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We perform a thorough analysis of the η − η0 mixing effects on the Λb → Ληð0Þ decays based on the
perturbative QCD (PQCD) factorization approach. Branching ratios, up-down asymmetries, and direct CP
asymmetries are computed by considering four popular mixing schemes, such as η − η0, η − η0 − ηc,
η − η0 −G, and η − η0 − G − ηc mixing formalisms, whereG represents the physical pseudoscalar glueball.
The PQCD predictions with the four mixing schemes does not change much for the η channel but changes
significantly for the η0 one. In particular, the value of BðΛb → Λη0Þ in the η − η0 − G − ηc mixing scheme
exceeds the present experimental bound by a factor of 2, indicating the related mixing angles may be
overestimated. Because of the distinctive patterns of interference between S-wave and P-wave amplitudes,
the predicted up-down asymmetries for the two modes differ significantly. The obvious discrepancies
among different theoretical analyses should be clarified in the future. The direct CP violations are predicted
to be at the level of a few percent mainly because the tree contributions of the strange and nonstrange
amplitudes suffer from the color suppression and CKM suppression. Finally, as a by-product, we
investigate the Λb → Ληc process, which has a large branching ratio of order 10−4, promising to be
measured by the LHCb experiment. Our findings are useful for constraining the mixing parameters,
comprehending the ηð0Þ configurations, and instructing experimental measurements.
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I. INTRODUCTION

The phenomenon of mixing in the η − η0 system is an
interesting subject in hadron physics. In the exact SUð3Þ
flavor-symmetry limit, the pseudoscalar meson η would be
a pure flavor octet and η0 a flavor singlet. However, it is
known that the SUð3Þ flavor symmetry breaking will lead
to η − η0 mixing, which can be either described in the octet-
singlet basis [1,2] or in the quark-flavor basis [3,4].
Occasionally, allowing for the heavier charm component
in the η and η0 mesons [5,6], one has to consider the cc̄
components in the mixing basis. In the QCD case, apart
from the quark-antiquark combinations, pure gluon con-
figurations, such as the two-gluon states, can also form an
SUð3Þ singlet, which allows a possible gluonic admixture
in η0 mesons [7–14]. The η − η0 mixing phenomenon could
then be generalized to include more states, such as glueballs
and ηc mesons [15,16]. In this respect, a better knowledge
of the quark and gluon components inside the η and η0 states
deepens our understanding of nonperturbative QCD

dynamics in flavor physics [17], and the beauty hadron
decays to η, η0 pseudoscalar mesons can be used to shed
light on these phenomena.
In the B meson sector, the observed hierarchy of BðB →

η0KÞ ≫ BðB → ηKÞ [18] has attracted much attention, and
many solutions have been proposed [10,19–24]. The large
difference suggests a contribution to BðB → η0KÞ via the
SUð3Þ singlet component of the η and η0. It has been known
that the gluonic and charm contents of the light pseudoscalar
mesons η and η0 may have a crucial impact on studies ofmany
hadronic processes [17]. Variousmixingmechanisms inB →
ηð0Þ decays have been explored in the context of perturbative
QCD factorization (PQCD), inwhich the transversemomenta
of valence quarks are included to regulate the end-point
singularities; see, e.g., Refs. [6,25–29]. The earlier PQCD
predictions at leading order forB → ηð0ÞK without the flavor-
singlet amplitudes arehigher (lower) than themeasuredvalues
[28]. Although the partial next-to-leading order (NLO) con-
tributions are included in [25], the gap between theory and
experiment is still not completely understood. InRef. [27], the
authors examined the gluonic contribution to the B → η; η0
transition form factors and found that it is numerically
neglected. A mixing scheme for η, η0, and the pseudoscalar
glueball was proposed in [30], in which the formalism for the
η − η0 − Gmixingwas set up. Three years later, this trimixing
formalism was further extended to the η − η0 −G − ηc
tetramixing by including the ηc meson in Ref. [6]. They
discovered that the ηc-mixing effects enhance the PQCD
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predictions forBðB → η0KÞ by 18% but not forBðB → ηKÞ,
and they claimed that the puzzle of the above distinctive
pattern can be resolved. In Ref. [26], three different mixing
schemes for theη − η0 systemwere taken into account, and the
PQCD calculations for the B → ηð0ÞK decays were improved
to theNLOlevel. It is foundthat theNLOPQCDpredictions in
the η − η0 −G mixing scheme provide a nearly perfect
interpretation of the measured values.
The η − η0 − G mixing scheme was also applied to the

B → J=ψηð0Þ decays [31] in PQCD. A large gluon con-
tribution was advocated from the analysis of relative
probabilities of the Bs → J=ψη0 and Bs → J=ψη decays.
However, the subsequent measurements from LHCb
[32,33] hint at a small gluonic component in the η0 meson.
It is then worthwhile to examine whether these mixing
schemes can explain the measurements well in the baryon
reactions involving η or η0 mesons, such as Λb → Ληð0Þ
decays.
Searches for the Λb → Λη and Λb → Λη0 decays have

been performed by the LHCb [34] Collaboration. The
branching ratio of the former was measured to be BðΛb →
ΛηÞ ¼ 9.3þ7.3

−5.3 × 10−6 at the level of 3σ significance, while
an upper limit for the latter mode was set as 3.1 × 10−6 at
the 90% confidence level. Some predictions exist for the
Λb → Ληð0Þ decays. Within the framework of the light-front
quark model (LFQM) [35], the branching ratios were
estimated to be at the order of 10−8 in the absence of
penguin contributions. In Ref. [36], based on the QCD
factorization (QCDF), the branching ratios were predicted
to be in the ranges BðΛb → ΛηÞ ∼ ð3 − 6Þ × 10−7 and
BðΛb → Λη0Þ ∼ ð3 − 7Þ × 10−6 with large theoretical
uncertainties, while in Ref. [37] the branching ratios were
calculated to be BðΛb → Λη;Λη0Þ ¼ ð1.47� 0.35; 1.83�
0.58Þ × 10−6, exploiting the generalized factorization
approach (GFA). In an earlier paper [38], a wider range,
ð1.8 − 19.0Þ × 10−6, was estimated by using different
models for the Λb → Λ form factors.
Our purpose in the present paper is to probe the η − η0

mixing in the Λb → Ληð0Þ decays by employing the PQCD
approach at leading order accuracy. Four available mixing
schemes for the η − η0 system—namely, η − η0, η − η0 −G,
η − η0 − G − ηc, and η − η0 − ηc mixing—are taken into
account. The effect of radial mixing is neglected due to the
absence of Λb → ηð0Þ form factors in the relevant processes
[39], and the mixing with the pion under the isospin
symmetry is not considered either. Within these mixing
schemes, we calculate the branching ratios, up-down
asymmetries, and direct CP violations for Λb → Ληð0Þ
and investigate the scheme dependence of the theoretical
predictions.
The paper is organized as follows. In Sec. II, we first

discuss the four mixing schemes as well as the related
mixing angles and review the hadronic light-cone distri-
bution amplitudes (LCDAs). Then, we briefly present the

effective Hamiltonian and kinematics for the PQCD
calculations. We show the PQCD predictions for the
branching ratios, up-down asymmetries, and direct CP
asymmetries of the relevant decays with four different
mixing schemes in Sec. III. A summary will be given in the
last section. The Appendix is devoted to details for the
computation of the decay amplitudes within PQCD.

II. THEORETICAL FRAMEWORK

A. η − η0 mixing phenomenon

This section is devoted to the phenomenological aspects
of η − η0 mixing. In this work we consistently use the
quark-flavor mixing basis rather than the singlet-octet
mixing basis since fewer two-parton twist-3 meson dis-
tribution amplitudes need to be introduced [27]. Following
the analysis of Refs. [3,6,26,30], we first introduce four
different η − η0 mixing schemes. In the conventional
Feldmann-Kroll-Stech (FKS) scheme [3,4] for the η − η0

mixing, the physical neutral pseudoscalar mesons ηð0Þ can
be represented as a superposition of isosinglet states,

�
η

η0

�
¼

�
cϕ −sϕ
sϕ cϕ

��
ηq

ηs

�
; ð1Þ

with shorthand ðc; sÞ≡ ðcos; sinÞ and ϕ being the mixing
angle. Here, ηq ¼ ðuūþ dd̄Þ= ffiffiffi

2
p

and ηs ¼ ss̄ are the so-
called nonstrange and strange quark-flavor states, respec-
tively. The presence of only one mixing angle in this case is
due to the Okubo-Zweig-Iizuka (OZI) suppressed contri-
butions being neglected [15]. For details of the two-angle
mixing scheme for the η − η0 system, see Refs. [40,41].
Alternatively, allowing for another heavy-quark charm

cc̄ component in the η and η0, the conventional FKS
formalism can be generalized naturally to the trimixing
of η − η0 − ηc in the qq̄ − ss̄ − cc̄ basis. The physical states
are related to the flavor states via [3]

0
B@

η

η0

ηc

1
CA¼

0
B@

cϕ −sϕ −θcsθy
sϕ cϕ θccθy

−θcsðϕ−θyÞ −θccðϕ−θyÞ 1

1
CA
0
B@
ηq

ηs

ηc

1
CA;

ð2Þ

where θc and θy are two new mixing angles related to the
charm decay constants of the ηð0Þ mesons.
In QCD, gluons may form a bound state, called gluo-

nium, that can mix with neutral mesons [11]. By including
a possible pseudoscalar glueball state ηg in the ηð0Þ mesons
[14,30], the FKS mixing scheme can be extended to the
η − η0 − Gmixing formalism, whereG denotes the physical
pseudoscalar glueball. Using the quark-flavor basis, we can
write [30,31]
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0
B@

