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We revisit the DD* interactions in chiral effective field theory up to the third order for the first time. We
deal with the pion-exchanged interactions via local momentum-space regularization, in which we focus on
their long-range behaviors through demanding their contributions vanish at the origin in the coordinate
space. The short-range contact interactions and subleading pion-charmed meson couplings are estimated
with the phenomenological resonance saturation model. The subleading pion-charmed meson couplings
are much weaker than those in the pion-nucleon system, thus the DD* binding mechanism is very different
with that of the NN system. We also obtain the analytic structure of the two-pion exchange interactions in
the coordinate space, and we find that its asymptotic behavior at long distance is similar to but slightly
different than the NN interactions. We get the same asymptotic behavior of the two-pion exchange
interaction with that from the HAL QCD method, but appearing in the longer distance rather than
1 < r <2 fm. The binding solution only exists in the isoscalar channel. Our calculation supports the

molecular interpretation of TF,.
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I. INTRODUCTION

The interactions between a pair of heavy-light hadrons
can be fairly regarded as the extension of the pattern of
nuclear forces. The theoretical tools designed for the
nucleon systems shall also be generalized to the heavy-
light systems via including the restriction of extra sym-
metries, such as the heavy quark symmetry. Meanwhile, in
recent years, the observations of many near-threshold
exotic states provide golden platforms to test and redevelop
these tools [1-11], in which the successful generalizations
of the effective field theories (EFTs), e.g., the pionless and
pionful EFTs, is a epitome of the intimate connection
between nuclear and hadron physics [9].

Based on the instructive works of Weinberg [12,13], in
the past decades, the modern framework of nuclear forces
was constructed upon the chiral effective field theory
(yEFT) [14,15]. In yEFT, the short-range part of the nuclear
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forces is parametrized as the four-fermion contact inter-
actions through integrating out the heavy particle exchanging
(e.g., the vector meson p and w, etc.), while the long- and
intermediate-range parts are presented by the one-pion
exchange (OPE) and multipion exchange interactions,
respectively [16-18]. The latter can be derived from the
chiral symmetry of QCD in a model-independent way. The
study of nucleon-nucleon (NN) interactions indicates that
the leading order (LO) two-pion exchange (TPE) potential is
very weak and insufficient to provide the appropriate
attractive force at the intermediate range, which is, in fact,
described by the subleading TPE potential with an insertion
of the subleading pion-nucleon vertices [14,15,19]. It was
found that large values of the low-energy constants (LECs) in
the subleading pion-nucleon Lagrangians leads to the attrac-
tive source. The values of these LECs can be quantitatively
understood using the phenomenological resonance satura-
tion model (RSM) [20]. It was shown that these large value
LECs in the yEFT without explicit A resonance actually stem
from the “high” (note that mp — my ~2m, < m,, where
m,, ~ 770 MeV, is usually regarded as the truly high-energy
scale in chiral perturbation theory) energy scale A baryon as
well as the pion-pion correlation (or the 6 meson) [20].
Epelbaum ez al. noticed that the TPE loop dia-
grams calculated within the dimensional regularization

Published by the American Physical Society
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accompanied by large value LECs in subleading pion-
nucleon vertices lead to unsatisfactory convergence of chiral
expansion and uncertain consequences in few-nucleon sys-
tems, e.g., the unphysical deeply bound states in the low
partial waves of the isoscalar channel [21,22]. The expedi-
ency is to use the small value LECs, but this is not compatible
with the pion-nucleon scattering data [23,24]. In order to cure
this problem, Epelbaum et al. argued that one needs to
suppress the high-momentum modes of the exchanged pions,
since they cannot be suitably handled in an EFT that only
properly works in the soft scales. In order to solve this
problem, the TPE loop diagrams using the cutoff regulari-
zation combining the spectral function representation
scheme [22,25,26], local regularization scheme [27,28],
and semilocal regularization scheme [29] were proposed.
One can see the review in [30] for the state of the art. This is
analogous to the means for improving the convergence of
chiral expansion in the SU(3) case [31,32]. In addition, it was
shown that a covariant yEFT can moderate the TPE con-
tribution [33-35] even using the dimensional regularization.

Obviously, one needs to consider the possible emergence
of the above-mentioned problem when generalizing
the yEFT to the heavy-light systems. The application of
¥EFT in heavy-light systems for dealing with the hadronic
molecules has achieved much progress in recent years [9]. In
Ref. [36], Liu et al. first calculated the BB interactions
considering the leading TPE contributions. Along this line,
Xu et al. studied the DD* interactions and used the RSM to
determine the contact LECs, in which they predicted a bound
state in the isoscalar channel with J¥ quantum numbers 1+
[37]. Four years later, the LHCb Collaboration observed the
T in D°D°z+ invariant mass spectrum [38,39]. The T, is
below the D**D? threshold about 300 keV, thus it is a very
good candidate of DD* hadronic molecules. Similar to
Ref. [37], Wang et al. studied the B®B™) interactions
and predicted the possible bound states in the isoscalar
BB* and B*B* systems with J” = 17 [40]. The same
framework was also adopted to investigate the LHCb
pentaquarks Pjy(4312), P})(4440), and P}(4457) [41,42]
(throughout this paper, we use the new naming scheme of the
exotic states proposed by the LHCb [43]), as well as to
predict the existence of molecular pentaquarks with strange-

ness in EE./'*>D<*) systems [44] (see also the recent exper-
imental measurements for the Pl,/)s states near the E,.D* [45]
and 2D [46] thresholds) and the double-charm pentaquarks
[47]. For a review of this topic, we refer to Ref. [9]. In
Ref. [48], the study of X X interactions turns out that this
results in bad convergence and an unnaturally deep bound
state in the lowest isospin channel if one calculates the
leading TPE diagrams with dimensional regularization. This
demands us to properly treat the TPE contributions for
heavy-light systems as those in the NN case.

Recently, the S-wave DD* potential in the isoscalar
channel was extracted from lattice QCD simulations near
the physical pion mass within the HAL QCD method [49].

It was shown that the potential favors the e™2"+"/r?
behavior in the range 1 < r < 2 fm. Thus, it is worthwhile
to investigate TPE interaction for DD* in the coordinate
space to compare with that from HAL QCD.

