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Inverse muon decay (νμe− → νeμ
−) is a promising tool to constrain neutrino fluxes with energies

Eν ≥ 10.9 GeV. Radiative corrections introduce percent-level distortions to energy spectra of outgoing
muons and depend on experimental details. In this paper, we calculate radiative corrections to the scattering
processes νμe− → νeμ

− and ν̄ee− → ν̄μμ
−. We present the muon energy spectrum for both channels,

double-differential distributions in muon energy and muon scattering angle and in photon energy and
photon scattering angle, and the photon energy spectrum for the dominant νμe− → νeμ

− process. Our
results clarify and extend the region of applicability of previous results in the literature for the double
differential distribution in muon energy and photon energy, and in the muon energy spectrum with a
radiated photon above a threshold energy. We provide analytic expressions for single, double, and triple
differential cross sections, and discuss how radiative corrections modify experimentally interesting
observable distributions.
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I. INTRODUCTION

Scattering of neutrino beams from atomic electrons
provides us a “standard candle” for constraints on the
neutrino fluxes at accelerator-based experiments. For
example, the MINERvA experiment exploits the elastic
scattering channel νle− → νle− [1–4] for the normaliza-
tion of all (anti)neutrino-nucleus cross-section measure-
ments. Another pure-leptonic process, inverse muon decay
νμe− → νeμ

− and ν̄ee− → ν̄μμ
−, requires (anti)neutrinos to

be sufficiently energetic to produce the massive muon in
the final state. The incoming energy should be larger than
10.9 GeV, which is slightly above the main region of
modern artificial (anti)neutrino fluxes. Such high-energy
tails are a very uncertain part of the (anti)neutrino beam [2]
due to less-known hadroproduction cross sections for
forward-going mesons in the direction of the proton beam.
Recently, high-energy tails of the muon component in the
incoming neutrino beam were also successfully constrained
with the inverse muon decay (IMD) reaction νμe− → νeμ

−

by the MINERvA experiment [5]. According to the study in
Ref. [6], the future DUNE experiment [7] will have tens of

thousands of elastic neutrino-electron scattering events and
more than a few thousand inverse muon decay events.
Consequently, both reactions will be accessed at the percent
level, and radiative corrections become crucial for the
correct interpretation of experimental measurements [8,9].
A comprehensive theoretical study of radiative correc-

tions and various final-state distributions in elastic neu-
trino-electron scattering with error analysis was recently
presented in Ref. [10] and compared to all previous
calculations discussed in Refs. [11–30]. Radiative correc-
tions to the inverse muon decay were discussed in the
ultrarelativistic limit in Ref. [14] and subsequently evalu-
ated in Ref. [31]. Before the above-mentioned measure-
ments by the MINERvA Collaboration, IMD results from
the CHARM-II Collaboration [32,33] have confirmed
predictions of the Standard Model of particle physics.
The most relevant experimental observable is the muon

energy spectrum with or without restrictions on the energy
of the radiated real photon. The muon is scattered
primarily in the forward direction. Although experimental
resolution does not allow a precise determination of the
muon scattering angle, the muon angular distribution can
potentially provide better selection criteria for IMD events.
We compare our results for the muon energy spectrum with
the Bardin-Dokuchaeva calculation for the dominant
νμe− → νeμ

− channel [31] and provide a new result for
the subdominant ν̄ee− → ν̄μμ

− process. We also provide
new expressions for double-differential distributions in
muon energy and muon scattering angle, in photon energy
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and photon scattering angle, as well as in muon energy and
photon energy. We discuss how radiative corrections
modify the experimentally sensitive distributions from
Ref. [5].
The paper is organized as follows. In Sec. II, we discuss

the IMD reaction at tree level. We provide details of virtual
radiative corrections in Appendix A and describe the
evaluation of real contributions in Appendix B. We combine
these calculations to obtain the resulting muon-energy
spectrum at OðαÞ precision in Sec. III, where we also
present the total cross section. In the following Sec. IV, we
discuss distortions of experimentally accessed distributions
due to OðαÞ radiative corrections. We finish with conclu-
sions and outlook in Sec. V. We provide new expressions for
the triple-differential distribution in muon energy, muon
scattering angle and photon energy, the double-differential
distribution in muon energy and muon scattering angle, the
double-differential distribution in photon energy and photon
scattering angle, and the photon energy spectrum in the
Supplemental Material [34] and Appendixes C, D, E, and F,
respectively.

II. INVERSE MUON DECAY AT TREE LEVEL

Consider muon production on atomic electrons
by a neutrino beam, νμðkνμÞe−ðpeÞ → νeðkνeÞμ−ðpμÞ [or
ν̄eðkν̄eÞe−ðpeÞ → ν̄μðkν̄μÞμ−ðpμÞ]. This process is governed
by the low-energy effective four-fermion interaction with
scale-independent Fermi coupling constant GF [35–40]

Leff ¼ −2
ffiffiffi
2

p
GFν̄eγ

λPLνμμ̄γλPLeþ H:c: ð1Þ

The reaction is kinematically allowed only for sufficiently
high energies of the incoming neutrino Eνμ ; Eν̄e ≥ Ethr

ν ,
where

Ethr
ν ¼ m2

μ −m2
e

2me
: ð2Þ

In radiation-free kinematics, the muon goes predomi-
nantly in the forward direction with a scattering angle θμ:

cos θμ ¼
2ðEνEμ þmeEμ −meEνÞ −m2

μ −m2
e

2Eν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
μ −m2

μ

q : ð3Þ

The corresponding cone size increases with incoming
(anti)neutrino energy. For example, the scattering within
0.2° is allowed only for the incoming (anti)neutrino
energy Eν ≳ 38 GeV.
The differential cross section with respect to the muon

energy Eμ, as a function of the incoming neutrino energy
Eν, is given by

dσLOðνμe− → νeμ
−; ν̄ee− → ν̄μμ

−Þ
dEμ

¼ jTLOj2
32πmeE2

ν
; ð4Þ

where the squared matrix element at leading order
is jTLOj2 ¼ 64G2

Fpμ · kνepe · kνμ for νμðkνμÞe−ðpeÞ →
νeðkνeÞμ−ðpμÞ and jTLOj2 ¼ 64G2

Fpμ · kν̄epe · kν̄μ for
ν̄eðkν̄eÞe−ðpeÞ → ν̄μðkν̄μÞμ−ðpμÞ. Integration of this distri-
bution over the kinematically allowed range of muon
energies,

Emin
μ ¼ m2

μ þm2
e

2me
≤ Eμ ≤

ðEν þ me
2
Þ2 þ m2

μ

4

Eν þ me
2

¼ Emax
μ ; ð5Þ

results in the following total cross sections [31]:

σLOðνμe− → νeμ
−Þ ¼ 2G2

FmeðEmax
μ −Emin

μ Þ
π

Eνμ −Ethr
ν

Eνμ

; ð6Þ

σν̄LOðν̄ee− → ν̄μμ
−Þ ¼ 2G2

FmeðEmax
μ −Emin

μ Þ
π

×

�ðEmax
μ Þ2þEmax

μ Emin
μ þðEmin

μ Þ2
3E2

ν̄e

þEν̄e þme

Eν̄e

Eν̄e þEmin
μ

Eν̄e

−
Eν̄e þEmin

μ − Ethr
ν
2

Eν̄e

Emax
μ þEmin

μ

Eν̄e

�
: ð7Þ

We provide details of the standard calculation of real and
virtual radiative corrections to the inverse muon decay
cross sections in Appendixes A and B, respectively.

