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We study various holographic pure and mixed-state entanglement measures in the confined/deconfined
phases of a bottom-up AdS/QCD model in the presence of a background magnetic field. We analyze the
entanglement entropy, entanglement wedge cross section, mutual information, and entanglement negativity
and investigate how a background magnetic field leaves its imprints on the entanglement structure of these
measures. Due to the anisotropy introduced by the magnetic field, we find that the behavior of these
measures depends nontrivially on the relative orientation of the strip with respect to the field. In the
confining phase, the entanglement entropy and negativity undergo a phase transition at the same critical
strip length, the magnitude of which increases/decreases for parallel/perpendicular orientation of the
magnetic field. The entanglement wedge cross section similarly displays discontinuous behavior each time
a phase transition between different entangling surfaces occurs, while further exhibiting anisotropic
features with a magnetic field. We further find that the magnetic field also introduces substantial changes in
the entanglement measures of the deconfined phase; however, these changes remain qualitatively similar
for all orientations of the magnetic field. We further study the inequality involving the entanglement wedge
and mutual information and find that the former always exceeds half of the latter everywhere in the
parameter space of the confined/deconfined phases.
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I. INTRODUCTION

The gauge/gravity duality or holography is an elegant
theoretical framework that provides an interesting con-
nection between quantum field theory and gravity [1-3]. In
its approximate form, the duality maps a classical theory of
gravity in anti—de Sitter (AdS) space to a strongly coupled
quantum field theory living at the boundary of the AdS
space in one lower dimension. The duality has been used to
understand various aspects of strongly coupled field the-
ories using classical gravitational tools, and by now there is
plenty of evidence that numerous nonperturbative and
novel aspects of strongly coupled field theories can be
probed using this duality. In recent years, its applications
have been found in various domains of physics ranging
from condensed matter to black holes. Two of the most
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promising areas where the compelling ideas of the duality
can be applied to obtain important physical results are
quantum information and QCD. In this paper, following up
on the seminal work that combined these two areas [4,5],
we further examine how the concept of pure and mixed-
state entanglement measures endows the QCD phase
diagram in the presence of a crucial and anisotropic
parameter: the magnetic field.

Quantum information science in recent years has
emerged as a powerful tool to investigate diverse aspects
in theoretical physics. One of the key ingredients of
quantum information is entanglement, which essentially
means how different parts of the system are correlated.
One of the most commonly used entanglement measures is
entanglement entropy. Aspects related to entanglement
entropy have been used to study quantum phases [6,7],
black hole entropy [8,9], quantum communication [10,11],
etc. Perhaps, one of the most striking developments
appeared in the context of gauge/gravity duality, where a
remarkably successful conjecture for the entanglement
entropy was suggested [12,13]. In this proposal, the
entanglement entropy of the boundary theory is related
to the area of a certain boundary homologous minimal
surface. The proposal geometrizes the concept of entangle-
ment entropy and therefore provides a unique stage in
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which spacetime geometry, quantum field theories, and
quantum information measures can be combined in a single
framework. Indeed, in recent years this proposal has been
used to probe and investigate various physical problems,
such as quantum error-correcting codes and tensor net-
works [14,15], large-N phase transitions [16—18], quantum
gravity [19,20], confinement and deconfinement transitions
[4,5], quench dynamics [21-23], etc.

The entanglement entropy, however, apart from contain-
ing UV divergences, is not a good measure of entanglement
for the mixed and multipartite states. For such states,
various entanglement measures, such as entanglement of
formation, (logarithmic) entanglement negativity, entangle-
ment of purification, etc., have been proposed in the
quantum information literature [24-29]. These quantities
generally are extremely hard to compute in strongly
coupled field theories and only a handful of systems are
known where these can be computed explicitly. From the
gauge/gravity duality point of view, a few suggestions for
these measures have appeared. This includes the entangle-
ment of purification suggestion in Refs. [30,31], where the
purification was suggested to be dual to the minimal cross-
section area of the entanglement wedge Ey. Similarly,
there have been two separate suggestions for the entangle-
ment negativity. In the first suggestion, the negativity is
proposed to be given by the area of an extremal cosmic
brane that terminates on the boundary of the entanglement
wedge [32,33], whereas in the second suggestion, it is
given by certain combinations of the minimal areas of
codimension-two surfaces [34-43]. Interestingly, these
holographic quantities, like the entanglement entropy, are
again given by the areas of certain bulk surfaces; however,
unlike the entanglement entropy, they do not contain UV
divergences and are finite by construction.

Let us also mention that Ey has appeared in the
holographic proposal of many information-theoretic quan-
tities. This includes the above-mentioned entanglement
of purification proposal [30,31], the reflected entropy
proposal [44], and the odd entropy proposal [45]. It also
closely appears in the entanglement negativity proposal of
Refs. [32,33]. Moreover, these different proposals of Ey, do
not always coincide with each other, leading to uncertainty
regarding its correct holographic interpretation [46].
Therefore, it appears that more caution is required when
associating an information-theoretic measure with Ey,. In
spite of the correct interpretational issues of Ey, a great
deal of progress has been made in exploring and under-
standing its properties in various physical situations; see
Refs. [47-64] for more details. In this work, we also
take this viewpoint and investigate the properties of Ey, in
QCD-like holographic confined/deconfined phases in the
presence of a background magnetic field, to probe its
orientation- and anisotropic-dependent properties, and to
see whether it provides any novel signature for confine-
ment, without dwelling on its interpretational issues.

On the other hand, QCD is a well-tested quantum field
theory of strong interactions capable of describing the
subatomic physics of quarks and gluons. At low temper-
ature and chemical potential the hadrons are bound
together in a confined phase, whereas at high temperature
and chemical potential these hadrons are librated and
undergo a phase transition to a deconfined quark-gluon
plasma phase. Probing QCD properties in the parameter
space of temperature, chemical potential, etc. is a non-
trivial task and is of great importance. Unfortunately, this
remains challenging in a large part of the QCD parameter
space. Analytical approaches are difficult because of the
strong coupling, whereas numerical-based approaches of
lattice QCD are inherently Euclidean in nature. Therefore,
the sparse availability of nonperturbative techniques and
the failure of traditional perturbative methods have limited
our understanding of QCD at strong coupling. Here, the
idea of holographic duality again comes in handy and
provides an elegant framework within which the strongly
coupled region of QCD can be probed. Indeed, one of the
main and original motivations of holography was to better
understand gauge theories such as QCD at strong cou-
pling. In particular, building a dual gravity model capable
of describing real QCD features reasonably well and from
which testable predictions and aspects can be obtained is
important, to both complement and support other takes on
the same problem, coming from, e.g., Dyson-Schwinger
or functional renormalization group equations, lattice
QCD, effective QCD models, etc. By now, investigations
using the holographic QCD framework have been
done for both string-theory-inspired top-down and phe-
nomenological bottom-up models, and many QCD-like
properties have been reproduced; see Refs. [65-68] for
detailed reviews.

Recently, there have been further suggestions that
another parameter might play an important role in the
QCD phase structure. In particular, there are suggestions
that a very strong magnetic field, of the order of
eB ~0.3 GeV?, might be generated in noncentral relativ-
istic heavy-ion collisions and can leave important imprints
on QCD properties [69-75]. Though the produced large
magnetic field decays fast after the collision, it remains
sufficiently high near the deconfinement temperature and
is therefore expected to modify QCD properties [76,77].
Indeed, the produced magnetic field has been shown to not
only play a destructive role in the chiral and deconfine-
ment transition temperatures (also known as inverse
magnetic catalysis) [78—89], but also cause suppression/
enhancement of the string tension in a direction parallel/
transverse to the magnetic field [74,90,91]. Similarly, it
was also suggested that it can influence the charge
dynamics in QCD, thereby yielding anomaly-induced
novel transport phenomena such as the chiral magnetic
effect [92-94]. In the context of gauge/gravity duality
as well, a lot of work has been donee to construct
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holographic models to mimic magnetized QCD as closely
as possible. For a related discussion on the interplay
between the magnetic field and QCD observables in
holography, see Refs. [95-127]. Exploring QCD in the
extreme external conditions of high temperature and
magnetic field is not only theoretically challenging, but
of direct possible relevance for current particle-acceler-
ator-driven research programs [128], as well as the study
of dense neutron stars [129], early Universe physics [130],
gravitational-wave physics [131], etc.; see Refs. [132,133]
for reviews.

Thus, it is clear that the magnetic field appears as an
influential parameter in QCD-related physics. Therefore,
it is important to investigate how this magnetic field
influences information-theoretic measures in QCD phases
and, in particular, whether it introduces any anisotropic
features in the entanglement structure of QCD phases.

Unfortunately, getting any reliable information on the
entanglement measures in interacting field theories is rather
difficult. This is primarily due to severe technical difficul-
ties inherent in both analytical and numerical calculations.
For these reasons, the study of entanglement measures in
QCD-like theories is quite limited. With the exception of a
few lattice-related works [134—137], most studies have
been based on holographic proposals. Moreover, these
studies were mainly restricted to entanglement entropy.
In Refs. [4,5], the authors first studied the holographic
entanglement entropy in the top-down confining phases
and observed a phase transition from a connected to a
disconnected minimal surface as the size of the subsystem
varied. This phase transition was accompanied by a change
in the order of the entanglement entropy, reflecting
(de)confinement. Similar nonanalytic behavior of the
entanglement entropy was later observed in lattice-related
studies [134,135]. This idea was then tested in many other
confining models, both top-down and bottom-up, and
similar results were found [138-159].

The discussion of mixed-state entanglement measures in
QCD-like theories is relatively new. A short discussion
appeared in Ref. [53], where Ey in a limited confining
model was discussed. A thorough discussion of Ey in
various top-down and bottom-up confining models was
later presented in Ref. [47]; see also Ref. [54]. However, the
negativity calculation only appeared in Ref. [47], and that
too was restricted to the confined phase.

Until now, most studies related to probing confinement/
deconfinement physics using the pure and mixed-state
entanglement measures have been performed in the
absence of background electromagnetic fields, in particu-
lar magnetic fields. However, as mentioned before, the
magnetic field does play an important role in QCD-related
physics and, therefore, can influence the entanglement
structure of QCD phases. Indeed, in the presence of a
magnetic field, there are several possibilities to align the
entangling surfaces. For instance, we can align them

parallel or perpendicular to the magnetic field. We can
hence certainly expect to find anisotropic signatures in the
entanglement measures. This is interesting considering
that the standard order parameter, i.e., the Polyakov loop,
does depend on the magnitude of the magnetic field, but is
insensitive to its direction. As such, it is again clear that
further probing confinement/deconfinement physics in an
anisotropic setting is important, from both theoretical and
phenomenological perspectives [78,81]. For the record, let
us mention that the effect of a magnetic field on the
entanglement entropy in the soft-wall AdS/QCD model
was discussed in Ref. [138], while no such study has been
performed for the entanglement wedge, negativity, and
mutual information. For discussions related to the aniso-
tropic entanglement entropy in different contexts, see
Refs. [151,160,161].