In this work, we revisit the DD* interactions within yEFT
and calculate the DD* interactions up to the third order [i.e.,
the next-to-next-to-leading order (N>LO)] for the first time.
We construct the subleading zD*) Lagrangians and deter-
mine the corresponding LECs with the RSM. The TPE
diagrams will be calculated with the cutoff regularization, but
we use the fully local momentum-space regularization rather
than the semilocal form as those in Ref. [29]. The DD*
interactions shall strongly correlate to the T inner structures
and its other properties. In contrast to the well-known
X(3872), there is no coupling with the charmonia for 7.
Thus, it provides us with a clean environment for investigat-
ing the interactions between the charmed mesons. This is
very similar to the NN interactions.

The T, state has been intensively studied from various
aspects, such as the decay behaviors [50-55], mass spectra
[10,56—67], productions [68—73], line shapes [74—76], and
magnetic moment [77], etc. In order to pin down the inner
configuration of T., a systematic study of the DD*
interactions is very necessary.

This paper is organized as follows. The DD* effective
potentials within the local momentum-space regularization
are shown in Sec. II. The analyses of effective potential and
the pole trajectories of the DD* bound state and related
discussions are given in Sec. III. A short summary is given
in Sec. IV. The estimations of LECs within the RSM are
listed in the Appendix.

II. EFFECTIVE CHIRAL POTENTIALS
UP TO THE THIRD ORDER

The effective potential of DD* can be extracted from
their scattering amplitude. In yEFT, the scattering ampli-
tude of DD* is expanded in powers of the ratio Q/A,
where Q represents the soft scale, which could be the pion
mass or the external momenta of D), while A, denotes the
hard scale at which the yEFT breaks down. The relative
importance of the terms in the expansion is weighed by
the power v of (Q/A)¥; this is known as the power
counting scheme. According to the naive dimensional
analysis [12,13], the power v for a system with two matter
fields (charmed mesons) is measured as

Ai:d,-+%—2, (1)

v=2L+» VA,
]

with L as the number of loops in a diagram and V; as the
number of vertices of type i. The d; is the number of
derivatives (or the pion-mass insertions), and ; is the number

of charmed meson fields that involved in the vertex i.
The DD* interaction starts at v = O (first order, the LO),
and the higher orders come as v = 2 [second order, the
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FIG. 1.

The irreducible Feynman diagrams for the DD* interactions at the LO, NLO, and N>LO. We use the single solid line, the

double line (solid plus dashed), and the dashed line to denote the D, D*, and pion, respectively. The small solid square [in (a;)] and large
solid square [in (b;)] denote the LO (A; =0) and NLO (A; =2) DD* contact vertices, respectively. The small solid dot [in

(a3), (b 11). (cy... 7)1 and large solid dot [in (c;

next-to-leading order (NLO)], v =3 (third order, the
N’LO), etc. At the given order, the number of the
corresponding irreducible diagrams is limited. In Fig. 1,
we show the pertinent Feynman diagrams for the LO, NLO,
and N?LO interactions of the DD* system. Then, the
effective potential of the DD* system can be written as

Vet =V +Vig + Vo +..s (2)
with
Va=VY + vl + ...,
Vae = V2 + v 4+, (3)

where V, Vi, and V,, denote the contact, OPE, and TPE
potentials, respectively. The numbers in the parentheses of
the superscripts represent the order v [see Eq. (1)]. Each
piece of the right-hand side of Eq. (2) can be further
decomposed into the following form:
Vi=WVie+tt oW, O, +[Vi +7-0.W;, |0, (4)
where i = ct, 1z, 2z, and 7, - 7, denotes the isospin-isospin
interaction. The matrix element (z; - 7,) = —3 and 1 for the
isoscalar and isovector channels, respectively. The oper-
ators O; and O, are given as

O=¢te.  O=(g-¢M)g-e). (5
where ¢ = p’ — p (p and p’ denote the initial and final state
momenta in the center of mass system, respectively) is the
transferred momentum between D and D*, and € and &'
denote the polarization vectors of the initial and final D*
mesons, respectively. In the heavy quark limit, we will not
consider the 1/m (with m the mass of the charmed mesons)
corrections of the charmed meson fields. Then, only two

2] represent the LO (A; = 0) and NLO (A; = 1) zD™ vertices, respectively.

pertinent operators survive in the effective potentials of
DD* (for the NN case, see Ref. [78]), i.e., the O, and O,.

In the following subsections, we will derive the V, V.,
and V,,, respectively.

A. Short-range contact interactions

The contact potentials of DD* system at the order v = 0,
2, 4 can be respectively parametrized as

VY = (Cr 471100, (6)
Vg) = (C3 4+ 71 - 1,C4)q* Oy
+(Cs + 7, - 71,C4) O3, (7)
Vﬁ?) = (C7 + 71 - 1,C5)q* O,
+ (Co + 71 - 7:C10)q7 O, (8)
where C; |, are the corresponding LECs. In the following

calculations, we will take the Vﬁ?) to test the convergence
of the expansion in different isospin channels. In Egs. (7)
and (8), we ignore the pion-mass-dependent terms that
are irrelevant in our studies. In calculations, the local
form Gaussian regulator exp (—g?>/A?) is multiplied to
Egs. (6)—(8) to ensure the convergence when they are
inserted into the Lippmann-Schwinger equations (LSEs).

In order to determine all the LECs in Egs. (6)—(8), we
resort to the phenomenological RSM [79,80] (see also the
applications in heavy-light systems [37,81-83]). Within
the RSM, we consider the exchanging of the scalar,
pseudoscalar, vector, and axial-vector mesons [the tensor
exchanges (e.g., a,, f, mesons) are not considered, since
their contributions start at least at the fourth order [81]].
The derivation details are given in Sec. I of the Appendix.
Their numerical values are listed in Table I.
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TABLE L

The numerical values of the LECs [see Eqs. (6)—(8)] determined from the RSM. The C| ,, Cs

6- and C; o are in units of

GeV~2, GeV™, and GeV~°, respectively. The values for the isoscalar (I = 0) and isovector (I = 1) channels can be easily obtained via

replacing the sgn with (—1)/

. The errors come from the parameters in the Lagrangians that are quoted in the Appendix.