III. MUON ENERGY SPECTRUM
AND INTEGRATED CROSS SECTION

Adding virtual and real corrections, we obtain the muon
energy spectrum for inverse muon decay, νμe− → νeμ

−,
including photons of arbitrarily large energy allowed by
kinematics.1 In the limit Eν ≫ me (i.e., neglecting order
me=Eν power corrections) our results are in agreement with
the calculation of Bardin and Dokuchaeva [31]:

1Note that this inclusive observable is independent of the
infrared regulators λ and ΔE from Appendixes A and B.

OLEKSANDR TOMALAK et al. PHYS. REV. D 107, 093005 (2023)

093005-2



dσ
dEμ

¼ dσLO
dEμ

þ 2G2
Fme

π

α

π

�
1þ 3x

2

�
Li2

1 − x
y

1 − x
− Li2

y − x
1 − x

− ln
y
x
ln
y − x
1 − x

�

þ ð1 − xÞ
��

ln
y2

xre
− 2

�
ln
y − x
y

þ ln
y
x
ln ð1 − yÞ − Li2xþ Li2yþ Li2

x − y
1 − y

þ 3

2
ð1 − xÞ ln ð1 − xÞ

�

−
7x3

36
y−3 þ x2

12

�
1þ 7x

2

�
y−2 þ

�
−
7x
12

−
x2

2
−
x3

6

�
y−1 −

47

36
þ 25x

8
þ 3x2

8
−
�
11

12
þ x
4

�
yþ y2

24

−
�
x2

2
y−2 þ

�
x
2
− 2x2

�
y−1 þ 1

4
−
3x
4
þ 3x2

2
þ y
2

�
ln xþ

�
x2y−2 þ xð1 − 4xÞy−1 þ 3x2

2
þ y

�
ln y

þ
�
x3

6
y−3 −

x2ð1þ xÞ
4

y−2 þ xð1þ 3xÞ
2

y−1 −
23

12
þ 9x

4
−
3x2

2
−
y
2

�
ln ð1 − yÞ

þ
�
x2

6
y−2 −

x
4

�
1

3
þ x

�
y−1 þ 5

4

�
1

3
þ x

�
þ y
2

�
y − x
y

ln
y − x
y

−
�
x3

6
y−3 þ x2ð1 − xÞ

4
y−2 þ

�
x −

x2

2

�
y−1 −

2

3

�
ln re

�
; ð8Þ

x ¼ m2
μ

2meEνμ

; y ¼ Eμ

Eνμ

; re ¼
me

2Eνμ

: ð9Þ

Comparing the double-differential distribution in photon energy and muon energy in Ref. [31] to our numerical evaluation,
which starts from the matrix element, Eq. (B5) in Appendix B, and performs numerical integration within the allowed

phase space of the process, we find agreement only inside the range of photon energies
�
me −

�
Eμ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
μ −m2

μ

q ��
=

2 ≤ kγ ≤
�
me þ 2Eν −

�
Eμ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
μ −m2

μ

q ��
=2; in particular, the double-differential distribution in the calculation of

Bardin and Dokuchaeva is not positive-definite in small end-point regions outside this range.2

The corresponding muon energy spectrum for ν̄ee− → ν̄μμ
− in the limit Eν ≫ me is given by

dσν̄

dEμ
¼ dσν̄LO

dEμ
þ 2G2

Fme

π

α

π
ð1 − yÞ

�
ð1þ x − yÞ

�
Li2

1 − y
x

1 − y
þ Li2

y − x
y

þ ln
x − y
y

ln
y2

xre
þ 1

2
ln2

y
x

�

þ 1 − 2ð1 − yÞyþ xð1þ yÞ
2ð1 − yÞ

�
Li2

y − 1

y
þ Li2

x − y
x

− Li2
x − 1

x
þ ln

y
x
ln ½yðy − xÞ� − ln y ln ð1 − yÞ

�

þ 1 − 2ð1 − yÞyþ xð1þ yÞ
2ð1 − yÞ ln x ln ð1 − xÞ þ x3

18
y−3 −

x2

24

�
7 −

5x
3

�
y−2 −

�
4x
3
þ 23x2

24

�
y−1 −

31

72

þ 5x
24

þ 49

72
y −

�
x2

2
y−2 þ xð1 − xÞ

2
y−1 −

1

2
−
9x
4

�
ln xþ 3

4

ð1 − xÞð1 − x − 2yÞ
1 − y

ln ð1 − xÞ

þ
�
x2y−2 þ xð1 − 2xÞy−1 − 3

4
−
5

2
xþ x2

4
þ
�
1

2
þ 3

2
x

�
yþ y2

�
ln y
1 − y

þ
�
x3

6
y−3 −

x2ð3 − xÞ
12

y−2 þ xð2þ 3xÞ
4

y−1 −
7

6
−
x
4
þ 5

3
y

�
ln ð1 − yÞ

2Our result agrees up to power corrections in the electron mass with the expression of Ref. [31] [their Eq. (24)] for the
contribution to the muon energy spectrum from events with photons above an energy cutoff ΔE when ΔE ≫ me and�
me þ 2Eν −

�
Eμ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2
μ −m2

μ

q ��
=2 − ΔE ≫ me.
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−
�
x3

6
y−3 −

x2ð3þ xÞ
12

y−2 þ x
2

�
1þ 2x −

x2

6

�
y−1 þ 19

12
−
x
4
−
�
8

3
þ x
4

�
yþ y2

3

�
1

1 − y
ln
y − x
y

−
�
x3

6
y−3 þ x2ð3þ xÞ

12
y−2 þ

�
xþ x2

4

�
y−1 −

2

3
− xþ 2

3
y

�
ln re

�
; ð10Þ

where x, y, and re are given by the substitution Eνμ → Eν̄e
in Eqs. (9).
At the fixed illustrative neutrino energy of

Eν ¼ 15 GeV, Fig. 1 shows muon energy spectra for the
tree-level processes νμe− → νeμ

− and ν̄ee− → ν̄μμ
− as well

as the OðαÞ contribution to νμe− → νeμ
− from Eq. (8) and

ν̄ee− → ν̄μμ
− from Eq. (10). We show the latter with an

opposite sign for convenience. The radiative corrections

reduce the cross section by 3–4%. They have the largest
relative size for backward scattering and increase going to
forward angles.
Integrating the muon energy spectrum over the kine-

matically allowed range in Eq. (5), we obtain the OðαÞ
contribution to the unpolarized inverse muon decay cross
section σ. For illustration, we present two limits of interest.
The leading term in me=Eν expansion is given by

