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In this paper we have studied the effect of deformation and temperature on holographic entanglement
entropy and mutual information between two subsystems in a deformed field theory at finite temperature.
The TT̄ deformation operator in field theory introduces a cutoff in the dual gravity background. We define
different regimes of parameters and calculate the entanglement entropy and mutual information
analytically. We observe that temperature and deformation parameter have similar effects on entanglement
entropy and mutual information. They both lead to decrease in mutual information or somehow the
correlation between the two subsystems. Interestingly we observe the emergence of correction terms in
entanglement entropy and mutual information that are universal and do not depend on the scale of the
nonlocal operator.
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I. INTRODUCTION AND RESULTS

Recent developments in the connections between quan-
tum gravity and quantum information in the holographic
context [1–3] has developed a lot of interest in this subject.
These developments cover a vast range of topics from
entanglement entropy to tensor networks and complexity.
The question on these connections can be generalized to
situations in holography where a hard radial cutoff has been
introduced in the bulk anti–de Sitter (AdS) gravity. A useful
approach in this regard claims that such gravity theory is dual
to a deformed field theory. The field theory is deformed with
some operator so that the hard cutoff, a finite cutoff with
Dirichlet boundary condition in the bulk, is reproduced.
Discussions on deformations in field theories go back to

TT̄ deformation introduced in 2-dimensional quantum field
theories as a solvable irrelevant deformation [4–6], where T
is the holomorphic component of the 2-dimensional stress-
energy tensor. Later on, such deformation was generalized
to other bilinear operators in conserved currents of the
theory, operators such as JT̄ with J a conserved holomor-
phic Uð1Þ current [7–9] and to nonrelativistic systems
[10,11] where one does not assume Lorentz invariance. A
review on solvable irrelevant deformations of 2-dim field
theory can be found in [12].

Despite some discussions on the unitarity of the theory in
presence of TT̄ deformation, a proposal has been made for
a holographic dual of an explicitly deformed CFT which
produces the bulk physics with a sharp cutoff in AdS3 [13].
This idea was further developed in [14–17]. Inspired by
such setup the generalizations have been made to higher
dimensions to understand holography with a hard radial
cutoff in AdSdþ1 [18,19]. The dual effective field theory
appears as a deformation of large N conformal field theory
with an irrelevant operator, called X which is bilinear in
components of the stress tensor and transforms as scalar
under Lorentz transformations. This operator reduces to TT̄
deformation in 2-dimensional CFT.
This proposal is very intuitive and due to its simplicity can

be applied to compute various quantities in the bulk.
Comparing them with the boundary results helps us better
understand the effect of TT̄ deformation on physical quan-
tities in deformed field theory. Two notable examples with
great interest are correlation functions of local operators and
quantum information measures such as Renyi and entangle-
ment entropies. Correlation functions of TT̄ deformed CFTs
were first studied in the large c limit in [20]. And the TT̄
deformed entanglement entropy was first discussed in [21]
and further developed in [21–27]. For example, in [25] the
entanglement entropy at zero temperature has been calcu-
lated using replica trick in deformed field theory and has been
compared with the entanglement entropy calculated using
holographic dual theory by Ryu-Takayanagi formula [28]. It
has been shown that the entanglement entropy calculated in
deformed field theory matches perfectly with the universal
terms of the holographic entanglement entropy. In recent
years, it has been shown that Ryu-Takayanagi formula is
valid for any general holographic theories that obey a
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GKPW-like dictionary of AdS=CFT correspondence with
Dirichlet boundary conditions which are imposed on a finite
cutoff surface in the bulk [29].
Along with the holographic entanglement entropy

another quantum information measure to investigate in
the presence of the TT̄ deformation is the holographic
mutual information (HMI). It is defined as the linear
combination of the entanglement entropies, IðA∶BÞ ¼
SðAÞ þ SðBÞ − SðA ∪ BÞ, where S denotes the entangle-
ment entropy of the disjoint regions A and B. It is a
semidefinite quantity which measures the total classical and
quantum correlations between the two subsystems A and B
[30,31]. It is also a scheme-independent, positive quantity
which is proportional to the area of the subsystem at finite
temperature.
The question we try to answer in this paper is how the

deformation (hard cutoff in dual gravity background) will
affect the entanglement entropy and mutual information in
a deformed field theory at finite temperature, using its
holographic recipe.1 We consider the asymptotically AdS
black brane geometry in general (dþ 1) dimensions which
is dual to the desired field theory mentioned earlier. We
discuss such question using the analytic results we obtain in
different limits of finite temperature and nonzero deforma-
tion parameter. The analytic technique we use here is
introduced in [33]. In certain limits we can compare our
results with the known results in literature such as [33–35].
In [33,34] analytic evaluation of the entanglement entropy
and mutual information for subsystems at nonzero temper-
ature has been done. In [35] the authors have discussed the
effect of cutoff on entanglement entropy and mutual
information in field theory at zero temperature. The results
of our paper can be summarized as:

(i) We consider different regimes of parameters in field
theory for the entanglement entropy given by high,
low temperature T and also small, large deformation
denoted by deformation parameter λ̃. The corrections
to the entanglement entropy for a subsystemof scalel
in the deformed field theory at nonzero temperature
has been calculated up to order 2d in parameters. In
general, for different limits of parameters, the correc-
tions due to both temperature and deformation
parameter decrease the entanglement entropy. These
corrections include three dimensionless expansion
parameters, one due to temperature which is Tl,
one due to deformation parameter λ̃=l and the one
that emerges from the calculations is the product of
temperature and deformation parameter λ̃T. The last
one only depends on field theory parameters but the

first two ones know about the nonlocal operatorwhich
is calculated.

(ii) We observe that in the low temperature and small
deformation regime, Sec. VA, all the corrections to
the entanglement entropy follow area law behavior.
From entanglement point of view, the corrections
due to temperature and deformation are similar as if
the deformation acts the same way as temperature in
deformed field theory. An interesting result here is
that the divergent piece of the entanglement entropy
in the undeformed theory gets corrected only by a
series in λ̃T as can be seen in the first line of (29).
Such a correction exactly repeats itself in the high
temperature and small deformation limit as in
second line of (55).

(iii) In the low temperature and large deformation limit,
Sec. V B, the behavior of the entanglement entropy
is somehow different. The leading order term in the
entanglement entropy, relation (43), behaves as
volume law which is divergent if the deformation
parameter goes to zero. Therefore in the large
deformation regime the dominant contribution to
the entanglement entropy is the thermal entropy.
Since we are probing the area near the cutoff the
correction terms due to temperature only appear in
the series with expansion parameter which is a
dimensionless product of temperature and deforma-
tion parameter. The correction terms due to defor-
mation or cutoff get a universal form, independent of
the dimension of field theory.

(iv) In the high temperature and small deformation limit,
Sec. V C, we are probing the area near the horizon.
Therefore the corrections due to the deformation in
entanglement entropy appear only as a dimension-
less product of temperature and deformation param-
eter as in (55). The leading order correction due to
temperature is proportional to the volume of the
subsystem which shows that the entanglement en-
tropy behaves as thermal entropy. Interestingly in
this limit, except for the leading temperature cor-
rection term, all the other corrections are series in the
dimensionless product of temperature and deforma-
tion parameter. Therefore the correction terms do not
distinguish between temperature and deformation
parameter in this limit.

(v) The other quantity that we calculate is the mutual
information in different regimes of parameters. We
observe that mutual information follows an area law
behavior as expected and deformation parameter
does not change it. We also see that increasing the
temperature and deformation parameter leads to the
disentanglement of the subsystems at smaller sep-
aration distances. In the limit of small deformation,
Sec. VI A, mutual information diverges as separa-
tion distance goes to zero even for finite temperature
and finite deformation parameter. The correction

1While we were in the final stages of this work the paper [32]
appeared on arxiv which has calculated the entanglement entropy
in hyperscaling violating geometries with cutoff and at finite
temperature. A few results on entanglement entropy might be
similar.
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terms in the mutual information consist of individual
terms due to temperature and due to deformation
parameter in addition to terms involving the dimen-
sionless combination of the two. We plot phase
transition diagrams with respect to different param-
eters of the theory. The constant value at which the
phase transition between zero and nonzero mutual
information happens depends on dimension of the
field theory, temperature, scale of the subsystems and
deformation parameter. The plots show that at smaller
value for the deformation parameter the separation at
which the phase transition happens is less dependent
on temperature than larger values of it.

(vi) Mutual information in the large deformation regime,
Sec. VI B, differs from the result in the small
deformation regime because the mutual information
does not diverge in the zero separation limit. This is
due to the dominant effect of the deformation param-
eter compared to the temperature. In fact in the large
deformation regime temperature does not affect the
mutual information independently of the deformation
parameter. The only effect of temperature is through
the dimensionless product of it with the deformation
parameter. In this limit we plot the phase diagrams
too and the results are not different from the pre-
vious limit.

(vii) In the intermediate deformation regime, Sec. VI C,
zero separation distance does not lead to divergent
mutual information. This result is similar to the large
deformation one. Also similar to small deformation
regime there are individual expansions in temper-
ature and deformation parameter.

More details on the results have been discussed throughout
the paper. The organization of the paper is as follows. In the
first two sections we introduce the background and review
the TT̄ deformation in field theory dual to the asymptoti-
cally AdS background. In Secs. IV and V we discuss the
entanglement entropy in deformed field theory at finite
temperature in different regimes of parameters. And finally
in Sec. VI we obtain mutual information in different limits
and discuss how it changes by varying the parameters.

