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Measuring the homogeneity of the quantum universe
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There are not many tools to quantitatively monitor the emergence of classical geometric features from a
quantum spacetime, whose microscopic structure may be a highly quantum-fluctuating “spacetime foam”.
To improve this situation, we introduce new quantum observables that allow us to measure the absolute and
relative homogeneity of geometric properties of a nonperturbative quantum universe, as function of a
chosen averaging scale. This opens a new way to compare results obtained in full quantum gravity to
descriptions of the early Universe that assume homogeneity and isotropy at the outset. Our construction is
purely geometric and does not depend on a background metric. We illustrate the viability of the quantum
homogeneity measures by a nontrivial application to two-dimensional Lorentzian quantum gravity
formulated in terms of a path integral over causal dynamical triangulations, and find some evidence of

quantum inhomogeneity.

DOI: 10.1103/PhysRevD.107.086013

I. INTRODUCTION

Suppose we were given a quantum spacetime, obtained
from a nonperturbative gravitational path integral or some
other formulation of quantum gravity, and describing a
(near-)Planckian regime. We will not assume a smooth
background structure or the availability of tensor calculus,
but will rely on the presence of well-defined notions of
distance and volume to characterize the microscopic proper-
ties of the quantum spacetime. One question we are
particularly interested in is to what extent a given quantum
spacetime can be related to a description of the very early
quantum universe. For instance, can we show that familiar
properties of classical models of the preinflationary universe
emerge from it on sufficiently large scales, or that it contains
the quantum-gravitational seeds of structure formation?

In contrast to fully-fledged quantum gravity, quantum
cosmology aims to capture the quantum dynamics of the
Universe as a whole in terms of a small number of global
variables, tantamount to making strong symmetry assump-
tions about the underlying spacetime [1]. In the most
extreme case, when the spatial geometry is taken to be
homogeneous and isotropic, the quantum dynamics of
spacetime is reduced to the quantum mechanics of a single
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degree of freedom, the spatial volume (or scale factor). It
would be interesting to understand whether some justifica-
tion for such symmetry reductions can be derived from a
theory of quantum gravity.

With this motivation in mind, we will below construct
quantum observables that enable us to quantitatively
assess the degree of homogeneity of particular quasilocal
properties of a quantum spacetime in a nonperturbative
regime of full quantum gravity, focusing on the pure-
gravity case. In addition to our theoretical considerations,
we will present explicit computational results for a two-
dimensional toy model of quantum gravity, to illustrate
some of the technical and conceptual issues in construct-
ing measures of homogeneity.

A heuristic image often associated with quantum space-
time near the Planck scale is that of a “foam”, invoking the
possibility of a nontrivial microstructure of spacetime,
dominated by tiny wormholes or other nonclassical exci-
tations [2] (see also [3] for a recent review). To ensure
compatibility with the spacetimes of General Relativity,
one then has to assume the existence of an averaging
mechanism that produces macroscopically smooth space-
times from microscopically “foamy” and possibly singular
structures. In practice it is difficult to come up with well-
motivated quantum models of spacetime foam and even
more challenging to demonstrate that any nontrivial micro-
structure averages out on larger scales.

The aim of the present work is to develop concrete tools
to investigate the degree of homogeneity of a quantum
spacetime, whose local structure may be foamlike or carry
some other form of quantum excitations. As should be
clear from our discussion above, the notions of scale and

Published by the American Physical Society


https://orcid.org/0000-0001-5344-1991
https://orcid.org/0000-0003-0800-5060
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.086013&domain=pdf&date_stamp=2023-04-26
https://doi.org/10.1103/PhysRevD.107.086013
https://doi.org/10.1103/PhysRevD.107.086013
https://doi.org/10.1103/PhysRevD.107.086013
https://doi.org/10.1103/PhysRevD.107.086013
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

R. LOLL and A. SILVA

PHYS. REV. D 107, 086013 (2023)

averaging will play important roles. Since by assumption we
will work in a nonperturbative regime, we must make sure
that any characterization of a quantum spacetime is well-
defined operationally. This implies that we define and
evaluate suitable diffeomorphism-invariant observables,
and extract the physical properties of quantum spacetime
from their expectation values.

Identifying such observables in a nonperturbative context
is not straightforward." On the one hand, diffeomorphism
invariance and the absence of a fixed, a priori background
structure imply that typical observables are nonlocal, for
example, spacetime integrals of scalars or of more compli-
cated composite quantities. At the same time, observables
will generally suffer from ultraviolet divergences, requiring a
nontrivial regularization and renormalization. A nonpertur-
bative path-integral approach to quantum gravity that has
made significant advances in obtaining a quantitative grip on
observables in a Planckian regime is that of causal dynami-
cal triangulations, or CDT for short (see [7,8] for reviews). A
key result that has motivated the current work is the
emergence of an extended quantum spacetime, dynamically
generated in four-dimensional CDT quantum gravity [9,10].
Several quantum observables have been investigated to
understand its physical properties, including its (average)
Hausdorff and spectral dimension [11,12], overall shape
(volume profile) [13,14] and average scalar curvature [15].
Remarkably, their behavior on sufficiently large scales has
been found to be compatible—in the sense of expectation
values and within the measuring accuracy of the numerical
simulations—with that of a classical de Sitter space in four
dimensions. This is intriguing because in standard cosmol-
ogy the early universe is usually assumed to be de Sitter-like,
whereas the cited quantum gravity results have been derived
dynamically and from first principles, without making any
symmetry assumptions at the outset.

These findings are highly nontrivial, but it is important to
understand that they do not imply that the geometric
properties of this nonperturbative quantum spacetime are
approximated in any (quasi)local sense by those of a
classical de Sitter space, let alone describable by a local
metric tensor g,,(x). In fact, the typical diameter of the
quantum spacetimes investigated in CDT so far is on the
order of 15-20 Planck lengths [7], and quantum fluctuations
of quasilocal quantities like the above-mentioned spectral
and Hausdorff dimensions and quantum Ricci scalar are
observed to be large. It would clearly be desirable to have
well-defined observables which capture finer-grained infor-
mation on the geometry of these quantum spacetimes,
including their quantum fluctuations, in order to relate
and compare them to particular (semi)classical cosmological

'Further considerations about observables in nonperturbative
quantum gravity can be found in Secs. Q28 and Q29 of [4].
Nontrivial issues already appear at a perturbative level, see for
example [5,6] and references therein.

spacetimes. This is precisely what our quantum homo-
geneity observables are designed to do.

We will study quantities associated with geodesic balls,
which from a continuum point of view can be thought of as
ball volume averages of particular local scalar properties of
spacetime. Note that because of discretization effects, the
analogues of local continuum quantities typically become
quasilocal on the lattice, in the sense of being associated
with a neighborhood of a lattice vertex. Given such a
quasilocal quantity on a spacetime lattice and a prescription
for how to average it over geodesic balls of size 9, the
associated quantum homogeneity measure will allow us to
determine whether or not the quantity behaves approxi-
mately homogeneously on the scale 9, in a way that will be
spelled out in more detail below.

