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We calculate the weak transition form factors of the Λb → Λð1520Þ transition, and further calculate the
angular distributions of the rare decays Λb → Λð1520Þð→NK̄Þlþl− (NK̄ ¼ fpK−; nK̄0g) with unpolar-
ized Λb and massive leptons. The form factors are calculated by the three-body light-front quark model
with the support of numerical wave functions of Λb and Λð1520Þ from solving the semirelativistic potential
model associated with the Gaussian expansion method. By fitting the mass spectrum of the observed single
bottom and charmed baryons, the parameters of the potential model are fixed, so this strategy can avoid the
uncertainties arising from the choice of a simple harmonic oscillator wave function of the baryons. With
more data accumulated in the LHCb experiment, our result can help for exploring the Λb → Λð1520Þlþl−

decay and deepen our understanding on the b → slþl− processes.

DOI: 10.1103/PhysRevD.107.093003

I. INTRODUCTION

The flavor-changing neutral-current (FCNC) processes,
including the high-profile b → slþl− process, can play a
crucial role in indirect searches for physics beyond the
Standard Model (SM). These transitions are forbidden at
the tree level and can only operate through loop diagrams in
the SM, and are therefore highly sensitive to potential new
physics (NP) effects, such as the much-discussed RDð�Þ ¼
BðB → Dð�ÞτντÞ=BðB → Dð�ÞeðμÞνeðμÞÞ [1–4]. These proc-
esses thus provided a unique platform to deepen our
understanding of both quantum chromodynamics (QCD)
and the dynamics of weak processes, and to help hunt for NP
signs. Therefore, the rare decays of b → s have attracted the
attention of both theorists and experimentalists [5–11].

For example, the rare decay Λb → Λlþl− has been
theoretically studied by various approaches, including lattice
QCD (LQCD) [12,13], QCD sum rules [14], light-cone sum
rule [15–19], covariant quark model [20], nonrelativistic
quark model (NRQM) [21,22], and the Bethe-Salpeter
approach [23], etc., and was first measured by the CDF
Collaboration [7] and later by the LHCb Collaboration [8,9].
In addition to the differential branching ratio, such abundant
phenomenologies of various angular distributions have also
been studied. Compared with the measured data, the angular
distribution of Λb → Λlþl− was studied in Refs. [24,25]
with unpolarized Λb baryon, and with polarized Λb baryon
in Ref. [26]. Furthermore, the authors studied the b →
sμþμ− Wilson coefficients in Ref. [27] using the measured
full angular distribution of the rare decay Λb →
Λð→pπÞμþμ− by the LHCb Collaboration [9].
With the previous experiences on the decay to the ground

state Λ, it is therefore worth further testing the b → slþl−

transition in the baryon sector decaying to the excited
hyperon with quantum number being JP ¼ 3=2−. The form
factors of the weak transition were calculated by the quark
model [21,22], LQCD [28,29]. and the heavy quark
expansion [30]. The angular analysis was performed in
Ref. [31] and Ref. [32] for massless and massive leptons,
respectively. The authors of Ref. [33] studied the kinematic
endpoint relations for Λb → Λð1520Þlþl− decays and
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provided the corresponding angular distributions. Amhis
et al. [34] used the dispersive techniques to provide a
model-independent parametrization of the form factors of
Λb → Λð1520Þ and further investigated the FCNC decay
Λb → Λð1520Þlþl− with the LQCD data. In addition,
Xing et al. also studied the multibody decay Λb → Λ�

Jð→
pK−ÞJ=ψð→ lþl−Þ [35]. In addition, Amhis et al. studied
the angular distributions ofΛb → Λð1520Þlþl− and talked
about the potential to identify NP effects [36]. Obviously,
the Λb → Λð1520Þ is less studied. Following this line,
we further study the Λb → Λð1520Þð→ NK̄Þlþl− with the
NK̄ ¼ fpK−; nK̄0g process and investigate the corre-
sponding angular observables.
From a theoretical point of view, apart from the con-

sideration of new operators beyond the SM, the calculation
of the weak transition form factors is a key issue. In
addition, how to solve the three-body system for the Λb
baryon and Λ� hyperon involved is also a challenge. In
previous work on baryon weak decays [37–41], the quark-
diquark scheme has been widely adopted as an approximate
treatment. Meanwhile, the spatial wave functions of
hadrons are often approximated as simple harmonic oscil-
lator (SHO) wave functions [37–43], which makes the
results dependent on the relevant parameters. To avoid the
correlative uncertainties of the above approximations, in
this work we calculate the Λb → Λ� form factors by the
three-body light-front quark model. Moreover, in the
realistic calculation, we take the numerical spatial wave
functions as input, where the semirelativistic potential
model combined with the Gaussian expansion method
(GEM) [44–47] is adopted. By fitting the mass spectrum
of the observed single bottom and charmed baryons, the
parameters of the semirelativistic potential model can be
fixed. Compared with the SHO wave function approxima-
tion, our strategy can avoid the uncertainties arising from
the selection of the spatial wave functions of the baryons.
The structure of this paper is as follows. After the

Introduction, we derive the helicity amplitudes of Λb →
Λ�ð→ NK̄Þlþl− (NK̄ ¼ fpK−; nK̄0g) processes and
define some angular observables with unpolarized Λb
baryons and massive leptons in Sec. II. The formulas for
theweak transition form factors are derived in the three-body
light-front quark model in Sec. III. And then, to obtain the
spatial wave functions of the involved baryons, the applied
semirelativistic potential model and GEM are briefly intro-
duced in Sec. IV. In Sec. V, we present our numerical results,
including both the relevant form factors and the physical
observables in Λb → Λ�ð→ NK̄Þlþl− decays. Finally, this
paper ends with a short summary in Sec. VI.

II. THE ANGULAR DISTRIBUTION
OF Λb → Λ�ð→ NK̄Þl+l−

In this paper, we use a model-independent approach with
the effective Hamiltonian [48,49]

Heffðb → slþl−Þ ¼ −
4GFffiffiffi

2
p VtbV�

ts

X10
i¼1

CiðμÞOiðμÞ ð2:1Þ

to study the b → slþl− process, where GF ¼ 1.16637 ×
10−5 GeV−2 is the Fermi coupling constant and jVtbV�

tsj ¼
0.04088 [12] is the product of the Cabibbo-Kobayashi-
Maskawa matrix elements. Furthermore, the Wilson coef-
ficients CiðμÞ describe the short-distance physics, while the
four fermion operators OiðμÞ describe the long-distance
physics, where O1;2 are the current-current operators, O3−6
are the QCD penguin operators, O7;8 denote the electro-
magnetic and chromomagnetic penguin operators respec-
tively, and O9;10 stand for the semileptonic operators.
In our calculation, we follow the treatment given in

Refs. [6,23], adding the factorable quark-loop contributions
from O1−6 and O8 to the effective Wilson coefficients Ceff7

and Ceff9 . The effective Hamiltonian can be written as

Heffðb → slþl−Þ ¼ −
4GFffiffiffi

2
p VtbV�

ts
αe
4π

�
s̄

�
Ceff9 ðμ; q2ÞγμPL

−
2mb

q2
Ceff7 ðμÞiσμνqνPR

�
bðl̄γμlÞ

þ C10ðμÞðs̄γμPLbÞðl̄γμγ5lÞ
�
; ð2:2Þ

wherePRðLÞ ¼ ð1�γ5Þ=2 and σμν ¼ i½γμ; γν�=2. The electro-
magnetic coupling constant is αe ¼ 1=137. For the leading
logarithmic approximation, we take mb ¼ 4.80 GeV
[50,51] and the Wilson coefficients as Ceff7 ðmbÞ ¼ −0.313
and C10ðmbÞ ¼ −4.669 in the calculation [50–53]. In
addition, the short-distance contributions from the soft-
gluon emission and the one-loop contributions of the four-
quark operatorsO1-O6, and the long-distance effects due to
the charmonium resonances, J=ψ and ψð2SÞ are taken into
account, where we adopt the Ceff9 ðμ; q2Þ as [50,54,55]

Ceff9 ðμ; q2Þ ¼ C9ðμÞ þ YpertðŝÞ þ Yresðq2Þ: ð2:3Þ

The Ypert term can be written as

YpertðŝÞ ¼ gðm̂c; ŝÞCðμÞ

−
1

2
gð1; ŝÞð4C3ðμÞ þ 4C4ðμÞ þ 3C5ðμÞ þ C6ðμÞÞ

−
1

2
gð0; ŝÞðC3ðμÞ þ 3C4ðμÞÞ

þ 2

9
ð3C3ðμÞ þ C4ðμÞ þ 3C5ðμÞ þ C6ðμÞÞ; ð2:4Þ

where m̂c ¼ mc=mb, ŝ ¼ q2=m2
b, CðμÞ ¼ 3C1ðμÞ þ C2ðμÞþ

3C3ðμÞ þ C4ðμÞ þ 3C5ðμÞ þ C6ðμÞ, and [50]
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gðz; ŝÞ ¼ −
8

9
ln zþ 8

27
þ 4

9
x −

2

9
ð2þ xÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
j1 − xj

p
×

8<
:

ln
��� 1þ ffiffiffiffiffiffi

1−x
p

1−
ffiffiffiffiffiffi
1−x

p
��� − iπ for x≡ 4z2=ŝ < 1

2 arctan 1ffiffiffiffiffiffi
x−1

p for x≡ 4z2=ŝ > 1
;

gð0; ŝÞ ¼ 8

27
−
8

9
ln
mb

μ
−
4

9
ln ŝþ 4

9
iπ: ð2:5Þ

The Wilson coefficients are used as C1ðmbÞ ¼ −0.248,
C2ðmbÞ ¼ 1.107, C3ðmbÞ ¼ 0.011, C4ðmbÞ ¼ −0.026,
C5ðmbÞ ¼ 0.007, and C6ðmbÞ ¼ −0.031 [50]. Besides,
mc ¼ 1.4 GeV [50]. The Yres term can be parametrized
by using the Breit-Wigner ansatz (it is a model-dependent
treatment, and one can refer to Refs. [56,57] for more
detailed discussions) as [51]

Yresðq2Þ ¼
3π

α2e
Cð0Þ X

Vi¼J=ψ ;ψð2SÞ
κVi

ΓðVi → lþl−ÞmVi

m2
Vi
− q2 − imVi

ΓVi

;

ð2:6Þ

where Cð0Þ ¼ 0.362, κJ=ψ ¼ 1, and κψð2SÞ ¼ 2. The masses
and total widths associated with the relevant charmonium
resonances are taken to be 3.096 GeV and 92.9 keV for
J=ψ , and 3.686 GeV and 294 keV for ψð2SÞ [58]. The
decay widths are taken as ΓðJ=ψ → lþl−Þ ¼ 5.53 keV
and Γðψð2SÞ → lþl−Þ ¼ 2.33 keV [58].
Since the quarks are confined in hadron, the weak transi-

tion matrix element cannot be calculated in the framework
of perturbative QCD. They are conventionally parametrized
in terms of eight (axial-)vector and six (pseudo-)tensor type
dimensionless form factors [21,25,31,32,59–61]. In this
work, we adopt the helicity-based form as [31,32]

hΛ�ðk; sΛ� Þjs̄γμbjΛbðp; sΛb
Þi ¼ ūαðk; sΛ� Þ

�
pα

�
fVt ðq2ÞðmΛb

−mΛ� Þq
μ

q2
þ fV0 ðq2Þ

mΛb
þmΛ�

sþ

�
pμ þ kμ − ðm2

Λb
−m2

Λ� Þq
μ

q2

	

þ fV⊥ðq2Þ
�
γμ −

2mΛ�

sþ
pμ −

2mΛb

sþ
kμ
	�

þ fVg ðq2Þ
�
gαμ þmΛ�

pα

s−

�
γμ −

2kμ

mΛ�
þ 2ðmΛ�pμ þmΛb

kμÞ
sþ

	��
uðp; sΛb

Þ; ð2:7Þ

hΛ�ðk;sΛ�Þjs̄γμγ5bjΛbðp;sΛb
Þi¼−ūαðk;sΛ� Þγ5

�
pα

�
fAt ðq2ÞðmΛb

þmΛ� Þq
μ

q2
þfA0 ðq2Þ

mΛb
−mΛ�

s−

�
pμþkμ−ðm2

Λb
−m2

Λ�Þq
μ

q2

	