II. TT̄ DEFORMATION OF CFTd

In this section we briefly review how the cutoff in AdSdþ1

background can be related to analogous TT̄ deformation in
d-dimensional CFT. We also obtain what the dictionary
between parameters in deformed field theory and gravity
dual is in our setup. For more details we refer the interested
reader to [18,19]. We assume that the classical action of
CFT has been deformed by an operator named X which is
considered to be the generalization of 2-dimensional TT̄
deformation in d-dimensional CFT [18]

SEFT ¼ SCFT þ λ

Z
ddx

ffiffiffi
γ

p
X; ð1Þ

where γij is the boundary theory metric. As it is proposed by
[13,18,19] TT̄ deformation for λ > 0 (in our convention) is
dual to a cutoff AdS geometry. The deformation operator is
considered as a solvable irrelevant deformation and has mass
dimension 2d. The deformation parameter λ, which shows
the strength of deformation, is dimensionful with mass
dimension Δλ ¼ −d. Therefore invariance of the effective
action for such theory which includes only one dimensionful
parameter implies

λ
dW
dλ

¼ 1

Δλ

Z
ddx

ffiffiffi
γ

p hTi; ð2Þ

whereT ¼ γijTij is the trace of the field theory stress-energy
tensor and W is the on-shell effective action on the cutoff
hypersurface at z ¼ zc. Comparing this result (2) with the
derivative of the general form of effective action in (1)
implies that

hTi ¼ −dλX: ð3Þ

Therefore the deformation operator should be equal to the
trace of field theory stress tensor up to a coefficient propor-
tional to the deformation parameter λ.
Now we would like to see what the form of deformation

operator X is in terms of field theory stress-energy tensor
and bulk parameters. Let us assume that the bulk metric has
the general form

ds2 ¼ gμνdxμdxν ¼
R2

z2
ðdz2 þ γijðz; xÞdxidxjÞ; ð4Þ

where γijðz; xÞ is the boundary theory metric. We assume
that the intrinsic curvature of the constant z ¼ zc hyper-
sarface or boundary theory is zero. Therefore for the bulk
action in the presence of the counterterm and Gibbons-
Hawking term we have

Sbulk ¼ SEHþSGHYþSct

¼ 1

16πGdþ1
N

Z
ddþ1x

ffiffiffi
g

p �
R−

dðd−1Þ
R2

�
−

1

8πGdþ1
N

×
Z

ddx
ffiffiffi
h

p
Kþ 1

8πGdþ1
N

Z
ddx

ffiffiffi
h

p �
d−1

R

�
; ð5Þ

where R is the bulk curvature and hij is the metric of the
timelike cutoff hypersurface at z ¼ zc where field theory
lives. If we call the normal vector to the timelike hyper-
surface nμ the metric hμν is gμν − nμnν. For the metric we
have chosen here, the only nonzero components of the
hypersurface metric are hij ¼ R2

z2c
γijðzc; xÞ. We also have

Kij ¼ hmi ∇mnj which is the extrinsic curvature of the
cutoff hypersurface. Note that we have assumed the field
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theory lives on a flat manifold and therefore the curvature
counterterms vanish and the intrinsic curvature is zero.
The interested reader can check the extra terms in [36].
We have also assumed that there is no action for matter
fields in our setup. Therefore the variation of the action
with respect to the metric on the cutoff hypersurface hij
leads to Brown-Youk stress-energy tensor which we
denote it by T̃ij and is

T̃ij ¼
1

8πGdþ1
N

�
Kij − Khij þ

d − 1

R
hij

�
: ð6Þ

Note that using Gauss-Codazzi equation T̃ij satisfies the
following equation

T̃ijT̃ij −
1

d − 1
T̃2 ¼ −1

4πGðdþ1Þ
N R

T̃; ð7Þ

where T̃ is the trace of the cutoff hypersurface stress-
energy tensor T̃ ¼ hijT̃ij. On the other hand, from
AdS=CFT we know that the boundary theory stress-
energy tensor, which we call it Tij is obtained by the
variation of the renormalized bulk or gravity action with
respect to the boundary metric γij [37]. Therefore we have

hTiji ¼
−2ffiffiffi
γ

p ∂Sgr;ren
∂γij

¼ Rd−2

zd−2c
hT̃iji: ð8Þ

This is the relation between boundary theory stress-
energy tensor and the energy-momentum tensor on the
cutoff hypersurface. It has been suggested in [18,19] that
in general d dimensions the deformation operator that one
should consider has the form

X ¼ TijTij −
1

d − 1
T2; ð9Þ

which is written in terms of the boundary theory stress-
energy tensor. This operator reduces to the TT̄ deforma-
tion in 2 dimensions. Using (8) the operator X can be
written in terms of the cutoff hypersurface stress-energy
tensor T̃ij. Therefore we will be able to use relation (7)
and write X solely in terms of the trace of the boundary
theory stress-energy tensor T. Replacing X in Eq. (3) we
can obtain the field theory deformation parameter λ in
terms of the bulk parameters as

λ ¼ 4πGðdþ1Þ
N

dRd−1 zdc; ð10Þ

which has length dimension d as expected. This relation
shows that changing the deformation parameter λ
explores different radii of bulk spacetime. Note that to
be able to compare our results with the original

undeformed conformal field theory we will work in the
limit λ → 0.
On the field theory side, this deformation defines a one-

parameter family of quantum field theories with UV cutoff
which depends on deformation parameter λ [5]. In fact the
change in the energy spectrum of the theory due to such
deformation indicates the UV cutoff in the field theory. In
2-dim CFT the deformation parameter λ is proportional to
the inverse of central charge which describes the number of
degrees of freedom of the system. This deformation also
deforms the light-cone and produces an effective metric
which leads to the renormalization of the propagation
speeds of the left- and right-moving modes [38].

III. THE BACKGROUND GEOMETRY

As mentioned in the introduction we are interested in
studying entanglement entropy in a deformed field theory
at finite temperature. Therefore the background geometry
dual to such field theory can be considered as (dþ 1)-
dimensional asymptotically AdS black brane geometry
with cutoff at z ¼ zc, where field theory lives on flat
spacetime. The gravity geometry is

ds2 ¼ R2

z2

�
−fðzÞdt2 þ dx2

d−1 þ
dz2

fðzÞ
�
; ð11Þ

where R is the AdS radius and fðzÞ ¼ 1 − zd

zdH
is the

blackening factor. By Euclidean continuation of this metric,
the field theory temperature T which is Hawking temper-
ature of the black hole reads

T ¼ d
4πzH

: ð12Þ

After a brief introduction on the background and the
deformed theory, we are ready to go through the main
material of the paper. In the next section we shortly review
the entanglement entropy and calculate it in the deformed
field theory we discuss in this paper.

IV. HOLOGRAPHIC ENTANGLEMENT
ENTROPY

Entanglement entropy is a nonlocal quantity which
measures the amount of information loss in a subsystem.
In order to calculate the entanglement entropy one can
consider a CFTd as a system living on a Cauchy surface C
of d-dimensional Lorentzian flat manifold Nd. This surface
can be divided into two subregions A and B such that
A ∪ B ¼ C. The entangling surface ∂A, which is the
boundary of region A, is a co-dimension 2 hypersurface
in Nd. Assume that the total Hilbert space of this system
can be factorized into direct product of subregion
Hilbert spaces as Htot ¼ HA ⊗ HB. For a CFTd at zero
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temperature the pure ground state jψi (without any degen-
eracy) can describe the system completely and its density
matrix is

ρtot ¼ jψihψ j: ð13Þ
The observer who has access only to the subsystem Awould
describe it with the reduced density matrix ρA ¼ trBρtot
where the subsystem B degrees of freedom are traced out.
The entanglement entropy of the subsystem A is defined as
von Neumann entropy of the reduced density matrix ρA

SA ≡ −trAðρA ln ρAÞ: ð14Þ

So the entanglement entropy is the amount of information
loss and measures the entanglement between subsystems A
and B. For a system at nonzero temperature the total density
matrix is replaced with thermal density matrix ρ ¼ e−H=T ,
where H is the system total Hamiltonian.
The holographic prescription for the entanglement

entropy in the (dþ 1)-dimensional asymptotically AdS
spacetime Mdþ1, is given by [28]

SðAÞ ¼ AðγAÞ
4Gðdþ1Þ

N

; ð15Þ

where γA is a co-dimension 2 extremal surface in the bulk
and its area is denoted by AðγAÞ such that ∂γA ¼ ∂A and

Gðdþ1Þ
N is the (dþ 1)-dimensional Newton’s constant

[28,39]. We call γA the entangling surface. This proposal
satisfies the required properties for any entanglement
measure in quantum mechanics [30,40–42]. For more
information and review on the topic and relevant references
we refer the interested reader to [43].
In the following subsection we discuss how to calculate

the area of the entangling surface, AðγAÞ, in our setup.

A. Setup

In order to discuss the entanglement entropy in holo-
graphic field theory we consider a strip which has length

l in one of the spatial directions in field theory and
the other directions are assumed to have length L (see
Fig. 1). We call l the entangling length. This strip is
specified by

x≡ x1 ∈
�
−
l
2
;
l
2

�
; xi ∈

�
−
L
2
;
L
2

�
; i ¼ 2;…; d − 1:

ð16Þ

We assume L → ∞ to preserve translational invariance of
the system in xi directions. Therefore the profile of the
entangling surface in the bulk is given by xðzÞ. Since
the area of the entangling surface is the square root of the
determinant of the induced metric on it we obtain

A ¼ Ld−2
Z

dz

�
R
z

�
d−1

�
1 −

zd

zdH

�−1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x02

�
1 −

zd

zdH

�s
;

ð17Þ

where x0 ¼ dx
dz. It is easy to see that the integrand, which

we call it Lagrangian, has no explicit dependence on x.
Therefore using the usual method in Lagrangian (or
Hamiltonian) formalism we have

x02 ¼ c2

ððRzÞ2ðd−1Þ − c2Þð1 − zd

zdH
Þ ; ð18Þ

where c is the constant of motion for the, so-called, field
x and x0 ¼ dx

dz. Since the system is symmetric in x
direction, we have the extrema of the minimal entangling
surface at z ¼ z� where z� satisfies the condition
z0ðxÞ ¼ 0. z� is shown in Fig. 1. Therefore we get c ¼
ðRz�Þd−1 and we can write

dx
dz

¼
ð zz�Þd−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ð z
zH
Þd

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ð zz�Þ2ðd−1Þ

q : ð19Þ

FIG. 1. Left: subregion A and its complement part BðA ∪ B ¼ CÞ. Right: the schematic diagram of strip A with minimal hypersurface
γA in the bulk anchored on its boundary.
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Regarding the definition of x0 we can obtain l by
integrating both sides of Eq. (19). The integral over x
gives l

2
which becomes

l
2
¼ z�

Z
1

zc
z�

du
ud−1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − u2ðd−1Þ
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − ðz�zH uÞd
q ; ð20Þ

where we have redefined z as z�u and zc is the radial
cutoff. This integral can be solved analytically if we
use the binomial expansion, first discussed in [33].
This expansion is applicable here since, in the range
of integral, z�

zH
u and u are always smaller than 1.

