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CP-odd asymmetries in the processes eþe− → τþπ−ντ, eþe− → πþτ−ν̄τ, eþe− → τþρ−ντ, eþe− →
ρþτ−ν̄τ, eþe− → τþe−ντν̄e; and eþe− → τ−eþνeν̄τ are investigated with account for longitudinal
polarization of electron (or positron) beam. These asymmetries are a manifestation of electric dipole
form factor Fτ

3 ≡ b in the γτþτ− vertex. It is shown that to measure Imb in the specified processes,
polarization is not needed, while to measure Reb it is required. The processes eþe− → πþπ−ντν̄τ,
eþe− → eþe−ντν̄τνeν̄e, eþe− → μþμ−ντν̄τνμν̄μ, eþe− → μþe−ντν̄τνμν̄e, and eþe− → μ−eþντν̄τνeν̄μ are
also discussed for the case of unpolarized electron and positron beams. In the latter cases it is possible to
measure Reb using the differential cross section over momenta of both registered particles.

DOI: 10.1103/PhysRevD.107.093001

I. INTRODUCTION

One of the ways to search for new physics is precision
measurement of the electric dipole moment dl of a charged
lepton (l ¼ e, μ, τ). The value of dl predicted by the
Standard Model (SM) is too small for experimental
measurement. Therefore, the observation of electric dipole
moment or its manifestation would directly demonstrate the
existence of new physics.
The manifestation of the lepton electric dipole moment

can be sought in the process of ll̄ pair production in eþe−

annihilation. The general form of γll̄ vertex can be
represented as

Γμ ¼ −ie
�
Fl
1ðk2Þγμ þ

σμνkν
2ml

½iFl
2ðk2Þ þ Fl

3ðk2Þγ5�

þ
�
γμ −

2kμml

k2

�
γ5Fl

4ðk2Þ
�
; ð1Þ

where ml is the lepton mass, e < 0 is the electron charge, k
is the 4-momentum of a photon, Fl

1ðk2Þ is the Dirac form
factor, Fl

2ðk2Þ is the Pauli form factor, Fl
3ðk2Þ is the electric

dipole form factor, Fl
4ðk2Þ is the anapole form factor, and

σμν ¼ i=2½γμ; γν�, γ5 ¼ −iγ0γ1γ2γ3. In the limit k2 → 0
these form factors are

Fl
1ð0Þ ¼ 1; Fl

2ð0Þ ¼ μ0l
2ml

e
;

Fl
3ð0Þ ¼ dl

2ml

e
; Fl

4ð0Þ ¼ 0; ð2Þ

where μ0l is the anomalous magnetic moment. It follows
from (1) that a violation of P- and T parities leads to the
appearance of Fl

3ðk2Þ, while Fl
4ðk2Þ is related to violation

of P parity alone. Assuming that the CPT theorem holds,
violation of T parity is equivalent to violation of CP parity.
Thus, dl occurs due to CP violations.
For all charged leptons, predictions of μ0l in SM [1–4] can

be experimentally verified [5–7]. For dl the situation is
essentially different. An estimate of dl in SM [8–11] gives
jFe

3ð0Þj < jFμ
3ð0Þj < jFτ

3ð0Þj ≈ 10−23 ≪ 1. The sensitivity
of modern experiments does not allow one to measure
Fτ
3ð0Þ with an accuracy of 10−23. Therefore, extracting a

nonzero value of Fτ
3ð0Þ from the experiment would be a

discovery of new physics. In Refs. [7,12–21] upper limits
were set to jFτ

3ðk2Þj, and in Refs. [22–24] upper limits were
set to ReFτ

3ðk2Þ and ImFτ
3ðk2Þ separately.

