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In the light of SUð3Þ flavor symmetry, the effective interaction Hamiltonian in tensor form is obtained by
virtue of group representation theory. The strong and electromagnetic breaking effects are treated as a
spurion octet so that the flavor singlet principle can be utilized as the criterion to determine the form of
effective Hamiltonian. Two body decays of both baryonic and mesonic final states are parametrized in the
uniform scheme, based on which the relative phase between the strong and electromagnetic amplitudes is
studied for various charmonium decay modes, including ψ 0 and/or J=ψ decay to octet baryon pair, decuplet
baryon pair, decuplet-octet baryon final state, and pseudoscalar-pseudoscalar meson final state. In data
analysis of samples taken in eþe− collider, the details of experimental effects, such as energy spread and
initial state radiative correction, are taken into consideration in order to make full use of experimental
information and acquire the accurate and delicate results.
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I. INTRODUCTION

The Standard Model (SM) has been accepted as a
universally appreciated theory basis in the high energy
community, and mainly consists of two parts. One is the
Salam-Weinberg model that depicts the electroweak inter-
action, which can usually accommodate accurate enough
evaluation for certain process. Another part of the SM is
quantum chromodynamics (QCD) that depicts the strong
interaction. It has been proved to be very successful at high
energy when the calculation can be executed perturbatively.
Nevertheless, its validity at the nonperturbative regime
needs more experimental guidance. The production and
decay of charmonium states supply an ideal laboratory for
such a study.
Charmonium is the bound state of a charm quark and

an anticharm quark; it is one of the simplest systems
bound by strong force. As the mass of the charmonium
states is between 3 and 5 GeV, the transition regime
between the perturbative and nonperturbative QCD, so it
is extremely important in both theory and experiment.
One may remember that at the early stage of the discovery
of a narrow state J=ψ , the cc̄ system was hailed as the
hydrogen atom of QCD, with the implied hope that the
study of the newly discovered system could shed as much

light on the dynamics of quark-antiquark interactions as
the study of the hydrogen atom had on quantum electro-
dynamics. But one may also notice the historical fact,
even before Bohr’s theory, Balmer series had been
discovered for long, and the famous Rydberg formula
had also been proposed, which laid a solid foundation for
further theoretical improvement. If we are conscious of
the more complicatedness of charmonia system compar-
ing with the hydrogen atom, we may prepare for more
hard and meticulous works.
As one important and interesting step, it is a good

starting point to study the relative phase between the strong
and electromagnetic (EM) interaction amplitudes, which
provides us a new viewpoint to explore the quarkonium
decay dynamics, then profound our understanding on
QCD. Studies have been carried out for many J=ψ and
ψ 0 two-body mesonic decay modes with various spin-
parities: 1−0− [1–3], 0−0− [4–7], and 1−1− [7], and baryon
antibaryon pairs [8]. These analyses reveal that there exists
a relative orthogonal phase between the EM and strong
decay amplitudes [1–9]. There is also a conjecture to claim
that such an orthogonal phase is universal for all quarkonia
decays [10,11].
Besides the experimental measurement of the phase,

there is also some theoretical efforts to parametrize the
various decay modes to provide us more insight of decay
dynamics [12–20], such as the pseudoscalar and pseudo-
scalar mesons (PP), vector and pseudoscalar mesons (VP),
octet baryon-pair, and so on. In the paper, based on the
concise flavor singlet principle, two body decay modes,
including both mesonic and baryonic final states, are
parametrized systematically and consistently. And this kind
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of results definitely facilitates the study of the relative phase
between EM and strong interactions.
In the next section, the parametrization scheme will be

expounded first, then the effective Hamiltonians for both
baryonic and mesonic decay modes are obtained consecu-
tively. The section that follows discusses in detail the
experimental effects of eþe− collider, then the successive
section focuses on concrete data analysis. The last section is
a summary.

II. ANALYSIS FRAMEWORK

In eþe− collider experiment, the initial state is obviously
flavorless, then the final state must be flavor singlet.
Moreover, only the Okubo-Zweig-Iizuka (OZI) rule sup-
pressed processes are considered and the final states merely
involve light quarks, that is u, d, s quarks. Therefore, solely
the theory of unitary SUð3Þ group is employed for symmetry
analysis. The key rule herein is the so-called “flavor singlet
principle” that determines what kinds of terms are permitted
in effective interaction Hamiltonian. Resort to the perturba-
tion language, the Hamiltonian is written as

Heff ¼ H0 þ ΔH; ð1Þ

where H0 is the symmetry conserved term and ΔH the
symmetry breaking term, which is generally small compare
to H0. Since we focus on two-body decay, merely two
multiplets, say n and m, need to be considered. In the light
of group representation theory, the product of two multiplets
can be decomposed into a series of irreducible representa-
tions, that is

n ⊗ m ¼ l1 ⊕ l2 ⊕ � � � ⊕ lk: ð2Þ

The singlet principle requires that among the ljðj¼1;…;kÞ,
only the singlet term, i.e., lj ¼ 1 for certain j, can be allowed
in the Hamiltonian. Since this term is obviously SUð3Þ
invariant, it is called the symmetry conserved term, i.e., H0.
Now turn to the SUð3Þ-breaking term. Two types of

SUð3Þ breaking effect are to be considered. One is the mass
breaking term. Here, SUð2Þ isospin symmetry (or I-spin
symmetry in group language) is assumed, that is mu ¼ md;
but ms ≠ mu;md and this mass difference between s and
u=d quarks leads to SUð3Þ breaking. In SUð3Þ fundamental
representation, with Gell-Mann matrices, such a mass
breaking effect can be described by matrix Sm,

Sm ¼ gm
3

0
B@

1

1

−2

1
CA; ð3Þ

where gm is the effective coupling constant due to mass
difference effect.

Along the same line, electromagnetic effect also violates
SUð3Þ invariance but keeps charge symmetry (or U-spin
symmetry in group language), such a charge breaking effect
is described by matrix Se,

Se ¼
ge
3

0
B@

2

−1
−1

1
CA; ð4Þ

where ge is the effective coupling constant due to charge
difference effect.
It is well known that the octet hadron, meson and/or

baryon can be expressed by Gell-Mann matrices as well.
By virtue of Eqs. (3) and (4), it inspires us to consider the
SUð3Þ-breaking as one kind of octet. Following the recipe
proposed in Ref. [15], this kind of SUð3Þ-breaking effect is
called a “spurion” octet. With this notion, in order to figure
out the breaking term in the Hamiltonian, the products
of this spurion octet with the irreducible representations
ljðj ¼ 1;…; kÞ will be scrutinized, only the singlet term
in the decomposition will be allowed in the Hamiltonian.
Concretely,

lj ⊗ 8 ¼ q1 ⊕ q2 ⊕ � � � ⊕ qk; ð5Þ

then if and only if some qi ¼ 1, the corresponding term
is allowed. Since such a kind of term violates SUð3Þ
invariance, it is called the symmetry breaking term. In a
word, with the singlet principle, the effective interaction
Hamiltonian can be determined definitely.
Now we discuss two issues here. First, by virtue of group

representation theory, the particles can be expressed in
many notations, here the tensor denotation is adopted, so
that all multiplets can be expressed consistently. Under this
form, how to express the breaking term? In the light of
Eqs. (3) and (4), it is noticed that Sm is I-spin conserved
breaking while Se U-spin conserved breaking, this is
equivalent to contract the superscript and subscript indexes
along 3 and 3 direction to obtain the mass breaking term
H3

3, and contract the superscript and subscript indexes
along 1 and 1 direction to obtain the charge breaking
term H1

1.
Second, the Hamiltonian term is usually written as

ψM1M2, where ψ indicates the charmonium state while
M1 and M2 are two multiplet components with the
corresponding tensor indexes contracted. Since the char-
monium state ψ is the same for whole final state, and what
we care about is the relative relation of multiplet, so ψ is
suppressed in the following derivations.