The remainder of this paper is organized as follows. In
Sec. II we recall the classical notion of a spacetime
isometry and discuss some of the difficulties one encoun-
ters when trying to translate this concept to the non-
perturbative quantum theory. We then introduce absolute
and relative measures of homogeneity, at first in a classical
context. They depend on a local or locally averaged
geometric scalar quantity and on an averaging scale, and
are global observables that characterize a given curved
Riemannian manifold. We also introduce our choice of
averaging regions, given in terms of a covering of the
manifold by geodesic balls, whose radius sets the averaging
scale. In Sec. III, we first describe the concrete implemen-
tation of the homogeneity measures in two-dimensional
CDT quantum gravity, including a prescription of how to
cover CDT configurations by geodesic balls. We then
discuss the results of our Monte Carlo measurements for
the expectation values of three different relative homo-
geneity measures, for the local deficit angle, the local
coordination number, both of which are related to local
curvature, and for the local Hausdorff dimension. All of
them exhibit different behaviors as a function of the
averaging scale. Section IV contains our conclusions and
an outlook on future work. In the appendix, we illustrate by
an explicit example that our measures of homogeneity
differ from those introduced in previous related work [16].

II. DEFINING (IN)HOMOGENEITY
IN QUANTUM GRAVITY

In the context of classical general relativity, homogeneity
refers to a spacetime which possesses a particular set of
isometries. An isometry is a global continuous symmetry of
a spacetime (M,g,, ) that leaves its metric structure
invariant.” The infinitesimal generator K* of an isometry
is called a Killing vector field and satisfies the defining
equation

2 . . . . .
See e.g., [17] for a concise introduction and discussion of
isometries in classical gravity.
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V,K,+V,K, =0, (1)

where V is the covariant derivative associated with the
metric g,,. Note that the covariance of the Killing equa-
tion (1) implies that the presence of an isometry is
independent of the choice of coordinates.

A general spacetime or solution to the Einstein equations
has no Killing vectors at all. A spacetime of dimension D
can have at most D(D + 1)/2 independent Killing vectors,
in which case it is called maximally symmetric. By
definition, a homogeneous spacetime possesses D inde-
pendent Killing vectors, generating what can be thought of
as the curved-space analogs of translations, i.e., a set of
isometries that connects any two points of a (connected)
spacetime manifold. A concept closely related to homo-
geneity is that of isotropy. A spacetime is isotropic in a
point p if there exist D(D —1)/2 independent Killing
vectors vanishing at p, which can be thought of as the
generators of rotations or boosts about p. A spacetime is
called isotropic if it is isotropic in every point. Isotropy
implies homogeneity, but not the other way round. For
example, a homogeneous spacetime can have a distin-
guished direction from the point of view of its metric
properties, thereby breaking isotropy.

The task at hand is to determine whether and to what
extent the concept of isometry can be made sense of in a
nonperturbative regime of quantum gravity where neither
coordinate systems nor tensor calculus are available. We
can immediately anticipate some difficulties when trying to
represent the tensorial character of Eq. (1), or of the
equivalent equation Lxg = 0 (vanishing Lie derivative of
the metric) in the quantum theory. The directional character
of these relations is twofold, both in the metric tensor itself
and in the direction of the flow lines of the vector field K
along which the metric is Lie dragged.

For definiteness and later use, let us consider these issues
in the framework of CDT, where quantum spacetime is
obtained from a continuum limit of a regularized path
integral, defined in terms of an ensemble of triangulated,
piecewise flat metric manifolds 7. Importantly, the
individual regularized spacetime configurations are
described in terms of their edge lengths and lattice con-
nectivity, without recourse to coordinates [18]. Nevertheless
they possess well-defined, discretized notions of geodesic
distance and volume, which may or may not scale canoni-
cally (i.e., according to their naive classical dimensionality)
in a Planckian regime in the continuum limit. Typical
quantum observables that can be constructed from these
elementary geometric ingredients are (simplicial versions

*In technical terms, one aims to extract a continuum theory by
taking a scaling limit at one of the second-order phase transitions
found in the lattice-regularized theory. In this sense, CDT plays
the same role in gravity as lattice QCD does in non-Abelian
gauge theory, while taking into account background independ-
ence and the dynamical character of spacetime geometry.

of) scalar-valued spacetime integrals. Even if the quasi-local
quantity that one integrates over has a directional character,
like the quantum Ricci curvature [19,20] or a two-point
function [21], this direction dependence will usually be
lost upon integration. Likewise, without a differential
manifold structure and tensor calculus there are in general
no obvious or useful analogues of classical concepts like
parallel transport or the flow along the integral curves of a
vector field, which would enable us to compare direction-
dependent metric properties at nearby points.4

It follows that any geometry-preserving symmetry we
may define in a truly nonperturbative realm will inevitably
be a more basic and less stringent notion than that of an
isometry of a (pseudo)Riemannian geometry. Even then,
one may expect on physical grounds that spacetime in a
strongly quantum-fluctuating regime does not possess any
symmetries of this kind. On Planckian scales, this may also
be the case for the de Sitter-like quantum spacetime
generated by the CDT path integral, which we already
mentioned in the introduction. Even if this turns out to be
true, it is conceivable that when examining the quantum
spacetime through the lens of suitable averaged observ-
ables, all Planckian inhomogeneities and anisotropies
cancel out above a certain averaging scale, such that in a
statistical sense the system attains approximate symmetry
properties which are compatible with those of a classical de
Sitter universe.

Given our ambition to learn more about the possible
quantum origin of our real universe, it would be very
interesting if we could find evidence for such an emergence
of symmetry from first principles and quantify deviations
from it. However, we should caution that the recovery of
classical symmetries is by no means a foregone conclusion,
neither in formulations based on random geometry, like
(causal) dynamical triangulations, nor other nonperturba-
tive models of quantum gravity, where a (background)
spacetime is not assumed at the outset. One known issue is
that ensembles of microscopic building blocks have a
tendency to exhibit collective behaviors which interfere
with the emergence of large-scale four-dimensional geom-
etry in the first place.5 Also, depending on the specific
quantity whose homogeneity one investigates, the scale at
which approximate homogeneity appears may lie outside
the range of scales one has numerical access to.

The general prescription we will use to characterize the
symmetry properties of a nonperturbative quantum space-
time implements a more elementary idea than that of an

*Reference [22] illustrates some of the difficulties that arise
when trying to define the concept of an approximate Killing
vector on the piecewise flat geometries of the two-dimensional
(O)DT path integral. We will adopt a different strategy here.

STwo well-known effects, first discovered in Euclidean
dynamical triangulations, are polymerization and crumpling,
see e.g., [23,24] as well as Sec. Q28 of [4], and references therein.
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isometry generated by a Killing vector field, namely that of
“a quantum spacetime looking the same everywhere”. This
is reminiscent of the so-called cosmological principle,
which asserts that on suitably large scales the spatial
universe looks the same to all observers or, in more
technical terms, that it is statistically homogeneous and
isotropic, motivating the use of Friedmann-Lemaitre-
Robertson-Walker (FLRW) models for their idealized,
theoretical description.6

Due to the highly-nonclassical nature of the geometries
contributing to (C)DT path integrals it is not straightfor-
ward to define and parametrize (in terms of angular
variables, say) what one means by a local direction.”
Even if one adopted a specific prescription, one would
need a way to compare directions at different points, like
parallel transport or distinguished global coordinates,
which in a nonperturbative formulation are not readily
available, as we explained earlier. For the time being we
will therefore focus on scalar quantities, and will talk
generically about their associated measures of homo-
geneity, which more precisely represent statistical measures
of homogeneity.