In our work, the processes eþe− → τþπ−ντ, eþe− →
πþτ−ν̄τ, eþe− → τþρ−ντ, eþe− → ρþτ−ν̄τ, eþe− →
τþe−ντν̄e; and eþe− → τ−eþνeν̄τ are studied for longitu-
dinally polarized electron beam. The processes eþe− →
πþπ−ντν̄τ, eþe− → eþe−ντν̄τνeν̄e, eþe− → μþμ−ντν̄τνμν̄μ,
eþe− → μþe−ντν̄τνμν̄e, and eþe− → μ−eþντν̄τνeν̄μ are dis-
cussed for unpolarized electron and positron beams. The
asymmetric with respect to CP transformation parts of the
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corresponding cross sections are obtained for eþe− invari-
ant masses

ffiffiffi
s

p
≪ mZ. To derive these results, it is sufficient

to consider γτþτ− vertex in the form

Γμ ¼ −ie
�
γμ þ σμνkν

2M
Fτ
3ðk2Þγ5

�
; ð3Þ

where M is the τ lepton mass and k2 ¼ s. Measurement of
CP odd parts of the cross sections can diminish the upper
limits of both ReFτ

3ðsÞ and ImFτ
3ðsÞ.

At present, there is an important question whether it is
necessary to provide the longitudinal polarization of
electrons at the Super-Charm-Tau factory (SCTF) [25]
(see also [26]). This collider, having high luminosity
∼1035 cm−2 s−1 and

ffiffiffi
s

p
from 3 to 5–7 GeV, will become

an intense source of τ leptons. It is important that we do
not register τþ and τ− themselves, but only the particles
into which τþ and τ− decay. If we measure the cross-
section differential over momenta of particles in τ− decay
(or τþ decay), then it is impossible to measure ReFτ

3ðsÞ
without electron (positron) beam polarization. Note that
ImFτ

3ð0Þ ¼ 0 due to the CPT theorem. If one assumes that
a typical size of new physics ΛNP ≫ M, then one should
expect that ImFτ

3ðsÞ ≪ ReFτ
3ðsÞ at s≳M2. We show that

longitudinal polarization of electron beam allows one to
measure ReFτ

3ðsÞ using the cross-section differential over
momenta of particles in τ− (or τþ) decay. Note that the
cross-section differential over momenta of all final par-
ticles, except for neutrinos and antineutrinos, allows one to
measure both ReFτ

3ðsÞ and ImFτ
3ðsÞ without electron and

positron polarizations. However, such measurements are
essentially more complicated with respect to number of
events and accuracy than for the case of polarized beams.
This is why the use of electron longitudinal polarization is
very important to study the dipole moment of τ lepton. Note
that in the experiment [24] polarization was absent, so we
expect that polarization at SCTF will permit one to improve
essentially an upper limit for ReFτ

3ðsÞ.

II. e + e− → τ + τ −

To study the effect of polarization, let us consider a
longitudinally polarized electron beam and an unpolarized
positron beam. Since

ffiffiffi
s

p
≪ mZ, we neglect the contribu-

tion of the Z boson. Then, the cross section dσ0 of the
process eþe− → τþτ− in the center-of-mass frame is

dσ0¼
βα2

4s
jϕ†

τHχτj2dΩq;

H¼σ ·eλ−
ðσ ·qÞðeλ ·qÞ
EðEþMÞ þ i

b
M
ðeλ ·qÞ;

b¼Fτ
3ðsÞ; s¼4E2; β¼q=E; eλ¼

1ffiffiffi
2

p ðexþ iλeyÞ: ð4Þ

Here, α is the fine-structure constant, E is the electron
energy, q is the momentum of the τ− lepton, the vector ez is
directed along the electron momentum, λ is the electron
helicity, and ϕτ and χτ are two-component spinors entering,
respectively, into the positive-frequency and negative-
frequency solutions of the Dirac equation for a τ lepton,

Uq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eq þM

2Eq

s � ϕτ
σ·q

EqþMϕτ

�
;

V−q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Eq þM

2Eq

s � −σ·q
EqþM χτ

χτ

�
; ð5Þ

where Eq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þM2

p
. Using the relation

eiλe
�j
λ ¼ 1

2
ðδij − ΛiΛj − iϵijkΛkÞ; Λ ¼ λez;

we obtain the cross section dσ0 summed over polarizations
of τþ,

dσ0 ¼
βα2

4s

�
1 −

q2⊥
2E2

þ ζ · Z

�
dΩq;