þfA⊥ðq2Þ
�
γμþ2mΛ�

s−
pμ−

2mΛb

s−
kμ
	�

þfAg ðq2Þ
�
gαμ−mΛ�

pα

sþ

�
γμþ 2kμ

mΛ�
−
2ðmΛ�pμ−mΛb

kμÞ
s−

	��
uðp;sΛb

Þ; ð2:8Þ

hΛ�ðk; sΛ�Þjs̄iσμνqνbjΛbðp; sΛb
Þi ¼ −ūαðk; sΛ�Þ

�
pα

�
fT0 ðq2Þ

q2

sþ

�
pμ þ kμ − ðm2

Λb
−m2

Λ� Þ q
μ

q2

	

þ fT⊥ðq2ÞðmΛb
þmΛ� Þ

�
γμ −

2mΛ�

sþ
pμ −

2mΛb

sþ
kμ
	�

þ fTg ðq2Þ
�
gαμ þmΛ�

pα

s−

�
γμ −

2kμ

mΛ�
þ 2ðmΛ�pμ þmΛb

kμÞ
sþ

	��
uðp; sΛb

Þ; ð2:9Þ

hΛ�ðk; sΛ� Þjs̄iσμνqνγ5bjΛbðp; sΛb
Þi ¼ −ūαðk; sΛ�Þγ5

�
pα

�
fT50 ðq2Þ q

2

s−

�
pμ þ kμ − ðm2

Λb
−m2

Λ�Þ q
μ

q2

	

þ fT5⊥ ðq2ÞðmΛb
−mΛ� Þ

�
γμ þ 2mΛ�

s−
pμ −

2mΛb

s−
kμ
	�

þ fT5g ðq2Þ
�
gαμ −mΛ�

pα

sþ

�
γμ þ 2kμ

mΛ�
−
2ðmΛ�pμ −mΛb

kμÞ
s−

	��
uðp; sΛb

Þ: ð2:10Þ

This form defined above is convenient for calculating the corresponding helicity amplitudes, where q2 is the transferred
momentum square and s� ¼ ðmΛb

�mΛ�Þ2 − q2.
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A. The helicity amplitudes of the Λb → Λ�l+l− decay

To calculate the Λb → Λ�lþl− process, we define the
corresponding helicity amplitudes of the ΛbðsΛb

Þ →
Λ�ðsΛ�Þ transition as

HðV;A;T;T5ÞðsΛb
; sΛ� ; λWÞ ¼ ϵ�μðλWÞhΛ�ðsΛ�Þ

× js̄fγμ; γμγ5; iσμνqν; iσμνqνγ5g
× bjΛbðsΛb

Þi; ð2:11Þ

where ϵμðλW ¼ t;�; 0Þ are the polarization vectors
of the virtual gauge boson in the Λb rest frame, and sΛb

and sΛ� are the polarizations of Λb and Λ�, respectively. For
the vector current, the complete helicity amplitudes
HVðsΛb

; sΛ� ; λWÞ read as [31]

HVðsΛb
; sΛ� ; tÞ ¼ ϵ�μðtÞhΛ�ðk; sΛ�Þjs̄γμbjΛbðp; sΛb

Þi
¼ fVt ðq2Þ

mΛb
−mΛ�ffiffiffiffiffi
q2

p ūαðk; sΛ� Þpαuðp; sΛb
Þ;

ð2:12Þ

HVðsΛb
; sΛ� ; 0Þ ¼ ϵ�μð0ÞhΛ�ðk; sΛ� Þjs̄γμbjΛbðp; sΛb

Þi
¼ 2fV0 ðq2Þ

mΛb
þmΛ�

sþ
k · ϵ�ð0Þ

× ūαðk; sΛ� Þpαuðp; sΛb
Þ; ð2:13Þ

HVðsΛb
; sΛ� ;�Þ ¼ ϵ�μð�ÞhΛ�ðk; sΛ� Þjs̄γμbjΛbðp; sΛb

Þi

¼
�
fV⊥ðq2Þ þ fVg ðq2Þ

mΛ�

s−

	
ūαðk; sΛ� Þ

× pα=ϵ�ð�Þuðp; sΛb
Þ

þ fVg ðq2Þūαðk; sΛ� Þϵ�αð�Þuðp; sΛb
Þ:
ð2:14Þ

Analogous expressions for the helicity amplitudes
of the axial-vector, tensor, and pseudotensor currents are
written as

HAðsΛb
; sΛ� ; tÞ ¼ ϵ�μðtÞhΛ�ðk; sΛ�Þjs̄γμγ5bjΛbðp; sΛb

Þi
¼ −fAt ðq2Þ

mΛb
þmΛ�ffiffiffiffiffi
q2

p ūαðk; sΛ� Þ

× pαγ5uðp; sΛb
Þ; ð2:15Þ

HAðsΛb
; sΛ� ; 0Þ ¼ ϵ�μð0ÞhΛ�ðk; sΛ� Þjs̄γμγ5bjΛbðp; sΛb

Þi
¼ −2fA0 ðq2Þ

mΛb
−mΛ�

s−
k · ϵ�ð0Þ

× ūαðk; sΛ�Þpαγ5uðp; sΛb
Þ; ð2:16Þ

HAðsΛb
; sΛ� ;�Þ ¼ ϵ�μð�ÞhΛ�ðk; sΛ� Þjs̄γμγ5bjΛbðp; sΛb

Þi

¼
�
fA⊥ðq2Þ − fAg ðq2Þ

mΛ�

sþ

	
ūαðk; sΛ� Þ

× pα=ϵ�ð�Þγ5uðp; sΛb
Þ

− fAg ðq2Þūαðk; sΛ� Þϵ�αð�Þγ5uðp; sΛb
Þ;

ð2:17Þ

HTðsΛb
; sΛ� ; 0Þ ¼ ϵ�μð0ÞhΛ�ðk; sΛ� Þjs̄iσμνqνbjΛbðp; sΛb

Þi

¼ −2fT0 ðq2Þ
q2

sþ
k · ε�ð0Þ

× ūαðk; sΛ�Þpαuðp; sΛb
Þ; ð2:18Þ

HTðsΛb
; sΛ� ;�Þ ¼ ϵ�μð�ÞhΛ�ðk; sΛ� Þjs̄iσμνqνbjΛbðp; sΛb

Þi

¼ −
�
fT⊥ðq2ÞðmΛb

þmΛ� Þ þ fTg ðq2Þ
mΛ�

s−

	
× ūαðk; sΛ�Þpα=ϵ�ð�Þuðp; sΛb

Þ
− fTg ðq2Þūαðk; sΛ� Þϵ�αð�Þuðp; sΛb

Þ;
ð2:19Þ

HT5ðsΛb
;sΛ� ;0Þ¼ ϵ�μð0ÞhΛ�ðk;sΛ� Þjs̄iσμνqνγ5bjΛbðp;sΛb

Þi

¼−2fT50 ðq2Þq
2

s−
k ·ϵ�ð0Þ

× ūαðk;sΛ� Þpαγ5uðp;sΛb
Þ; ð2:20Þ

HT5ðsΛb
;sΛ� ;�Þ¼ϵ�μð�ÞhΛ�ðk;sΛ� Þjs̄iσμνqνγ5bjΛbðp;sΛb

Þi

¼
�
fT5⊥ ðq2ÞðmΛb

−mΛ� Þ−fT5g ðq2ÞmΛ�

sþ

	
× ūαðk;sΛ� Þpα=ϵ�ð�Þγ5uðp;sΛb

Þ
−fT5g ðq2Þūαðk;sΛ� Þϵ�αð�Þγ5uðp;sΛb

Þ;
ð2:21Þ

respectively. Using the kinematic conventions presented in
Appendix B 1, the nonzero terms for the above helicity
amplitudes of the vector, axial-vector, tensor, and pseudo-
tensor currents are [31]
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HVðþ1=2;þ1=2; tÞ ¼ HVð−1=2;−1=2; tÞ ¼ fVt ðq2Þ
mΛb

−mΛ�ffiffiffiffiffi
q2

p sþ
ffiffiffiffiffi
s−

pffiffiffi
6

p
mΛ�

;

HVðþ1=2;þ1=2; 0Þ ¼ HVð−1=2;−1=2; 0Þ ¼ −fV0 ðq2Þ
mΛb

þmΛ�ffiffiffiffiffi
q2

p s−
ffiffiffiffiffi
sþ

pffiffiffi
6

p
mΛ�

;

HVðþ1=2;−1=2;þÞ ¼ HVð−1=2;þ1=2;−Þ ¼ −fV⊥ðq2Þ
s−

ffiffiffiffiffi
sþ

pffiffiffi
3

p
mΛ�

;

HVð−1=2;−3=2;þÞ ¼ HVðþ1=2;þ3=2;−Þ ¼ fVg ðq2Þ ffiffiffiffiffi
sþ

p
; ð2:22Þ

HAðþ1=2;þ1=2; tÞ ¼ −HAð−1=2;−1=2; tÞ ¼ fAt ðq2Þ
mΛb

þmΛ�ffiffiffiffiffi
q2

p s−
ffiffiffiffiffi
sþ

pffiffiffi
6

p
mΛ�

;

HAðþ1=2;þ1=2; 0Þ ¼ −HAð−1=2;−1=2; 0Þ ¼ −fA0 ðq2Þ
mΛb

−mΛ�ffiffiffiffiffi
q2

p sþ
ffiffiffiffiffi
s−

pffiffiffi
6

p
mΛ�

;

HAðþ1=2;−1=2;þÞ ¼ −HAð−1=2;þ1=2;−Þ ¼ fA⊥ðq2Þ
sþ

ffiffiffiffiffi
s−

pffiffiffi
3

p
mΛ�

;

HAð−1=2;−3=2;þÞ ¼ −HAðþ1=2;þ3=2;−Þ ¼ −fAg ðq2Þ
ffiffiffiffiffi
s−

p
; ð2:23Þ

HTðþ1=2;þ1=2; 0Þ ¼ HTð−1=2;−1=2; 0Þ ¼ fT0 ðq2Þ
ffiffiffiffiffi
q2

q s−
ffiffiffiffiffi
sþ

pffiffiffi
6

p
mΛ�

;

HTðþ1=2;−1=2;þÞ ¼ HTð−1=2;þ1=2;−Þ ¼ fT⊥ðq2ÞðmΛb
þmΛ� Þ s−

ffiffiffiffiffi
sþ

pffiffiffi
3

p
mΛ�

;

HTð−1=2;−3=2;þÞ ¼ HTðþ1=2;þ3=2;−Þ ¼ −fTg ðq2Þ ffiffiffiffiffi
sþ

p
; ð2:24Þ

HT5ðþ1=2;þ1=2; 0Þ ¼ −HT5ð−1=2;−1=2; 0Þ ¼ −fT50 ðq2Þ
ffiffiffiffiffi
q2

q sþ
ffiffiffiffiffi
s−

pffiffiffi
6

p
mΛ�

;

HT5ðþ1=2;−1=2;þÞ ¼ −HT5ð−1=2;þ1=2;−Þ ¼ fT5⊥ ðq2ÞðmΛb
−mΛ� Þ sþ

ffiffiffiffiffi
s−

pffiffiffi
3

p
mΛ�

;

HT5ð−1=2;−3=2;þÞ ¼ −HT5ðþ1=2;þ3=2;−Þ ¼ −fT5g ðq2Þ ffiffiffiffiffi
s−

p
; ð2:25Þ

respectively.
Similarly, we define the leptonic helicity amplitudes as

LðV;AÞðsl− ; slþ ; λWÞ ¼ ϵ̄μðλWÞhl−lþjl̄−fγμ; γμγ5glþj0i
¼ ϵ̄μðλWÞūðpl; sl−Þfγμ; γμγ5gvð−pl; slþÞ; ð2:26Þ

where ϵ̄μðλW ¼ t;�; 0Þ are the polarization vectors of the virtual gauge boson in the dilepton rest frame. Using the
kinematic conventions presented in Appendix B 2, the nonzero terms are obtained as [32]

LVð�1=2;�1=2; 0Þ ¼ �2ml cos θl; LVð�1=2;∓ 1=2; 0Þ ¼ −
ffiffiffiffiffi
q2

q
sin θl;

LVðþ1=2;þ1=2;�Þ ¼ ∓ ffiffiffi
2

p
ml sin θl; LVð−1=2;−1=2;∓Þ ¼ ∓ ffiffiffi

2
p

ml sin θl;

LVð�1=2;∓ 1=2;�Þ ¼ ∓
ffiffiffiffiffi
q2

p
ffiffiffi
2

p ð1þ cos θlÞ; LVð�1=2;∓ 1=2;∓Þ ¼ ∓
ffiffiffiffiffi
q2

p
ffiffiffi
2

p ð1 − cos θlÞ;

LAð�1=2;�1=2; tÞ ¼ −2ml; LAð�1=2;∓ 1=2; 0Þ ¼ ∓ sin θl

ffiffiffiffiffi
q2

q
βl;