A. Parametrization of baryonic final state

We start with decuplet-decuplet baryon pair final state.
In SUð3Þ classification, the decuplet contains the isospin
multiplets I ¼ 0; 1

2
; 1, and 3

2
corresponding respectively to
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the tensor components B333; Bi33; Bij3, and Bijk, for
i, j, k ¼ 1, 2. These are assigned to the lowest excited
baryon states [21]:

B111 ¼ Δþþ B112 ¼ 1ffiffiffi
3

p Δþ B122 ¼ 1ffiffiffi
3

p Δ0 B222 ¼ Δ−

B113 ¼ 1ffiffiffi
3

p Σþ B123 ¼ 1ffiffiffi
6

p Σ0 B223 ¼ 1ffiffiffi
3

p Σ−

B133 ¼ 1ffiffiffi
3

p Ξ0 B233 ¼ 1ffiffiffi
3

p Ξ−

B333 ¼ Ω− ð6Þ

The related antibaryon is denoted as Bijk, that is
Bijk ¼ B̄ijk:

B111 ¼ Δ̄−− B112 ¼
1ffiffiffi
3

p Δ̄− B122 ¼
1ffiffiffi
3

p Δ̄0 B222 ¼ Δ̄þ

B113 ¼
1ffiffiffi
3

p Σ̄− B123 ¼
1ffiffiffi
6

p Σ̄0 B223 ¼
1ffiffiffi
3

p Σ̄þ

B133 ¼
1ffiffiffi
3

p Ξ̄0 B233 ¼
1ffiffiffi
3

p Ξ̄þ

B333 ¼ Ω̄þ ð7Þ

It also should be noted that Σ and Ξ in decuplet are
conventionally denoted as Σ� and Ξ� to indicate the excited
states, but the star in the superscript is suppressed in this
subsection without ambiguity. However, when discussing
the decuplet-octet final state, the symbol will be recovered
to avoid confusion.
According to group theory, the product of two decuplets

can be decomposed as follows

10 ⊗ 10� ¼ 1 ⊕ 8 ⊕ 27 ⊕ 64; ð8Þ

where the singlet 1 is presented, then

H0 ¼ g0 · BijkBijk: ð9Þ

Here Einstein summation convention is adopted, that is
the repeated suffix, once as a subscript and once as a
superscript, implies the summation.
Next, according to group theory, in the decomposition of

8 ⊗ 8, 8 ⊗ 27, and 8 ⊗ 64, the singlet only exists in that
of 8 ⊗ 8. In addition, two kinds of breaking effects are
to be considered, then the final effective interaction
Hamiltonian reads

Heff ¼ g0 · BijkBijk þ gm ·H3
3 þ ge ·H1

1; ð10Þ

where

H3
3 ¼ B3jkB3jk −

1

3
ðBijkBijkÞ; ð11Þ

and

H1
1 ¼ B1jkB1jk −

1

3
ðBijkBijkÞ: ð12Þ

Substituting the components of Eqs. (6) and (7) into the
effective Hamiltonian of Eq. (10), we acquire the para-
metrization for decuplet-decuplet baryon final state as listed
in Table I.
Now we consider the octet-octet final state. The SUð3Þ

octet baryon is conveniently expressed in the matrix
notations [22,23]

B¼

0
B@

Σ0=
ffiffiffi
2

p þΛ=
ffiffiffi
6

p
Σþ p

Σ− −Σ0=
ffiffiffi
2

p þΛ=
ffiffiffi
6

p
n

Ξ− Ξ0 −2Λ=
ffiffiffi
6

p

1
CA;

ð13Þ

and

B̄ ¼

0
B@

Σ̄0=
ffiffiffi
2

p þ Λ̄=
ffiffiffi
6

p
Σ̄þ Ξ̄þ

Σ̄− −Σ̄0=
ffiffiffi
2

p þ Λ̄=
ffiffiffi
6

p
Ξ̄0

p̄ n̄ −2Λ̄=
ffiffiffi
6

p

1
CA:

ð14Þ

The corresponding tensor notations are respectively Bi
j

and B̄i
j, where the superscript denotes the row index of

matrix and the subscript the column index. According to
the decomposition

8 ⊗ 8 ¼ 1 ⊕ 8 ⊕ 8 ⊕ 10 ⊕ 10� ⊕ 27; ð15Þ

TABLE I. Amplitude parametrization form for decay of ψ 0
or J=ψ into a pair of decuplet baryon, in terms of singlet A
(by definition A ¼ g0), as well as the charge-breaking term D
(by definition D ¼ gm=3) and the mass-breaking term D0 (by
definition D0 ¼ ge=3).

Final state Amplitude form

ΔþþΔ̄−− Aþ 2D −D0

ΔþΔ̄− AþD −D0

Δ0Δ̄0 A −D0

Δ−Δ̄þ A −D −D0

ΣþΣ̄− AþD
Σ0Σ̄0 A
Σ−Σ̄þ A −D
Ξ0Ξ̄0 AþD0

Ξ−Ξ̄þ A −DþD0

Ω−Ω̄þ A −Dþ 2D0
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the singlet exists which leads to a symmetry conserved
interaction, that is

H0 ¼ g0 · B̄i
jB

j
i : ð16Þ

As far as breaking terms are concerned, the octet-octet final
state are more complex than that of decuplet-decuplet one.
By virtue of Eq. (15) it is noted that there are two types
of octet: an antisymmetric, or f-type, and a symmetric, or
d-type, defined respectively by

ð½B̄B�fÞij ¼ B̄i
kB

k
j − B̄k

jB
i
k; ð17Þ

and

ð½B̄B�dÞij ¼ B̄i
kB

k
j þ B̄k

jB
i
k −

2

3
δij · B̄

i
jB

j
i : ð18Þ

Correspondingly, each breaking term for decuplet now
contains two parts for octet. In addition, no singlet exists in
the decomposition of 8 ⊗ 10, 8 ⊗ 10�, and 8 ⊗ 27, there-
fore, the final effective interaction Hamiltonian reads

Heff ¼ g0 · B̄i
jB

j
i þ gm · ð½B̄B�fÞ33 þ g0m · ð½B̄B�dÞ33

þ ge · ð½B̄B�fÞ11 þ g0e · ð½B̄B�dÞ11: ð19Þ

Then writing the Heff in particle form, we acquire the
parametrization for octet-octet baryon pair final state as
summarized in Table II.
Last, we consider decuplet-octet final state. According to

the reduction

8 ⊗ 10� ¼ 8 ⊕ 10 ⊕ 27 ⊕ 35; ð20Þ

no singlet exits, so there is no symmetry conserved term in
the effective interaction Hamiltonian. All terms come from
breaking effects. The octet in the left hand of Eq. (20) is
constructed as follows

Oi
j ¼ ϵimnBlmjBl

n; ð21Þ

or

Oj
i ¼ ϵimnBlmjB̄n

l ; ð22Þ

where ϵimn (or ϵimn) is totally antisymmetric tensor.
No singlet exists in the decomposition of 8 ⊗ 10,
8 ⊗ 27, and 8 ⊗ 35, therefore, only singlet comes from
the product of two octets, and the final effective interaction
Hamiltonian reads

Heff ¼ gmO3
3 þ geO1

1: ð23Þ

The parametrization for octet-decuplet baryon final state is
presented in Table III.

B. Parametrization of mesonic final state

The philosophy of parametrization for the mesonic
final state is similar to that for the baryonic final state.
We will take vector-pseudoscalar (VP) and pseudoscalar-
pseudoscalar (PP) meson pair final states as examples to
expound the parametrization process.
SUð3Þ octet vector meson and pseudoscalar meson are

respectively expressed in matrix notations [24,25]

V ¼

0
B@

ρ0=
ffiffiffi
2

p þω=
ffiffiffi
6

p
ρþ K�þ

ρ− −ρ0=
ffiffiffi
2

p þω=
ffiffiffi
6

p
K�0

K�− K̄�0 −2ω=
ffiffiffi
6

p

1
CA;

ð24Þ
TABLE II. Amplitude parametrization form for decay of ψ 0 or
J=ψ into a pair of octet baryon, in terms of singlet A, as well as
symmetric and antisymmetric charge-breaking (D, F) and mass-
breaking terms (D0; F0). Here A ¼ g0, D ¼ g0e=3, F ¼ −ge,
D0 ¼ −g0m=3, and F0 ¼ gm, such a choice is due to the consis-
tency with previous study in Ref. [18].