Therefore we have

l
2
¼ z�

X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
�
z�
zH

�
kd
Z

1

zc
z�

du
uðkdþd−1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2ðd−1Þ

p ;

ð21Þ

which gives

l
2
¼ z�

X∞
k¼0

Γðkþ 1
2
Þ

Γðkþ 1Þ
�
z�
zH

�
kd
� Γðdðkþ1Þ

2ðd−1ÞÞ
ð1þ kdÞΓð 1þkd

2ðd−1ÞÞ

−
1ffiffiffi

π
p

dðkþ 1Þ
�
zc
z�

�
dðkþ1Þ

2F1

�
1

2
;
dðkþ 1Þ
2ðd − 1Þ ;

dð3þ kÞ − 2

2ðd − 1Þ ;

�
zc
z�

�
2ðd−1Þ��

: ð22Þ

Therefore the entangling length, l, is given in terms of
two expansions with expansion parameters z�=zH and
zc=z�. This equation should be solved in order to obtain z�,
which is a bulk parameter, in terms of known entangling
length l, which is a field theory scale. To do this
analytically we can define different regimes of parameters
in field theory such as low and high temperature limit and
also small and large deformation parameter limit. This
helps us solve the above equation perturbatively. We
follow the analogy of [33] and give the detailed discussion
in the next section.
Our next step is to obtain the area of the entangling

surface. To do so we substitute Eq. (19) into Eq. (17) and do
the binomial expansion which leads to

A ¼ 2Rd−1 L
d−2

zd−2�

X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
�
z�
zH

�
kd

×
Z

1

zc
z�

du
uðkd−dþ1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − u2ðd−1Þ

p ; ð23Þ

where the factor 2 is due to the symmetric structure of the
entangling surface in x direction. Doing the integral on the
right-hand side of the above equation produces the area of
the entangling surface which is

A¼2Rd−1
�
L
z�

�
d−2X∞

k¼0

Γðkþ1
2
Þ

Γðkþ1Þ
�
z�
zH

�
kd

×

� Γðdðk−1Þþ2

2ðd−1Þ Þ
2ðd−1ÞΓð 1þkd

2ðd−1ÞÞ
−

1ffiffiffi
π

p ðdðk−1Þþ2Þ
�
zc
z�

�
dðk−1Þþ2

×2F1

�
1

2
;
dðk−1Þþ2

2ðd−1Þ ;
dðkþ1Þ
2ðd−1Þ ;

�
zc
z�

�
2ðd−1Þ��

: ð24Þ

This has similar structure to l in Eq. (22). z� in this
equation needs to be replaced by the solution obtained
from the Eq. (22). The final result is the area of the
entangling surface in terms of expansions in field theory
parameters. The full details is given in the following
section.

V. ENTANGLEMENT ENTROPY IN
DIFFERENT LIMITS

So far we have obtained the general relation for the
area of the entangling surface in the gravity dual to a
TT̄-deformed field theory at nonzero temperature. We
used binomial expansion in relations (22) and (24) for the
area and the entangling length rather than solving them
numerically. This gives us analytical view over the final
results.
In order to see more directly the effect of temperature

and deformation parameter on entanglement entropy, we
introduce different limits where we can expand the
relations (22) and (24). Using the dimensionless combi-
nation of parameters in field theorywe can consider low and
high temperature limits, Tl ≪ 1 and Tl ≫ 1, respectively
and small and large deformation limits, λ̃

l ≪ 1 and λ̃
l ≫ 1,

respectively. Note that we have defined λ̃≡ λ
1
d. Previously

we have pointed out that in order to compare our results with
the known results in CFTwe assume that λ̃ → 0 since theTT̄
deformation breaks the conformal symmetry. The large
deformation parameter should not be confused with this
assumption since large deformation is defined in compari-
son with another scale in field theory l, the entangling
length or subsystem scale. The first two limits on temper-
ature have been discussed previously in holographic
strongly coupled CFTs at nonzero temperature in
[33,34]. The other two limits on deformation parameter
have been discussed in deformed field theories at zero
temperature [35]. In this paper we study entanglement
entropy and mutual information in holographic deformed
field theories at nonzero temperature. We would like to
see what the combined effect of temperature and deforma-
tion parameter is on entanglement entropy and mutual
information.
As we mentioned previously the gravity dual to the TT̄

deformed d-dimensional field theory at nonzero temper-
ature is AdSdþ1 with cutoff and nonzero horizon. The limits
introduced in field theory in the last paragraph can be
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derived in the gravity dual using the black hole horizon at
zH, the bulk cutoff at zc and the turning point of the
entangling surface at z�. Therefore the low and high
temperature limits translates into z� ≪ zH and z� ≃ zH,
respectively. The counterparts of the small and large
deformation limits are z� ≫ zc and z� ≃ zc, respectively.
Therefore, in the infinite series for the entanglement length
(22) and the area (24), the above limits can be applied by
the combinations z�

zH
and zc

z�
to be smaller than or close to 1.

Combining these limits we have three rather physical
classes of expansions which are zc ≪ z� ≪ zH, zc ≪ z� ≃
zH and zc ≃ z� ≪ zH. In deformed field theory side they
correspond to low temperature with small and large
deformation and high temperature with small deformation.
We will discus the results for entanglement entropy in these
limits in the following subsections. Note that we do not
discuss the limit where zc ≃ z� ≃ zH which tells us that
Tλ̃ ≫ 1. In the limit λ̃ → 0 the temperature of field theory
becomes very large and therefore due to the complex high
energy modes the duality between these two theories is not
reliable [13].

A. Low temperature and small deformation limit;
zc ≪ z� ≪ zH

The first valid range of parameters for the entanglement
entropy corresponds to Tl ≪ 1 and λ̃

l ≪ 1. Therefore the
expansion parameters zc

z�
and z�

zH
are small so that the series in

l (22) and the area (24) remain convergent. Using the
relation for hypergeometric function expansion (A7) the
area and the entangling length relations become

l ¼ 2z�
X∞
k¼0

1

1þ kd

Γðkþ 1
2
ÞΓðdðkþ1Þ

2ðd−1ÞÞ
Γðkþ 1ÞΓð 1þkd

2ðd−1ÞÞ
�
z�
zH

�
kd

− 2z�
X∞
k¼0

X∞
n¼0

1

πð2nðd − 1Þ þ dðkþ 1ÞÞ

×
Γðkþ 1

2
ÞΓðnþ 1

2
Þ

Γðkþ 1ÞΓðnþ 1Þ
�
z�
zH

�
kd
�
zc
z�

�
dðkþ1Þþ2nðd−1Þ

; ð25Þ

and

A ¼ 2Rd−1
�
L
z�

�
d−2X∞

k¼0

1

dðk − 1Þ þ 2

Γðkþ 1
2
ÞΓðdðkþ1Þ

2ðd−1ÞÞ
Γðkþ 1ÞΓð 1þkd

2ðd−1ÞÞ

×

�
z�
zH

�
kd
− 2Rd−1

�
L
z�

�
d−2X∞

k¼0

X∞
n¼0

×
1

πð2þ dðk − 1Þ þ 2nðd − 1ÞÞ
Γðkþ 1

2
ÞΓðnþ 1

2
Þ

Γðkþ 1ÞΓðnþ 1Þ

×

�
z�
zH

�
kd
�
zc
z�

�
2þdðk−1Þþ2nðd−1Þ

: ð26Þ

The goal is to obtain the entanglement entropy in terms of
physical parameters in field theory T, λ̃ and l. The usual
path in this regard is to obtain z� in terms of l perturba-
tively and substitute it in the area relation. Since there are
two small expansion parameters in (25) we contract to keep
the terms up to order 2d in both parameters together. Doing
so z� becomes

z� ¼
l

2c0

�
1þ 2

d
ð2c0Þd−1

�
zc
l

�
d
−

4

d2
ðd − 1Þð2c0Þ2ðd−1Þ

�
zc
l

�
2d

−
�

c1
ð2c0Þdþ1

þ c1
dc02

�
zc
l

�
d
−
ð2c0Þd−1

2d

�
1 −

ð3d2 − 7dþ 6Þc1
dc02

��
zc
l

�
2d
��

l
zH

�
d

þ
�
2c12ð1þ dÞ − 3c0c2

2ð2c0Þ2ðdþ1Þ þ c12ð3d2 þ 7dþ 6Þ − 6ð1þ dÞc0c2
dð2c0Þdþ3

�
zc
l

�
d

þ 1

8d2c04
ðdðd − 2Þc02c1 þ 2ð5d2 þ 6Þc12 − 3ð2d2 þ dþ 3Þc0c2

��
zc
l

�
2d
��

l
zH

�
2d
�
; ð27Þ

where the coefficients ck are defined in the appendix in
(B1). These are numerical coefficients depending only on
d. It is easy to see that there are two expansions in
parameters l

zH
and zc

l intertwined. These parameters are in

fact Tl and λ̃
l which are small in this subsection’s limit.

