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Inverse muon decay (v,e” — v u7) is a promising tool to constrain neutrino fluxes with energies
E, > 10.9 GeV. Radiative corrections introduce percent-level distortions to energy spectra of outgoing
muons and depend on experimental details. In this paper, we calculate radiative corrections to the scattering
processes v,e” — vu~ and b,e” — D,u”. We present the muon energy spectrum for both channels,
double-differential distributions in muon energy and muon scattering angle and in photon energy and
photon scattering angle, and the photon energy spectrum for the dominant v,e~ — v,u~ process. Our
results clarify and extend the region of applicability of previous results in the literature for the double
differential distribution in muon energy and photon energy, and in the muon energy spectrum with a
radiated photon above a threshold energy. We provide analytic expressions for single, double, and triple

differential cross sections, and discuss how radiative corrections modify experimentally interesting

observable distributions.

DOI: 10.1103/PhysRevD.107.093005

I. INTRODUCTION

Scattering of neutrino beams from atomic electrons
provides us a “standard candle” for constraints on the
neutrino fluxes at accelerator-based experiments. For
example, the MINERVA experiment exploits the elastic
scattering channel vy,e~ — vye” [1-4] for the normaliza-
tion of all (anti)neutrino-nucleus cross-section measure-
ments. Another pure-leptonic process, inverse muon decay
vye” = Vpu~ and U,e” — D u, requires (anti)neutrinos to
be sufficiently energetic to produce the massive muon in
the final state. The incoming energy should be larger than
10.9 GeV, which is slightly above the main region of
modern artificial (anti)neutrino fluxes. Such high-energy
tails are a very uncertain part of the (anti)neutrino beam [2]
due to less-known hadroproduction cross sections for
forward-going mesons in the direction of the proton beam.
Recently, high-energy tails of the muon component in the
incoming neutrino beam were also successfully constrained
with the inverse muon decay (IMD) reaction v,e™ — v pu~
by the MINERVA experiment [5]. According to the study in
Ref. [6], the future DUNE experiment [7] will have tens of
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thousands of elastic neutrino-electron scattering events and
more than a few thousand inverse muon decay events.
Consequently, both reactions will be accessed at the percent
level, and radiative corrections become crucial for the
correct interpretation of experimental measurements [8,9].
A comprehensive theoretical study of radiative correc-
tions and various final-state distributions in elastic neu-
trino-electron scattering with error analysis was recently
presented in Ref. [10] and compared to all previous
calculations discussed in Refs. [11-30]. Radiative correc-
tions to the inverse muon decay were discussed in the
ultrarelativistic limit in Ref. [14] and subsequently evalu-
ated in Ref. [31]. Before the above-mentioned measure-
ments by the MINERvVA Collaboration, IMD results from
the CHARM-II Collaboration [32,33] have confirmed
predictions of the Standard Model of particle physics.
The most relevant experimental observable is the muon
energy spectrum with or without restrictions on the energy
of the radiated real photon. The muon is scattered
primarily in the forward direction. Although experimental
resolution does not allow a precise determination of the
muon scattering angle, the muon angular distribution can
potentially provide better selection criteria for IMD events.
We compare our results for the muon energy spectrum with
the Bardin-Dokuchaeva calculation for the dominant
v,e” = vu~ channel [31] and provide a new result for
the subdominant v,e™ — b,u~ process. We also provide
new expressions for double-differential distributions in
muon energy and muon scattering angle, in photon energy

Published by the American Physical Society
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and photon scattering angle, as well as in muon energy and
photon energy. We discuss how radiative corrections
modify the experimentally sensitive distributions from
Ref. [5].

The paper is organized as follows. In Sec. II, we discuss
the IMD reaction at tree level. We provide details of virtual
radiative corrections in Appendix A and describe the
evaluation of real contributions in Appendix B. We combine
these calculations to obtain the resulting muon-energy
spectrum at O(«) precision in Sec. III, where we also
present the total cross section. In the following Sec. IV, we
discuss distortions of experimentally accessed distributions
due to O(a) radiative corrections. We finish with conclu-
sions and outlook in Sec. V. We provide new expressions for
the triple-differential distribution in muon energy, muon
scattering angle and photon energy, the double-differential
distribution in muon energy and muon scattering angle, the
double-differential distribution in photon energy and photon
scattering angle, and the photon energy spectrum in the
Supplemental Material [34] and Appendixes C, D, E, and F,
respectively.

II. INVERSE MUON DECAY AT TREE LEVEL

Consider muon production on atomic electrons
by a neutrino beam, v,(k, )e™(p.) = v.(k, )u~(p,) lor
Ve(k,)e~(pe) = Dy(ks, )i~ (p,)]. This process is governed
by the low-energy effective four-fermion interaction with
scale-independent Fermi coupling constant Gg [35-40]

Lot = =2V2Ge0, Py, jiy;Pre + He. (1)

The reaction is kinematically allowed only for sufficiently
high energies of the incoming neutrino E, E; > Er,

where
2 2
m; — m;
B = MZm (2)
e

In radiation-free kinematics, the muon goes predomi-
nantly in the forward direction with a scattering angle 0,,:

2(E,E, +m,E, —m,E,) — mj — m}
2F, /Eﬁ - mﬁ

The corresponding cone size increases with incoming
(anti)neutrino energy. For example, the scattering within
0.2° is allowed only for the incoming (anti)neutrino
energy E, 2 38 GeV.