C, G, C3
75+1.3 10.9 £0.2 4+ 0.3sgn
Cs ¢, Cy

(=23.1 £ 7.4)sgn -52+30.5

—26.0 £9.1

32.1 — (40.6 & 12.9)sgn

c, Cs
—18.8 + (23.1 + 7.4)sgn 147472
Cy Cio
_10.6+ 12.1 (40.6 £ 12.9)sgn

B. Long-range one-pion exchange interactions

The T, was observed in the D°D°z™" final state, and its
signal is absent in the D*D%z* channel [38,39], which
implies that the T, is an isoscalar state rather than an
isovector one. The flavor wave function of DD* in the
isoscalar and isovector channels read, respectively,

|
DD*,1'= 0,13 = 0) = —=[D°D*" = DD*], (9)

1
DD 1= 1.1 =0) = — [D°D** + DD*].  (10)

We consider the explicit chiral dynamics from the light
pion and relegate the heavy n (m, ~4m,) contribution to
the contact terms. In the following, we show the complete
LO (A; = 0) chiral Lagrangian of the @D (9 =x, 1)
coupling [84,85] for later convenience:

£, = i(H - DH) £ 6,(HoFlo,,) + g, (MiirsH),
(11)

where v = (1,0) denotes the four-velocity of heavy mes-
ons,and D, = 9, +I',, where I', = [£7, 9,£]/2 is the chiral
connectlon O = Mp —Mp = 142 MeV, and g, = —0.59.
The axial-vector current u,, is defined as u, = i{£',,&}/2.
Meanwhile, the & = U = exp(ip/f,), and the matrix
form of ¢ reads

ﬂ0+\/%,7 V2t
V2r~ —1’ +

The 'H denotes the superfield of the (D, D*) doublet in the
heavy quark symmetry, which reads

+?5

= (12)

H= (Pir* +iPys),  H=y"HY°,  (13)
with P = (DO,D+)T and P* = (D*, D*H)T,

With the OPE diagram in Fig. 1(a,) and the LO chiral
Lagrangian in Eq. (11), one can easily get the OPE

potential, which reads

9y O,

7]

Vlﬂ(uﬂ” q) = Sgn(rl ' 12) 4f;21 q2 — M% —ie’ (14)
where [, =92.4MeV,u,= —m2 (where m,~137MeV

is the pion mass), and sgn = (—1)!. Equation (14) contains

two parts—the principle-value and imaginary parts. Its
principle value corresponds to an oscillatory potential in
the coordinate space, e.g., see Eq. (18), while the imaginary
part comes from the three-body (D D) cut, which contrib-
utes a finite width to the bound state of DD*. We then
separate the operator O, into the “spin-spin” part and the
tensor part via the equation

O,=(q-¢ (€7 -e)g* + ¢°S1p,  (15)

W =

Nig-e) =

where S, = (¢/7 - §)(e - §) — 1&" - £, with § = ¢/|q|. Then
the principle-value part of Eq. (14) can be transformed into

2 1 1 2
Vlﬂ(uﬂ’ q) = sgn(rl )4f2 ( Ol +x 3q ﬂ Ol
2
q
+qz—u,2,812)’ (16)

in which the first term corresponds to a d function in the
coordinate space (r space) after the Fourier transform. It is an
artifact arising from the idealized pointlike zD*) coupling. In
reality, the OPE dominates at the long-distance region, i.e.,
r>2fm=~1.5m;' [86]. Therefore, it is better to subtract
the unphysical o-function part from the OPE potential. In
Ref. [29], Reinert et al. introduced a subtraction scheme for
the NN interaction with the following form:

2 2
9p [uz 1
0
12)4f%{3q2—u3, :

1 q
+ §+C(”m/\) 01+m512

2_ 2
X exp <—q Azu”), (17)

where a u,-dependent term in the Gaussian regulator is
introduced to ensure the strength of the OPE potential remains
unchanged at the pion pole [87]. The subtraction term
C(u,, A) is determined by the requirement that the OPE
potential vanishes at the origin, i.e., when r — 0. With the
following relations of the Fourier transform:

V]ﬂ,/\(uﬂ’ q) = Sgn('tl

&g .01 1
/ e T g (19)

q-—u; Adrnr
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3

&g .. 1 q* —u;
u/\(un9r):/(2ﬂ)3eq qz_u%eXP<— A2
cos(u,r) u, Ar u, Ar
= OO e (22 20 —erfe (L2 20
oG- ) —eme (e + ) |

d3C] e,'q.r ex _q2 - u72z
(22)° P

A%\ 3/2 uz  A*?
() () e

one easily obtains

3q ,
Vlzr.A(umr):/ T elq.rvlﬂ,A(ulrvq)
2
g d0 (/10
= —sgn(t; 'Tz)é{surg <;E)UA(“75,”)
uz 1
-0, ?UA(uﬂ,r)-i- g-l-C(u,,,A)

ERCE )|

With the constraint V', 5 (u,,r — 0) = 0, we get

1 22 22
Cluy, A) :—<§+312e > (22)

Note that, in Eq. (18), the erfc(x) represents the comple-
mentary error function, i.e.,

erfe(x) = 2 / " die " (23)

It should be stressed that the so-called OPE interactions in this
work are, in fact, parts of their effects that cannot be
compensated by the contact terms.

0.00

[MeV]

-0.05

-0.10

(71 T2) Wiz, [MeV]

(7'1 . Tz)"Vlm:

-0.15
0

7 [fm]

FIG. 2. The central part (left) and tensor part (right) of the
subtracted OPE potential [see Eq. (21)] in the isoscalar channel
with the cutoff A = 0.5 GeV.

In Fig. 2, we show the behaviors of the central part [O,
related term in Eq. (21)] and tensor part [S, related term in
Eq. (21)] of the o function subtracted from the OPE potential
for the I = 0 case (the behaviors of the I =1 case are
similar). One can see that both the central and tensor
potentials vanish for » — 0, and the strength of the central
potential is much weaker than that of the tensor potential.
Therefore, though the central potential is attractive, it is too
weak to form a bound state. However, if one does not subtract
the o function, then it would result in a very attractive central
potential when using a large cutoff when making the Fourier
transform. This may also lead to the bound state, but it is
unreasonable. One also sees that the central potential can
extend to large distances, since the effective mass u, in the
pion propagator is much smaller than the m_; this is a very
typical feature of the DD* system.

