson distribution amplitudes (DAs). In general,
the DAs of a hadron are nonlocal matrix elements of
various operators with different twists sandwiched between
the hadron and vacuum states. They are specific for each
particle and modeled by taking into account the available

45—
] — M2=2.70 GeV2

40°F ]
[ aeeaa M?=2.35 GeV?

3.5F 1
E M?=2.00 GeV?

.................................................

m (GeV)
w
o

2.0 ]

L

10.8 11.0 11.2 1.4 11.6
so(GeVZ)

1.5¢

Mass m of the molecule M as functions of the Borel M? (left) and continuum threshold s, parameters (right).

experimental data. The LCSR method is suitable for
analysis of not only the conventional hadrons, but also
the multiquark systems such as tetraquarks, pentaquarks,
etc. In the case of tetraquark-meson-meson vertices, how-
ever, these DAs reduce to the local matrix elements of the
meson. For treatment of such vertices, one needs to apply
some additional mathematical tools. The LCSR method
was adapted for investigation of the tetraquark-meson-
meson vertices in Ref. [56] and applied to study numerous
decays of four-quark exotic mesons [54].

A. Decay M — D n*

Here, we consider, in a detailed manner, the decay of the
molecule M to a pair of pseudoscalar mesons D} z . Partial
width of this process depends on the spectroscopic param-
eters of the initial- and final-state particles. The spectro-
scopic parameters of M have been evaluated in the previous
section. The masses and decay constants of the mesons Dy
and 7" are available from other sources. The only unknown
quantity required to calculate the M — Diz™ decays’s
partial width is the strong coupling g; of the particles at the
vertex MDzt.

The coupling g is defined in terms of the on-mass-shell
matrix element,

(z(q@)Ds(p)IM(p")) = gip - P, (20)

where the mesons #" and D7 are denoted as z and D,
respectively. In Eq. (20), p’, p, and ¢ are four-momenta of
M and mesons D; and 7.

In the framework of the LCSR method, the sum rule for the
coupling g; can be obtained from the correlation function,

(p.q) = i/d“xei”)‘(ﬂ(Q)lT{JD“(X)J*(O)}I()% (21)

where J(x) is the current for the molecule M given by Eq. (2).
The interpolating current J”s (x) for the meson Dy is defined
by the formula

094019-6



MODELING THE RESONANCE 79 ,(2900)"" ...

PHYS. REV. D 107, 094019 (2023)

JP+(x) = 5;(x)iysc;(x), (22)

with j being the color index.

At this stage of our analysis, we express the correlation
function TI(p,q) using the physical parameters of the
particles involved in the decay process. To this end, we
write TTP™3(p, ¢) in the factorized form [50,57],

(z(q)D;(p)|M(p"))(M(p")|T7]0)

I1 ys(p’ Q) = (p/z _ mz)
(0]J7:|D,(p))
) @)

where mp, is the mass of the meson Dy . As is seen, the
function TT"W$(p,q) contains the matrix elements of
the vertex MD{ zt, the molecule M, and meson D.
The matrix element of M is known from Eq. (8), whereas
for the meson D] we use

_ fD\'sz.x

0|JP¢|D, ,
(O 1Dy (p) = 22

(24)

with f|, being the decay constant of Dy .
After simple manipulations, we get

fmf Dsm%)x

(mc + ms)(pz - mZD‘)

™S (p. q) = gy

xmp-p’+-~-. (25)
The term in Eq. (25) corresponds to the contribution of
ground-state particles in M and D] channels. Effects of
higher resonances and continuum states in these channels
are denoted by ellipses. The function IT"™3(p, g) forms the
physical side of the sum rule for the coupling g,. It has the
Lorentz structure proportional to the unit matrix I; there-
fore, the expression on the rhs of Eq. (25) is the invariant
amplitude TIPS (p?, p?), which depends on two variables,
p? and p%.

The correlation function I1(p, g) calculated in terms of
quark propagators and matrix elements of the pion con-
stitutes the QCD side of the sum rules and is equal to

0% (p.q) = = [ diae(r, S (-0,
x (x(q)|74(0)d3(0)[0), 26)

where o and S are the spinor indices.