In this work, we aim to fill this gap and perform a
comprehensive investigation of mixed-state entanglement
measures, including both Ey and negativity, in the
confined and finite-temperature deconfined QCD phases,
in the presence of a background magnetic field. For
this purpose, we consider the dynamical bottom-up holo-
graphic QCD model of Refs. [111,112], where a closed-
form analytic solution of the Einstein-Maxwell-dilaton
gravity system in the presence of a background magnetic
field was obtained, thereby greatly simplifying the
relevant numerical calculations, and it was shown to
exhibit many desirable anisotropic QCD features. We
briefly highlight this holographic model and its properties
in the next section. For the entanglement entropy, we
consider a strip subsystem of length £ in a direction either
parallel or perpendicular to the magnetic field. In both
cases, the entanglement entropy undergoes a phase tran-
sition from a connected surface to a disconnected surface
at some critical strip length 7, in the confined phase.
Interestingly, the magnitude of this critical strip length
increases/decreases for a parallel/perpendicular magnetic
field. This provides an important magnetic-field-induced
signature of anisotropy in the entanglement structure.
With two equal-size disjoint strips, separated by a
distance x, four different types of minimal area surfaces
{S4,S5,S¢c,Sp} appear, leading to an interesting phase
diagram. This two-strip phase diagram is again greatly
modified in the presence of a magnetic field, while further
exhibiting anisotropic features. The mutual information
turns out to be nonzero only in the Sz and S phases and is
always a monotonic function of # and x. Similarly, the
entanglement wedge cross section Ey is also nonzero
only in the Sy and S¢ phases. Interestingly, unlike the
mutual information, Ey goes to zero discontinuously
for large values of x and ¢ and exhibits a nonanalytic
behavior while going from the Sz to Sc phase. In
particular, going from the Sp to S phase, the entangle-
ment wedge cross section increases at the S /S transition
line. Interestingly, this increment in the area of the
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entanglement wedge at the Sz/Sc transition line
decreases/increases for a parallel/perpendicular magnetic
field, yielding a new anisotropic feature in the entangle-
ment structure. We further find that Ey, always exceeds
half of the mutual information, i.e., the holographically
suggested inequality [30] is always satisfied for both
parallel and perpendicular cases. Similarly, the entangle-
ment negativity exhibits many interesting features in the
confined phase. For a single-strip subsystem, the neg-
ativity turns out to be just 3/2 times the entanglement
entropy. This suggests that the entanglement negativity
also undergoes an order change, from O(N?) to O(N?), at
Cit» and that the magnitude of £, increases/decreases
with a parallel/perpendicular magnetic field. Moreover,
for two strips, the negativity behaves smoothly across
various phase transition lines and there is no discontinuity
in its structure. However, unlike the mutual information
and entanglement wedge, the negativity can be nonzero
in some parts of the S, phase. The negativity further
displays anisotropic features in parallel and perpendicular
directions.

The entanglement structure of the deconfined phase
is slightly simpler compared to the confined phase. In
particular, there is no connected/disconnected transition
and the entanglement entropy is now always given by the
connected surface. This implies that it is always of order
O(N?). Accordingly, with two strips, there are only S, and
Sp phases, and the mutual information and entanglement
wedge are nonzero only in the Sp phase, whereas the
entanglement negativity is nonzero in both the S, and Sp
phases. The mutual information vanishes continuously in
the S, phase, whereas the entanglement wedge vanishes
discontinuously. Moreover, the parameter space of the Sp
phase is found to increase for both orientations of the
magnetic field, suggesting a larger phase space for the
nontrivial entanglement wedge in the presence of a mag-
netic field. Although the magnetic field does introduce
substantial changes in the entanglement measures, these
changes remain qualitatively the same in both parallel and
perpendicular cases, suggesting a limited anisotropic effect
of the magnetic field in the deconfined phase.

Before performing explicit calculations, let us also
mention that here we model the magnetic field as a constant
external field to obtain insight into the entanglement
structure of QCD phases. This simplistic assumption can
be justified for two reasons: (i) it has been suggested that
after a fast initial decrease, the generated B is almost frozen
for the rest of the lifetime of the plasma, giving more credit
to the assumption of a constant B field, and (ii) from a
technical point of view, it allows us to have better control

|

over most of the calculations and is therefore quite common
in holographic magnetized QCD model building.

The paper is organized as follows. We give an intro-
duction to the bulk gravitational theory in Sec. II, and
briefly talk about the various entanglement measures that
we consider for our calculations in Sec. III. We study the
various entanglement measures in the presence of a back-
ground magnetic field (both parallel and perpendicular
orientations) in the confining phase in Sec. IV and in the
deconfining phase in Sec. V. Finally, we end the paper with
discussions and conclusions in Sec. VI.

II. EINSTEIN-MAXWELL-DILATON GRAVITY
WITH A MAGNETIC FIELD

In this section, we describe the relevant details of the
magnetized holographic QCD model presented in
Ref. [111]. The corresponding five-dimensional Einstein-
Maxwell-dilaton gravitational action is given by

1 f(¢)
- Svog=g|R-LPp,  pMN
Sem 167G s, /M ®xv/=g { 4 L MN

1
- S = V(9. m

wherein R is the Ricci scalar of the five-dimensional
manifold M, Fy is the field-strength tensor for the
U(1) gauge field A,, through which a constant background
magnetic field will be introduced, ¢ represents the dilaton
field, and f(¢) is the gauge kinetic function which denotes
the coupling between the U(1) and dilaton fields. The
potential for the dilaton field is given by V(¢) and Gs) is
the five-dimensional Newton’s constant. Interestingly, with
an Ansdtze for the metric gy, field-strength tensor F;y,
and dilaton field ¢,

2 L2€2A(Z) ) de b B22 ) 2
ds == —g(z)dt +@+dy1+e “(dy; +dy3) |,
d=¢(z), Fyy=Bdy, Ady;, (2)

the Einstein, Maxwell, and dilaton field equations coming
from the action (1) can be completely solved in closed form
in terms of a single parameter a,

A(z) = —az?, (3)

( ) { 612(30—32)(3az2 _ B2Z2 _ 1) + 1 (4)
) = - )
g 0B (3az — B2 — 1) + 1

d(z) = /dZ\/—% (3zA"(z) — 3zA'(2)* + 6A'(z) + 2B*73 + 2B%z) + K5, (5)
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) A’ 4
R )
z z
262A(z)+232z2d(z)

Z

; (6)

V(z) = ¢(2)(=32%A'(z) — B*2> 4 37)e 2A0)
— g(2)(12 + 9B A/ (z) )e 24
+ 9 (924 (2)? = 3A(2)
+ 18zA'(z) — 2B + SBZZZ)E_ZA(Z)’ (7)

wherein the AdS radius L has been set to one and z is the
usual holographic radial coordinate. The above solution is
obtained by using the boundary condition g(z = z;,) = 0,
corresponding to a black hole with a horizon at z = z,,.
The magnetized black hole solution has the temperature
and entropy
B Zi e—3A(@) Bz
C4rx fozh dféae—Bzgz—M(g) ’
v, e3A(zh)+32zﬁ

4G sz

, (8)

SpH =

where V3 is the volume of the three-dimensional spa-
tial plane.

There also exists another solution to the field equations,
corresponding to the thermal-AdS solution (without a
horizon). This no-black-hole solution corresponds to
9(z) = 1 and can be obtained by taking the limit z, — oo
in the above equations. The coordinate z therefore runs
from z = 0 (asymptotic boundary) to z = z;, (for the black
hole) or to z = oo (for thermal-AdS). Importantly, both the
thermal-AdS and black hole solutions asymptote to AdS at
the boundary z = 0, but can have a nontrivial structure in
the bulk. The constant K5 appearing in Eq. (5) is fixed by
demanding that ¢|._, — 0 to get an asymptotically AdS
spacetime. Note that in these solutions a constant back-
ground magnetic field B is chosen in the y; direction, which
breaks the SO(3) invariance of the boundary spatial
coordinates {y,y,,y3}.

Apart from its analytic simplicity, this holographic
model also exhibits many desirable anisotropic QCD
properties. A few salient features of this model are the
following:

(1) A Hawking/Page-type phase transition appears be-
tween the thermal-AdS and black hole solutions. In
particular, the black hole phase is favored at high
temperatures, whereas the thermal-AdS phase is
favored at low temperatures. Accordingly, there is
a phase transition between these two solutions.
However, since B explicitly appears in the temper-
ature expression, now the transition temperature is a
B-dependent quantity. The behavior of the transition

temperature as a function of B for various values of a
is shown in Fig. 1.

(2) These thermal-AdS and black hole phases were
further shown to be dual to confined and decon-
fined phases, respectively, in the dual boundary
theory. Since the transition temperature decreases
with B, this provided a holographic model for
inverse magnetic catalysis in the deconfinement
sector [111].

(3) The parameter a is the only free parameter in this
model, and Egs. (3)—(7) form a self-consistent
solution of the magnetized Einstein-Maxwell-
dilaton gravity for any choice of a. Nonetheless,
in the context of AdS/QCD model building, it is
appropriate to fix its value by taking inputs from the
dual boundary QCD theory. For instance, by de-
manding the confined/deconfined (or the dual
Hawking/Page) phase transition temperature in the
pure glue sector to be around 270 MeV, as is
reported in lattice QCD [162], one fixes the value
of the parameter a to be 0.15 GeV? [163]. This also
fixes the largest attainable magnitude of B, by
requiring the real-valuedness of the dilaton field,
to be around B = 0.6 GeV. However, it is important
to note that the inverse magnetic behavior is a
general result of this model that remains true for
other values of a as well, as is shown in Fig. 1.

(4) Interestingly, the string tension was further
found to decrease/increase with magnetic field in
longitudinal/transverse directions. These results
are in good agreement with state-of-the-art lattice
findings [90,91].

(5) Similarly, the chiral critical temperature again goes
down with the magnetic field, indicating inverse
magnetic catalysis behavior in the chiral sector. In
particular, the chiral condensate magnitude increases
with B in the confined phase, whereas it exhibits

\'
Q

0.35
0.30

0.25|
0.20
0.15

0.10

)

0.05

0.2 0.4 0.6 B

FIG. 1. Deconfinement transition temperature in terms of
magnetic field for various values of a. Red, green, blue, brown,
and orange curves correspond to a = 0.05, 0.10, 0.15, 0.20, and
0.25, respectively, in units of GeV.
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nonmonotonic thermal features for all B in the
deconfined phase. These chiral results also agree
qualitatively well with lattice QCD findings, where
similar features have been observed in the chiral
sector.

(6) The boundary vector-meson mass spectrum also
exhibits linear Regge behavior.

(7) As far as the stability of the model is concerned, the
mass of the dilaton field ¢ satisfies the Breitenlohner-
Freedman bound for stability in AdS space [164],
and the dilaton potential V' is bounded from above
by its UV boundary value, thereby satisfying the
Gubser stability criterion for a well-defined boundary
theory [165]. Similarly, the null energy condition of
the matter field is always satisfied and constructed
geometries—both black hole and thermal-AdS
spacetimes—asymptote to AdS at the boundary
z—=0.

We therefore see that the dual boundary theory of the
model (1) indeed exhibits many desirable anisotropic QCD
features with a magnetic field. Therefore, it is reasonable to
use this model to find the anisotropic imprints of a magnetic
field on the entanglement structure of QCD phases by
studying various entanglement measures.

III. ENTANGLEMENT MEASURES

In this section, we briefly talk about various entangle-
ment measures that have gravity duals. To probe the
entanglement structure of confined/deconfined QCD
phases and make the discussion complete and as general
as possible, we concentrate on both pure and mixed-state
measures. This includes the (i) entanglement entropy,
(i1) mutual information, (iii) entanglement wedge cross
section, and (iv) entanglement negativity.