Z ¼ Imb
q2⊥q

MEðEþMÞ − Imb
q⊥
M

− Reb
½q⊥ × Λ�

M

þM
E
Λþ ðq · ΛÞq

EðEþMÞ ; ð6Þ

where q⊥ ¼ q − Λðq · ΛÞ, ζ is the spin of τ−, and terms
quadratic in b are omitted. It is seen that the linear in b
terms contribute only to the ζ-dependent part of the cross
section. Besides, the term with Reb is proportional to λ so
this contribution vanishes for unpolarized electron beam.
Study of various τ decay channels is a way to measure the
polarization, which in turn makes it possible to measure b.
The total cross section summed over the τ− polarization is

σ0 ¼
πβα2

3E2

�
1þ M2

2E2

�
: ð7Þ

As should be, here the term ∝ b vanishes.

III. e+ e− → τ +π − ντ , e + e− → τ −π + ν̄τ

Consider the cross section of the process eþe− → τþτ−
followed by the decay τ− → π−ντ. Taking into account the
smallness of the τ lepton width, Γτ ≈ 2.27 meV [27], we
can make the substitutions

1

q̂ −M
→

2Eq

E2 − E2
q þ iΓτM

X
μ

Uq;μŪq;μ;

4E2
q

ðE2 − E2
qÞ2 þ Γ2

τM2
→

2πEq

MΓτ
δðE − EqÞ; ð8Þ
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where E ¼ q0. After that, the cross section of the process
eþe− → τþπ−ντ can be represented as

dσð−Þπ ðkÞ ¼ Bπ
βα2ðEþMÞdΩqdk

4πsM2ωk
Rð−ÞδðE−ωk − jq− kjÞ;

Rð−Þ ¼
				ϕþ

ν

�
1þ σ · q

EþM

�
Hχτ

				2; ð9Þ

where Bπ ≈ 10.8% [27] is the branching ratio of τ → πν

decay, ωk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

π

p
and k are the pion energy and

momentum, respectively, ϕν is a two-component spinor
in the Dirac spinor UQ for neutrino, Q ¼ q − k, and
ðσ · QÞϕν ¼ −Qϕν. We also neglected the pion mass mπ

compared to M and took into account that the matrix
element of the τ → πν is proportional to ŪQUq [28].
Similar, for the cross section of the process eþe− →
τ−πþν̄τ we obtain

dσðþÞ
π ðkÞ ¼ Bπ

βα2ðEþMÞdΩqdk

4πsM2ωk
RðþÞδðE−ωk − jqþ kjÞ;

RðþÞ ¼
				ϕþ

τ H

�
1−

σ · q
EþM

�
χν

				2: ð10Þ

Then, we define the differential asymmetry dAπ as
follows:

dAπ ¼
dσð−Þπ ðkÞ − dσðþÞ

π ð−kÞ
2σ0

; ð11Þ

where σ0 is defined in (7). Integrating over the angles of
vector q and taking a sum over polarizations, we get

dAπ ¼
BπImbdωkdΩk

4πqð1þM2=2E2Þ
�
1 −

2ωk

E

þ ð3cos2θ − 1Þ
�
1 −

ωk

2E
−

3M2

8Eωk

��
: ð12Þ

Here, cos θ ¼ k · Λ=k ¼ λkz=k; the available pion
energy range is determined by the relation j2ωk − Ej ≤ q.

