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Manifestation of the electric dipole moment in the decays
of 7 leptons produced in e* e~ annihilation
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CP-odd asymmetries in the processes ete™ — 7

TV, eteT > T, eteT > ttpTy, eteT —

ptt, ete” - 1tTe v, b, and eTe” — 1t ety b, are investigated with account for longitudinal
polarization of electron (or positron) beam. These asymmetries are a manifestation of electric dipole
form factor F§ = b in the yz"z~ vertex. It is shown that to measure Imb in the specified processes,
polarization is not needed, while to measure Reb it is required. The processes e"e™ — ztn v.Iy,
ete” = ete v w0, ete” - ptp v ow,p,, ete” - pte v b, and ete” - pmetv, b, b, are
also discussed for the case of unpolarized electron and positron beams. In the latter cases it is possible to
measure Reb using the differential cross section over momenta of both registered particles.

DOI: 10.1103/PhysRevD.107.093001

I. INTRODUCTION

One of the ways to search for new physics is precision
measurement of the electric dipole moment d; of a charged
lepton (I =e, pu, 7). The value of d;, predicted by the
Standard Model (SM) is too small for experimental
measurement. Therefore, the observation of electric dipole
moment or its manifestation would directly demonstrate the
existence of new physics.

The manifestation of the lepton electric dipole moment
can be sought in the process of /I pair production in e* e~
annihilation. The general form of yll vertex can be
represented as

Ty
= ie P+ G P + P
m

+ (- 2k£;’1’)ysFil<k2>}, (1

where m; is the lepton mass, e < 0 is the electron charge, k
is the 4-momentum of a photon, F (k?) is the Dirac form
factor, F',(k*) is the Pauli form factor, F}(k?) is the electric
dipole form factor, F,(k?) is the anapole form factor, and
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o =i/2[/", "], vs = —iy’y'y*y . In the limit k* - 0

these form factors are
, 2m 1

F50) = wi =~

Fi(0) =0, (2)

Fi(0) = 1,

2m
F(0) = d, 711
where 4 is the anomalous magnetic moment. It follows
from (1) that a violation of P- and T parities leads to the
appearance of F’(k?), while F}(k?) is related to violation
of P parity alone. Assuming that the CPT theorem holds,
violation of T parity is equivalent to violation of CP parity.
Thus, d; occurs due to CP violations.

For all charged leptons, predictions of 4} in SM [1-4] can
be experimentally verified [5—7]. For d; the situation is
essentially different. An estimate of d; in SM [8—11] gives
|F5(0)| < [F5(0)| < |F5(0)| ~ 107 < 1. The sensitivity
of modern experiments does not allow one to measure
F%(0) with an accuracy of 10733, Therefore, extracting a
nonzero value of F%(0) from the experiment would be a
discovery of new physics. In Refs. [7,12-21] upper limits
were set to |F%(k?)], and in Refs. [22-24] upper limits were
set to ReF%(k?) and ImF3(k*) separately.

In our work, the processes ete™ = ttn7 v, ete” —
ztto, ete —>tTpu, eteT -ptrD, ete —
tte v,b,, and eTe” — t7et v, D, are studied for longitu-
dinally polarized electron beam. The processes ete™ —
mta v, ete” = eteT v, b, ete” = utuTv b,
ete” = pte v b, andete” = petv, b, 0, are dis-
cussed for unpolarized electron and positron beams. The
asymmetric with respect to CP transformation parts of the
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corresponding cross sections are obtained for e™e™ invari-
ant masses /s < m. To derive these results, it is sufficient
to consider yz77z~ vertex in the form

I = —ie |y + 2 Fy () (3)
oM 3 ’

where M is the 7 lepton mass and k*> = s. Measurement of
CP odd parts of the cross sections can diminish the upper
limits of both ReF%(s) and ImFj5(s).