σ !
re≪1

σLO þ 2G2
FmeEν

π

α

π

�
1

24

�
19 − 4π2

�
1 −

3

2
xþ 5

2
x2
�
þ 16 ln re þ 36xð1 − 2 ln xÞ þ x2ð45 − 4xÞ

�

þ x
2

�
ð1þ 3xÞLi2xþ ð3 − 7xÞ

�
Li2

�
1 −

1

x

�
þ 1

2
ln2x

�
− 8þ x ln x ln re

�
− x ln x

�
1 −

13

4
x

�

− ln ð1 − xÞ
��

1 −
1

2
x −

5

2
x2
�
ln xþ ð1 − xÞ2ð4þ ln reÞ

�
− x

�
1 −

xð3 − xÞ
6

�
ln re

�
; ð11Þ

σν̄ !
re≪1

σν̄LO þ 2G2
FmeEν

π

α

π

�
1

72

�
43 − 4π2

�
1þ 9xþ 3

2
x2 − x3

�
þ 16 ln re þ

27x
2

ð9 − 4 ln xÞ − 41x2
�

þ 25x3

144
þ x
2

�
ð7þ x − x2ÞLi2x −

�
3þ x −

x2

3

��
Li2

�
1 −

1

x

�
þ 1

2
ln2x

�
−
34

9
þ x2

2
ln x ln re

�

−
x
3
ln x
�
1þ 5

4
x −

47

24
x2
�
− ln ð1 − xÞ

��
1 − 6x −

3

2
x2 þ x3

�
ln x
3

þ
�
1 −

3x
2
þ x3

2

�
ln re
3

�

−
�
17

9
þ xð7 − 11xÞ

18

�
ð1 − xÞ ln ð1 − xÞ − x

3

�
1 −

xð3þ xÞ
12

�
ln re

�
; ð12Þ

while the high-energy limit, x ≪ 1, is given by

σðEνÞ − σLOðEνÞ!
x≪1

G2
FmeEν

12π

α

π
ð19 − 4π2 þ 16 ln re

þ 36xð1 − 2 ln xÞÞ; ð13Þ

σν̄ðEνÞ − σν̄LOðEνÞ!
x≪1

G2
FmeEν

36π

α

π

�
43 − 4π2

�
1þ 9

2
x

�

þ 16 ln re þ
27

2
xð9 − 4 ln xÞ

�
; ð14Þ

where the leading terms at x → 0 coincide with the well-
known expressions in Ref. [14].
We provide the total cross section, double-differential

distribution in muon energy and muon scattering angle,
double-differential distribution in muon energy, and triple-
differential distribution in muon energy, muon scattering

angle, and photon energy in Appendixes C and D, and in
the Supplemental Material [34].

IV. DISTORTION OF EXPERIMENTALLY
ACCESSED DISTRIBUTIONS

Experimentally, inverse muon decay events are distin-
guished from other reactions by looking for high-energy
muons, above the Emin

μ of Eq. (5) with no other particles in
the final state, and which are along the direction of the
incoming neutrino due to the kinematics of elastic scattering
from electrons. Radiative corrections cause events with real
photons in the final state and with a different distribution of
muon energies and angles than in the tree-level process.
This section explores those changes from the tree-level
predictions.
Experiments will need to reject events from νμ quasie-

lastic scattering on nucleons in nuclei which may appear
to be consistent with elastic kinematics, but which will have
a recoiling proton in the final state. Similarly, inelastic
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processes can produce high-energy forward muons with
other particles in the final state. Because there are many
possible elastic and inelastic reactions, a common exper-
imental strategy is to remove events with any other visible
energy than the muon in the final state. An energetic real
photon from radiative processes, even one nearly collinear
with the muon, may produce visible energy that will veto the
event due to this requirement.
While this experimental strategy will be common to all

measurements, the details of the effect will be particular to
each experimental setup. In its analysis [5], MINERvA
predicted the relative acceptance as a function of photon
energy, and that prediction is shown in Fig. 2.
Averaging over high-energy tails of the expected flux

in the DUNE experiment [41] and medium-energy

“neutrino” (forward horn current) mode for the
MINERvA experiment [2,3,42], we provide the effect
of OðαÞ on muon energy spectra for two representative
examples of neutrino experiments that do or will use IMD
to constrain its high-energy flux tails in Fig. 3. For
MINERvA and DUNE predictions, we average over the
(anti)neutrino energy above the threshold value Ethr

ν but
below 30 and 80 GeV respectively. We illustrate this
averaging in the left panel of Fig. 3 and compare it to
fluxes averaged over the same region in both experiments.
The average over the flux decreases the resulting cross
section compared to the fixed energy Eν ¼ 15 GeV result,
which is shown in Fig. 1, since the flux falls monoton-
ically with (anti)neutrino energy and is convoluted with
slower rising cross section. Distortions of the muon
energy spectrum increase as the neutrino energy
approaches the threshold of the inverse muon decay from
above.
The effect on the measurable cross section from the

removal of events with real photons by MINERvA is also
shown in Fig. 3 and compared with the OðαÞ correction. It
is less than a 1% reduction in the observed rate, with a
larger effect for higher muon energies.
The kinematics of elastic scattering from electrons

produces a relationship between the muon energy and
angle with respect to the incoming neutrino direction. A
useful combination is

F ðEμ; θμÞ≡ Eμθ
2
μ ≈

�
1 −

Eμ

Eν

��
2me −

m2
μ

Eμ

�
. ð15Þ

When Eν ≫ Eμ and Eμ ≫ Emin
μ , F can approach its upper

limit of 2me.
In measurements of elastic neutrino-electron scattering

by the MINERvA experiment [1,3,4], the same quantity
was used to select events that were due to elastic scattering
from electrons. In this case Ee ≫ Emin

e for all of the
selected events. However, for IMD for the experimental
fluxes considered above from DUNE and MINERvA,
neither condition above is true for most events, and
therefore typically F ≪ 2me. In particular because the

factor
�
1 − Eμ

Eν

�
is usually small, one might want to

consider an “idealized” version of F ,

F idealðEμ; θμÞ≡ Eμθ
2
μ

1 − Eμ

Eν

≈ 2me −
m2

μ

Eμ
: ð16Þ

However, this quantity is not accessible since the neutrino
energy is not known on an event-by-event basis.
In the measurement by the MINERvA experiment [5],

the analysis enforced elastic kinematics for a “maximum”
energy of likely candidate events in its beam. The variable
FMINERvA,

FIG. 2. MINERvA’s probability to accept a radiative IMD event
as a function of collinear photon energy [5].