The differential cross section with respect to the muon
energy E,, as a function of the incoming neutrino energy
E,, is given by

(3)

cos 9,, =

Tl
32am, E2’

dGLO(Vue_ = U Ve — 17”/1_) _

dE,

(4)

where the squared matrix element at leading order
is [Tl = 64G12:p” ~ky,p. -k, for uﬂ(kyﬂ)e_(pe) -
Ve (kug ).u_ (py) and |TLO|2 = 64G12:pu : kz'/ﬂpe : kﬂﬂ for
Ve(ks,)e~(pe) = Dyu(ky, )i~ (p,). Integration of this distri-
bution over the kinematically allowed range of muon
energies,

2 2 me2 My
Emin — mﬂ + n, <E < <El/ + 7) + Tﬂ — Emax (5)
s 2m, ~ = E, +5¢ mo

results in the following total cross sections [31]:

ZG%me (E/Tax _ E/Tin) Ez/” _ ELhr

- -\ — , 6
OLo(Vye™ = Vo) i r ©
] 2G2m, (Em — Emin
e e P L et
(Elr:]ax)Z + E;lnaxElrlnin + (E;{‘i“)z
3EZ
N E; +m,E; + Epn
El_/(, El_/c
_Epe_'—Elrlnin_%mE/Tax_'_E;?in ) (7)

E"_/e El_/g

We provide details of the standard calculation of real and
virtual radiative corrections to the inverse muon decay
cross sections in Appendixes A and B, respectively.

III. MUON ENERGY SPECTRUM
AND INTEGRATED CROSS SECTION

Adding virtual and real corrections, we obtain the muon
energy spectrum for inverse muon decay, v,e” = vou”,
including photons of arbitrarily large energy allowed by
kinematics.! In the limit E, > m, (i.e., neglecting order
m,/ E, power corrections) our results are in agreement with
the calculation of Bardin and Dokuchaeva [31]:

'Note that this inclusive observable is independent of the
infrared regulators 1 and AE from Appendixes A and B.
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2
_oomy _E,, _om,
*TomkE, YT E T2, ©)

Comparing the double-differential distribution in photon energy and muon energy in Ref. [31] to our numerical evaluation,
which starts from the matrix element, Eq. (B5) in Appendix B, and performs numerical integration within the allowed

phase space of the process, we find agreement only inside the range of photon energies <me - (Eﬂ - E,% - mﬁ)) /

2<k, < (me +2E, - (Eﬂ +/E% - mﬁ)) /2; in particular, the double-differential distribution in the calculation of
Bardin and Dokuchaeva is not positive-definite in small end-point regions outside this range.2
The corresponding muon energy spectrum for ,e™ — U,u~ in the limit E, > m, is given by

Y

do” do¥y 2Gim,a e x—y. y* 1. .,y
— - l+x—y)(L XL 1 In— + ~In?>=
dE, dE”+ n 71'( )| +x-) 121—y+ & y +n y nxre—'—2nx

1-2(1=y)y+x(1+y) <Li2y_ 1 fLp, Y i ! +nIn[y(y —x)] = Inyn (1 —y)>
2(1—y) y x o o
e e (o)
Jr<x63y_3_)c2(312—)c)y_2+)C(2;|f—3x)y_1 _Z_z+§y> In(1-y)

*Our result agrees up to power corrections in the electron mass with the expression of Ref. [31] [their Eq. (24)] for the
contribution to the muon energy spectrum from events with photons above an energy cutoff AE when AE > m, and

(me +2E, - (Eﬂ +\/E} —m},))/z— AE > m,.
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X
N

3
24 x+x—2
Y 4

where x, y, and r, are given by the substitution E, - E;,
in Egs. (9).

At the fixed illustrative neutrino energy of
E, =15 GeV, Fig. 1 shows muon energy spectra for the
tree-level processes v,e™ = v u~ and v,e” — b,y as well
as the O(a) contribution to v,e~ — v,u~ from Eq. (8) and
vee” = pyu~ from Eq. (10). We show the latter with an
opposite sign for convenience. The radiative corrections
|

B £ ; _x2(3+x)
6" 12

x*(3 4 x)
12

6

-3

2
1+2x—x—>y—1+

o2 +2 In
-z — X+ r
YU o3 37 el

19 x

y—x
y

1
—In
-y

8 x y?
<§+Z>“—>

3

(10)

I
reduce the cross section by 3-4%. They have the largest
relative size for backward scattering and increase going to
forward angles.

Integrating the muon energy spectrum over the kine-
matically allowed range in Eq. (5), we obtain the O(a)
contribution to the unpolarized inverse muon decay cross
section o. For illustration, we present two limits of interest.
The leading term in m,/E, expansion is given by

2Gim E 1 3 5
o — o1+ e Z | = (19 472 (1 =Zx + 222 ) + 161n 7, + 36x(1 — 2Inx) + x>(45 — 4x)
re<l T 7w |24 2 2
x , , N1, 13
+5 (1 4+3x)Lipx + (3 —="7x)( Lip( 1 —— —|—§lnx —8+xlnxlnr, ) —xlnx I—Zx
x
1 5 3-
—1n(1—x)(<1—§x—§x2> lnx+(l—x)2(4+lnre)> —x(l—x( G x)> lnre], (11)
; ; 2Gim,E,a [ 1 5 3., 5 27x 5
orzlal‘o—l—?; {72 <43—4ﬂ.’ <1—|—9x+2x —x +16lnre+7(9—4lnx)—41x
25x3 2 1 1 34 x?
+T2+;—C <(7+x—x2)Li2x— (3—|—x—%> <Li2<1 —;) —|—§ln2x> —3+%lnxlnre>
5 47 3 | 3 N 1
—glnx<1 +Zx—ﬁx2> —In(1 —x)((l —6x—§x2+x3>%+ <1 _7x+x?> n3re>
17 x(7-11x) X x(3+x)
—(;—i—l—g)(l—x)ln(l—x)—g(l— 7 Inr,|, (12)

while the high-energy limit, x < 1, is given by
Gim,E,a

a2
T ;1-(19 4z* + 161nr,

+36x(1 —=21nx)),

(43-47(143x)