C. Intermediate-range two-pion exchange interactions

We first show the LO (v = 2) TPE contributions, which
come from the diagrams in Figs. 1(b,)—1(b;;). They can be
obtained by using the Lagrangian (11) and calculating the
loop integrals. We adopt the spectral function representa-
tion for the TPE interactions. The long-range part of the
TPE interactions is determined by the nonanalytic terms in
momentum space. They have the following forms within
the dimensional regularization:

4
86
o= g—”’4 6g>sgn(4m2 — 457 + q*)A' (q) — 3(8mi + 10m2q> + 3¢*)A(q) — —2 (557 + 3¢°sgn)L(q)|, (24)
51278, P
4
g 1
We = 35657 {g—z (4m2 — 45} + 3¢7) 26} + g3(=25} + 2m2 + ¢)|A'(q) — 2sgn(4nr? + ¢*)g*A(q)
z (Jg
26
+ 3”9”4 [166292(593 — 3) + 4(=54 + 492 + 1)m2 + (=234 + 1092 + 1)q2]L(q)}, (25)
@
4
g 3 245
Vo = W b (—8my — 2miq* + q*)A(q) — 6sgn(—45; + 4mZ + ¢*)A'(¢q) + 7” SgnL(q)] : (26)
4
g 1
W%=——17{%@W@+fM@—77@%—%ﬁ+fm%+%G%%4M+fWWW} (27)
25675, f* 7

where the three nonanalytic functions A(q), A’(¢), and L(q), respectively, read
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1
Alq) = zarctan ;]1” (28)
Alq) = iarctani (29)
2q 2m'’
w, g+ w
L - _1 ) 30
(q) = . (30)
with ¢ = lg|, m'=[m; -5 —ic]'?, and @ =[g>+

4m? — ie]'/?. The terms

functions F(q, n, i)

ontaining the nonanalytic
f 12 (v Y&l arctan 2 B)dy [with { =
qv/a> =y, a=5, and @' = [q7 + 4(m; — 5}) — ie]'/?]
and their denvatlves with respect to §, are ignored for
simplicity, since we noticed that their contributions are
much smaller than those in Eqs. (24)—(27).

In order to obtain the subleading (v = 3) TPE potential
(see the diagrams in the third column of Fig. 1), one needs

an insertion of the subleading (A; = 1) zD™*) Lagrangians.
The Lagrangians read [9]
HH)Tr(y, ) + & (Hv - uv - uH) + &3 (Hu - uH)

+ i54<H[Mw uJo" H) +¢s(Hy. H), (31)
|

TABLE II. The numerical values of the LECs in Eq. (31)
determined from the RSM (in units of GeV~!). The errors come
from the parameters in the Lagrangians that are quoted in the
Appendix.

Cq 2 C3 Cy4 Cs

-0.21£0.07 —0.83+£0.16 —-0.55+0.18 0.61+0.10 0.26

where y, = &y + &7 E, with y = 2Bdiag(m,, m,), and
2+ =x+ —3Tr(r.). One can see that the structure of E(%

is very similar to the ones of #N Lagrangians [88].

In literature, only the LECs in partial terms in Eq. (31)
were determined for certain problems (see Ref. [9]). Here,
we again use the RSM to estimate the ¢;. One can consult
Sec. II of the Appendix for details. The numerical values of
the LECs ¢;(i = 1,...,5) in Eq. (31) are summarized in
Table II. From Table II, one can see that the couplings of the
subleading zD*) vertices are of natural size and are much
smaller than those of the z/N system [23,24]. In contrast to
the NN system, this makes the main contribution for the
binding forces of DD* come from the short-range contact
interactions.

The nonanalytic terms of the subleading TPE poten-
tials read

Vo = % {(4m,2, + 3¢7)[482,m2 — 325 (2m2 + ¢*) — 8¢56%)A(q) + {3(=128% + 12m2 + 5¢%)

x [162,m; — 2¢,8) — ¢3(2mz + ¢°)] — 825657 (4m; — 457, + ¢°)}A'(q)

_8% [48c1m + Cy(m2 — 655 + q°) + 48355 — 3¢3q° + 4?:5512]L(q)}, (32)
: 6
e = o {c4sgn<4m + )P Aq) - 28557 (2m3 =25} + A (q) + ;esﬁha%uq)}, (33)
Vi, = 512“7’#‘1 {<q2 — 4mn2) 482 m? + 323 (2m2 + ¢°) + 8557]A(q) — (46} — 4m? + ¢°)
X [—48%,m2 + 68,57 + 3¢;(2m2 + q*) + 8¢56%A'(q) + % [6,q7 — 2m2 (8, — 653)]L(q)}, (34)
(3) 93) ~ 2 2

250 = Sop [—Cysgn(dmz + q*)A(q)]. (35)

2

where 67 = m%.,

- mi(o denotes the u, d quark mass difference that stems from the 7, term in Eq. (31).

The LO and subleading TPE potentials can be obtained from the spectral function representation associated with the local

momentum-space regularization [29],

v _2 TN [ qulp®) (] s+ €1 (. A) + ol A2 L 36
V2;;,i — ;exp _W A ﬂ[/,{lgzﬂl(,u)] 3 T q2 + 1(/1, ) + 2(/“7 )q exXp _2A2 ’ ( )
W _2 CN [ gt Cr(i A) + Co(u. A)g? L. 37
Wani = 5oxp ( =gz ) | bt 0] |+ Col A) + ol A)g? exp ( =575 ). (37)
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where i = ¢, t denotes the central and tensor parts, respectively, while v is the chiral order defined in Eq. (1). The spectral

functions pg;)‘i(,u) and ngz)’i(y), respectively, read

P (1) = SV (0% = i),

ns) (u) = V(0 — i), (38)

In order to get p(y) (1) and ngﬁi(u), one also needs the following quantities [21]:

2r,i
SA0F = ip) = —O(u — 2my), (39)
4u
l@(u—Zm’) m, > 5,
SAOF — i) —
SAOT ~ i) { arctan —4— m, < 5),’ (40)
24/6,—mz
2 _ 4 2
SLO* — i) =~ @~ 2m,), (41)
"

with © the Heaviside step function.

The subtraction terms C; and C, are introduced to minimize the mixture of the long- and short-range forces in TPE
interactions. They are determined by the following requirements [29]:

v d’ &

Viei()lmo = 57 Vari(n)lmo = Wagi(limo = 5 Wai(1)l,m0 = 0. (42)
where Vg;[ (r) and Wgﬂ) ;(r) represent the corresponding potentials in r space. They are obtained with the following Fourier
transform:

®) 1 2; ®)
Vari(r) =55 [ dad’jo(qr)V2zi(4), (43)

)

where the similar form holds for the W, .,

expressions of C; and C, are given as

and jy(qr) represents the spherical Bessel function of the first kind. The

2 — V&7, X 2 2 +

III. NUMERICAL RESULTS AND DISCUSSIONS

In this section, we will first work out the TPE potentials
in the coordinate space. We will compare their asymptotic
behaviors at long distance r with that from lattice QCD,
specifically, the HAL QCD method (see Sec. III A). We
will also analyze the contributions from the contact, OPE,
and TPE interactions at each order (see Sec. III B). In
Sec. III C, we will study the pole trajectories of the DD*
bound state in two cases.