η

η0

G

1
CA ¼

0
B@

cϕþ sθsθið1 − cϕGÞ −sϕþ sθcθið1 − cϕGÞ −sθsϕG

sϕ − cθsθið1 − cϕGÞ cϕ − cθcθið1 − cϕGÞ cθsϕG

−sθisϕG −cθisϕG cϕG

1
CA
0
B@

ηq

ηs

ηg

1
CA; ð3Þ

where θi ¼ 54.7° is the ideal mixing angle between the octet-singlet and the quark-flavor states in the SU(3) flavor-
symmetry limit [17,42]. Here, θ is related to ϕ by θ ¼ ϕ − θi, and ϕG is the mixing angle for the gluonium contribution.
We assume that the glueball only mixes with the flavor-singlet η1 but not with the flavor-octet η8, so the two mixing
angles ϕ and ϕG are sufficient to describe the mixing matrix in Eq. (3). It has been verified that the contribution from the
gluonic distribution amplitudes in the ηð0Þ meson is negligible for B meson transition form factors [27]. Hence, we still
suppose that the η and η0 mesons are produced via the nonstrange (strange) component in the baryon decays under the
η − η0 − G mixing.
In [6], the authors combined the above two trimixings by considering the tetramixing of η − η0 −G − ηc, which is

described by a 4 × 4 mixing matrix. It was assumed that the heavy-flavor state only mixes with the pseudoscalar glueball;
then the transformation reads

0
BBB@

η

η0

G

ηc

1
CCCA ¼

0
BBB@

cθcθi − sθsθicϕG −cθsθi − sθcθicϕG −sθsϕGcϕC −sθsϕGsϕC

sθcθi þ cθsθicϕG −sθsθi þ cθcθicϕG cθsϕGcϕC cθsϕGsϕC

sθisϕG −cθisϕG cϕGcϕC cϕGsϕC

0 0 −sϕC cϕC

1
CCCA
0
BBB@

ηq

ηs

ηg

ηc

1
CCCA; ð4Þ

where the new angle ϕC is the mixing angle between the
glueball and ηc components. It can be easily seen that
the η − η0 −G − ηc tetramixing formalism reduces to the
η − η0 − G and FKS schemes in the ϕC → 0 and ϕC;G → 0

limits, respectively.
As the mixing of η and η0 is still not completely clear at

the moment, they may be mixed with the radial excitations,
leading to more complicated mixing formalism. In the
following analysis, we ignore other possible admixtures
from radial excitations. In addition, we assume that isospin
symmetry is exact (mu ¼ md ≪ ms); the mixing with π—
such as the π − η mixing [43], the trimixing of π − η − η0
[44,45], and the tetramixing of π − η − η0 − ηc [46]—are
not considered here.

B. Light-cone distribution amplitudes

The hadronic LCDAs are important in PQCD calcula-
tions, which describe the momentum fraction distribution
of valence quarks inside hadrons. There are various models
of the Λb and Λ baryon LCDAs available in the literature
[47–58]. In this work, we adopt the exponential model
LCDAs for the Λb baryon [49] and Chernyak-Ogloblin-
Zhitnitsky (COZ) model for the Λ [53], whose explicit
expressions can be found in the previous work [59–61] and
shall not be repeated here. It has been confirmed that the
models employed lead to reasonable numerical results for
the Λb → Λ form factor with fewer free parameters [59].
Two-parton quark components for the ηs;c mesons are

defined via the nonlocal matrix elements [27,62,63]

hηsðqÞjs̄βðzÞsαð0Þj0i ¼ −
iffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dyeiyq·zγ5½=qϕA
s ðyÞ þms

0ϕ
P
s ðyÞ þms

0ð=v=n − 1ÞϕT
s ðyÞ�αβ;

hηcðqÞjc̄βðzÞcαð0Þj0i ¼ −
iffiffiffiffiffiffiffiffi
2Nc

p
Z

1

0

dyeiyq·zγ5½=qϕv
ηcðyÞ þmηcϕ

s
ηcðyÞ�; ð5Þ

where Nc is the number of colors. Here, ηq can be obtained by substituting s for d in Eq. (5) and multiplying by a factor of
1=

ffiffiffi
2

p
. The two light-cone vectors n ¼ ð1; 0; 0TÞ and v ¼ ð0; 1; 0TÞ satisfy n · v ¼ 1. Note that mq;s

0 are the chiral
enhancement scales associated with the twist-3 LCDAs, which can be expressed in terms of the decay constants fq;s and the
mixing angles. Their values can be fixed by solving for the mass matrix in different mixing schemes [3], which will be given
in the next section.
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The models for the various twist distribution amplitudes have been determined in [64,65],

ϕA
q;sðyÞ ¼

fq;s
2

ffiffiffiffiffiffiffiffi
2Nc

p 6yð1 − yÞ½1þ a2C
3=2
2 ðuÞ þ a4C

3=2
4 ðuÞ�;

ϕP
q;sðyÞ ¼

fq;s
2

ffiffiffiffiffiffiffiffi
2Nc

p
�
1þ

�
30η3 −

5

2
ρ2q;s

�
C1=2
2 ðuÞ − 3

�
η3ω3 þ

9

20
ρ2q;sð1þ 6a2Þ

�
C1=2
4 ðuÞ

�
;

ϕT
q;sðyÞ ¼

fq;s
2

ffiffiffiffiffiffiffiffi
2Nc

p ð1 − 2yÞ
�
1þ 6

�
5η3 −

1

2
η3ω3 −

7

20
ρ2q;s −

3

5
ρ2q;sa2

�
ð1 − 10yþ 10y2Þ

�
;

ϕv
ηcðy; bÞ ¼

fηc
2

ffiffiffiffiffiffiffiffi
2Nc

p Nvyð1 − yÞ exp
�
−
mc

ω
yð1 − yÞ

��
1 − 2y

2yð1 − yÞ
�

2

þ ω2b2
��

;

ϕs
ηcðy; bÞ ¼

fηc
2

ffiffiffiffiffiffiffiffi
2Nc

p Ns exp

�
−
mc

ω
yð1 − yÞ

��
1 − 2y

2yð1 − yÞ
�

2

þ ω2b2
��

; ð6Þ

where we resort to SU(3) symmetry and use the same
Gegenbauer moments for the ηq and ηs. This approximation
is reasonable since the main SU(3) breaking in Gegenbauer
moments is due to the nonzero odd terms and that in a2 is
subleading [66]. Here, we include the SU(3)-breaking
effect via the decay constants, the chiral scales, and the
parameters ρq;s in the LCDAs. These nonperturbative
parameters are not all independent. The two mass ratios
ρq;s are related to the respective chiral scales by
ρq;s ¼ 2mq;s=m

q;s
0 , with mq;s being the current quark

masses. The two parameters η3 ¼ 0.015 and ω3 ¼ −3
are the same as for the pion distribution amplitudes [64].
The Gegenbauer polynomials CðuÞ are given as

C3=2
2 ðuÞ ¼ 3

2
ð5u2 − 1Þ; C1=2

2 ðuÞ ¼ 1

2
ð3u2 − 1Þ;

C1=2
4 ðuÞ ¼ 1

8
ð3− 30u2þ 35u4Þ;

C3=2
4 ðuÞ ¼ 15

8
ð1− 14u2 þ 21u4Þ; ð7Þ

with u ¼ 2y − 1. The shape parameter ω ¼ 0.6 GeV is
taken from [65]. Note that fηc and mηc are the decay
constant and mass of the ηc meson, respectively. The two
normalization constants Nv;s are determined by [65]

Z
1

0

dyϕv;s
ηc ðy; b ¼ 0Þ ¼ fηc

2
ffiffiffiffiffiffiffiffi
2Nc

p : ð8Þ

C. PQCD calculation

The PQCD approach has been developed and success-
fully applied to deal with the Λb hadronic decays
[59–61,67–73]. In the PQCD picture, the decay amplitudes
can be calculated by the convolution of the nonperturbative,

universal LCDAs and the perturbative hard scattering
amplitude. After defining the nonperturbative LCDAs in
the last subsection, we are ready to calculate the decay
amplitudes of the strong coupling constant at leading order.
Various topological diagrams responsible for the consid-
ered decays are presented in Fig. 1. The labels T, C, E, and
B refer to external W emission, internal W emission, W
exchange, and bow-tie topologies, respectively. The sub-
script qðsÞ of E corresponds to the contribution from
the nonstrange (strange) component in the ηð0Þ mesons.
Exchanging two identical quarks in the final-state baryon
and meson for the E- or B-type diagram, we obtain a new
topology denoted by B0 as exhibited in the last diagram of
Fig. 1. We draw one representative Feynman diagram for
each topology here; for a more complete set of Feynman
diagrams, refer to our previous work [59,60,73].
In the Λb rest frame, we choose the ΛbðΛÞ baryon

momentum pðp0Þ and the meson momentum q in the light-
cone coordinates:

p ¼ Mffiffiffi
2

p ð1; 1; 0TÞ; p0 ¼ Mffiffiffi
2

p ðfþ; f−; 0TÞ;

q ¼ Mffiffiffi
2

p ð1 − fþ; 1 − f−; 0TÞ; ð9Þ

with M being the Λb baryon mass. The factors f� can
be derived from the on-shell conditions p02 ¼ m2

Λ and
q2 ¼ m2 for the final-state hadrons, which yield

f� ¼ 1

2

	
1 − r2 þ r2Λ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − r2 þ r2ΛÞ2 − 4r2Λ

q 

; ð10Þ

with the mass ratios rðΛÞ ¼ mðΛÞ=M. The spectator
momenta inside the initial and final states are parametrized
as
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k1 ¼
�
Mffiffiffi
2

p ;
Mffiffiffi
2

p x1;k1T

�
; k2 ¼

�
0;

Mffiffiffi
2

p x2;k2T

�
; k3 ¼

�
0;

Mffiffiffi
2

p x3;k3T

�
;

k01 ¼
�
Mffiffiffi
2

p fþx01; 0;k
0
1T

�
; k02 ¼

�
Mffiffiffi
2

p fþx02; 0;k
0
2T

�
; k03 ¼

�
Mffiffiffi
2

p fþx03; 0;k
0
3T

�
;

q1 ¼
�
Mffiffiffi
2

p yð1 − fþÞ; Mffiffiffi
2

p yð1 − f−Þ;qT

�
;

q2 ¼
�
Mffiffiffi
2

p ð1 − yÞð1 − fþÞ; Mffiffiffi
2

p ð1 − yÞð1 − f−Þ;−qT

�
; ð11Þ

where xð
0Þ
1;2;3 and y are the parton longitudinal momentum fractions, and kð0Þ

1T;2T;3T and qT are the corresponding transverse
momenta. The momentum conservation implies the relations