The main ingredient needed to specify such a measure of
homogeneity on a given D-dimensional metric space M of
positive definite signature is a scalar quantity Q(x,5)
associated with a geodesic ball B, (5) of radius § based
at the point x, which has the interpretation of a quantity Q
averaged over the neighborhood B,(6). In the simplest
case, Q(x, 8) is the average of a local scalar Q(x) over the
ball B, (), which in a continuum notation reads

Q(x,é):m /dDy\/deth(y) with
B.+(9)
vol(B,(6)) = /dDy detg. (2)

B,(3)

The explicit examples we discuss in Sec. III C below are all
of this type. We will comment in Sec. IV on the non-
uniqueness of this choice of averaging. It may happen that
the quantities Q(x) and Q(x, §) have an additional depend-
ence on some other scale r, which we will indicate by
writing Q(x; r) and Q(x, 8; r). The homogeneity or other-
wise of a quantity Q(x,8) across M, as a function of the
averaging scale 6, will be assessed by comparing it to its
average Q(8) on M. This requires a choice of how densely
the points of M will be sampled in the process. To obtain
the maximal information about Q(x, §), we could compute

%See [25,26] for recent assessments of the observational
evidence for the cosmological principle.

"See [27], Sec. 4.3, for an illustration in the context of quantum
Ricci curvature in two-dimensional Euclidean quantum gravity in
terms of dynamical triangulations (DT).

its average by integrating over all x € M ¥ and compare this
average pointwise to every Q(x, ). However, to keep the
computational effort manageable, and to limit the amount
of double counting [i.e., how many times local information
at a point y appears in averaged quantities associated with
different geodesic balls B, (5)], we will instead work with a
discrete sample S C M of points and their associated
geodesic balls, and define the sample average Q[g](5) by

|S|ZQ x.5). (3)

x€S

Here, |S| denotes the number of points in S, and for later
use we have included the dependence on the metric g (more
precisely, on the diffeomorphism equivalence class of g)
explicitly in the notation. The (nonunique) choice of a set S
should be such that M is well covered by the associated
geodesic balls {B,(8)|x € S}, in the sense that most points
y € M should lie in exactly one ball, and the geometry of M
should be covered evenly, without leaving large isolated
regions uncovered. One could adopt a more stringent
mathematical characterization of such a covering or pack-
ing, but for our purposes the details of the prescription
should be unimportant, as long as the linear size of M is
much larger than the ball radius 6. This should be verified in
any explicit implementation. A convenient choice of S for
geometries in two-dimensional CDT quantum gravity will
be discussed in Sec. III below.

With these ingredients in hand, we can finally define the
(absolute) homogeneity measure H,[g|(6) of a scalar-
valued quantity Q(x,5) on a space with metric g,, by

\/S|—1Z 0(x.0) - 00)7, ()

xeS

i.e., the square root of the unbiased sample variance of the
set of densely sampled values Q(x,§) with respect to the
sample average, where we have suppressed the dependence
on the set S in the notation on the left-hand side. If the
averaged quantity Q is homogeneous at resolution § on
(M., g,,), we have H[g](6) = 0, independent of the set S,
while nonzero values signal the presence of inhomogene-
ities. The absolute homogeneity measure (4) is a natural
choice in situations where absolute homogeneity in the
sense of H[g](6) = 0 can be attained exactly. However,
this does not happen in the typical applications we have in
mind, where the value zero will at most be approached in a
limit or in an approximate sense. In these cases we will
often be interested in quantifying the inhomogeneities, that
is, the degree to which homogeneity is violated, relative to
some other scale relevant to the physical situation at hand.

*We will assume M to be compact, which will always be the
case in our applications.
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One natural choice is the (absolute value of the) 6-
dependent sample average Q(5) of the quantity Q(x,d).
If it is nonvanishing, we can define a relative homogeneity
measure H'[g](6) by the dimensionless quotient

HE91(0) =Holgl(8)/1Qlgl(0)].  [Qlgl(8) #0].  (5)

Depending on the physical situation, other choices of
reference scale may suggest themselves, which will then
lead to alternative definitions of relative homogeneity
measures. In the remainder of this work, we will stick
with the definition (5). If the set S is defined in geometric
terms, without invoking any additional background struc-
ture that could bias the sampling, both of the measures (4)
and (5) are diffeomorphism-invariant classical observables,
and suitable quantum implementations within the non-
perturbative path integral are prime candidates for quantum
observables. Explicit nontrivial examples will be discussed
in Sec. III.

Since our homogeneity measures refer to specific quasi-
local or averaged quantities, we can only claim that the
underlying spacetime is (approximately) homogeneous
whenever (approximate) homogeneity has been shown
for a complete set of such quantities. Classically, one
might consider using a complete set of local curvature
invariants (whose number depends on the dimension), but
these tend to not have well-defined analogs in the non-
perturbative quantum theory, where anyway few observ-
ables are available. When promoting the homogeneity
measures to quantum observables below, we will therefore
have little to say on how to define and construct a complete
set of them. This being the case, one should be careful to
refer to the homogeneity or otherwise of the specific
geometric quantity under consideration, rather than of
the quantum spacetime as such.

There are other instances in classical and quantum gravity
where some form of averaging of geometry appears, for a
variety of purposes. Perhaps closest in spirit to our quantum
considerations is the question of how well FLRW models
describe the universe classically, and to what degree
inhomogeneities of the real universe on smaller scales
can lead to deviations from the standard Friedmann dynam-
ics on large scales. This “averaging problem” or “back-
reaction problem” in cosmology is the subject of ongoing
research and faces multiple challenges, including how to
average covariantly and beyond perturbation theory (see the
reviews [28,29,30] for the classical and quantum cases
respectively). Although we share some of these challenges,
as already described earlier, our emphasis is different. We
are not addressing questions of time evolution, e.g., the
(non)commutativity of spatial averaging and solving equa-
tions of motion, but analyze the homogeneity properties of a
given Riemannianized, nonperturbative (quantum) space-
time, without invoking any distinguished background
geometry or presence of global symmetries at the outset.

Because of the differences in terms of setting, physical
motivation and available technical tools, we currently do not
see concrete ways in which our construction or the insights
gained in the nonperturbative quantum theory could con-
tribute to solving the classical averaging problem.