27
+ 16Inr, +7x(9 —41nx)), (14)

0<Ev) - O-LO(EIJ) - —

x<x1

(13)

_ _ GZmE
GD(EV) - GEO(EU) &a

36r &

—
<l

where the leading terms at x — 0 coincide with the well-
known expressions in Ref. [14].

We provide the total cross section, double-differential
distribution in muon energy and muon scattering angle,
double-differential distribution in muon energy, and triple-
differential distribution in muon energy, muon scattering

angle, and photon energy in Appendixes C and D, and in
the Supplemental Material [34].

IV. DISTORTION OF EXPERIMENTALLY
ACCESSED DISTRIBUTIONS

Experimentally, inverse muon decay events are distin-
guished from other reactions by looking for high-energy
muons, above the E,Ti“ of Eq. (5) with no other particles in
the final state, and which are along the direction of the
incoming neutrino due to the kinematics of elastic scattering
from electrons. Radiative corrections cause events with real
photons in the final state and with a different distribution of
muon energies and angles than in the tree-level process.
This section explores those changes from the tree-level
predictions.

Experiments will need to reject events from v, quasie-
lastic scattering on nucleons in nuclei which may appear
to be consistent with elastic kinematics, but which will have
a recoiling proton in the final state. Similarly, inelastic
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FIG. 1. Leading-order muon spectrum and O(«) corrections for

a fixed neutrino energy E, = 15 GeV. The v,e™ — v, u~ process
at leading order is shown by the blue solid line and is compared to
the spectrum in 7,e~ — D,u” at leading order, which is shown
by green dashed line, and to the O(a) contribution in Egs. (8)
and (10), cf. the red dotted and black dash-dotted lines respec-
tively. The O(«) contribution is negative, i.e., decreases the total
and differential cross sections at all values of muon energy.

processes can produce high-energy forward muons with
other particles in the final state. Because there are many
possible elastic and inelastic reactions, a common exper-
imental strategy is to remove events with any other visible
energy than the muon in the final state. An energetic real
photon from radiative processes, even one nearly collinear
with the muon, may produce visible energy that will veto the
event due to this requirement.

While this experimental strategy will be common to all
measurements, the details of the effect will be particular to
each experimental setup. In its analysis [5], MINERVA
predicted the relative acceptance as a function of photon
energy, and that prediction is shown in Fig. 2.

Averaging over high-energy tails of the expected flux
in the DUNE experiment [41] and medium-energy

10

o 08
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B 0.6

(9]

]

2 044
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g 02- A
MINERVA |

0 e —————— e ——
001 0.1 1
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FIG.2. MINERVA’s probability to accept a radiative IMD event
as a function of collinear photon energy [5].

“neutrino” (forward horn current) mode for the
MINERVA experiment [2,3,42], we provide the effect
of O(a) on muon energy spectra for two representative
examples of neutrino experiments that do or will use IMD
to constrain its high-energy flux tails in Fig. 3. For
MINERVA and DUNE predictions, we average over the
(anti)neutrino energy above the threshold value E!™ but
below 30 and 80 GeV respectively. We illustrate this
averaging in the left panel of Fig. 3 and compare it to
fluxes averaged over the same region in both experiments.
The average over the flux decreases the resulting cross
section compared to the fixed energy E, = 15 GeV result,
which is shown in Fig. 1, since the flux falls monoton-
ically with (anti)neutrino energy and is convoluted with
slower rising cross section. Distortions of the muon
energy spectrum increase as the neutrino energy
approaches the threshold of the inverse muon decay from
above.

The effect on the measurable cross section from the
removal of events with real photons by MINERVA is also
shown in Fig. 3 and compared with the O(a) correction. It
is less than a 1% reduction in the observed rate, with a
larger effect for higher muon energies.

The kinematics of elastic scattering from electrons
produces a relationship between the muon energy and
angle with respect to the incoming neutrino direction. A
useful combination is

E 2
F(E,.0,) =E,02 ~ <1 - E—”) <2me —%) (15)

v H

When E, > E, and E, > E,‘}‘i“, JF can approach its upper
limit of 2m,.

In measurements of elastic neutrino-electron scattering
by the MINERVA experiment [1,3,4], the same quantity
was used to select events that were due to elastic scattering
from electrons. In this case E, > E™" for all of the
selected events. However, for IMD for the experimental
fluxes considered above from DUNE and MINERVA,
neither condition above is true for most events, and
therefore typically F < 2m,. In particular because the

E)\ . .
factor (1 —E—"> is usually small, one might want to
consider an “idealized” version of F,

E,0;

1 =L

=N

Fiel(E,.0,) = ~2m, — (16)

s
EIE

However, this quantity is not accessible since the neutrino
energy is not known on an event-by-event basis.