Interestingly one can observe that another parameter

appears naturally here which is zc
zH

which makes it three
expansions intertwined. We will discuss this point more
after the result for the entanglement entropy.
Next step is to expand the relation for area (26) similarly to

whatwedid for z�. Keeping terms up to order2d in expansion
parameters together and make some simplifications we get
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A ¼ 2Rd−1
�
L
z�

�
d−2

�
c0

2 − d
þ ðdþ 1Þc1

4

�
z�
zH

�
d
þ 3ð2dþ 1Þc2

8ðdþ 2Þ
�
z�
zH

�
2d
−

1

2d

�
zc
z�

�
d

−
1

8d

�
z�
zH

�
d
�
zc
z�

�
2d
−

3

8ðdþ 2Þ
�
z�
zH

�
2d
�
zc
z�

�
2d
�
þ 2Rd−1

�
L
zc

�
d−2

�
1

d − 2
−
1

4

�
zc
zH

�
d
�
: ð28Þ

The terms involving z� in the above relation can be replaced using (27). After some cumbersome calculation the result for
entanglement entropy in low temperature and small deformation limit becomes

SA ¼ 2Rd−1

4Gðdþ1Þ
N

�
L
zc

�
d−2

�
1

d − 2
−
1

4

�
zc
zH

�
d
−

3

8ðdþ 2Þ
�
zc
zH

�
2d
þO

�
zc
zH

�
3d
�

þ 2Rd−1

4Gðdþ1Þ
N

�
L
l

�
d−2

��
a1 þ a5

�
zc
zH

�
d
þ a9

�
zc
zH

�
2d
þO

�
zc
zH

�
3d
�
þ
�
zc
l

�
d
�
a2 þ a6

�
zc
zH

�
d
þO

�
zc
zH

�
2d
�

þ
�
zc
l

�
2d
�
a3 þO

�
zc
zH

�
d
�
þ
�
l
zH

�
d
�
a4 þ a8

�
zc
zH

�
d
þO

�
zc
zH

�
2d
�
þ
�
l
zH

�
2d
�
a7 þO

�
zc
zH

�
d
��

; ð29Þ

where coefficients ai are introduced in the appendix in
(B2). Similar to ck they are just numerical factors which
depend only on the dimension of field theory spacetime.
Looking at this result more closely shows that although the
expansion parameters were chosen zc=z� and z�=zH the
final result involves three physical expansion parameters
instead of two which are ðl=zHÞd, ðzc=lÞd and ðzc=zHÞd.
The last ratio emerges naturally from the calculations which
is small in all the limits we consider. In fact zH puts an
upper bound on zc as the cutoff cannot pass the horizon.
The ratio zc=zH which translates to λ̃T in deformed field
theory depends only on field theory parameters, temper-
ature and deformation parameter. It does not relate to the
nonlocal operator we are discussing here and its scale
which is the entangling length l.
This result can be discussed in different ways. The first

line in this result are the corrections due to both finite
temperature and finite cutoff to the divergent piece in the
limit zc → 0. The only expansion parameter appearing in
the first line and for this set of corrections is ðzc=zHÞd. It
tells us that the corrections to the divergent piece are
independent of entangling length l and only depend on the
information intrinsic to field theory which are deformation
parameter λ̃ and temperature T. Interestingly these correc-
tions all follow area law behavior for the entanglement
entropy but are not divergent.
Another observation is that the set of corrections in the first

line are repeated in the last three lines but with different
numerical coefficients and different overall factors. In fact for
each power of ðzc=lÞd and ðl=zHÞd the whole expansion in
terms of ðzc=zHÞd appears. Note that the last three lines are
corrections which in addition to temperature and deformation
parameter are sensitive to how large the entangling length is
compared to these parameters. These are in fact the nonlocal
effects appearing in the entanglement entropy.

To check whether our result produces the already known
results in the literature we first take the limit where the
cutoff goes to zero that is zc or λ̃ → 0. The entropy relation
reduces to

SAjzc→0 ¼
2Rd−1

4Gðdþ1Þ
N

��
L
zc

�
d−2 1

d − 2
þ
�
L
l

�
d−2

×

�
a1 þ a4

�
l
zH

�
d
þ a7

�
l
zH

�
2d
��

: ð30Þ

This is exactly what we expected for the field theory which
lives on the boundary as in [33]. The first term is the
divergent piece which appears in the limit where T → 0 or
zH → ∞. Note that as we expect the divergent piece is
proportional to the area of the subsystem. Replacing our
background with AdS5 black brane solution the entangle-
ment entropy in (30) reduces to

SA ¼ R3

4Gð5Þ
N

��
L
zc

�
2

þ
�
L
l

�
2
�
−0.32þ 0.56

�
l
zH

�
4
��

;

ð31Þ

which is exactly what we must get for this background [33].
If we compare relation (30) with the original result (29)

we see that in the field theory at finite temperature
introducing deformation parameter modifies the entangle-
ment entropy in two ways: set of corrections in terms of
ðλ̃TÞd and set of corrections in terms of ðλ̃=lÞd. Such
structure repeats itself when we add temperature to a
deformed theory. The only difference is that the corrections
are in terms of ðλ̃TÞd and ðlTÞd. To see this more explicitly
we take the limit where zH → ∞ or T → 0. This gives us
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the entanglement entropy in a TT̄ deformed field theory at
zero temperature. The relation (29) reduces to

SAjT→0 ¼
2Rd−1

4Gðdþ1Þ
N

��
L
zc

�
d−2 1

d − 2
þ
�
L
l

�
d−2

×

�
a1 þ a2

�
zc
l

�
d
þ a3

�
zc
l

�
2d
��

: ð32Þ

This result, up to order ðzc=lÞd, with matches what has
been obtained in [35] if their background is reduced to
AdSdþ1 with nonzero cutoff. It can be easily seen that the
corrections to the entanglement entropy at nonzero cutoff
are again proportional to the area and appear similarly to
the corrections due to the nonzero temperature at (30). For
AdS5 black brane solution this relation reduces to

SA ¼ R3

4Gð5Þ
N

��
L
zc

�
2

þ
�
L
l

�
2
�
−0.32þ 0.24

�
zc
l

�
4
��

:

ð33Þ

It somehow tells us that the entanglement entropy in field
theories with holographic duals react to the nonzero
deformation parameter similarly to the temperature. But
regarding the numerical coefficients the effect of temper-
ature on entanglement entropy is slightly bigger than the
cutoff.
Note that these observations are true for the limit where

Tl ≪ 1 and λ̃=l ≪ 1. In the next subsections we will see
whether such results can be derived in the other limits too.

B. Low temperature and large deformation limit;
zc ≃ z� ≪ zH

This limit tells us that the entangling surface probes the
region near the cutoff which is far from the horizon. In field
theory language the parameters in this limit go as Tl ≪ 1

and λ̃=l ≫ 1. It suggests that the entangling surface sees
the effect of the nonzero cutoff more than the effect of the
horizon. In other words the entanglement entropy is more
sensitive to the nonzero deformation parameter than to the
nonzero temperature in this limit. To clarify more on these
points let us go back to the relations for l (22) and the area
(24) and see how they behave in the limit where zc=z� ≃ 1

and z�=zH ≪ 1.
The first obstacle we face is that the argument in the

hypergeometric functions is not small any more and one
needs to check whether the series in the area and l are
convergent. Hypergeometric functions of the form

2F1ða; b; c; zÞ are absolutely convergent near z ¼ 1 if c −
a − b is not an integer and Reðc − a − bÞ > 0. In such
condition the hypergeometric function can be written as a
sum of two other hypergeometric functions with arguments
1 − z which are solutions to the Euler’s hypergeometric
differential equation near z ¼ 1. Such identity helps us to
write the hypergeometric functions as series in the small
expansion parameter 1 − z. The exact identity is given in
(A8). Since the combination c − a − b in the hypergeo-
metric functions we have in (22) and (24) satisfies the
above conditions the relations for area and l are con-
vergent. Therefore for the limit zc=z� ≃ 1 we can use this
identity and write (22) and (24) as

l
2
¼ z�

X∞
k¼0

1

1þ kd

Γðkþ 1
2
ÞΓðdðkþ1Þ

2ðd−1ÞÞ
Γðkþ 1ÞΓð 1þkd

2ðd−1ÞÞ
�
z�
zH

�
kd
− z�

X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
�
z�
zH

�
kd
�
zc
z�

�
dðkþ1Þ

×

� ffiffiffi
π

p
1þ kd

Γðdðkþ1Þ
2ðd−1ÞÞ

Γð 1þkd
2ðd−1ÞÞ 2F1

�
1

2
;
dðkþ 1Þ
2ðd − 1Þ ;

1

2
; 1 −

�
zc
z�

�
2ðd−1Þ�

−
2

2ðd − 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
zc
z�

�
2ðd−1Þ

s
2F1

�
dðkþ 2Þ − 1

2ðd − 1Þ ; 1;
3

2
; 1 −

�
zc
z�

�
2ðd−1Þ��

; ð34Þ

and

A ¼ 2Rd−1
�
L
z�

�
d−2X∞

k¼0

1

2ðd − 1Þ
Γðkþ 1

2
ÞΓðdðk−1Þþ2

2ðd−1Þ Þ
Γðkþ 1ÞΓð 1þkd

2ðd−1ÞÞ
�
z�
zH

�
kd
− 2Rd−1

�
L
z�

�
d−2X∞

k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
1

2þ dðk − 1Þ
�
z�
zH

�
kd

×

�
zc
z�

�
dðk−1Þþ2

� ffiffiffi
π

p
Γðdðkþ1Þ

2ðd−1ÞÞ
Γð 1þkd

2ðd−1ÞÞ 2F1

�
1

2
;
dðk − 1Þ þ 2

2ðd − 1Þ ;
1

2
; 1 −

�
zc
z�

�
2ðd−1Þ�

− 2
Γðdðkþ1Þ

2ðd−1ÞÞ
Γðdðk−1Þþ2

2ðd−1Þ Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
zc
z�

�
2ðd−1Þ

s
2F1

×

�
kdþ 1

2ðd − 1Þ ; 1;
3

2
; 1 −

�
zc
z�

�
2ðd−1Þ��

: ð35Þ
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Interestingly another hypergeometric function identity can
help us to simplify these relations tremendously. For hyper-
geometric function 2F1ða; b; c; zÞ if a ¼ c the hypergeo-
metric function can be written as ð1 − zÞc−a−b. As one can
easily see the hypergeometric functions in the second line
of l (34) and the third line of the area (35) have such form
and therefore they are canceled by the terms in the first
line. Therefore the relations for area and entangling length
reduce to

l
2
¼ z�
ðd−1Þ

X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ1Þ
�
z�
zH

�
kd
�
zc
z�

�
dðkþ1Þ

×

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1−

�
zc
z�

�
2ðd−1Þ

s
2F1

�
dðkþ2Þ−1

2ðd−1Þ ;1;
3

2
;