It is also worth pointing out that our averaging does not
involve a coarse-graining of the underlying configuration
space of the quantum theory, in the form of a decimation or
“integrating out” of the quantum (field) degrees of freedom
associated with the microscopic details of geometry. Such a
decimation, accompanied by a suitable rescaling of cou-
pling constants, typically appears in the renormalization
group analysis of how a particular quantum field theory
behaves as a function of scale, which for theories on
Minkowski space is often identified with an ultraviolet
momentum cutoff. Of course, adapting standard renorm-
alization methodology to dynamical curved geometries
beyond perturbation theory is highly nontrivial both con-
ceptually and technically. The difficulties in setting up a
coarse-graining scheme for the simplicial manifolds used in
(C)DT quantum gravity, analogous to spin blocking on a
fixed regular lattice, are well described in [31] (see also
references therein). Without relying on such a geometric
coarse-graining scheme, implementations of renormaliza-
tion group flows in CDT and open problems have been
discussed in [32,33]. Considerable progress has also been
made in continuum formulations of quantum gravity based
on functional-renormalization group methods [34], but also
here challenging issues remain [35]. A difficulty common
to all approaches concerns the definition and physical
interpretation of the notion of “scale” in a quantum theory
of dynamical geometry.

Returning to the main subject of the current work, we
will volume-average or coarse-grain certain quasilocal
geometric properties and their associated operators on a
given quantum spacetime, rather than consider any renorm-
alization group flows. In this way, we can probe its
properties at various scales (resolutions) of our choosing,
which allows us to determine in quantitative terms whether
a given property behaves (approximately) homogeneously
in the range of physical scales considered. We assume that
the renormalization of the underlying quantum gravity
theory and its observables is well defined and under
control, at least to the extent that the quantum homogeneity
observables we construct exist and are finite in the
continuum limit. This is certainly the case for the homo-
geneity observables for two-dimensional quantum gravity
discussed in Sec. III below.

Lastly, let us comment on the relation of our construction
with a previous attempt to introduce homogeneity measures
in CDT quantum gravity [16]. Its author works with
variances that superficially resemble our absolute homo-
geneity measure (4), but without introducing a separate
averaging scale (our “0”). Instead, the notion of scale is
associated with the scale dependence of the quantity whose
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variance is being investigated, which in our construction
corresponds to the possible presence of another (linear) scale
r, as mentioned just below Eq. (2). There may of course be
good reasons for doing so, but the resulting scale-dependent
measures contain primarily information about the r-depend-
ence of the underlying quantity (and its variance) rather than
about the degree of homogeneity as a function of averaging.
As we will illustrate by an explicit example in the Appendix,
the dependences on 6 and r are in general different. One
difficulty with interpreting r-dependent results is that the
functional r-dependence of a generic quasi-local property of
the quantum geometry in a nonperturbative approach like
CDT is not known a priOri.9 If it was, it could be taken into
account to try and extract the associated inhomogeneities
from the variances proposed in [16].

By working with an explicit averaging scale 9, related to
the resolution of a geodesic ball covering, we address the
question of how (in)homogeneously an averaged quantity
Q(x, 8; r) behaves when § is varied while r is kept fixed. In
an explicit example of this kind discussed in Sec. III C
below, Q(x, &; r) is the Hausdorff dimension extracted from
measuring the volumes of spheres with a radius in the range
r € [6,10], averaged over a geodesic neighborhood of
radius 6 based at the point x.

III. IMPLEMENTATION AND RESULTS
IN TWO DIMENSIONS

Next, we will demonstrate that the homogeneity mea-
sures (4) and (5) can be implemented in a nontrivial model
of nonperturbative quantum gravity, namely in the two-
dimensional gravitational path integral formulated in terms
of CDT, which is an exactly soluble quantum gravity model
with Lorentzian signature [36]. It is inequivalent [37] to
Liouville quantum gravity, which is based on a two-
dimensional Euclidean path integral that can be obtained
from purely Euclidean dynamical triangulations [38]. Two-
dimensional CDT quantum gravity is a well-studied toy
model amenable to analytical methods (for a recent
exposition, see [39] and references therein), and serves
as a testing ground for new quantum gravity observables,
most recently, the quantum Ricci curvature [40]. We will
use it here to implement and test the new quantum
homogeneity observables numerically.

After Wick rotation, the CDT path integral takes the
simple form

1
7 = N e_S[T] ,
2

S[T] = AN, (T). (6)

where the sum is taken over all geometrically distinct
triangulations 7 of fixed topology that can be assembled

The two observables whose variance is studied in [16], the
spectral dimension as a function of the diffusion time ¢ and the
volume of a geodesic ball of radius r, are cases in point.

from N, triangular Minkowskian building blocks, such
that T has a well-defined causal structure [41,7]. Note that
the path integral Z is a genuinely geometric quantity,
without any coordinate redundancy, where each distinctly
locally-curved two-geometry appears exactly once, and
that also its continuum limit describes a quantum theory of
nontrivial local geometry [36]. Furthermore, A denotes the
bare cosmological constant and Cr the order of the
automorphism group of the triangulation 7. We will adopt
the standard choice of a S' x S' topology for the trian-
gulated spacetimes, with compact spatial slices and a
cyclically identified time direction for computational
convenience. As usual in CDT, there is a discrete
proper-time parameter ¢ € [0,1,2, ..., 1], with times O
and t, identified, and where #(7) > 3 denotes the discrete
length of the spatial universe at time #. Since the integral of
the Ricci scalar in two dimensions is a topological
invariant, we have dropped it from the Euclidean gravi-
tational action S,[T] in Eq. (6), which therefore consists
only of a cosmological-constant term.

The expectation value (O) of a geometric quantum
observable O[T] in the ensemble of path integral configu-
rations is defined as

_ IS orpremsin
() =53 & O )
where OI[T] denotes a suitable implementation on the
piecewise flat space 7' of a corresponding continuum
quantity O[g]. We employ a Monte Carlo Markov Chain
algorithm to generate sequences of independent CDT
geometries, allowing us to approximate the expectation
values (7) by importance sampling of the full CDT ensem-
ble."” As usual in CDT quantum gravity, we perform
simulations with ensembles of fixed volume N, and extract
the continuum limit N, — oo from a sequence of measure-
ments on finite triangulations of increasing N, using finite-
size scaling (see e.g., [42]). We work with CDT lattices in
the volume range N, € [50.000,350.000] and for time
extensions f#,,, € [62,200], where as a result the average
length Z(¢) of a spatial slice at integer time  is of the order of
400-900. During data collection, we have performed N, x
1000 attempted moves between measurements. Considering
that the equilibrium acceptance ratios are around 10%, every
site of the geometry was on average updated roughly 100
times between consecutive measurements.