LAð�1=2;∓ 1=2;�Þ ¼ −
ffiffiffiffiffi
q2

p
ffiffiffi
2

p ð1þ cos θlÞβl; LAð�1=2;∓ 1=2;∓Þ ¼ −
ffiffiffiffiffi
q2

p
ffiffiffi
2

p ð1 − cos θlÞβl; ð2:27Þ

where βl ≡
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − 4m2

l=q
2

q
.
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B. The helicity amplitudes of the Λ� → NK̄ decay

We use the effective Lagrangian approach to describe the
strong decay process Λ� → NK̄. The concerned effective
Lagrangian is

LΛ�KN ¼ gΛ�KNN̄γ5Λ�
α∂

αK; ð2:28Þ

where gΛ�KN is the coupling constant. So the decay
amplitude for the Λ� → NK̄ process can be expressed as

MΛ�→NK̄ðsΛ� ; sNÞ ¼ gΛ�KNūNðsNÞγ5uΛ�;αðsΛ� Þkα2; ð2:29Þ

where kα2 is the four momentum of theK meson, uΛ�;α is the
Rarita-Schwinger spinor describing the hyperon Λ�, while
uN is the Dirac spinor describing the nucleon. The
interference terms between matrix elements with different
Λ� polarizations can be written as

ΓΛ�→NK̄ðsaΛ� ; sbΛ� Þ ¼
ffiffiffiffiffiffiffiffiffiffi
r−rþ

p
16πm3

Λ�

X
sN

h
MΛ�→NK̄ðsbΛ� ; sNÞ

i�
×MΛ�→NK̄ðsaΛ� ; sNÞ; ð2:30Þ

where r� ¼ ðmΛ� �mNÞ2 −m2
K , and then the decay width

of Λ� → NK̄ can be obtained by

ΓðΛ� → NK̄Þ ¼ 1

4

X
sΛ�

ΓΛ�→NK̄ðsΛ� ; sΛ� Þ; ð2:31Þ

where the factor 4 comes from averaging over the polari-
zation of Λ�.
With respect to the forms of Rarita-Schwinger spinors

and Dirac spinors presented in Appendix B 3, we
obtain [31,32]

ΓΛ�→NK̄ðsaΛ� ;sbΛ� Þ¼ΓðΛ�→NK̄Þ
4

0
BBBBB@

6sin2ðθΛ� Þ 2
ffiffiffi
3

p
e−iϕ sinð2θΛ� Þ −2

ffiffiffi
3

p
e−2iϕsin2ðθΛ� Þ 0

2
ffiffiffi
3

p
eiϕ sinð2θΛ� Þ 3cosð2θΛ� Þþ5 0 −2

ffiffiffi
3

p
e−2iϕsin2ðθΛ� Þ

−2
ffiffiffi
3

p
e2iϕsin2ðθΛ� Þ 0 3cosð2θΛ� Þþ5 −2

ffiffiffi
3

p
e−iϕ sinð2θΛ� Þ

0 −2
ffiffiffi
3

p
e2iϕsin2ðθΛ� Þ −2

ffiffiffi
3

p
eiϕ sinð2θΛ� Þ 6sin2ðθΛ� Þ

1
CCCCCA;

ð2:32Þ

with rows and columns corresponding to the polarizations of saΛ� ; sbΛ� ¼ −3=2;−1=2; 1=2; 3=2 from top to bottom and from
left to right. We emphasize that ΓðΛ� → NK̄Þ ¼ BΛ� × ΓΛ� , where BΛ� ≡ BðΛ� → NK̄Þ is the corresponding branching
ratio and ΓΛ� is the inclusive decay width of the Λ� hyperon.

C. The total amplitudes of Λb → Λ�ð→ NK̄Þl+l− process

The invariant amplitude of Λb → Λ�ð→ NK̄Þlþl− is [24]

MðsΛb
; sN; sl− ; slþÞ ¼ hNðsNÞK̄l−ðsl−ÞlþðslþÞjHeff jΛbðsΛb

Þi
¼

X
sΛ�

i
k2 −m2

Λ�
MΛ�→NK̄ðsΛ� ; sNÞhΛ�ðs�ΛÞl−ðsl−ÞlþðslþÞjHeff jΛbðsΛb

Þi

¼
X
sΛ�

iN
2ðk2 −m2

Λ�ÞMΛ�→NK̄ðsΛ� ; sNÞgμνhΛ�ðsΛ�ÞjjμjΛbðsΛb
Þihl−ðsl−ÞlþðslþÞjjνj0i

¼
X
sΛ�

iN
2ðk2 −m2

Λ�ÞMΛ�→NK̄ðsΛ� ; sNÞ
�
Ceff
9 HVðsΛb

; sΛ� ; tÞLVðsl− ; slþ ; tÞ − Ceff
9 HAðsΛb

; sΛ� ; tÞ

× LVðsl− ; slþ ; tÞ þ C10HVðsΛb
; sΛ� ; tÞLAðsl− ; slþ ; tÞ − C10HAðsΛb

; sΛ� ; tÞLAðsl− ; slþ ; tÞ

−
2mb

q2
Ceff
7 HTðsΛb

; sΛ� ; tÞLVðsl− ; slþ ; tÞ −
2mb

q2
Ceff
7 HT5ðsΛb

; sΛ� ; tÞLVðsl− ; slþ ; tÞ

−
X
λ¼�;0

�
Ceff
9 HVðsΛb

; sΛ� ; λÞLVðsl− ; slþ ; λÞ − Ceff
9 HAðsΛb

; sΛ� ; λÞLVðsl− ; slþ ; λÞ

þ C10HVðsΛb
; sΛ� ; λÞLAðsl− ; slþ ; λÞ − C10HAðsΛb

; sΛ� ; λÞLAðsl− ; slþ ; λÞ

−
2mb

q2
Ceff
7 HTðsΛb

; sΛ� ; λÞLVðsl− ; slþ ; λÞ −
2mb

q2
Ceff
7 HT5ðsΛb

; sΛ� ; λÞLVðsl− ; slþ ; λÞ
	�

; ð2:33Þ
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where N ≡ 4GFffiffi
2

p VtbV�
ts

αe
4π, and the factor 1=2 comes from the definition of PLðRÞ. Besides, the relation gμν ¼ ϵ�μt ϵνt −P

λ¼�;0 ϵ
�μ
λ ϵνλ is implied. The helicity amplitudes defined in Eqs. (2.11), (2.26), (2.30), and (2.32) are implied. Finally, with

the nonzero helicity amplitudes presented in Eqs. (2.22)–(2.25), (2.27), and (2.32), and the expression of the differential
width by considering the narrow-width approximation shown in Eq. (A7), the differential decay width can be obtained.
As analyzed in Refs. [31,32], the angular distribution for the four-body decay Λb → Λ�ð→ NK̄Þlþl− can be reduced as

d4Γ
dq2d cos θΛ�d cos θldϕ

¼ 3

8π

X
i

Liðq2Þfiðq2; θl; θΛ� ;ϕÞ

¼ 3

8π

h
ðL1c cos θl þ L1cccos2θl þ L1sssin2θlÞcos2θΛ�

þ ðL2c cos θl þ L2cccos2θl þ L2sssin2θlÞsin2θΛ�

þ ðL3sssin2θlcos2ϕþ L4sssin2θl sinϕ cosϕÞsin2θΛ�

þ ðL5s sin θl þ L5sc sin θl cos θlÞ sin θΛ� cos θΛ� cosϕ

þ ðL6s sin θl þ L6sc sin θl cos θlÞ sin θΛ� cos θΛ� sinϕ
i
: ð2:34Þ

The complete expressions for the series angular coefficients Li can be found in Appendix G of Ref. [32].

D. Physical observable in the four-body process

By integrating over the angles in the regions θl ∈ ½0; π�, θΛ ∈ ½0; π�, and ϕ ∈ ½0; 2π�, the relevant physical observables
are listed as follows:
(a) The differential width is

dΓ
dq2

¼
Z

1

−1
d cos θl

Z
1

−1
d cos θΛ�

Z
2π

0

dϕ
dΓ

dq2d cos θΛ�d cos θldϕ

¼ 1

3
ðL1cc þ 2L1ss þ 2L2cc þ 4L2ss þ 2L3ssÞ: ð2:35Þ

(b) The lepton-side forward-backward symmetry Al
FB is

Al
FB ¼


R
0
−1 −

R
1
0

�
d cos θl

R
1
−1 d cos θΛ�

R
2π
0 dϕ dΓ

dq2d cos θΛ�d cos θldϕR
1
−1 d cos θl

R
1
−1 d cos θΛ�

R
2π
0 dϕ dΓ

dq2d cos θΛ�d cos θldϕ

¼ 3

2

L1c þ 2L2c

L1cc þ 2L1ss þ 2L2cc þ 4L2ss þ 2L3ss
: ð2:36Þ

(c) The hadron-side forward-backward symmetry AΛ�
FB

and the lepton-hadron-side forward-backward sym-
metry AlΛ�

FB will undoubtedly disappear, since the
decay Λ� → NK̄ is a strong process [31]. This can
be tested in future experiments.

(d) The transverse and longitudinal polarization fractions
of the dilepton system are defined as [31]

FT ¼ 2ðL1cc þ 2L2ccÞ
L1cc þ 2ðL1ss þ L2cc þ 2L2ss þ L3ssÞ

; ð2:37Þ

FL¼1−
2ðL1ccþ2L2ccÞ

L1ccþ2ðL1ssþL2ccþ2L2ssþL3ssÞ
; ð2:38Þ

respectively.
(e) We also define the normalized angular observables as

hAi½q2min;q
2
max� ¼

�Z
q2max

q2min

A½q2� dΓ
dq2

dq2
���Z

q2max

q2min

dΓ
dq2

dq2
�

ð2:39Þ

with A½q2� ¼ Al
FB½q2�, FT ½q2�, or FL½q2�.

TRANSITION FORM FACTORS AND ANGULAR DISTRIBUTIONS … PHYS. REV. D 107, 093003 (2023)

093003-7



III. THE LIGHT-FRONT QUARK MODEL
FOR CALCULATING WEAK TRANSITION

FORM FACTORS

In this section, wewill calculate the form factors involved
in the three-body light-front quark model. First, the vertex
function of a baryon B with spin J and momentum P is
[42,43,62–67]

jBðP;J;JzÞi¼
Z

d3p̃1

2ð2πÞ3
d3p̃2

2ð2πÞ3
d3p̃3

2ð2πÞ32ð2πÞ
3

×
X

λ1;λ2;λ3

ΨJ;Jzðp̃i;λiÞCαβγδ3ðP̃−p̃1−p̃2−p̃3Þ

×Fq1q2q3 jq1αðp̃1;λ1Þijq2βðp̃2;λ2Þi
× jq3γðp̃3;λ3Þi; ð3:1Þ

where the Cαβγ and Fq1q2q3 are the color and flavor factors,
respectively, and λi and pi (i ¼ 1,2,3) are the helicities and
light-front momenta of the on-mass-shell quarks, respec-
tively, defined as

p̃i¼ðpþ
i ;p⃗i⊥Þ; pþ

i ¼p0
i þp3

i ; p⃗i⊥¼ðp1
i ;p

2
i Þ: ð3:2Þ

To describe the motion of the constituents, the intrinsic
variables ðxi; k⃗iÞ (i ¼ 1, 2, 3) are as follows:

pþ
i ¼ xiPþ; p⃗i⊥ ¼ xiP⃗i⊥ þ k⃗i⊥;X3

i¼1

k⃗i⊥ ¼ 0;
X3
i¼1

xi ¼ 1; ð3:3Þ

where xi represents the light-front momentum fractions
bounded by 0 < xi < 1.
The vertex function should be normalized by

hBðP0; J; J0zÞjBðP; J; JzÞi ¼ 2ð2πÞ3Pþδ3ðP̃ − P̃0ÞδJz;J0z ;
ð3:4Þ

and

Z �Y3
i¼1

dxid2k⃗i⊥
2ð2πÞ3

	
2ð2πÞ3δ

�
1 −

X
i

xi

	

× δ2
�X

i

k⃗i⊥
	
ψ�ðxi; k⃗i⊥Þψðxi; k⃗i⊥Þ ¼ 1: ð3:5Þ

As proposed by Refs. [68–70], the spin-spatial wave
functions for the Λ-type baryon with JP ¼ 1=2þ and 3=2−

are written as

Ψ1=2;Jzðp̃i; λiÞ ¼ A0ūðp1; λ1Þ½ð=PþM0Þγ5�vðp2; λ2Þ
× ūQðp3; λ3ÞuðP; JzÞψðxi; k⃗i⊥Þ; ð3:6Þ