X3
l¼1

xð
0Þ
l ¼ 1;

X3
l¼1

kð0Þ
lT ¼ 0: ð12Þ

Here, all the kinematical variables are labeled in the first diagram of Fig. 1.
Based on the operator product expansion, the effective weak-interaction Hamiltonian for the b → s transition reads [74]

Heff ¼
GFffiffiffi
2

p
�
VQbV�

Qs½C1ðμÞOQ
1 ðμÞ þ C2ðμÞOQ

2 ðμÞ� −
X
k

VtbV�
tsCkðμÞOkðμÞ

�
þ H:c:; ð13Þ

where VQb;Qs;tb;ts are the Cabibbo-Kobayashi-Maskawa
(CKM) matrix elements with Q¼u for ηq;s and Q ¼ c for
ηc. Here, GF is the Fermi constant, and μ is the factorization
scale. The sum over k comprises the QCD penguin operators

O3–6 and the electroweak penguin operators O7–10. The Ci’s
are the Wilson coefficients which encode the short-distance
physics. The four-quark operators Oi describing the hard
electroweak process in b quark decays read

FIG. 1. Sample topological diagrams responsible for the decay Λb → Ληð0Þ. Here, T denotes the external W emission diagram, C
represents the internal W emission diagram, EqðsÞ labels the Wexchange diagram with nonstrange (strange) components contributing to

the ηð0Þ mesons, B denotes the bow-tie-type W exchange diagram, and B0 represents the diagram that can be obtained from the W
exchange diagram by exchanging the two identical quarks in the final states.
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OQ
1 ¼ Q̄αγμð1 − γ5Þbβ ⊗ s̄βγμð1 − γ5ÞQα;

OQ
2 ¼ Q̄αγμð1 − γ5Þbα ⊗ s̄βγμð1 − γ5ÞQβ;

O3 ¼ s̄βγμð1 − γ5Þbβ ⊗
X
q0
q̄0αγμð1 − γ5Þq0α;

O4 ¼ s̄βγμð1 − γ5Þbα ⊗
X
q0
q̄0αγμð1 − γ5Þq0β;

O5 ¼ s̄βγμð1 − γ5Þbβ ⊗
X
q0
q̄0αγμð1þ γ5Þq0α;

O6 ¼ s̄βγμð1 − γ5Þbα ⊗
X
q0
q̄0αγμð1þ γ5Þq0β;

O7 ¼
3

2
s̄βγμð1 − γ5Þbβ ⊗

X
q0
eq0 q̄0αγμð1þ γ5Þq0α;

O8 ¼
3

2
s̄βγμð1 − γ5Þbα ⊗

X
q0
eq0 q̄0αγμð1þ γ5Þq0β;

O9 ¼
3

2
s̄βγμð1 − γ5Þbβ ⊗

X
q0
eq0 q̄0αγμð1 − γ5Þq0α;

O10 ¼
3

2
s̄βγμð1 − γ5Þbα ⊗

X
q0
eq0 q̄0αγμð1 − γ5Þq0β; ð14Þ

where the sumoverq0 runs over the quark fields that are active
at the scale μ ¼ OðmbÞ.
The decay amplitudes of Λb → Ληq, Λb → Ληs, and

Λb → Ληc (namely, nonstrange Mq, strange Ms, and
charm Mc) are given by sandwiching Heff with the initial
and final states,

Mq;s;c ¼ hΛηq;s;cjHeff jΛbi; ð15Þ

which can be further expanded with the Dirac spinors as

M ¼ Λ̄ðp0Þ½MS þMPγ5�ΛbðpÞ; ð16Þ

where MS and MP correspond to the parity-violating
S-wave and parity-conserving P-wave amplitudes, respec-
tively. Their generic factorization formula can be written as

MS=P ¼ fΛb
π2GF

18
ffiffiffi
3

p
X
Rij

Z
½d3x�½d3x0�dy½Db�Rij

α2sðtRij
Þ

×ΩRij
ðb; b0; bqÞe−SRij

X
σ¼LL;LR;SP

aσRij
Hσ

Rij
ðx; x0; yÞ;

ð17Þ

where the summation extends over all possible diagrams
Rij. Here, aσRij

denotes the product of the CKM matrix

elements and the Wilson coefficients, where the super-
scripts σ ¼ LL, LR, and SP refer to the contributions from
ðV − AÞðV − AÞ, ðV − AÞðV þ AÞ, and ðS − PÞðSþ PÞ
operators, respectively. Notice that an overall factor 8 from

aσRij
has been absorbed into the coefficient in Eq. (17) for

convenience. The explicit forms of the Sudakov factors SRij

can be found in [60]. Note that Hσ
Rij

is the numerator of the

hard amplitude depending on the spin structure of the final
state, and ΩRij

is the Fourier transformation of the denom-
inator of the hard amplitude from the kT space to its
conjugate b space. The impact parameters b, b0, and bq are
conjugate to the parton transverse momenta kT , k0T , and qT ,
respectively. The integration measure of the momentum
fractions is defined as

½d3xð0Þ� ¼ dxð
0Þ
1 dxð

0Þ
2 dxð

0Þ
3 δð1 − xð

0Þ
1 − xð

0Þ
2 − xð

0Þ
3 Þ; ð18Þ

where the δ functions enforce momentum conservation.
The quantities associated with a specific diagram—such
as HRij

, aRij
, ½Db�Rij

, and tRij
—are collected in the

Appendix. The decay branching ratios, up-down asymme-
tries, and direct CP asymmetries of the relevant decays are
given as [73,75]

B ¼ jPjτΛb

8π
½ð1þ rÞ2jMSj2 þ ð1 − rÞ2jMPj2�;

α ¼ −
2ð1 − r2ÞRe½M�

SMP�
ð1þ rÞ2jMSj2 þ ð1 − rÞ2jMPj2

;

ACP ¼ ΓðΛb → Ληð0ÞÞ − ΓðΛ̄b → Λ̄ηð0ÞÞ
ΓðΛb → Ληð0ÞÞ þ ΓðΛ̄b → Λ̄ηð0ÞÞ ; ð19Þ

where jPj is the magnitude of the three-momentum of the Λ
baryon in the rest frame of the Λb baryon.

III. NUMERICAL ANALYSIS

In this section, we perform a numerical analysis for the
branching ratios, up-down asymmetries, and direct CP
asymmetries within various mixing schemes. As we have
discussed before, there are four available mixing schemes
for the η − η0 system, denoted as S1, S2, S3, and S4,
respectively. We first collect the scheme dependent input
parameters as follows:

(i) η − η0 mixing (S1) [3],

fq ¼ 1.07fπ; fs ¼ 1.34fπ; ϕ ¼ 39.3°� 1.0°;

mq
0 ¼ 1.07 GeV; ms

0 ¼ 1.92 GeV: ð20Þ

(ii) η − η0 −G mixing (S2) [30],

fq¼fπ; fs¼1.3fπ; ϕ¼43.7°;

ϕG¼12°�13°; mq
0 ¼2.08GeV; ms

0¼1.76GeV:

ð21Þ
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(iii) η − η0 −G − ηc mixing (S3) [6],

fq¼ fπ; fs ¼ 1.3fπ; ϕ¼ 43.7°;

ϕG¼ 12°�13°; mq
0 ¼ 2.08GeV; ms

0¼ 1.76GeV;

ϕC¼ 11°; fηc ¼ 0.42GeV; mηc ¼ 2.98GeV: ð22Þ

(iv) η − η0 − ηc mixing (S4) [3],

fq ¼ 1.07fπ; fs ¼ 1.34fπ; ϕ ¼ 39.3°� 1.0°;

mq
0 ¼ 1.79 GeV; ms

0 ¼ 1.91 GeV;

mηc ¼ 2.95 GeV; θc ¼ −1°;

θy ¼ −21.2°; fηc ¼ 0.405 GeV: ð23Þ

To obtain the chiral enhancement scales mq;s
0 , we also need

the light quark mass as input. Because meson distribution
amplitudes are defined at 1 GeV, we take mqð1GeVÞ¼
5.6MeV [76] and msð1GeVÞ¼0.13GeV [26]. The rel-
evant masses (GeV) and the CKM parameters in
Wolfenstein parametrization are taken from the Particle
Data Group [18]. Their current values are

M ¼ 5.6196; mΛ ¼ 1.116; mb ¼ 4.8;

mc ¼ 1.275; mη ¼ 0.548; mη0 ¼ 0.958; ð24Þ

and

λ ¼ 0.22650; A ¼ 0.790;

ρ̄ ¼ 0.141; η̄ ¼ 0.357: ð25Þ

The lifetime of the Λb baryon is taken as 1.464 ps. For the
pion decay constant, we use fπ ¼ 0.131 GeV [64], and for
the Gegenbauer moments, we choose a2 ¼ 0.44� 0.22
and a4 ¼ 0.25 [28]. We neglect the scale dependence of the
chiral scales and the Gegenbauer moments in the default
calculation.
As stressed before, the PQCD calculations are performed

in the quark-flavor basis. The contribution of various
topological diagrams to a specific process is determined
by the quark-flavor composition of the particles involved in
the decay. For example, the nonstrange amplitude Mq

receives contributions from all five topological diagrams,
while the strange one Ms has no contributions from the
C- and B-type diagrams. Note that the W exchange
bu → su transition contributes to Mq and Ms through
the Eq and Es diagrams, respectively. As for the Λb → Ληc
decay, besides the dominant T-type diagrams contributing
toMc, it can proceed via B0 diagrams if one replaces the ss̄
pair with cc̄ in the last diagram of Fig. 1.
According to Eq. (17), we first give the numerical results

of various topology contributions to the S-wave and
P-wave amplitudes for the Λb → Ληq;s;c processes within
four mixing schemes in Table I. The differences among
these solutions can be ascribed to the chiral enhancement
scales related to the decay constants and the mixing angles.
The drastic sensitivity of the chiral enhancement scales to

TABLE I. Numerical results of various topological amplitudes of Λb → Ληq;s;c in units of 10−10. The last column is their sum. Only
central values are presented here.