In the context of the lattice calculations, x will denote a
vertex of a triangulation 7', and 6 (and other measures of
linear distance) will be given in terms of the link distance.
The (geodesic) link distance of two vertices x and y is
defined as the number of links (edges) in the shortest path
of contiguous links between x and y. Given a vertex x, the
sphere S,(6) of radius & at x is defined as the set of all

"®We thank J. Brunekreef for sharing his CDT code.
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vertices at link distance ¢ from x. Similarly, the geodesic
ball B, (5) of radius & at x—for which we will use the same
notation as in the continuum—is given by the set of all
vertices whose link distance to x is smaller than or equal to
8. For a coarse-grained lattice quantity Q(x,§), which is
itself of the form of a geodesic-ball average of a local scalar
Q(x), the analogue of the relation (2) reads

Z o(y),

yeB

Z 1. (8)

0(x,0) = with

vol(B.(8)) =

Before presenting our numerical results, we still need to
specify how we choose the set S of points that will serve as
centers of the sphere covering in the lattice versions of the
homogeneity measures (4) and (5), namely

Halll9) = \/|S|—12(

T](5)>2, with

xXeS
=5 ;Q(X 5), ©)
and
HET)(8) = Ho[T1(8)/10[T)(8)],  [Q[T)(8) #0]. (10)

To generate a vertex sampling S of resolution § on a
given CDT configuration 7, we start by constructing an
(initial) sphere covering based on a vertex set S of 7.
(This is not yet the final sphere covering that will be used to
measure inhomogeneities.) To obtain the sphere covering,
we make use of the product structure of CDT configura-
tions. We randomly pick a spatial slice ¢, and on it a vertex

.% t A

xo, and construct a sphere S, (6) of radius & at x,. Next,
moving a distance 26 along vertices in the same slice, we
pick a following vertex x; and construct its o-sphere, which
touches the first sphere at time f7,. We continue moving
along the slice in steps of length 26, constructing further
spheres around vertices x», x3, ..., until no more spheres
can be fitted without creating overlaps. Having thus
constructed a sphere covering of a strip of time extension
At =20, we repeat the same construction, using as a
starting vertex a randomly chosen vertex on the slice with
label 7, + 26. After covering the corresponding strip At =
26 by spheres, we progress in the time direction in steps of
26 until no more strips can be fitted in without creating
nontrivial overlaps between J-spheres (for illustration, see
Fig. 1, left).

The sphere covering associated with the resulting finite
set of vertices S™ = {x(,x;,x,,...} will in general have
some gaps of linear size < 24, but this should not matter
much for triangulations that are large compared to the scale
0. The reason why we nevertheless do not use this sphere
covering directly is a bias that could potentially arise from
the alignment of sphere centers along the selected spatial
slices. Recall that the main dynamics of the CDT model is
given by large fluctuations of the spatial volume #(¢) as a
function of time (Fig. 1, right). If a quantity whose
homogeneity is being assessed correlates with the size of
spatial slices, in particular when these are small, our initial
selection S™ of sphere centers may not be sufficiently
random. The selection principle we have adopted to avoid
any such effects consists in picking one vertex from each of
the spheres of the initial sphere covering and choose it as
the center of a sphere in a new sphere covering. The new set
S of circle centers is then spread roughly evenly over
different spatial slices, at the price of creating some
overlaps between pairs of spheres, and therefore a slightly
less complete covering of the total set of vertices in 7. We

T

(0
<
1
B
K

K

K
0

>

FIG. 1.

Pieces of an initial sphere packing as described in the text, for resolution 6 = 6 and 6 = 3 (left). For ease of illustration, the

packing has been implemented on a regular, everywhere flat CDT configuration. Generic CDT geometries carry local curvature and have
spatial slices whose size £(¢) fluctuates strongly as a function of the time ¢, as illustrated by the sample configuration on the right.
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have compared averaged observables for sphere coverings
based on both prescriptions S and §™ for selected volumes,
but have not found any differences. All measurements
reported below are based on choosing sets of type S.

In what follows, we will evaluate the expectation value
(HE'(5)) of the relative homogeneity measure (10) of a
quantity Q in the quantum theory. Whether this or the
absolute homogeneity measure are interesting and relevant
depends on the context and application one has in mind. We
will use a straightforward implementation of the observable
O[T] = H'[T](5) on each two-dimensional piecewise flat
CDT configuration 7', where the set S of vertices is selected
as just described. When measuring and interpreting homo-
geneity observables we must take into account the inherent
limitations of the lattice regularization. Firstly, to avoid
finite-size effects due to the torus topology of the CDT
configurations, we should only consider § <« L, where L is
the linear size of a configuration 7. In the case at hand this is
given by the time extension ., or the average spatial
extension # = N,/(2t,,), whichever is smaller, where it
should be kept in mind that the spatial length £(¢) fluctuates
strongly as a function of ' At any rate, nothing interesting
can be learned when the resolution & approaches the linear
size of the spacetime, since homogeneity is realized trivially
there. In practice, we worked with an upper cutoft 6 < #,,./4.
Secondly, results for small § suffer from discretization
artifacts and therefore should not be considered in any
continuum interpretation. Previous investigations of geo-
metric observables on two-dimensional triangulations indi-
cate that these discretization effects are definitely present on
distance scales 6 < 5 in terms of link units [19,20]. In the
explicit measurements discussed below, we find that this
region is even larger, probably due to the complex and
somewhat extended nature of our construction. Lastly, since
we are interested in the homogeneity or otherwise of
properties of the continuum theory, we study the expectation
values of the homogeneity measures for increasing lattice
volumes and search for convergent behavior as a function of
a physical, rescaled averaging scale.

The two homogeneity observables we will consider first
involve averaged lattice quantities Q(x, ) related to cur-
vature. Both of them are geodesic-ball averages of a local
quantity Q(x), as in relation (8) above. The local quantities
are the coordination number ¢(x), defined as the number of
triangles meeting at the vertex x, and the deficit angle &(x).
Recall that a finite, piecewise flat triangulation in two
dimensions carries intrinsic curvature, which is located in a
singular way at its vertices in the form of deficit angles.
For a given vertex x, the deficit angle & is defined as

=2m —Y ;7 the difference of 2z and the sum of the
angles y;, where y; is the angle contributed by the ith

N quantitative analysis of the relation between the average
and the minimal value of # for the same CDT ensemble was made
in [40].

triangle sharing the vertex x. Since the Wick-rotated CDT
configurations are built from equilateral triangles, the
deficit angle can be expressed in terms of the coordination
number according to &(x) =2z — c¢(x)z/3. The deficit
angle is a direct measure of the Gaussian curvature K
associated with the point x, with ¢(x) = 6 characterizing a
locally flat triangulation. Note that by virtue of the Gauss-
Bonnet theorem and the toroidal topology of the CDT
configurations we have

Zc(x) = 6N, (11)

xeT

where N, denotes the number of vertices in the triangu-
lation 7.

In nonperturbative approaches like CDT which use
simplicial manifolds as a regulator, defining curvature in
terms of deficit angles is problematic in dimension D > 2
because of ultraviolet divergences in the continuum limit
(see e.g., the discussion in [8]). This has motivated the
introduction of an alternative notion dubbed the quantum
Ricci curvature [19,20]. Since this problem is absent in two
dimensions and a homogeneity measure based on the
quantum Ricci curvature is computationally expensive,
we will investigate here homogeneity measures based on
the deficit angle and the coordination number.