A. Holographic entanglement entropy

We begin with the discussion of entanglement entropy. It
is a good measure of entanglement for the pure states and in
the usual quantum systems it is given by

S(A) = =Trppalnpy, )

where p, is the reduced density matrix of subsystem A,
obtained by tracing out the degrees of freedom of the rest of
the system. In quantum field theories, one can use the
replica trick to calculate the entanglement entropy [166].
Holographically, the entanglement entropy can be com-
puted using the Ryu-Takayanagi prescription [12,13],

S(A) = fgil)) , (10)

wherein G4y denotes the (d + 1)-dimensional Newton’s
constant and A(T'7") represents the area of the

(d — 1)-dimensional minimal surface I" with the condition
that the boundary dA of the subsystem A is homologous
to dI'. The above equation can also be written in the
following way:

1
S(A) = Aoy /Gi, 11
( ) 4G(d+l)[“ o ind ( )

wherein the induced metric on the surface I" is given by
Ga-!, which further needs to be minimized according to the
prescription of Refs. [4,5,12,13]. For the record, we have
d =4 in our cases of interest.

Notice that, with a background magnetic field, we have
choices to align the subsystem (or the entangling surface)
with respect to the magnetic field. In particular, we can
now have two interesting scenarios: (i) align the entangling
surface parallel to the magnetic field, and (ii) align it
perpendicular to the magnetic field. The relative orientation
of the entangling surface can leave anisotropic imprints of
the magnetic field on various entanglement measures.
Indeed, as we will see shortly, since most of the holographic
entanglement measures depend nontrivially on the bulk
spacetime metric, which in turn depends nontrivially on the
magnetic field, it is therefore reasonable to expect that
the magnetic field might generate anisotropic features in the
entanglement measures.

B. Holographic mutual information

We next move on to discuss the mutual information,
which serves as a measure of entanglement for disjoint
intervals. For two subsystems (A; and A,), it reflects the
amount of shared information between A; and A,, and in
the case of two disjoint intervals on the boundary it is given
as [167,168]

I(A},Ay) = S(A)) + S(Ay) = S(A, U Ay),  (12)

wherein S(A;), S(A;), and S(A; UA,) represent the
entanglement entropies pertaining to A;, A,, and
A U A,, respectively. From the above equation (12), we
can see that the mutual information vanishes in the case
of uncorrelated systems, whereas it is nonzero for corre-
lated systems. Moreover, the subadditivity property of the
entanglement entropy further implies that the mutual
information is non-negative, which in turn signifies the
fact that I(A;,A,) serves as an upper bound on the
correlation between A and A,. In the holographic context,
the mutual information of the boundary system can be
evaluated by computing the entanglement entropies
{S(A1),S8(A,),S(A; UA,)} individually from the Ryu-
Takayanagi prescription. Interestingly, unlike the entangle-
ment entropy, the holographic mutual information does
not contain any UV divergences and is UV finite in
nature. Therefore, it provides a cutoff or regularization-
independent information. For further information related to
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mutual information, see Refs. [169-175]. For more on
mutual information and two disjoint interval entanglement
phase structure in top-down and bottom-up QCD models,
see Refs. [140,142].

C. Entanglement wedge cross section

It is well known that entanglement entropy serves as a
good measure of entanglement in the case of pure states,
but not so in the case of mixed states. Since entanglement
entropy is known to exhibit interesting features in QCD
phases, it is compelling to ask how the mixed-state
measures behave in these phases. When dealing with
mixed states, it turns out that the minimal area of the
entanglement wedge cross section can be considered an
appropriate measure holographically.'

In order to calculate the entanglement wedge cross
section holographically, we follow the method suggested
in Refs. [30,31]. On the d-dimensional boundary, we
consider two nonoverlapping subsystems A and B. The
minimal surfaces in the (d + 1)-dimensional bulk corre-
sponding to A, B, and AB = A U B are given as ['}in, ['0in,
and Fg‘g‘, respectively. The entanglement wedge Mg,
which is d + 1-dimensional (d-dimensional, if the static
case is considered), is then defined as a region in the bulk
which shares its boundary with A, B, and ', implying

OM,p =AU B U (13)

It is important to see that if the size of subsystems A and B
is very small or if they are too far apart, then the wedge
M,p will be of disconnected nature. We can further
divide I'fin as

min A B
i =T U Ty, (14)
and define

fA — A U F1(4AB)’

S (B)

I'y=BUl,;. (15)

From Eqs. (14) and (15), we get the following condition for
the wedge boundary oM 4p:

6MAB :fA UfB (16)

Tmin s then defined as a minimum surface whose boundary
conditions are

'For more information on the entanglement wedge cross
section and its properties and applications in various contexts,
see Refs. [47-64].

FIG. 2. The region in blue is the entanglement wedge M,z
corresponding to a pure state. For a thermal state, there would
additionally be a black hole in M 4. The dotted surface is X,p,
which divides M ,p into two parts.

(i) 0§ = oy = ol

(ii) ZMinis homologous to [ inside Myz.  (17)

Using the area of =M, which is denoted by A(ZTiM), one
can now define the entanglement wedge cross section as

- [ACER)
E = — L2
W(PAB) min [4G(d+1)

(18)
e

To put it in words, Eyy (psp) is given by the minimal area of
the division of the entanglement wedge M, which con-
nects subsystems A and B. A pictorial representation of the
entanglement wedge in the connected space, i.e., in the
thermal-AdS spacetime, is shown in Fig. 2.

Let us stress here once again that in recent years several
entanglement measures have been suggested to be holo-
graphically dual to the entanglement wedge cross section.
This includes the entanglement of purification [30,31],
reflected entropy [44], and odd entropy [45]. Unfortunately,
these different interpretations do not exactly coincide with
each other, leading to uncertainty regarding its correct
holographic interpretation. In this work, we do not dwell on
the boundary interpretation issues of the entanglement
wedge cross section and mainly concentrate on its proper-
ties in the confined/deconfined phases of QCD in the
presence of a background magnetic field. Indeed, as we will
shortly see, the entanglement wedge cross section does
provide valuable information as far as the entanglement
structure in the confined phase is concerned.

D. Holographic entanglement negativity

Apart from the entanglement wedge cross section,
another quantity that can be taken as a suitable measure
of mixed-state entanglement is entanglement negativity. In
usual quantum systems this is defined as [24,25]

A leml=1

;- (19)
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where p’> denotes the partial transpose of the reduced
density matrix and |p”2| denotes its trace norm. One
can further define its close cousin, the logarithmic
negativity, as

&=n|p"| = InTr|p"|. (20)
The logarithmic entanglement negativity serves as an upper
bound to the amount of distillable entanglement and has
been previously calculated in many-body systems and field
theories [ 176—188]. In gauge/gravity duality, two seemingly
different (yet equivalent) holographic proposals for the
entanglement negativity are available. This includes the
proposal of Refs. [32,33], in which the logarithmic neg-
ativity is given by the area of an extremal cosmic brane that
terminates on the boundary of the entanglement wedge, and
the proposal of Refs. [34—43], in which the logarithmic
negativity is given by certain combinations of the areas of
codimension-two minimal bulk surfaces. Both proposals
have seemingly different mathematical definitions; how-
ever, they both reproduce independent known results for the
negativity in conformal field theories and have been tested in
diverse physical situations. In this work, we mainly deal with
the latter proposal for two reasons: (i) the former proposal is
practically similar to the computation of the entanglement
wedge (which we will compute anyway), and (ii) it is
computationally slightly easier to compute the negativity
from the latter proposal, as opposed to the former proposal,
which requires nontrivial and s cumbersome cosmic brane
backreaction calculation. Therefore, it might not only be
complementary but also more informative if the latter
proposal is adopted for the entanglement negativity calcu-
lation. Indeed, as we will see shortly, the latter proposal also
provides an interesting and model-independent result for the
negativity in all holographic confining/deconfining theories,
which can be tested in independent lattice calculations,
hence providing an intriguing platform for a nontrivial
verification of the proposal.

In order to calculate the holographic logarithmic
negativity in the case of a single interval, we follow
Refs. [34,35] and consider a d-dimensional boundary
system composed of A and its compliment A°. We now
consider two additional finite intervals B, and B, adjacent

z1(—L) z3(0/2) z4(L)

ZQ(_K/Q)

to A, implying B = B; U B,; see the left part of Fig. 3. In
terms of the entanglement entropy (10), the holographic
logarithmic negativity is then written as

.3
€= lim Z[25(4) + S(B)) + S(B2)

—S(AUB;)—-S(AU B,)]. (21)
It is important to note that in Eq. (21) both B, and B, have
to be taken to infinity so that B = B; U B, = A°“.

In the case of two disjoint intervals A; (of length ;) and
A, (of length ¢,) separated by a distance x (see the right
panel of Fig. 3), the holographic logarithmic negativity is
similarly written as

£ % [S(A; UA,) + S(A, U Ay)

—S(A, UAy UA,) = S(A,)]. (22)

IV. CONFINING PHASE

In this section, we calculate the previously mentioned four
entanglement measures in the confining phase, which is dual
to the thermal AdS background, in the presence of a back-
ground magnetic field B. To compute these measures, we
confine ourselves to the simplest situation where the entan-
gling surface is a strip of length #. However, this entangling
strip can be placed parallel or perpendicular to the magnetic
field, giving us orientation dependence of these measures.

A. Holographic entanglement entropy

1. Strip in the parallel direction

We begin by looking at the holographic entanglement
entropy for a single interval and consider the boundary
subsystem with the domain {-Z1/2 <y, </1/2,0 <y, <
?y,,0 <y3 <7, }. Here, the strip is placed parallel to the
magnetic field in the y; direction. In the thermal AdS
background, it turns out that there are two surfaces—con-
nected and disconnected—that minimize the entanglement
entropy expression in Eq. (10). The expression of the
entanglement entropy for the connected surface is found to be

B Ay A, Ay B

Single interval configuration

FIG. 3.

Two disjoint interval configuration

The various bulk minimal surfaces that contribute to the holographic logarithmic entanglement negativity.
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3AR)BA) pBE-B(2))?

3
I = M/Z Z<Z_*> (23)
2G5y Jo z \/g(z) [(Zﬂ)se—sz(Zl)ze—eA(zﬂ) _ Zﬁe—ZBzzze—GA(Z)}

where z; is the turning point of the connected surface in the bulk and is defined by z'(y, )|,_ i = 0. The strip length # Fin terms of

s given by

Z3 e—SA(z) e—Bzz2

]
=2 / d
0 \/ 9(2) | (h)oe2 e

(24)

6A(z)) _

60257 e—6A(z):|

The entanglement entropy expression of the disconnected surface is similarly found to be

l. ¢ L3 00 3A(z) ,B%22
Sﬂiscon =25 |: dz ¢ 3 ¢ :| . (25)
2Gs) Lo 24/g(2)
Note that Sﬂimm, unlike Sk, does not depend on the strip

length Zl. This is an important feature that will greatly
influence the properties of the entanglement measures in the

confined phase. Also, note that both Sﬂon and S ‘C‘lismn are UV-
sensitive quantities and contain divergences. Here we adopt
the minimal regularization procedure, as is generally done in
the holographic literature, where these divergences are simply
subtracted from the final results.