Final state Amplitude form

pp̄ AþDþ F −D0 þ F0
nn̄ A − 2D −D0 þ F0

ΣþΣ̄− AþDþ F þ 2D0

Σ0Σ̄0 AþDþ 2D0

Σ−Σ̄þ AþD − F þ 2D0

Ξ0Ξ̄0 A − 2D −D0 − F0

Ξ−Ξ̄þ AþD − F −D0 − F0

ΛΛ̄ A −D − 2D0

Σ0Λ̄, Σ̄0Λ
ffiffiffi
3

p
D

TABLE III. Amplitude parametrization form for decay of ψ 0 or
J=ψ into decuplet-octet baryons, in terms of the charge-breaking
term D (D ¼ ge=2

ffiffiffi
3

p
) and the mass-breaking term D0

(D0 ¼ gm=
ffiffiffi
3

p
).

Final state Amplitude form

Σ�−Σþ=Σ�þΣ̄− −2DþD0

Σ�0Σ0=Σ�0Σ̄0 þD −D0

Σ�þΣ−=Σ�−Σ̄þ D0

Ξ�0Ξ0=Ξ�0Ξ̄0 −2DþD0

Ξ�þΞ−=Ξ�−Ξ̄þ D0

Δ̄−p=Δþp̄ 2D
Δ̄0n=Δ0n̄ 2D
Σ�0Λ=Σ�0Λ̄ −

ffiffiffi
3

p
D
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and

P ¼

0
B@

π0=
ffiffiffi
2

p þ η=
ffiffiffi
6

p
πþ Kþ

π− −π0=
ffiffiffi
2

p þ η=
ffiffiffi
6

p
K0

K− K̄0 −2η=
ffiffiffi
6

p

1
CA:

ð25Þ

The corresponding tensor notations are respectively Vi
j or

Pi
j, where the superscript denotes the row index of matrix

and the subscript the column index.
For mesonic final state, only octet need to be considered,

so similar to the reason for octet baryon pair, both
symmetry conserved and symmetry breaking terms come
into the effective interaction Hamiltonian. Nevertheless,
unlike baryon multiplets, the meson octet is self-conjugate
representation, and the particle and antiparticle exist in
the same octet, as displayed in Eqs. (24) and (25). The
charge conjugate symmetry imposes more constraints on
the interaction term in Hamiltonian. The analysis indicates
that for VP mode only d-type octet is permitted while for
PP mode only the f-type octet is permitted [15]. Therefore,
the effective Hamiltonian for VP and PP modes are
respectively

HVP
eff ¼ g0 · Vi

jP
j
i þ gm · ð½VP�dÞ33 þ ge · ð½VP�dÞ11; ð26Þ

and

HPP
eff ¼ gm · ð½P∂

↔
P�fÞ33 þ ge · ð½P∂

↔
P�fÞ11; ð27Þ

where a∂
↔
b≡að∂bÞ−ð∂aÞb, so a∂

↔
b¼−b∂

↔
a and a∂

↔
a¼0.

With the components given in Eqs. (24) and (25), the
corresponding parametrization can be obtained and sum-
marized respectively in Tables IV and V, where the partial

derivative symbol ∂
↔

is suppressed.
A remark is in order here. As can be seen from Eqs. (24)

and (25), V and Pmesons are treated as pure octet particles.
However, it is well known that the actual particles are
mixing of octet and singlet particles. A more pragmatic

treatment should combine both octet and singlet repre-
sentations. One approach is to introduce a synthetical
nonet as expounded in Ref. [15]. To integrate such a form
into the present formalism, more punctilious and com-
prehensive work is needed, which will be the content of
paper in the future.

C. Comment

In the previous section, all focus is on J=ψ and ψ 0
decays. As a matter of fact, other charmonium singlet,
such as ηc, can also be analyzed similarly. Moreover, the
parametrization of other decay modes such as vector-vector
meson pair, vector-tensor meson pair can be obtained easily
by appropriate change in particle labeling.
The aforementioned general analysis principle can

extend to the three body decay as well. However, such
an extension is not so appealing, because first, more
parameters will be introduced, only for a certain special
case, the concise result is available; second, most three-
meson final states are dominated by quasi-two-body
intermediate states, the nonresonant three body are quite
meager; third, many interesting dynamics studies, such as
the measurement of the relative phase, can be performed
more easily and accurately with two body decays.
In principle, a totally general algebraic analysis of

breaking term can be extended for the second-order effect
by inserting the appropriate spurion fields in an SUð3Þ-
invariant way into the interaction Hamiltonian. Anyway,
further analysis will more or less involve the decay
dynamics, and therefore will be more model-dependent.

III. EXPERIMENTAL SECTION

Since the upgraded Beijing Electron-Positron Collider
(BEPCII) and spectrometer detector (BESIII) started
data taking in 2008 [26,27], the largest charmonium data
samples in the world were collected, especially the data at
J=ψ and ψ 0 resonance peaks, which provide an unprec-
edented opportunity to acquire useful information for
understanding the interaction dynamics of chamo-
nium decay.
However, when analyzing the data taken in eþe−

collider, the important experimental effects such as the
initial state radiative (ISR) correction and the effect due to
energy spread of accelerator must be deal with carefully.

TABLE V. Amplitude parametrization form for decay of ψ 0 or
J=ψ into PP final state, in terms of the charge-breaking one
(D ¼ 2ge) and the mass-breaking one (D0 ¼ −2gm).

Final state Amplitude parametrization form

πþπ− D
KþK− DþD0

K0K̄0 D0

TABLE IV. Amplitude parametrization form for decay of ψ 0 or
J=ψ into VP final state, in terms of singlet A (by definition
A ¼ g0), as well as charge-breaking (D ¼ ge=3) and mass-
breaking terms (D0 ¼ gm=3).

Final state Amplitude parametrization form

ρ�π∓, ρ0π0 AþD − 2D0

K��K∓ AþDþD0

K�0K̄0, K̄�0K0 A − 2DþD0

ωη A −Dþ 2D0

ωπ0
ffiffiffi
3

p
D

ρ0η
ffiffiffi
3

p
D
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A. Born section

For eþe− colliding experiments, there is the inevitable
continuum amplitude [28]

eþe− → γ� → hadrons

which may produce the same final state as the resonance
decays do. The total Born cross section therefore
reads [29–31]

σBðsÞ ¼
4πα2

3s
ja3gðsÞ þ aγðsÞ þ acðsÞj2PðsÞ; ð28Þ

which consists of three kinds of amplitudes correspond
to (a) the strong interaction [(a3gðsÞ] presumably through
three-gluon annihilation, (b) the electromagnetic interac-
tion [aγðsÞ] through the annihilation of cc̄ pair into a virtual
photon, and (c) the electromagnetic interaction [acðsÞ] due
to one-photon continuum process. The phase space factor
P is expressed as

P ¼ vð3 − v2Þ=2; v≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

ðmB1
þmB̄2

Þ2
s

s
; ð29Þ

where mB1
and mB̄2

are the masses of the baryon and
antibaryon in the final states, and v velocity of baryon in the
center-mass-system.
For baryon pair final state, the amplitudes have the

forms:

acðsÞ ¼
Y
s
; ð30Þ

aγðsÞ ¼
3YΓee=ðα

ffiffiffi
s

p Þ
s −M2 þ iMΓt

; ð31Þ

a3gðsÞ ¼
3XΓee=ðα

ffiffiffi
s

p Þ
s −M2 þ iMΓt

; ð32Þ

where
ffiffiffi
s

p
is the center of mass energy, α the QED fine

structure constant; M and Γt are the mass and the total
width of ψ 0 or J=ψ ; Γee is the partial width to eþe−. X and
Y are functions of amplitude parameters A;D;F;D0, and F0
listed in Table II, viz.

Y ¼ YðD;FÞ; ð33Þ

X ¼ XðA;D0; F0Þeiϕ: ð34Þ

The special form of X or Y depends on decay mode, as
examples, for pp̄ decay mode, X ¼ A −D0 þ F0 and Y ¼
Dþ F while for Ξ−Ξ̄þ decay mode, X ¼ A −D0 − F0 and
Y ¼ D − F, according to the parametrization forms in
Table II. In principle, the parameters listed in Table II
could be complex arguments, each with a magnitude

together with a phase, so there are totally ten parameters
which are too many for nine octet-baryon decay modes. To
make the following analysis practical, it is assumed that
there is not relative phases among the strong-originated
amplitudes A, D0, F0, and electromagnet amplitudes D, F;
the sole phase [denoted by ϕ in Eq. (34)] is between the
strong and electromagnetic interactions, that is between X
and Y, as indicated in Eqs. (33) and (34), where A,D, F,D0,
and F0 are treated actually as real variables.