A. Homogeneity of the deficit angle

We start by considering the deficit angle, Q(x) = &(x),
which is a direct measure of the local curvature. For each
fixed scale 6 € [1,49] we computed for each randomly
sampled configuration 7 of a CDT ensemble at fixed
volume N, and time extension ., the averaged deficit
angle ¢(x, §) for geodesic balls of radius § associated with a
sphere covering. The expectation value (H®(5)) in the
quantum ensemble for a range of different volumes and as a
function of the link distance is shown in Fig. 2. Data points
at integer values of § have been joined up by straight line
elements to guide the eye. Note that the curves end at
different values of &, due to our choice § < f,,;/4. The
initial region 6 <5 is expected to be dominated by
discretization artifacts. Our primary interest are the data
points with 6 > 5, which within error bars are seen to agree
well for different volumes N, within their common &
ranges. For all lattice volumes, the homogeneity measure of
the deficit angle is seen to decrease monotonically over the
observed range, corresponding to an increase in homo-
geneity as a function of the averaging scale §, as one may
have expected. However, since the relative homogeneity
does not even fall to 24% (its value at 6 = 49 is 0.242), this
particular observable does not behave approximately
homogeneously in the observed 6 range.

To understand its behavior in the continuum limit
N, — oo, we performed a finite-size scaling analysis by
rescaling the lattice distances 6 by the square root of the
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FIG. 2. Expectation value (H!(5)) of the relative homogeneity
measure associated with the averaged deficit angle ¢, as a function
of the averaging scale § in lattice units, for volumes in the range
N, € [50k,350k] and time extensions #,, € [62,200], including
statistical error bars. The shaded area 6 < 5 indicates the region
dominated by discretization artifacts.

volume (Fig. 3, left), and plotted the data as a function of
the rescaled, physical distance & := 5/1/N5."> The lack of
overlap of the curves illustrates that the observable H™ is
subject to strong short-distance lattice artifacts, extending
also beyond 6 = 5. Nevertheless, the presence of finite-size
scaling can be exhibited by comparing the curves for
sufficiently large & and fixed physical distance 5. When
comparing data points at & = 0.065, at the end of the range
for which we have measurements from all volumes, we
observe signs of convergence as a function of the volume
N,, as illustrated in Fig. 3, right. The interesting question is
whether the homogeneity measure for sufficiently small
5 < L, where L denotes the (rescaled) linear size of the
spacetime, converges to a constant function in the con-
tinuum limit, and what the value of this constant is. We
have fitted the seven data points at = 0.065 to functions
F(N,) = ¢o + ¢N5*, for selected v with 0 < v < 1. The

fit shown is for F(N,)~0.100 + 4.00N;"*. The fit for
v =1/2 is of comparable quality and yields ¢, =~ 0.205.
Both of these would imply significant levels of inhomo-
geneity (of 10% and 20%) in the continuum limit.
However, it should be kept in mind that the limited volume
range of our data set does not allow us to discriminate
between these different fall-off behaviors or to verify our
simple ansatz for F(N,).

We also do not have stringent theoretical arguments for
how (H™(5)) should behave in the limit. Regarding the
denominator of this expression according to (5), we have
measured how the geodesic-ball average of the deficit
angle behaves for § < 100, and found excellent agreement

"2We assume that the physical two-volume V, = a®N, is kept
fixed as we scale N, — oo, where a denotes the dimensionful
length of a lattice edge, such that a < 1//N,.

with a scaling & 1/6 toward zero from below. On the other
hand, if the original distribution of the values £(x) on a
given configuration 7 could be treated as independent
random events (which is strictly speaking not true, but may
still be a good approximation), it would follow from the
central limit theorem that samples of size n approach a
normal distribution with standard deviation o 1//n. In the
case at hand this would translate to a behavior « 1/4, since
the Hausdorff dimension of CDT configurations in the
continuum limit is known to be dy = 2 [36,43]. If this
scaling scenario for the standard deviation was realized, it
would mean that the relative homogeneity measure
(H®!(5)) for large & approaches a constant, which is
consistent with what we found in our measurements.
However, without a more detailed understanding of the
behavior of the variance for large §, we do not know which
value (including zero) this constant may have.

B. Homogeneity of the coordination number

Looking instead at the relative homogeneity measure of
the coordination number, Q(x) = c¢(x), avoids the poten-
tial problem of dividing by an average that is close to zero,
since the geodesic-ball average of ¢(x) will approach six
for large 6, by virtue of the global constraint (11).
Repeating the same analysis as before yields the expect-
ation values shown in Fig. 4. Their absolute scale is of
course smaller than that associated with the deficit angle
of Fig. 2, since we are dividing by a larger average. From
the point of view of continuum physics, this absolute scale
is really immaterial, since the coordination number as
such does not have a continuum counterpart. Let us
nevertheless proceed and accept the geodesic-ball average
of ¢(x) as an appropriate reference scale for use in the
homogeneity measure. Since this average is well approxi-
mated by a nonvanishing constant ~6, what we are
looking at here is—up to this overall constant—the
absolute homogeneity measure (9) of the coordination
number. Figure 4 shows that there is a very close overlap
between the data for different volumes, and a rather fast
convergence toward a small expectation value as o
increases. We do not show the curves as a function of
the rescaled distance &, which look similar to those for the
deficit angle, with slightly less severe discretization
effects. More interesting is the comparison of the expect-
ation values at fixed & = 0.065 (Fig. 5, left), which
indicates convergence to a small value near zero. A fit
to F(N,) ~2.46 % 10~ + 103N;! works well in this data
range, subject to the same provisos as our earlier dis-
cussion of the deficit angle. We thus conclude from our
measurements that in the §-range considered this particu-
lar observable attains a very high degree of relative
homogeneity, in the sense of expectation values.

A lesson we have learned so far is that the behavior of
the relative homogeneity depends on the quantity whose
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FIG. 3. Expectation value (H!") of the relative homogeneity measure associated with the averaged deficit angle &, as a function of
the rescaled averaging scale & (left). Expectation value (H™) at fixed 5 = 0.065, as a function of N, € [SOk, 350k], together with a

curve fit (right).
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FIG. 4. Expectation value (H™(5)) of the relative homogeneity
measure associated with the averaged coordination number c, as a
function of the averaging scale ¢ in lattice units, for volumes in
the range N, € [50k, 350k] and time extensions t, € [62,200].
Error bars are too small to be shown. The shaded area 6 <5
indicates the region dominated by discretization artifacts.

homogeneity is being assessed. It is ultimately a physics
question which quantities can be meaningfully considered
from a continuum point of view. Computational feasibility
is also important, because of the dense sampling we
perform of individual path integral configurations. A
tentative interpretation for the behavior of the expectation
value (H™!(8)) associated with the coordination number is
that the only inhomogeneities observed are confined to a
region near the cutoff scale (which anyway we discard
because of discretization artifacts), outside of which the
homogeneity is almost perfect. This is the behavior one
would generically expect from any local, randomly dis-
tributed lattice property. In the case at hand, the homo-
geneity of the coordination number should probably be
seen as a consequence of the unphysical nature of this local
lattice property, rather than an indication that the quantum
geometry of two-dimensional CDT is homogeneous. At
any rate, we have already seen evidence that the behavior
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FIG. 5.

N,

Expectation value (H™) of the relative homogeneity measures associated with the averaged coordination number ¢ (left) and

the averaged Hausdorff dimension d), (right) at fixed 5 = 0.065, as a function of N, € [50k, 350k], together with curve fits.
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of the relative homogeneity measure (H™!(8)) associated
with the deficit angle €, a quantity more closely related to
curvature, may be less trivial. Our measurements on lattice
volumes up to 350k are compatible with a behavior where
the size of the fluctuations stays large compared to the
mean value &, although larger lattices will be needed to
corroborate this.