Scheme T C E B B0 Total

Λb → Ληq
MSðS1Þ −3.8þ i1.2 3.2 − i15.3 −1.4þ i2.3 −2.4þ i3.1 0.7 − i0.3 −3.7 − i9.0
MPðS1Þ −4.0 − i16.0 −3.3þ i12.5 −0.3þ i2.6 −1.8 − i6.8 −0.6þ i0.3 −10.0 − i7.4
MSðS2; S3Þ −3.4þ i0.4 3.1 − i20.9 −1.4þ i3.3 −3.4þ i5.5 0.6 − i0.3 −4.5 − i12.0
MPðS2;S3Þ −4.8 − i14.7 −2.6þ i17.1 −1.7þ i2.2 −5.1 − i7.6 −0.6þ i0.3 −14.8 − i2.7
MSðS4Þ −3.8þ i1.2 4.4 − i20.9 −1.1þ i3.0 −3.6þ i4.3 0.7 − i0.3 −3.4 − i12.7
MPðS4Þ −4.1 − i16.0 −2.4þ i16.7 −0.2þ i2.6 −4.7 − i7.1 −0.6þ i0.3 −12.0 − i3.5

Λb → Ληs
MSðS1Þ −6.1þ i15.5 � � � 4.0 − i8.5 � � � 0.6 − i0.2 −1.5þ i6.8
MPðS1Þ 8.9 − i64.1 � � � −6.6þ i4.1 � � � −0.6þ i0.3 1.7 − i59.7
MSðS2; S3Þ −4.1þ i9.5 � � � 2.7 − i5.6 � � � 0.4 − i0.2 −1.0þ i3.7
MPðS2;S3Þ 6.6 − i43.2 � � � −4.5þ i2.1 � � � −0.4þ i0.2 1.7 − i40.9
MSðS4Þ −5.8þ i14.8 � � � 4.0 − i8.5 � � � 0.6 − i0.2 −1.2þ i6.1
MPðS4Þ 10.5 − i63.8 � � � −6.0þ i4.9 � � � −0.6þ i0.3 3.9 − i58.6

Λb → Ληc
MSðS3Þ 42.8 − i369.9 � � � � � � � � � 0.05þ i0.02 42.9 − i369.9
MPðS3Þ 80.9 − i583.9 � � � � � � � � � −0.05þ i0.01 80.8 − i583.9
MSðS4Þ 35.4 − i356.0 � � � � � � � � � 0.04þ i0.01 35.4 − i356.0
MPðS4Þ 74.3 − i576.9 � � � � � � � � � −0.05þ i0.01 74.3 − i576.9
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the choice of mixing schemes will be reflected in the spread
of our predictions for the decay amplitudes. Referring to
Eqs. (20) and (21), we can see that the chiral scalemq

0 in S2
is almost twice as large as that in S1, causing distinct
nonstrange amplitudes for the two schemes. Analogously,
the ms

0 in S1 and S4 are almost equal, resulting in a tiny
variation in the strange amplitudes. Likewise, the same
mixing parameters are used in S2 and S3 as shown in
Eqs. (21) and (22); the calculated amplitudes are exactly the
same. Numerical differences between S3 and S4 for the
charm amplitude arise from a different choice of mass and
decay constants of the ηc meson as shown in Eqs. (22)
and (23). One may wonder why the T-type nonstrange
amplitudes yield the same results under S1 and S4 despite
the fact that the parameter mq

0 differs between the two
schemes. The interpretation is not trivial. We know that the
chiral scales are proportional to the twist-3 meson LCDAs,
which do not contribute to the nonstrange amplitude via the
external W emission diagram at the current theoretical
accuracy (see the expression of Hσ

Tc7
in Table VII, for

example) because only the external W emission from
ðV − AÞðV − AÞ and ðS − PÞðSþ PÞ operators survives
for the b → suū and b → sdd̄ transitions. Nevertheless,
the strange amplitude receives additional twist-3 contribu-
tions arising from the W emission diagrams through the
b → sss̄ transition with the ðV − AÞðV þ AÞ operators
inserted. As a result, the ms

0 term appears in the strange
amplitude, resulting in the different T-type strange ampli-
tudes between S1 and S4.
We now proceed to discuss the relative sizes of various

topological amplitudes. From Table I, we observe that
the Λb → Ληq process is dominated by T and C. As the
interference between T and C is destructive, the contribu-
tions from the exchange diagrams, such as B and E, are in
fact important and non-negligible. Similar to the case of
Λb → Λϕ [60], the Λb → Ληs decay is governed by T and

E, which are of similar sizes. The Λb → Ληc process is
dominated by the T-type diagrams, and its amplitudes are
larger than the (non)strange ones by 1 order of magnitude.
The contributions from B0-type exchange diagrams are
predicted to be negligibly small in all three processes.
It is worth noting that the penguin operators could be

inserted into the diagrams in Fig. 1 via the Fierz trans-
formation. We do not distinguish between the tree and
penguin contributions in Table I. The tree contributions of
the strange and nonstrange amplitudes are expected to be
small due to the CKM suppressed compared to the penguin
ones. If we turn off the penguin contributions, their total
amplitudes will decrease by 1 or 2 orders of magnitude.
This feature is different for the charm one, which is
triggered by the quark decay b → scc̄. The large CKM
matrix element VcbV�

cs enhances the tree contributions,
which dominate over the penguin ones.
Utilizing the values of Table I in conjunction with

various mixing formalisms, one can calculate the S- and
P-wave amplitudes of Λb → Ληð0Þ, whose numerical results
are displayed in Table II. Branching ratios, up-down
asymmetries, and the direct CP asymmetries are shown
in the last three columns. There are four uncertainties. The
first quoted uncertainty is due to the shape parameters ω0 in
the Λb LCDAs with 10% variation. The second uncertainty
is caused by the variation of the Gegenbauer moment
a2 ¼ 0.44� 0.22 in the leading-twist LCDAs of ηq;s. Since
the Gegenbauer moment a2 is not yet well determined, the
possible 50% variation leads to large changes of our
predictions. The third one refers to the uncertainty of the
mixing angles ϕðϕGÞ as shown in Eqs. (20)–(23). Note that
the chiral enhancement scale mq

0 changes rapidly with the
mixing angles, so this uncertainty can be classified as
the hadronic parameter uncertainty. The last one is
from the hard scale t varying from 0.8t to 1.2t. The
scale-dependent uncertainty can be reduced only if the

TABLE II. Magnitudes of the S- and P-wave amplitudes (in units of 10−10), branching ratios (in units of 10−6), up-down asymmetries,
and direct CP violations of Λb → Ληð0Þ decays with different mixing schemes. The errors for these entries correspond to the shape
parameter ω0, Gegenbauer moment a2, mixing angles ϕðϕGÞ, and the hard scale t, respectively.

Scheme MS MP Bð10−6Þ α ACPð%Þ
Λb → Λη
S1 −1.9 − i11.2 −8.9þ i32.1 2.13þ0.35þ0.01þ0.46þ1.03

−0.41−0.01−0.26−0.60 0.734þ0.087þ0.102þ0.000þ0.004
−0.041−0.266−0.090−0.097 1.9þ0.2þ1.8þ4.0þ3.3

−2.5−4.8−0.0−0.0

S2 −2.5 − i11.2 −11.8þ i26.4 1.73þ0.39þ0.00þ0.15þ0.41
−0.54−0.19−0.68−0.42 0.702þ0.012þ0.182þ0.000þ0.091

−0.018−0.088−0.074−0.041 8.8þ0.0þ0.0þ0.0þ3.2
−6.7−9.7−7.7−6.9

S3 −2.2 − i14.0 −11.2þ i22.0 1.61þ0.35þ0.00þ0.27þ0.42
−0.52−0.18−0.70−0.41 0.800þ0.039þ0.119þ0.028þ0.064

−0.000−0.028−0.130−0.013 8.1þ0.0þ0.0þ0.0þ3.0
−8.6−7.0−2.9−5.7

S4 −2.1 − i11.5 −12.2þ i37.7 2.86þ1.02þ0.05þ0.83þ1.34
−0.64−0.24−0.53−0.81 0.650þ0.000þ0.047þ0.032þ0.025

−0.073−0.267−0.130−0.027 5.7þ0.0þ0.0þ0.0þ0.0
−1.5−7.8−3.5−4.0

Λb → Λη0

S1 −3.5 − i0.5 −5.0 − i50.9 3.94þ0.92þ1.20þ0.00þ1.21
−0.65−0.94−0.30−1.14 −0.046þ0.127þ0.344þ0.154þ0.098

−0.148−0.261−0.094−0.000 5.5þ0.0þ1.4þ0.0þ0.0
−3.4−2.8−4.5−6.6

S2 −3.7 − i5.4 −8.7 − i30.9 1.68þ0.25þ0.50þ0.00þ0.49
−0.55−0.55−0.15−0.53 −0.531þ0.247þ0.226þ0.354þ0.030

−0.154−0.173−0.173−0.014 3.7þ0.0þ1.1þ2.0þ3.7
−9.8−5.4−2.4−0.1

S3 −2.1 − i19.8 −5.6 − i53.6 5.67þ1.34þ1.19þ6.48þ1.37
−1.65−1.22−4.20−1.25 −0.847þ0.068þ0.042þ0.180þ0.002

−0.055−0.047−0.030−0.007 0.3þ0.0þ1.0þ6.2þ3.0
−5.5−0.6−2.7−0.4

S4 −3.6þ i2.3 −5.7 − i38.1 2.28þ0.46þ0.84þ0.52þ0.93
−0.25−0.18−0.00−0.36 0.134þ0.193þ0.490þ0.278þ0.154