FIG. 1. Leading-order muon spectrum and OðαÞ corrections for
a fixed neutrino energy Eν ¼ 15 GeV. The νμe− → νeμ

− process
at leading order is shown by the blue solid line and is compared to
the spectrum in ν̄ee− → ν̄μμ

− at leading order, which is shown
by green dashed line, and to the OðαÞ contribution in Eqs. (8)
and (10), cf. the red dotted and black dash-dotted lines respec-
tively. The OðαÞ contribution is negative, i.e., decreases the total
and differential cross sections at all values of muon energy.
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FMINERvAðEμ; θμÞ≡ Eμθ
2
μ

1 − Eμ

Emax

; ð17Þ

with Emax ¼ 35 GeV, was used for the selection of signal
events by placing a cut on FMINERvAðEμ; θμÞ.
To illustrate various definitions for the variable F , we

present all three variants as a function of the final-state
muon energyEμ for the fixed neutrino energyEν ¼ 15 GeV
in Fig. 4. The size of this variable in the inverse muon decay
is below 10–100 keV. F vanishes both in forward and
backward directions for definitions in Eqs. (15) and (17)
contrary to the forward scattering only for the definition in
Eq. (16). In Fig. 5, we also present the tree-level distribu-
tions of the variable F for the same illustrative neutrino
energy, in the region that is allowed kinematically for all
three definitions. We observe a significant redistribution

of events moving from one definition of the variable F
to another.
To illustrate the effect of radiative corrections on the

distribution of the F variables, we keep MINERvA’s
definition in Eq. (17) for applications to MINERvA’s
study [2,42]. However for a general experiment, including
the application to the DUNE flux [41] in this paper, we do
not wish to enforce a maximum neutrino energy above
which we would drop the constraint, so we study instead
the original F of Eq. (15). We present in Fig. 6 the
distribution of the variable FMINERvA at tree level for the
fixed incoming neutrino energy Eν ¼ 15 GeV, and com-
pare it to the OðαÞ contribution of radiative corrections by
integrating the double-differential distribution in muon
energy and muon scattering angle, and by providing the
naive estimate assuming the kinematics of the radiation-
free process and Eq. (8). OðαÞ contributions shift the

FIG. 4. The variable F as defined in Eqs. (15)–(17) is
presented as a function of the muon energy Eμ at the fixed
neutrino energy Eν ¼ 15 GeV.

FIG. 5. Distribution of the variableF for the tree-level events in
IMD reaction according to definitions in Eqs. (15)–(17) is shown
at the fixed neutrino energy Eν ¼ 15 GeV.

FIG. 3. Left: MINERvA medium-energy flux is averaged over the energies above the IMD threshold to 30 and 80 GeV. For DUNE
experiment, we present the averaging over the range up to 80 GeV. Right: Ratio of OðαÞ contribution to the leading-order result for the
muon energy spectrum above Emin

μ , averaged over the anticipated DUNE flux, shown by the red dashed line, is compared to this ratio
averaged over the medium-energy flux of the MINERvA experiment, shown by the blue solid line. The green dashed line shows the
further reduction in cross section due to the probability of vetoing the event due to the presence of a real radiated photon in
MINERvA’s analysis of IMD events [5]. MINERvA’s probability to accept events with real photons as a function of the photon energy
is shown in Fig. 2.
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distribution of FMINERvA variable by a percent-level
correction. Note also that all inverse muon decay events
from neutrinos of energy Eν ≤ 30 GeV belong to the first
bin in the variable FMINERvA considered in Ref. [5], i.e.,
0 ≤ FMINERvA ≤ 250 keV. We provide an analogous com-
parison for the distributions of the variable F averaged over
the MINERvA medium-energy flux and anticipated DUNE

flux [41] in the following Figs. 7 and 8, respectively. In each
case, we observe percent-level distortions due to OðαÞ
radiative corrections. Moreover, there is a significant differ-
ence between a naive calculation [applying corrections from
Eq. (8) under the assumption of radiation-free kinematics]
and the complete calculation which properly accounts for
the angular distribution.

V. CONCLUSIONS AND OUTLOOK

The goal of this paper is to enable percent-level con-
straints on the incoming (anti)neutrino fluxes by measuring
the inverse muon decay reaction on the atomic electrons.
Thus, we performed a study of radiative corrections and
various distributions for inverse muon decay. We confirmed
an analytical expression for the muon energy spectrum in
νμe− → νeμ

− and presented a new expression for the
spectrum in ν̄ee− → ν̄μμ

−. We provided the following
new cross sections: triple-differential distribution in muon
energy, muon scattering angle, and photon energy; double-
differential distribution in muon energy and muon scatter-
ing angle; double-differential distribution in photon energy
and photon scattering angle; double-differential distribu-
tion in muon energy and photon energy for the dominant
muon channel; and total radiative cross section for both
channels.
We investigated the effects of OðαÞ radiative corrections

on the muon energy spectrum and on the distribution of
the experimentally accessed variable F . In both cases, the
corresponding distortions have the percent-level size. We
have clarified the definition for the variable F that
discriminates between inverse muon decay and other
neutrino interactions. We noted that there is a significant
difference between the complete calculation of F from the
two-dimensional distribution in muon energy and photon
energy, and a naive implementation of the muon energy
spectrum.

FIG. 6. Comparisons of leading order and OðαÞ correction in
the distribution of the variable FMINERvA for a fixed neutrino
energy Eν ¼ 15 GeV. The ratio of the leading-order processes,
νμe− → νeμ

− to ν̄ee− → ν̄μμ
− is almost constant, as is shown by

the red dotted line. The OðαÞ correction from Eq. (8) is shown by
the blue solid line under the assumption that the kinematics is
identical to that of radiation-free scattering. It is compared to the
“true” OðαÞ contribution, which is obtained by integrating the
appropriate double-differential distribution and adding virtual
and soft-photon corrections. Note that both OðαÞ contributions
are negative and so decrease the cross section.

FIG. 7. Ratios of the OðαÞ contribution to the leading-order
result for the distribution of the variable FMINERvA, cf. Eq. (17),
averaged over the medium-energy flux of the MINERvA experi-
ment. The OðαÞ correction in Eq. (8), assuming the kinematics of
radiation-free scattering, the blue solid line, is compared to the
OðαÞ contribution, which is obtained by integrating the appro-
priate double-differential distribution and adding virtual and soft-
photon corrections on top, cf. the green dashed line.