The correlator IT°PE(p, g), apart from propagators of the
c and s quarks, contains also the local matrix elements
(z|u5d5|0) of the pion. In the standard LCSR method,
while studying vertices of conventional mesons, the corre-
lator depends on the nonlocal matrix elements of the meson

(for instance, 7 meson), which after some transformations
can be expressed in terms of its different DAs. In the case
under discussion, the TT°PE(p, g) contains the pion’s local
matrix elements, the appearance of which has a simple
explanation. Indeed, because the hadronic molecule M is
built of four valence quarks located at space-time position
x =0, contractions of two quark operators from the
currents JP+(x) and J(x) leave free the two quark fields
from M at the same position x = 0. This feature of the
correlation function IT°PE(p, ¢) connected with differences
in the quark contents of tetraquarks and ordinary mesons is
an unavoidable effect for all tetraquark-meson-meson
vertices.

It turns out that the TI°PF(p, ¢)-type correlators emerge
in the limit ¢ — 0 in LCSR calculations [50], which is
known as the soft-meson approximation. In this approxi-
mation, p = p’ and invariant amplitudes IT""$(p?) and
[T°PE(p?) depend only on one variable, p®. It is worth
emphasizing that the limit ¢ — 0 is applied to hard parts of
the invariant amplitudes, whereas in their soft parts (i.e., in
matrix elements), terms ~g> = m? are taken into account.
In other words, soft-meson approximation should not be
considered as a massless limit of the correlation functions.

Technical difficulties generated by this limit in the
physical side of sum rules can be cured by means of
technical tools elaborated in Refs. [49,50]. It is important
that the sum rules for the strong couplings obtained using
the full LCSR method and soft-meson approximation lead
to numerically close results [50]. To clarify this last point,
we note that in the full version of the LCSR method a sum
rule for the strong coupling at a vertex of three conventional
mesons depends on numerous two- and three-particle
quark-gluon DAs of a final meson. In the limit ¢ — 0
only a few leading terms survive in this sum rule. Because
their contributions are numerically decisive, for the strong
coupling, the full version and soft-meson limit of the light-
cone sum rules give close predictions. Thus, in Ref. [50] the
couplings gpp, and gpp, at the vertices D*Dx and B*Bx
were calculated using both of these methods. In the full
LCSR approach, these couplings are equal to

gul — 125410, U —20+3,  (27)

whereas in the soft-meson approximation, the authors
found

g, =11+2,  got =28+6.  (28)

As is seen, values of the couplings are very close to each
other, though uncertainties in the soft limit are larger than in
the full version [50].

These arguments do not imply a necessity of the soft-
meson approximation to study all of the vertices contain-
ing four-quark states. Two tetraquark-meson vertices, for
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example, can be readily investigated in the context of the
conventional LCSR method [58].

The local matrix elements (z|i;d4|0) carry color and
spinor indices, therefore their further processing is difficult
task. We can rewrite them in convenient forms by expand-
ing itd over the full set of Dirac matrices I'/,
ow/V2,  (29)

FJ = 17 755 y;u i757/47

and projecting onto the colorless states

i(0)d3(0) » = 8T [@(OVd(0).  (30)

127
The operators alV d, sandwiched between the 7 meson and
vacuum, generate local matrix elements of the z meson,
which can be implemented into TI°PE(p, q).

The expression obtained for the TT°PE(p?) in the soft
limit is considerably more simple than the invariant
amplitude in the full version of the LCSR method. But,
at the same time, soft-meson approximation produces
problems on the physical side of the sum rule. Below,
we will come back to finish the calculation of TT°PE(p?),
but now it is time to fix sources of complications in
1Phys (p2, p’?). To this end, we rewrite this amplitude in the
soft limit,

fmex sz,&

2(mc + ms)(p2 - ﬁ/lz)z
X (22 = m2) + -, (31)

™ (p?) = g

where /* = (m* + mj, )/2 and m,, is the mass of the pion.

It is seen that the amplitude ITP™S(p2), in the soft
approximation, instead of two poles at different points,
has one double pole at p? = 7>,

The Borel transformation of TT?™3(p?) is given by the

expression,

fme\'szs
2(m, +my)
_~2/M2

M2

WWWFP (2 - m2)

+ AMZ} T (32)

Apart from the ground-state contribution, in the soft limit,
the amplitude TT?™*(M?) contains additional unsuppressed
terms ~A [50]. These terms correspond to the transitions
from the excited states in the M = D*TK** channel with
m* > m and are not suppressed relative to the ground-state
contribution, even after the Borel transformation. These
circumstances make problematic the extraction of the g,
from Eq. (32). The contributions ~A can be removed from

the physical side of the sum rule by means of the operator
P(M?, in?) [49,50],

P(M?,in?) = (1 - M? ﬁ) M2 (33)

which should be applied to both sides of the sum rule
equality.