At present, there is an important question whether it is
necessary to provide the longitudinal polarization of
electrons at the Super-Charm-Tau factory (SCTF) [25]
(see also [26]). This collider, having high luminosity
~10* cm™?s7! and /s from 3 to 57 GeV, will become
an intense source of 7 leptons. It is important that we do
not register z+ and 7t~ themselves, but only the particles
into which " and 7z~ decay. If we measure the cross-
section differential over momenta of particles in 7~ decay
(or 7¥ decay), then it is impossible to measure ReFj5(s)
without electron (positron) beam polarization. Note that
ImF%(0) = 0 due to the CPT theorem. If one assumes that
a typical size of new physics Ayp > M, then one should
expect that ImF?(s) < ReF%(s) at s 2 M?. We show that
longitudinal polarization of electron beam allows one to
measure ReF%(s) using the cross-section differential over
momenta of particles in 7= (or ") decay. Note that the
cross-section differential over momenta of all final par-
ticles, except for neutrinos and antineutrinos, allows one to
measure both ReF5(s) and ImF%(s) without electron and
positron polarizations. However, such measurements are
essentially more complicated with respect to number of
events and accuracy than for the case of polarized beams.
This is why the use of electron longitudinal polarization is
very important to study the dipole moment of z lepton. Note
that in the experiment [24] polarization was absent, so we
expect that polarization at SCTF will permit one to improve
essentially an upper limit for ReF5(s).

II.ete” - ttz~

To study the effect of polarization, let us consider a
longitudinally polarized electron beam and an unpolarized
positron beam. Since /s < mz, we neglect the contribu-
tion of the Z boson. Then, the cross section do of the
process ee™ — 7777 in the center-of-mass frame is

>
o .
doy Z'i—s|¢IHZT|2qu,

(6-q)(e;q)

H=c-¢,—
C TR (E Y M)

b
+1M(91'Q)7

b=Fi(s), s=4E?, B=q/E, e,= (e, +idey). (4)

1
V2

Here, a is the fine-structure constant, E is the electron
energy, q is the momentum of the 7~ lepton, the vector e, is
directed along the electron momentum, 4 is the electron
helicity, and ¢, and y, are two-component spinors entering,
respectively, into the positive-frequency and negative-
frequency solutions of the Dirac equation for a z lepton,

E,+M ( b: )
Uy=\—77— 6q s
q 2Eq E,+M ¢1
1%4 — Eq +M E;‘i;lw)(f (5)
- 2E, P ’

where E, = \/¢* + M?. Using the relation

ele) = 3 (8 — NN — ielTkAK), A =le,,
we obtain the cross section do summed over polarizations

of 77,

pa’ 7
dGOZK l—ﬁ‘*’é‘z qu,
2 A
7 tmp— M9 4 o, 4 xA]
ME(E + M) M M
M A
My laM (6)

E~ "E[E+M)

where ¢, = q — A(q-A), & is the spin of 77, and terms
quadratic in b are omitted. It is seen that the linear in b
terms contribute only to the {-dependent part of the cross
section. Besides, the term with Reb is proportional to 4 so
this contribution vanishes for unpolarized electron beam.
Study of various z decay channels is a way to measure the
polarization, which in turn makes it possible to measure b.
The total cross section summed over the 7~ polarization is

apo? M?
=——|14+—. 7

70 =32 ( + 2E2> ™
As should be, here the term o« b vanishes.

Il e*te” - t*a v, ete” 77 a*y,

Consider the cross section of the process ete™ — 717~
followed by the decay 7~ — 7~ v,. Taking into account the
smallness of the 7 lepton width, I'; % 2.27 meV [27], we
can make the substitutions

1 2E, ]
UpuUgo
Q—M_’EZ—E§+1'F,MZ”: au 0

4EZ 27E,
2 12\2 V7R
(E—E22+T2M% M,

6(E-E,), (8)
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where £ = ¢°. After that, the cross section of the process
ete™ -tz v, can be represented as

_ Ba? (E + M)dSy, dk
o’ (k) _p e (E+ 2) 17" ROS(E — wy — ),
4rsM*”w;,
2
o 142 e ©

where B, ~ 10.8% [27] is the branching ratio of 7 — zv
decay, w; = \/k*+ m2 and k are the pion energy and
momentum, respectively, ¢, is a two-component spinor
in the Dirac spinor Uy, for neutrino, Q = ¢ —k, and
(6-Q)p, = —Q¢,. We also neglected the pion mass m,
compared to M and took into account that the matrix
element of the 7 — zv is proportional to UQ [28].
Similar, for the cross section of the process e*e -
7~ tD, we obtain

pa*(E + M)dQ,dk
dnsM?wy

c-q
=|p7H|1 - — 2
¢ [ E+M])‘”

doy” (k) = B, RUS(E - wy — |q +k]),

2
(10)