C. Homogeneity of the Hausdorff dimension

The next quantity whose homogeneity measure we will
consider is not related to curvature and is given by the
(local) Hausdorff dimension dj,. By definition, d;, charac-
terizes the growth of small geodesic spheres S.(r) as a
function of their radius r. In two-dimensional CDT
quantum gravity, the Hausdorff dimension is known to
be d;, = 2 analytically [36,43], and has also been measured
previously in numerical simulations [44,45]. On a given
triangulation 7 of the CDT ensemble, the Hausdorff
dimension d,,(x) at a vertex x € T is extracted from the
leading power law behavior in r of the sphere volumes
vol(S,(r)), where vol(S,(r)) counts the number of vertices
at link distance r from x. We have used r € [6,10] as a
fitting range for the radius, just beyond the region of lattice
artifacts. Our fitting function was of the form

vol(S,(r)) = c(x)rdn)-1, (12)

for a local multiplicative constant c. It should be kept in
mind that our primary aim is to establish homogeneity or
otherwise of the averaged Hausdorff dimension, rather than
a precision measurement of the Hausdorff dimension per se.
Due to the rather complex determination of dj,(x), which
involves geometric data from an entire neighborhood of
radius 10 around x, it is rather costly computationally to
extract the corresponding averaged quantities dj,(x,5)
according to the prescription (8), especially for large
geodesic balls B,(5). To keep the computational effort
manageable, we opted for the relatively short fitting interval
[6,10] and the simple fit function (12). We did not include
an additive shift of » in the fit, which is sometimes
employed for optimization, after running some checks to
make sure that the effect on our results is small.

Another feature worth noting is that because of the quasi-
local nature of d),(x), the geodesic-ball averaged quantities
d;(x,8) depend also on the geometry beyond &, more
precisely, on data up to distance 6 + 10 from the central
vertex x. This should be contrasted with the deficit angle
and coordination number, whose homogeneity we dis-
cussed above, which are genuinely local lattice quantities.
The quasilocal character of the Hausdorff dimension d, (x)
is a characteristic feature of quantities with a more direct
continuum interpretation; other examples are the spectral
dimension and the quantum Ricci curvature. While the
quasilocal nature should make little difference in any
continuum limit N, — oo, how it affects our considerations

0.10 —+— N2=350K, t;r=200
N3=250K, tio:=165
—— Np=150K, tr=130

0.08 1 —— N,=95K, ti:=94

N>=80K, tio+r=82
—— N;=65K, tir=72
—— N2=50K, ti =62

<Hgil> 0.06
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FIG. 6. Expectation value <H§fhl> of the relative homogeneity
measure associated with the averaged Hausdorff dimension
dy,(5), as a function of the averaging scale & in lattice units,
for volumes in the range N, € [50k, 350k| and time extensions
fior € [62,200]. The shaded area 6 <5 indicates the region
dominated by discretization artifacts.

of lattice versus physical effects at finite volume N, is
a priori less clear. A possible effect of the quasilocality
could be that the curves of the homogeneity measures are
shifted to some larger, “effective” §, compared to those for
more local quantities. On the other hand, since the
averaging over geodesic balls now effectively contains
some overlap between neighboring balls, this may lead to
an increase in the apparent homogeneity.

Our measurement data for the expectation value of the
relative homogeneity measure are shown in Fig. 6. We again
observe a monotonic decrease as a function of the averaging
scale 9, like for the measures we investigated earlier. Since
the Hausdorff dimension is a genuinely physical quantity,
the data can perhaps best be compared to those of the
homogeneity measure of the deficit angle. Compared to the
latter, they indicate both a much greater degree of homo-
geneity and a faster fall-off for increasing 6 in the case of the
Hausdorff dimension. The spread of the curves as a function
of the rescaled length scale & is similar to that shown for the
deficit angle in Fig. 3, left, but even bigger, indicating that
the 5-region with appreciable discretization effects is even
larger. This is compatible with the expectation that the
quasi-locality of the Hausdorff dimension leads to a larger
“effective” ¢ than in the case of the more local deficit angle.
The scaling with volume of the data at & = 0.065 (Fig. 5,
right) is within error bars compatible with an asymptotic
approach to zero, using a fit with v = 1/2, which leads to

F(N,) ~ —1.42 %1073 4+ 3.62N;"/%. Also the choice v =
1/4 gives a fit of decent quality and yields ¢, % —0.012. The
difference between these c(-values and the fact that both are
negative illustrates the presence of systematic errors sig-
nificantly larger than the statistical error bars, which are on
the order of only 2%. We conclude that the Hausdorff
dimension shows a highly homogeneous behavior on CDT
geometries, as quantified by the expectation value of our
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relative homogeneity measure (10). Taking into account the
uncertainties present the outcome appears to be compatible
with (H')(6) = 0 in the continuum limit.

D. Collecting results

Let us summarize what we have learned from imple-
menting the relative quantum homogeneity measures in
two-dimensional CDT quantum gravity. We performed
Monte Carlo simulations for three different quantities
and for finite system sizes up to N, = 350.000 triangular
building blocks. We have focused on intermediate averag-
ing scales 6 above a lower cutoff § = 5 and much smaller
than the total linear system size, where a subsequent finite-
size scaling analysis showed that the region where the
homogeneity observables are affected by discretization
artifacts extends beyond 6 = 5. Taking this into account
when interpreting the data, we can draw some interesting
conclusions.

All three homogeneity measures are monotonically
decreasing in 6, but the details and their interpretation
are different. The relative homogeneity measure of the
coordination number c¢ falls off rapidly in 6 to a value
compatible with zero, and for fixed physical scale &
approaches this limit with a rate roughly proportional to
1/N,. However, we attributed this “perfect” statistically
homogeneous behavior to the unphysical nature of the
coordination number, which does not have a direct con-
tinuum counterpart, rather than to the homogeneity of the
underlying quantum geometry. The latter conclusion was
supported by the fact that the relative homogeneity measure
of the deficit angle &, which does have a direct correspon-
dence with Gaussian curvature, shows a different behavior,
with a slower fall-off in 6. More importantly, our best fits
from a finite-size scaling suggest an approach proportional
to a fractional inverse power N7, with v ~ 1/4...1/2, to a
nonvanishing expectation value (™) on the order of 10—
20%, indicating a residual statistical inhomogeneity in the
continuum limit. Lastly, the relative homogeneity measure
of the Hausdorff dimension d,, behaves rather similar to that
of the deficit angle, including the rate of convergence to its
continuum value. However, unlike what happens in the case
of the deficit angle, this continuum value is zero within
measuring accuracy. Because of the physical nature of the
Hausdorff dimension, we interpret this as a genuine
continuum result. The fact that the dimension is more
homogeneous than the curvature may be attributable to the
fact that the former is a more robust ‘“pregeometric”
property, while the inhomogeneity of the curvature may
be a consequence of the pure quantum nature of two-
dimensional quantum gravity, which does not have a
classical limit. In particular, there is no nontrivial classical
solution that the quantum geometry could converge to in an
A — 0 limit.