−0.193−0.249−0.260−0.006 −0.4þ5.6þ8.7þ9.2þ11.2
−0.0−0.0−0.0−0.0
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next-to-leading order contributions in the PQCD approach
are included. One can see that these large hadronic
parameter uncertainties have a crucial influence on the
PQCD calculations. The up-down asymmetries from large
theoretical errors, especially for the values in S4, due to
complex interference effects, which will be detailed later. It
is interesting that BðΛb → Λη0Þ in S3 is more sensitive to
ϕG. The phenomena could be ascribed to the sizable ηc
mixing effect in S3. According to Eq. (4), the charm
amplitude for the η0 mode suffers from the suppression
from the mixing factor cos θ sinϕG sinϕC ¼ 0.039þ0.040

−0.042 ,
where the large uncertainty is due to the angle ϕG, which
varies in a conservative range ϕG ¼ 12°� 13°. Moreover,
the large Λb → Ληc amplitude, as indicated in Table I, can
compensate for this suppression and give a sizable impact
on the Λb → Λη0 decay. For the η mode, the corresponding
mixing factor is − sin θ sinϕG sinϕC ¼ −0.0076þ0.0078

−0.0082 ,
which is smaller by a factor of 5. It follows that it does
not have much impact on the decay rates involving η.
We now discuss the sensitivity of the branching ratios of

the Λb → Ληð0Þ to different mixing schemes. From Table II,
one can see clearly that the results of the η mode are less
sensitive to the mixing schemes, which suggests small
gluonic and ηc components in the η meson. The marginal
differences among various schemes can be more or less
traced to the different chiral enhancement scales as already
emphasized. However, various schemes lead to very differ-
ent branching ratios for the η0 channel. For example, the
central values vary from 1.68 × 10−6 for S2 to 5.67 × 10−6

for S3. The biggest branching ratio from S3 is ascribed
to the fact that in the η − η0 − G − ηc mixing scheme, the
tree dominated Λb → Ληc amplitude, induced from the
b → scc̄ transition, can contribute to the Λb → Ληð0Þ
decays through the mixing matrix as indicated in
Eq. (4). As stated above, the large charm amplitude can
compensate for the tiny mixing factor, which implies
that the component of ηc in the η0 meson is important.
Our results indicate that the obtained branching ratios for
Λb → Λη and Λb → Λη0 are comparable in magnitude.
This observation is different from the pattern of BðB →
KηÞ and BðB → Kη0Þ, where the former is about an order of
magnitude smaller than the latter.
In Ref. [77], the authors point out that few-percent OZI

violating effects, neglected in the FKS scheme, could
enhance the chiral scale mq

0 sufficiently, which accommo-
dates the dramatically different data of the B → Kηð0Þ
branching ratios in the PQCD approach. It is therefore
interesting to see whether this effect can modify the pattern
of Λb → Ληð0Þ branching ratios and improve the agreement
with the current data. It should be noted that the inclusion
of the OZI violating effects implies two additional twist-2
meson distribution amplitudes associated with the OZI
violating decay constants that need to be considered, but
their contributions turn out to be insignificant [77]. Hence,

we can simply concentrate on the effect of the modified
parameter set. Using the central values of fq ¼ 1.10fπ ,
fs ¼ 1.46fπ , ϕ¼36.84°, mq

0 ¼4.32GeV, ms
0 ¼ 1.94 GeV

from [77] as inputs, we derive

BðΛb → ΛηÞ ¼ 5.45 × 10−6;

BðΛb → Λη0Þ ¼ 3.91 × 10−6: ð26Þ

We will see later that by including the OZI violating effects
in S1, BðΛb → ΛηÞ tend to be large, while BðΛb → Λη0Þ
tend to be small, as favored by the experiments.
For the up-down asymmetries of the η mode, all four

solutions basically exhibit a similar pattern in size and sign.
However, the observation is different for the η0 channel:
From Table II we see that S2 and S3 give large and negative
asymmetries, while the central values in S1 and S4 are
small in magnitude but with opposite signs. These features
can be understood by the following observation. We learn
that α describes the interference between the S-wave and P-
wave amplitudes from Eq. (19). According to the mixing
matrices described in the previous section, both the S-wave
and P-wave amplitudes in Λb → Ληð0Þ decays can be
written as the linear superposition of strange and non-
strange amplitudes through the mixing angle. It should be
noted that the nonstrange contents of the η and η0 mesons
have the same sign in S1, while the strange ones are
opposite in sign. This means the interference between the
strange and nonstrange amplitudes is always destructive
in Λb → Λη but constructive in Λb → Λη0. In addition,
compared to the strange amplitude, the nonstrange ampli-
tude acquires additional sizable contributions from the
internal W emission diagrams as shown in Fig. 1, which
leads to different patterns of the S-wave and P-wave
contributions in the strange and nonstrange amplitudes.
Numerically, one can see from Table II that the P-wave
component dominates over the S-wave one in the η0 mode,
whereas they are comparable in the η one. The above
combined effects cause the imaginary parts of the S-wave
amplitudes of Λb → Λη and Λb → Λη0 to have the same
sign, while the P-wave ones have the opposite sign as
exhibited in Table II. Consequently, the up-down asymme-
tries of Λb → Λη and Λb → Λη0 are of opposite sign. The
feature in the S2 scheme can be explained in a similar way.
The interference pattern is more complicated with the
inclusion of the charm content in the ηð0Þ mesons within
S3 and S4. We have learned from Eqs. (4) and (2) that the
charm contents of the ηð0Þ meson for the two mixing
schemes are opposite (same) in sign. This difference has
very little effect on the η mode because of the strong
suppression from the mixing factors; however, it has an
important influence on the η0 one as discussed before. We
predict a large and negative αðΛb → Λη0Þ in S3 but a small
and positive one in S4.
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Since the decays under consideration are dominated by
the penguin contribution and the tree amplitudes are color
and CKM factor suppressed, their direct CP asymmetries
are not large, less than 10%. Although the additional tree
amplitudes stemming from the b → scc̄ transition are
included in S3 and S4, the weak phase of VcbV�

cs is zero
at the order of λ2, which is the same as the penguin one,
VtbV�

ts. The enhancement arising from the charm content in
fact leads to a smaller tree-over-penguin ratio, and thus the
direct CP asymmetries of the η0 process in S3 and S4 are
further reduced to less than one percent.
The comparisons with different theoretical models and

the experimental data are presented in Table III. There is a
wide spread in the branching ratios predicted by the various
model calculations, ranging from 10−8 to 10−5. The LFQM
calculations [35] give the lowest predictions for the
branching ratios because only the contributions from the
tree operators were considered in their calculations, which
implies the penguin contributions play leading roles in the
relevant processes. In the absence of the penguin contri-
butions, our central values of the branching ratios for the η
and η0 modes in S1 will be reduced to 8.92 × 10−8 and
4.14 × 10−8, respectively, which seem to be comparable to
the results of LFQM [35]. The two solutions of Ref. [38]
are evaluated by using two different Λb → Λ form factors.
The branching ratios for the form factors calculated in
the pole model (PM) agree with our PQCD predictions
within the S1 and S4 mixing schemes. The two results from
GFA [37,78] are basically consistent with each other and
close to our values in S2. It is also observed in Table III that
most of the approaches give predictions of the same order
of magnitude for the decay rates of the two modes, except
for the predictions of Ref. [36], in which the branching ratio
for the η0 mode is much larger than that of η by 1 order of
magnitude due to the additional enhanced factor for the
η0 mode.
It should be noted that the previous theoretical calcu-

lations are based on the S1 scheme and do not take into
account the contributions from the exchange amplitudes.
As seen in Table I, the emission amplitudes generally
dominate over the exchange ones in PQCD calculations,
so we can drop all the exchange amplitudes and focus
on the S1 mixing scenario to obtain a simple picture

for the relevant decays. The resulting central values of
the branching ratios are BðΛb → ΛηÞ ¼ 3.89 × 10−6 and
BðΛb → Λη0Þ ¼ 4.13 × 10−6, indicating that our predic-
tions in Table I can be roughly reproduced under this
simple picture. This implies other processes governed by
the T and C topologies have the branching ratios of 10−6 as
well. For the charmless decays Λb → ΛM, there are six
more processes with M ¼ π; ρ; K;K�;ϕ;ω, which are
dominated by the emission diagrams. The ρ and π modes
belong to the isospin-violating decays; thus, they have no
QCD penguin contributions. The K and K� modes are
induced by the b → d transitions, which are CKM sup-
pressed. As such, the four processes should have substan-
tially lower rates than 10−6. The ϕ mode is studied in
PQCD [60], and its branching ratio is predicted to be of the
order 10−6, which is comparable to the data. There is
currently no PQCD prediction or experimental data for the
ω mode. Because the ω meson has the same quark content
as the ηq meson, we estimate its branching ratio in PQCD to
be 10−6. This estimation is likely to be beneficial in
experimental searches for these modes.
Unlike the branching ratios, up-down asymmetries,

and CP asymmetries in the relevant decays have received
little attention in theoretical and experimental studies. The
estimates based on QCDF give αðΛb → ΛηÞ ¼ 0.24þ0.19

−0.12
and αðΛb → Λη0Þ ¼ 0.99þ0.00

−0.03 [36], while the LFQM cal-
culations yield αðΛb → ΛηÞ ¼ αðΛb → Λη0Þ ¼ −1 [35]. It
can be observed that the available theoretical predictions on
the up-down asymmetries vary and differ even in sign.
Hence, an accurate measurement of the up-down asym-
metry will enable us to discern different models. For the
direct CP violation, nearly all of the current theoretical
predictions are small, less than 10% in magnitude.
From the experimental data shown in Table III, it is clear

that LHCb’s measurement of BðΛb → ΛηÞ [34] is generally
larger than the theoretical expectations. Although the
prediction of Ref. [38] is in accordance with the central
value of the data, its value of BðΛb → Λη0Þ exceeds the
present experimental bound by a factor of 3. The PQCD
results of BðΛb → Λη0Þ based on the S1 and S3 mixing
schemes are also large compared to the experimental upper
limit. In particular, the latter is larger by a factor of 2,
which indicates the mixing angles ϕG and/or ϕC may be

TABLE III. Various predictions in the literature of the Λb → Ληð0Þ decays. Experimental measurements are taken from Ref. [34].