Then, we define the differential asymmetry dA, as
follows:

- daﬁ,ﬂ(—k)
2(70

oy (k)

dA, = , (11)

where o is defined in (7). Integrating over the angles of
vector ¢ and taking a sum over polarizations, we get
B B,,Imbda)dek 1 260k
T drq(l + M?/2E?) E

3M?
20-1)(1 -2k 12
+ (3cos*0 )( 2E 8Ew, (12)

Here, cos@ =k-A/k= Ak, /k; the available pion
energy range is determined by the relation [2w; — E| < q.|
3B, de ,dQ,[CiReb + C,Imb)]
dA, = 2 2 /172 27,2 2722
2zpM>*(1 + M?/2E*)(2 + M*/m3)(1 — m;/M?)

=4 Xy) — X xf]-
¢ - [p Pa(xo) EP1<0>]<[A £1-p)fo.

czz’g’Kerz’)ngr <1—2f>f2—(A~f)2} + P

The asymmetry dA, contains only the imaginary part of b,
and its measurement does not require a nonzero electron
polarization.

After integration over d€2;, we obtain

B,,Imbda)k < 2(0k>

dA = _—
" q(1 + M?)2E?) E

(13)
As it should be, after integration over the pion energy, the
asymmetry vanishes. Therefore, we define the total asym-
metry A, as dA, (13) integrated over w; from (E — q)/2 to
E/2 (half of the allowed energy range),

B,Imb M>

A =—% (1 -—. 14
T 4(1 + M?/2E?) E? (14)

Taking in Eq. (12) the integral over @y, in the region (E — g)/

2 < wy < (E+ q)/2, we obtain the angular asymmetry,
3B, ImbdQy,
dA. = — r 3cos?6 — 1
= 161 1+ 0220 OO0
M? E
M (29) g (15)
2Eq E—q

IV.ete™ - t*p v ,ete” -1 p*i,

To measure Reb, consider the decay of one 7 lepton into

VP my
and 4-polarization vector f = (f.f), where m,, is the mass
of p meson. We define the differential asymmetry dA, as

de (Pf)

p meson with the momentum p, energy ¢, =

do—/’ (_p’_.f)7 (16)

dA
200

/)

where do';(,_)(p, f) and do,(,+)(—p, —f') are the cross sections
of the processes ete™ = tTp7v, and ete” - tptr,,
respectively. Using the matrix element of decay 7 — pv
[28], we obtain as a result of straightforward calculations

(50 310 = (A-BP1 = 13) + ER(A-P)AF) = (1)

+2if0[(A-p)(A-f) 2(p f)}}+ P2(x0){<§2(fz—f%)—f(2))[(A-P) pz] [(f p)P- 2f2]

2

2
~ 8|02 =L )| s o 0 =L+ 2 )AL

2 2
2Eep - M —m;

o= 2qp

5
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where B, ~25.5% [27] is the branching ratio of 7 — pv
decay and P,(x) are Legendre polynomials. Thus, for a
polarized electron beam and a polarized p meson, the
contribution of Reb does not vanish. Note that

dAplA:H - dAp'A:—l
B 3B,RebCyde,dQ,
 apMP(1+ MP2E7) (2 + M2 m2) (1 — /M)
(18)

Then we perform summation over polarizations of p
meson, using the formula

YT
S =g+ B
pol my,
and obtain
Y Ci=0. D> C=CyF+Cy,
pol pol
qp 3 7 2e
Cy = -3 Pi(xo) (‘2’”2 +§E8p _SEPM2>
q 3¢ 5 2
3e,q°
+ P3('x0) SpEv ’
c p(M?* = 2m3)[m3E + M*(E — 2¢,)]
2= ;
6m’Eq
1
F=_—[3(Ap)?-p (19)
3m§

In this formula, the contribution « Reb is absent even
for the case of polarized electrons. After integration over
the angles of the vector p, the term « F vanishes, and the
asymmetry reads

. 6de8p C221mb
7 pMA(1+ M?/2E) (2 + M? /m2) (1 — m2/M?)?
(20)

dA

The allowed region of the energy ¢, is given by the relation

le m2
P P
2¢, — (1 +—2>E < q<1 ——2).