The asymmetry dAπ contains only the imaginary part of b,
and its measurement does not require a nonzero electron
polarization.
After integration over dΩk, we obtain

dAπ ¼
BπImbdωk

qð1þM2=2E2Þ
�
1 −

2ωk

E

�
: ð13Þ

As it should be, after integration over the pion energy, the
asymmetry vanishes. Therefore, we define the total asym-
metry Aπ as dAπ (13) integrated over ωk from ðE − qÞ=2 to
E=2 (half of the allowed energy range),

Aπ ¼
BπImb

4ð1þM2=2E2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2

E2

r
: ð14Þ

Taking in Eq. (12) the integral overωk in the region ðE − qÞ=
2 ≤ ωk ≤ ðEþ qÞ=2, we obtain the angular asymmetry,

dAπ ¼ −
3BπImbdΩk

16πð1þM2=2E2Þ ð3cos
2θ − 1Þ

×

�
M2

2Eq
ln

�
Eþ q
E − q

�
− 1

�
: ð15Þ

IV. e+ e − → τ + ρ− ντ , e+ e − → τ − ρ+ ν̄τ

To measure Reb, consider the decay of one τ lepton into

ρ meson with the momentum p, energy εp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

ρ

q
and 4-polarization vector f ¼ ðf0; f Þ, wheremρ is the mass
of ρ meson. We define the differential asymmetry dAρ as

dAρ ¼
dσð−Þρ ðp; f Þ − dσðþÞ

ρ ð−p;−f Þ
2σ0

; ð16Þ

where dσð−Þρ ðp; f Þ and dσðþÞ
ρ ð−p;−f Þ are the cross sections

of the processes eþe− → τþρ−ντ and eþe− → τ−ρþν̄τ,
respectively. Using the matrix element of decay τ → ρν
[28], we obtain as a result of straightforward calculations

dAρ ¼
3BρdεpdΩp½C1Rebþ C2Imb�

2πpM2ð1þM2=2E2Þð2þM2=m2
ρÞð1 −m2

ρ=M2Þ2 ;

C1 ¼
�
q
p
εpP2ðx0Þ − EP1ðx0Þ

�
ð½Λ × f � · pÞf0;

C2 ¼
qp
3

��
2þ εp

E

�
f20 þ

�
1 −

εp
E

�
f 2 − ðΛ · f Þ2

�
þ P1ðx0Þ

�
1

2
½p2 − ðΛ · pÞ2�ðf 2 − f20Þ þ Ef0½ðΛ · pÞðΛ · f Þ − ðp · f Þ�

þ 2q2

5E
f0½ðΛ · pÞðΛ · f Þ − 2ðp · f Þ�

�
þ q
p
P2ðx0Þ

��
εp
2E

ðf 2 − f20Þ − f20

��
ðΛ · pÞ2 − p2

3

�
þ
�
ðf · pÞ2 − p2f 2

3

�

− ðf · ΛÞ
�
ðΛ · pÞðf · pÞ − p2

3
ðf · ΛÞ

��
þ P3ðx0Þ

q2

Ep2
f0

�
ðf · pÞðΛ · pÞ2 − p2

5
½ðf · pÞ þ 2ðf · ΛÞðp · ΛÞ�

�
;

x0 ¼
2Eεp −M2 −m2

ρ

2qp
; ð17Þ
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where Bρ ≈ 25.5% [27] is the branching ratio of τ → ρν
decay and PnðxÞ are Legendre polynomials. Thus, for a
polarized electron beam and a polarized ρ meson, the
contribution of Reb does not vanish. Note that

dAρjλ¼þ1 − dAρjλ¼−1

¼ 3BρRebC1dεpdΩp

πpM2ð1þM2=2E2Þð2þM2=m2
ρÞð1 −m2

ρ=M2Þ2 :

ð18Þ

Then we perform summation over polarizations of ρ
meson, using the formula

X
pol

fμfν ¼ −gμν þ pμpν

m2
ρ
;

and obtain

X
pol

C1 ¼ 0;
X
pol

C2 ¼ C21F þ C22;

C21 ¼ −
qp
3

þ P1ðx0Þ
�
−
3

2
m2

ρ þ
7

5
Eεp −

2εp
5E

M2

�

þ q
p
P2ðx0Þ

�
3εp
2E

m2
ρ −

5

3
ε2p þ

2

3
m2

ρ

�

þ P3ðx0Þ
3εpq2

5E
;