FIG. 8. Same as Fig. 7 but for the anticipated DUNE flux
according to the definition of the variable F in Eq. (15).
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Providing radiative corrections to the inverse muon
decay paves the way for percent-level constraints on
high-energy tails for neutrino fluxes of modern and future
neutrino oscillation and cross-section experiments.
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APPENDIX A: VIRTUAL CORRECTIONS

To evaluate virtual contributions, it is convenient to
express vertex corrections as a deviation of the charged-
lepton current ðδJLÞν from the tree-level expression ðJLÞν ¼
μ̄ðpμÞγνPLeðpeÞ as

ðδJLÞν ¼ e2
Z

dDL
ð2πÞD

μ̄ðpμÞγλð=pμ − =LþmμÞγνPLð=pe − =LþmeÞγρeðpeÞ
½ðpμ − LÞ2 −m2

μ�½ðpe − LÞ2 −m2
e�

ΠλρðLÞ; ðA1Þ

with the momentum-space photon propagator Πμν:

ΠμνðLÞ ¼ i
L2 − λ2

�
−gμν þ ð1 − ξγÞ

LμLν

L2 − aξγλ2

�
; ðA2Þ

where the photon mass λ regulates the infrared divergence, ξγ is the photon gauge-fixing parameter, and a is an arbitrary
constant. The corresponding field renormalization factors for the external charged leptons are evaluated from the one-loop
self-energies as [47,48]

Zl ¼ 1 −
α

4π

ξγ
ε
−

α

4π

�
ln

μ2

m2
l
þ 2 ln

λ2

m2
l
þ 4

�
þ α

4π
ð1 − ξγÞ

�
ln
μ2

λ2
þ 1þ aξγ ln aξγ

1 − aξγ

�
; ðA3Þ

with the renormalization scale in dimensional regularization μ, where the number of dimensions is D ¼ 4 − 2ε. Neglecting
Lorentz structures whose contractions with the (anti)neutrino current vanish at mν ¼ 0 and denoting the ratio of lepton
masses as r ¼ me=mμ, the resulting correction to the charged lepton current is expressed as

� ffiffiffiffiffiffiffiffiffiffi
ZeZμ

p
− 1

�
ðJLÞν þ ðδJLÞν ¼ α

2π
μ̄ðpμÞ

�
gMγν − f2

pν
μ þ rpν

e

2mμr2
− g5Mγ

νγ5 þ f52
pν
μ − rpν

e

2mμr2
γ5

�
eðpeÞ; ðA4Þ

where the form factors gM, g5M, f2, and f52 are [40]

gð5ÞM ðη; r; βÞ ¼ −1þ 1

β

�
1

2

�
2β − ln

1þ β

1 − β

�
ln
2me

λ
þ 1

2
ln
1þ β

1 − β
ln
1þ β

β
− ln

r
ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p
−

ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
r
ffiffiffiffiffiffiffiffiffiffiffi
1þ β

p
−

ffiffiffiffiffiffiffiffiffiffiffi
1 − β

p ln r
2

þ 3

8
ln
1þ β

1 − β
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
8η

ln
1þ β

1 − β
þ 1

4
ln
1þ β

1 − β
ln
2r − ð1þ r2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
1 − β

þ π2

12

þ 1

2
Li2

1 − β

1þ β
−
1

2
Li2

� ffiffiffiffiffiffiffiffiffiffiffi
1 − β

pffiffiffiffiffiffiffiffiffiffiffi
1þ β

p r

�
−
1

2
Li2

� ffiffiffiffiffiffiffiffiffiffiffi
1 − β

pffiffiffiffiffiffiffiffiffiffiffi
1þ β

p 1

r

�
−

5

16
ln2

1þ β

1 − β
−
1

4
ln2r

�

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
8β

ðrþ ηÞ2
�
1 − η

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p �
2r − ð1þ r2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p ln
1þ β

1 − β
−
12r − ð7þ 5r2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2r − ð1þ r2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p ln r
4

− ln
2

r
; ðA5Þ
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fð5Þ2 ðη; r; βÞ ¼ r2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
β

1 − η
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2r − ð1þ r2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p ln
1þ β

1 − β

−
r − η

rþ η

r2
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
2r − ð1þ r2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p ln r: ðA6Þ

Here β is the velocity of the muon in the electron rest frame,
η ¼ 1 for the form factors gM, f2, and η ¼ −1 for the form
factors g5M, f

5
2.

The expressions above were presented in the literature
using this approach in Ref. [40]. Technically equivalent
evaluations of physical observables and similar quantities
with distinct intermediate steps were performed in
Refs. [49–51]. References [52–55] have explored higher-
order expansions in α for electromagnetic transitions
between fermions of different mass.

APPENDIX B: REAL RADIATION

Inverse muon decay with single photon emission is
described by the Bremsstrahlung contribution T1γ:

T1γ ¼ −2
ffiffiffi
2

p
GFieν̄eγμPLνμ

��
pν
μ

pμ · kγ
−

pν
e

pe · kγ

�
μ̄γμPLe

þ 1

2
μ̄

�
γν=kγγμ
pμ · kγ

þ γμ=kγγν

pe · kγ

�
PLe

�
ε⋆ν ; ðB1Þ

with the photon polarization four-vector ε⋆ν . Let us consider
separately the cases of soft and hard photon emission.

1. Soft-photon bremsstrahlung

The inverse muon decay with radiation of photons of
arbitrary small energy cannot be experimentally distin-
guished from the decay without radiation. All events with
photons below some energy cutoff kγ ≤ ΔE (in the electron
rest frame) must be included in measured observables. The
corresponding scattering cross section factorizes in terms of
the tree-level result of Eqs. (6) and (7) as

dσðνμe− → νeμ
−γ; ν̄ee− → ν̄μμ

−γ; kγ ≤ ΔEÞ
¼ α

π
δsðΔEÞdσLOðνμe− → νeμ

−; ν̄ee− → ν̄μμ
−Þ; ðB2Þ

with the universal correction δsðΔEÞ [10,14,18,26,56]:

δsðΔEÞ ¼
1

β

�
Li2

1− β

1þ β
−
π2

6

�
−
2

β

�
β−

1

2
ln
1þ β

1− β

�
ln
2ΔE
λ

þ 1

2β
ln
1þ β

1− β

�
1þ ln

β−2
ffiffiffiffiffiffiffiffiffiffiffiffi
1− β2

p
4ð1þ βÞ−1

�
þ 1: ðB3Þ

This region of the phase space with low-energy photons
cancels the infrared-divergent contributions from virtual
diagrams. As a result, soft and virtual contributions
multiply the tree-level cross sections of Eq. (4) with
infrared-finite factor, i.e., independent of the fictitious
photon mass λ [57–60], as

dσðνμe− → νeμ
−Þ þ dσ ðνμe− → νeμ

−γðkγ ≤ ΔEÞÞ
dσLOðνμe− → νeμ

−Þ ¼ 1þ α

π

	
gM þ g5M þ δsðΔEÞ þ

rm2
μ

4

ðpμ −peÞ2
pμ · kνepe · kνμ

ðgM − g5MÞ

−
�
r2m2

μ

4

ðpμ −peÞ2
pμ · kνepe · kνμ

þ pe · kνe
pμ · kνe

���
1þ r
2r

�
2

f2 þ
�
1− r
2r

�
2

f52

�

;

ðB4Þ
where we can obtain the contributions in the ν̄ee− → ν̄μμ

− reaction by replacing the momenta of neutrinos with the
momenta of antineutrinos.