A. TPE potentials in the coordinate space

In the following, we first analyze the analytic structures
of the TPE potentials in r space. We will take the elements

Wg”) . and Wzﬂ) . as examples. Here, we resort to the inverse

Fourier transform, in which the r-space potential is

12A7

represented with a continuous superposition of Yukawa
functions [86]. It can be formulated as

- 2 [ d>q el
V(r) :;lm Mﬂ(ﬂ)dﬂ/WWv (46)

where p(u) = J[V(0" — iu)] denotes the spectral function
of the corresponding potential, e.g., see Eq. (38).

Since we are more interested in the long-range behav-
ior of the potentials, we neglect the regulators and short-
range subtractions in Eq. (37) at first, which have no
effect on the asymptotic behaviors. We call it the
unregularized spectral method. In order to distinguish
the potentials with those in the local regularization, we
use the overhead tilde to denote the r-space potentials
from unregularized spectral method. With the residue
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theorem, one can get the following form for the central
potential:

Inserting the ngﬁc [in Eq. (38)] into Eq. (47) and
integrating over u with some assistance from the integral

representation of the modified Bessel function,' one then

~ 1 © :
Ve(r) = —2/ e ™ p(u)dpu. (47) obtains
27°r Jom,
!
(2 1 e 2 3gt e 2342
Wé,gc(r) = 38427 { = 25‘: (2x* +4x3 +6x% + 6x+3) + > 25"’ (m2 = 82)[8% + g2(m2 — 82)]
e 1 1 3K,(2x) K (2x)] 4m}
+° g (x +X+2> (99(156, = 3mz/8y) = 98,95] =~ { i 5 ]7(239‘;— 1062 — 1)
1 2m
- SR UG5 ~ ) + (-5ah + 403 + D] (48)
) 1L e 2
Wy, . (r) = 27 {7 C495(2x* 4 4x3 4 6x% + 6x + 3) — ——- 58795 (m3 — &3) /2

—2x

e I _ K
- 9% <x2 + x4+ E) (284m2 — 567) — 1(

where x = m,r, and K, (y) is the modified Bessel function
of the second kind. Note that, in order to detour the
complicated integrals involving the arctangent function
in Eq. (40) when 6, > m,, we have used the expres-
sion for J, < m, in deriving Eqs. (48) and (49), which
become true at unphysical pion mass used by HAL QCD
simulation [49,89]. The nonphysical hadron masses used in
the lattice QCD simulations read

m, = 1464,  m, = 18782,
mp- = 2018.1 MeV. (50)

We focus on the range of 1 < r < 2 fm, which were
stressed in Ref. [49]. In this range, for the typical
dimensionless variable 2x = 2m,r in Eqgs. (48) and (49),
there is 2m,r € (1.5,3). Equations (48) and (49) can be
generally written as

W (") :i[ia(u) 1 4 i Q) L} (51)
e (2x)? (2x) A ()

i=0

where af ), b5 *) are the corresponding constants that can be

deduced from Egs. (48) and (49). We have used the
following expansions for K ,(y) for y > 1:

bid 1 31
K1(Y):\/;€_V< 1/24‘8},3/2+ ) (52)

x (1 15 1
KZ(y) = \/;e_y (W‘l— 3 y3/2 + . > (53)

3655b52 n./]'[:| (49)

If, ideally, r is so large that 2x > 1, then one obtains the
following asymptotic behavior:

—2m,r
Wi (r) o (54)
It is the same with that of the lattice QCD result in the range
1 <r <2 fm. It should be noticed that the asymptotic
behavior at large distance is slightly different than that of
NN, which was found to be e‘zmﬂr/r% long ago [17]. This
difference arises from the box diagrams. For the NN
system, the box diagrams with NN as intermediate states
are subtracted. For the DD* scattering, although the
contribution of DD* in the box diagram is subtracted,
the box diagram with DD, DD*, and DDr as intermediate
states is kept, which has no counterpart in the NN case.
However, the range 1.5 < 2x < 3.0 is not large enough
to neglect the subleading effect in Eq. (51). In Fig. 3,
we present the TPE potential from the unregularized
spectral method. As a comparison, we also present a
ae™>"" /r? function with a making the function cross with
the potential from the unregularized spectral method at
r=1fm. We also try to vary a, but fail to use the
ae™>"" /r? function to depict the TPE potential from the
unregularized spectral method. The terms with higher
power of r in the denominator, i.e., e~ 2mar /r" with
n > 2, could be also important. Therefore, the yEFT
calculations support the significance of ae™>"+"/r* behav-
ior of the long-range TPE interaction, but this behavior is
not dominated in the range 1 < r < 2 fm.

'K, (y) = Ciﬁz J¢& (sinh 1)*" exp(—y cosh )dt, y > 0.
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Wi (r) [MeV]

r [fm]

FIG. 3. The potentials Wg[),c(r) and Wg[),c(r) in the coordi-

nate space. The blue and red solid lines denote the results
of Wé?c(r) and the asymptotic function ae™"+"/r* (a =~
5.4 MeV - fm?), respectively. The band represents the result from
the local momentum-space regularization with the cutoff
A € [400,900] MeV. The dashed lines in the up direction denote
the results with A = 400, 550, 700, 800, 900 MeV, in order.

In Fig. 3, we also present TPE potentials from local
momentum-space regularization. One can see that the line

shape of ng)wc(r) (r > 0) in local momentum-space regu-
larization will gradually approach that in dimensional
regularization with the increasing of the cutoff. This is
because the potentials in these two regularization schemes
differ from each other by an infinite series of higher-order
contact interactions, e.g., see more discussions in Ref. [19]. It
should be noticed that, in local momentum-space regulari-
zation, the TPE behaviors in the range 1 < r < 2 fm will be

distorted by the regulators and depend on the cutoff A.