After integration over ¢, in Eq. (20), the asymmetry
vanishes. Therefore, we define the total asymmetry A,
as a result of integration of Eq. (20) over ¢, in the region

(1+m3/M*)E - (1 —m2/M?*)q < 2¢, < (1 + m’/M?)E.

One has
B Imb M? [ M? = 2m>
A=\ 1= (s ) 1)
202+ M*/E?) E>\M? +2m}
Note that
B, [/ M?*—2m?
A, =—L(Z s (22)
B, \M~* +2mj

To determine the polarization of p meson, it is possible
to measure the main decay channel of p meson with
momentum p into two pions with momenta k; and k.
The corresponding asymmetry can be obtained from
Eq. (17) by the obvious substitution

[rndhy dley(ky — ko) (ky — ky )
4w, (27)%(s) — m%)2 + Ff,mlz,] ’

_dp

2e,2ap T

(23)

Here, s, = (k; +k,), I, = 149.1 MeV [27] is the p meson

width, @; = |k|, w, = |k,|, and the constant f2,, is

, 48T,

prm m/,(l _ 4m72[/m[2))3/2 :

V.ete™ »tte vy, ete” »>17e*v, v,

Let us consider the cross sections do.’ (k) and ot (k)
of the processes ete™ — tTe 1,0, and ete™ - 7777 —
t~etv,b,, respectively, where k is the electron (positron)
momentum. We define the asymmetry dA, as

dol) (k) — dolP) (<k)
o 200

dA, : (24)

Then we use the matrix element of decay t~ — e~ v, 7, [28]
and perform the integration of cross sections over the
neutrino and antineutrino momenta. We have

6B,dQ,dk
(27)*M°(1 + M?/2E*)k

k
x |Reblk x q] -A+Imb<k-qL ——qi)], (25)

dA, =

[4(kE —k - q) — M?]

E

where B, ~ 18% [27] is the branching ratio of = — ¢~ v,7,
decay. The allowed region of the parameters is given by
the relation

2(kE-k-q) < M.
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Integrating over the angles of vector ¢, we find

B B, Imbdk
¢ zEqM®(1 + M?*/2E?)

N {%(A.nk)z{k(E— q9)*(E +3q) +2%,; <38—A//£2_E>}

dA <4q3 [M? + 2kE(A - ny)* — 6kE)0(ky — k)

8
= K(E = qP(E +39) + M2(E ~ gP(E + 29) —%}G(k - k0)>. (26)

Here, 6(x) is the Heaviside step function, ny, = k/k, kg = (E — q)/2, and 0 < k < kyay, Where kp.x = (E + ¢)/2. Thus,
the contribution of Reb vanishes. After integration over angles of vector k the asymmetry reads

4B,Imbk>dk 16
dA, = ——2 <0 Jagd (M2 = Z2kE ) 0(ko — k)
EqM®(1 + M?)2E?) 3

6
+[(E = aP(E +20) - S - 0+ 30) - o] ok~ k) . )

The dependence of asymmetry dA,/dk on k is shown in Fig. 1 for a few values of energy E. It is seen that this dependence is
very nontrivial.

The integration of dA,/dk over k in all allowed region 0 < k < k.« gives zero. Therefore, it is natural to define the total
asymmetry A, as the integral over k in the region k.. /2 < k < kyax. We have

B,Imb(E + q)

_ 16¢*(E + g)°
¢ 192Eq(1 + M?)2E?