Ψ3=2;Jzðp̃i; λiÞ ¼ B0ūðp1; λ1Þ½ð=PþM0Þγ5�vðp2; λ2Þ
× ūQðp3; λ3ÞKαuαðP; JzÞψðxi; k⃗i⊥Þ;

ð3:7Þ

respectively, where

A0 ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

16PþM3
0ðe1 þm1Þðe2 þm2Þðe3 þm3Þ

q ;

B0 ¼
ffiffiffi
3

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16PþM3

0ðe1 þm1Þðe2 þm2Þðe3 −m3Þðe3 þm3Þ2
q

are the corresponding normalized factors determined by
Eq. (3.4). The K ¼ ½ðm1 þm2Þp3 −m3ðp1 þ p2Þ�=ðm1 þ
m2 þm3Þ is the momentum of the λ mode.
In the context of the three-body light-front quark model,

the general expression for the weak transition matrix
element is written as

hΛ�ðP0; J0zÞjs̄Γμ
i bjΛbðP; JzÞi ¼

Z �
dx1d2k⃗1⊥
2ð2πÞ3

	�
dx2d2k⃗2⊥
2ð2πÞ3

	
ψbðxi; k⃗i⊥Þψ�

sðx0i; k⃗0i⊥Þ
ð16= ffiffiffi

3
p Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x3x03M

3
0M

03
0

q

×
Tr½ð=P0 −M0

0Þγ5ð=p1 þm1Þð=PþM0Þγ5ð=p2 −m2Þ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðe1 þm1Þðe2 þm2Þðe3 þm3Þðe01 þm0

1Þðe02 þm0
2Þðe03 −m0

3Þðe03 þm0
3Þ2

p
× ūαðP0; J0zÞK0αð=p0

3 þm0
3ÞΓμ

i ð=p3 þm3ÞuðP; JzÞ; ð3:8Þ

where the Γμ
i ¼ fγμ; γμγ5; iσμνqν; iσμνqνγ5g. P ¼ p1 þ p2 þ p3 and P0 ¼ p1 þ p2 þ p0

3 are the light-front momenta for
initial and final baryons, respectively, considering p1 ≡ p0

1 and p2 ≡ p0
2 in the spectator scheme. The following kinematics

of the constituent quarks as
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pð0Þþ
i ¼ xð0Þi Pð0Þþ; p⃗ð0Þ

i⊥ ¼ xð0Þi P⃗ð0Þ
i⊥ þ k⃗ð0Þi⊥;

pþ
3 − p0þ

3 ¼ qþ; p⃗3⊥ − p⃗0
3⊥ ¼ q⃗⊥;X3

i¼1

k⃗ð0Þi⊥ ¼ 0;
X3
i¼1

xð0Þi ¼ 1 ð3:9Þ

have been used to simplify the above matrix element.
In addition, the ψb and ψ s are the spatial wave

functions of Λb and Λ�, respectively. Their forms are
written as

ψðxi; k⃗iÞ ¼ Nψ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
e1e2e3

x1x2x3M0

r
ϕρ

�
m1k⃗2 −m2k⃗1
m1 þm2

	

× ϕλ

�ðm1 þm2Þk⃗3 −m3ðk⃗1 þ k⃗2Þ
m1 þm2 þm3

	
ð3:10Þ

in this paper, where k⃗i ¼ ðk⃗i⊥; kizÞ with

kiz ¼
xiM0

2
−
m2

i þ k⃗2i⊥
2xiM0

: ð3:11Þ

By the way, ϕρðλÞ is the spatial wave function of ρðλÞmode.
The factor Nψ ¼ ð4π3=2Þ2 for the ground state Λb and the
factorNψ ¼ ð4π3=2Þ2= ffiffiffi

3
p

for the P-wave state Λð1520Þ are

determined by Eq. (3.5). The additional factor =1
ffiffiffi
3

p
for the

P-wave state comes from different angular components of
the spatial wave functions described by the spherical
harmonic functions compared to the ground state.
In previous work [40–42], the spatial wave function of

the baryon is usually adopted as a SHO form with an
oscillator parameter β, which causes the β dependence of
the form factors. To avoid this uncertainty, we adopt the
numerical spatial wave function obtained by solving the
three-body Schrödinger equation with the semirelativistic
potential model. The detailed discussions are presented
in Sec. IV.
The next content discusses how to extract the form

factors in the light-front quark model. Here, we consider
the qþ ¼ 0 and q⃗⊥ ≠ 0 condition. In order to extract the
four form factors in vector current, one can multiply the
ūðP; JzÞΓV;μβ

i uβðP0; J0zÞ on both sides of Eq. (3.8) with
specific setting Γμ

i ¼ γμ and sum over the polarizations of
the initial and final states. And then the left side can be
replaced by Eq. (2.7), and the right side can be calculated
out by carrying out the traces and then the integration. The
Lorentz structures are ΓV;μβ

i ¼ fgβμ; Pβγμ; PβP0μ; PβPμg.
The complete expressions for the form factors in vector
current are obtained by solving

Tr½ðGΛ� Þβα:½form factors in Eq:ð2.7Þ�:ð=PþM0Þ:ΓV;β
ð1;2;3;4Þ;μ�

¼
Z �

dx1d2k⃗1⊥
2ð2πÞ3

	�
dx2d2k⃗2⊥
2ð2πÞ3

	
ψbðxi; k⃗i⊥Þψ�

sðx0i; k⃗0i⊥Þffiffiffiffiffiffiffiffiffi
x3x03

p A0B0
0Tr½� � ��

× Tr½ðGΛ�ÞβαK0αð=p0
3 þm0

3Þγμð=p3 þm3Þð=PþM0ÞΓV;β
ð1;2;3;4Þ;μ�; ð3:12Þ

where

A0 ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16M3

0ðe1 þm1Þðe2 þm2Þðe3 þm3Þ
q

; ð3:13Þ

B0
0¼

ffiffiffi
3

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16M03

0 ðe01þm0
1Þðe02þm0

2Þðe03−m0
3Þðe03þm0

3Þ2
q

;

ð3:14Þ

Tr½� � �� ¼ Tr½ð=P0 −M0
0Þγ5ðp1 þm1Þð=P −M0Þγ5ðp2 −m2Þ�;

ð3:15Þ

ðGΛ� Þμν ¼ −ð=P0 þM0
0Þ
�
gμν −

1

3
γμγν −

2

3M02
0

P0μP0ν

−
1

3M0
0

ðγμP0ν − γνP0μÞ
�
: ð3:16Þ

Analogously, the form factors in the axial-vector, tensor,
and pseudotensor currents can be obtained by using the
structures ūðP; JzÞΓA;μβ

i uβðP0; J0zÞ, ūðP; JzÞΓT;μβ
i uβðP0; J0zÞ,

and ūðP; JzÞΓT5;μβ
i uβðP0; J0zÞ with setting Γμ

i ¼ γμγ5, iσμνqν
and iσμνqνγ5 in Eq. (3.8), respectively. The Lorentz
structures are ΓA;μβ

i ¼ fgβμγ5; Pβγμγ5; PβP0μγ5; PβPμγ5g,
ΓT;μβ
i ¼ fgβμ; Pβγμ; PβP0μg, and ΓT5;μβ

i ¼ fgβμγ5; Pβγμγ5;
PβP0μγ5g. The complete expressions of the form factors
can be obtained by solving
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Tr½ðGΛ� Þβα:½form factors in Eq:ð2.8Þ�:ð=PþM0Þ:ΓA;β
ð1;2;3;4Þ;μ�

¼
Z �

dx1d2k⃗1⊥
2ð2πÞ3

	�
dx2d2k⃗2⊥
2ð2πÞ3

	
ψbðxi; k⃗i⊥Þψ�

sðx0i; k⃗0i⊥Þffiffiffiffiffiffiffiffiffi
x3x03

p A0B0
0

× Tr½� � ��Tr½ðGGΛ� ÞβαK0αð=p0
3 þm0

3Þγμγ5ð=p3 þm3Þð=PþM0ÞΓA;β
ð1;2;3;4Þ;μ�; ð3:17Þ

Tr½ðGΛ� Þβα:½form factors in Eq:ð2.9Þ�:ð=PþM0Þ:ΓT;β
ð1;2;3Þ;μ�

¼
Z �

dx1d2k⃗1⊥
2ð2πÞ3

	�
dx2d2k⃗2⊥
2ð2πÞ3

	
ψbðxi; k⃗i⊥Þψ�

sðx0i; k⃗0i⊥Þffiffiffiffiffiffiffiffiffi
x3x03

p A0B0
0Tr½� � ��

× Tr½ðGGΛ� ÞβαK0αð=p0
3 þm0

3Þiσμνqνð=p3 þm3Þð=PþM0ÞΓT;β
ð1;2;3Þ;μ�; ð3:18Þ

Tr½ðGΛ� Þβα:½form factors in Eq:ð2.10Þ�:ð=PþM0Þ:ΓT5;β
ð1;2;3Þ;μ�

¼
Z �

dx1d2k⃗1⊥
2ð2πÞ3

	�
dx2d2k⃗2⊥
2ð2πÞ3

	
ψbðxi; k⃗i⊥Þψ�

sðx0i; k⃗0i⊥Þffiffiffiffiffiffiffiffiffi
x3x03

p A0B0
0Tr½� � ��

× Tr½ðGGΛ� ÞβαK0αð=p0
3 þm0

3Þiσμνqνγ5ð=p3 þm3Þð=PþM0ÞΓT5;β
ð1;2;3Þ;μ�: ð3:19Þ

This approach has been used to evaluate the form factors of
triple heavybaryon transitions from3=2 → 1=2 cases [71,72].

IV. THE SEMIRELATIVISTICPOTENTIALMODEL
FOR CALCULATING BARYON WAVE FUNCTION

In this section, we will derive the wave function using the
GEM with semirelativistic potential model. In general, to
obtain the wave function and mass of a baryon, we need to
solve the three-body Schrödinger equation,

HΨJ;MJ
¼ EΨJ;MJ

; ð4:1Þ
where H is the Hamiltonian and E is the corresponding
eigenvalue. It can be solved by using the Rayleigh-Ritz
variational principle.
Unlike a meson system, a baryon in the traditional quark

model is a typical three-body system. In our calculation,
the semirelativistic potentials used in Refs. [73–75] are
applied. The Hamiltonian in question [73,74],

H ¼ K þ
X
i<j

ðSij þ Gij þ VsoðsÞ
ij þ VsoðvÞ

ij þ V ten
ij þ Vcon

ij Þ;

ð4:2Þ
includes the kinetic energy K, the spin-independent linear
confinement piece S, the Coulomb-like potential G, and the
higher-order terms containing the scalar-type spin-orbit inter-
action VsoðsÞ, the vector-type spin-orbit interaction VsoðvÞ, the
tensor potential V tens, and the spin-dependent contact poten-
tial Vcon. The concrete expressions are given as [73–75]

K ¼
X

i¼1;2;3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

i þ p2
i

q
; ð4:3Þ

Sij ¼ −
3

4

�
brij

�
e−σ

2r2ijffiffiffi
π

p
σrij

þ
�
1þ 1

2σ2r2ij

	
2ffiffiffi
π

p

×
Z

σrij

0

e−x
2

dx

�	
Fi · Fj þ

c
3
; ð4:4Þ

Gij ¼
X
k

αk
rij

�
2ffiffiffi
π

p
Z

τkrij

0

e−x
2

dx

�
Fi · Fj ð4:5Þ

for the spin-independent terms with

σ2 ¼ σ20

�
1

2
þ 1

2

�
4mimj

ðmi þmjÞ2
	

4

þ s2
�

2mimj

mi þmj

	
2
�
; ð4:6Þ

and the hFi · Fji ¼ −2=3 for thequark-quark interaction, and

VsoðsÞ
ij ¼−

rij×pi ·Si

2m2
i

1

rij

∂Sij
∂rij

þ rij×pj ·Sj

2m2
j

1

rij

∂Sij
∂rij

; ð4:7Þ

VsoðvÞ
ij ¼ rij × pi · Si

2m2
i

1

rij

∂Gij

∂rij
−
rij × pj · Sj

2m2
j

1

rij

∂Gij

∂rij

−
rij × pj · Si − rij × pi · Sj

mimj

1

rij

∂Gij

∂rij
; ð4:8Þ

V tens
ij ¼ −

1

mimj

�
ðSi · r̂ijÞðSj · r̂ijÞ −

Si · Sj

3

�

×

�
∂
2Gij

∂r2ij
−

∂Gij

rij∂rij

	
; ð4:9Þ

Vcon
ij ¼ 2Si · Sj

3mimj
∇2Gij ð4:10Þ
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for the spin-dependent terms, wheremi is the mass of the ith
constituent quark, and Si is the corresponding spin operator.
Next, a general transformation based on the center of

mass of the interacting quarks and the momentum is set up
to compensate for the loss of relativistic effect in the
nonrelativistic limit [75,76]

Gij →

�
1þ p2

EiEj

	
1=2

Gij

�
1þ p2

EiEj

	
1=2

;

Vk
ij

mimj
→

�
mimj

EiEj

	
1=2þϵk Vk

ij

mimj

�
mimj

EiEj

	
1=2þϵk

; ð4:11Þ

where Ei ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

i

p
is the energy of the ith constituent

quark, the subscript k is used to distinguish the contact,
tensor, vector spin-orbit, and scalar spin-orbit terms, and
the ϵk is used to denote the relevant modification para-
meters, which are collected in Table I.
The total wave function of the baryon is composed of

color, spin, spatial, and flavor wave functions, i.e.,

ΨJ;MJ
¼ χcolorfχspinS;MS

ψ spatial
L;ML

ðρ⃗; λ⃗Þg
J;MJ

ψ flavor; ð4:12Þ

where χcolor ¼ ðrgb − rbgþ gbr − grbþ brg − bgrÞ= ffiffiffi
6

p
is the universal color wave function for the baryon. For
the affected Λb and Λ�, their flavor wave functions are
chosen as ψ flavor ¼ ðud − duÞQ=

ffiffiffi
2

p
where Q ¼ b or s.