2. Contribution of hard photons

Here we evaluate the contribution of photons above the energy cutoff kγ ≥ ΔE to the muon energy spectrum. Squaring the
matrix element of Eq. (B1) for the inverse muon decay νμe− → νeμ

−, we obtain the result in terms of Lorentz invariants as

jT1γj2
e2jTLOj2

¼ −
�

pμ

pμ · kγ
−

pe

pe · kγ

�
2

þ pμ · pe

pe · kγpμ · kγ

�
kνe · kγ
kνe · pμ

−
kνμ · kγ
kνμ · pe

�
þ kνμ · kγ
pe · kνμpe · kγ

−
pe · kνe

pμ · kνepe · kγ

þ 1

pμ · kγ
−

1

pe · kγ
þ kνe · kγ
pμ · kνepμ · kγ

þ pμ · kνμ
pe · kνμpμ · kγ

þ kνμ · kγ
ðpe · kγÞ2

m2
e

pe · kνμ
−

kνe · kγ
ðpμ · kγÞ2

m2
μ

pμ · kνe
; ðB5Þ

while the result for ν̄ee− → ν̄μμ
− is given by the replace-

ment of neutrino momenta by corresponding antineutrino
momenta.

We perform the integration following the technique that
was introduced in [11] and further developed in [8–10,40].
For the inverse muon decay, the implementation is slightly
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more involved by having two mass scales: the electron
mass and the muon mass.
First, we introduce the four-vector l: l ¼ pe þ kν − pμ ¼

ðl0; f⃗Þ. Working in the rest frame of atomic electrons, we
have for the components of l:

l0 ¼ me þ Eν − Eμ; ðB6Þ

f2 ¼ jf⃗j2 ¼ E2
ν þ β2E2

μ − 2βEνEμ cos θμ: ðB7Þ

Accounting for the conservation of energy and momentum,
we obtain

l2 ¼ 2kγðl0 − f cos γÞ; ðB8Þ
where γ denotes the angle between the photon direction and
the vector f⃗. Using energy and momentum conservation to
perform the integration over the final-state neutrino momen-
tum components and the photon energy, we obtain the muon
energy spectrum as

dσ1γ

dEμ
¼
Z jT1γj2

256π4me

k2γfdfdΩkγ

E2
νðl20 − f2Þ : ðB9Þ

It is convenient to split the phase space into two regions with
distinct ranges of integration. There are no restrictions on the
photon phase space in the region I: l2 ≥ 2ΔEðl0 − f cos γÞ.
In this region, the range of kinematic variables is given by

me þ
2ðΔEÞ2

me − 2ΔE
þ

m2
μ−m2

e

2

me − 2ΔE
≤ Eμ ≤ me

þ 2ðEν − ΔEÞ2
me þ 2ðEν − ΔEÞ þ

m2
μ−m2

e

2

me þ 2ðEν − ΔEÞ ; ðB10Þ

jEν − βEμj ≤ f ≤ l0 − 2ΔE; ðB11Þ

l0 − f
2

≤ kγ ≤
l0 þ f
2

: ðB12Þ

In the complementary region II: l2 ≤ 2ΔEðl0 − f cos γÞ that
is close to the kinematics of the radiation-free process, the

angle between the photon momentum and the vector f⃗ is
restricted as

cos γ ≥
1

f

�
l0 −

l2

2ΔE

�
: ðB13Þ

This region contributes a factorizable contribution δII, which
adds linearly to δsðΔEÞ of Eq. (B4) [10]:

δII ¼
1

β

��
1

2
þ ln

ρð1þ cos δ0Þ
4β

�
ln
1 − β

1þ β
− Li2

1 − β

1þ β

− Li2
cos δ0 − 1

cos δ0 þ 1
þ Li2

�
cos δ0 − 1

cos δ0 þ 1

1þ β

1 − β

�
þ π2

6

�

þ ln
1 − β cos δ0

ρ
− 1; ðB14Þ

where the angle δ0 is given by

cos δ0 ¼
E2
ν − β2E2

μ − l20
2βEμl0

; ðB15Þ

and ρ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − β2

p
. Only the first term from Eq. (B5)

contributes in this region. The same term generates the
ΔE dependence after integrating over region I. For the muon
energy spectrum including both soft and hard photons, this
dependence cancels with the contribution of soft photons
from Eq. (B2). For other terms, we can safely set ΔE ¼ 0
starting from Eq. (B5).

APPENDIX C: TRIPLE-DIFFERENTIAL
DISTRIBUTION

In the following appendixes, we provide analytic expres-
sions for a few unpolarized cross sections of interest for the
dominant νμe− → νμe− channel. The triple-differential
cross section with respect to the muon angle, muon energy,
and photon energy is given by

dσ
dEμdfdkγ

¼ G2
F

2πmeE2
ν

α

π
I; ðC1Þ

I ¼ ρf2

kγ

ðkγ þ EμÞðl2Þ2 þ ðkγðsþm2
μÞ − Eμl2Þð2s −m2

μ −m2
eÞ þ 4EμEνmeðs −m2

μÞ − 2kγsl2ffiffiffi
d

p

−
2ρ2m2

μmeðs −m2
μÞEνf4σ

d3=2
−

3

16

me þ kγ
me

σ2

ρ2f4k2γ
þme þ kγ

me

ðE2
μ þ k2γ þ 4mekγÞðl2Þ2

4f2k2γ
−
2m2

eE2
νl20

f2k2γ

−
me þ kγ

me

ðl2 − k2γ − 2l0kγÞðm2
μ þm2

eÞ2
4f2k2γ

þ 2meEνðme þ EνÞl0l2
f2k2γ

þ ð2l2 − 4Eνl0 þ l20Þðm2
μ −m2

eÞ
f2
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−
me þ kγ

me

ðm2
μ −m2

e − 2meðl0 − 3ðme þ EνÞÞÞl2 − 2ðE2
ν þ 2Eνl0 −m2

μÞm2
e

2f2
−
ðE2

ν − 4mel0Þl2
f2

−
ðmeð9l2 − 4m2

μÞ − 4l0ðm2
μ þ 2m2

eÞÞl2
4f2k2γ

þ ðl0 − 2kγÞðl0 − 2me − 2EνÞðl2Þ2
2f2k2γ

−
m2

eðl2 − 4m2
μÞl2

4f2k2γ

−

�
ðl2Þ2 þ Eνðl0 −me − kγÞl2 þ 2ðl0 þ EνÞk3γ þ 2l30kγ

�
ðm2

μ −m2
eÞ

2f2k2γ
−
Eνðl2 þ kγl0Þl2

f2kγ

−
me

�
ðl0 − kγÞðl2 − 4kγl0Þ þ ð2k2γ þ 6kγl0 − 2l20ÞEν

�
ðm2

μ −m2
eÞ

2f2k2γ
−
l0ðl20l2 þ 2m2

μm2
eÞ

f2kγ

þ kγ
me

ððl20 −m2
μ − 5kγðl0 − EνÞ − 2ðEν − kγÞl0Þl2 − ðEνl0 − kγð2l0 þ 3EνÞÞm2

μÞl2
2f2k2γ

þ ð2Eνl0ð3l2 − 8mel0 þ 4m2
eÞ þ 4l20ðm2

μ þ 2mel0 − 5m2
eÞ þ l2ð2m2

μ þ 7mel0ÞÞEν

2f2k2γ

−
12EνðEμl2 þmel0ðl0 − EνÞÞ þ 4mel0ðmel0 þm2

μÞ þmeEνð3l2 − 4mel0Þ
2f2

; ðC2Þ

with the kinematic notations

σ ¼ ρðE2
ν − f2 − E2

μ þm2
μÞðl2 − 2kγl0Þ þ 4kγmμf2; ðC3Þ

d ¼ β2m2
μl2E2

νðl2 þ 4k2γ − 4kγl0Þsin2θμ þ
σ2

4
; ðC4Þ

and the squared energy in the center-of-mass reference frame s ¼ m2
e þ 2meEν.