After this operation, the remaining suppressed terms in
[1Pvs(M?), denoted in Eq. (32) by ellipses, can be
subtracted in a standard way. As a result, we find the
sum rule for the strong coupling g;, which reads

2(m,. + my)
— ¢ s P M2’1~n2 HOPE MZ’ ,
o fmfpmp (2m* —m3) ( ) (4, 50

(34)

where TT°PE(M?2, 5,) is the invariant amplitude TTOPE(p?)
after the Borel transformation and continuum subtraction
operations.

Recipes to compute the correlation function TTIOPE(p, ¢)
in the soft approximation were explained in Ref. [56],
therefore we give only the principal points of these
calculations. Thus, having substituted the expansion (30)
into Eq. (26), we perform summations over color indices
and fix the local matrix elements of the pion that contribute
to the TIPE(p, ¢) in the soft-meson limit. It turns out that
the contributions to TI°P(p, ¢ = 0) come from the pion’s
two-particle twist-3 matrix element,

<O|(_il]/5M|7T> = fﬂﬂiﬂ (35)
where
my 2(gq)
= z —_ - . 36
Ha m, + my 12 (36)

The second equality in Eq. (36) arises from the partial
conservation of the axial-vector current.
The amplitude ITPE(M?, s) is given by the formula

HOPE(Mz, SO) _ fﬂﬂ; /50 ds(m% - S)
87° a2 s

x (m% = 2m mg — s)

+fﬂ/47zHNP(M2)' (37)

e—s/M2

The first term in Eq. (37) is the perturbative component of
the TI°PE(M?2, 5). The nonperturbative term Ilyp(M?) is
computed with dimension-9 accuracy and has the follow-
ing form:
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(55)

a,G?

dx

Mo (02) = S 022, = m,) = i e o

(5g0Gs)m3

3 ]t/ M2 (1)) _
Je 6M°

— mlx

2

—2m3my — M*|e /M 4 <aSG
T

—4M*m.(3m, + m,)]em /M,

In addition to the vacuum condensates, the sum rule in
Eq. (34) contains also the masses and decay constants of the
final-state mesons DY and 7. Numerical values of these
parameters, as well as parameters of other mesons, which
will be necessary later, are presented in Table I. For the
decay constants of the mesons Di™ and D**, we employ
predictions of the QCD lattice method [59]. For all other
parameters, we use information from the Particle Data
Group, mainly from its last edition [55]. All these input
parameters were either measured experimentally or
extracted by means of alternative theoretical approaches.

Numerical analysis demonstrates that the working
regions shown in Eq. (18) used in calculations of the M
molecule’s mass meet the required restrictions on the Borel
and continuum subtraction parameters M? and s, imposed
in the case of the decay process. Therefore, in computations
of TIOPE(M?,s,), the parameters M? and s, have been
varied within the limits (18).

For ¢, the numerical calculations yield

g1 = (7.1 £ 1.1) x 107! GeV~'. (39)

The partial width of the decay M — D z" is determined
by the expression

TABLEI. Masses and decay constants of the mesons D§*>, D*,
K*, n, and p, which have been used in numerical computations.

Parameters Values (MeV)
mp, 1969.0 = 1.4
my, 139.57039 4+ 0.00017
mp: 21122 4+04
m, 775.11 £0.34
Mp: 2010.26 £ 0.05
mg 891.67 +0.26
fp, 249.9 4+ 0.5
[ 130.2+0.8
fp: 268.8 6.5
fp 216 £3
fp 2235+0.5
fx 204 +0.3

><§gaGs>

18M12

d >7;n]‘c44~/01 (1-x)* [ms(1 = x)(2M* + m?)

G2 2
(M? = mm)e=m /M 4 <as ><§s> T e M2, (m, + m,)

T oMm?

n°m,

[BM® — 20m2mg + 10m3M?(m, + 2m,)

FI[M—>D;—71'+] :%ﬂ(l +—2>, (40)
¥/ m

where A = A(m,mp_,m,) and

[a* 4+ b* + c* = 2(a*b* + a*c? + b>c?)]V/?

AMa,b,c) =
(a,b,c) >
(41)
Then, it is not difficult to find that
[''[M — Dfz*] = (71 £23) MeV, (42)

which is large enough to confirm the dominant nature of
this channel.

B. Processes M — D;*p* and M - D**K**

These two processes differ from previous decay by a
vector nature of produced mesons. This fact modifies
matrix elements of the vertices and formulas for decay
widths of the processes. We concentrate on analysis of the
decay M — Ditp* and write down only the final pre-
dictions for M — D*TK**.