IV. DISCUSSION AND OUTLOOK

Motivated by the search for quantitative measures of the
degree of homogeneity of a quantum geometry at a given
coarse-graining scale, we have introduced statistical homo-
geneity measures associated with particular quasilocal
properties of quantum spacetime. By construction, these
measures are very nonlocal and characterize the underlying
quantum geometry in its entirety, through the statistics of
the volume-averaged properties associated with a geodesic
ball covering. This is reminiscent of the nonlocal character
of the global symmetry transformations that are used to
characterize a smooth classical geometry as homogeneous
and isotropic.

Our application of the relative quantum homogeneity
measures to two-dimensional quantum gravity led to
interesting and apparently sensible results, demonstrating
the viability of this new class of nonperturbative quantum
observables. It also highlighted the dependence of the
homogeneity or otherwise on the local property under
consideration, and the importance of distinguishing
between properties with a well-defined continuum inter-
pretation and general discretization-dependent lattice prop-
erties. We do not claim uniqueness of our construction, and
some of its elements can clearly be varied. The choice of
how a geometry is covered by or divided into averaging
regions is one example, although we do not expect it to
influence results substantially, as long as one makes sure
that the prescription is truly geometric and does not
introduce an unwanted coordinate dependence or other
biases.

However, there is another and more subtle issue that
could influence the outcome of our homogeneity analysis,
namely the choice of what we mean by “averaging”. For
good reasons, which were explained in Sec. II above, we
have presently confined ourselves to studying local or
quasilocal scalar quantities Q(x). Although it is natural and
simple to construct a coarse-grained quantity Q(x,5) by
taking a volume average of Q(x) over a geodesic ball (or
some other local region of linear size ), as we did in
Eq. (2), this is not necessarily a unique or the physically
most appropriate choice. This has to do with the complex
nature of local geometry, which in a continuum setting is
captured by the tensorial character of the metric and
curvature. For instance, a scalar may have a complicated,
composite dependence on local curvature tensors and their
covariant derivatives, as long as we make sure that all
indices are contracted. However, an averaging of the
individual components of a scalar Q(x), however we define
it, may not commute with the composition of its various
components, leading to an ambiguity in what we may mean
by “the averaged scalar Q(x,5)”.

Related issues appear also for more general, nonsmooth
geometries. For instance, the way in which we determined
the quasilocal Hausdorff dimension dj,(x) from the metric
properties of a piecewise flat geometry in Sec. IIIC
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involved a rather complex operation of fitting to sphere
volumes centered at x, according to Eq. (12). One way to
determine an averaged d,(x, §) is to average d,,(x) over the
o-ball, as we did above, but one could also first average the
sphere volumes over the J-ball and then extract an averaged
Hausdorff dimension by fitting to these averaged volumes,
which turns out to lead to a different result, with larger
inhomogeneity. Whether a given way of averaging is
appropriate is ultimately a question of how one operation-
ally probes physics at the scale , an issue that goes far
beyond the scope of this paper. The only points we want to
highlight here is that sticking to scalars is not necessarily a
panacea, and that the way in which we implement averag-
ing can in principle affect the outcomes of quantum
homogeneity measures.

As already discussed in the introduction, a primary
motivation for the present work and an important applica-
tion is to assess the homogeneity properties of the
de Sitter-like ground state of CDT quantum gravity in
four dimensions. To extract reliable data in a sufficiently
large S-interval will present computational challenges and
may only be feasible for selected local properties. Whether
approximately homogeneous behavior is present and
whether its onset can be observed in a regime that is
accessible computationally will have to be investigated. An
application of the quantum homogeneity measures to other
formulations of quantum gravity and other “quantum
spacetimes”, obtained dynamically or otherwise, should
in principle be possible, given that our construction only
relies on elementary metric ingredients. Of course, any
actual implementation will hinge on the ability to perform
(numerical) computations in a near-Planckian regime and
the availability of well-defined local quantities whose
quantum homogeneity measures can be evaluated.
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APPENDIX

In Sec. II, we commented on the difference between our
homogeneity measures and those previously introduced
in [16] and applied there to CDT quantum gravity in three
dimensions. The primary difference is the presence of an
explicit averaging (over geodesic balls) and of an associ-
ated averaging scale (the ball radius 6) in our set-up. This
averaging scale is distinct from the scale intrinsically
associated with a geometric quantity whose variance and
thus homogeneity is considered, the scale we have called r
in the main body of the paper. To illustrate qualitatively that
the 6- and r-dependence of a homogeneity measure are in
general different, we will consider the homogeneity of the
quantity Q(x;r) = vol(S,(r)), where the corresponding

(H(r)

- 0.15
- 0.10
- 0.05
- 0.00

) 20

FIG. 7. Expectation value (H%l (5)) of the relative homo-
geneity measure for Q(r) = vol(% (r)), the volume of spheres of
radius r, as a function of r and the averaging scale 5. Measure-
ments taken on an ensemble of two-dimensional CDT configu-
rations of volume N, = 80k and time extension 7., = 82.

averaged quantity Q(x,d;r) is obtained by averaging the
shell volumes vol(S,(r)) over §-balls according to the
prescription (2). This is similar to the volumetric homo-
geneity measure in [16], which was based on the volume of
geodesic balls B,(r) rather than the volume of geodesic
shells."

Figure 7 shows the expectation value (Hrg(r)((S» of the
relative homogeneity measure for Q(r) = vol(S(r)),
evaluated on two-dimensional CDT geometries with N, =
80k and f, = 82, based on data from 500 sampled
configurations 7. The range for both parameters is [,
20]. The data points for fixed r = 1 (the front sequence of
dark blue dots in Fig. 7) coincide with those of the relative
homogeneity measure for the coordination number of
Sec. III B, since the discrete length of a spherical shell of
radius 1 at a vertex x is always equal to the coordination
number of x. They display the familiar rapid fall-off as a
function of the averaging scale 6. Examining other
sequences of data points at fixed r, they are also mono-
tonically decreasing as a function of 6, but their decline
becomes slower with increasing r. Note that from the
perspective on averaging taken in the present work, one
would usually consider only the region 6 2 r, such that the
averaging scales 6 are larger than the linear scale r
characterizing the quantity that is being averaged. What
comes closest to the situation studied in [16] in our case
are the data points for fixed minimal averaging scale (here
given by § = 1) as a function of r. Even if one disregards

BIn our notation, the volumetric measure of [16] corresponds
to (the square of) our homogeneity measure H,(6 = 0), where

O(x;r) = vol(B.(r)).
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the initial region r <5 to avoid discretization artifacts,
(Hgl(r)(c'i = 1)) as a function of r behaves very differently

from (HrQe'(r:l)((S» as a function of §, as we claimed
above. If one takes the former as a measure of relative

homogeneity, it decreases beyond r = 4, but at a rather
slow rate. At r = 20 it is still above 15% and its behavior
is therefore not particularly homogeneous in the range we
have investigated.
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