Unfortunately, it is difficult to solve the above equations
analytically. However, they are straightforward to solve
numerically. The numerical result for the variation of the
strip length #/l with respect to the connected surface turning

point zﬂ for various values of B is shown in Fig. 4. We see

that for any given value of B, there is a maximum length
£lhax above which no connected surface exists and only the

disconnected surface exists. This f‘r‘nax is a B-dependent
quantity, whose magnitude not only increases but also

/I
147¢F
121 ~~a
~~o
-
1.0} R
=alSo ~ ~o
< *\\ ~< ~o
S > G S Se
08¢ Se oSS~ Sso
o~ ~ ~~
Se S~ T~ S=o
SN el S~a Teal
06 DSOS
. e
e~ -
-
04} / e
- /’
0.2 //
2
2 4 6 8

FIG. 4. £l as a function of zl*‘ for different values of B. The red,
green, blue, brown, orange, and cyan curves correspond to B = 0,
0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

appears at a larger 2! value as B increases. This indicates

that the connected entangling surface propagates deeper
into the bulk for larger B values. We also see that below

f‘r‘nax there are two solutions that can minimize the con-
nected surface area. The actual minima correspond to a

solution that appears for small Zl (represented by solid

lines), whereas the large—zﬂ solution corresponds to the

saddle point (represented by dashed lines).
The difference between the connected and disconnected

entropies ASll :SQOH—S(ILSCOH is shown in Fig. 5 for

various values of the background magnetic field.” Again,

the solution for small z! is represented by solid lines,

whereas the solution for large zﬂ is represented by dashed

lines. It is interesting to see that AS!l goes from negative to
positive values as ¢!l increases, suggesting that for small

values of #I Sﬂon minimizes the entanglement entropy,

whereas for large values of £/ itis S L‘iscon that minimizes the
entanglement entropy. This indicates a phase transition

from connected to disconnected entropy as Z| increases.

This phase transition occurs at £ !m, which is defined by the

length at which AS!l becomes zero.

We further find that f‘ﬂm depends nontrivially on the
magnetic field. In particular, its magnitude increases with B

in the parallel direction. The overall behavior of the

dependence of 7 !m on B is shown in Fig. 6.

This type of phase transition between connected and
disconnected entanglement entropies was first observed in
top-down models in Ref. [4] and was suggested as a probe
for confinement.’ In particular, such a geometric phase
transition appears only in the confined phase, whereas no

The perfector f),/y3L3/2G(5), appearing in Egs. (23) and
(25}, is set to one in numerical calculations.

“In Ref. [156], it was recently suggested that such connected
and disconnected entanglement entropy phase transitions might
be related to the mass gap rather than linear confinement.
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AS”

0.0001
Y
P’
=t

-0.0001 |

-0.0002

-0.0003

FIG. 5. ASl = Sﬂon — Sﬂiscon as a function of Z! for different

values of B. The red, green, blue, brown, orange, and cyan curves
correspond to B = 0, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in
units of GeV.

such phase transition is observed in the finite-temperature
deconfined phase. Recalling the fact that for large

£l(> f!m) the disconnected solution becomes independent
of f“, this phase transition can be seen as follows:

oS! 1

MO(%: O(Nz) for LﬂH < l’ﬂgrit
1
x - =ON) for /1> £l (26)

)

where N denotes the number of colors in the dual boundary

theory. This implies nonanalytic behavior at £ !n-t, where the
number of degrees of freedom changes from O(N?) to
O(NY), in the entanglement entropy structure of the
confined phase. This type of phase transition has been
observed in other holographic confining theories as well.
Here we have reconfirmed this already established result,
but now in a consistent bottom-up holographic QCD model
in the presence of a background magnetic field.
Interestingly, a similar type of nonanalyticity in the
entanglement entropy has also been observed in SU(2)
and SU(3) gauge theories using lattice simulations
[134,135]. Therefore, it seems that nonanalyticity is a

/”crit
2.2

: : : : : — B
0.0 0.1 0.2 0.3 0.4 0.5 0.6

FIG. 6. 7 !m as a function of B, in units of GeV.

generic feature of the entanglement entropy in confining
theories irrespective of whether it has a gravity dual or not.
To further appreciate these results, note that our holo-
graphic estimate for the length scale at which nonanaly-

ticity appears (7, !m ~().2 fm) is in the same ballpark as that
estimated by lattice simulations (¢ !rit ~ (.5 fm). This lends
further support to the notion that certain modeling of
holographic theories can yield compelling predictions for

real QCD-like theories. Moreover, the result that the

magnitude of f!m increases with the increase of the
magnetic field in the parallel direction is an important
prediction of our model and could be verified in indepen-
dent lattice settings (as we would not have to worry about
various numerical issues, like the famous sign problem,

with a finite magnetic field in lattice calculations).

2. Strip in the perpendicular direction

We now analyze the entanglement entropy in the
perpendicular case. In this case, the strip subsystem,
with the domain {0 < y; <7, ,—¢+/2 <y, <£+/2,0 <
y3 < £,,}, is aligned perpendicular to the magnetic field.
There are again connected and disconnected bulk surfaces
that minimize the entanglement entropy expression. The
expression of the connected surface now reduces to

3A(2)=3A(zt) pB* =B (2} ) p=B°27/2

¢, 0, L3 [ 133
st =g [ ()
0
0 Yo

116 2B g6AE) _ 6282 e—6A(z)}

Similarly, the strip length #* in terms of the turning point z;- is

3 ,=3A(2) ,=3B%2°/2

(28)

>
?,m‘ = 2/ dZ
’ \/Q(Z) |:(Z*J‘)6e_232(2f)26—6A(z*i)

_ 6282 e—6A(z)}
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FIG.7. ¢+ asafunction of zi- for different values of B. The red,

green, blue, brown, orange, and cyan curves correspond to B = 0,
0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

The expression for the disconnected surface is again
independent of the strip length #+ and is now given by

Si N7y

¢ ¢, L3 w  3A(2)B*/2
iscon ~ <
¢ 2Gs) {A

! W] 29)

We can clearly see some differences in the above
equations compared to the parallel case. Accordingly, some
differences in the entanglement entropy result are also
expected. The variation of #+ with respect to the connected
surface z;- for different values of B is shown in Fig. 7. We
observe that for any given value of B, like in the parallel
case, there is again a maximum length #p,, above which no
connected solution exists and only the disconnected sol-
ution exists. However, as opposed to the parallel case, now
not only the magnitude of £, but also the value of the
turning point zi- at which it appears decreases with B. This
suggests a lesser penetration of the entangling surface into
the bulk as compared to the parallel case as B increases.
Further, below Zi,,, there are again two connected sol-
utions (shown by solid and dashed lines) which can
minimize the surface area. The solid line corresponds to
the actual minima and appears for small z;-, whereas the
dashed line corresponds to the saddle point and appears
for large zi.

The difference between the connected and disconnected
entropies ASt = S, — Sii.on fOr the perpendicular case is
shown in Fig. 8 for various values of B. The connected
solution with small z+ (indicated by solid lines) always
has a lower entanglement entropy than the large-z;- solution
(indicated by dashed lines). Further, AS+ goes from
negative to positive values as -+ increases, indicating that
S&n (Son) Minimizes the entropy for small £+ (large £4).
This results in a phase transition from connected to
disconnected surfaces, similar to the ones in the parallel
case, as we increase 7. The critical length at which this

AS*
0.004
0.003 f
0.002 f
0.001+

-0.001 f
-0.002 f
-0.003

FIG. 8. ASt =S&, - S(iscon as a function of #+ for different
values of B. The red, green, blue, brown, orange, and cyan curves
correspond to B =0, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in
units of GeV.

0.1 0.2 0.3 0.4 0.5 0.6 B

FIG. 9. Variation of #%, (green line) and t’!m (red line) as a

T]
function of B, in units of GeV.

phase transition appears is now defined as fclm, where

£t < .. Therefore, similar to Eq. (26) for the parallel
case, we again have a length scale at which the order of the
entanglement entropy changes from O(N?) to O(N).
However, in contrast with the parallel case, this critical
length in the perpendicular case now decreases with B. This
is shown in Fig. 9, where the parallel-case result is also

included for comparison. We find that the difference

between fﬂri[ — ¢+ is small for small B; however, it can
be appreciable for large B. This suggests that the non-
analyticity in the entanglement entropy appears at larger
lengths in the parallel case compared to the perpendicular
case for all values of B. Our whole analysis therefore
suggests appreciable anisotropic changes in the entangle-
ment entropy structure of the confined phase in the

presence of a magnetic field.

B. Holographic mutual information

We now study the holographic mutual information
with two strips in the confined phase. For simplicity,
we concentrate only on equal-size strip subsystems
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V4 T V4
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/ T 14
Zoo : Emln
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i T J4
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/ z J4

Zoo

FIG. 10. Pictorial representation of the four different minimal surface configurations for the case of two strips of equal length 7
separated by a distance x in the thermal-AdS background. The dashed line represents the entanglement wedge.

(¢, = ¢, = ¢), which are separated by a distance x. The
entanglement structure with two subsystems is much more
intriguing than that with one subsystem. In particular,
depending on the magnitudes of £ and x, there can be
four possible surfaces that minimize the entropy. These four
surfaces are illustrated in Fig. 10. We can now have only
connected surfaces (i.e., S4 and Sj), both connected and
disconnected surfaces (S¢), or only the disconnected sur-
face (Sp). The holographic entanglement entropies for
these four configurations are as follows:

Sa(Z.x) = 28con(?),

Sp(€,x) = Scon(x) + Scon (2 + x),

Sc(?.x) = Scon(x) + Sdiscon:

Sp(.x) = 2Sgiscon: (30)

where S, and Sgcon are the single-interval holographic
entanglement entropies for the connected and disconnected
surfaces, respectively.

1. Parallel case

Let us first discuss the results when the strips are oriented
in a parallel direction relative to the magnetic field. We find
that there can be different phase transitions between the
above-mentioned four configurations. This phase diagram
can be illustrated better in the (#/l, x!l) plane and is shown in
Fig. 11. We find that for small xl, 7l <« fﬂm, and the S,
phase is preferred as it has the lowest entropy. As /I
increases, the Sp phase becomes dominant. As we keep
increasing 7/l but keep x/l(<« 7 !m) fixed, a phase transition
from Sy to Sc occurs. For xl =0, this Sz-to-Sc phase

transition happens at 72l = f!m/ 2, whereas for a general

value of xI, it happens at 271 4 xll = fﬂm. Further, if we

take xll, 21l > 7 !m, then the Sp configuration becomes the
dominant one. We also observe that these phase transitions
depend nontrivially on B. For example, the Si/Sc phase
transition line shifts to the right in the #| — x| plane and
appears for larger values of x| and #/l, whereas the S,/S
transition occurs for lower values of x| when B increases.

Also, there are two tricritical points in this phase
diagram. For B = 0.5, these are indicated by two black
dots. The first tricritical point is recognized when the S,,
Sz, and S, phases coexist, and the second tricritical
point occurs when the S4, Sc, and Sp phases coexist.
The presence of these phase transitions and critical points

Sp

1o Sa °
1.0

0.5

Sc
- SB\\ /l
0.5 1.0 1.5
FIG. 11. Phase diagram of various minimal area surfaces for the

case of two strips of equal length ¢ separated by a distance x in
the confining background for the parallel case. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2,0.3,0.4, and 0.5, respectively. The two black dots indicate the
two tricritical points for B = 0.5, in units of GeV.
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reflects the nonanalytic nature of the entanglement entropy
with multiple strips. The magnitudes of x| and #/ at these
tricritical points also depend nontrivially on B and can be
observed in Fig. 11.

It is also interesting to note that the order of the
entanglement entropy (from N2 to N° or vice versa)
may or may not change as we pass through various phase
transition lines in the two-strip case. For instance, there is
no change in the order if the S,, Sp, or S phases are
involved, whereas the order can change if the S, phase is
involved.