In the measurement by the MINERVA experiment [5],
the analysis enforced elastic kinematics for a “maximum”

energy of likely candidate events in its beam. The variable
FMINERVA
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FIG. 3. Left: MINERVA medium-energy flux is averaged over the energies above the IMD threshold to 30 and 80 GeV. For DUNE
experiment, we present the averaging over the range up to 80 GeV. Right: Ratio of O(«) contribution to the leading-order result for the
muon energy spectrum above E,Ti“, averaged over the anticipated DUNE flux, shown by the red dashed line, is compared to this ratio
averaged over the medium-energy flux of the MINERVA experiment, shown by the blue solid line. The green dashed line shows the
further reduction in cross section due to the probability of vetoing the event due to the presence of a real radiated photon in
MINERvVA’s analysis of IMD events [5]. MINERVA’s probability to accept events with real photons as a function of the photon energy

is shown in Fig. 2.

E 6>
FMNERVA (¢ ) El L/ (17)
—

with E™ = 35 GeV, was used for the selection of signal
events by placing a cut on FMNERVA(E g ).

To illustrate various definitions for the variable F, we
present all three variants as a function of the final-state
muon energy E, for the fixed neutrino energy E, = 15 GeV
in Fig. 4. The size of this variable in the inverse muon decay
is below 10-100 keV. F vanishes both in forward and
backward directions for definitions in Egs. (15) and (17)
contrary to the forward scattering only for the definition in
Eq. (16). In Fig. 5, we also present the tree-level distribu-
tions of the variable F for the same illustrative neutrino
energy, in the region that is allowed kinematically for all
three definitions. We observe a significant redistribution

S
Q

2, 10- ]

K] 4 - - - MINERVA NE

1w a—= \\1

I Eq. (15) y

13 E, =15 GeV 3

T T | T I T T T
11 12 13 14 15
E, [GeV]

FIG. 4. The variable F as defined in Eqs. (15)—(17) is
presented as a function of the muon energy E, at the fixed
neutrino energy E, = 15 GeV.

of events moving from one definition of the variable F
to another.

To illustrate the effect of radiative corrections on the
distribution of the F variables, we keep MINERVA’s
definition in Eq. (17) for applications to MINERvVA’s
study [2,42]. However for a general experiment, including
the application to the DUNE flux [41] in this paper, we do
not wish to enforce a maximum neutrino energy above
which we would drop the constraint, so we study instead
the original F of Eq. (15). We present in Fig. 6 the
distribution of the variable FMINERVA ¢ tree level for the
fixed incoming neutrino energy E, = 15 GeV, and com-
pare it to the O(a) contribution of radiative corrections by
integrating the double-differential distribution in muon
energy and muon scattering angle, and by providing the
naive estimate assuming the kinematics of the radiation-
free process and Eq. (8). O(a) contributions shift the

] — vieovewideal '
= = = Vpe'-Velw', MINERVA
100 w 3 i
— j T Xue _)!Cp“ N Eq (15) E
e 1 Ve VI, ideal
Sy Vee -V, MINERVA .
S ’lu, 104 - Ve oV ,Eq.(15) _ /_//
FU © :._ _________________________ - _
vg E ——————————————————
: _é Ey=15Gev f
: | : |
0 10 20
F [keV]
FIG. 5. Distribution of the variable F for the tree-level events in

IMD reaction according to definitions in Eqgs. (15)—(17) is shown
at the fixed neutrino energy E, = 15 GeV.
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3] 0.1+ = IO(@) Ve Vel h:
] 7 ]
-------- E, = 15 GeV '

0.01 — T
0 10 20 30

FMINERVA [k GV]

FIG. 6. Comparisons of leading order and O(«) correction in
the distribution of the variable FMINFRVA for a fixed neutrino
energy E, = 15 GeV. The ratio of the leading-order processes,
v,e” = Vo~ to U,e” — yu” is almost constant, as is shown by
the red dotted line. The O(a) correction from Eq. (8) is shown by
the blue solid line under the assumption that the kinematics is
identical to that of radiation-free scattering. It is compared to the
“true” O(a) contribution, which is obtained by integrating the
appropriate double-differential distribution and adding virtual
and soft-photon corrections. Note that both O(«) contributions
are negative and so decrease the cross section.

distribution of FMINERVA yariable by a percent-level

correction. Note also that all inverse muon decay events
from neutrinos of energy £, < 30 GeV belong to the first
bin in the variable FMINERVA considered in Ref. [5], i.e.,
0 < FMINERVA < 95() keV. We provide an analogous com-
parison for the distributions of the variable F averaged over

the MINERVA medium-energy flux and anticipated DUNE

T I T T
— O(a) vye™-vep', Eq. (8)
- == O(a) vpe Vel

MINERVA

medium-energy flux

T T T T T
0 100 200 300
]:MINERVA [keV]

FIG. 7. Ratios of the O(a) contribution to the leading-order
result for the distribution of the variable FMINERVA " of Eq. (17),
averaged over the medium-energy flux of the MINERVA experi-
ment. The O(a) correction in Eq. (8), assuming the kinematics of
radiation-free scattering, the blue solid line, is compared to the
O(a) contribution, which is obtained by integrating the appro-
priate double-differential distribution and adding virtual and soft-
photon corrections on top, cf. the green dashed line.