1−
�
zc
z�

�
2ðd−1Þ�

; ð36Þ

and

A ¼ 2Rd−1
�
L
z�

�
d−2X∞

k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
1

d − 1

�
z�
zH

�
kd

×

�
zc
z�

�
dðk−1Þþ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 −

�
zc
z�

�
2ðd−1Þ

s
2F1�

kdþ 1

2ðd − 1Þ ; 1;
3

2
; 1 −

�
zc
z�

�
2ðd−1Þ�

: ð37Þ

To obtain the area in this limit we should follow the same
path as the previous subsection. We have to obtain z� in

terms of l and substitute it in the relation for the area. But
since we have z� ≃ zc here we can define a new small
parameter and expand hypergeometric function in (36) in
terms of it using (A7). We can write z� ¼ zcð1þ ϵÞ where
ϵ≡ z�−zc

zc
and goes to zero as z� approaches zc. Therefore the

argument in the hypergeometric function up to second order
in ϵ for ϵ ≪ 1 reduces to

1 −
�
zc
z�

�
2ðd−1Þ

≃ 2ðd − 1Þϵ
�
1 −

1

2
ð2d − 1Þϵþ � � �

�
: ð38Þ

Writing the fraction zc=z� in terms of small parameter ϵ
helps us expand the hypergeometric functions in (36) and
(37) using (A7). Therefore instead of writing z� in terms ofl
we obtain ϵ and substitute it in the area to derive the
entanglement entropy. An interesting observation is that in
the relations for the area and l all the integer powers of ϵ are
canceled and we are only left with half-integer powers of it.
Note that we keep terms up to order 5=2 in ϵ in the relation
forl. This choice produces the expansions in the final results
up to the total order 2dwhichwe demand. If we solvel for ϵ
perturbatively we get

ffiffiffi
ϵ

p ¼ l
2zc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðd − 1Þ

2

r
S−1
1

�
1 −

�
l
2zc

�
2 ðd − 1Þ

2
S−3
1 S2

þ
�

l
2zc

�
4 ðd − 1Þ2

4
S−6
1 ð3S2

2 − S1S3Þ
�
; ð39Þ

where

S1 ¼
X∞
n¼0

Γðnþ 1
2
Þffiffiffi

π
p

Γðnþ 1Þ
�
zc
zH

�
nd
;

S2 ¼
X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
−2dþ 7þ 8kd

12

�
zc
zH

�
kd
;

S3 ¼
X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
−71þ 4dð5þ 12kÞ þ 4d2ð1 − 8kþ 32k2Þ

480

�
zc
zH

�
kd
: ð40Þ

Note that the calculation itself tells us that ϵ is an expansion
in terms of two expansion parameters l=zc and zc=zH.
We just remind the reader that we are working in the
limit where l=λ̃ ≪ 1 or in other words l=zc ≪ 1 and
zc=zH ≪ 1. As one can see, the extra expansion parameter

l=zH does not appear in the result here. This is somehow
expected since we are probing the region near the cutoff
and the temperature affects the result only through the
ratio zc=zH or λ̃T. Replacing ϵ in the relation for z� we
have

z� ¼ zc

�
1þ d − 1

8

�
1 −

�
zc
zH

�
d
��

l
zc

�
2

þ ðd − 1Þ2ð2d − 7Þ
384

�
1 − 2

4d − 7

2d − 7

�
zc
zH

�
d
þ 6d − 7

2d − 7

�
zc
zH

�
2d
��

l
zc

�
4

þ ðd − 1Þ3ð241 − 130dþ 16d2Þ
46080

�
l
zc

�
6
�
1 −

723 − 626dþ 136d2

241 − 130dþ 16d2

�
zc
zH

�
d
þ 723 − 862dþ 258d2

241 − 130dþ 16d2

�
zc
zH

�
2d

−
241 − 366dþ 138d2

241 − 130dþ 16d2

�
zc
zH

�
3d
��

: ð41Þ
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An important point that we should mention is that ϵ is a
positive parameter so that z� reaches zc from above and
never crosses the cutoff. In addition to not having the
expansion parameter l=zH, another major difference be-
tween this result and the result for z� in the previous
subsection (27) is the order of the expansion parameters. In
fact we see the parameter zc=zH appears in orders of power
d as one could expect compared to the previous subsection.
But the powers of the l=zc parameter are integer powers of
2. We will elaborate on this point more later when we
obtain the entanglement entropy.
Now we are ready to calculate the area using the results

for z� and ϵ. Similar to l all integer powers of ϵ are
canceled in the relation for area and we are left with half-
integer powers of it. The result for the area after some
simplification is

A ¼ 2Rd−1
�
L
zc

�
d−2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

ðd − 1Þ

s X∞
k¼0

Γðkþ 1
2
Þffiffiffi

π
p

Γðkþ 1Þ
�
zc
zH

�
kd

×
ffiffiffi
ϵ

p �
1þ ϵ

12
ð2dð4k − 3Þ þ 11Þ þ ϵ2

480

×ð97þ 4dð−61þ 60kÞ þ 4d2ð25 − 56kþ 32k2ÞÞ

þOðϵ3Þ
�
; ð42Þ

where we have kept terms up to order ϵ5=2. Following the
same procedure, we can again replace ϵ in the area with the
relation (39) and the final result for entanglement entropy
becomes

SA ¼ Rd−1

4Gðdþ1Þ
N

�
L
zc

�
d−2

��
l
zc

�
−
ðd − 1Þ2

24

�
1 −

�
zc
zH

�
d
�

×

�
l
zc

�
3

þ ðd − 1Þ3
1920

ðdþ 7Þ
�
1þ 2

d − 7

dþ 7

�
zc
zH

�
d

−
3d − 7

dþ 7

�
zc
zH

�
2d
��

l
zc

�
5

þO
�
l
zc

�
7
�
: ð43Þ

Due to the half-integer powers of ϵ in the expansion (42)
we just have odd powers of l=zc without any dimension
dependence in its powers. Therefore the expansion in
l=zc or l=λ̃ is universal and appears in any deformed
field theory with holographic dual. Only the coefficients
depend on dimension of the spacetime. As mentioned
previously this is another key distinction between this
and the last limit for the entanglement entropy. Note that
all the terms involve the overall coefficient ðL=zcÞd−2

which is the area law divergent piece at zc → 0.
Therefore in the large deformation and small temperature
regime the entanglement entropy shows volume law
behavior, similar to high temperature limit where the
thermal entropy dominates. This tells us that deformation
and temperature affect the entanglement entropy in a
similar way.
Let us take the limit where zc → 0 or zero cutoff limit.

Since we are working in the limit where l=λ̃ ≪ 1, at
zc → 0, we have l → 0 in a way that the fraction l=zc
remain finite and small. Therefore the only divergent piece
is overall factor ðL=zcÞd−2 in the first line.
In the zero temperature limit where zH → ∞ the ratio

zc=zH goes to zero and we are left with a power series in
l=zc with odd powers. This matches the result in [35] up to
order ðl=zcÞ3 if their background is reduced to AdSdþ1

with nonzero cutoff.
Another interesting observation is that the terms involv-

ing temperature correction as ðzc=zHÞd appear at order
ðl=zcÞ3 and ðzc=zHÞ2d appears at order ðl=zcÞ5. It shows
that higher order corrections in temperature appear at
higher order corrections of the cutoff. It somehow says
that as z� gets farther away from the cutoff it sees more of
the horizon and higher order corrections due to temperature
show up. This coincides with what we expect from physics
perspective.

C. High temperature and small deformation limit;
zc ≪ z� ≃ zH

In the deformed field theory language this limit corre-
sponds to Tl ≫ 1 and λ̃=l ≪ 1. In fact if we look at the
relations for l and the area in (22) and (24) we will see that
the hypergeometric functions have small arguments
and can be expanded while the infinite series in z�=zH
should be examined whether they are convergent since
z�=zH → 1. To check the convergence of the series we take
their large k limit and see how they behave. The large k
limit of the series in (22) and (24) gives 1

k ðz�zHÞkd. Therefore
we have

X∞
k¼1

1

k

�
z�
zH

�
kd

¼ − ln

�
1 −

�
z�
zH

�
d
�
; ð44Þ

which is divergent for ðz�=zHÞd → 1. The promising point
is that this divergence is the same in both area and l and
therefore we can write area in terms of l. This helps us
isolate the divergence in area using the isolation of
divergence in l. After some tedious calculation we write
the area in terms of l in this limit as
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A ¼ 2Rd−1
�
L
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�
d−2

�
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2z�

þ
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�
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−
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�
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2
;
dðk − 1Þ þ 2

2ðd − 1Þ ;
dðkþ 1Þ
2ðd − 1Þ ;

�
zc
z�

�
2ðd−1Þ��

: ð45Þ

A a result the first line in area (24) which is an infinite series
in terms of ðz�zHÞd parameter becomes convergent since for
large k it behaves as 1

k2 ðz�zHÞkd and

X∞
k¼1

1

k2

�
z�
zH

�
kd

¼ polylog

�
2;

�
z�
zH

�
d
�
≡ Li2

��
z�
zH

�
d
�
;

ð46Þ

is convergent even for z� ¼ zH. More details on polylog
function can be found in the appendix (A6). Now all the
divergence for infinite series rests in l and to have a finite
area we just need to regularize l. Going back to the relation
for l in (22) we can regularize it by adding and subtracting
the corresponding divergent series. Therefore relation (22)
becomes

l¼ 2c0z� þz�
X∞
k¼1

�Γðkþ 1
2
ÞΓðdðkþ1Þ

2ðd−1ÞÞ
Γðkþ1ÞΓð kdþ1

2ðd−1ÞÞ
2

kdþ1
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

dðd−1Þ

s
1

k

�

×

�
z�
zH

�
kd
−z�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

dðd−1Þ

s
ln

�
1−

�
z�
zH

�
d
�

−2z�
X∞
k¼0

1ffiffiffi
π

p
dðkþ1Þ

Γðkþ 1
2
Þ

Γðkþ1Þ
�
z�
zH

�
kd
�
zc
z�

�
dðkþ1Þ

2F1

�
1

2
;
dðkþ1Þ
2ðd−1Þ ;

dðkþ3Þ−2

2ðd−1Þ ;

�
zc
z�

�
2ðd−1Þ�

: ð47Þ

Since in this limit we have z�
zH
≃ 1 we can write z� ¼

zHð1 − ϵÞ where ϵ ¼ zH−z�
zH

is small and should be positive.
Positivity of ϵ means that the extremal surface does not
penetrate into the horizon which is what we expect. To see
this we replace the relation for z� in terms of ϵ into l (47)
and solve it for ϵ. The result is