Let us now address the holographic mutual information,
I=8+85,-S5,US,, which in the above four different
phases has the form

L, (&), x1) = Sln(21) + Sk (21 = 28La(£1) = 0,
(21, x1) = Slon(21) + Slon (1) = Slon (21

— Sloa(221 + 21y > 0,
(), x1) = Skoa(£1) + Slon (1) = Shon (x1)

- S!i‘iscon 20,
ID(f”’ x”) = Sl‘iiscon + SC%ECOH - zsgifcon = 0’ (31)
which in turn means that
o, 1 olg 1
—x—— =0, — x——=0(N?),
ot~ G5, ot~ Gs)
ol 1 ol 1
—Cx—=0N?), DLx—=0N. (32
ocl ~ Gs) ol G5,

Therefore, depending on the transition line, the order of the
mutual information may or may not change as we go from
one phase to another. For instance, going from the S, phase
to the S phase (by decreasing x!) causes a change in its
order [from O(N°) to O(N?)], whereas no such change
occurs when we go from the Sy phase to the S phase (by
increasing #1).

The variation of the mutual information with respect to
strip length #!l and separation length x!l for different values
of B is shown in Figs. 12 and 13. Here the mutual
information in the Sp (Sc) phase is represented by the
solid (dashed) lines. We observe that the mutual informa-
tion varies smoothly as we move from S to Sc via the
Sp/Sc transition line. In Fig. 12 we show the results for a
fixed x| = 0.2 line, but similar results exist for other values
of xIl as well. As we increase B along the parallel direction,
Iy almost remains the same but /- increases slightly.
Similarly, the mutual information smoothly goes to zero
as we approach the S, (or Sp) phase from the S (or S¢)
phase. This is shown in Fig. 13.

I
35t

3.0

25¢

20

1.5¢

1.0 ¢

0.5 ¢

/!

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
FIG. 12. Variation of the mutual information with #! for
different values of B. Here x| = 0.2 is used, and the red, green,

blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

20
1571
1.0
0.5}
= v
0.25 0.30 0.35 0.40
FIG. 13. Variation of the mutual information with x!l for

different values of B. Here Il = 0.5 is used, and the red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

2. Perpendicular case

We now move on to discuss the two-strip phase diagram
and the corresponding mutual information when the strips
are oriented in the perpendicular direction. This phase
diagram is shown in Fig. 14. We see that there are again
four phases, with each one dominating different parts of the
¢+ — xt phase space, and they undergo various phase
transitions as we vary #+ and x'. There are again two
tricritical points, which are B dependent. This is qualita-
tively similar to the parallel-case phase diagram. However,
there are some differences as well. In particular, the values
of {#+, x*} at both tricritical points now decrease with B,
in contrast to the parallel case where these values at the
second tricritical point increase with B. Similarly, in
contrast to the parallel case, the size of the Sp phase
now decreases for higher values of B. Moreover, the S, /S«
transition line also moves slightly upward for higher
values of B.
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FIG. 14. Phase diagram of various minimal area surfaces for the
case of two strips of equal length 7+ separated by a distance x* in
the confining background for the perpendicular case. The red,
green, blue, brown, orange, and cyan curves correspond to B = 0,
0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

We can similarly compute the mutual information. The
structure of the mutual information is qualitatively similar
to the parallel case [Eq. (31)]. In particular, it goes to zero
in the S, and Sp phases, whereas it is finite and positive in
the Sz and S phases. Therefore, it is again of order N? in
the {Sg, S} phases and is of order N in the {S4,Sp}
phases. The variation of the mutual information with £+
for different values of B is shown in Fig. 15, where the
solid and dashed lines are used to represent the mutual
information in the Sz and S phases, respectively. We find
that it varies smoothly as we move from the Sy phase to
the S phase (or vice versa) via the Sz /S transition line.
Further, the mutual information also varies smoothly with
x* and it goes to zero as the S, or S, phase is approached.
This is shown in Fig. 16. This is consistent with the
physical expectation that the entanglement between the

3.0

2.5

2.0

1.5

1.0

0.5

IL

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

FIG. 15. Variation of the mutual information with #+ for
different values of B. Here x+ = 0.2 is used, and the red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

1.5
1.0

0.5

\\\XL

0.25 0.30 0.35 0.40

FIG. 16. Variation of the mutual information with x* for
different values of B. Here #+ = 0.5 is used, and the red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

two subsystems should decrease when they are moved
farther apart.

It is interesting to point out that, unlike the entanglement
entropy, lattice results for the QCD mutual information are
not available yet. These results from holography can have
analogous correlations in real QCD, and therefore these
results for the mutual information can be treated as a
prediction from holography.

C. Entanglement wedge cross section

We now discuss the entanglement wedge cross section
Ey in the confining phase. The surface that divides the
entanglement wedge, associated with two strip subsystems
A and B, into two parts can be identified as a vertical flat
surface X from the symmetry consideration. Therefore, for
the strip subsystems under consideration, Ey, is given by
the area of a constant y, (for the parallel case) or y, (for the
perpendicular case) hypersurface located in the middle of
the strips (see Fig. 10).

1. Parallel case

The entanglement wedge cross section in this case is
given by the minimum area of the constant (yy, ) hyper-
surface. The induced metric on this hypersurface is

. L2€2A<Z) de 2,2
ds?)pd = ——— |:—+€BZ dys +dy3 } 33
(ds”)y o (dy; +dy3) |, (33)

from which we obtain the entanglement wedge cross
section as

S e
4G s) 2/9(2)

From the phase diagram, we can conclude that the
entanglement wedge only exists for the Sp and S phases,
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whereas it is zero in the S, and S phases. For the S phase,
it is given by

l, ¢ L3[ d@etx)
|| Y27y /
Ey (Sp) = 22— dz———|.

e3A(z) eBZ 72

(35)

Interestingly, the above integral can be evaluated
explicitly as

£,¢, L1

— Y273 _32_3 Ei B2_3 2
o5 B 3k 302
o< (B°=3a) =2 (2¢4x)
- 5 , (36)
2z 2=zl (x)

where Ei is the exponential integral function. Similarly, for
the S¢ phase, we have

2.2
s =l [ [ a8
4Gs) dw 24/9(2)
.t L3 1
=-——5 — |5 (B* = 3a)Ei[(B* - 3a)"
4G s) [2( a)Ei[( a)z?]
eZ2(32—3a):|

272

- . (37)
=zl

From the above results, it is clear that both EU,V(SB)
z=2lx) <
zﬂ(Zf + x) < o0, but also UV finite. The analytic expres-

sions of E“‘,V(SB) and EuV(SC) further allow us to make
several concrete observations about the entanglement
wedge in the confining phase without resorting to
any numerics. In particular, the difference between

and EuV(SC) are not only positive as

El‘l)V(S B) — EuV(SC), for the allowed range of the magnetic
field

£, ¢, L3 1
Eyy(Sp) = Eyy(Sc) = 22" (B = 3a)Eil (B* = 3a) 7]
©)
72(B?-3a)
- 672 s (38)
2z =2l (2¢+x)

is always negative and finite at the Sz/S. transition line
(defined by 271 + xll = 7 !m). This indicates that, irrespec-
tive of the values of the magnetic field, the entanglement
wedge cross section will exhibit a discontinuous behavior
at the S/ S transition line. This should be contrasted with
the mutual information which behaves smoothly near this
transition line. Similarly, since Z (x) # oo, this implies that
E'J;V(SC) does not go to zero continuously as the S-/Sp

transition line is approached. The same is true for EU,V(S B)s
as it also does not go to zero when the S, /Sp transition line

| 4.74
E'yw
4.73
10 M
4.72 N
~
~
\\
8 4.71 N
0.3740 0.3745 0.3750" 0.3755
6 / 0.04 \‘\
\\
0.03 .

4 0.02 Sso

\ \\\

\ 0.01 .o

\ !
2 S 1.601.651.701.751.80 1.8
\\\\
----------- T /I
0.5 1.0 15 20

FIG. 17. El“,v as a function of separation length ¢/l along a fixed
line x| =0.571. Here B =0 is used. Solid and dashed lines

correspond to Euv of the Sp and S phases, respectively, in units
of GeV.

2.1085
I 2.1080
E'w 2.1075
[ 2.1070
10 2.1065
2.1060
sl 2.1055
0.5604 0.5606 0.5608 0.5610
sl 0.020
0.015
Al 0.010
0.005
ot 24 25 26 27 28
. . : . . A /||
0.5 1.0 1.5 2.0 2.5 3.0

FIG. 18. El“,v as a function of separation length ¢/l along a fixed
line x| = 0.5¢!l. Here B = 0.5 is used. Solid and dashed lines

correspond to EUV of the Sp and S, phases, respectively, in units
of GeV.

is approached [since z! (x) # z!(2£! + xI)]. Therefore, we
clearly see that, unlike the mutual information, the entan-
glement wedge exhibits discontinuity every time we pass
through a transition line in the Il — x|l phase space.
Further details pertaining to the behavior of Euv are
summarized in Figs. 17 and 18 for two different values of
B. Here, a particular line x| = 0.5/ is considered so that
the behavior of El‘l)[, in the Sp, Sc, and Sp phases can be
probed simultaneously. The solid and dashed lines are used

to represent EU,V of the Sz and S phases, respectively.4

- 3
*In Figs. 17 and 18, the perfector K%ZZ;L

is again set to one.
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From the subplots, we clearly see that E@V becomes
discontinuous at the S/ S transition line. Moreover, there

is an upward jump in the magnitude of E U;V when the S/S¢
transition line is approached from the Sp phase, i.e.,

E'J;V(SC) > EUV(SB), indicating that the area of the wedge
grows at this transition line. These results are in complete

agreement with our analytical analysis. Similarly, E'J,V(SC)
does not go to zero at the S/Sp transition line, indicating
that the entanglement wedge cross section vanishes
abruptly for large values of #| and x|. The same results
are true for other values of B as well.

It is also interesting to see how the area of the
entanglement wedge changes at the, e.g., Sp/S¢ transi-
tion line for different values of B. This is shown in
Fig. 19. We see that the difference Euv(Sc) - E‘]‘,V(SB) is
always positive at the transition point for all values of B.
However, we further find that this difference decreases
with B for relatively large B, suggesting a smaller
discontinuity in the structure of Euv at this transition line
due to B. Moreover, the difference EuV(SC) - EU,V(SD) at
the S¢/Sp transition line is found to be exactly similar to
the behavior shown in Fig. 19. This can again be traced

back to the fact that these differences depend only on the

critical values 7 !rit (= x!rit) at the corresponding transition

lines. On the other hand, the difference El‘la,(SC) — EuV(SA)
at the S,/Sc transition line is found to be increasing
with B for all values of x| and Z!, implying a strengthen-
ing of the wedge discontinuity at this transition line
with B. This is shown in Fig. 20. Overall, we find that
E'J;V(SC) is a monotonically decreasing function of xl
which abruptly vanishes at x| = fﬂm.

In holography, it has been suggested that the entangle-
ment wedge always at least exceeds half the mutual

information, i.e., EUA, > ]Il /2 [30]. Therefore, it is interest-
ing to check if this inequality is satisfied in the current
holographic model. The comparison between the

Elw(Sc)-El w(Sg)
0.005
0.004 |
0.003 |
0.002

0.001 |

B
0.1 0.2 0.3 0.4 0.5 0.6

FIG. 19. Variation of El,(S¢) — El,(Sy) with B at the Sp/S¢
transition line along a fixed line x| = 0.571.