The correlation function, which should be studied in the
case of the decay M — Di"p™, has the following form:

M,(p.q) = i/d4xe"‘”"<p(61)|7{ff‘*‘(X)JT(O)}0>, (43)

where J,l,)'t (x) is the interpolating current for the meson
D;*,

T () = 5,(0)y,ei(x). (44)

The correlation function I, (p, g) written down in terms of
the matrix elements of the particles and the vertex MD**p*
are given by the expression

094019-9



S.S. AGAEV, K. AZIZI, and H. SUNDU

PHYS. REV. D 107, 094019 (2023)

1 (. ) = (plq. €)D" (p. £)|M(p")) (M (p")|I7]0)

(p? —m?)
0l D (p.e
Ll U us)

where mp: and ¢, are the mass and polarization vector of
the meson D*", and ¢, is the polarization vector of the p
meson. The expression in Eq. (45) is the contribution of the
ground-state particles to the physical side of the sum rule,
whereas ellipses stand for the contributions of higher
resonances and continuum states.

We introduce the matrix element of the meson D}t by
the formula

(O IDFH(p.€)) = mp; f ;e (40)

We also model the mass-shell matrix element of the vertex
MD?:"pT in the following way:

(p(q.€)D5"(p.e)IM(p"))

=ol(g-p)e-e)=(p-€e)(q-e)].  (47)

Then, it is not difficult to calculate the function H,]jhys( P:q),

Smmp:fp:

(p* = m?)(p* = mp,.)
myy + mp, —m?
(e

hys
L™ (p.q) =

eﬂ+p‘€qﬂ>—|—~-~.
(48)

As is seen, H,ljhys( P, q) contains two structures proportional

to €, and g,. We are going to employ the structure ~¢, and
the corresponding invariant amplitude, which in the soft
limit has the form

|

24 2 2
_ Jmmp, fp, ), + mp, —m

[ Phys (.2
H yb(p) (pz—ﬁiz)z 2 El

(49)

with /n* being equal to (m* +mj,.)/2.
The QCD side of the sum rule is determined by the
correlator

P (p.q) = i / d*xe'P [y, ST (=x)1,SE(X)7"] 5

x (p(q)lit(0)d}(0)[0). (50)

This function has the

IL,™*(p. q). In the soft-meson approximation, it receives
contribution from the matrix element

same Lorentz structures as

<0|a7/yu|p> :fpmpew (51)

where f, is the decay constant of the p meson.
Having fixed an amplitude that is proportional to €, and

labeled it by TI°PE(p?), it is not difficult to write the sum
rule for the strong coupling g,,

2P(M?, in®)TTOPE (M2, s,)

Jmmp: fp.(mg + mp. —m?)’

92 (52)

Here, T°PF(M2, s,) is the amplitude TT°FE(p?) after the
Borel transformation and continuum subtraction procedures.
It does not differ considerably from the [T°PE(M?, s) and has
the following form:

FIOPE (02 s,) fom, /so ds(m? —s)

4872 e 52
X (m* 4+ mimy — 6moms — 252)e=/M*
+fpmpﬁNP(M2>' (53)

The nonperturbative term Ilyp(M?) is given by the
expression

1 2\ _ <§S>mc 2 —m2/M? (ZS(;2 m.
HNp(M ) = 12M2 (2M mcms)e + pu

X (m2mg — 2mM?* — m M?))e=me/ M (1=x)] 4

G? 2 2
" <as ><~'VS> T amdm, — 2MPm(m, + 3m,) + 2M¥e i 4 <

T 36M8

X [OMS — 60m3m + 10m2M?(3m, + Tm,) — AM*m.(9m, + 4m)]e~"e/M’

144M*
(5goGs)
72M°

/01 a ixx)3 [mdx+ (1 -x)

(6mimy — 6m3M? — 2mim ,M? — m M*)e~me/M
a,G?\ ,_ n’m,
: 596Gs) ———
7 >< 99G5) Tosm™
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Numerical computations lead to the result
lg] = (9.8 £1.2) x 107! GeV~!. (55)

The partial width of the decay M — Di*p™ is determined
by the formula

2.2 22
. 24
F2|:M_)D:+p+:| _M,{(3+_>, (56)
87 m
where 1 = A(m, mp: m/,). Then, we get

To[M = Ditp*] = (15 £ 4) MeV. (57)

The decay M — D*"K** can be considered in a similar
way. Omitting details, we write down predictions for
the strong coupling g; and partial width of the process
M — D*TK*t,

g3 = (1.5+£0.3) GeV!, (58)
and
[3[M — D*tK**] = (37 & 10) MeV. (59)

Information gained in this section allows us to com-
pare couplings of the current J(x) to different two-
meson states. It is seen that g; corresponding to vertices
MD*TK**, MDi*p*, and MDYzt obeys the inequalities
g3 > |g»| > g,. Hence, J(x) describes mainly the hadronic
molecule D*TK**, as was asserted in Sec. II. Differences
in the widths of relevant decays are connected not only
with g;, but generated also by A factors and parameters of
produced mesons.