Also, S is the total spin and L is the total orbital angular
momentum. ψ spatial

L;ML
is the spatial wave function, which is

composed of the ρ mode and λ mode

ψpartial
L;ML

ðρ⃗; λ⃗Þ ¼ fϕlρ;mlρðρ⃗Þϕlλ;mlλðλ⃗ÞgL;ML
; ð4:13Þ

where the subscripts lρ and lλ represent the orbital angular
momentum quanta for the ρ and λ modes, respectively, and
the internal Jacobi coordinates are chosen to be

ρ⃗ ¼ r⃗2 − r⃗1;

λ⃗ ¼ r⃗3 −
m1r⃗1 þm2r⃗2
m1 þm2

: ð4:14Þ

As shown in Fig. 1, the ΛbðΛ�Þ is considered as a bound
state with the u and d quarks bound to form the ρmode and
then bounded to the b (or s) quark to form the λ mode.

In this calculation, the Gaussian basis [44–46],

ϕG
nlmðr⃗Þ¼ϕG

nlðrÞYlmðr̂Þ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2lþ2ð2νnÞlþ3=2ffiffiffi

π
p ð2lþ1Þ!!

s
lim
ε→0

1

ðνnεÞl
Xkmax

k¼1

Clm;ke−νnðr⃗−εD⃗lm;kÞ2 ;

ð4:15Þ
is used to expand the spatial wave functions ϕlρ;mlρ and
ϕlλ;mlλ (n ¼ 1; 2;…; nmax), where the freedom parameter
nmax should be chosen from positive integers, and then the
Gaussian size parameter νn can be settled as [77]

νn ¼ 1=r2n; rn ¼ rminan−1; ð4:16Þ
where

a ¼
�
rmax

rmin

	 1
nmax−1

:

In our calculation the values of ρmin and ρmax are chosen to
be 0.2 fm and 2.0 fm, respectively, and the parameter
nρmax

¼ 6. For the λ mode, we also use the same Gaussian-
sized parameters.
In this paper, we fit the single charmed and bottom baryon

spectrum to fix the phenomenological parameters in the
semirelativistic potential model. The experimentally obser-
ved masses of charmed and bottom baryons are collected in
Table II. The χ2 method, i.e., finding the minimum χ2 value,
is used for the fitting. In our fit, the χ2 value is defined as

χ2 ¼ 1

nðn − 1Þ
Xn
i

�
mExp

i −mThe
i

σi

	
2

; ð4:17Þ

wheremExp
i andmThe

i are experimental and theoretical values
of the mass of the ith baryon, respectively. The errors
σi ¼ 1 MeV1 are universal for all baryons. In this fitting, the
χ2 is given as 2.84. The fitted parameters are collected in

TABLE I. The parameters used in the semirelativistic potential
model. The quark masses are also chosen to be mu ¼ 220 MeV,
md ¼ 220 MeV, ms ¼ 419 MeV, mc ¼ 1628 MeV, and mb ¼
4977 MeV [75,76].

Parameters Values Parameters Values

b ðGeV2Þ 0.1466� 0.0007 ϵsoðsÞ 0.5000� 0.0762
c ðGeVÞ −0.3490� 0.0050 ϵsoðvÞ −0.1637� 0.0131
σ0 ðGeVÞ 1.7197� 0.0304 ϵtens −0.3790� 0.5011
s 0.5278� 0.0718 ϵcon −0.1612� 0.0015

FIG. 1. The definition of the internal Jacobi coordinates ρ⃗ and λ⃗,
where we use green spheres to represent the u and d quarks and
yellow spheres to represent the b (or s) quark.

1Checking the PDG [58], we find that the uncertainties of the
measured masses of the charmed and bottom baryons are around a
fewMeV. In order tomake the baryons act in the sameproportions in
our fitting, we choose a universe value of 1 MeVas the uncertainty.
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Table I. Meanwhile, our results for the masses of the
charmed and bottom baryons are presented in Table II.
With the above preparations, we can calculate the spatial

wave functions ofΛb and Λð1520Þ. Their masses and radial
components of spatial wave functions are shown in
Table III. It is obvious that the calculated mass of Λb is
consistent with the Particle Data Group (PDG) [58]
averaged value, while that of Λð1520Þ is about 40 MeV
higher than the PDG value.

V. NUMERICAL RESULTS

A. The weak transition form factors

With the input of the numerical wave functions ofΛb and
Λ�, and the complete expressions of the form factors

obtained by solving Eq. (3.12) and Eqs. (3.17)–(3.19),
we present our numerical results of the form factors of the
Λb → Λ� transition. Since the form factors calculated in the
light-front quark model are valid in the spacelike region
(q2 < 0), we have to extrapolate them to the timelike
region (q2 > 0).
Before we do the extrapolation, we need to talk about

some constraints on the form factors at the q2 ¼ q2max
point. To make sure that the helicity amplitudes in
Eqs. (2.22)–(2.25) have no singularities and are nonzero
values in the q2 → q2max limit, we get the constraints in this
limit as

fVt ¼ O

�
1ffiffiffiffiffi
s−

p
	
; fV0 ¼ O

�
1

s−

	
; fV⊥ ¼ O

�
1

s−

	
; fVg ¼ Oð1Þ;

fAt ¼ O

�
1

s−

	
; fA0 ¼ O

�
1ffiffiffiffiffi
s−

p
	
; fA⊥ ¼ O

�
1ffiffiffiffiffi
s−

p
	
; fAg ¼ O

�
1ffiffiffiffiffi
s−

p
	
;

fT0 ¼ O

�
1

s−

	
; fT⊥ ¼ O

�
1

s−

	
; fTg ¼ Oð1Þ;

fT50 ¼ O

�
1ffiffiffiffiffi
s−

p
	
; fT5⊥ ¼ O

�
1ffiffiffiffiffi
s−

p
	
; fT5g ¼ O

�
1ffiffiffiffiffi
s−

p
	
:0 ð5:1Þ

TABLE II. Experimentally observed masses of charmed and bottom baryons used to fit the potential model parameters, where only the
central values are given.

States JP This work (GeV) Experiment (GeV) [58] States JP This work (GeV) Experiment (GeV) [58]

Λc
1
2
þ 2.286 2.286 Λb

1
2
þ 5.621 5.619

Λcð2595Þ 1
2
− 2.595 2.595 Λbð5912Þ 1

2
− 5.896 5.912

Λcð2625Þ 3
2
− 2.627 2.625 Λbð5920Þ 3

2
− 5.909 5.919

Λcð2765Þ ?? 2.768 2.765 Λbð6070Þ 1
2
þ 6.046 6.072

Λcð2860Þ 3
2
þ 2.872 2.856 Λbð6146Þ 3

2
þ 6.133 6.146

Λcð2880Þ 5
2
þ 2.894 2.881 Λbð6152Þ 5

2
þ 6.144 6.152

Σc
1
2
þ 2.446 2.453 Σb

1
2
þ 5.809 5.811

Σcð2520Þ 3
2
þ 2.519 2.518 Σ�

b
3
2
þ 5.835 5.832

Ξc
1
2
þ 2.478 2.467 Ξb

1
2
þ 5.809 5.794

Ξcð2790Þ 1
2
− 2.787 2.792 Ξbð6100Þ 3

2
− 6.093 6.100

Ξcð2815Þ 3
2
− 2.814 2.816 Ξbð6327Þ [78] ?? 6.316 6.327

Ξcð2970Þ ?? 2.953 2.970 Ξbð6333Þ [78] ?? 6.324 6.332
Ξcð3055Þ ?? 3.059 3.055 Ξ0

bð5935Þ 1
2
þ 5.939 5.935

Ξcð3080Þ ?? 3.077 3.080 Ξbð5945Þ 3
2
þ 5.963 5.949

Ξ0
c

1
2
þ 2.583 2.577 Ωb

1
2
þ 6.043 6.046

Ξcð2645Þ 3
2
þ 2.648 2.645

Ωc
1
2
þ 2.693 2.695

Ωcð2770Þ 3
2
þ 2.755 2.765
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The form factors that show less singular behavior in the
q2 → q2max limit are also reasonable.Thiswould lead theheli-
city amplitudes to be zero in q2 ¼ q2max. The above features
have been discussed in Ref. [31]. However, the above
requirement is not strict enough, since it gives a broad limit.
This will make nonunique extrapolations of the form factors.
Since the LQCD calculation of Λb → Λð1520Þ form

factors has been done in Refs. [28,29], and their results
work well in the kinematic region near q2max, we will talk
about the characters of the form factors in the LQCD. The
LQCD calculation has been completed in Refs. [28,29].
The authors obtained finite values of the form factors of
Λb → Λð1520Þ in their definition (i.e., f0;þ;⊥;⊥0 , g0;þ;⊥;⊥0 ,
hþ;⊥;⊥0 , and h̃þ;⊥;⊥0) in the q2 ¼ q2max limit. Their definition
of the form factors can be converted to ours by [28]

fVt ¼
mΛ�

sþ
f0; fV0 ¼

mΛ�

s−
fþ; fV⊥¼mΛ�

s−
f⊥; fVg ¼f⊥0 ;

fAt ¼
mΛ�

s−
g0; fA0 ¼

mΛ�

sþ
gþ; fA⊥¼mΛ�

sþ
g⊥; fAg ¼−g⊥0 ;

fT0 ¼
mΛ�

s−
hþ; fT⊥¼mΛ�

s−
h⊥; fTg ¼ðmΛb

þmΛ� Þh⊥0 ;

fT50 ¼mΛ�

sþ
h̃þ; fT5⊥ ¼mΛ�

sþ
h̃⊥; fT5g ¼−ðmΛb

−mΛ� Þh̃⊥0 :

ð5:2Þ

This shows that in the q2 ¼ q2max limit, the LQCD results
[29] show

fVt ¼Oð1Þ; fV0 ¼O

�
1

s−

	
; fV⊥¼O

�
1

s−

	
; fVg ¼Oð1Þ;

fA0 ¼Oð1Þ; fA⊥¼Oð1Þ; fAg ¼Oð1Þ;

fT0 ¼O

�
1

s−

	
; fT⊥¼O

�
1

s−

	
; fTg ¼Oð1Þ;

fT50 ¼Oð1Þ; fT5⊥ ¼Oð1Þ; fT5g ¼Oð1Þ: ð5:3Þ

These characters fulfill the requirements. Also we have

g0ðq2Þ ¼ a
g0
1

1−q2=ðmf
poleÞ2

ðω − 1Þ [29] with ω ¼ ðm2
Λb

þm2
Λ�

−q2Þ=ð2mΛb
mΛ� Þ, where ag01 is a nonzero value.