10 T T T I T T
N — O(a) vye'»vep', Eq. (8)
/oSl === O(@) vy Vel -
I \‘\\
I \\
o :
o) | ~
it ~
\\\
-10 DUNE N
\
\
- T - T - T
0 100 200 300
F [keV]
FIG. 8. Same as Fig. 7 but for the anticipated DUNE flux

according to the definition of the variable F in Eq. (15).

flux [41] in the following Figs. 7 and 8, respectively. In each
case, we observe percent-level distortions due to O(a)
radiative corrections. Moreover, there is a significant differ-
ence between a naive calculation [applying corrections from
Eq. (8) under the assumption of radiation-free kinematics]
and the complete calculation which properly accounts for
the angular distribution.

V. CONCLUSIONS AND OUTLOOK

The goal of this paper is to enable percent-level con-
straints on the incoming (anti)neutrino fluxes by measuring
the inverse muon decay reaction on the atomic electrons.
Thus, we performed a study of radiative corrections and
various distributions for inverse muon decay. We confirmed
an analytical expression for the muon energy spectrum in
v,e” = vu~ and presented a new expression for the
spectrum in v,e” — p,u~. We provided the following
new cross sections: triple-differential distribution in muon
energy, muon scattering angle, and photon energy; double-
differential distribution in muon energy and muon scatter-
ing angle; double-differential distribution in photon energy
and photon scattering angle; double-differential distribu-
tion in muon energy and photon energy for the dominant
muon channel; and total radiative cross section for both
channels.

We investigated the effects of O(«) radiative corrections
on the muon energy spectrum and on the distribution of
the experimentally accessed variable F. In both cases, the
corresponding distortions have the percent-level size. We
have clarified the definition for the variable F that
discriminates between inverse muon decay and other
neutrino interactions. We noted that there is a significant
difference between the complete calculation of F from the
two-dimensional distribution in muon energy and photon
energy, and a naive implementation of the muon energy
spectrum.
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|

L dPL a(p)r*(#y — L+ m)r*PL(P. — L + m.)y e(p,)
@y =e [ o (pn=LF - 2]((p. —L) =3

with the momentum-space photon propagator IT#:

I, (L), (A1)

i

(L) .2 [—9’”‘*‘ (1-¢)

LALY ] (A2)

L? - afyﬂz '

where the photon mass A regulates the infrared divergence, &, is the photon gauge-fixing parameter, and a is an arbitrary
constant. The corresponding field renormalization factors for the external charged leptons are evaluated from the one-loop
self-energies as [47,48]

- u 2 W &yInag,
Zy=1-—2_Z (lm—+21n—f—&—4> e (1—éy)(1n—+1+l_7a£7>, (A3)

with the renormalization scale in dimensional regularization y, where the number of dimensions is D = 4 — 2¢. Neglecting
Lorentz structures whose contractions with the (anti)neutrino current vanish at m, = 0 and denoting the ratio of lepton
masses as r = m,/m,, the resulting correction to the charged lepton current is expressed as

) L, a ) P+ rpe Py —I'Pe
(VZZ =1 )0y @y = i) (o = 22 s+ 55 s Jelp). (a9

{1

where the form factors gy, g3, f2, and f3 are [40]

(5) _ 1 1 B 1—|—ﬁ I 1+ﬂ ﬂ \/ \/ ﬂ
gy (n.r.p) = 1+ﬂ< <2ﬂ In _1—ﬁ> n— -I—21 1_ﬁln 5 \/_ \/_ 5
§1n1+ﬁ \/1—ﬂ2 1+ﬂ 11+ﬂln2r— 2/ 1
8 1—p g1 C1—p 4 1-4 l—ﬂ AT
I 1=p 1. [JI=B JI=BI\ 5. 144 1
+§L12m—Ele<m}’) §L12<mr) 1—ln —ﬂ 111’1 r)

/—l_ﬂz(r+n)2<1—n 1_ﬂ2)1n1+ﬁ—12 (7+5P) /—n_ 2
86  2r—(14+)1-p 1=F  2r—( \/—ﬁ2 4 r’

. (A3)
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\/1—ﬂ2 1—ny1-p° ln1+ﬂ
TN py

r-n__ PJI-p

_r+’12r—(1+r2)m

Here f is the velocity of the muon in the electron rest frame,
n = 1 for the form factors gy, f>, and = —1 for the form
factors g3, f>.

The expressions above were presented in the literature
using this approach in Ref. [40]. Technically equivalent
evaluations of physical observables and similar quantities
with distinct intermediate steps were performed in
Refs. [49-51]. References [52—55] have explored higher-
order expansions in « for electromagnetic transitions
between fermions of different mass.

1) =

Inr.  (A6)

APPENDIX B: REAL RADIATION

Inverse muon decay with single photon emission is
described by the Bremsstrahlung contribution T'7:

pIJ le

T = —2V2Ggiet,y"Py, [( g___*F¢ >ﬂyﬂPLe
Puk, Pk,
Vkve | Vukyy
= P r, Bl
+2<m¢@+pck Le|e (B1)
with the photon polarization four-vector ¢;. Let us consider
separately the cases of soft and hard photon emission.

|

do(v,e” = vp~) +do(v,e” = v y(k, <AE))

dGLO(Uye_ - Ve/"_)

1. Soft-photon bremsstrahlung

The inverse muon decay with radiation of photons of
arbitrary small energy cannot be experimentally distin-
guished from the decay without radiation. All events with
photons below some energy cutoff k, < AE (in the electron
rest frame) must be included in measured observables. The
corresponding scattering cross section factorizes in terms of
the tree-level result of Egs. (6) and (7) as

do(v

W€ = U Y. Dee” = Uy k, < AE)