LFQM [35] QCDF [36] GFA [37] GFA [78] QCDSR [38] PM [38] LHCb [34]

BðΛb → ΛηÞ 5.46 × 10−8 4.39 × 10−7 ð1.47� 0.35Þ × 10−6 ð1.59þ0.45
−0.29 Þ × 10−6 11.47 × 10−6 2.95 × 10−6 9.3þ7.3

−5.3 × 10−6

BðΛb → Λη0Þ 2.29 × 10−8 4.03 × 10−6 ð1.83� 0.58Þ × 10−6 ð1.90þ0.74
−0.36 Þ × 10−6 11.33 × 10−6 3.24 × 10−6 < 3.1 × 10−6

αðΛb → ΛηÞ −1 0.24þ0.19
−0.12 � � � � � � � � � � � � � � �

αðΛb → Λη0Þ −1 0.99þ0.00
−0.03 � � � � � � � � � � � � � � �

ACPðΛb → ΛηÞ � � � ð−3.4þ0.6
−0.4 Þ% � � � ð0.4� 0.2Þ% � � � � � � � � �

ACPðΛb → Λη0Þ � � � ð1.0þ0.1
−0.2 Þ% � � � ð1.6� 0.1Þ% � � � � � � � � �

ZHOU RUI, JIA-MING LI, and CHAO-QI ZHANG PHYS. REV. D 107, 093008 (2023)

093008-10



overestimated. Of course, the measurement was performed
in 2015, and the experimental error was also quite large.
Moreover, there are still no available data on the up-down
and direct CP asymmetries at the moment. We look
forward to more experimental efforts to improve the
accuracy of the relevant measurements.
As a by-product, we have predicted the decay branching

ratio and up-down asymmetry of the Λb → Ληc mode by
using the values of the charm amplitudes in Table I.
Explicitly, we obtain

BðΛb → ΛηcÞ ¼
(
ð6.83þ2.10þ1.37

−0.99−0.24 Þ × 10−4 for S3

ð6.55þ1.73þ0.91
−1.32−0.59 Þ × 10−4 for S4

ð27Þ

and

αðΛb → ΛηcÞ ¼
(
−0.998þ0.002þ0.001

−0.000−0.000 for S3

−0.996þ0.000þ0.001
−0.000−0.001 for S4;

ð28Þ

where the first and second sets of error bars are due to the
shape parameter ω0 ¼ 0.40� 0.04 GeV in the Λb baryon
LCDAs and the hard scale t varying from 0.8t to 1.2t,
respectively. Our branching ratio is much larger than the
values of ð2.47þ0.33þ0.42þ0.67

−0.19−0.47−0.23 Þ × 10−4 in QCDF [36] and
ð1.5� 0.9Þ × 10−4 in GFA [79]. This is not surprising
because the PQCD prediction on the branching ratio of the
J=ψ mode presented in [59] is also generally larger than the
corresponding values from [36,79] due to the significant
nonfactorizable contributions. All of these theoretical
predictions are at the order of 10−4, which can be accessible
to the experiments at the LHCb. The predicted up-down
asymmetry is nearly 100% and negative, which is con-
sistent with the value of −0.99� 0.00 obtained in [36].
Since both the tree and penguin amplitudes have no weak
phase to order λ2, the direct CP violation for the Λb → Ληc
process is predicted to be zero.

IV. CONCLUSION

Decays of b hadrons to two-body final states containing
an η or η0 meson are of great phenomenological importance.
These processes could provide useful information about the
η − η0 mixing and the structure of the η and η0 mesons,
which is still a long-standing question in the literature. In
this work, we have carried out a systematic study of the
penguin-dominant Λb → Ληð0Þ decays in the PQCD
approach. The calculations are performed in the quark-
flavor mixing basis, in which we first give the PQCD
predictions on the nonstrange, strange, and charm ampli-
tudes including various topological contributions. It is
observed that the nonstrange amplitude is dominated by
the T- and C-type diagrams. As the interference between T
and C is destructive, the contributions from the exchange
diagrams, such as B and E, are in fact important and

non-negligible. The strange amplitude is governed by T and
E, which are of similar sizes. The charm one is dominated by
the T-type diagrams, and its amplitudes are larger than the
(non)strange ones by 1 order of magnitude. Furthermore,
the contributions from B0-type exchange diagrams are
predicted to be negligibly small for all three amplitudes.
Utilizing the four available mixing schemes for the η − η0

system—namely, η − η0, η − η0 −G, η − η0 −G − ηc, and
η − η0 − ηc mixing, denoted, respectively, as S1, S2, S3,
and S4—we evaluate the branching ratios, up-down asym-
metries, and direct CP asymmetries for Λb → Ληð0Þ decays
and investigate the scheme dependence of our theoretical
predictions. We find that the results of the η mode are
less sensitive to the mixing schemes, which implies small
gluonic and ηc components in the η meson. However,
various schemes lead to quite different predictions on both
the branching ratio and up-down asymmetry for the channel
involving η0. For instance, BðΛb → Λη0Þ increases by a
factor of 3 from S2 to S3, while αðΛb → Λη0Þ varies from
−0.046 for S1 to −0.847 for S3 and even flips signs in S4.
The large discrepancy among these solutions suggests the
η0 mode is very useful in discriminating various mixing
schemes.
We consider theoretical uncertainties arising from the

shape parameter ω0, Gegenbauer moment a2, mixing
angles ϕðϕGÞ, and the hard scale t. We show the nontrivial
dependence of the PQCD calculations on the nonperturba-
tive hadronic parameters, which are poorly determined at
present. In particular, BðΛb → Λη0Þ is extremely sensitive
to the variation of ϕG and thus a good candidate for
constraining the mixing parameters, once it is measured
with sufficient accuracy. The scale-dependent uncertainty
also gives large uncertainties to the branching ratios, which
can be reduced only if the next-to-leading order contribu-
tions in the PQCD approach are known.
We also compare our results with predictions of the other

theoretical approaches as well as existing experimental
data. Various model estimations on the branching ratios
span fairly wide ranges from 10−8 to 10−5. Our branching
ratios for the S2 scheme are consistent with the GFA
calculations, while the S4 ones are close to the results of the
PM. The predicted central values of BðΛb → ΛηÞ in various
schemes are generally lower than the measurement from
LHCb. The inclusion of OZI violating effects can enhance
BðΛb → ΛηÞ by a factor of 2.5 and improve the agreement
with the current data. The PQCD results of BðΛb → Λη0Þ
based on S1 and S3 mixing schemes exceed the present
experimental bound. Note that the measured branching
ratios also have large uncertainties. In general, the values in
S4 appear to be more preferred by the current data among
these solutions. For the up-down asymmetries, there are
considerable deviations among PQCD, QCDF, and LFQM
estimates, which should be clarified in the future. On the
other hand, since the tree contributions suffer from the color
suppression and CKM suppression, the obtained direct CP
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asymmetries are less than 10%, in comparison with the
numbers from QCDF and GFA. At the moment, there is
neither experimental information on the up-down asym-
metries nor on direct CP asymmetries. It will be interesting
to see the updated measurements on the two decay modes.
Finally, we explore the decay of Λb → Ληc. The esti-

mated branching ratio is at the 10−4 level with an up-down
asymmetry close to −1, which may shed light on future
measurements.
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APPENDIX: FACTORIZATION FORMULAS

Following the conventions in Ref. [73], we provide some
details about the factorization formulas in Eq. (17) for the
nonstrange amplitude, which were not given before. As the

strange and charm processes have the same decay topol-
ogies as Λb → Λϕ and Λb → ΛJ=ψ modes, respectively,
one can find the relevant formulas in our previous work
[59,60]. The combinations of the Wilson coefficients aσRij

and the b dependent quantities ½Db�Rij
and ΩRij

are given in
Tables IV and V, respectively, and the auxiliary functions
h1;2;3 and the Bessel function K0 can be found in [73].
The hard scale t for each diagram is chosen as the

maximal virtuality of internal particles including the
factorization scales in a hard amplitude:

tRij
¼ max

	 ffiffiffiffiffiffiffi
jtAj

p
;

ffiffiffiffiffiffiffi
jtBj

p
;

ffiffiffiffiffiffiffi
jtCj

p
;

ffiffiffiffiffiffiffi
jtDj

p
; w; w0; wq



; ðA1Þ

where the expressions of tA;B;C;D are listed in Table VI. The
factorization scales w, w0, and wq are defined by

wð0Þ ¼ min

�
1

bð
0Þ
1

;
1

bð
0Þ
2

;
1

bð
0Þ
3

�
; wq ¼

1

bq
; ðA2Þ

with the variables

TABLE IV. Expressions of aLL and aSP in the Λb → Ληq decay. For convenience, we have extracted an overall coefficient 8, which is
absorbed into the prefactor in Eq. (17).