According to Eq. (5.2), the fAt ðq2Þ ¼ mΛ�
s−

a
g0
1

1−q2=ðmf
poleÞ2

ðω − 1Þ, and this implies, in the q2 ¼ q2max limit, that
fAt ¼ Oð1Þ. This also satisfies the requirement.
In order to align with the LQCD results, we take the

following strategy for the analytical continuation:
(1) To do the extrapolations of the form factors fVt;g,

fAt;0;⊥;g, f
T
g , and fT50;⊥;g, the z-series form [34,79–81]

fðq2Þ ¼ 1

1 − q2=ðmf
poleÞ2

×

�
af0 þ af1z

fðq2Þ þ af2ðzfðq2ÞÞ2
�

ð5:4Þ

is adopted where af0 , a
f
1 , and af2 are free parameters

needed to fit in the spacelike region, and

TABLE III. The comparison of the masses of Λb and Λð1520Þ from our calculation and the PDG [58] data, and the radial components
of the spatial wave functions of the concerned Λb and Λð1520Þ from the semirelativistic potential model and GEM. The Gaussian
bases ðnρ; nλÞ listed in the fourth column are arranged as ½ð1; 1Þ; ð1; 2Þ;…; ð1; nλmax

Þ; ð2; 1Þ; ð2; 2Þ;…; ð2; nλmax
Þ;…; ðnρmax

; 1Þ;
ðnρmax

; 2Þ;…; ðnρmax
; nλmax

Þ�.
States This work (GeV) Experiment (MeV) [58] Eigenvectors

Λb 5.621� 0.005 5619.60� 0.17

½0.0068� 0.0007; 0.0442� 0.0014; 0.0732� 0.0016; 0.0032� 0.0003,
0.0011� 0.0001;−0.0004� 0.0000; 0.0270� 0.0012; 0.0204� 0.0010,
0.0273� 0.0022; 0.0067� 0.0004;−0.0027� 0.0001; 0.0007� 0.0000,
−0.0170� 0.0002; 0.2541� 0.0058; 0.2427� 0.0006; 0.0005� 0.0002,
0.0060� 0.0001;−0.0017� 0.0000;−0.0037� 0.0003;−0.0426� 0.0010,
0.4052� 0.0028; 0.0253� 0.0025;−0.0023� 0.0007; 0.0004� 0.0002,
0.0071� 0.0001;−0.0052� 0.0008; 0.0105� 0.0008; 0.1224� 0.0015,
−0.0246� 0.0001; 0.0054� 0.0000;−0.0020� 0.0000; 0.0010� 0.0003,
−0.0112� 0.0003;−0.0139� 0.0001; 0.0086� 0.0001;−0.0017� 0.0000�

Λð1520Þ 1.561� 0.007 1517.5� 0.4

½0.0000� 0.0001;−0.0096� 0.0004;−0.0488� 0.0017;−0.0576� 0.0010
−0.0011� 0.0001;−0.0004� 0.0000;−0.0049� 0.0004; 0.0041� 0.0002
−0.0295� 0.0012;−0.0279� 0.0020; 0.0011� 0.0003;−0.0006� 0.0002
−0.0010� 0.0001;−0.0510� 0.0019;−0.1771� 0.0036;−0.1890� 0.0014
−0.0036� 0.0004;−0.0008� 0.0003; 0.0003� 0.0001; 0.0222� 0.0005
−0.2146� 0.0003;−0.2766� 0.0040;−0.0001� 0.0013;−0.0036� 0.0006
−0.0025� 0.0001; 0.0028� 0.0001; 0.0135� 0.0012;−0.1653� 0.0011
−0.0174� 0.0008; 0.0019� 0.0005; 0.0010� 0.0000;−0.0020� 0.0000
0.0035� 0.0004; 0.0277� 0.0002;−0.0061� 0.0005; 0.0010� 0.0003�
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zfðq2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − q2

q
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − t0

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − q2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tfþ − t0

q ;

tf� ¼ ðmB �mKÞ2: ð5:5Þ

The parameter t0 is set to

0 ≤ t0 ¼ tþ

�
1 −

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

t−
tþ

r 	
≤ t−: ð5:6Þ

The mf
pole is collected in Table IV.

(2) For the form factors fV0;⊥ and fT0;⊥, we use the
form as

fðq2Þ¼ 1

1−q2=m2
−

�
af0þaf1z

fðq2Þþaf2ðzfðq2ÞÞ2
�
;

ð5:7Þ

where m− ¼ mΛb
−mΛ� .

To determine the parameters af0 , af1 , and af2 , we
numerically calculate 24 points for each form factor by
Eqs. (3.12)–(3.19) from q2 ¼ −q2max to q2 ¼ −0.01 GeV2

in the spacelike region, and then fit them using Eqs. (5.4)
and (5.7) with the MINUIT program. The extrapolated
parameters for the form factors of Λb → Λ� are collected
in Table V. The q2 dependence of the concerned form
factors is shown in Fig. 2.
However, as discussed earlier, the less singular behaviors

of fV0;⊥ and fT0;⊥ in the small-recoil limit are also not
forbidden. Therefore, in this work, we also use the formula
in Eq. (5.4) to perform the extrapolation of the form factors
fV0;⊥ and fT0;⊥ again. This extrapolation scheme gives
different results at the q2 ¼ q2max point for the four form
factors, but has no effect on other form factors compared
with the previous scheme. For clarification, we compare
our results of the form factors in the q2 ¼ q2max point
with the two different extrapolation schemes in Table VI.
Finally, it should be emphasized that there is no established
procedure for the extrapolation. The experimental measure-
ment of Λb → Λð1520Þlþl− by the LHCb Collaboration
can test the different extrapolation schemes.
As shown in Eqs. (2.7)–(2.10), we need eight

(axial-)vector and six (pseudo-)tensor form factors to
describe the matrix elements in question. The number can
apparently be reduced in the heavy quark limit mb → ∞.
We speak separately of two different kinematic situations,
i.e., the outgoing Λ� acts softly (the low-recoil limit) and
acts energetically (the large-recoil limit). Accordingly, two
effective theories, namely heavy quark effective theory
(HQET) and soft-collinear effective theory (SCET), are
developed to exploit the behaviors of the form factors.

TABLE IV. The pole masses of the form factors in Eq. (5.4),
where the 0−, 1−, and 1þ masses are taken from the PDG [58],
while the 0þ mass is taken from the LQCD calculation [82].

f JP mf
pole ðGeVÞ

fVt 0þ 5.711
fVg , fTg 1− 5.415
fAt 0− 5.367
fA0 , f

A⊥, fAg , fT50 , fT5⊥ , fT5g 1þ 5.828

TABLE V. The form factors of the Λb → Λ� transition in the standard light-front quark model.

Parameter Value Parameter Value Parameter Value

af
V
t

0
ð0.1041� 0.0036Þ GeV−1

af
V
t

1
ð−0.4493� 0.0375Þ GeV−1

af
V
t

2
ð0.5425� 0.0954Þ GeV−1

a
fV
0

0
ð0.0850� 0.0037Þ GeV−1

a
fV
0

1
ð−0.2465� 0.0386Þ GeV−1

a
fV
0

2
ð0.0637� 0.0984Þ GeV−1

a
fV⊥
0

ð0.1538� 0.0046Þ GeV−1
a
fV⊥
1

ð−0.7505� 0.0478Þ GeV−1
a
fV⊥
2

ð1.0292� 0.1210Þ GeV−1

a
fVg
0

0.0223� 0.0001 a
fVg
1

−0.0807� 0.0003 a
fVg
2

0.0798� 0.0031

af
A
t

0
ð0.1052� 0.0026Þ GeV−1

af
A
t

1
ð−0.5337� 0.0263Þ GeV−1

af
A
t

2
ð0.7542� 0.0665Þ GeV−1

a
fA
0

0
ð0.0878� 0.0028Þ GeV−1

a
fA
0

1
ð−0.3647� 0.0293Þ GeV−1

a
fA
0

2
ð0.4197� 0.0747Þ GeV−1

a
fA⊥
0

ð0.0804� 0.0022Þ GeV−1
a
fA⊥
1

ð−0.3619� 0.0227Þ GeV−1
a
fA⊥
2

ð0.4573� 0.0578Þ GeV−1

a
fAg
0

0.0441� 0.0023 a
fAg
1

−0.2012� 0.0240 a
fAg
2

0.2596� 0.0605

a
fT
0

0
ð−0.0178� 0.0003Þ GeV−1

a
fT
0

1
ð0.5398� 0.0037Þ GeV−1

a
fT
0

2
ð−1.4719� 0.0098Þ GeV−1

a
fT⊥
0

ð0.0565� 0.0032Þ GeV−1
a
fT⊥
1

ð−0.0233� 0.0331Þ GeV−1
a
fT⊥
2

ð−0.3596� 0.0853Þ GeV−1

a
fTg
0

ð0.0851� 0.0034Þ GeV a
fTg
1

ð−0.4603� 0.0334Þ GeV a
fTg
2

ð0.6616� 0.0805Þ GeV
a
fT5
0

0
ð0.0923� 0.0026Þ GeV−1

a
fT5
0

1
ð−0.4516� 0.0272Þ GeV−1

a
fT5
0

2
ð0.6337� 0.0687Þ GeV−1

a
fT5⊥
0

ð0.0790� 0.0020Þ GeV−1
a
fT5⊥
1

ð−0.3482� 0.0206Þ GeV−1
a
fT5⊥
2

ð0.4288� 0.0527Þ GeV−1

a
fT5g
0

ð−0.3839� 0.0276Þ GeV a
fT5g
1

ð1.6524� 0.2814Þ GeV a
fT5g
2

ð−2.1223� 0.6945Þ GeV
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FIG. 2. The q2 dependence of the form factors of the vector, axial-vector, tensor, and pseudotensor type currents of the Λb → Λ�
transition, where the red solid curves are central values, and the light red bands are the corresponding errors. The units of the form factors
are neglected here.
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In the low-recoil limit, where HQET is valid [83–86], the
weak transition matrix element can be re-expressed by two
Isgur-Wise functions as [30,32,86]

hΛ�ðp0Þjs̄ΓbjΛbðpÞi ¼ ūαΛðp0Þυα½ζ1ðωÞ þ =υζ2ðωÞ�ΓuΛb
ðpÞ:

ð5:8Þ

Here, Γ is an arbitrary Dirac structure, and ω ¼ υ · υ0 ¼
ðm2

Λb
þm2

Λ� − q2Þ=ð2mΛb
mΛ� Þ, where υ ¼ p=mΛb

and
υ0 ¼ p0=mΛ� represent the four velocities of the bottom
baryon and hyperon, respectively. The eight form factors
are derived as two independent form factors ζ1ðωÞ and
ζ2ðωÞ. In the low-recoil limit this gives q2 → q2max ≡
ðmΛb

−mΛ�Þ2 (or ω → 1). With slightly different defini-
tions of the form factors in Refs. [25,60,87], we have [31]

fVt ðq2maxÞ ≃ fA0 ðq2maxÞ ≃ fA⊥ðq2maxÞ
≃ fT50 ðq2maxÞ ≃ fT5⊥ ðq2maxÞ ≃ ½ζ1ð1Þ þ ζ2ð1Þ�=mΛb

;

fV0 ðq2maxÞ ≃ fAt ðq2maxÞ ≃ fV⊥ðq2maxÞ
≃ fT0 ðq2maxÞ ≃ fT⊥ðq2maxÞ ≃ ½ζ1ð1Þ − ζ2ð1Þ�=mΛb

;

fVg ðq2maxÞ ≃ fAg ðq2maxÞ ≃ fTg ðq2maxÞ ≃ fT5g ðq2maxÞ ≃ 0; ð5:9Þ

while in the large-recoil limit where SCET is valid, we have
[60,87,88]

hΛ�ðp0Þjs̄ΓbjΛbðpÞi ¼ ūαΛðp0Þυα½ζðωÞ�ΓuΛb
ðpÞ; ð5:10Þ

where ζðωÞ is the only remaining form factor. This gives,
in the large-recoil limit, q2 → 0 (or ω→ ðm2

Λb
þm2

Λ� Þ=
ð2mΛb

mΛ�Þ),

fVt ð0Þ ≃ fV0 ð0Þ ≃ fV⊥ð0Þ ≃ fAt ð0Þ ≃ fA0 ð0Þ ≃ fA⊥ð0Þ
≃ fT0 ð0Þ ≃ fT⊥ð0Þ ≃ fT50 ð0Þ ≃ fT5⊥ ð0Þ

≃ ζ

�
m2

Λb
þm2

Λ�

2mΛb
mΛ�

	
=mΛb

; ð5:11Þ

and four fg form factors will disappear. From Fig. 2, we can

see that apart from the fTðT5Þg ðq2Þ, which deviates from the
predictions, the remaining calculated form factors are con-
sistent with the requirements of HQET and SCET.
In addition, Bordone has completed the heavy quark

expansion (HQE) calculation of the Λb → Λ� form factors
beyond the leading order [30]. At the zero-recoil limit, the
HQE predicts the ratios of the form factors, which are
independent of the Isgur-Wise functions, as [30]

F1=2;0

F1=2;⊥
¼ F1=2;0

F3=2;⊥
¼ −2

mΛb
−mΛ�

mΛb
þmΛ�

¼ −1.15;

F1=2;⊥
F3=2;⊥

¼ 1;
T1=2;0

T1=2;⊥
¼ −2

mΛb
þmΛ�

mΛb
−mΛ�

¼ −3.48;

T1=2;0

T3=2;⊥
¼ 2mΛ�

mΛb
−mΛ�

¼ 0.74;

T1=2;⊥
T3=2;⊥

¼ −
mΛ�

mΛb
þmΛ�

¼ −0.21: ð5:12Þ

Note that the form factor base used in Ref. [30] is different
from ours. By using the conversions collected in
Appendix B of Ref. [30] and Eq. (5.2), we can get our
results of these ratios as

Fthis work
1=2;0

Fthis work
1=2;⊥

¼ fV0
fV⊥

¼ 0.521� 0.026;

Fthis work
1=2;⊥

Fthis work
3=2;⊥

¼ −
s−
mΛ�

fV⊥
fVg

¼ −33.8� 0.9;

Fthis work
1=2;0

Fthis work
3=2;⊥

¼ −
s−
mΛ�

fV0
fVg

¼ −17.6� 0.7;

T this work
1=2;0

T this work
1=2;⊥

¼ fT0
fT⊥

¼ −0.63� 0.04;

T this work
1=2;0

T this work
3=2;⊥

¼ s−
fT0
fTg

¼ −2.56� 0.09;

T this work
1=2;⊥

T this work
3=2;⊥

¼ s−
fT⊥
fTg

¼ 4.09� 0.28: ð5:13Þ

Our results are very different from those of the HQE.
In addition, we also compare our results of the form

factors with the NRQM [22] and the LQCD [29] at q2 ¼ 0

and q2 ¼ q2max endpoints in Table VI. Until now, less work
has been done on the Λb → Λð1520Þ transition, so more
theoretical work is needed to validate these form factors.