EVw(Sc)-E'w(Sa)

0.30
0.20

0.10—_//

0.1 0.2 0.3 0.4 0.5

B

FIG. 20. Variation of El(S¢) — EJ,(S4) with B at the S¢/S,
transition line. Here the red, green, and blue curves correspond to
xl'=0.5, 0.6, and 0.7, respectively.

(Elw.112)
100 4
0.8 |
06
0.4 |

0.2}

/I

05 10 15 2.0 25

FIG. 21. Entanglement wedge E‘vlv and mutual information 7!l as
functions of #Il along a fixed line x| = 0.57!. The solid curves
correspond to E u‘, whereas the dashed curves correspond to /11 /2.

The red, green, blue, brown, orange, and cyan curves correspond
to B=0, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.

entanglement wedge and mutual information is shown in
Fig. 21 along the line x| = 0.5/ for different values of B.
We find that, irrespective of the phases involved, this
inequality is always satisfied for all values of B.

2. Perpendicular case

The computation of the entanglement wedge cross
section Ej; in the perpendicular direction is completely
analogous to the parallel case. In this case, it is given by
the minimum area of the constant (y,, #) hypersurface. The
induced metric on this hypersurface is

] LZeZA(z) dZ2
(ds?)pd = = 10 +dy} + B (dy3)|. (39)

from which the expression of the entanglement wedge cross
section can be obtained as
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£l C. L3 3A(z) ,B*2*/2
By = nint U dz e ] (40)
4Gs) 24/9(2)

The two-strip phase diagram of the perpendicular case
again tells us that the nontrivial entanglement wedge
can exist only in the Sz and S, phases. For the Sp phase,
we have

£, ¢, L3 L2¢+x) 3A(z) ,B22/2
Eb(Sp) = 2uint [/Z dzL}

4Gis) LUzt 2/9(z)

£y 6y L3 1 1
=287 | (B2~ 64)Ei|= (B? — 6a)2
4G, 3B~ 6a)Ei|5 (B"—6a)z
e%ZZ (32—611) z:z,(L (QfL +xl) 41
e (1)
whereas for S it is given by
1 fyfysLB 0 e3A(2) pB2%/2
Ey(Sc) = 4G dz————
6 U#w  2V9(2)
fvlfv3L3 1 1
=—-—225_|_(B?-6a)Ei|= (B> —6a)z’
4Gs) 3B~ 6a)Ei|5 (B” ~6a)z
o2 (B*=6a) @)
27 =24 (x)

The variation of Ej; with £+ along the line x* = 0.5+
for two different values of B is shown in Figs. 22 and 23.
We find that the behavior of Ej; is qualitatively similar
to the parallel case. In particular, Ej again behaves
discontinuously at the Sp/S transition line. This can be
seen mathematically from Eqgs. (41) and (42), where the

4.74
EJ_
w 4.73
10 HeS
4.72 S
~
\\
~
8 4.71 .
0.3740 0.3745 0.3750" 0.3755
N
6 0.04} S«
\\
0.03 .
4 g 0.02 Y
~
\ 0.01 ~~
N +
2 hN 1.601.651.701.751.80 1.
\\\§
------------- ) /J-
0.5 1.0 15 ~ 20

FIG.22. Ej; as a function of separation length £+ along a fixed
line x* = 0.5¢+. Here B =0 is used. Solid and dashed lines
correspond to Ej; of the S and S¢ phases, respectively, in units
of GeV.

6.12
1

E-w 6.10
107 6.08
ol 6.06
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IJ.
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FIG.23. Ej; as a function of separation length £+ along a fixed
line x+ = 0.57+. Here B = 0.5 is used. Solid and dashed lines
correspond to Ej; of the S and S phases, respectively, in units
of GeV.

condition z(2£+ + x1) # co ensures that Ej;(Sp) and
Ei;(S¢) do not attain the same value at the S/ S transition
line. Moreover, the entanglement wedge does not vanish
smoothly as the S, (or Sp) phase is approached from the Sp
(or S¢) phase. This result can again be traced back to the
fact that z-(xt) # z+ (264 + x1) # 0. Accordingly, we
find that the entanglement wedge is a monotonic function
of xt, which vanishes discontinuously at xt =¢L .
Therefore, like in the parallel case, the entanglement wedge
exhibits discontinuity each time a phase transition between
different phases occurs in the perpendicular case as well.

We can further analyze how much the area of the
entanglement wedge changes at the transition point in
the perpendicular case. At the Sz/S. transition line, this
is shown in Fig. 24. This can be compared with Fig. 19
of the parallel case. We find that the difference between
Eiy(S¢) — E(Sp) is always positive [since zi(xt) <
7 (2¢+ + x1)], suggesting an increment in the area of

E*w(Sc)-E*w(Sg)

0.05}
0.04}
0.03}
0.02}

0.01}

B
0.1 0.2 0.3 0.4 0.5 0.6

FIG. 24. Variation of Ey;(S¢) — Eiy(Sp) with B at the Sg/S¢
transition line along a fixed line x* = 0.5/*.
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E*w(Sc)-E*w(Sa)
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0.1 0.2 0.3 0.4 0.5

FIG. 25. Variation of Ei(S¢) — Eg;(S4) with B at the S¢/Sy
transition line. Here the red, green, and blue curves correspond to
xt =0.5, 0.6, and 0.7, respectively.

the entanglement wedge at the transition point. This result
is similar to the parallel case. However, in contrast to the
parallel case, the difference Eij(Sc) — Ej;(Sp) increases
with B. This points to a larger discontinuity in the
entanglement wedge cross section at the Sg/S( transition
point with B in the perpendicular direction. Similarly, the
difference Ej; (S¢) — Ejy(S,) at the S, /S transition line is
found to be an increasing function of B for all values of x*
and 7. This behavior is quite similar to the parallel case,
though the magnitude of the difference is slightly higher
now. This is shown in Fig. 25.

We further test the inequality Ej; >11/2 in the
perpendicular case. The results are shown in Fig. 26. We
find that this inequality is again satisfied everywhere in the
¢+ — x* plane for all values of B. The inequality saturates
only at the critical points, at which /+/2 continuously goes
to zero, whereas Ej; exhibits a sharp drop to zero.

From the above analysis, we see that the entanglement
wedge not only exhibits nontrivial features each time a

(E*w,1*12)
1.0f \
\
\
\
o8F
0.6}

0.4}

0.2}

- IJ-
0.5 1.0 1.5 2.0
FIG. 26. Entanglement wedge Ej; and mutual information 7+
as functions of £+ along a fixed line x = 0.57+. The solid
curves correspond to Ej;, whereas the dashed curves correspond
to I+ /2. The red, green, blue, brown, orange, and cyan curves
correspond to B =0, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively.

phase transition between different phases occurs but also is
sensitive to the orientation of the magnetic field. This is an
important result considering that the entanglement wedge
has been suggested as the holographic dual of many mixed-
state entanglement measures. Therefore, our whole analysis
suggests that nontrivial and anisotropic features are
expected in these measures in the presence of a magnetic
field, especially in the confined phase.

D. Holographic entanglement negativity

We now study the holographic entanglement negativity
in the confined phase. We begin with the single-interval
case. This is given in Eq. (21). In the limit B - A — oo,
the disconnected entropy dominates for both the parallel
and perpendicular cases (see Fig. 3 for more details). So for
both cases, we have

.3

—-S(AUB;)-S(AUB,)],

3
£=35(a). (43)

This is an interesting new result implying that the holo-
graphic entanglement negativity is just 3/2 times the
entanglement entropy in the single-interval case. This
suggests that the entanglement negativity is also discon-

tinuous at the critical lengths fﬂm (¢L.,) for the parallel
(perpendicular) case. Therefore, the entanglement negativ-
ity also undergoes an order change from O(N?) to O(N?)
at these critical lengths. For instance, for the parallel case,

we have

I
%° ON?) for ¢l < £,
61,”“ crit
o€l
% — ONY) for 1 > £l (44)

with similar results for the perpendicular case. The dis-
continuous aspect of &£ in the confined phase is an
interesting new result and a prediction from holography
(strictly speaking, a prediction from the entanglement
negativity proposal of Refs. [34,35]) and should be
amenable for independent testing. Here, we further find
that this discontinuous behavior of £ in the confined phase
persists in the presence of a magnetic field as well.
Moreover, the direction and B dependence of the critical
lengths associated with the negativity remain the same as
that illustrated in Fig. 9, implying that the magnetic field
induces orientation-dependent features in this particular
entanglement measure as well.

We now proceed to discuss the holographic entangle-
ment negativity when we have two disjoint intervals
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[40,42]. In comparison to Refs. [40,42], in our case we have
I, =x,1y =1, = ¢. Hence, & is expressed as

E=—[SC+x)+S(+x)—-S2¢+x)-S(x)], (45)

-lklw

wherein S denotes the holographic entanglement entropy
for a single interval. If x > £, then £ = 0 in Eq. (45) as
all terms are now dominated by the disconnected entropy
Sdiscon- This implies that, just like the mutual information
and entanglement wedge, £ is zero in the Sp, phase as well.
This is true for both the parallel and perpendicular cases.
However, as we will see shortly, the entanglement neg-
ativity does not vanish in the S, phase.

1. Negativity for two strips in the parallel direction

The variation of &I with x/l for two strips is shown in
Fig. 27. Here /Il = 0.8 is used for illustration, but similar
results exist for other values of #/ as well. We find that &I
varies monotonically with x| and smoothly approaches
zero at xll = f!n-t. In particular, as is expected, the neg-

ativity decreases as the two subsystems are taken further
and further apart, and eventually vanishes. An interesting

result to note is that £l is finite in some parts of the S,
phase. This is in sharp contrast to the behavior of the
mutual information and entanglement wedge, which was
zero everywhere in the S, phase. Only when x/l > 7 !m does
the negativity go to zero in the S, phase.

We further find that &I also varies monotonically
with Zll. This is shown in Fig. 28. Here we use a fixed
xl = 0.1 line such that all three phases can be simulta-
neously probed. We observe that as we increase B, the
value of &Il increases for all three phases {S,,Sg,Sc}.
We find that the negativity first increases as the size of the

&l

0.06
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0.04
0.03

Sa
0.02
0.01 1

5 S . ]
1.0 1.2 1.4
FIG. 27. €&l as a function of length x! for different values of B.

Here 7!l = 0.8 is used. The dot-dashed and solid lines correspond
to £l of the S, and S phases, respectively. The red, green, blue,
brown, orange, and cyan curves correspond to B =0, 0.1, 0.2,
0.3, 0.4, and 0.5, respectively, in units of GeV.
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FIG. 28. &l as a function of length #! for different values of B.

Here xI = 0.1 is used. The dot-dashed, solid, and dashed lines
correspond to & I of the S 4> Sp, and S phases, respectively. The

red, green, blue, brown, orange, and cyan curves correspond to
B =0,0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

subsystems increases and then saturates to a B-dependent
constant value. This B-dependent constant value, in par-
ticular, increases as B increases. Moreover, our analysis
further suggests that, unlike the entanglement wedge,
the entanglement negativity behaves smoothly across
various phase transition lines and there is no discontinuity
in its structure.

2. Negativity for two strips in the perpendicular direction

The negativity results for two strips in the perpendicular
direction are shown in Figs. 29 and 30. The results are again
qualitatively similar to the parallel case. The negativity
again decreases monotonically with separation size and

only goes to zero at the critical separation length x* fﬁm,
SL

0.05}
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0.03}

0.02

0.01}

\\t\tt .
Rt~
065 070 0.75 080 085 090 0.95

FIG.29. &* as afunction of length x* for different values of B.