C22 ¼
pðM2 − 2m2

ρÞ½m2
ρEþM2ðE − 2εpÞ�

6m2
ρEq

;

F ¼ 1

3m2
ρ
½3ðΛ · pÞ2 − p2�: ð19Þ

In this formula, the contribution ∝ Reb is absent even
for the case of polarized electrons. After integration over
the angles of the vector p, the term ∝ F vanishes, and the
asymmetry reads

dAρ ¼
6BρdεpC22Imb

pM2ð1þM2=2E2Þð2þM2=m2
ρÞð1 −m2

ρ=M2Þ2 :

ð20Þ

The allowed region of the energy εp is given by the relation

				2εp −
�
1þ m2

ρ

M2

�
E

				 ≤ q

�
1 −

m2
ρ

M2

�
:

After integration over εp in Eq. (20), the asymmetry
vanishes. Therefore, we define the total asymmetry Aρ

as a result of integration of Eq. (20) over εp in the region

ð1þm2
ρ=M2ÞE − ð1 −m2

ρ=M2Þq < 2εp < ð1þm2
ρ=M2ÞE:

One has

Aρ ¼
BρImb

2ð2þM2=E2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2

E2

r �
M2 − 2m2

ρ

M2 þ 2m2
ρ

�
: ð21Þ

Note that

Aρ ¼
Bρ

Bπ

�
M2 − 2m2

ρ

M2 þ 2m2
ρ

�
Aπ: ð22Þ

To determine the polarization of ρ meson, it is possible
to measure the main decay channel of ρ meson with
momentum p into two pions with momenta k1 and k2.
The corresponding asymmetry can be obtained from
Eq. (17) by the obvious substitution

dp
2εpð2πÞ3

fμfν →
f2ρππdk1 dk2ðk1 − k2Þμðk1 − k2Þν
4ω1ω2ð2πÞ6½ðs1 −m2

ρÞ2 þ Γ2
ρm2

ρ�
: ð23Þ

Here, s1¼ðk1þk2Þ2, Γρ ¼ 149.1 MeV [27] is the ρmeson
width, ω1 ¼ jk1j, ω2 ¼ jk2j, and the constant f2ρππ is

f2ρππ ¼
48πΓρ

mρð1 − 4m2
π=m2

ρÞ3=2
:

V. e+ e − → τ + e− ντν̄e, e+ e− → τ − e+ νeν̄τ
Let us consider the cross sections dσð−Þe ðkÞ and dσðþÞ

e ðkÞ
of the processes eþe− → τþe−ντν̄e and eþe− → τþτ− →
τ−eþνeν̄τ, respectively, where k is the electron (positron)
momentum. We define the asymmetry dAe as

dAe ¼
dσð−Þe ðkÞ − dσðþÞ

e ð−kÞ
2σ0

: ð24Þ

Then we use the matrix element of decay τ− → e−ντν̄e [28]
and perform the integration of cross sections over the
neutrino and antineutrino momenta. We have

dAe ¼
6BedΩqdk

ð2πÞ2M6ð1þM2=2E2Þk ½4ðkE − k · qÞ −M2�

×

�
Reb½k × q� · Λþ Imb

�
k · q⊥ −

k
E
q2⊥

��
; ð25Þ

where Be ≈ 18% [27] is the branching ratio of τ− → e−ντν̄e
decay. The allowed region of the parameters is given by
the relation

2ðkE − k · qÞ ≤ M2:
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Integrating over the angles of vector q, we find

dAe ¼
BeImbdk

πEqM6ð1þM2=2E2Þ


4q3½M2 þ 2kEðΛ · nkÞ2 − 6kE�θðk0 − kÞ

þ
�
1

2
ðΛ · nkÞ2

�
kðE − qÞ3ðEþ 3qÞ þ M6

2k2

�
3M2

8k
− E

��

−
3

2
kðE − qÞ3ðEþ 3qÞ þM2ðE − qÞ2ðEþ 2qÞ − M8

32k3

�
θðk − k0Þ

�
: ð26Þ

Here, θðxÞ is the Heaviside step function, nk ¼ k=k, k0 ¼ ðE − qÞ=2, and 0 ≤ k ≤ kmax, where kmax ¼ ðEþ qÞ=2. Thus,
the contribution of Reb vanishes. After integration over angles of vector k the asymmetry reads