B. The branching ratio and angular observables

With the above preparations, we will present our
numerical results. The baryon and lepton masses used in
our calculation are taken from the PDG [58], as well as
τΛb

¼ 1.470 ps. We also use BΛ� ≡ BðΛ� → NK̄Þ ¼ 45%

[58]. To compare with the experimental data, we examine a
number of angular observables, including the CP-averaged
normalized angular coefficients, the differential branching
ratios, the lepton’s forward-backward asymmetry ðAl

FBÞ,
and the transverse (FT) and longitudinal (FL) polarization
fractions of the dilepton system.
First, we examine the CP-averaged normalized angular

distributions
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Si ¼
Li þ L̄i

dðΓþ Γ̄Þ=dq2 ; ð5:14Þ

where the angular distributions Li and the differential decay
width dΓ=dq2 are defined in Eqs. (2.34) and (2.35),
respectively. For the CP-conjugated mode, the correspond-
ing expression for the angular decay distribution should be
written as

d4Γ̄
dq2d cos θΛ�d cos θldϕ

¼ 3

8π

X
i

L̄iðq2Þfiðq2; θl; θΛ� ;ϕÞ;

ð5:15Þ

where L̄iðq2Þ can be obtained by doing the full conjugation
for all weak phases in Liðq2Þ. We should also do the
substitutions as

L1c;2c → −L̄1c;2c; L1cc;1ss;2cc;2ss → L̄1cc;1ss;2cc;2ss;

L3ss → L̄3ss; L4ss → −L̄4ss;

L5s → −L̄5s; L5sc → L̄5sc;

L6s → L̄6s; L6sc → −L̄6sc; ð5:16Þ

where the minus sign is a result from the operations of
θl → θl − π and ϕ → −ϕ. The differential decay width of
the conjugated mode is

FIG. 3. The q2 dependence of the normalized angular coefficients S1c, S1cc, S1ss, S2c, S2cc, S2ss, S3ss, S5s, and S5sc. Here, the red curve
and the blue curve are our results of the μ and τ channels, respectively, and the concomitant shadows are corresponding errors.
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dΓ̄
dq2

¼ 1

3
ðL̄1cc þ 2L̄1ss þ 2L̄2cc þ 4L̄2ss þ 2L̄3ssÞ: ð5:17Þ

In Fig. 3, we present our results for the q2 dependent
normalized angular coefficients. Since the e channel shows
similar behavior to the μ channel, we only present the
results of the μ and the τ channels here. These angular
distributions are important physical observables, and can be
checked by future experiments.
At the low-recoil endpoint for q2 → ðmΛb

−mΛ� Þ2,
Descotes-Genon and Novoa-Brunet predicted [31]

S1c → 0; S2cc − S1cc=4 → 3=8;

S3ss → −1=4; S5sc → −1=2

by neglecting the contribution from the photon pole. In
Fig. 4, we present the behavior of the normalized angular
coefficients S1c, S2cc − S1cc=4, S3ss, and S5sc in the low-
recoil region by assuming ml ¼ 0. It is obvious that our
result for S1c is strictly consistent with the above prediction,

while the S2cc − S1cc=4, S3ss, and S5sc show apparent
deviations.
We further evaluate the differential branching ratios using

Eq. (2.35). The q2 dependence of the differential branching
ratios is shown in Fig. 5, where the orange solid curve, the
blue dashed curve, and the purple dot-dashed curve are
our results for the e, μ, and τ channels, respectively. The
gray zones in the regions of the dilepton mass squared
8.0 < q2 < 11.0 GeV2 and 12.5 < q2 < 15.0 GeV2 show
the contributions from the charmonium resonances J=ψ and
ψð2SÞ, respectively.
Recently, the LHCb collaboration measured the “non-

resonant” contributions, which are different from the
“resonant” contribution from Λ0

b → pK−Jψð→ lþl−Þ, to
BðΛ0

b → pK−eþe−Þ and BðΛ0
b → pK−μþμ−Þ decays as

BðΛ0
b → pK−eþe−Þ ¼ ð3.1� 0.4� 0.2� 0.3þ0.4

−0.3Þ × 10−7;

BðΛ0
b → pK−μþμ−Þ ¼ ð2.65� 0.14� 0.12� 0.29þ0.38

−0.23Þ
× 10−7;

in the region of 0.1 ≤ q2 ≤ 6 GeV2=c4 and mðpK−Þ <
2600 MeV=c2 [89]. Assuming BðΛð1520Þ → pK−Þ ¼
BðΛð1520Þ → nK̄0Þ, we calculate

BðΛ0
b → Λ�ð→ pK−Þeþe−Þ0.1≤q2≤6 GeV2

¼ ð1.618� 0.108Þ × 10−7;

BðΛ0
b → Λ�ð→ pK−Þμþμ−Þ0.1≤q2≤6 GeV2

¼ ð1.610� 0.106Þ × 10−7:

This indicates that the contribution from Λð1520Þ is
significant. We find from the PDG [58] that Λð1600Þ,
Λð1670Þ, and other hyperons can also decay to the NK̄
final state. Their contributions need to be carefully studied.
Further studies with more excited Λ hyperons will make a
difference to the Λ0

b → pK−lþl− decays.
In addition, the q2 dependence of the lepton-side forward-

backward asymmetry ðAl
FBÞ, and the transverse (FT) and

FIG. 4. The behaviors of the normalized angular coefficients
S1c, S2cc − S1cc=4, S3ss, and S5sc in the low-recoil region with
ml ¼ 0.

FIG. 5. The q2 dependence of the differential branching ratios for Λb → Λ�ð→ NK̄Þlþl− [l ¼ eðleft panelÞ, μðcenter panelÞ,
τðright panelÞ], where the red, the blue, and the purple curves are our results from the e, μ, and τ channels, respectively, and the
concomitant shadows are the corresponding errors.
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longitudinal (FL) polarization fractions of the dilepton
system are presented in Figs. 6, 7, and 8, respectively,
where we also show the contributions from the charmonium
resonances J=ψ and ψð2SÞ with gray zones. The averaged
values of these angular observables for the e and μ channels
defined in Eq. (2.39) in the region of 0.1 < q2 < 6.0 GeV2

are presented in Table VII. The angular distributions provide
a rich set of physical observables to study the weak
interaction and the structure of Λð1520Þ, and are also
important to study the NP effects beyond the SM
[24,31,32,36,51], so we call for the ongoing LHCb experi-
ment to measure them.

FIG. 6. The q2 dependence of the lepton-side forward-backward asymmetry parameter ðAl
FBÞ for Λb → Λ�ð→ NK̄Þlþl−

[l ¼ eðleft panelÞ, μðcenter panelÞ, τðright panelÞ], where the red, blue, and purple curves are our results from the e, μ, and τ
channels, respectively, and the shadows are the corresponding errors.

FIG. 7. The q2 dependence of the transverse polarization fractions (FT) for Λb → Λ�ð→ NK̄Þlþl− [l ¼ eðleft panelÞ,
μðcenter panelÞ, τðright panelÞ], where the red, blue, and purple curves are our results of the e, μ, and τ channels, respectively,
and the shadows are the corresponding errors.

FIG. 8. The q2 dependence of the longitudinal polarization fractions (FL) for Λb → Λ�ð→ NK̄Þlþl− (l ¼ eðleft panelÞ,
μðcenter panelÞ, τðright panelÞ), where the red, blue, and purple curves are our results of the e, μ, and τ channels, respectively,
and the shadows are the corresponding errors.
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VI. SUMMARY

With the accumulation of experimental data in the LHCb
Collaboration, the experimental exploration of rare decays
b → slþl− (l ¼ e, μ, τ) in the baryon sector, especially
the P-wave final state Λb → Λð1520Þlþl−, will attract
more attention. Given this opportunity, in this work
we focus on the quasi-four-body decay Λb → Λð1520Þ
ð→ NK̄Þlþl−, where the angular coefficients, the differ-
ential branching ratio, and several angular observables,
including the lepton-side forward-backward asymmetry
ðAl

FBÞ, and the transverse and longitudinal polarization
fractions ðFTðLÞÞ are investigated.
To describe the weak process, we have worked in the

helicity formula, where the relevant weak transition form
factors are obtained through the three-body light-front quark
model. Our main advantage is the improved treatment of
the spatial wave functions of the involved baryons, where
a semirelativistic potential model is applied to solve the
numerical spatial wave functions of the baryons assisted
by the GEM. Thus, we emphasize that our study of the rare
decay Λb → Λð1520Þð→ NK̄Þlþl− is supported by the
baryon spectroscopy. Our results of the form factors are
comparable with the predictions of HQET and SCET, and
also with the calculations by the LQCD approach. These
form factors will be useful for the study of the corresponding
weak decays.
Overall, we have systematically investigated the Λb →

Λð1520Þð→ NK̄Þlþl− (l ¼ e, μ, τ) processes in the frame-
work of the three-body light-front quark model based on the
Gaussian expansion method. We believe that the present
work can serve as an essential step toward strong dynamics
on the beauty baryon decays. We expect that under the
considerable progress on the experimental side, the above
predictions could be tested by future LHCb experiments.
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APPENDIX A: THE DIFFERENTIAL DECAY
WIDTH

The differential decay width for the quasi-four-body
decay Λb → Λ�ð→ NK̄Þlþl− is

dΓ ¼ jMj2
2mΛb

dΦ4ðp; k1; k2; q1; q2Þ; ðA1Þ

where dΦ4 is the four-body phase space given by

dΦ4ðp; k1; k2; q1; q2Þ
¼ ð2πÞ4δ4ðp − k1 − k2 − q1 − q2Þ

×
Y2
i¼1

d3k⃗i
ð2πÞ32Eki

Y2
j¼1

d3q⃗j
ð2πÞ32Eqj

¼ dk2

2π

dq2

2π
dΦ2ðk; k1; k2ÞdΦ2ðq; q1; q2ÞdΦ2ðp; k; qÞ;

ðA2Þ
where the two-body phase spaces are written as

Z
dΦ2ðk;k1;k2Þ¼

1

32π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðk2;k21;k22Þ

p
k2

Z
1

−1
dcosθΛ�

Z
2π

0

dϕ;

Z
dΦ2ðq;q1;q2Þ¼

1

32π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðq2;q21;q22Þ

p
q2

Z
1

−1
dcosθl×ð2πÞ;

Z
dΦ2ðp;k;qÞ¼

1

32π2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðp2;k2;q2Þ

p
p2

×2×ð2πÞ: ðA3Þ

As shown in Fig. 9, three angles are defined: (i) the angle
θΛ� is defined as the angle that the nucleon makes with the
þz axis in the ðNK̄Þ center of mass system, (ii) the angle θl
is defined as the angle made by the l− with the þz axis in
the ðlþl−Þ center of mass system, and (iii) the angle ϕ
between the two decay planes, respectively.
The decay width of the concerned decay Λb → Λ�

ð→ NK̄Þlþl− is expressed as

FIG. 9. Kinematics of the four-body Λb → Λ�ð→ NK̄Þlþl−

decay,where the angles are defined in the corresponding rest frames.