B. Observed section

In eþe− collision, the Born order cross section is
modified by the initial state radiation in the way [32]

σr:c:ðsÞ ¼
Zxm
0

dxFðx; sÞ σBornðsð1 − xÞÞ
j1 − Πðsð1 − xÞÞj2 ; ð35Þ

where xm ¼ 1 − s0=s. Fðx; sÞ is the radiative function been
calculated to an accuracy of 0.1% [32–34], and ΠðsÞ is the
vacuum polarization factor. In the upper limit of the
integration,

ffiffiffiffi
s0

p
is the experimentally required minimum

invariant mass of final particles. If xm ¼ 1, it corresponds to
no requirement for invariant mass; if xm ¼ 0.2, it corre-
sponds to invariant mass cut of 3.3 GeV for ψ 0 resonance.
The concrete value of xm should be determined by the cut of
invariant mass, which is adopted in actual event selection.
The eþe− collider has a finite energy resolution which is

much wider than the intrinsic width of narrow resonances
such as ψ 0 and J=ψ [35,36]. Such an energy resolution is
usually a Gaussian distribution [37]:

GðW;W0Þ ¼ 1ffiffiffiffiffiffi
2π

p
Δ
e−

ðW−W0Þ2
2Δ2 ;

whereW ¼ ffiffiffi
s

p
and Δ, a function of energy, is the standard

deviation of Gaussian distribution. The experimentally
observed cross section is the radiative corrected cross
section folded with the energy resolution function

σobsðWÞ ¼
Z∞
0

dW0σr:c:ðW0ÞGðW0;WÞ: ð36Þ

In fact, as pointed out in Ref. [30], the radiative correction
and the energy spread of the collider are two important
factors, both of which reduce the height of the resonance and
shift the position of the maximum cross section. Although
the ISR are the same for all eþe− experiments, the energy
spread is quite different for different accelerators, even
different for the same accelerator at different running
periods. As an example, for the CLEO data used in this
paper, the energy spread varies due to different accelerator
lattices [38]: one (for CLEO III detector) with a single
wiggler magnet and a center-of-mass energy spread
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Δ ¼ 1.5 MeV, the other (for CLEOc detector) with the first
half of its full complement (12) of wiggler magnets and
Δ ¼ 2.3 MeV. The two Δ’s lead to two maximum total
cross sections 602 nb and 416 nb, respectively. All these
subtle effects must be taken into account in data analysis. In
the following analysis all data are assumed to be taken at the
energy point which yields the maximum inclusive hadron
cross sections in stead of the nominal resonance mass
[28,30]. Besides the factors considered above, the resonance
parameters can also affect the evaluation results. Since the
present central values of resonance parameters can be
obviously distinct from those of some time before, the
calculated maximum inclusive hadron cross sections will
consequently different. In order to ensure the relation
Ntot ¼ σmax · L, some adjustments are needed. The principle
is as follows: if the luminosity is available, the energy spread
will be tuned to give consistent maximum cross section;
otherwise, the effective luminosity is evaluated by the
relation L ¼ Ntot=σmax by virtue of the corresponding
accelerator parameters. All experimental details are summa-
rized in Table VI, which are crucial for the following data
analysis. At last, the resonance parameters adopted in the
paper for J=ψ and ψ 0 are respectively [39]

MR ¼ 3096.900� 0.006 MeV;

Γt ¼ 92.9� 2.8 keV;

Γee ¼ 5.53� 0.10 keV; ð37Þ

and

MR ¼ 3686.10� 0.06 MeV;

Γt ¼ 294� 8 keV;

Γee ¼ 2.33� 0.04 keV: ð38Þ

IV. DATA ANALYSIS

There are great many experimental results of ψ 0 and J=ψ
decay to octet baryon pair, decuplet baryon pair, decuplet-
octet baryon final state, and pseudoscalar-pseudoscalar
meson final state. Plenty of data information lays the
foundation for the systematical analysis in the light of
our parametrization scheme.
Since our analysis involves the experimental details as

indicated by description in the preceding section, some
measurements are not suitable in the following study due
to the lack of necessary information of detectors and/or
accelerators. In addition, at different energy point, the
status parameters of accelerators are also distinctive, so the
studies of phase angle for ψ 0 and J=ψ decay are performed
separately for the sake of clarity.

A. Octet-octet mode

The earlier experimental measurements concerned with ψ 0
decaying to octet-baryon pair final state are contained in
Refs. [42,53–56]. The results of Refs. [53,54] are obtained
forty years ago and moreover only one branching fraction

TABLE VI. Breakdown of experiment conditions correspond to different detectors and accelerators. The energy spread is the effective
one, according to which the calculated maximum cross section satisfies the relation Ntot ¼ σmax · L. The number with star (�) is the
equivalent luminosity calculated by relation L ¼ Ntot=σmax.

Detector Accelerator
Center of mass energy

spread (MeV)
Data taking

positiona (GeV)
Maximum
section (nb)

Total
event (×106)

Integral
luminosity (pb−1) References

CLEO-c CESR 1.68 3.68627 557.23 3.08 5.63 [40]
1.68 3.67 � � � � � � 20.70

CLEO-c CESR 1.821 3.68629 510.54 24.5 48 [41]
BES BEPC 1.23 3.68623 712.9 3.95 5.541* [42]
BES II BEPC 1.23 3.68623 712.9 14.0 19.72 [43]

1.23 3.65 � � � � � � 6.42 [44]
BESIII BECPII 1.343 3.68624 662.16 107.0 161.63 [45]

1.343 3.65 � � � � � � 43.88 [45]
1.318 3.68624 672.74 341.1 506.92 [45]
1.324 3.68624 670.17 448.1 668.55 [45]

BESIII BECPII 1.131 3.097014 2808.63 223.7 79.63 [46]
1.131 3.08 � � � � � � 30.84 [47]
0.898 3.096990 3447.87 1086.9 315.02 [47]
0.937 3.096993 3320.35 1310.6 394.65 [47]

BES II BEPC 0.85 3.09700 3631.8 57.7 15.89* [48]
MARK II SPEAR 2.40 3.097108 1429.3 1.32 0.924* [49]
MARK III SPEAR 2.20 3.097121 1541.6 2.71 1.758* [50,51]
DM II DCI 1.98 3.097114 1702.0 8.6 5.053* [52]

aThe data taking position is the energy which yield the maximum inclusive hadronic cross section.
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(forpp̄) and twoupper limits (forΛΛ̄ andΞ−Ξ̄þ) aregiven. In
Ref. [42], thebranching fractions ofpp̄,ΛΛ̄,Σ0Σ̄0, andΞ−Ξ̄þ
are obtained based on 4 million ψ 0 events. Besides larger
uncertainties, the central values are also rather distinctive
from the latter more accurate measurements. Therefore, we
will focus on the measurement results after 2001.
For recent results, Refs. [41] and [57] have the similar

analysis, but in the latter paper, the efficiency of hyperon
identification have substantially improved (by factors 3–5).
For this reason, only the latter results are adopted for the
analysis herein. For Σ0Λ̄þ Σ̄0Λ final state, there are two
measurements from Refs. [41] and [58]. However, the
branching fraction of CLEO is almost one order of magni-
tude larger than that of BESIII. Here we follow the strategy
of PDG2022 [59], only adopt the result of BESIII.
Reference [60] provides the branching fractions of ΛΛ̄

and Σ0Σ̄0 for J=ψ and ψ 0 decays, but the results are
obtained by using the initial state radiation technique,
which is too different to be merged with other information.
These data are not utilized in the following analysis. All
measurement results that are to be utilized are summarized
in Table VII.
As far as the aforementioned principle is concerned, the

energy spread will be tuned to give the maximum cross

section that can satisfy the relation Ntot ¼ σmax · L. CLEO
data [40] are composed of two sets, one with luminosity
2.74 pb−1 and the other 2.89 pb−1, which are taken with
energy spreads 1.5 MeV and 2.3 MeV, respectively. In the
following analysis, the data is treated as one set with total
luminosity 5.63 pb−1 corresponding to the effective energy
spread 1.68 MeV as displayed in Table VII. It worthy of
noticing that unlike branching fraction evaluation, the con-
tribution due to QED continuum should not be subtracted
from the observed number of events, since the QED con-
tribution is included in the observed cross section calculation.
Chi-square method is adopted to fit the experimental

data. The estimator is constructed as

χ2 ¼
X
i

½Ni − niðη⃗Þ�2
ðδNiÞ2

; ð39Þ

where N with the corresponding error (δN) denotes the
experimentally measured number of events while n the
theoretically calculated number of events:

n ¼ L · σobs · ϵ; ð40Þ
where L is the integrated luminosity and σobs the observed
cross section calculated according to formula (36), which

TABLE VII. Experimental data of ψ 0 decaying to octet baryon pair final states. For branching fractions, the first
uncertainties are statistical, and the second are systematic. For the other quantities, the errors are merely statistical.