Using results obtained for the partial widths of the
decays considered in this section, we can estimate the full
width of the molecule M,

I = (123 +£25) MeV, (60)

which should be confronted with the experimental data (1).
It is seen that, although I" and I'.,, do not coincide, they are
comparable with each other provided one takes into account
errors of the measurements and theoretical analyses.

IV. CONCLUSIONS

In the present article, we have investigated features of the
hadronic molecule M = D**K** and calculated its mass
and width. The mass of M has been computed using the
QCD two-point sum rule method. Prediction obtained for
the mass m = (2924 £ 107) MeV is in nice agreement
with the LHCb datum for the mass of the resonance T%/,".
It also does not differ considerably from the mass (2917 +
135) MeV of the molecule Di"p™ suggested to model

794" in our paper [38].

We have evaluated the width of the molecule M by
calculating partial widths of the decay channels M —
Dfz", M - D*"p*, and M — D*"K**. To this end, we
have found strong couplings of the particles at vertices
MD}za", MD*p*t, and MD**K** by means of the QCD
light-cone sum rule approach and soft-meson approximation.
The strong coupling of the hadronic molecule M with final-
state mesons is large in the case of mesons D*t and K**,
which is understandable because M is composed of these
particles. Nevertheless, the partial width of the decay M —
D*TK** is less than that of the decay M — Dfrz*t. The
reason is that the kinematical factor A in the expression of the
decay widths in Egs. (40) and (56) gets its largest value in the
process M — Dz, As aresult, the dominant channel of M
is the decay to a pair of the mesons Dy and z ", which was
actually observed by the LHCb Collaboration.

The final result I' = (123 + 25) MeV for the full width
of the molecule M is compatible with the ', within the
existing experimental and theoretical errors. The estimate
for I' may be further improved by taking into account
another decay channels of the hadronic molecule M. It
will be interesting also to compare the I" and T, with
predictions for the full width of the resonance 74" obtained
in the context of alternative methods. Nevertheless, based on
our present results, we may consider the hadronic molecule
M = D*TK*T as a possible candidate to the doubly charged
resonance T4,

cs0

The isoscalar partner of T¢[", namely, the second
resonance 7% with quark content cds i, may be modeled
as a linear superposition of hadronic molecules D*°K*? and
Di*p~. The dominant decay channel of this state is the
process T9% — D{z~. The modes T% — D°K°, D;*p~,
and D*°K*0 are other possible decay channels of 7%
Experimentally measured mass and width differences
between T}" and T, are equal to Am~28 and
AT" = 15 MeV, respectively. To be accepted as a reliable
model for 7%, the molecule picture should be successfully
confronted with the available data.

Another problem to be addressed here is similarities and
differences of the resonances T z%++ and Xo(y. It has been
noted in Sec. I that Xj(;) are exotic mesons composed of
quarks udsc. The scalar structures 7% and X, differ from
each other by quark exchanges # <> u and ¢ <> ¢. They are
neutral particles with masses 2892 and 2866 MeV, respec-
tively. It is seen that a mass gap between these two
structures is small. In Ref. [34], we modeled X, as a
hadronic molecule D*°K*? and found its mass equal to
2868 MeV, which is in very nice agreement with the LHCb
datum. The D*°K* and a component D**K*? of the
molecule model for 7% have almost identical structures,
therefore one expects the mass of the isoscalar state 7%,
will be consistent with experiments.

The mass difference ~55 MeV between T¢/;" and X, is
larger than the gap in the previous case, which is connected
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presumably with the doubly charged nature of 79} ". We
explored the vector resonance X in Ref. [35] as a diquark-
antidiquark state [ud][cs] and achieved reasonable agree-
ments with the LHCb data. In general, hadronic molecules
composed of two mesons may be used to model vector
particles as well. Because T%;" has the spin-parity
J? = 0%, in this article, we have studied only the scalar

particle D**K**. Molecules with the same quark content
but different spin-parities are yet hypothetical structures.
These are interesting objects for theoretical research as well
because they may be discovered soon in various exclusive

processes. Properties of the isoscalar resonance 7%, and

cs0
counterparts of Tf%++ with different spin-parities are

issues for future investigations.
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