TABLE VII. The predictions for the averaged lepton-side
forward-backward asymmetry hAl

FBi, the averaged transverse
polarization fraction hFTi, and the averaged longitudinal polari-
zation fraction hFLi in the region of 0.1 < q2 < 6.0 GeV2.

Channels hAl
FBi hFTi hFLi

l ¼ e −0.030� 0.012 0.208� 0.055 0.792� 0.231
l ¼ μ −0.032� 0.010 0.221� 0.057 0.779� 0.225
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Z
dΦ4

jMj2
2mΛb

¼ 2

ð32π2Þ3
Z

dk2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðk2;k21;k22Þ

p
k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðq2;q21;q22Þ

p
q2

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðp2;k2;q2Þ

p
p2

ðdq2dcosθΛ�dcosθldϕÞ
jMj2
2mΛb

: ðA4Þ

We also take into account the width of Λ� to modify its propagator, but treat it as narrow (ΓΛ� ≪ mΛ�) state.2 This gives [24]

Z
dΦ4

jMj2
2mΛb

¼
Z

dΦ4

jMj2
2mΛb

1

ðk2 −m2
Λ� Þ2 ðk

2 −m2
Λ�Þ2

!ΓΛ�≪mΛ�
Z

dΦ4

jMj2
2mΛb

ðk2 −m2
Λ� Þ2

ðk2 −m2
Λ� Þ2 þ ðmΛ�ΓΛ� Þ2

¼
Z

dΦ4

jMj2
2mΛb

ðk2 −m2
Λ� Þ2

m3
Λ�ΓΛ�

ΓΛ�=mΛ�

Γ2
Λ�

m2
Λ�
þ
�

k2

m2
Λ�
− 1

	
2

!ΓΛ�≪mΛ�
Z

dΦ4

jMj2
2mΛb

ðk2 −m2
Λ� Þ2 π

m3
Λ�ΓΛ�

δ

�
k2

m2
Λ�

− 1

	

¼
Z

dΦ4

jMj2
2mΛb

ðk2 −m2
Λ� Þ2 π

mΛ�ΓΛ�
δðk2 −m2

Λ� Þ; ðA5Þ

with the properties of the Dirac delta function,

lim
ϵ→0

ϵ

ϵ2 þ x2
¼ πδðxÞ;

δ

�
k2

m2
Λ�

− 1

	
¼ m2

Λ�δðk2 −m2
Λ� Þ; ðA6Þ

applied.
Following the above discussion, we can finally obtain

Z
dΦ4

jMj2
2mΛb

¼ 1

215π5mΛb
mΛ�ΓΛ�

Z
dq2d cos θΛd cos θldϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðk2; k21; k22Þ

p
k2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðq2; q21; q22Þ

p
q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
λðp2; k2; q2Þ

p
p2

× ðk2 −mΛ� Þ2jMj2jk2¼m2
Λ�
; ðA7Þ

where λðx; y; zÞ ¼ x2 þ y2 þ z2 − 2xy − 2xz − 2yz is the kinematic triangle Källén function.

APPENDIX B: THE KINEMATIC CONVENTIONS

In this paper, we assign the particle momenta and spin
variables for the hadrons in the Λb → Λ�ð→ NK̄Þlþl−

process according to

Λbðp; sΛb
Þ → Λ�ðk; sΛ�Þl−ðq1; slÞνlðq2; sνÞ;

Λ�ðk; sΛ� Þ → Nðk1; sNÞK̄ðk2Þ; ðB1Þ

as shown in Fig. 9. Here we have some relations like
qμ ¼ qμ1 þ qμ2, k

μ ¼ kμ1 þ kμ2, and pμ ¼ kμ þ qμ.

In the following, we will introduce some kinematic
conventions that are useful for the calculation of the
involved helicity amplitudes.

1. Some conventions in Λb rest frame

In the Λb rest frame, we have the four-momentum of Λb,
Λ� and the vector boson as

pμ ¼ ðmΛb
; 0; 0; 0Þ;

kμ ¼ ðEΛ� ; 0; 0; jp⃗Λ� jÞ;
qμ ¼ ðq0; 0; 0;−jq⃗jÞ; ðB2Þ

where

2Checking the PDG [58], we notice thatmΛð1520Þ ¼ 1519 MeV
and ΓΛð1520Þ ¼ 16 MeV, indicating that it is reasonable to take the
narrow-width approximation.
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EΛ� ¼ m2
Λb

þm2
Λ� − q2

2mΛb

; jp⃗Λ� j ¼ jq⃗j ¼
ffiffiffiffiffiffiffiffiffiffi
sþs−

p
2mΛb

;

q0 ¼
m2

Λb
−m2

Λ� þ q2

2mΛb

; s� ¼ ðmΛb
�mΛ� Þ2 − q2:

ðB3Þ

We have the following solutions for the Dirac spinor of Λb
for different sΛb

as

uΛb
ð−1=2Þ¼

0
BBBBB@

ffiffiffiffiffiffiffiffiffiffiffi
2mΛb

p
0

0

0

1
CCCCCA; uΛb

ðþ1=2Þ¼

0
BBB@

0ffiffiffiffiffiffiffiffiffiffiffi
2mΛb

p
0

0

1
CCCA;

ðB4Þ

and the solutions for the Rarita-Schwinger spinor
uΛ�;αðsΛ� Þ for different sΛ� as [31]

uΛ�

�
−
3

2

	
¼ 1

2
ffiffiffiffiffiffiffiffimΛb

p

0
BBBBB@

0 0 0 0

0
ffiffiffiffiffi
sþ

p
0 − ffiffiffiffiffi

s−
p

0 −i ffiffiffiffiffi
sþ

p
0 i

ffiffiffiffiffi
s−

p
0 0 0 0

1
CCCCCA;

uΛ�

�
−
1

2

	
¼

ffiffiffiffiffiffiffiffiffiffi
s−sþ

p

4
ffiffiffi
3

p
mΛ�m3=2

Λb

0
BBBBBB@

0 2
ffiffiffiffiffi
sþ

p
0 −2 ffiffiffiffiffi

s−
p

2mΛ�mΛbffiffiffiffi
s−

p 0
2mΛ�mΛbffiffiffiffi

sþ
p 0

−2imΛ�mΛbffiffiffiffi
s−

p 0
−2imΛ�mΛbffiffiffiffi

sþ
p 0

0
s−þsþffiffiffiffi

s−
p 0 − s−þsþffiffiffiffi

sþ
p

1
CCCCCCA
;

uΛ�

�
þ 1

2

	
¼

ffiffiffiffiffiffiffiffiffiffi
s−sþ

p

4
ffiffiffi
3

p
mΛ�m3=2

Λb

0
BBBBBBBB@

2
ffiffiffiffiffi
sþ

p
0 2

ffiffiffiffiffi
s−

p
0

0
−2mΛ�mΛbffiffiffiffi

s−
p 0

2mΛ�mΛbffiffiffiffi
sþ

p

0
−2imΛ�mΛbffiffiffiffi

s−
p 0

2imΛ�mΛbffiffiffiffi
sþ

p

s−þsþffiffiffiffi
s−

p 0
s−þsþffiffiffiffi

sþ
p 0

1
CCCCCCCCA
;

uΛ�

�
þ 3

2

	
¼ 1

2
ffiffiffiffiffiffiffiffimΛb

p

0
BBBBB@

0 0 0 0

− ffiffiffiffiffi
sþ

p
0 − ffiffiffiffiffi

s−
p

0

−i ffiffiffiffiffi
sþ

p
0 −i ffiffiffiffiffi

s−
p

0

0 0 0 0

1
CCCCCA; ðB5Þ

where the column and row notations correspond to the
spinor indices α and the vector indices, respectively. In
addition, the polarization vectors for the virtual vector
boson alone on the −z axis in the Λb rest frame are
expressed as

ϵμðtÞ ¼ 1ffiffiffiffiffi
q2

p ðq0; 0; 0;−jq⃗jÞ;

ϵμð0Þ ¼ 1ffiffiffiffiffi
q2

p ð−jq⃗j; 0; 0; q0Þ;

ϵμð�Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ; ðB6Þ

where we use t and 0 to distinguish the two λW ¼ 0 states
(0 for J ¼ 1 and t for J ¼ 0), and � to represent λW ¼ �
for J ¼ 1, respectively.

2. Some conventions in the dilepton rest frame

In the dilepton rest frame, we have the four-momentum
of the vector bosons and leptons as

qμ ¼
� ffiffiffiffiffi

q2
q

; 0; 0; 0
	
;

qμl− ¼ ðEl; jq⃗lj sin θl; 0; jq⃗lj cos θlÞ;
qμlþ ¼ ðEl;−jq⃗lj sin θl; 0;−jq⃗lj cos θlÞ; ðB7Þ
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where jq⃗lj ¼
ffiffiffiffiffi
q2

p
βl=2 and El ¼

ffiffiffiffiffi
q2

p
=2. The Dirac

spinors for l− and lþ in Dirac representation are

ul−ðq⃗l; sl−Þ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

El þml
p

χðq⃗l; sl−Þ
2sl−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El −ml

p
χðq⃗l; sl−Þ

	
;

vlþð−q⃗l; slþÞ ¼
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

El −ml
p

ξð−q⃗l; slþÞ
−2slþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
El þml

p
ξð−q⃗l; slþÞ

	
; ðB8Þ

respectively, where

χ

�
q⃗l;

1

2

	
¼ ξ

�
−q⃗l;

1

2

	
¼

�
cos θl

2

sin θl
2

	
;

χ

�
q⃗l;−

1

2

	
¼ −ξ

�
−q⃗l;−

1

2

	
¼

�− sin θl
2

cos θl
2

	
: ðB9Þ

In addition, the polarization vectors of the virtual vector
boson in the dilepton rest frame are written as

ϵ̄μðtÞ ¼ ð1; 0; 0; 0Þ;
ϵ̄μð0Þ ¼ ð0; 0; 0; 1Þ;

ϵ̄μð�Þ ¼ 1ffiffiffi
2

p ð0;∓ 1;−i; 0Þ; ðB10Þ

which satisfy the following orthogonality and completeness
relations [24,31,32]

ϵ̄�μðmÞϵ̄μðnÞ ¼ g̃mn; ðB11ÞX
m;n

ϵ̄�μðmÞϵ̄νðnÞg̃mn ¼ gμν; ðB12Þ

where m; n ∈ ft;�; 0g, g̃mn ¼ diagðþ1;−1;−1;−1Þ,
and gμν ¼ diagðþ1;−1;−1;−1Þ.

3. Some conventions in Λ� rest frame

In the Λ� rest frame, we have the following solutions
for the Rarita-Schwinger spinor uΛ�;αðsΛ� Þ with different
sΛ� as [31,32]

uΛ� ð−3=2Þ ¼ ffiffiffiffiffiffiffiffi
mΛ�

p

0
BBB@

0 0 0 0

0 1 0 0

0 −i 0 0

0 0 0 0

1
CCCA;

uΛ� ð−1=2Þ ¼
ffiffiffiffiffiffiffiffi
mΛ�

3

r 0
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−i 0 0 0

0 2 0 0

1
CCCA;
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ffiffiffiffiffiffiffiffi
mΛ�

3

r 0
BBB@
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0 −1 0 0

0 −i 0 0

2 0 0 0

1
CCCA;

uΛ� ðþ3=2Þ ¼ ffiffiffiffiffiffiffiffi
mΛ�

p

0
BBB@

0 0 0 0

−1 0 0 0

−i 0 0 0

0 0 0 0

1
CCCA; ðB13Þ

where the column and row notations correspond to the
spinor indices α and the vector indices, respectively, and
the solutions for the Dirac spinor of the nucleon for
different sN as

uNð−1=2Þ ¼
1

2mΛ�

0
BBBBBB@

− ffiffiffiffiffi
rþ

p
sin θΛ�

2
e−iϕffiffiffiffiffi

rþ
p

cos θΛ�
2ffiffiffiffiffi

r−
p

sin θΛ�
2
e−iϕ

− ffiffiffiffiffi
r−

p
cos θΛ�

2

1
CCCCCCA
;

uNðþ1=2Þ ¼ 1

2mΛ�

0
BBBBB@

ffiffiffiffiffi
rþ

p
cos θΛ�

2ffiffiffiffiffi
rþ

p
sin θΛ�

2
eiϕffiffiffiffiffi

r−
p

cos θΛ�
2ffiffiffiffiffi

r−
p

sin θΛ�
2
eiϕ

1
CCCCCA: ðB14Þ
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