Mode Nobs (peak) Efficiency (%) Branching ratio (×10−4) Detector

pp̄ 556.5� 23.3 66.6� 2.8 2.87� 0.12� 0.15 CLEO [40]
1618.2� 43.4 34.4� 0.2 3.36� 0.09� 0.25 BESII [61]
18984� 138 58.1� 0.4 3.05� 0.02� 0.12 BESIII [62]
4475� 78 63.1� 1.0 3.08� 0.05� 0.18 CLEO-c [41]

nn̄ 6056� 117 18.5� 0.4 3.06� 0.06� 0.14 BESIII [62]

ΣþΣ̄− 34.2� 5.86 4.1� 0.8 2.57� 0.44� 0.68 CLEO [40]
1874� 46 33.0� 0.9 2.31� 0.06� 0.10 CLEO-c [41]
5447� 76 4.83� 0.08 2.52� 0.04� 0.09 BESIII [63]

Σ0Σ̄0 58.0� 7.7 7.2� 1.0 2.63� 0.35� 0.21 CLEO [40]
59.1� 9.1 1.80� 0.05 2.35� 0.36� 0.32 BESII [61]
6612� 82 6.04� 0.08 2.44� 0.03� 0.11 BESIII [64]
2645� 56 48.6� 1.1 2.22� 0.05� 0.11 CLEO-c [41]

Ξ0Ξ̄0 19.0� 4.4 2.4� 0.6 2.75� 0.64� 0.61 CLEO [40]
10839� 123 8.86� 0.07 2.73� 0.03� 0.13 BESIII [65]
1242� 38 25.6� 0.8 1.97� 0.06� 0.11 CLEO-c [41]

Ξ−Ξ̄þ 63.0� 8.0 8.6� 1.1 2.38� 0.30� 0.21 CLEO [40]
67.4� 8.9 1.59� 0.04 3.03� 0.40� 0.32 BESII [61]
3580� 61 48.2� 0.8 3.03� 0.05� 0.14 CLEO-c [41]

5336.7� 82.6 18.04� 0.04 2.78� 0.05� 0.14 BESIII [66]

ΛΛ̄ 203.5� 14.3 20.1� 1.4 3.28� 0.23� 0.25 CLEO [40]
337.2� 19.9 7.10� 0.11 3.39� 0.20� 0.32 BESII [61]
31119� 187 17.49� 0.24 3.97� 0.02� 0.12 BESIII [64]
6531� 82 71.6� 1.0 3.71� 0.05� 0.15 CLEO-c [41]

Σ0Λ̄þ Σ̄0Λ 30� 5 9.9� 1.9 0.123� 0.023� 0.008 CLEO-c [41]
63.8� 10.2 7.4� 1.3 0.0160� 0.0031� 0.0013 BESIII [58]
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contains the parameters to be fit, such as A, D, F, D0, F0,
and the phase angle ϕ. All these parameters are denoted
by the parameter vector η⃗ in Eq. (39). ϵ is the synthetic
efficiency that can be expressed as ϵMC · ΠBi, where ϵMC is
the efficiency due to Monte Carlo simulation and ΠBi the
product of the branching fractions of all intermediate states.
All observed numbers of events together with the corre-

sponding efficiencies displayed in Table VII are employed as
input information, the fitting results are given as follows:

ϕ ¼ −94.59°� 1.31°; or þ85.42°� 2.25°;

A ¼ 2.887� 0.008;

D0 ¼ −0.157� 0.003;

F0 ¼ 0.199� 0.013;

D ¼ 0.057� 0.002;

F ¼ −0.467� 0.049;

fbes2 ¼ 0.848� 0.022;

fbes3a ¼ 0.766� 0.010;

fcleoa ¼ 0.723� 0.025;

fcleob ¼ 0.840� 0.009: ð41Þ

The scan for each parameter discloses two minima of ϕ with
opposite sign, while all other parameters remain the same.
All data can be grouped into five sets: two from BESIII,

one with total luminosity 668.55 pb−1, the other with
luminosity 161.63 pb−1; two from CLEO, one with total
luminosity 48 pb−1, the other with luminosity 5.63 pb−1;
one from BESII with luminosity 19.72 pb−1. There might
be some systematic difference among those datasets, so
normalization factors are introduced to take into account
unclear effects. However, only four relative (relative to the
greatest dataset of BESIII) factors of luminosity are
introduced with the belief that the relative relations of
measurements of each experiment group is more reliable
than the corresponding absolute values. The fit values of
four factors fbes2, fbes3a, fcleoa, and fcleob indicate that
there indeed exists certain obvious differences, since the
inconsistencies of these experiments from the highest
precision one are at the level of 20%.
Now we turn to the analysis of J=ψ decay.
There are lots of measurements for octet baryon pair

decays at J=ψ region. However, many of measurements
have been performed almost twenty or even more than
forty years ago [49,52,67–74]. The recent experiment
results are mainly from BES [75–77] and BESIII [78,79]
collaborations. Besides these data, the data from MARKII
[49] and DMII [52,70] are adopted, since the numbers of
events from these two experiment group are considerable
large and the more information of distinctive decay modes
are also provided. However, the recent results from
Belle [80] are not adopted since the branching fractions

of J=ψ → pp̄ and ΛΛ̄ are measured from B meson decay,
whose feature is too different to be merged with other
information. All data used in this analysis are summarized
in Table VIII.
The minimization estimator for J=ψ is similar to that

of ψ 0 as defined in Eq. (39). Anyway, for J=ψ data there is
lack of the details about some detectors, especially those
of luminosity. Therefore, it is difficult to deal with all
data consistently and accurately. To alleviate the possible
inconsistence among the data from different experiment
group, four relative (relative to the quantity of BES)
normalized factors of luminosity are introduced.
The fitting results of parameters are listed as follows:

ϕ ¼ −84.81°� 0.70°; or þ95.19°� 0.70°;

A ¼ 1.676� 0.004;

D0 ¼ −0.106� 0.001;

F0 ¼ 0.192� 0.002;

D ¼ −0.102� 0.002;

F ¼ 0.092� 0.013;

fmk2 ¼ 0.928� 0.025;

fdm2 ¼ 0.787� 0.022;

fbes3a ¼ 1.011� 0.005;

fbes3b ¼ 0.930� 0.004: ð42Þ

Here four factors fmk2, fdm2, fbes3a, and fbes3b are used to
normalize the total integral luminosity for experiments at
AMRKII, DMII, and BESIII, respectively. The fit values
indicate that the largest inconsistencies of these experi-
ments from that of BES can reach to more than 20%.
According to the fitting results of octet-octet baryon

pair final states, there is a large relative phase around
90° between the strong and electromagnetic amplitudes. As
far as other parameters are concerned, the relative strength
of SUð3Þ-conserving effect (denoted by A) is almost one
order of magnitude greater than that of SUð3Þ-breaking
effect (denoted by D;F;D0, and F0), just as it is expected.
Comparing parameters of J=ψ and ψ 0 decays, the pattern
of relative strength is similar but is not exactly the same,
which implies some distinctive features of their decay
mechanisms.