Here £+ = 0.7 is used. The dot-dashed and solid lines correspond
to £+ of the S, and S phases, respectively. The red, green, blue,
brown, orange, and cyan curves correspond to B =0, 0.1, 0.2,
0.3, 0.4, and 0.5, respectively, in units of GeV.
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FIG.30. &' as afunction of length £ for different values of B.
Here x+ = 0.1 is used. The dot-dashed, solid, and dashed lines
correspond to £+ of the S, S, and S phases, respectively. The

red, green, blue, brown, orange, and cyan curves correspond to
B =0, 0.1, 0.2, 0.3, 0.4, and 0.5, respectively, in units of GeV.

and thus it is again nonzero in some parts of the S, phase.
We further observe that as we increase B along the
perpendicular direction, the value of £+ initially increases
and then decreases. In particular, the negativity always
increases with B in the S, phase; however, in the S, phase
it increases with B for small x1, whereas it decreases with B
near xcln-t. This behavior is different from the parallel case
wherein only the increment in negativity was observed.
Similarly, we observe that £+ first monotonically increases
with -+ and then saturates to a B-dependent constant value.
This B-dependent constant value, like in the parallel case,
increases with B. Importantly, £+ is again continuous
across various phase transitions.

We end this section by making a few observations about
the entanglement negativity. As mentioned in the last
section, there are two different holographic proposals for
the entanglement negativity. In the first proposal [32,33],
the negativity is proportional to the entanglement wedge
(neglecting the quantum correction term). Since the entan-
glement wedge is zero in the S, and Sp phases, this
suggests that the negativity, if computed using the proposal
of Refs. [32,33], would also be zero in these phases.
However, as discussed above, the second proposal of
Refs. [34,35] gives a nonzero negativity in some parts of
the S, phase. Therefore, as far as the negativity for two
strips in the confined phase is concerned, these two
proposals seem to provide inequivalent results. It should
be mentioned that both of these proposals have been tested
for conformal field theories and have independently repro-
duced exact known results for the negativity. Therefore, our
results provide the first counterexample where the disparity
between these two proposals is observed. Also, as we
will see shortly, a similar feature is present for all values
of the magnetic field and temperature in the deconfined
phase, suggesting that the proposal of Refs. [34,35] points

to some kind of universality in the structure of the
entanglement negativity.

V. DECONFINING PHASE

Having thoroughly discussed the various holographic
entanglement measures in the confined phase, we now
proceed to discuss them in the finite-temperature decon-
fined phase. This corresponds to having a black hole on
the dual gravity side. Apart from the magnetic field, we also
have another parameter, i.e., temperature, in the theory.
There is again an option of aligning the strip subsystems
parallel or perpendicular to the magnetic field.

A. Holographic entanglement entropy

We start by studying the entanglement entropy for a
single interval where the boundary subsystem can be
aligned parallel or perpendicular to the magnetic field in
a fashion similar to the thermal-AdS case. In the AdS black
hole background, we again have two types of solutions
for the entanglement entropy: connected and disconnected
[139]. The disconnected entropy, however, turns out to be
always higher than the connected entropy. The expressions
of the connected entropy and strip length are the same as in
the thermal-AdS case, except that g(z) is now given by
Eq. (4). So, for the parallel direction, we have Egs. (23)
and (24) for the connected entanglement entropy and strip
length, whereas analogous equations for the perpendicular
direction are given in Eqgs. (27) and (28).

The entanglement entropy of the disconnected surface,
however, will get an additional contribution. In the parallel
direction we have

3 3A(z) ,B*Z? 3A(z)B*2}
Sﬂiscon = fyz{y}L |:/Zh dze 3 i ¢ i + ¢ ZI3 ZI ”} )
2Gis) Lo 24/9(2) 2z,
(46)

and for the perpendicular direction we have
St = ?’ﬂyl?’ﬂ}’3L3 [/Zh d
discon 2G(5) 0

where the last terms in both the parallel and perpendicular
cases come from the surface along the horizon at z = z;,.

We now proceed to discuss the numerical results for the
entanglement entropy in the deconfined phase. The varia-
tion of the strip length with respect to the turning point
of the connected surface at two different temperatures
T = 1.5T; and 2.0T . for different values of B is shown
in Fig. 31 for the parallel case and in Fig. 32 for the
perpendicular case. We observe that for both orientations
there exist certain common features. To begin with, unlike

e3A(2) B°Z/2 G3A(z)+Bz; L}
9

Z +
2/9(@) 2z

(47)

in the confined phase, there is no f,Hnax or z,”r{m and the
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FIG. 31. ¢! as a function of z! for different values of magnetic

field and temperature. The red, green, blue, brown, orange, and
cyan curves correspond to B =0, 0.1, 0.2, 0.3, 0.4, and 0.5,
respectively. Dot-dashed and solid lines correspond to 7/T .y =
1.5 and 2.0, respectively, in units of GeV.
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FIG.32. £+ as a function of zi- for different values of magnetic
field and temperature. The red, green, blue, brown, orange, and
cyan curves correspond to B =0, 0.1, 0.2, 0.3, 0.4, and 0.5,
respectively. Dot-dashed and solid lines correspond to 7/T . =
1.5 and 2.0, respectively, in units of GeV.

connected solution exists for the entire strip length. Second,
as we increase the strip length, the connected surface’s
turning point moves closer to the horizon. Last, as we
increase B, for a given value of the strip length, the value of
the turning point increases. These observations imply that,
irrespective of the orientation of the strip, the strip goes
deeper into the bulk by increasing B. This result is in
contrast to the confining-phase results wherein the orien-
tation of the magnetic field does induce anisotropy.

The corresponding entanglement entropy behavior is
shown in Figs. 33 and 34 for the parallel and perpendicular
cases, respectively. We again see common features for both

orientations. First, we see that there is no fﬂm (or férit)
for the parallel (or perpendicular) case and therefore no
phase transition is observed from a connected to a dis-
connected surface on increasing the strip length in both
cases. Next, we see that for both orientations, the difference

AS”

-0.5¢}

-1.0}

-15F}

FIG. 33. ASl = S(‘:lon - S‘C‘liSCOH as a function of #! for different
values of magnetic field and temperature. The red, green, blue,
brown, orange, and cyan curves correspond to B =0, 0.1, 0.2,
0.3, 0.4, and 0.5, respectively. Dot-dashed and solid lines

correspond to 7/T .;c = 1.5 and 2.0, respectively, in units of GeV.
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FIG. 34. ASt = S&, — Siicon as a function of £+ for different
values of magnetic field and temperature. The red, green, blue,
brown, orange, and cyan curves correspond to B =0, 0.1, 0.2,
0.3, 0.4, and 0.5, respectively. Dot-dashed and solid lines

correspond to 7/ T = 1.5 and 2.0, respectively, in units of GeV.

in the entropy is always less than zero, implying that the
connected entropy is always less than the disconnected

entropy. Further, in the limit #l — co, we have

3A(z),)+B*22

I [ Ve "
Scon =S4 =S = 48
discon BH 4G(5)Zz ( )

Similarly, in the limit £+ — co, we have

Vv €3A(z;,)+Bzzi

SLH = Siiscon = SBH = 3 ’ (49)
co 4G(5)ZZ

where the Spp represents the Bekenstein-Hawking entropy
of the AdS black hole. This reproduces the expected result
that the entanglement entropy reduces to the thermal
entropy when the size of the subsystem goes to infinity.
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So, effectively, the entanglement entropy in the deconfined
phase is always of order N2,

osl 1 ost 1
— o« —— = O(N?), —— x—— = O(N?). 50
af” & G(S) ( ) afj_ & G(S) ( ) ( )
Essentially, the behavior of the entanglement entropy
remains qualitatively the same for both the parallel and
perpendicular cases in the deconfined phase.

B. Two-strip phase diagram and mutual information

Since there is no phase transition between connected
and disconnected entanglement entropies, the correspond-
ing two-strip phase diagram in the deconfined phase is
much simpler. Here, we only have two phases S, and Sy
as the connected surface dominates for any given strip
length. Therefore, in the phase diagram, as shown for the
parallel orientation in Fig. 35 and for the perpendicular
orientation in Fig. 36, we can only see the phase transition
between the S, and Sp phases. We observe that the S,
phase is preferred when x| (or x1) is large, while the Sg
phase is preferred for large 2!l (or £+). We further observe
that on increasing B, the parameter space of the Sy phase
increases, suggesting its preference over the S, phase for
larger magnetic field values. This is true for both the
parallel and perpendicular cases. We again see that,
although the magnetic field does introduce substantial
changes in the phase diagram, these changes are quali-
tatively similar for the parallel and perpendicular cases,
suggesting limited orientational effects of B in the
deconfined phase. Similarly, for a fixed B, the phase
space of Sp is found to increase with temperature.

The mutual information in the S, and Sy phases displays
similar features as in the confined phase. This is shown in

M
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0.1F

/!

0.2 0.4 0.6 0.8
FIG. 35. Two-strip phase diagram in the deconfining back-
ground for the parallel case for different values of magnetic field
and temperature. The red, green, blue, brown, orange, and cyan
curves correspond to B =0, 0.1, 0.2, 0.3, 0.4, and 0.5, respec-

tively. Dot-dashed and solid lines correspond to 7/ T, = 1.5 and
2.0 respectively In units of GeV.
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FIG. 36. Two-strip phase diagram in the deconfining back-
ground for the perpendicular case for different values of magnetic
field and temperature. The red, green, blue, brown, orange, and
cyan curves correspond to B =0, 0.1, 0.2, 0.3, 0.4, and 0.5,

respectively. Dot-dashed and solid lines correspond to 7/T . =
1.5 and 2.0, respectively, in units of GeV.

Figs. 37 and 38 for the parallel and perpendicular cases,
respectively. The mutual information is zero in the Sy,
phase, whereas it is a monotonically increasing function
of strip length in the S phase. Moreover, the behavior
of the mutual information as a function of separation
length is similar to the ones shown in Fig. 13, and
therefore we do not present it here for brevity. In
particular, it is a monotonically decreasing function of
the separation length and it goes to zero in a smooth
fashion as we pass from the Sp phase to the S, phase.
Therefore, an order change in the mutual information
appears during the S, /S phase transition as I, o« O(N?)
and Iz o« O(N?). This behavior is again true for both the
parallel and perpendicular orientations.

/l

3.0F

25¢

20¢

1.5¢

1.0

05

/A . . . . . Il
0.3 0.4 0.5 0.6 0.7 0.8 /
FIG. 37. Il as a function of #/l for different values of magnetic
field and temperature. Here xl' = 0.2 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively. Dot-dashed and solid lines
correspond to 7/ T = 1.5 and 2.0, respectively, in units of GeV.
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FIG. 38. I as a function of £+ for different values of magnetic
field and temperature. Here x1t =0.2 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively. Dot-dashed and solid lines
correspond to T/ T.; = 1.5 and 2.0, respectively, in units of GeV.

C. Entanglement wedge cross section

We now move on to discuss the entanglement wedge
cross section Eyy in the deconfining phase. Guided by the
symmetry of the configuration (see Fig. 2), the area of the
vertical surface U gives the entanglement wedge cross
section. In the case of an AdS black hole, Ey; exists only for
the Sz phase and its expression is similar to the thermal-
AdS case, except that g(z) is now given by Eq. (4).
Therefore, for the parallel orientation we have

OO L3 T ety o3AR) B2
I Y27 )3
E (S):[/ dz], (51)
ATE AT 2/9(2)

Similarly, for the perpendicular orientation we have

Ey;(Sp) = (52)

3

fylfy3L3 [/zi(zﬂx) M}
zH(x) 224/9(2)

dz
4G5

Since no wedge exists between two subsystems in the Sy
phase, accordingly the entanglement wedge cross section is
zero in this phase.