ϵ¼ ϵd exp

�
−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dðd− 1Þ

2

r �
l
zH

þ 2
X∞
k¼0

1ffiffiffi
π

p
dðkþ 1Þ

Γðkþ 1
2
Þ

Γðkþ 1Þ

×

�
zc
zH

�
dðkþ1Þ

2F1

�
1

2
;
dðkþ 1Þ
2ðd− 1Þ ;

dðkþ 3Þ− 2

2ðd− 1Þ ;�
zc
zH

�
2ðd−1Þ���

; ð48Þ

where

ϵd¼
1

d
exp

" ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dðd−1Þ

2

r (
2c0þ

X∞
k¼1

�Γðkþ1
2
ÞΓðdðkþ1Þ
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2ðd−1ÞÞ
2

kdþ1

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

dðd−1Þ

s
1

k

!)#
: ð49Þ

c0 is the numerical coefficient defined in (B1). Now that we
have expansion of ϵ in terms of integer powers of zc=zH
and l=zH we can write z� in terms of them using z� ¼
zHð1 − ϵÞ. Since it is a straightforward calculation we did
not bring the final result for z� here. Important point here is
that as we expected ϵ is positive and the extremal surface
never crosses the horizon.
So far we have obtained ϵ and therefore z� in terms of our

physical expansion parameters. We have also isolated the
divergent series in l and made it convergent. We can now
check the area and write it in terms of orders of small
parameter ϵ. To do so, we write the area as sum of two parts
A1 and A2 where A1 does not include the hypergeometric
terms and A2 only includes the hypergeometric ones. The
leading order term for A1 is obtained by replacing z� with
zH. To obtain terms of order ϵ, similarly to l, we again write
the series in A1 for large k and add and subtract the
corresponding series like what we did in regularizing l.
Therefore we have

A1 ¼ 2Rd−1
�
L
z�

�
d−2

��
l

2z�

�
−
d − 1

d − 2
c0

þ
X∞
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�Γðkþ 1
2
ÞΓðdðkþ1Þ
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ðkdþ 1Þðdðk − 1Þ þ 2Þ

−
ffiffiffiffiffiffiffiffiffiffiffi
d − 1

2d

r
1

dk2

��
z�
zH

�
kd
þ 1

d

ffiffiffiffiffiffiffiffiffiffiffi
d − 1

2d

r
Li2

��
z�
zH

�
d
��

:

ð50Þ

Note that, in contrast to l, the large k limit of the infinite
series in A1 produces convergent series even in the limit
z� ≃ zc as

P∞
k¼0

1
k2 ¼ π2

6
. It is in fact the polylogarithm

function of order 2 and argument z�=zH, last line of the
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above equation, defined in (A4). Now we can replace z�
with zHð1 − ϵÞ in this equation and use the fact that

lim
ϵ→0

Li2

�
z�
zH

�
≃
π2

6
þ d ðlnðdϵÞ − 1Þϵ; ð51Þ

up to order ϵ. Therefore the relation for A1 reduces to

A1¼ 2Rd−1
�
L
zH

�
d−2

�
l
2zH

−
ffiffiffiffiffiffiffiffiffiffi
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; ð52Þ

where we have kept terms up to order ϵ. We have denoted
all numerical terms which depend only on d by Ŝ
that is

Ŝ ¼ −
d − 1

d − 2
c0 þ

X∞
k¼1

Γðkþ 1
2
ÞΓðdðkþ1Þ
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ðd − 1Þ

ð1þ kdÞðdðk − 1Þ þ 2Þ : ð53Þ

As mentioned previously we called the part of area that
includes only the hypergeometric terms, the last two lines
of (55), A2. We can again replace z� with its definition in
terms of ϵ and therefore A2 reduces to

A2 ¼ 2Rd−1
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Now we can add the two parts A1 and A2 to write the full
form of the area in this limit. Since all the infinite series in
this result for area are convergent we can expand the
hypergeometric functions and make the relation more
comprehensible. Note that the argument in the hyper-
geometric functions is zc=zH which is small in this limit.
It corresponds to Tλ̃ ≪ 1 in the deformed field theory
side.
Final result for the entanglement entropy in this limit is

SA ¼
2Rd−1

4Gðdþ1Þ
N

�
L
zH

�
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l

2zH
þ Ŝ−
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8ðdþ 2Þ
�
zc
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�
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�
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Interestingly the terms proportional to ϵ in A2 get canceled
and the only term with ϵ comes from A1. Note that in this
result two of the expansion parameters of the bulk gravity
or deformed field theory appear; zc=zH and l=zH or λ̃T and
lT. There are also the expansion parameters in ϵ as in (48).

Again the limit itself tells us what combinations of the
parameters of the theory should emerge. In fact in this limit
we are probing the region near the horizon and therefore the
expansion parameter zc=l does not appear. Comparing this
result with the entropy derived in the small deformation
and low temperature limit, relation (29), we observe that the
terms proportional to ðL=zcÞd−2 are the same. In fact these
terms are the correction terms to the divergent piece in
undeformed field theory. Therefore we can conclude that
temperature affects the divergent piece only through the
combination ðzc=zHÞd.
Another observation is that, in the high temperature

limit, the first term in the entanglement, relation (55),
behaves as volume of the entangling region which is the
behavior of the thermal entropy. But as we see the rest of
the terms which are corrected effect of the temperature by
deformation parameter behave as area law. We can compare
this with the entropy in the low temperature and large
deformation limit, relation (43), where we observed volume
law behavior in the leading correction term to the divergent
piece in undeformed theory. This tells us that the leading
correction term due to T in the high temperature limit and
the leading correction term due to λ̃ in the large deformation
limit behave similarly.
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To check whether our result satisfies the known results in
the literature, we send the cutoff in the bulk to the boundary
of AdS, zc → 0, which means we send the deformation
parameter in field theory to zero. We obtain

SA ¼ 2Rd−1

4Gðdþ1Þ
N

�
L
zH

�
d−2

�
l

2zH
þ Ŝ −

ffiffiffiffiffiffiffiffiffiffiffi
d − 1

2d

r
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�

þ 2Rd−1

4Gðdþ1Þ
N

1

d − 2

�
L
zc

�
d−2

; ð56Þ

which is the result of black brane entropy at high temper-
ature limit [33]. The last term is the divergent piece which
behaves as the area law. In this relation ϵ also reduces to the
one for undeformed field theory which lives on the
boundary of AdS black brane background.
So far we have discussed how the entanglement entropy

behaves in different regimes of parameters in field theory.
In the next section we will discuss the mutual information
between two subsystems in a deformed field theory at
nonzero temperature.

VI. HOLOGRAPHIC MUTUAL INFORMATION

As mentioned previously, entanglement entropy is a
quantum measure used to study the correlations between
two subsystems in a quantum state. However, for two
disjoint intervals, A and B, where A ∪ B ⊂ C and ρA∪B is
not pure an important quantity to study total correlations
(both classical and quantum correlations) between A and B
is the mutual information (MI) [31]. It has been shown that
mutual information follows an area law behavior even at
nonzero temperature [31]. In the holographic context it has
been discussed that mutual information in field theories
with holographic dual is monogamous which suggests that
quantum entanglement dominates over classical correla-
tions in such systems [44]. Mutual information is a linear
combination of the entanglement entropy of the intervals
and is given by

IðA∶BÞ ¼ SðAÞ þ SðBÞ − SðA ∪ BÞ; ð57Þ

where SðA ∪ BÞ is the entanglement entropy of the
composite region ρA∪B. This is a scheme independent
quantity which is finite although the entanglement entro-
pies have a divergent piece proportional to area. Also,
subadditivity guarantees that IðA∶BÞ ≥ 0 that is holo-
graphic mutual information is positive definite and equality
is true when two disjoint regions are separable ρA∪B ¼
ρA ⊗ ρB [30].
To obtain mutual information in our setup we consider

two disjoint rectangular strips A and B, each of length l in
direction x1 and L in other directions. They are separated
with distance x as in Fig. 2. In mutual information relation
(57), holographic entanglement entropy for regions A and
B are obtained by the usual Ryu-Takayanagi recipe. But for

the composite region there are two options for minimal area
surface in the bulk. If the separation distance is large
(x=l ≫ 1) thus SðA ∪ BÞ ¼ SðAÞ þ SðBÞ ¼ 2SðlÞ and
IðA∶BÞ ¼ 0 which means the two subsystems are disen-
tangled. For small separation distance (x=l ≪ 1), we have
SðA ∪ BÞ ¼ Sð2lþ xÞ þ SðxÞ which produces a nonzero
mutual information

IðA∶BÞ ¼ 2SðlÞ − Sð2lþ xÞ − SðxÞ: ð58Þ

This means that one can obtain a critical separation distance
as an upper bound for nonvanishing mutual information
[30]. Similar argument holds in the finite temperature case
where the transition between zero and nonzero mutual
information happens at a constant value of Tx [34,45]. This
value depends on the dimension and temperature of the
field theory. In our setup in addition to temperature there is
another scale in field theory which is the deformation
parameter λ of mass dimension −d. Working with λ̃ ¼ λ1=d,
another dimensionless combination appears in mutual
information that is x

λ̃
. This, in fact, will tell us how the

dual gravity theory cutoff or deformation in field theory
will affect the mutual information. As mentioned in the
previous section, to be able to compare our results with the
known results on entanglement entropy and mutual infor-
mation we can work in the limit where zc or λ̃ is considered
to be small. The detailed limits which enables us to use the
analytical techniques introduced in [33,34] are discussed as
follows.
In the last section we obtained the entanglement entropy

for different limits of temperature and deformation param-
eter. To obtain the mutual information one needs to
incorporate the distance between entangling regions, x,
into these limits. As we mentioned earlier there already
exists limits of x where for x ≫ l and x ≫ 1=T the two
subsystems disentangle and mutual information becomes

FIG. 2. The schematic diagram of the two disjoint subsystems
A and B, separated by a distance x with minimal area surfaces
which is relevant for computing SA∪B when the separation
distance is small enough.
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zero [34]. We assume such behavior persists in our setup
and mutual information for x=l ≫ 1 and xT ≫ 1 vanishes.
Since we are interested in analytic results for mutual

information we will work in the limits where we have
already obtained the analytic entanglement entropy. These
limits should be consistent with the limits on x to get
nonvanishing mutual information. Such consistency guides
us to the following regimes for nonzero mutual informa-
tion: small deformation regime where λ̃ ≪ x ≪ l, large
deformation regime as x ≪ l ≪ λ̃ and intermediate defor-
mation regime where x ≪ λ̃ ≪ l. Each of these contains
different limits on the temperature regarding l and x which
leads to five different results for mutual information as will
be discussed in the following subsections. Just note that all
these regimes have λ̃T ≪ 1 in common. In gravity language
it corresponds to zc=zH ≪ 1 and comes from the bound that
horizon puts on the cutoff. In fact specifying the limits
helps us determine which result for entanglement entropy
should be used for SðxÞ and SðlÞ. Obviously Sð2lþ xÞ
will follow the choice for SðlÞ.