B. Decuplet-decuplet mode

The experimental data of ψ 0 and J=ψ decay to decuplet
baryon pair final states are summarized in Table IX.
Σð1385Þ and Ξð1530Þ are also denoted by Σ� and Ξ� as
displayed in Table III.
For ψ 0 → Ω−Ω̄þ decay, Refs. [41] and [57] have the

similar analysis, but in the latter paper, the efficiency of
hyperon identification has substantially improved (by
factors 3–5), therefore only the latter result is adopted
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for the analysis. In addition, in Ref. [40] based on 4 million
ψ 0 events observed are only 4 events, whose statistic is too
low to be adopted. Moreover, the measurement of Ref. [84]
is not adopted either due to the low statistic. The same
criterion is also applicable for BES measurement of
Σð1385ÞþΣ̄ð1385Þ− final state [42].
For J=ψ decay to decuplet baryon pair final states, the

experimental information is comparative limited, therefore
all measurement results are utilized for parameters fitting.
The fitting philosophy of ψ 0 and J=ψ decay to decuplet

baryon pair final states is similar to that of ψ 0 and J=ψ
decay to octet baryon pair final states. A few normalization
factors are introduced to take into account some unclear
systematic difference among experimental datasets. The
fitted parameters for ψ 0 decay are listed as follows:

ϕ ¼ −75.51°� 4.87°; or þ104.49°� 4.91°;

A ¼ 1.621� 0.031;

D0 ¼ −0.171� 0.031;

D ¼ 0.593� 0.060;

fcleo ¼ 0.806� 0.051;

fbes ¼ 0.768� 0.146;

fbes3a ¼ 0.702� 0.058: ð43Þ

The fitted parameters for J=ψ decay are listed as follows:

ϕ ¼ −96.28°� 17.23°; or þ83.27°� 11.38°;

A ¼ 1.789� 0.007;

D0 ¼ 0.347� 0.461;

D ¼ 0.389� 0.542;

fmk2 ¼ 0.719� 0.151;

fdm2 ¼ 0.840� 0.111;

fbes2 ¼ 1.058� 0.145;

fbes3a ¼ 0.902� 0.121: ð44Þ

According to the fitting results of decuplet final states,
there is a large relative phase around 90° between the strong
and electromagnetic amplitudes. As far as other parameters
are concerned, the relative strength of SUð3Þ-conserving
effect (denoted by A) is fairly greater than that of SUð3Þ-
breaking effect (denoted byD andD0), just as it is expected.
Comparing parameters of J=ψ and ψ 0 decays, the pattern of
relative strength is similar but is not exactly the same,
which implies some distinctive features of their decay
mechanisms.

TABLE VIII. Experimental data of J=ψ decaying to octet baryon pair final states. For branching fractions, the first
uncertainties are statistical, and the second are systematic. For the other quantities, the errors are merely statistical.

Mode Nobs (peak) Efficiency (%) Branching ratio (×10−4) Detector

pp̄ 63316� 281 48.53� 0.31 22.6� 0.1� 1.4 BESII [75]
1420� 46 49.7� 1.6 21.6� 0.7� 1.5 MARKII [49]

314651� 561 66.1� 0.17 21.12� 0.04� 0.31 BESIII [78]

nn̄ 35891� 211 7.69� 0.06 20.7� 0.1� 1.7 BESIII [78]

ΣþΣ̄− 399� 26 0.45� 0.03 15.0� 1.0� 2.2 BESII [77]
86976� 314 6.26� 0.03 10.61� 0.04� 0.36 BESIII [63]

Σ0Σ̄0 1779� 54 2.31� 0.07 13.3� 0.4� 1.1 BESII [76]
90� 10 4.3� 0.4 15.8� 1.6� 2.5 MARKII [49]
884� 30 9.70� 0.37 10.6� 0.4� 2.3 DMII [52]

111026� 335 7.28� 0.08 11.64� 0.04� 0.23 BESIII [64]

Ξ0Ξ̄0 206� 20 0.29� 0.03 12.0� 1.2� 2.1 BESII [77]
134846� 437 8.83� 0.07 11.65� 0.04� 0.43 BESIII [65]

Ξ−Ξ̄þ 194� 14 12.9� 0.9 11.4� 0.8� 2.0 MARKII [49]
132� 12 2.20� 0.19 7.0� 0.6� 1.2 DMII [70]
961� 35 1.83� 0.03 9.0� 0.3� 1.8 BESII [81]

42810.7� 231.0 18.40� 0.04 10.40� 0.06� 0.74 BESIII [66]

ΛΛ̄ 8887� 132 7.55� 0.11 20.3� 0.3� 1.5 BESII [76]
365� 19 17.6� 0.9 15.8� 0.8� 1.9 MARKII [49]
1847� 67 15.6� 0.57 13.8� 0.5� 2.0 DMII [52]

440675� 670 17.30� 0.20 19.43� 0.03� 0.33 BESIII [64]

Σ0Λ̄ 305� 24 8.86� 0.67 0.146� 0.011� 0.012 BESIII [79]

Σ̄0Λ 234� 20 7.19� 0.54 0.137� 0.012� 0.011 BESIII [79]
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C. Decuplet-octet mode

The experimental data of ψ 0 and J=ψ decay to decuplet-
octet baryon final states are collected in Table X.
For ψ 0 decay, the experimental information is too few to

support further data analysis.
For J=ψ decay, only the data that can be used to

determine the branching fractions are adopted. Moreover,
For J=ψ → Ξð1530Þ−Ξ̄þ final state, the branching fraction
discrepancy between DM2 and BESIII are rather promi-
nent. In order to keep the consistency of data, the number
from BESIII is not used for parameters fitting. The fitting
results are presented below:

ϕ ¼ −89.97°� 37.17°;

D0 ¼ 0.854� 0.100;

D ¼ 0.049� 1.000;

fmk2 ¼ 0.890� 1.031; ð45Þ

and

ϕ ¼ þ101.20°� 71.87°;

D0 ¼ 0.854� 0.039;

D ¼ 0.027� 0.065;

fmk2 ¼ 0.890� 0.242: ð46Þ

It can be seen that the fitting error for the phase angle
is fairly large. As a matter of fact, if the measurement
of BESIII is included, we get the fitting phase angle
−77.94°� 118.68° or þ77.97°� 349.72°, which means
no reliable information about the phase angle could be
extracted from the fit.

D. PP mode

The total Born cross section of mesonic mode is similar
to that of baryonic mode. As far as PP mode is concerned,
it reads [6]

σBðsÞ ¼
4πα2

3s3=2
ja3gðsÞ þ aγðsÞ þ acðsÞj2PðsÞ; ð47Þ

TABLE IX. Experimental data of ψ 0 and J=ψ decaying to decuplet baryon pair final states. For branching fractions
(Bψ 0 × 105=BJ=ψ × 103), the first uncertainties are statistical, and the second are systematic. For the other quantities,
the errors are merely statistical. The efficiency with star (�) is evaluated by virtue of the observed number of events
Nobs, the total number of resonance events, and the corresponding of branching fraction.

Mode Nobs (peak) Efficiency (%)
Branching ratio
(×10−5=10−3) Detector

ψ 0 decay
ΔþþΔ̄−− 157� 13 31� 2 12.8� 1.0� 3.4 BES [42]
Σð1385ÞþΣ̄ð1385Þ− 1469.9� 94.6 16.45� 0.04 8.4� 0.5� 0.5 BESIII [66]

14� 4 3.29� 0.20 11� 3� 3 BES [42]
Σð1385Þ0Σ̄ð1385Þ0 2214� 149 7.21� 0.02 6.9� 0.5� 0.5 BESIII [65]
Σð1385Þ−Σ̄ð1385Þþ 1375.5� 97.8 15.12� 0.04 8.5� 0.6� 0.6 BESIII [66]
Ξð1530Þ0Ξ̄ð1530Þ0 1475.5� 34.1 4.86� � 0.10 6.77� 0.14� 0.39 BESIII [82]
Ξð1530Þ−Ξ̄ð1530Þþ 2533.5� 87.2 4.94� � 0.17 11.45� 0.40� 0.59 BESIII [83]
Ω−Ω̄þ 326� 19 25.8� 1.5 5.2� 0.3� 0.3 CLEO-c [41]

27� 5 2.32� 0.44 4.7� 0.9� 0.5 CLEO-c [57]
10.8� 3.5 1.5� 0.5 4.80� 1.56� 1.30 BESIII [84]
4035� 76 15.39� � 0.32 5.85� 0.12� 0.25 BESIII [85]