= gés(AE)dGLo(l/”e_ > U p ,Ue” = D#,u_), (B2)
P

with the universal correction &,(AE) [10,14,18,26,56]:

5,(AE) = <L12 1 +§ 7;2) —% <ﬁ—%1n 1 —:'g]) IHZATE
145 V1=
Mlﬂ<Hmuﬂ+m”>+L (B3)

This region of the phase space with low-energy photons
cancels the infrared-divergent contributions from virtual
diagrams. As a result, soft and virtual contributions
multiply the tree-level cross sections of Eq. (4) with
infrared-finite factor, i.e., independent of the fictitious
photon mass A [57-60], as

rm%  (p,—pe)?

a
—1+= 5,(AE B
+ﬂ{gM+9M+ S(AE) +—= Py ko Dok (91 = 931)

<r2m

4 Pu 'kuepe

De

2 (py—p.)? -k 1 2 1

i (Pu—pe) Peky, +r
w5 e

2

(B4)

where we can obtain the contributions in the v,e™ — p,u~ reaction by replacing the momenta of neutrinos with the

momenta of antineutrinos.

2. Contribution of hard photons

Here we evaluate the contribution of photons above the energy cutoff k, > AE'to the muon energy spectrum. Squaring the
matrix element of Eq. (B1) for the inverse muon decay v,e~ — v u~, we obtain the result in terms of Lorentz invariants as

== ) o (B ) Yo
62|TLO|2 Pu- ky Pe- ky Pe- kypy ' ky v, " Pu ky” *Pe Pe - ky#pe ' ky Pu- kvt,pe ' ky
1 1 k, -k Pk, ky, -k, m? k, -k, m>
+ _ e 7 + s u " 7’2 _ e 1/2 £ (BS)
Pu- ky Pe- ky Pu- kyepy : ky Pe- kllﬂpﬂ : k;' (pe : ky) Pe- kyﬂ (p/l : k}/) Pu- kye

while the result for v,e™ — b,u~ is given by the replace-
ment of neutrino momenta by corresponding antineutrino
momenta.

|

We perform the integration following the technique that
was introduced in [11] and further developed in [8—10,40].
For the inverse muon decay, the implementation is slightly
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more involved by having two mass scales: the electron
mass and the muon mass.

Fifst, we introduce the four-vector I: | = p, + k, — p, =
(1, f). Working in the rest frame of atomic electrons, we
have for the components of [:

ly=m,+E, - E, (B6)

f2=|f]> = E2 + p*E% — 2BE,E, cos0,. (BT

Accounting for the conservation of energy and momentum,
we obtain

I* =2k, (ly — f cosy), (B8)

where y denotes the angle between the photon direction and

the vector f‘ Using energy and momentum conservation to
perform the integration over the final-state neutrino momen-
tum components and the photon energy, we obtain the muon
energy spectrum as

o' T2 kpfdfdQy,
dE, / 2567*m, EX(I3 — f?)°

(B9)

It is convenient to split the phase space into two regions with
distinct ranges of integration. There are no restrictions on the
photon phase space in the region I: 1> > 2AE(ly — f cosy).
In this region, the range of kinematic variables is given by

+ 2AE] — <E, <
M T o, Z2AE m, —2aE = =M

2 2

2(E, — AE)? G
( v ) , (BIO)

m,+2(E,—AE) m,+2(E, — AE)
|E, - BE,| < f <1y - 2AE, (B11)
Iy — I

°2f5k,s°;rf. (B12)

In the complementary region II: 1> < 2AE(l, — f cosy) that
is close to the kinematics of the radiation-free process, the

I

angle between the photon momentum and the vector f is
restricted as

cos >l l L (B13)
7=5\""2E)

This region contributes a factorizable contribution y;, which
adds linearly to §,(AE) of Eq. (B4) [10]:

1//1 | 5)\ . 1— -
(SH:—<<—+lnp( + cos 0)>ln by, 1=F

SN2 44 1+p 1+ p
_Lizcoséo—l Li, cosdy—11+p _|_7r_2
cos oy + 1 coséy+11-p 6
1- 1o}
bl feosd (B14)
p

where the angle J, is given by

El - pPE2 13

Sy = ,
cos & 2BE,

(B15)

and p=+/1—p% Only the first term from Eq. (B5)
contributes in this region. The same term generates the
AE dependence after integrating over region I. For the muon
energy spectrum including both soft and hard photons, this
dependence cancels with the contribution of soft photons
from Eq. (B2). For other terms, we can safely set AE =0
starting from Eq. (BS).

APPENDIX C: TRIPLE-DIFFERENTIAL
DISTRIBUTION

In the following appendixes, we provide analytic expres-
sions for a few unpolarized cross sections of interest for the
dominant v,e” — vy,e” channel. The triple-differential
cross section with respect to the muon angle, muon energy,

and photon energy is given by

o Gi a
dE,dfdk, 2am,Elm’

(C1)

_ p_f2 (k, + E,)(I*)* + (k,(s +m3) — E,[*)(2s — m;; — m?) + 4E,E,m,(s — m},) — 2k,sI*

k, Vd
~ 2p*mim,(s — m2)E, f*c _ 3m,+k, o2 m, + k, (EX + k2 + 4m k,)(I*)? B 2m2EX
d*? 16 m, p*fik m, 41%k2 e

_mg+ k, (P = kj = 20ok,) (my +m2)*  2m E,(m, + E,)lol?