B. Analyses of the contact, OPE,
and TPE contributions

We quantitatively analyze the behaviors of the contact,
OPE, and TPE interactions. We take the behavior of the

quantity W,(”C) in coordinate space as an example. The

element Wf”g in Eq. (4) is multiplied by the isospin factor
T, -7y, and (7, - 7,) = =3 for [ = 0. It should be stressed
that the analysis will depend on the scheme to separate the

contact interaction and pion-exchange interactions. The

requirement W,(f/c)(r)|,_>0 =0 in local momentum-space
regularization minimizes the mixing of the (intermediate)
long- and short-range forces. Thus, the so-called OPE and
TPE interactions in local momentum-space regularization
are, in fact, parts of their effects that cannot be compensated
by the contact terms.
In Fig. 4, we show the behaviors of the Wl(”L) (r) with the
cutoff ranging in [400, 700] MeV:
(1) In Figs. 4(a) and 4(b), we show the LO contact
and OPE parts, respectively. One can see that, as

LO(v = 0) : Contact

LO(v=0):1m

0 05 1.0 15 20
r [fm]

NLO(v = 2) : Contact 2.0 NLO(v =2): 27

=)

W2 [MeV]

o
o

(c)

00 05 1.0 156 20 25 30 0 1 2 3 4

7 [fm] 7 [fm]
25 2 ,
N2LO(v = 3) : 27 \ N’LO(v = 3) : amplified 27
20 20

FIG. 4. The behaviors of the W!(i=ct 1z,2x) in
coordinate space. The first, second, and third rows denote the
LO, NLO, and N2LO contributions, respectively. The shaded
areas represent the regions where the cutoff is taken in the range
[400, 700] MeV, while the solid lines stand for the results with
A =550 MeV.

expected, the short-range (r < 1 fm) and long-range
(r Z 2 fm) behaviors of the DD* potential are
dominated by the contact and OPE interactions,

respectively, but the WE(,)I)’C(r) is much weaker than

the Wﬁg)c(r). One important reason is that, at least for
the S wave, the long-range part central interaction in
Eq. (21) is suppressed by the minor value of the
effective mass u,. This suppression directly leads to
a new expansion of the DD*/DD* interactions [90]
with perturbative OPE interaction.

(2) In Figs. 4(c) and 4(d), we display the W7, (r) and
ng{c(r) contributions at NLO. One can notice
that the contact and TPE interactions dominate
the short-range (r <1 fm) and intermediate-range

(1 £ r <2 fm) forces, respectively. Similarly, the

strength of Wgzc(r) is weaker than that of the
2

Wk (r):

(3) In Fig. 4(e), we illustrate the subleading W' (r)

2z,c

contribution. One sees that its size and behavior are

very similar to the ng{c(r). This is because the
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LECs in Eq. (31), determined from the RSM, are
of natural size (see Table II) and we only focus on
the medium-long character of the TPE interactions
within the local momentum-space regularization.
The values of ¢; are about 1 order of magnitude
smaller than those of the zN system, which makes
the subleading TPE contributions in the DD* system
much moderate.

(4) In Fig. 4(f), we also illustrate the W;?C(r) with the
artificially magnified (by a factor of 10) LECs ¢;.

One sees that, in this case, the contrived Wgzc(r) is

also amplified about 10 times, and its magnitude is
comparable to the Wg)c(r) This corresponds to the
unnatural case in the NN system.

An overview of the contents in Fig. 4 can be summarized
as follows:

(i) Long-range force (r = 2 fm) is dominated by
the OPE.

Intermediate-range force (1 <r <2 fm) is domi-
nated by the TPE.

Short-range force (r < 1 fm) is dominated by the
contact interaction.

The short-range force is much stronger than the
long- and intermediate-range ones.

(v) The OPE interaction is the weakest one; this may
answer the question raised in Ref. [49] of why the
theoretically possible one-pion exchange contribu-
tion cannot been seen in the lattice data.

The requirement WE”C) (r)],_0 = 0 in local momen-
tum-space regularization minimizes the mixing of
the (intermediate) long- and short-range forces.

In Fig. 5, we show the effective potentials of the isoscalar
channel at each chiral order. The cutoff is taken in the
range [400, 700] MeV. One sees that the potential becomes
weaker with the increasing of chiral order. This implies
that the chiral expansion works well in our study. The
potentials at LO, NLO, and N2LO are all attractive, and
the attraction mainly comes from the short-range forces

(i)
(iii)
(iv)

(vi)

(contact interactions). The attractive force in the isoscalar
channel may lead to a bound state. Thus, the next
subsection is devoted to studying the pole trajectory of
the DD* bound state.

C. Pole trajectory of the DD* bound state

We use the isospin average mass for the DD* system in
our calculations. The threshold of DD* and the experi-
mentally measured mass and width of 7', [39] are given as

my, = 3875.8 MeV,
Mexp = (Mpe+ +mpo) —0.36 = 3874.7 MeV,

Teyp = 48 £ 21, keV. (55)

With the effective potentials in local momentum-space
regularization, we solve the LSEs to analyze the pole
distributions in the physical Riemann sheet. The LSE in the
partial wave basis |£sj) reads

k*dk
Tf’fsj(P'7P) = Vf’fsj(Pl,P) + E /‘<2ﬂ)3 Vf”f”sj(l’/’ k)
f/l

2Upp
o eTf”fsj(k’p)’ (56)

pP—k*+i

where pupp+- denotes the reduced mass of DD*, and
p* = 2upp-(E —my,), with E as the total energy of the
DD* system. Vg ;(p'.p) = (¢'sjlV(q)|£sj) can be
easily obtained with the approach in Ref. [91]. The S-D
wave coupling is considered in our calculations. Thus, the
V(P p) is given with the 2 x 2 matrix in the coupled-
channel |£sj) basis.

The finite width of the D* meson will be considered in
my, via using a complex mass, i.e., mp — iFefo/Z The
width of D* is about several tens of keV, such as I'p«+ ~
83.4 [92] and T 0 ~55.6 keV [9]. The width of T, is
narrow ~50 keV, thus its width should strongly depend on

Vio(r) [MeV]

0.000}-~,
| ~0.005

0010 /L VAP A = 400MeV 1

0015

r [fm]

r [fm]

FIG. 5. The panels from left to right show the LO (Vﬁ?) + Vg(,)g), NLO (Vﬁ? + Vg[)), and N°LO (VS[)) potentials for the isoscalar
channel, in order. The bands represent the regions where the cutoff is taken in the range [400, 700] MeV, while the solid lines stand for
the results with A = 550 MeV. The potentials become deeper with the increasing of cutoff.
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the I'p« if it is indeed the molecule of DD*. In principle, the
I'p- is a distribution with respect to the energy E, e.g., see
Ref. [76]. Here, we use an effective width of D*: the I’ in
our calculations. We then tune the Tl to reproduce the
width of T,. The value of %Il should be close to the I'jy+0
as naively expected.