A. Small deformation regime; λ̃ ≪ x ≪ l

In this regime where both λ̃=x and λ̃=l are smaller than
one, we can use the results for entanglement in the small
deformation regime for both SðlÞ and SðxÞ and conse-
quently for Sð2lþ xÞ. In this regime we can incorporate
two different temperature limits which can produce non-
zero results for the mutual information, T ≪ 1=x; 1=l and
1=l ≪ T ≪ 1=x. They correspond to small and intermedi-
ate regimes of temperature, respectively. We discuss each
part individually.

1. Small deformation and small temperature regime;
λ̃ ≪ x ≪ l and T ≪ 1=x;1=l

As it is obvious, for this regime we can use the result for
entanglement entropy for low temperature and small
deformation limit in Sec. VA. Therefore the relation
(29) can be used for SðlÞ, SðxÞ, and Sð2lþ xÞ. We can
expect this regime leads to the known result for mutual
information in the zc → 0 or λ̃ → 0 limit as we work in
small deformation regime. Using relation (29) we get
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zc
zH

�
d
�
G2 þ a7Gdþ2

�
; ð59Þ

where we have defined F n ≡ zncð 2
ln − 1

ð2lþxÞn −
1
xnÞ and

Gn ≡ z−nH ð2ln − ð2lþ xÞn − xnÞ. We just remind the reader

that the ai coefficients are just numbers depending on the
dimension of field theory d defined in relations (B2). The
sign of these coefficients does not depend on dimension.
Let us check whether this result meets the conditions that

mutual information in field theories with holographic dual
should satisfy. As one can see there is no term in the mutual
information with zc in the denominator and therefore
setting zc to zero we do not get any divergences as one
expects. This is due to the fact that we are working in the
small deformation regime and we are allowed to set zc to
zero in this result. We can also observe that the mutual
information remains positive as long as we have x smaller
than a critical value which depends on temperature and
deformation parameter. Therefore the corrections due to
both temperature and deformation respect the positive-
definiteness of mutual information. Note that increasing x
leads to decreasing the mutual information until it becomes
zero and the two subsystems disentangle. The value of x
where mutual information becomes zero is the critical value
where the phase transition between zero and nonzero
correlation happens [30,34]. This critical value depends
on λ besides depending on l and T. Our result also shows
that although the corrections due to temperature get
modified by corrections due to zc but the mutual informa-
tion decreases by corrections due to both temperature and
deformation parameter. In fact the sign of the sum of all the
corrections is negative and reduces the mutual information.
Therefore we have shown that corrections due to deforma-
tion parameter or cutoff combined with corrections due to
temperature decrease the correlation between two subsys-
tems in deformed field theory.
Since we are working in the small deformation regime

we can check whether our result leads to the known results
for the mutual information in an undeformed field theory.
We set the limit zc → 0 and this gives us the mutual
information corrected only by the finite temperature. In this
limit (59) reduces to

IðA∶BÞjzc→0
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N

Ld−2 ×

�
−2

a4
zdH

ðlþ xÞ2 þ a7
z2dH

× ð2ldþ2 − ð2lþ xÞdþ2 − xdþ2Þ
�
: ð60Þ

The first line in this result is exactly the mutual informa-
tion between two subsystems in the field theory dual to
AdSdþ1 [34]

IðA∶BÞjT→0;zc→0

¼ 2Rd−1

4Gðdþ1Þ
N

Ld−2a1

�
2

ld−2 −
1

ð2lþ xÞd−2 −
1

xd−2

�
: ð61Þ
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The result we have here is up to 2d order in temperature.
Comparing our result with what is known in the literature
which includes only terms up to order d in temperature
[34] we see that they exactly match. The Td order term is
negative while the other correction, term of order T2d is
positive. Since this result is a perturbative calculation
higher order terms have smaller effect and therefore the
combined result is always negative. Therefore the correc-
tions due to temperature alone decrease the mutual
information in the field theory as mentioned in [34].
We see here that even in the presence of higher order
corrections this result remains valid. In fact comparing the
leading and subleading correction terms leads to an upper
value for l=zH or lT where the perturbation breaks down
and the result here is no more reliable.
Now we can check what our result for mutual informa-

tion tells us about the correlation between two subsystems
when it is only corrected by deformation parameter. So we
can set T → 0 or zH → ∞ in (59) while we keep zc a finite
value. In this limit all the terms proportional to Gn and
zc=zH in (59) vanish and we are left with

IðA∶BÞjT→0 ¼ IðA∶BÞjT→0;zc→0 þ
2Rd−1

4Gðdþ1Þ
N

Ld−2

×

�
a2zdc

�
2

l2d−2 −
1

ð2lþ xÞ2d−2 −
1

x2d−2

�

þ a3z2dc

�
2

l3d−2 −
1

ð2lþ xÞ3d−2 −
1

x3d−2

��
;

ð62Þ
which, up to order zdc matches the result in [35] for the
geometry AdSdþ1 with cutoff. Note that similar to temper-
ature the correction terms in the above relation are all
proportional to the area of the subsystems Ld−2. Therefore
we can conclude that, in the small deformation regime,
the corrections in field theory due to the deformation
parameter λ̃ are proportional to the area of the entangling
region. Another interesting observation is that, similar to

temperature, the first correction term in the above result
which is of order zdc is negative while the other term which is
of order z2dc is positive but almost zero. The combined result
of the corrections in zc or deformation parameter is negative.
Therefore we can see that in zero temperature limit the
corrections due to the deformation reduces the mutual
information in deformed field theory. It’s interesting to
conclude that the corrections due to the deformation param-
eter in field theory or cutoff in gravity behaves similarly to the
corrections due to temperature. This confirms our conclusion
made previously in the entanglement entropy.
Another interesting observation is that, in the small

deformation regime, even though there are terms propor-
tional to zc, if we set the distance between the subregions x
to zero we get divergent mutual information. This means
that in the small deformation regime the presence of zc
cannot diminish the divergence in mutual information due
to x → 0. We will see later on that in the large deformation
regime this divergence does not appear.
To better see how the phase transition between zero and

nonzero mutual information is affected by the presence of
temperature and deformation in field theory we have
plotted the phase transition diagrams both with respect
to temperature and deformation parameter in Fig. 3. In this
figure we have plotted x=l with respect to xT (left), x=λ̃
(middle) and xT with respect to x=λ̃ (right). The range of
parameters under each graph will produce nonzero mutual
information. Each plot shows that the phase transition
between zero and nonzero mutual information depends on
the field theory parameters T; λ;l and the dimension of the
field theory d. The first plot, Fig. 3-left, tells us that there
exists an upper limit on the value of both x=l and xT ratios
where the two subsystems decouple, as we expect. We can
also see that as the temperature increases the phase
transition happens at smaller values of the ratio x=l.
Note that moving to the right on the horizontal axis
corresponds to increasing the temperature. This means
that for states at higher temperature the two subsystems

FIG. 3. Left: x=l is plotted with respect to xT for two different values of deformation parameter λ̃. The range of parameters in this limit
are chosen as 0.03 < lT < 0.11, l=λ̃ > 2.35 and λ̃T < 0.016. Middle: x=l is plotted with respect to x=λ̃ for two different values of
temperature T. The range of parameters in this limit are chosen as 0.01 < lT < 0.1, l=λ̃ > 3.5 and λ̃T < 0.03. Right: xT is plotted with
respect to x=λ̃ for two different values of entangling length l. The range of parameters in this limit are chosen as 0.04 < lT < 0.52,
l=λ̃ > 1.5 and λ̃T < 0.04. Note that we have set R ¼ GN ¼ 1.
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decouple at smaller values of separation distance x. It is
consistent with the result discussed previously that correc-
tion terms due to temperature decreases the mutual infor-
mation or correlation between two subsystems. This figure
also tells us that the deformation parameter can help the
temperature and reduce the value of x at which the
decoupling of the two subsystems happens even more.
For the states at smaller temperature the effect of the
deformation parameter is stronger than higher temperature
states. For two subsystems with the same size and at the
same temperature but different values of deformation
parameter, the mutual information becomes zero at smaller
values of x=l if the deformation parameter is larger.
Therefore this plot suggests that, in the regime of param-
eters we work in this section, the effect of temperature will
be more dominant than deformation parameter on disen-
tangling the two subsystems as the temperature is raised.
The middle plot in Fig. 3 also shows an upper limit on

x=l but, in contrast to xT, it gives a lower bound on x=λ̃ as
the range of parameters in this section suggests. In this
figure moving to the right on the horizontal axis corre-
sponds to decreasing the deformation parameter λ̃. The
figure tells us that as the deformation parameter increases
the phase transition happens at smaller values of x=l. This
is similar to the dependence of the decoupling of the two
subsystems on the temperature discussed in the right plot.
This means that the two subsystems can disentangle in a
deformed theory at smaller separation distances compared
to undeformed theory. It also suggests that at smaller values
of deformation parameter the decoupling of the subsystems
for states at different temperatures depends dominantly on
l not temperature. But as the deformation parameter is

raised the effect of temperature becomes more recogniz-
able. Therefore for subsystems with the same size and the
same deformation parameter the subsystems disentangle at
shorter separation distances for states at higher temperature.
The last plot in Fig. 3 (the one on the right) gives us an

upper bound on the ratio λ̃T. It means that to have nonzero
mutual information or correlation between two subsystems,
the deformation parameter should be smaller than some
numerical value over temperature. In the dual gravity this
confirms that the cutoff radius zc should be always smaller
than the horizon radius zH times a numerical value. In fact it
tells us that zH cannot get arbitrarily close to the cutoff as
the range of parameters we work in is not valid anymore.
One should note that this numerical value strongly depends
on the entangling length l. It also suggests that for larger
subsystems (larger l) the disentangling happens at larger
values of the combination λ̃T or in gravity dual larger
values of zc=zH. This is consistent with what we expect
since larger l in field theory means surfaces deeper into the
bulk. Therefore the two subsystems disentangle more easily
if zc approaches zH.