(21> —4E, Iy + l%)(mlzl —m2)

m, 41%k;

K Iz
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m, + k, (m2 —m2 =2m,(ly = 3(m, + E,)))I* = 2(EZ + 2E,lo — m2)m2  (EZ — 4m,l,)I

me 2f* f?
B (m (9% — 4m2) — 4lo(m2 + 2m2)) 1 N (Ip — 2k,)(ly — 2m, — 2E,)(I*)? B m2(? —4m?2) 12
4172 21712 4172

2\2 _ _ 2 3 3 2 _ 2
((l ) +E1/(10 m ky)l +2(IO +Eb>k}' +210k7> (m;t me) Eb(lz +kyl())lz

21212 17k,

m, <(10 — k) (12 = 4k, L) + (2K2 + 6k, Iy — 21(2))E,,> (= m3) ) Py 22
u'te

217k 1k,
ﬁ ((l(z) — m,% - 5ky(lo -E)—-2(E, - ky)lo)l2 —(Ely— ky(210 + 3E,,))m,2,)l2
m, 2f2k§
N (2E,1o(31% = 8m,ly + 4m?) + 415 (m7 + 2m,ly — 5m2) + *(2mj, + Tm, ) )E,
2f2k%
12E,(E, > + m,ly(lo — E,)) + 4m,lo(m, Lo + m2) + m,E, (31> — 4m,1l,)
- : , (&
2f
with the kinematic notations
c= p(E,% -f2- Eﬁ + mﬁ)(l2 — 2kylo) + 4k},m,,f2, (C3)
o>
d= ﬂzmﬁlef(lz + 4k§ - 4k},lo)sin29,, + T (C4)

and the squared energy in the center-of-mass reference frame s = m2 + 2m,E,.

APPENDIX D: DOUBLE-DIFFERENTIAL DISTRIBUTION IN MUON ENERGY AND MUON ANGLE

Integrating Eq. (C1) over the photon energy k,, we obtain the double-differential cross section with respect to the recoil
muon energy and muon angle. The result is expressed in a similar to elastic neutrino-electron scattering form [10]:

lo+f

d G2 1 ~ ly- o—
°__ Fzm”a<a+b2f Py L gy o AT o8 \@), (D1)
dE,df ~ nEim, 7 -2 1-p lo—f lo— Bf 086+ \/
with g = (fcos 8 — Bly)? + p>f2 sin 6 and the angle 5 between vectors f and Pu:
EZ _ﬂ2E2 _f2
cosd = —— —H D2
2E,f (D2)
The coefficients a, b, ¢, and d are given by
5 2Us — m2)(s — m2 10 8\ Iy — 5
_ Pceos (m2 = m2) +i R (s m,,)z(s m2) i m,fcos 5\ Iy — ff cos
P m, [ P 2p
(- Iy ﬂﬂ—j(l ~ 3c0s26)2 + m —l—m%f—ﬂlocosé_ﬂﬂcoséﬂé + f?
4m,) f p n, 2p me p p
3lpf my, 1+ fcos?s
— , D3
T w2 (D3)
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:Zmﬂzl(z) m,E, (s_ml%)+m;2¢—mglo—ﬂfCOS5_4mﬂflo—%ﬂfCOS5COS5’ (D)
pp=  Pmy, p P p p

oM <lo +ﬂ> P+ mE, (1 N Zﬁcoséﬂ_m_ﬁﬁ_zl - 3c0s25> P(I> - 4m,1,)

2 2m,m, P o frp? 2 4m,m,

N <1 +ﬁcos5mﬂ> <1_ m; + m%)lz _ Peosé <mﬂlz+ lo(2s — mj — m%))’ (D3)

pf)\p 4mm, 2p \[fvp f

~ E ly — o
dzﬁf"'if(b“—mﬁ-l-me2"(s+m,%)—mum>' (D6)

P Vi 2my, p

APPENDIX E: DOUBLE-DIFFERENTIAL DISTRIBUTION IN PHOTON ENERGY AND PHOTON ANGLE

To study cross sections with respect to the photon kinematics, we introduce an ancillary four-vector [:

l=k,+p,— k, = (Iy. f). In the laboratory frame, this vector can be expressed as
ly=m,+E, -k, (E1)

72 =|JI? = B + k2 — 2E,k, cos0),. (E2)

with the photon scattering angle 6,.
The double-differential cross section with respect to the photon angle and photon energy is given by

o Gia/_- A
I T W A TN R E3
dkdf 7B,z (“( m) + bln 12) @ —s)? (E3)

with coefficients @ and b:

2, — k lo—m,)?  mu(s—m.k
&:—7’”6( 0 m3)<s+2m,2,+(s—m,24—m§)y+m,2,<(o me) +m(s " 7)))

P E, Ek, 4E k2
P(P=m2) (P =2lym, 1> —4lgm m,s> 5 E, m 3m
_ e e e _ _ _l/ e l ___L’
4E,m,k, ( me & ) Tage 3Tt s(ky g, ( 2 ky))
2 —m? 3(ly—m,)? m2 —1y(2k, + 5ly)  f*(m,—k,)\ 4m2k2
Pl —3p — 20" Te/ e — '\ 0 e Z8y)) Ry E4
g ( A I S 4k 412 2 (E4)
b= —(P —s)2—2(s—mf,)(72 —i—m,z,) (ES)