J=ψ decay
ΔþþΔ̄−− 233� 19 16.0� 1.3 1.10� 0.09� 0.28 MRKII [49]
Σð1385ÞþΣ̄ð1385Þ− 52522.5� 595.9 18.67� 0.04 1.258� 0.014� 0.078 BESIII [66]

68� 16 5.0� 1.2 1.03� 0.24� 0.25 MRKII [49]
1033� 56 1.18� 0.03 1.50� 0.08� 0.38 BESII [81]
754� 27 7.37� � 0.25 1.19� 0.04� 0.25 DMII [70]

Σð1385Þ0Σ̄ð1385Þ0 102762� 852 7.32� 0.02 1.071� 0.009� 0.082 BESIII [65]
Σð1385Þ−Σ̄ð1385Þþ 42594.8� 466.8 17.38� 0.04 1.096� 0.012� 0.071 BESIII [66]

56� 14 5.0� 1.0 0.86� 0.18� 0.22 MRKII [49]
835� 50 1.17� 0.02 1.23� 0.07� 0.30 BESII [81]
631� 25 7.34� � 0.25 1.00� 0.04� 0.21 DMII [70]
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where the phase space factor P is expressed as

PðsÞ ¼ 2

3s
· q3f; q3f ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s
4
−m2

r
: ð48Þ

Here
ffiffiffi
s

p
is the center of mass energy and m the mass of

final state particle. The expressions for acðsÞ, aγðsÞ, and
a3gðsÞ are the same as those shown in Eqs. (30)–(32).

The recent experimental data of ψ 0 and J=ψ decay to
pseudoscalar meson pair final states are summarized in
Table XI. Some data [53,54,88] taken more four decades
ago are not included here. Neither adopted are the branch-
ing fractions measured by BABAR Collaboration [89].
Since they used the initial state radiation technique, which
is too different to be merged with other information. For ψ 0
decay, the numbers of events due to the continuum process

TABLE X. Experimental data of ψ 0 and J=ψ decaying to decuplet-octet baryon final states. For branching
fractions (Bψ 0 × 106=BJ=ψ × 104), the first uncertainties are statistical, and the second are systematic. For the other
quantities, the errors are merely statistical. The efficiency with star (�) is evaluated by virtue of the observed number
of events Nobs, the total number of resonance events, and the corresponding branching fraction.

Mode Nobs (peak) Efficiency (%)
Branching Ratio
(×10−6=10−4) Detector

ψ 0 decay
Ξð1530Þ0Ξ̄0 139.0� 10.6 5.85� � 0.44 5.3� 0.4� 0.3 BESIII [82]
Ξð1530Þ−Ξ̄þ 199.5� 30.3 6.36� � 1.00 7.0� 1.1� 0.4 BESIII [83]

J=ψ decay
Σð1385ÞþΣ̄− 77� 9 2.63� � 0.35 3.4� 0.4� 0.8 DMII [70]

28� 10 6.8� 2.4 3.1� 1.1� 1.1 MRKII [49]
Σð1385Þ−Σ̄þ 74� 8 2.87� � 0.27 3.0� 0.3� 0.8 DMII [70]

26� 10 6.7� 2.5 2.9� 1.1� 1.0 MRKII [49]
Ξð1530Þ0Ξ̄0 24� 9 0.87� � 0.33 3.2� 1.2� 0.7 DMII [70]
Ξð1530Þ−Ξ̄þ 75� 11 1.48� � 0.23 5.9� 0.9� 1.2 DMII [70]

70186� 544 16.87� 0.11 3.17� 0.02� 0.08 BESIII [86]
Δþp̄ <50 � � � <1.0ð90% CLÞ DMII [70]
Σð1385Þ0Λ̄ <13 � � � <2.0ð90%CLÞ DMII [70]

<37 � � � <0.082ð90%CLÞ BESIII [87]

TABLE XI. Experimental data of ψ 0 and J=ψ decaying to pseudoscalar meson pair final states. For branching
fractions (Bψ 0 × 105=BJ=ψ × 104), the first uncertainties are statistical, and the second are systematic. For the other
quantities, the errors are merely statistical. The number of events due to the continuum process with star (�) are
scaled to the resonance peak. Others are taken at

ffiffiffi
s

p ¼ 3.67 GeV for ψ 0 case and
ffiffiffi
s

p ¼ 3.08 GeV for J=ψ case. The
symbol “n.g.b” indicates that the continuum background is negligible.

Mode Nobs (peak) Nobs (continuum) Efficiency (%)
Branching ratio
(×10−5=10−4) Detector

ψ 0 decay
πþπ− 70.8� 8.8 40:4� � 4.6 16.4� 5.4 0.76� 0.25� 0.06 CLEO-c [90]

11� 3.32 25.66� 5.07 16.7� 16.7 0.8� 0.8� 0.2 CLEO-c [91]
KþK− 1431.3� 39.4 106:9� � 5.5 72.4� 2.2 7.48� 0.23� 0.39 CLEO-c [90]

157� 12.53 68.20� 8.26 71.7� 6.8 6.3� 0.6� 0.3 CLEO-c [91]
K0

SK
0
L 478.0� 23.0 n.g.b 37.0� 1.8 5.28� 0.25� 0.34 CLEO-c [90]

53� 7.28 1.2� 1.1 29.5� 4.1 5.8� 0.8� 0.4 CLEO-c [91]
156� 14 n.g.b 21.5� 1.9 5.24� 0.47� 0.48 BESII [92]

J=ψ decay
πþπ− 137.6� 11.8 10.9� 1.0 1.47� 0.13� 0.13 CLEO-c [90]

77.8� 9.8 18.1� 2.3 1.58� 0.20� 0.15 MRKIII [51]
KþK− 1057.7� 32.8 43.1� 1.4 2.86� 0.09� 0.19 CLEO-c [90]

107.0� 10.7 16.5� 1.7 2.36� 0.24� 0.22 MRKIII [51]
K0

SK
0
L 334.3� 19.3 14.8� 0.9 2.62� 0.15� 0.14 CLEO-c [90]

73.7� 11.7 26.9� 4.3 1.01� 0.16� 0.09 MRKIII [51]
2155� 45 n.g.b 20.5� 0.5 1.82� 0.04� 0.13 BESIII [93]

110203� 504 13� 5 43.5� 0.2 1.93� 0.01� 0.05 BESIII [94]
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(as shown in Table XI with �) in Ref. [90] are scaled to
the resonance peak, but there is a lack of the detailed
information to recover their original appearance, so that
these numbers cannot be utilized in the following study.
It should be noted that for the data from CLEO [91], the

number of events due to the continuum process is not
subtracted from the signal but isolated as the continuum
datum. The scaling factor fs is used to recover its original
appearance.
For J=ψ decay, the results in Ref. [90] are obtained by

cascade decay ψ 0→πþπ−J=ψ, then J=ψ → PP. The fea-
ture of these data is totally distinctive from that of eþe−
collider, therefore is not adopted in the fitting analysis.
The fitting procedure of ψ 0 and J=ψ decay to pseudo-

scalar pair final states is exactly the same as that of ψ 0 and
J=ψ decay to two-body baryon final states. The perfor-
mance of fitting yields

ϕ ¼ −58.19°� 5.47°; or þ92.82°� 5.62°;

D0 ¼ 2.370� 0.106;

D ¼ 0.831� 0.054; or 0.844� 0.055;

fcleoa ¼ 1.034� 0.103;

fcleob ¼ 0.977� 0.113; or 0.990� 0.116; ð49Þ

for ψ 0 decay and

ϕ ¼ −87.25°� 8.60°; or þ92.14°� 8.61°;

D0 ¼ 1.211� 0.003;

D ¼ 1.345� 0.137;

fmk3 ¼ 0.523� 0.083;

fbes ¼ 0.947� 0.020; ð50Þ

for J=ψ decay.
According to the fitting results, there is a large relative

phase between the strong and electromagnetic amplitudes.
Although the amplitudes of such final states are all due
to SUð3Þ-breaking effect, the decay mechanisms of J=ψ
and ψ 0 are obviously different, as indicated through the
ratio between D0 and D.