dAe ¼
4BeImbk2dk

EqM6ð1þM2=2E2Þ
�
4q3

�
M2 −

16

3
kE

�
θðk0 − kÞ

þ
�
M2ðE − qÞ2ðEþ 2qÞ − 4

3
kðE − qÞ3ðEþ 3qÞ − EM6

12k2

�
θðk − k0Þ

�
: ð27Þ

The dependence of asymmetry dAe=dk on k is shown in Fig. 1 for a few values of energy E. It is seen that this dependence is
very nontrivial.
The integration of dAe=dk over k in all allowed region 0 ≤ k ≤ kmax gives zero. Therefore, it is natural to define the total

asymmetry Ae as the integral over k in the region kmax=2 ≤ k ≤ kmax. We have

Ae ¼
BeImbðEþ qÞ

192Eqð1þM2=2E2Þ
�
ð11q − 3EÞθðE − E0Þ þ

16q4ðEþ qÞ3
M6

θðE0 − EÞ
�
; ð28Þ

where E0 ¼ 3M=
ffiffiffi
8

p
. The energy dependence of Ae is shown in Fig. 3.

If one takes in Eq. (25) first the integral over k in the region 0 ≤ k ≤ M2=½2ðE − nk · qÞ� and then over dΩq, we obtain a
simple result:

dAe ¼
BeImbdΩk

16πð1þM2=2E2Þ ½3ðnk · ΛÞ
2 − 1�

�
M2

2Eq
ln

�
Eþ q
E − q

�
− 1

�
: ð29Þ

VI. e+ e− → τ + τ − → π +π − ντν̄τ
If each τ lepton decays into a pion and a neutrino (antineutrino), both the imaginary and real parts of b can be measured

even in the case of an unpolarized electron beam. It is this case that we consider in this section. We define the asymmetry as

dAππ ¼
dσππðk1; k2Þ − dσππð−k2;−k1Þ

2σ0
; ð30Þ

where dσππðk1; k2Þ is the cross section of the process eþe− → πþπ−ντν̄τ; k1 and k2 are the momenta of π− and πþ,
respectively. For dAππ we obtain

dAππ ¼
3B2

πdk1dk2
ð2πÞ3M4ð1þM2=2E2Þω2

1ω
2
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 − x2Þq2ðq2 − P2Þ

p
×



RebðΛ · ½k1 × k2�Þ

�
2ðq2 − P2ÞðN2 · ΛÞ þ

ðP · ΛÞ
E

�
M2 þ 2P2 − q2 −

Ea2
1 − x

��

þ Imb
M2

2

�ðω2 − ω1Þ
E

ðM2 þ ðN3 · ΛÞ2ðq2 − P2Þ þ ðP · ΛÞ2Þ þ ðP · ΛÞðΛ; k1 þ k2Þ
��

: ð31Þ
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Here, the following notation is introduced:

N1 ¼
n1 þ n2
2ð1þ xÞ ; N2 ¼

n1 − n2
2ð1 − xÞ ; N3 ¼

½n2 × n1�ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p ;

P ¼ a1N1 þ a2N2; a1 ¼
M2ðω1 − ω2Þ

2ω1ω2

;

a2 ¼ 2E −
M2ðω1 þ ω2Þ

2ω1ω2

;

x ¼ ðn1 · n2Þ; n1 ¼
k1
ω1

; n2 ¼
k2
ω2

: ð32Þ

Note that the coefficient in front of Imb changes its sign at
the replacement n1 ↔ n2, ω1 ↔ ω2, while the coefficient
in front of Reb does not change its sign.
It is also interesting to consider the asymmetry that

remains after the integration over the angles of vectors k1
and k2. The corresponding result reads

dAππ ¼
2B2

πImbðω2 − ω1Þdω1dω2

Eq2ð1þM2=2E2Þ : ð33Þ

Here, only the imaginary part of b contributes. Integrating
over ω2 in the region j2ω2 − Ej < q, we obtain the result

dAππ ¼
B2
πImbð1 − 2ω1=EÞdω1

qð1þM2=2E2Þ ; ð34Þ

which is consistent with (13). Integrating (34) over ω2 in
the range ðE − qÞ=2 < ω2 < E=2, we get