The behavior of Ey as a function of strip length for
different values of magnetic field and temperature is shown
in Figs. 39 and 40 for the parallel and perpendicular cases,
respectively. Here we choose a fixed separation length
xll(or x1) = 0.2 for illustration purposes, but similar results
exist for other values of x/l (or x) as well. The nature of Ey,
is again qualitatively similar in both orientations. In
particular, the magnitude of Ey, increases with B in both
cases. However, the increment is slightly higher in the
parallel case compared to the perpendicular case. Ey, again
turns out to be a monotonic function of strip length in the
Sp phase, which vanishes discontinuously in the S, phase.

8.4

821

8.0

/!

0.3 0.4 0.5 0.6 0.7 0.8
FIG. 39. El“,v as a function of #/ for different values of magnetic
field and temperature. Here xl' = 0.2 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,

0.2, 0.3, 0.4, and 0.5, respectively. Dotted and solid lines
correspond to T/ T = 1.5 and 2.0, respectively, in units of GeV.
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FIG. 40. Ej; as a function of £+ for different values of magnetic
field and temperature. Here x1 =0.2 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively. Dotted and solid lines
correspond to T/T.;c = 1.5 and 2.0, respectively, in units of GeV.

This is true for all temperatures and magnetic fields.
Further, in the presence of B, the thermal profile of Ey
exhibits an interesting feature, i.e., Ey decreases with
temperature for small trip lengths, whereas it increases with
temperature for large strip lengths. This novel feature
appears only in the presence of B and is true for both
the parallel and perpendicular cases.

Similarly, Ey is also a monotonic function of the
separation length. This is shown in Figs. 41 and 42 for
the parallel and perpendicular cases, respectively. For both
cases, like in the confined phase, Ey decreases with the
separation length in the Sy phase and discontinuously
becomes zero as we enter the S, phase. We find that this
discontinuous behavior of Eyy at the S, /Sp transition line is
true for all values of magnetic field and temperature.
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FIG. 41. EuV as a function of x/l for different values of magnetic
field and temperature. Here ¢l = 0.5 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively. Dotted and solid lines
correspond to 7/ T.; = 1.5 and 2.0, respectively, in units of GeV.
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FIG.42. Ej; as a function of x* for different values of magnetic
field and temperature. Here ¢+ =0.5 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively. Dotted and solid lines
correspond to 7/ T = 1.5 and 2.0, respectively, in units of GeV.

We further test (although not explicitly shown here) the
inequality Ey > I/2 in the deconfined phase and find that
this inequality is again satisfied everywhere in the £ — x
plane of the parallel and perpendicular orientations for all
values of magnetic field and temperature. The inequality
saturates only at the S,/Sp transition line, at which 7/2
continuously goes to zero, whereas Ey, exhibits a sharp
drop to zero.

D. Holographic entanglement negativity

In this subsection, we talk about the holographic
entanglement negativity in the deconfined phase.
Beginning with the single-interval case, wherein the holo-
graphic negativity is given by Eq. (21), we have in the limit
B — A - o0

.3

- S(AUB,)-S(AUB,),

3
€=35(4) (53)

as, apart from S,, the rest of the four terms represent the
same quantity in the limit B - A“ — o0, i.e., the black hole
entropy, and therefore cancel each other. Accordingly, in
the single-interval case, we have & = %SA irrespective of
the orientation of the magnetic field. This is the same result
that we got in the confined phase as well. Therefore, for a
single-interval case, the negativity in the confined and
deconfined phases is always 3/2 times the entanglement
entropy. Accordingly,

o 1 ,

The negativity is always of order O(N?) in the deconfined
phase for both parallel and perpendicular magnetic fields.
This is different from the confined phase, where the
negativity undergoes an order change at some critical
strip length.

Moving on to the two-disjoint-interval case, we have the
entanglement negativity as [40,42]

E=2[S(6+x)+S(£+x) =S +x)—SK)].  (55)

1w

where S denotes the holographic entanglement entropy for
a single interval. Notice that, as is expected, when x — oo,
i.e., for large separations, the negativity goes to zero as
all terms in the above equation represent the black hole
entropy. Interestingly, like in the confined case, there can
be some region in the parameter space of the S, phase
where the negativity is nonzero. This once again has to be
contrasted with the mutual information and entanglement
wedge of the deconfined phase where these quantities were
zero everywhere in the S, phase. Indeed, as shown in
Figs. 43 and 44 for the parallel and perpendicular cases,
respectively, the negativity is nonzero in the S, phase as
well. The nonzero negativity for large separations in the
deconfined phase is again an important prediction (again,
strictly speaking, a prediction of the negativity proposal
of Refs. [40,42]). Moreover, the negativity turns out to be a
monotonic function of both strip length and separation
length; in particular, it decreases for higher separation
lengths, whereas it increases for higher strip lengths. We
further find that for a fixed strip length and separation
length the negativity increases slightly with higher mag-
netic fields, whereas thermal effects try to decrease it.
These results are again qualitatively similar for both the
parallel and perpendicular cases.
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FIG. 43. £l as a function of ¢! for different values of magnetic
field and temperature. Here x| = 0.2 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,
0.2, 0.3, 0.4, and 0.5, respectively. Dot-dashed and solid lines
correspond to 7/ T = 1.5 and 2.0, respectively, in units of GeV.
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FIG. 44. &+ as a function of £+ for different values of magnetic
field and temperature. Here x1t =0.2 is used. The red, green,
blue, brown, orange, and cyan curves correspond to B = 0, 0.1,

0.2, 0.3, 0.4, and 0.5, respectively. Dot-dashed and solid lines
correspond to 7'/ T.; = 1.5 and 2.0, respectively, in units of GeV.

We end this section by mentioning that our investigation
suggests that the orientation-dependent effects of the
magnetic field in the high-temperature deconfined phase
are rather limited compared to the low-temperature con-
fined phase. Though some nontrivial changes do arise in
various entanglement measures between parallel and trans-
verse magnetic fields in the deconfined phase, these
changes are not as substantial as in the confined phase.
For example, the magnetic field produced distinct effects in
the entanglement phase diagram of the confined phase in
the parallel and transverse directions, whereas the phase
diagram is quite similar for both orientations in the
deconfined phase. In the deconfined phase, the anisotropic
effects might be suppressed by the large thermal effects.
Indeed, if we do a large-temperature expansion of the

entanglement entropy and strip length, the effect of the
magnetic field appears in a similar fashion for both
orientations.

VI. DISCUSSION AND CONCLUSION

In this work, we performed a comprehensive analysis
of the effects of a background magnetic field on various
pure and mixed entanglement measures in the holographic
confined/deconfined phases dual to a bottom-up phenom-
enological Einstein-Maxwell-dilaton gravity model. The
magnetic field is expected to play an important role in
QCD-related physics and here we analyzed in detail how
this magnetic field alters the structure of the entanglement
entropy, mutual information, entanglement wedge cross
section, and entanglement negativity, in the confined/
deconfined phases of QCD.

We first reestablished the known results of the entangle-
ment entropy of a single strip in the confining phase, but
now in the presence of a magnetic field. In particular, a
phase transition from connected to disconnected entangle-
ment entropy is observed at some critical strip length in the
confined phase, at which the order of the entanglement
entropy changes from O(N?) to O(N°). Interestingly, this
critical length is found to increase/decrease for parallel/
perpendicular magnetic fields, thereby providing aniso-
tropic imprints of the magnetic field on the entanglement
structure. We then analyzed the two-equal-strip entangle-
ment phase diagram in the parameter space of strip length #
and separation length x and found four distinct phases
{S4,S5,Sc,Sp}. These four phases exchange dominance
as x and ¢ are varied, leading to an interesting phase
diagram. This two-strip phase diagram is again greatly
modified in the presence of a magnetic field, while further
exhibiting anisotropic features. The mutual information
turned out to be nonzero only in the S and S phases and is
always a monotonic function of x and #. Similarly, the
entanglement wedge cross section Ey was found to be
nonzero only in the S and S, phases. Interestingly, unlike
the mutual information, Ey, vanishes discontinuously for
large values of x and # and exhibits nonanalytic behavior
across various transition lines. In particular, going from the
Sp phase to the So phase, Ey increases at the Sp/Sc
transition line. Interestingly, this increment in the area of
the entanglement wedge at the Sp/Sc transition line is
found to decrease/increase for magnetic fields in parallel/
perpendicular directions, yielding yet another anisotropic
feature in the entanglement structure. Moreover, we tested
the inequality concerning the mutual information and Ey,
and found that the latter always exceeds half of the former
everywhere in the £ — x parameter space for all values of B.
Similarly, we analyzed the behavior of the entanglement
negativity with one and two intervals using the holographic
proposal suggested in Refs. [34,35] and found many
interesting features in the confined phase. For a single-
strip subsystem, the negativity turned out to be just 3/2
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times the entanglement entropy, implying that it also
undergoes an order change, from O(N?) to O(N°), as
the strip length is varied. This suggests that it can also be
used, like the entanglement entropy, to probe confinement.
The corresponding critical length is further found to
increase/decrease for parallel/perpendicular magnetic
fields. Moreover, for two strips, the negativity behaves
smoothly across various phase transition lines and no
discontinuity in its structure is realized. However, unlike
the mutual information and entanglement wedge, the
negativity can be nonzero in some parts of the S, phase,
an interesting feature that may not be observed in the
holographic negativity proposal of Refs. [32,33]. In addi-
tion, the negativity was found to display anisotropic
features in parallel and perpendicular directions.

We then analyzed the entanglement structure of the
deconfined phase. We found that there is no connected/
disconnected transition and the entanglement entropy is
always given by the connected surface. Accordingly, the
two-strip phase diagram is much simpler in the deconfined
phase. In particular, there are now only phases (S, and Sp),
with mutual information and entanglement wedge nonzero
only in the Sy phase, whereas the entanglement negativity
can be nonzero in both the S, and Sy phases. We further
found that the parameter space of the S phase increases for
both orientations of the magnetic field, suggesting a larger
phase space for the nontrivial entanglement wedge in the
presence of a magnetic field. Similarly, the entanglement
negativity of a single strip was again found to be propor-
tional to the entanglement entropy, whereas for two strips it
was found to be a monotonic function of x and ¢ for all
values of magnetic field and temperature. Our analysis
suggests that, although the magnetic field introduces
substantial changes in the entanglement measures, these
changes remain qualitatively similar in both the parallel and
perpendicular cases, suggesting a limited anisotropic effect

of the magnetic field in the deconfined phase as compared
to the confined phase.

We end this discussion by mentioning a few directions to
extend our work. The next step in our research setup would
be to include the chemical potential, as it also plays an
important role in QCD physics, and to simultaneously
discuss the effects of magnetic field and chemical potential
on the entanglement structure of confined/deconfined
phases. In the simplistic situation, this can be done in
the current holographic setup as well by adding another
gauge field on the gravity side. Similarly, it would also be
interesting to compute Ey, and £ after a global quantum
quench and analyze the thermalization process via these
measures, as this might also provide important information
about the formation of quark-gluon plasma in QCD. We
hope to come back to these issues in the near future.
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