We first study the pole trajectory of the DD* scattering T
matrix in the isoscalar channel with the contact interactions
being kept up to NLO [including Eqgs. (6) and (7) in
effective potentials], and the cutoff is in the range
520-600 MeV. We notice that the binding solution begins
to appear when A =600 MeV in this case. The pole
trajectory is very similar to the case in which the contact
interaction is kept up to N’LO [including Egs. (6)—~(8) in
effective potentials], and the result in this case is shown in
Fig. 6. In this case, the pole appears when A ~ 520 MeV,
and the pole mass approaches the experimental value when
A ~560 MeV. From Fig. 6, one also sees that the binding
becomes deeper with the increasing of cutoff, while the
half-width is not very sensitive to the cutoff.

The DD* lies above the threshold of the three-body
DDr; thus there are two types of three-body cuts (see
discussions in Ref. [9]): one comes from the OPE and
another one comes from the self-energy correction of D*
(this will contribute a finite width to the D* meson). The
first one is accounted for in Eq. (14) using the static OPE
potential. Our calculation contains two cases:

(1) We do not consider the width of D* in the propagator
of Eq. (56), i.e., setting Il = 0 keV. The result in
this case is shown as the blue dots in Fig. 6. One
can see that the half-width of the DD* bound state
is about 2 times larger than I',,/2 [see Eq. (55)].
This is somewhat inconsistent with the experimental

60

50 -

D—& & &

30¢
o—o—o—o

20f - "0\.

101

T/2 [keV]

Mexp Mih]

3875 3876

38I74
E [MeV]

0 1 1
3872 3873

FIG. 6. Pole trajectory of the DD* bound state in the physical
Riemann sheet with the change of cutoff A € [520,600] MeV.
The arrow denotes the direction in which the cutoff becomes
larger. The two dashed vertical lines from left to right represent the
experimentally measured mass of 7. and the threshold of DD* in
order. The band denotes the measured width of 77, [39].

data [39], as well as the theoretical calculations
[50,52,53].

(2) We take the effective contribution of D* width into
account. We noticed that we can reproduce the T,
width when taking Il ~ 30 keV, and the result is
shown as the red dots in Fig. 6. The value of Tl is
close to the I'j-+0 as priorly expected.

The calculations indicate that one has to consider the
complete three-body effect for the DD* scattering. One
can consult Ref. [76] for a more formal formulation of the
three-body dynamics in TF..

In addition, we also investigated the situation in the
isovector channel, but we did not find binding solutions
in this channel. This is consistent with the experimental
facts—there are no structures in the D*D%z" invariant
mass spectrum.

IV. SUMMARY

We revisit the DD* interactions within the yEFT up to
the third order. The pion-exchanged interactions are care-
fully treated with the local momentum-space regulariza-
tion, in which their short-range components are subtracted
via demanding the pion-exchanged contributions vanish at
the origin in the coordinate space. This is consistent with
the new developments of nuclear forces in Ref. [29].

The contact interactions and the subleading D)
vertices are ascribed to the heavier meson exchanging,
and consequently, the LECs are estimated with the reso-
nance saturation model. We notice that the subleading
zD™) couplings are much smaller that those in the zN
system, which makes the binding force of DD* mainly
come from the short-range part. This is very different than
that of the NN system.

We study the analytic expression of the TPE interactions
in coordinate space, and we find that its asymptotic
behavior at long distance is similar to but slightly different
than that of the NN forces. Along this line, we get the
asymptotic behavior ae=>"+"/r* of the TPE interaction in
the long-range limit. However, for the range 1 < r < 2 fm,
where HAL QCD obtained the above behavior, our
calculations imply that ae™"+"/r" with n > 2 behavior
is also very important. We also analyze the contributions of
the contact, OPE, and TPE interactions at each order by
defining pion interactions vanishing at origin. We notice
that the contact interaction is much stronger than the OPE
and TPE, which means the medium- and long-range parts
of the pion-exchange interaction are weak.

We investigate the pole trajectory of the DD* scattering
T matrix without and with considering the complete three-
body effects, respectively. The width of the DD* bound
state would be 2 times larger than that of T, if not
considering the effective contribution of D* width, while
the width of T, can be reproduced once the complete
three-body effects are considered. The binding solution
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only exists in the isoscalar channel, and this is consistent
with the experimental data. Our calculation favors the
molecular explanation of T',.
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APPENDIX: ESTIMATIONS OF THE LECs

1. The LECs in contact interactions

In what follows, we list the coupling Lagrangians of the
resonances with the (D, D*) doublet under the heavy quark
symmetry and estimate the LECs in Egs. (6)—(8).

a. Scalar exchange: o, a,, f, mesons

The corresponding Lagrangians read

Loy = g,(HM)o. (A1)

'CSH =Y <HS7:{>7 (A2)

where g, and g, are the corresponding coupling constants.
In the SU(2) case, g, = v/2g, in the large-N,. limit [79].
The matrix form of S is given as

a L fo +
-+ a,
s= |2 V2 0 (A3)
- — 20 JO
a \/§+\/§

Within the parity-doubling model [93], the g, reads

Ir_ _A (A4)

962_2\/8’ 9r f;r’

where f, = 92.4 MeV is the pion decay constant, and A =
mg+ — mq- denotes the mass difference of the J© = 0% and
0~ charmed mesons. In most previous studies, such as
the one-boson exchange model, A = mp: (2317) — Mp, &
350 MeV was usually used as the original work [93]. In the
SU(2) case in this study, we chose A = M p;(2300) ~ Mp-
The nature of the Dj(2300) is still controversial (one can
consult the recent review [9] for more details). The analyses
in [94-96] showed that the pole mass of D{;(2300) is lower
than the value in Review of Particle Physics [92]. Here,
we adopt the value m D;(2300) = 2196 + 64 MeV from the

lattice calculation at pion mass m, = 239 MeV [96]. Then

we have A ~ 330 4+ 64 MeV. Feeding this A into Eq. (A4),
one obtains

g, = —0.73 £ 0.14. (AS)
For the mass of o meson, we adopt the value that
was determined in Refs. [97,98] with the model-
independent way (one can also consult similar results in
Refs. [99-101]), which reads

m, = 441 MeV. (A6)