APPENDIX D: DOUBLE-DIFFERENTIAL DISTRIBUTION IN MUON ENERGY AND MUON ANGLE

Integrating Eq. (C1) over the photon energy kγ, we obtain the double-differential cross section with respect to the recoil
muon energy and muon angle. The result is expressed in a similar to elastic neutrino-electron scattering form [10]:

dσ
dEμdf

¼ G2
F

πE2
ν

mμ

me

α

π

�
aþ b

f
l20 − f2

ln
1þ β

1 − β
þ c ln

l0 þ f
l0 − f

þ d̃ ln
l0 − βf cos δ − ffiffiffi

g
p

l0 − βf cos δþ ffiffiffi
g

p
�
; ðD1Þ

with g ¼ ðf cos δ − βl0Þ2 þ ρ2f2 sin2 δ and the angle δ between vectors f⃗ and p⃗μ:

cos δ ¼ E2
ν − β2E2

μ − f2

2βEμf
: ðD2Þ

The coefficients a, b, c, and d̃ are given by

a ¼ β cos δ
ρ

ðm2
μ −m2

eÞ þ
f
mμ

�
s −m2

μ −m2
e −

2ðs −m2
μÞðs −m2

eÞ
l2

�
þ
�
f þ 10mμβ cos δ

ρ

�
l0 − βf cos δ

2ρ

þ
�
1 −

l0
4me

�
mμ

f
β2

ρ2
ð1 − 3cos2δÞl2 þm2

μ þm2
e

me

f − βl0 cos δ
2ρ

−
mμ

me

β cos δ
ρ

2l20 þ f2

ρ

þ 3l0f
2

mμ

me

1þ β2cos2δ
ρ2

; ðD3Þ
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b ¼ 2mμl20
βρ2

þmeEν

βmμ
ðs −m2

μÞ þ
m2

μ −m2
e

β

l0 − βf cos δ
ρ

− 4mμf
l0 − 1

2
βf cos δ

ρ

cos δ
ρ

; ðD4Þ

c ¼ mμ

2

�
l0 þ

mμ

ρ

�
−
s2 þm3

eEν

2mμme
−
�
1þ 2β cos δ

ρ

mμ

f
−
m2

μ

f2
β2

ρ2
1 − 3cos2δ

2

�
l2ðl2 − 4mel0Þ

4mμme

þ
�
1þ β cos δ

ρ

mμ

f

��
1

ρ
−
m2

μ þm2
e

4mμme

�
l2 −

β cos δ
2ρ

�
mμ

f
l2

ρ
þ l0ð2s −m2

μ −m2
eÞ

f

�
; ðD5Þ

d̃ ¼
ffiffiffi
g

p
ρ

f þ ρffiffiffi
g

p f

�
s −m2

μ þ
meEν

2m2
μ
ðsþm2

μÞ −mμ
l0 − βf cos δ

ρ

�
: ðD6Þ

APPENDIX E: DOUBLE-DIFFERENTIAL DISTRIBUTION IN PHOTON ENERGY AND PHOTON ANGLE

To study cross sections with respect to the photon kinematics, we introduce an ancillary four-vector l̄:

l̄ ¼ kν þ pe − kγ ¼ ðl̄0; ⃗f̄Þ. In the laboratory frame, this vector can be expressed as

l̄0 ¼ me þ Eν − kγ; ðE1Þ

f̄2 ¼ j ⃗f̄j2 ¼ E2
ν þ k2γ − 2Eνkγ cos θγ; ðE2Þ

with the photon scattering angle θγ .
The double-differential cross section with respect to the photon angle and photon energy is given by

dσ

dkγdf̄
¼ G2

F

πEν

α

π

�
ãðl̄2 −m2

μÞ þ b̃ ln
m2

μ

l̄2

�
f̄

ðl̄2 − sÞ2 ; ðE3Þ

with coefficients ã and b̃:

ã ¼ −
með2l̄0 −meÞ

l̄2

�
sþ 2m2

μ þ ðs −m2
μ −m2

eÞ
kγ
Eν

þm2
μ

�ðl̄0 −meÞ2
Eνkγ

þmeðs −mekγÞ
4Eνk2γ

��

−
l̄2ðl̄2 −m2

μÞ
4Eνmekγ

�
l̄2 − 2l̄0me

me
þ l̄2 − 4l̄0me

kγ

�
þ mes2

4Eνk2γ
− 3ðs −m2

μÞ þ s

�
Eν

kγ
þ me

2Eν

�
1 −

3

2

me

kγ

��

þ l̄2 −m2
μ

Eν

�
kγ − 3Eν −

3

4

ðl̄0 −meÞ2
kγ

þme
m2

e − l̄0ð2kγ þ 5l̄0Þ
4k2γ

þ f̄2ðme − kγÞ
4k2γ

�
−
4m2

ek2γ
l̄2

; ðE4Þ

b̃ ¼ −ðl̄2 − sÞ2 − 2ðs −m2
μÞðl̄2 þm2

μÞ: ðE5Þ

APPENDIX F: PHOTON ENERGY SPECTRUM

Integrating Eq. (E5) over the photon scattering angle, we obtain the photon energy spectrum for the photon energy

kγ ≥
me
2
− m2

μ

2ðmeþ2EνÞ, when the photon scatters in the cone around the forward direction:

dσ
dkγ

¼ G2
F

πEν

α

π

�
āþ b̄ ln

2mekγ
s −m2

μ
þ c̄ ln

s − 2mekγ
m2

μ
− d̄ ln

2kγ
2Eν þme

ln
s − 2mekγ

m2
μ

þ d̄
X

σ1;σ2¼�
ℜ

�
Li2

l̄0 þ σ1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l̄20 −m2

μ

q
l̄0 þ σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl̄0 −mμÞ2 − 2mekγ

q − Li2
l̄0 þ σ1ðl̄0 −meÞ

l̄0 þ σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl̄0 −mμÞ2 − 2mekγ

q ��
; ðF1Þ

with coefficients ā; b̄; c̄, and d̄ in Eq. (F1):
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ā ¼ s −m2
μ − 2mekγ