M6

] {(llq —-3E)0(E - Ey) + 0(Ey — E)] , (28)

where E, = 3M/+/8. The energy dependence of A, is shown in Fig. 3.
If one takes in Eq. (25) first the integral over k in the region 0 < k < M?/[2(E — ny - ¢)] and then over d€,, we obtain a
simple result:

B,Imbd<y, M*> (E+q
dA, = —¢ 3(my - A)? — 1] |——1 —1]. 29
¢ 1671(1+M2/2E2)[ mic- A) ]{2&1 n<E—Q> ] 2

Vi e*te™ -1t~ > a*n vy,

If each 7 lepton decays into a pion and a neutrino (antineutrino), both the imaginary and real parts of b can be measured
even in the case of an unpolarized electron beam. It is this case that we consider in this section. We define the asymmetry as

ddzm(kl ’k2) B da;m(_kQ’ _kl)

dA,, =
nr 260

, (30)

where do,,(k,,k,) is the cross section of the process e*e™ — ztz7v,0,; k; and k, are the momenta of z~ and #™,
respectively. For dA,, we obtain

JA. — 3B2dk, dk,
e M1+ M2 2B w0t/ (1= 5P (g — P?)
x <Reb(A ki x o)) {2@2 P-4y + TN <M2 fop g lEfzx)]
+ Imijzl2 {WEQ)I) (M2 + (N3 .A)z(qz - PZ) + (P'A)z) + (P-A)(A,kl —I-kz)] > (31)

093001-5
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FIG. 1. Asymmetry dA,/dk in units of S = B, Imb/M as a
function of k/kp,, for a few values of E, ky.. = (E+ q)/2.
Solid curve: E = 1.5M, dotted curve: E = 2M, dashed curve:
E=25M.

Here, the following notation is introduced:

_mtn _mmm o X
"T2(1+x)° 2T 2(1—-x) T Vo

M?(w; —
P=a1N1—|-a2N2, Cllzw,

2(01(02
gy =25 @1+ @)

20)16()2
k, k,

= (n, -n,), i -2, 32
X ("1 n;) ny o, n, @, ( )

Note that the coefficient in front of Imb changes its sign at
the replacement n; <> n,, w; <> @,, while the coefficient
in front of Reb does not change its sign.

It is also interesting to consider the asymmetry that
remains after the integration over the angles of vectors k;
and k,. The corresponding result reads

150
1\
1 A}
n 1
b \
10p \
A
6 ‘\
N AY
- . A
5k N
[ .
S
o n n -=
-1.0 -0.5 0.0 0.5 1.0

X

0.030

0.025

0.020 |

0.015¢

A/lmb

0.010¢

0.005f*

0.000
1

FIG. 3. Total asymmetry A in units of Imb as a function of
energy E. Solid curve: A, dotted curve: A, dashed-dotted curve:
A,, dashed curve: A,,.

A — 2B2Imb(w, — o, )dw,dw,
o Eq*(1 + M?/2E?)

(33)

Here, only the imaginary part of b contributes. Integrating
over @, in the region |2w, — E| < ¢, we obtain the result

A — B2Imb(1 — 2w, /E)dw,
i q(1+M?/2E*)

(34)

which is consistent with (13). Integrating (34) over w, in
the range (E — ¢q)/2 < w, < E/2, we get

B2Imb M?
A =—" — [l -—- 35
41 + M?/2E?) E? (35)

Naturally, A,, = B,A,.

From our point of view, the most convenient for
measurement is the asymmetry integrated over the energies
of emitted pions. We find for this quantity

0.5 1.0

FIG. 2. Dependence of functions G, (left) and G, (right) on x = n, - n,; see (37) for E = 1.5M (solid curve), E = 2M (dotted curve),

and E = 2.5M (dashed curve).
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¢*B2dQ,dQ,

dA””:(32ﬂ)2M4( + M2)2E?)d*(1 + a)

AGH[(A 1> = (A ny)?Jmb + G (A 1)) — (A my)]([n) x n] - A)Reb},

G =31+ a){[a(4a2 + 16a —3)E2 — (a4 1)(4a + 4a + 3)¢?)