Meanwhile, for the masses of the aq and f;, mesons, we
ignore their mass differences and use [92]

my, = my, ~980 MeV. (A7)

b. Pseudoscalar exchange: 7 meson
For the 7 meson, its decay constant is f, = 116 MeV
and the mass m, = 548 MeV. The eta-exchange contribu-

tion to the contact interaction is associated with the last
term in Eq. (11).

c. Vector exchange: p, ® mesons

For the vector exchange form, we use the Lagrangians
from the local hidden-gauge formalism [102], which read

Lyy = ip(H (T, — p,)H) + iA(Ho" F,,/H).  (AS8)
where p, = i%V and F,, = d,p, = 0,p, + [py.p.]. The
matrix form of V, is given as

A +

- 2w

’ vitvi],

The coupling constants S, 4, g, [102,103] and the masses of
p, @ [92] read

p=0.9, A=-0.634+0.1 GeV~!,
m, =770 MeV, m, = 782 MeV.

g, =5.8.
(A10)

d. Axial-vector exchange: a,, f; mesons

For involving the possible contribution of the heavier
axial-vector mesons, we construct the following effective
Lagrangians:

Lay = 9o(Hy iy AMH), (A11)
in which we use the ideal mixing for the axial-vector
quartet in the SU(2) case,
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a | f +
= +5 aj
A= | V2V . (A12)
a; —%‘F%

It is hard to determine the value of g, in a reliable way
presently. In Ref. [104], Yan et al. roughly estimated the g,
via introducing the field of a; in the axial-vector current u,,,
and they obtained that g, is about 1 order of magnitude
larger than the g in Eq. (11). Here, we assume the coupling
satisfies the naturalness, which amounts to setting the order
of g, to be unity. We naively use g, = 1 in this study. For
the masses of a; and f, we use [92]

m,, = 1230,

my, = 1282 MeV. (A13)

ap

In order to obtain the LECs C; in Egs. (6)—(8), one needs
to sum up the contributions from the scalar-, pseudoscalar-,
vector-, and axial-vector-exchange interactions and use the
expansion

¢+m o om

20, GO, > q
giY; _glf<]_q2+q4+“‘>, (A14)
m;  m;

where i = o, s, @, v, a, and j = 1, 2. The m; denotes either
the mass of the exchanged particle or the effective mass

\/m? — 8. Matching with the terms in Egs. (6)~(8), one
gets

Cl=—-—4 I _ , AlS
! 22 2m? 4m2 (AL3)
2 2 2
Ya g% | P
C, = , Al6
2 =SB T omZ T 2 (A16)
oY G % _Po_gk (A17)
) ‘;l 2m;‘co mE 4md ul
2 2 2 212
g g% Pa g
Cy = —sgn 5 < +3 - 4 T Tsgn==-, (Al8)
a agp P P
9o Ga . G
a v
Cs=- 1222 2m2 2wl (AL9)
nen 171 »
2 212
Ya gk
C - , A20
sgn Zmzl ugl sgn u/z) ( )
oo Y _ G % Pa gk (A21)
7 Zu? 2m?0 m$  4mS, o
2 2 2 212
9% %  Po gl
Cg = sgn - —sgn , A22
8758 2u, 2m§, + 4m§ g uj (A22)

2 2 2
' Ya goh
Co = Ly A23
T e ()
292 2
gk Ya
Cio = sgn=—; —sgns o (A24)
uﬂ al al

where sgn = (—1)! (with I as the total isospin of DD*),
\/m3 - 5%.

2. The LECs in subleading zD*) Lagrangians

and u, =

In the following, we estimate the LECs in the Lagrangian
(31) with the RSM.

a. ¢; and ¢3: With the 6 exchange

One easily sees that the ¢; and ¢; related terms are
connected to the o exchange if we write out the
Lagrangians of o2z coupling,

L,,=4c,Tr(u-u)o+ ¢, Tr(y.)o. (A25)

Combining the vertices in Eqs. (Al) and (A25) and
integrating out the o field, one obtains that

) ¢ _ 8¢ Ca . _
cp = mg(’, 3 = ngg =870, CyCqs>0, (A26)
meg mg Cm

in which ¢, = \/%Cd,m [20], and |c4| =26 £ 7 and |c,,| =
80+ 21 MeV [105].

b. &,: With the D;;(2300)/D,(2430) exchange

Lns = h(Hy*y’u,S) + Hee., (A27)
where § = 152 [R*y ;s — R] and S = y°STy". The R** and
R denote the P wave 17 [D(2430)°] and 0" [D}(2300)]
charmed meson fields, respectively. The coupling con-
stant /1 can be extracted from the partial decay widthes of
D{(2300) — Dz or D{(2430) - D*z. We use |h| = 0.52
[102] in our calculations. Considering both the #- and
u-channel contributions, one gets

(A28)

where A = mp;:(2300) — mp ~ 330 MeV denotes the mass
difference of D{(2300) and D mesons.

c. ¢4: With the p exchange

In addition to the p’H coupling in the second term
of Eq. (A8), we also need the pzz Lagrangian, which
reads [102]
a=72.

L, = —af3Tr[(T" = p,)?], (A29)

094002-13



BO WANG and LU MENG

PHYS. REV. D 107, 094002 (2023)

Combining the vertices in Egs. (A8) and (A29) and
integrating out the p field, one gets
229y 1z

Cqy =
2
m;

(A30)

d. ¢5: With the mass splittings of the neutral
and charged D*) mesons

The ¢5 term is related to the isospin breaking considering
the 7, = 2Bydiag(m, — my, my — m,), with m, , as the
masses of u, d quarks. We first write out the relativistic
Lagrangians of D and D*, which read

L5} = D,PD'P — miPP" — D,PD P} + m3. PP,
(A31)

where m( and mgy are the bare masses of D and
D*, respectively. Here, we ignore the electromagnetic

interactions and assume the mass splittings of the neutral

and charged D) mesons come from the mass difference of
u, d quarks. Then we have

2

—Mpo = —m — 4BoZs(m, — mq)mp,

—m?. = —m} — 4By¢s(my — m,)mp,

—mé*o = —m3. —4By¢s(m, — my)mp-,

—m3.. = —m§ —4Byts(my —m,)mp:. (A32)

With these equations, we finally get

2 9 2 9
gy = o0 " M T Mo M a3
5 — 167 2 _ 2 5
mp (mK+ mKO)
where iy = %, and we have used m%, =

By(m, + my) and m%, = By(m, + m).
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