Rij aLL aSP

Ta1;a2;a3;a5;b1;b2;b4
1
3
VubV�

us½C1 þ 1
3
C2� − 1

3
VtbV�

ts½2C3 þ 2
3
C4 þ 1

2
C9 þ 1

6
C10� − 1

3
VtbV�

ts½2C5 þ 2
3
C6 þ 1

2
C7 þ 1

6
C8�

Ta6;a7;b6;b7;c1;c2;d1;d2
1
3
VubV�

usC2 − 1
3
VtbV�

ts½2C4 þ 1
2
C10� − 1

3
VtbV�

ts½2C6 þ 1
2
C8�

Tc5;c7;d6 VubV�
us½− 1

4
C1 þ 1

3
C2� þ VtbV�

ts½12C3 − 2
3
C4 þ 1

8
C9 − 1

6
C10� VtbV�

ts½12C5 − 2
3
C6 þ 1

8
C7 − 1

6
C8�

Ca1−a4;b1;b3;c1;c3;d1−d3;e1;f1

Eqa1−a7;e1−e4;f2 1
3
VubV�

us½C1 − C2� − 1
6
VtbV�

ts½4C3 − 4C4 þ C9 − C10� − 1
6
VtbV�

ts½4C5 − 4C6 þ C7 − C8�
Ba1−a4;b1;b3;c1;c4;d1;d2;d4;d5
Ca5;b4;c4;e2, Eqb1;b3;b4;b7 − 1

3
VubV�

us½2C1 þ C2� þ 1
3
VtbV�

ts½4C3 þ 2C4 þ C9 þ 1
2
C10� 1

3
VtbV�

ts½4C5 þ 2C6 þ C7 þ 1
2
C8�

Ca6;b6;c5;e3, Eqc1;c2;c3;c7 1
3
VubV�

us½C1 − 2C2� − 1
3
VtbV�

ts½2C3 þ 4C4 þ 1
2
C9 þ C10� − 1

3
VtbV�

ts½2C5 þ 4C6 þ 1
2
C7 þ C8�

Ca7;b7;c7;d7;e4; Eqd1−d4;d7 1
3
VubV�

us½−2C1 þ 2C2� þ 1
3
VtbV�

ts½4C3 − 4C4 þ C9 − C10� 1
3
VtbV�

ts½4C5 − 4C6 þ C7 − C8�
Ba7;b7;c7;d7;e1−e4
Cb2; Eqf1; Bb2;c5

1
3
VubV�

us½− 5
4
C1 − C2� þ VtbV�

ts½56C3 þ 2
3
C4 þ 5

24
C9 þ 1

6
C10� VtbV�

ts½56C5 þ 2
3
C6 þ 5

24
C7 þ 1

6
C8�

Cb5;d4;f2; Eqb2;b5;b6; Bd1
1
3
VubV�

us½14C1 − C2� − VtbV�
ts½16C3 − 2

3
C4 þ 1

24
C9 − 1

6
C10� −VtbV�

ts½16C5 − 2
3
C6 þ 1

24
C7 − 1

6
C8�

Cc2; Eqf3; Bb5;c3
1
3
VubV�

us½C1 þ 5
4
C2� − VtbV�

ts½23C3 þ 5
6
C4 þ 1

6
C9 þ 5

24
C10� −VtbV�

ts½23C5 þ 5
6
C6 þ 1

6
C7 þ 5

24
C8�

Cc6;f3; Eqc4;c5;c6 1
3
VubV�

us½C1 − 1
4
C2� − VtbV�

ts½23C3 − 1
6
C4 þ 1

6
C9 − 1

24
C10� −VtbV�

ts½23C5 − 1
6
C6 þ 1

6
C7 − 1

24
C8�

Cd5;d6;f4; Eqd5;d6; Ba6;c6;d6;f1−f4
1
12
VubV�

us½C1 − C2� − VtbV�
ts½16C3 − 1

6
C4 þ 1

24
C9 − 1

24
C10� −VtbV�

ts½16C5 − 1
6
C6 þ 1

24
C7 − 1

24
C8�

Eqf4; Ba5;b4;c2;d3 − 5
12
VubV�

us½C1 − C2� þ VtbV�
ts½56C3 − 5

6
C4 þ 5

24
C9 − 5

24
C10� VtbV�

ts½56C5 − 5
6
C6 þ 5

24
C7 − 5

24
C8�

Cg1; Eqg2 0 0
Cg2 − 3

4
VubV�

usC1 þ 3
4
VtbV�

ts½2C3 þ 1
2
C9� 3

4
VtbV�

ts½2C5 þ 1
2
C7�

Cg3 − 3
4
VubV�

us½C1 − C2� þ 3
8
VtbV�

ts½4C3 − 4C4 þ C9 − C10� 3
8
VtbV�

ts½4C5 − 4C6 þ C7 − C8�
Cg4

3
4
VubV�

usC2 − 3
8
VtbV�

ts½4C4 þ C10� − 3
8
VtbV�

ts½4C6 þ C8�
Eqg1 3

4
VubV�

usC1 − 3
8
VtbV�

ts½4C3 þ C9� − 3
8
VtbV�

ts½4C5 þ C7�
Eqg3 − 3

4
VubV�

usC2 þ 3
8
VtbV�

ts½4C4 þ C10� 3
8
VtbV�

ts½4C6 þ C8�
Eqg4; Bg1−g4

3
4
VubV�

us½C1 − C2� − 3
8
VtbV�

ts½4C3 − 4C4 þ C9 − C10� − 3
8
VtbV�

ts½4C5 − 4C6 þ C7 − C8�
B0

a1−a4;b1−b4
1
4
VubV�

us½−C1 þ C2� þ 1
8
VtbV�

ts½4C3 − 4C4 þ C9 − C10� 1
8
VtbV�

ts½4C5 − 4C6 þ C7 − C8�
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TABLE V. Expressions of ½Db� and ΩRij
for the C, B, and Eq diagrams.

Rij ½Db� ΩRij

Ca1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb2 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2 þ bqjÞ
Ca2 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbq − b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb3 − b2 þ b0
3 − bqjÞK0ð

ffiffiffiffiffi
tC

p jb3jÞK0ð
ffiffiffiffiffi
tD

p jb2 þ bqjÞ
Ca3 d2b2d2b3d2bq K0ð

ffiffiffiffi
tA

p jb2jÞh2ðb3 − b2 − bq;b2 þ bq; tB; tC; tDÞ
Ca4 d2b2d2b3d2bq K0ð

ffiffiffiffiffi
tB

p jb3jÞh2ðbq;b2 þ bq; tA; tC; tDÞ
Ca5 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbq − b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb3jÞK0ð
ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jbq þ b2jÞ
Ca6 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbq þ b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb3jÞK0ð
ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jbq þ b2jÞ
Ca7 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb3jÞK0ð
ffiffiffiffiffi
tC

p jb3 − b2 þ b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Cb1 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Cb2 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb3 þ b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Cb3 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2jÞK0ð
ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Cb4 d2b2d2b3d2b0
2

K0ð
ffiffiffiffiffi
tB

p jb3 þ b0
2jÞh2ðb2;b0

2; tA; tC; tDÞ
Cb5 d2b2d2b3d2b0

2
K0ð

ffiffiffiffi
tA

p jb2 þ b0
2jÞh2ðb3 þ b0

2;b
0
2; tB; tC; tDÞ

Cb6 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 − b2 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2 − b0

3 − b3jÞ
Cb7 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb3 þ b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb2 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cc1 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3jÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cc2 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb0
2 − b0

3 − b2jÞK0ð
ffiffiffiffiffi
tB

p jb3 − b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cc3 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2jÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb0
2 − b0

3 − b3jÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cc4 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3 þ b0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb0
2 − b0

3 − b3jÞK0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Cc5 d2b2d2b3d2b0
2

K0ð
ffiffiffiffiffi
tB

p jb3 − b0
2jÞh2ðb2;b0

2; tA; tC; tDÞ
Cc6 d2b2d2b3d2b0

2
K0ð

ffiffiffiffi
tA

p jb2 − b0
2jÞh2ðb3 − b0

2;b
0
2; tB; tC; tDÞ

Cc7 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb3 − b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb2 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cd1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb2 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2 þ bqjÞ
Cd2 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb2 − b3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2 þ bqjÞ
Cd3 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2jÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb3 − b2 þ b0
3 − bqjÞ

Cd4 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 þ b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb2 − b3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jb2 þ bqjÞ
Cd5 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb2 − b3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jb2 þ bqjÞ
Cd6 d2b2d2b3d2bq K0ð

ffiffiffiffiffi
tB

p jb2 − b3 þ bqjÞh2ðb2;b2 þ bq; tA; tC; tDÞ
Cd7 d2b2d2b3d2bq K0ð

ffiffiffiffi
tA

p jbqjÞh2ðb3 − b2 − bq;b2 þ bq; tB; tC; tDÞ
Ce1 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jbq − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Ce2 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jbq − b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb2 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Ce3 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jb3 − b0
2 þ b0

3jÞ
Ce4 d2b0

2d
2b0

3d
2bq K0ð

ffiffiffiffi
tA

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jbqjÞh1ðb2 þ bq; tC; tDÞ
Cf1 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbq − b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb2jÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Cf2 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 þ b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb2 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cf3 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 − b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb2 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Cf4 d2b2d2b3d2bq h3ðbq − b2 þ b3;bq;b2; tA; tB; tC; tDÞ
Cg1 d2b2d2b3d2bq K0ð

ffiffiffiffiffi
tD

p jb2 þ bqjÞh2ðb2 − b3;b2 − b3 − b0
3 þ bq; tA; tB; tCÞ

Cg2 d2b2d2b3d2b0
3

K0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3jÞh2ðb2;b3; tA; tB; tCÞ

Cg3 d2b2d2b0
3d

2bq K0ð
ffiffiffiffiffi
tD

p jb2 þ bqjÞh2ðbq;b2 þ b0
3 þ bq; tA; tB; tCÞ

Cg4 d2b0
2d

2b0
3d

2bq K0ð
ffiffiffiffiffi
tD

p jb0
2jÞh2ðb0

2 þ bq;b0
3; tA; tB; tCÞ

Eqa1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb3 þ b0
3 − bqjÞK0ð

ffiffiffiffiffi
tC

p jb2jÞK0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqa2 d2b3d2b0
3d

2bq K0ð
ffiffiffiffiffi
tB

p jb3 þ b0
3 − bqjÞh2ðb0

3;b3 þ b0
3; tA; tC; tDÞ

Eqa3 d2b3d2b0
3d

2bq K0ð
ffiffiffiffi
tA

p jb0
3jÞh2ðb3 þ b0

3;bq; tB; tC; tDÞ
Eqa4 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3jÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb2jÞK0ð
ffiffiffiffiffi
tD

p jb2 − b3 − b0
3jÞ
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TABLE V. (Continued)

Rij ½Db� ΩRij

Eqa5 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
2 − b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb0
2jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 − bqjÞK0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqa6 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 − bqjÞK0ð
ffiffiffiffiffi
tB

p jb0
2jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 − b0

3 − bqjÞK0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqa7 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tB

p jb3 þ b0
3 − bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 − bqjÞK0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqb1 d2b2d2b3d2bq K0ð
ffiffiffiffi
tA

p jb2 − b3jÞh2ðbq;b2 − b3; tB; tC; tDÞ
Eqb2 d2b2d2b3d2bq K0ð

ffiffiffiffiffi
tB

p jb2 − bqjÞh2ðb3;b2; tA; tC; tDÞ
Eqb3 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 − b0
2 − bqjÞK0ð

ffiffiffiffiffi
tB

p jb2 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqb4 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3jÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2 − b3 − b0
3jÞ