31 V1
+ n(va+ +a)[a(6a+1)E2+(a+1)(2a+1)q2}},
a(l+a)
3
G = -7 { [a(8a* —94a +3)E? + (a+ 1)(8a® — 10a — 3)¢?]
1 V1
L 3WVAEVIFEA) 042 120 - 1)E + (a+1)(8® + 4a + 1)q2]},
a(l+a)
e
a= i+ (mn)). (36)
|
It is seen that the coefficient in front of Imb changes its sign VIl.e*e™ - t*7t~ - e*te vy u,p,

at the replacement n; <> n,, in contrast to the coefficient in
front of Reb. This circumstance makes it easier to separate
the contributions of Im b and Re b to the asymmetry. The
dependence of the functions,

Similar to the asymmetry dA,,, it is possible to measure
the asymmetry dA,, in the cross section do,, of the process
ete” -1ttt > ete v, 0,0,,

do-ee<k17k2) - do-ee(_ka _kl)
242V 1 = 2GYy] Aee = 20, - B9

64M*(1 + M?/2E*)a*(1 + a)*’
5~ (2) where k; and k, are the momenta of electron and positron,
, = 2(1 = x)(1 = ) G , (37)  respectively. Again, both Reb and Imb can be extracted
64M*(1 + M?/2E*)a*(1 + a)* from this asymmetry without using of initial electron
polarization. The most convenient from the experimental
on x = n; - n, is shown in Fig. 2 for a few values of the  point of view is the asymmetry in the angular distribution.

1=

energy E. The straightforward calculations give
|
2p2
q~BdQ,d< 1 2
Ahee = A T AP A ) (Cee (A m1)? = (& moJimb + Gel[(A-m) = (A-mo)) ([ xma] - A)Re b},
1 1
Gl =—Lall. G =l )

Here, G,(,Q and G,g,) are given in Eq. (36), n; =k /k, and n, =k, /k,.
Neglecting the muon mass compared to M, we obtain the same result (39) for asymmetry in the cross section of the
processes e*e” = utuv b, 0, ete” = pute v, w,b,, and ete” = pTet v, b,

VIII. DISCUSSION OF THE RESULTS

In our work we have obtained the asymmetries which contain both Reb and Imb. Asymmetries (11), (16), (24), (30),
and (38) are the odd quantities with respect to CP transformations. Indeed, as a result of this transformation

dos) (k) = doi) (=k),  doi" (—k) — doi ) (k).
doy” (p.f) = doy (-p.~f).  do,"(=p.~f) > doy ) (p.f).
do) (k) = dot(—k),  do'" (k) - dol7 (k).
do-rnr(klv 2) - dGlL’i‘[( kZ’ _k1)7 dG,m(—kz, _k1> - do-mr(klka)’
daee(klka) - daee( k2v _k1>’ daee(_k27 _kl) - daee(k19k2)‘

093001-7
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The term « y* in (3) is CP-even while the term « b is CP-
odd. Therefore, asymmetries appear due to interference
between CP-odd and CP-even terms and are linear in b.
The energy dependence of total asymmetries is shown in
Fig. 3. The solid curve corresponds to A, the dotted curve
to A,, the dashed-dotted curve to A,, and the dashed curve
to A,,. The curves corresponding to A,, A, and A, have
the same energy dependence and differ only in scale.
Indeed, it follows from Eqs. (14), (21), and (35) that

A, = 1.06A,, A, =0.1084,.

Though the formulas for A, and A, are completely differ-
ent, the corresponding curves have similar shapes.

IX. CONCLUSION

In conclusion, we have considered the processes eTe™ —
Ty, eteT st ete > ttpTy,, eTe” = ptTTl,,

ete” - tte v,0,, and ete” - 77 eT v, b, with longitudi-
nally polarized electrons, as well as the processes
ete- > rtn v, ete —etev D,

v, ete” - ute v, and
u~e*v.b,v,b, with unpolarized electrons for the invariant
masses /s < m; of the initial electron and positron.
We have calculated analytically the CP-odd asymmetries
o Reb and « Imb. Measuring these quantities can improve
the upper limits for Reb and Imb. It is shown that to
measure Imb, polarization is not needed, and to measure
Reb, the polarization is not necessary, but simplifies
measurements.

ete” —
ete” —
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