12meEν

�
mekγ −

20s − 5m2
μ − 14m2

e

2
−
53s2 − 38m2

es −m2
μð49s − 26m2

eÞ þ 2m4
μ − 6m4

e

4mekγ

�

−
s −m2

μ − 2mekγ
12meEν

sð2s − 3m2
eÞ −m2

μð4s − 9m2
eÞ þ 2m4

μ

4k2γ
; ðF2Þ

b̄ ¼ −ðs −m2
μÞ2
�
me þ Eν

kγs
þ 2

s −m2
μ
þ 1

s −m2
e

�
; ðF3Þ

c̄ ¼ m2
μ

2
þ s − 2mekγ

2

�
1þ s

mekγ
−

m4
μ

m2
ek2γ

kγs −m3
e

4Eνs

�
; ðF4Þ

d̄ ¼ −ðs −m2
μÞ: ðF5Þ

For smaller energies kγ ≤
me
2
− m2

μ

2ðmeþ2EνÞ <
me
2
, when there are no restrictions on the photon scattering angle, the photon

energy spectrum is given by

dσ
dkγ

¼ G2
F

πEν

α

π

 
ē − b̄ ln

s
m2

e
þ f̄ ln

s − 2mekγ
m2

μ
− d̄

 
ln

2kγ
2Eν þme

ln
s − 2mekγ

m2
μ

− ln
2kγ
me

ln
ð1 − 2kγ

me
Þs

m2
μ

!

þ ḡ ln
1 − 2mekγ

s

1 − 2kγ
me

þ d̄
X

σ1;σ2¼�
ℜ

0
B@Li2

l̄0 þ σ1ðl̄0 −me þ 2kγÞ
l̄0 þ σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl̄0 −mμÞ2 − 2mekγ

q − Li2
l̄0 þ σ1ðl̄0 −meÞ

l̄0 þ σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl̄0 −mμÞ2 − 2mekγ

q
1
CA
1
CA; ðF6Þ

with coefficients ē; f̄, and ḡ in Eq. (F6):

ē ¼ −
m4

μ

2m2
e
− 2

�
1þ Eν

me

��
s −m2

μ −
m2

e

2

�
− 2k2γ

Eν

me

�
1þ 4

3

Eν

me

�
− Eνkγ

�
3þ 2

m2
μ

m2
e
−
10

3

Eν

me

�
−
m4

μme þ 8Eνðs −m2
μÞ2

2kγs
;

ðF7Þ

f̄ ¼ Eν

kγ

�
sþ 2k2γ −

m4
μ

s

�
; ðF8Þ

ḡ ¼ ð2kγ −meÞððme þ kγÞðm4
μ − 4EνkγsÞ − 2mem4

μÞ þ 2m2
μEνkγðm2

μ þ 2mekγÞ
8meEνk2γ

: ðF9Þ

Please note that the expressions in Appendix G of Ref. [10] are valid only for the photon energies
kγ ≥ meEν=ðme þ 2EνÞ. Below this energy, they should be modified as (in notations of Ref. [10])

Ĩi →
π2

ω3
dkγ

2
64ei − bi ln

s
m2

þ fi ln
s − 2mkγ

m2
− di

0
@ln

2kγ
2ωþm

ln
2l̄0 −m

m
− ln

2kγ
m

ln
ð1 − 2kγ

m Þs
m2

1
A

þ gi ln
s − 2mkγ

ð1 − 2kγ
m Þs

þ di
X

σ1;σ2¼�
ℜ

0
B@Li2

l̄0 þ σ1ðl̄0 −mþ 2kγÞ
l̄0 þ σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl̄0 −mÞ2 − 2mkγ

q − Li2
l̄0 þ σ1ðl̄0 −mÞ

l̄0 þ σ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl̄0 −mÞ2 − 2mkγ

q
1
CA
3
75; ðF10Þ

with coefficients ei, fi, and gi in Eq. (F10):

eL ¼ ω

�
5

6

kγωð2ω − 3mÞ
m2

−
k2γωð4ωþ 3mÞ

3m3
−
8ω2 þ 6mω −m2

4m
−
mð32ω3 þm3Þ

4kγs

�
; ðF11Þ
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eR ¼ −
19

144

m9

kγs3
−
m7ðm − 40kγÞ

96k2γs2
þ m3ðm − 2kγÞ
48ð2ω − 2kγ −mÞ2 þ

m2ð24k4γ − 16k3γmþ 2k2γm2 − 4kγm3 þm4Þ
192k3γð2ω − 2kγ −mÞ

þm3ð48k4γ − 168k3γm − 210k2γm2 þ 4kγm3 −m4Þ
192k3γs

þmð36k3γ − 153k2γm − 49kγm2 þ 59m3Þ
72kγðm − kγÞ

−
k2γωð4ω2 − 3mωþ 6m2Þ

9m3
þ kγωð10ω2 − 81mω − 132m2Þ

18m2
−
ωð4ω2 þ 52mωþ 67m2Þ

6m

−
ωð68ω2 þ 48mωþ 51m2Þ

46kγ
; ðF12Þ

eLR ¼ ω

�
3

2
ω − 2mþ kγ

�
3
ω

m
− 2

�
þm3ð24ω3 − 16mω2 − 14m2ω − 3m3Þ

4kγs2

�
; ðF13Þ

bLR → 2bLR þ 2kγω2

m
; ðF14Þ

fL ¼ kγω2

m
þ 2ω3mðmþ ωÞ

kγs
; ðF15Þ

fR ¼ ω

�
kγ
s
ð2ω2 þ 6mωþ 3m2Þ þ 2m2ð3ω2 þ 16mωðmþ ωÞ þ 4m3Þ

s2

�

þ 2

3

m3ωðmþ ωÞð4ω4 þ 14mω3 þ 25m2ω2 þ 15m3ωþ 3m4Þ
kγs3

; ðF16Þ

fLR → −bLR −
2kγω2

m
; ðF17Þ

gL ¼ ðm − 2kγÞð8ω2kγðmþ kγÞ þm3ðm − kγÞÞ þ 2mkγωð3m2 − 4k2γÞ
16mk2γ

; ðF18Þ

gR ¼ m4

48k2γ
−
k2γ
3
−
2ω2 þ 14mωþ 11m2

4
− kγ

�
ω2

m
þ 7

2
ωþ 15

4
m

�
þmð24ω2 þ 132mωþ 109m2Þ

48kγ
; ðF19Þ

gLR ¼ 1

2
mðm − 2ωÞ − 3

16

m4

k2γ
þ kγ

�
m −

2ω2

m

�
þmð4ω2 þ 8mω −m2Þ

8kγ
; ðF20Þ

with the soft-photon limit for the small electron mass m ≪ ω:

ĨL ¼ −
π2

kγ

�
4þ 2 ln

m
2ω

�
; ðF21Þ

ĨR ¼ −
π2

kγ

�
17

9
þ 2

3
ln

m
2ω

�
; ðF22Þ

ĨLR ¼ m
ω

π2

kγ

�
3

2
þ ln

m
2ω

�
: ðF23Þ
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