Aππ ¼
B2
πImb

4ð1þM2=2E2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

M2

E2

r
: ð35Þ

Naturally, Aππ ¼ BπAπ .
From our point of view, the most convenient for

measurement is the asymmetry integrated over the energies
of emitted pions. We find for this quantity
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FIG. 2. Dependence of functions G1 (left) and G2 (right) on x ¼ n1 · n2; see (37) for E ¼ 1.5M (solid curve), E ¼ 2M (dotted curve),
and E ¼ 2.5M (dashed curve).
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function of k=kmax for a few values of E, kmax ¼ ðEþ qÞ=2.
Solid curve: E ¼ 1.5M, dotted curve: E ¼ 2M, dashed curve:
E ¼ 2.5M.

1 2 3 4 5
0.000

0.005

0.010

0.015

0.020

0.025

0.030

E/M

A
/Im

b

FIG. 3. Total asymmetry A in units of Imb as a function of
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dAππ ¼
q2B2

πdΩ1dΩ2

ð32πÞ2M4ð1þM2=2E2Þa2ð1þ aÞ4 fG
ð1Þ
ππ ½ðΛ · n1Þ2 − ðΛ · n2Þ2�ImbþGð2Þ

ππ ½ðΛ · n1Þ− ðΛ · n2Þ�ð½n1 × n2� ·ΛÞRebg;

Gð1Þ
ππ ¼ 3ð1þ aÞ

�
½að4a2 þ 16a− 3ÞE2 − ðaþ 1Þð4a2 þ 4aþ 3Þq2�

þ 3 lnð ffiffiffi
a

p þ ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1þ aÞp ½að6aþ 1ÞE2 þ ðaþ 1Þð2aþ 1Þq2�

�
;

Gð2Þ
ππ ¼ −

3

4

�
½að8a2 − 94aþ 3ÞE2 þ ðaþ 1Þð8a2 − 10a− 3Þq2�

þ 3 lnð ffiffiffi
a

p þ ffiffiffiffiffiffiffiffiffiffiffi
1þ a

p Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
að1þ aÞp ½að24a2 − 12a− 1ÞE2 þ ðaþ 1Þð8a2 þ 4aþ 1Þq2�

�
;

a ¼ q2

2M2
½1þ ðn1 · n2Þ�: ð36Þ

It is seen that the coefficient in front of Imb changes its sign
at the replacement n1 ↔ n2, in contrast to the coefficient in
front of Reb. This circumstance makes it easier to separate
the contributions of Im b and Re b to the asymmetry. The
dependence of the functions,

G1 ¼
2q2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
Gð1Þ

ππ

64M4ð1þM2=2E2Þa2ð1þ aÞ4 ;

G2 ¼
q2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1 − xÞð1 − x2Þ

p
Gð2Þ

ππ

64M4ð1þM2=2E2Þa2ð1þ aÞ4 ; ð37Þ

on x ¼ n1 · n2 is shown in Fig. 2 for a few values of the
energy E.