APPENDIX F: PHOTON ENERGY SPECTRUM

Integrating Eq. (E5) over the photon scattering angle, we obtain the photon energy spectrum for the photon energy
2

k, > % — 2(#’ when the photon scatters in the cone around the forward direction:
m, +2E,)

do G2  2myk ~2mk, - 2k 2m, k
R R (P RN TN P A Pt S P A4
dk, =#E,x s —my my 2E, +m, my
_ ?0-'—(71 Zz—mz Z Z _
+d Y m(mz_ v " — Liy - °+_"1<° ) )) (F1)
it Iy + 62\/ (Iy—m)? —2mk,  To+ 62\/ (Iy —m,)? — 2mk,

with coefficients @, b, ¢, and d in Eq. (FI):
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535> — 38m2s —m

2(49s — 26m2) + 2mj — 6m;

5 — ml% —2m,k, 20s — Sm,% — 14m?
T (i k, —

T T 12m,E, 2 B 4m.k,

_s= m2 —2m,k, s(2s — 3m2) — m2(4s — 9m?) + 2m;,

12m.E, 4K ’
- m, +E 2 1
b= —(s—m2)? e v ’
(s m”)( k,s +s—m;‘;+s—m§>

E:m7ﬁ+s—2mek}, 145 my k,s —m}

2 2 m.k, mik: 4E,s )’
d=—(s—m2).

2
. m, _ m,
For smaller energies k, < 5¢ 2me+2E,)

energy spectrum is given by

2k
o @ _ _s—=2mk, - 2k -2m,k, 2k, (1=3%)s
L R pin 4+ Fine e g 2T RN 2’)
dk, nE,n m? my, 2E, +m, m, n, ny,
_ 2meky Iy +o,(ly — m, + 2k,) ) Iy +o1(ly —m,)
+gln———+d Y N|Lip- 2 L —Li,- =
1= m: 01.0p=1% l() + () \/(lo - mﬂ)z - 2mgk], l() + 62\/(10 - mﬂ)z - 2meky

with coefficients E,J_‘, and g in Eq. (F6):

[N}

mg

m, ) .

- E mé
=z ) o
f K, (S+ v S>,

Qi

SmeEyk%

(F4)

(F5)

7 < %, when there are no restrictions on the photon scattering angle, the photon

(F6)

(2k, — m,)((m, + k,)(my, — AE,k,s) — 2m,my;) + 2m%E k,(m% 4+ 2m,k,)

4 2 2 4 2)2
E E 4F 10E e T8E, (s —
_ M —2(1+22 s_mz_@ _2]{%_” 1+~ - Ek, 3_|_2m_g___v _mm + (s mu) i
2 m 3 m 2k, s

(F7)

(F8)

(F9)

Please note that the expressions in Appendix G of Ref. [10] are valid only for the photon energies
k, > m,E,/(m, + 2E,). Below this energy, they should be modified as (in notations of Ref. [10])

. s s —2mk 2k 20y —m
Iiﬁ;dk}, ei—bian—Ff,-lnTy— i 1 ! In 0

n2a)—|—m m

s —2mk Iy +0,(lp — m + 2k,)

2k
—In==

2%k
lni<1 _ Wy)s
2

m m

Iy + o1(lo —m)

+gill’l—2ky+dl' Z ER Liz_ — —Liz
(1==0) ly + 02\/(10 —m)* —2mk,

“m 01,00=%

with coefficients e;, f;, and g; in Eq. (F10):

ZO + 02\/(70 - m)2 - 2mk},

<5 k,wQw —3m) Ko(4ow+3m) 8w® + 6mw —
e, =l — - -

6 m? 3m3 4m
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19 m° m’(m—40k,) m?(m — 2k,) m?(24k} — 16k;m + 2k2m? — 4k,m* + m*)

R 144k, 96k2s2 48(2w — 2k, — m)? 19263 (20 — 2k, — m)
m3 (48K — 1683 m — 210K2m? + 4k,m3 — m*)  m(36k3 — 153k2m — 49k, m? + 59m?)
+ - +
192i3s 72k, (m — k,)
Kw(40? =3mw + 6m*)  k,w(100* - 81mw — 132m*)  o(4a? + 52me + 67m?)
9m 18m 6m
_ 0(68w” + 48mw + 51m?)
46k, ’
3 @ m?(24@° — 16mw? — 14m*w — 3m?)
L—w(lo—2m+k (322
ex w(zw m + },<3m >+ e ),
2k, 0*

bk - 2pk 4+ 1
R — 20g + m

k,@* 2w0*m(m+ )

fu= m ks

k 2m*(30* + 16 4m?
fR:w<—y(2a)2+6mw+3m2)+ m*(3w* + ma;(m—i—a))—k m ))

s s

2miw(m + w)(do* + 14ma?® + 25m*w* + 15m*w + 3m*)

3 k,s? ’

2k, w?

fk— —bk -1,

(m —2k,)(8w?k,(m + k,) + m*(m — k,)) 4+ 2mk,w(3m* — 4k)
16mAC

gL =

’

wm ety

m* k20 + 14mw + 11m? k<w2 7 15 >+m(24w2+132ma)+109m2)
_ —k, ,

R=48i2 ™3 4 48k,

1 3 mt 20? m(4w* + 8maw — m?)
— —mm=20) ==k (m =2
g = 5mlm = 20) = 76 Z 7<m m ) N 8k, ’

with the soft-photon limit for the small electron mass m < w:
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