E. Discussion

For minimization, the MINUIT package, one of useful
CERN packages in high energy physics [95], is utilized.
The relevant information of fit is encapsulated in Table XII,
including the values of chi square, the fitting variables (nf)
composed of physical parameters and normalization fac-
tors, and the quantity of measured number of events (ND).
The minimization process is relatively insensitive to the
initial trial parameters. When one set of solutions are
obtained, the other can be easily acquired by just flipping
the sign of phase angle, since usually only changed is the

fitting value of the phase. Nevertheless, there is an exception
for ψ 0 → PP decay, some fitting values are distinguishable
for the distinctive phase angle and also for the corresponding
chi square value as shown in Table XII.
It is well known that in data analysis it is more

convincing to use as few constraints as possible when
fitting a dataset, thus maximizing the number of degrees of
freedom. For the analysis of paper, the degrees of freedom
is equal to ND minus nf, where nf is fixed by physical
consideration and experimental characteristic, therefore, it
is reasonable to include as much as possible experimental
measurements. However, as disclosed in Table XII, the
more data are included, the larger the chi square values are.
From a pure viewpoint of hypothesis test [96,97], the

ratio of the chi square value to the number of degrees of
freedom should approximate one for a good fit, which is far
from the case we come across here. The discrepancies
between the data and the proposed model are very unlikely
to be due to the random statistical fluctuations, there may
be some reasons for the disagreement. First, in our data
analysis, solely considered are the statistic uncertainties. If
the systematic uncertainties are included as well, it is
expected that the chi square could be decreased to one half
or one third of the present value. Second, there could be
some unknown systematic difference between different
experimental measurements, as indicated by the measured
branching fractions. Sometimes the difference is really too
great to be explained by statistical fluctuation. For example,
for J=ψ → Ξð1530Þ−Ξ̄þ decay, the branching fractions
measured by DM2 and BESIII are respectively 5.9� 0.9�
1.2 and 3.17� 0.02� 0.08, the latter is almost a half of the
former. Even more prominently, for J=ψ → K0

SK
0
L decay,

the branching fractions measured by MRKIII and CLEO-c
are respectively 1.01�0.16�0.09 and 2.62� 0.15� 0.14,
the former is almost one third of the latter. Therefore,
the normalization factors are crucial for alleviating such a
systematic difference. Anyway, such a kind of treatment
may be not enough so that possibly produced are certain

TABLE XII. The relevant information of fit, including the
values of chisquare, the fitting variables (nf) composed of
physical parameters and normalization factors, and the quantity
of measured number of events (ND). The chi square values
correspond to the positive and negative (in parenthesis) phase are
usually the same except for ψ 0 → PP decay.

Decay mode χ2 nf ND

ψ 0 → B8B̄8 327.50 6þ 4 24
J=ψ → B8B̄8 580.13 6þ 4 22

ψ 0 → B10B̄10 65.28 4þ 3 8

J=ψ → B10B̄10 1.04 4þ 4 10

J=ψ → B10B̄8 17.01 3þ 1 6
ψ 0 → PP 5.41 (4.95) 3þ 2 10
J=ψ → PP 5.49 3þ 2 6
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great deviations between data and expected evaluations.
Third, the merit of the analysis approach adopted in this
paper is that the experimental information has been fully
utilized. However, sometimes the details of experiments
cannot be fully available, which will degrade the validity of
analysis. Fourth, it also exists the possibility that the present
parametrization form is not exquisite enough to describe
all data perfectly, say, in Ref. [19] authors introduce more
parameters to describe the J=ψ decaying to octet baryon
pair final states. However, further more precise and con-
sistent experimental data are need to furnish quantitative
evidence for or against the present phenomenology model.
If scrutinizing the fitting results listed in (41)–(46), (49),

and (50), it is generally in line with physical expectation.
The relative strength of SUð3Þ-conserving effect (denoted
by A) is much greater than that of SUð3Þ-breaking effect
(denoted by D;F;D0, and F0). For decuplet-octet mode,
since only SUð3Þ-breaking effect plays a leading role, the
branching fractions are generally one order of magnitude
lower than those of octet-octet and decuplet-decuplet
modes. The same is also true for pseudoscalar-pseudoscalar
mode. As a conclusion, we accept the present fitting results
as reasonable ones. It also indicates that much more
systematic and accurate experimental measurements will
play a vital role to clarify the qualm issues at present.

F. Comment

The old-version of parametrization, appearing as sum
rules of coupling-constant, can retrospect to the sixty of
twentieth century [98–100]. The notion of a spurion octet
for SUð3Þ symmetry breaking effect was already adopted.
A new-version of parametrization appeared in the

seventy of twentieth century [12]. Both strong and electro-
magnetic breaking effects are taken into account and
parametrization forms for J=ψ decaying to VP final states
and octet baryon pair final states are provided. The
Refs. [18–20] focus on the parametrization of baryon pair
final states. The more general result is acquired in Ref. [15],
in which the concepts of both flavor-SUð3Þ singlet and
spurion octet are combined to give the systematic para-
metrization for J=ψ and ηc decays to two- and three-meson
final states. Afterwards, the parametrization including
higher order effect due to symmetry breaking effect is
considered as well [16,17].
In principle, all achievements of new-version paramet-

rization can be subsumed in the scenario proposed in this
paper, which supplies a unified foundation for parametri-
zation of charmonium decay. Moreover, the definite and
comparative concise forms of parametrization are amenable
to experimental verification.
As far as measurement of phase angle is concerned, the

most model-independent approach is through energy scan.
A recent work [101] at BESIII is performed by using
16 energy points of eþe− annihilation data collected in the
vicinity of J=ψ resonance. The relative phase between

strong and electromagnetic amplitudes is measured to be
ðþ84.9� 3.6Þ° or ð−84.7� 3.1Þ°. In addition, the cross
section line shapes of J=ψ → μþμ− and J=ψ → ηπþπ−

with η → πþπ−π0 are also investigated. Measured is the
relative phase between J=ψ resonance and continuum
decays, which is consistent with zero within fitting uncer-
tainty. Nevertheless, the demerit of this kind of analysis
leads us to lose the elaborate insight into the details
of decay mechanism, especially the information about
SUð3Þ-conserving and SUð3Þ-breaking effects.
As last, a few words about the multiple solution issue.

When fitting cross sections with several resonances or
interfering background and resonances, one usually obtains
multiple solutions of parameters with equal fitting quality.
Such a phenomenon was firstly noticed experimentally
[102,103], then some studies are performed from a math-
ematical point of view [104–107]. Especially in Ref. [107],
the source of multiple solutions for a combination of
several resonances or interfering background and resonan-
ces is found by analyzing the mathematical structure of the
Breit-Wigner function. It is proved that there are exactly
2n−1 fitting solutions with equal quality for n resonances,
and the multiplicity of the interfering background and
resonances depends on zeros of the amplitudes in the
complex plane. For our studies, the interference between
resonance and continuum amplitudes leads to just two
solutions of phase angle.

V. SUMMARY

Based on the flavor-singlet principle, assuming the flavor
symmetry breaking effects (both strong and electromagnetic
breaking effects) as a special SUð3Þ octet, the effective
interaction Hamiltonian can be obtained in tensor form for
all kinds of two-body final states decaying from a charmo-
nium resonance. It is the first time that such a scheme is
acquired to systematically parametrize various kinds of
baryon and meson pair final states in the light of a single
and simple principle. Such a uniform parametrization
scheme of charmonium decay modes facilitates the study
of the relative phase between the strong and electromagnetic
amplitudes. In data analysis of samples taken in eþe−
collider, the details of experimental effects, such as energy
spread and initial state radiative correction are taken into
consideration in order to make full advantage of exper-
imental information and acquire the comprehensive results.
Based on fitting results, on one hand it indicates that

there exists a large relative phase around 90° between the
strong and electromagnetic amplitudes; on the other hand,
comparing parameters of J=ψ and ψ 0 decays, the pattern of
relative strength is similar but is not exactly the same,
which implies some distinctive decay mechanisms of two
resonances. Such a study makes it urgent that further more
precisely and systematically experimental measurements
should be performed based on BESIII colossal data sample
of charmonium decay, in order to disclose more subtle
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feature of decay mechanisms beyond the prescription of
symmetry analysis.
By virtue of present analysis, the uniform parametriza-

tion scheme provides a general description for charmonium
two-body decays and lays a basis for more profound
dynamics exploration in the future.
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