VII. e+ e− → τ + τ − → e+ e − ντν̄τνeν̄e
Similar to the asymmetry dAππ, it is possible to measure

the asymmetry dAee in the cross section dσee of the process
eþe− → τþτ− → eþe−ντν̄τνeν̄e,

dAee ¼
dσeeðk1; k2Þ − dσeeð−k2;−k1Þ

2σ0
; ð38Þ

where k1 and k2 are the momenta of electron and positron,
respectively. Again, both Reb and Imb can be extracted
from this asymmetry without using of initial electron
polarization. The most convenient from the experimental
point of view is the asymmetry in the angular distribution.
The straightforward calculations give

dAee ¼
q2B2

edΩ1dΩ2

ð32πÞ2M4ð1þM2=2E2Þa2ð1þ aÞ4 fG
ð1Þ
ee ½ðΛ · n1Þ2 − ðΛ · n2Þ2�ImbþGð2Þ

ee ½ðΛ · n1Þ− ðΛ · n2Þ�ð½n1 × n2� ·ΛÞRebg;

Gð1Þ
ee ¼ −

1

3
Gð1Þ

ππ ; Gð2Þ
ee ¼ 1

9
Gð2Þ

ππ : ð39Þ

Here, Gð1Þ
ππ and Gð2Þ

ππ are given in Eq. (36), n1 ¼ k1=k1 and n2 ¼ k2=k2.
Neglecting the muon mass compared to M, we obtain the same result (39) for asymmetry in the cross section of the

processes eþe− → μþμ−ντν̄τνμν̄μ, eþe− → μþe−ντν̄τνμν̄e, and eþe− → μ−eþντν̄τνeν̄μ.

VIII. DISCUSSION OF THE RESULTS

In our work we have obtained the asymmetries which contain both Reb and Imb. Asymmetries (11), (16), (24), (30),
and (38) are the odd quantities with respect to CP transformations. Indeed, as a result of this transformation

dσð−Þπ ðkÞ → dσðþÞ
π ð−kÞ; dσðþÞ

π ð−kÞ → dσð−Þπ ðkÞ;
dσð−Þρ ðp; f Þ → dσðþÞ

ρ ð−p;−f Þ; dσðþÞ
ρ ð−p;−f Þ → dσð−Þρ ðp; f Þ;

dσð−Þe ðkÞ → dσðþÞ
e ð−kÞ; dσðþÞ

e ð−kÞ → dσð−Þe ðkÞ;
dσππðk1; k2Þ → dσππð−k2;−k1Þ; dσππð−k2;−k1Þ → dσππðk1; k2Þ;
dσeeðk1; k2Þ → dσeeð−k2;−k1Þ; dσeeð−k2;−k1Þ → dσeeðk1; k2Þ:
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The term ∝ γμ in (3) is CP-even while the term ∝ b is CP-
odd. Therefore, asymmetries appear due to interference
between CP-odd and CP-even terms and are linear in b.
The energy dependence of total asymmetries is shown in
Fig. 3. The solid curve corresponds to Aπ , the dotted curve
to Aρ, the dashed-dotted curve to Ae, and the dashed curve
to Aππ . The curves corresponding to Aπ , Aρ, and Aππ have
the same energy dependence and differ only in scale.
Indeed, it follows from Eqs. (14), (21), and (35) that

Aρ ¼ 1.06Aπ; Aππ ¼ 0.108Aπ:

Though the formulas for Ae and Aπ are completely differ-
ent, the corresponding curves have similar shapes.

IX. CONCLUSION

In conclusion, we have considered the processes eþe− →
τþπ−ντ, eþe−→πþτ−ν̄τ, eþe−→ τþρ−ντ, eþe− → ρþτ−ν̄τ,

eþe− → τþe−ντν̄e; and eþe− → τ−eþνeν̄τ with longitudi-
nally polarized electrons, as well as the processes
eþe− → πþπ−ντν̄τ, eþe− → eþe−ντν̄τνeν̄e, eþe− →
μþμ−ντν̄τνμν̄μ, eþe− → μþe−ντν̄τνμν̄e, and eþe− →
μ−eþντν̄τνeν̄μ with unpolarized electrons for the invariant
masses

ffiffiffi
s

p
≪ mZ of the initial electron and positron.

We have calculated analytically the CP-odd asymmetries
∝ Reb and ∝ Imb. Measuring these quantities can improve
the upper limits for Reb and Imb. It is shown that to
measure Imb, polarization is not needed, and to measure
Reb, the polarization is not necessary, but simplifies
measurements.
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