Eqb5 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 þ b0
2 þ bqjÞK0ð

ffiffiffiffiffi
tB

p jb2 þ b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqb6 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 − bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 þ b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqb7 d2b2d2b3d2b0

2d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 þ b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb2 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqc1 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb3 þ b0
3 − bqjÞK0ð

ffiffiffiffiffi
tC

p jb2 − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqc2 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
3jÞK0ð

ffiffiffiffiffi
tB

p jb2 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqc3 d2b3d2b0

2d
2b0

3
K0ð

ffiffiffiffi
tA

p jb3jÞh2ðb0
2;b3 þ b0

3; tB; tC; tDÞ
Eqc4 d2b3d2b0

2d
2b0

3
K0ð

ffiffiffiffiffi
tB

p jb3 − b0
2 þ b0

3jÞh2ðb0
3;b3 þ b0

3; tA; tC; tDÞ
Eqc5 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb0
2 − b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb0
2 − b3 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqc6 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
3 þ bqjÞK0ð

ffiffiffiffiffi
tB

p jb3 − b0
2 þ b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqc7 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tB

p jb3 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb0
2 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3jÞ

Eqd1 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jbqjÞK0ð
ffiffiffiffiffi
tC

p jb2ÞK0ð
ffiffiffiffiffi
tD

p jb0
2 þ bqjÞ

Eqd2 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
3jÞK0ð

ffiffiffiffiffi
tB

p jbqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb3 − b0
2 þ b0

3 − bqjÞ
Eqd3 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3jÞK0ð
ffiffiffiffiffi
tB

p jbqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2 þ bqjÞ

Eqd4 d2b0
2d

2b0
3d

2bq K0ð
ffiffiffiffiffi
tB

p jbqjÞh2ðb0
2 − b0

3 þ bq;b0
2 − bq; tA; tC; tDÞ

Eqd5 d2b0
2d

2b0
3d

2bq K0ð
ffiffiffiffi
tA

p jb0
2 − b0

3 þ bqjÞh2ðb0
2;b

0
2 þ bq; tB; tC; tDÞ

Eqd6 d2b0
2d

2b0
3d

2bq h3ðb0
3 − bq;b0

2;b
0
2 − bq; tA; tB; tC; tDÞ

Eqd7 d2b0
2d

2b0
3d

2bq K0ð
ffiffiffiffi
tA

p jb2 − b0
3jÞK0ð

ffiffiffiffiffi
tB

p jbqjÞh1ðb0
2 þ bq; tC; tDÞ

Eqe1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqe2 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 − bqjÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 − bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2 þ bqjÞ

Eqe3 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
3 þ bqjÞK0ð

ffiffiffiffiffi
tB

p jb3jÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqe4 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tB

p jb3 þ b0
2 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2 þ bqjÞ

Eqf1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 − bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqf2 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 − bqjÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 − bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2 þ bqjÞ

Eqf3 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 − b0
3jÞK0ð

ffiffiffiffiffi
tC

p jb2 − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Eqf4 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 þ b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb0
2 − b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tD

p jb0
2 þ bqjÞ

Eqg1 d2b2d2b0
3d

2bq K0ð
ffiffiffiffiffi
tD

p jb2jÞh2ðb2 − bq;b2 þ bq; tA; tB; tCÞ
Eqg2 d2b3d2b0

2d
2bq K0ð

ffiffiffiffiffi
tD

p jb0
2 þ bqjÞh2ðb0

2;b3 − b0
2 − bq; tA; tB; tCÞ

Eqg3 d2b2d2b0
3d

2bq K0ð
ffiffiffiffiffi
tD

p jb2jÞh2ðb2 þ bq;b2 − b0
3; tA; tB; tCÞ

Eqg4 d2b0
2d

2b0
3d

2bq K0ð
ffiffiffiffiffi
tD

p jb0
2 þ bqjÞh2ðbq;b0

2 − b0
3 þ bq; tA; tB; tCÞ

Ba1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3jÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb2jÞK0ð
ffiffiffiffiffi
tD

p jb2 − b3 − b0
3 − bqjÞ

Ba2 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
2 − b0

3 − bqjÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb3 þ b0
3 þ bqjÞ

Ba3 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb2jÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Ba4 d2b3d2b0
2d

2b0
3

K0ð
ffiffiffiffiffi
tB

p jb0
3jÞh2ðb0

2 − b3;b0
2; tA; tC; tDÞ

Ba5 d2b3d2b0
2d

2b0
3

K0ð
ffiffiffiffi
tA

p jb3 − b0
2jÞh2ðb0

2 − b0
3;b

0
2; tB; tC; tDÞ

Ba6 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 − b0
2 þ b0

3jÞK0ð
ffiffiffiffiffi
tB

p jb3 − b0
2 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Ba7 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 − bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Bb1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3jÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2 − b3 − b0
3 − bqjÞ

(Table continued)
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bð
0Þ
1 ¼

���bð0Þ2 − bð
0Þ
3

���; ðA3Þ

and the other bð
0Þ
l defined by permutation. Here, we only

present the results of ½Db�Rij
,ΩRij

, and tA;B;C;D for the C, B,

and Eq diagrams. The remaining results are the same as
those for Λb → Λϕ and can be found in [60].
In Table VII, we give the expressions of Hσ

Rij
for a

representative set of diagrams for each type, as shown in
Fig. 1, while those for others can be derived in an
analogous way.

TABLE V. (Continued)

Rij ½Db� ΩRij

Bb2 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 þ b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bb3 d2b2d2b0

3d
2bq K0ð

ffiffiffiffi
tA

p jb2 þ b0
3 þ bqjÞh2ðb0

3;b2; tB; tC; tDÞ
Bb4 d2b2d2b0

3d
2bq K0ð

ffiffiffiffiffi
tB

p jb2 þ b0
3jÞh2ðb0

3 þ bq;b2; tA; tC; tDÞ
Bb5 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb0
3 þ bqjÞK0ð

ffiffiffiffiffi
tB

p jb2 − b3 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 − b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bb6 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb2 − b3 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bb7 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bc1 d2b2d2b3d2b0

3
K0ð

ffiffiffiffi
tA

p jb3jÞh2ðb2 − b0
3;b2; tB; tC; tDÞ

Bc2 d2b2d2b3d2b0
3

K0ð
ffiffiffiffiffi
tB

p jb2 − b0
3jÞh2ðb2 − b3;b2; tA; tC; tDÞ

Bc3 d2b2d2b3d2b0
2d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3 − b0
2jÞK0ð

ffiffiffiffiffi
tB

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb0
2jÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bc4 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 þ b0
3 þ bqjÞ

Bc5 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
3 þ bqjÞK0ð

ffiffiffiffiffi
tB

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bc6 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb3 þ bqjÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bc7 d2b2d2b3d2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 þ bqjÞK0ð
ffiffiffiffiffi
tB

p jb2 þ b0
3jÞK0ð

ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bd1 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3jÞK0ð
ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb2jÞK0ð
ffiffiffiffiffi
tD

p jb2jÞ
Bd2 d2b3d2b0

2d
2b0

3
K0ð

ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞh2ðb3 þ b0
2;b

0
2; tA; tC; tDÞ

Bd3 d2b3d2b0
2d

2b0
3

K0ð
ffiffiffiffi
tA

p jb3 þ b0
2jÞh2ðb0

3;b
0
2; tB; tC; tDÞ

Bd4 d2b2d2b3d2b0
2d

2b0
3

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb2jÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Bd5 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb0
3 þ bqjÞK0ð

ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb3 − b0
2 þ b0

3 þ bqjÞ
Bd6 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb3 þ b0
2 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Bd7 d2b3d2b0
2d

2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb0
2 − b0

3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Be1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb3jÞK0ð
ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Be2 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb3 þ b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Be3 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb2 − b3jÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Be4 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jbqjÞK0ð
ffiffiffiffiffi
tB

p jb3 − b0
2jÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Bf1 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb2 − b3 − b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb2 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tC

p jb2 − b3 − b0
3 − bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bf2 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb0
2 − b0

3 − bqjÞK0ð
ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb0
2jÞ

Bf3 d2b2d2b3d2b0
3d

2bq
1

ð2πÞ4 K0ð
ffiffiffiffi
tA

p jb3 þ b0
3jÞK0ð

ffiffiffiffiffi
tB

p jb2 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 þ b0
3 þ bqjÞK0ð

ffiffiffiffiffi
tD

p jb2jÞ
Bf4 d2b3d2b0

2d
2b0

3d
2bq

1
ð2πÞ4 K0ð

ffiffiffiffi
tA

p jb0
2 − b3 − b0

3jÞK0ð
ffiffiffiffiffi
tB

p jb0
3 þ bqjÞK0ð

ffiffiffiffiffi
tC

p jb3 − b0
2 þ b0

3 þ bqjÞK0ð
ffiffiffiffiffi
tD

p jb0
2jÞ

Bg1 d2b2d2b0
3d

2bq K0ð
ffiffiffiffiffi
tD

p jb2jÞh2ðb2 þ b0
3 þ bq;b2 − b0

3; tA; tB; tCÞ
Bg2 d2b2d2b0

3d
2bq K0ð

ffiffiffiffiffi
tD

p jb0
2jÞh2ðb0

3 þ bq;b0
3; tA; tB; tCÞ

Bg3 d2b2d2b3d2bq K0ð
ffiffiffiffiffi
tD

p jb2jÞh2ðb3;b3 þ bq; tA; tB; tCÞ
Bg4 d2b0

2d
2b0

3d
2bq K0ð

ffiffiffiffiffi
tD

p jb0
2jÞh2ðb0

2 − b0
3 − bq;b0

2 − b0
3; tA; tB; tCÞ
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