2. Small deformation and intermediate temperature
regime; λ̃ ≪ x ≪ l and 1=l ≪ T ≪ 1=x

The difference between this section and the previous one
is in the fact that we are working in the high temperature
and small deformation regime for the entangling length l
but low temperature and small deformation regime for the
distance x. Therefore we have to use the entanglement
entropy obtained in Sec. V C relation (55) for SðlÞ and
Sð2lþ xÞ and the relation (29) for SðxÞ. The result for
mutual information is
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�
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�
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ð63Þ

where ϵl and ϵ2lþx means the quantity ϵ in (48) evaluated at
l and 2lþ x, respectively. We again observe that all the
corrections to mutual information due to the deformation in
field theory follow the area law behavior. This result also
shows that the corrections due to deformation or cutoff in
the mutual information appear in two ways: the terms that
are proportional to the ratio ðzc=zHÞnd and only depend on
dimension versus the terms that depend on the separation
distance between the subsystems. The first set of terms are
constant for a deformed theory at a specific temperature
but, due to Ŝ, give negative contribution to the mutual

information. These terms depend on the parameters of the
theory and not on the scale of the nonlocal operator we
calculate. These terms are present in the mutual information
in this regime of parameters no matter what the separation
between subsystems, x, is. The terms involving x are the
ones that produce positive contribution to the mutual
information and lead to nonzero correlation between
subsystems. Note that like the previous limit if we send
the separation distance to zero the mutual information
diverges. The small deformation limit cannot regulate this
divergence.
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Since we are working in the large temperature limit for
Tl the relevant check here is to send zc to zero and see
whether we get the results already obtained in the literature
[34]. In this limit we get

IðA∶BÞjzc→0 ¼
2Rd−1

4Gðdþ1Þ
N

�
L
zH

�
d−2

�
Ŝ − a1

�
zH
x

�
d−2

−
x

2zH
− a4

�
x
zH

�
2

− a7

�
x
zH

�
dþ2

�
; ð64Þ

where we have assumed the ϵ terms go to zero in the large
Tl limit. This result exactly matches the result for mutual
information in the field theory dual to AdSdþ1 black brane
background.
As a concluding remark for the regime of small defor-

mation we observe that the result of these two subsections
have individual correction terms in temperature and in
deformation parameter in addition to terms proportional to
ðλ̃TÞd. As we will see such behavior does not necessarily
persist in the other limits.

B. Large deformation regime x ≪ l ≪ λ̃

Interestingly in this regime, the consistency of the limits
forces us to have only low temperature regime for both l
and x. Therefore we have to work in the limit where
T ≪ 1=x; 1=l. As a result we have to use the relation for
the entanglement entropy obtained in Sec. V B equa-
tion (43) for SðlÞ, SðxÞ and consequently Sð2lþ xÞ.
The mutual information in this limit becomes

IðA∶BÞ ¼ Rd−1

4Gðdþ1Þ
N
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zc
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2x
zc

−
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zc
zH
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1920
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×

�
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d − 7
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zc
zH
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d
−
3d − 7
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�
zc
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�
2d
�
G̃5

�
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ð65Þ

where G̃n ≡ z−nc ð2ln − ð2lþ xÞn − xnÞ. This function is
similar to Gn introduced in the previous section except for
zH which is replaced by zc. This result shows that, in
contrast to the zero cutoff and small deformation cases, in
the limit of zero separation distance (x → 0) mutual
information remains finite and does not diverge although
we are working in the small temperature limit. The mutual
information is proportional to the area of the subsystem
and even cutoff presence does not change it. Also we
can observe that for a fixed cutoff when the separation
distance increases the mutual information decreases as
one expects.
Another point in the above result is that the dependence

on temperature in mutual information appears only as nd
orders of the dimensionless parameter zc=zH or λ̃T while
the cutoff dependence is different. It seems that in the large
deformation regime in the deformed field theory the
temperature does not affect the mutual information inde-
pendently and its effect is always through the product λ̃T.
Also note that in the above result the dependence on
subsystem scale or entangling length l is through terms
that are universal and the orders of l do not depend on the
dimension of the theory.
The phase transition diagrams for the mutual infor-

mation in this limit have been plotted in Fig. 4. The
first one on the left is x=l plotted with respect to xT.
Such behavior is similar to the graph in the middle
where x=l is plotted with respect to x=λ̃. This similarity
comes from the discussion we had about temperature
dependence in the last paragraph. If we plot these
diagrams for fixed l we observe that x=l decreases by
both increasing the temperature and deformation param-
eter. Therefore raising the temperature or deformation
parameter in field theory causes the phase transition to
happen at smaller values of separation distance. This
means that at higher values of temperature and defor-
mation parameter the correlation between two subsys-
tems decreases.

FIG. 4. Left: x=l is plotted with respect to xT for two different values of deformation parameter λ̃. The range of parameters in this limit
are chosen as lT < 0.052, l=λ̃ < 0.33 and λ̃T < 0.2. Middle: x=l is plotted with respect to x=λ̃ for two different values of temperature
T. The range of parameters in this limit are chosen as 0.002 < lT < 0.08, l=λ̃ < 0.32 and λ̃T < 0.25. Right: xT is plotted with respect
to x=λ̃ for two different values of entangling length l. The range of parameters in this limit are chosen as 0.017 < lT < 0.025,
l=λ̃ < 0.34 and λ̃T < 0.25. Note that we have set R ¼ GN ¼ 1.
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Figure 4 (left) shows that for small values of T and l
the ratio x=l is not sensitive to the deformation parameter.
But as temperature is raised the larger deformation param-
eter results in less correlated subsystems and mutual
information becomes zero for smaller values of x=l.
Note that in this plot moving to the right on the horizontal
axis corresponds to raising the temperature. The same thing
happens in Fig. 4-middle replacing T with deformation
parameter λ̃. For small values of λ̃ and l the ratio x=l is
not affected by T. But for larger values of deformation
parameter the mutual information differs between different
Ts and mutual information between to subsystems becomes
zero at smaller separation distances for larger values of T.
Also in this plot moving to the right means increasing the
deformation parameter.
In the last plot in Fig. 4, moving toward right direction is

decrease in T and λ̃. Therefore for smaller values of

temperature and deformation parameter in field theory
the scale of the subsystem in correlation between the
two becomes more effective.
Since we are working in the small temperature regime we

can send T → 0 or zH → ∞ and we get
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We can also solve the equation for mutual information (65)
for x perturbatively. This is where the mutual information
becomes zero and in other words the phase transition
between zero and nonzero mutual information happens.
We obtain

x
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where the dots are terms of order ðl=zcÞ7 with terms up to
order ðzc=zHÞ3d. It is interesting to see that the ratio x=zc
similar to x=l can define a value for phase transition which
depends on temperature T, l and deformation parameter λ̃.
In the next section we consider intermediate deformation
regime and discuss how the mutual information differs
from the other limits.

C. Intermediate deformation regime x ≪ λ̃ ≪ l

Similar to the first regime discussed in the mutual
information section, this regime accepts two different
limits for temperature, small temperature regime where
(T≪ 1=x;1=l) and intermediate temperature one where

(1=l ≪ T ≪ 1=x). We discuss these limits separately as
follows.

1. Intermediate deformation and small temperature
regime; x ≪ λ̃ ≪ l and T ≪ 1=x;1=l

In this regime parameters l and x are treated differently
with respect to deformation parameter. Therefore we have to
use low temperature and small deformation result for entan-
glement entropy, relation (29) for SðlÞ and Sð2lþxÞ. For
SðxÞ we need to use low temperature and large deformation
limit for entanglement entropy, relation (43).
For this limit replacing Eqs. (29) and (43) into (58) we

are left with the following result for the holographic mutual
information
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where F̂ n ¼ zncð 2
ln−

1
ð2lþxÞnÞ and Ĝn ¼ z−nH ð2ln − ð2lþ xÞnÞ

are in fact F n and Gn without the x−n and xn terms,
respectively. Similar to small deformation regime we have

corrections to mutual information coming from temperature
and deformation parameter individually. Both temperature
and deformation correction terms decrease the mutual
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information. But similar to large deformation regime the
mutual information does not diverge if the separation
distance between two subsystems goes to zero.
Since we are working in low temperature limit one can

send T → 0 and see the specific effect of deformation
parameter at some finite cutoff. Doing so we get the
following result for mutual information
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Interestingly there are two expansion parameters in this
result; one is x=zc correction terms on the first line and the
other one is x=l correction terms coming from terms on
the second line. Therefore it can be clearly seen that the
critical separation for transition between nonzero and zero

mutual information depends not only on l but also on zc
or λ̃. This result again confirms that increasing deforma-
tion parameter reduces the mutual information. So the
disentanglement between the two subsystems happens
at smaller separation distance compared to undeformed
theory. Increasing zc or deformation parameter, one
should not forget that there exists an upper limit zc ≪ l
on zc to obtain a reliable result.

2. Intermediate deformation and intermediate
temperature regime; x ≪ λ̃ ≪ l and

1=l ≪ T ≪ 1=x

This regime imposes opposite limits on the entangling
length l and separation distance x. Therefore we use the
result for entanglement entropy in low temperature and
large deformation limit, relation (43), for SðxÞ and high
temperature, small deformation limit entanglement entropy,
relation (55) for SðlÞ and Sð2lþ xÞ.
Substituting Eqs. (55) and (43) into the Eq. (58) gives the

following relation for the mutual information in this limit
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This result also shows that in the intermediate deforma-
tion regime mutual information does not diverge if we set
the separation distance to zero. In this result, like the
previous one in Sec. VI C 1, we have individual expan-
sions in temperature and in deformation parameter. It
seems that only in large deformation regime there is no
expansion in temperature independent of deformation
parameter. But in contrast to the previous result, in this
limit the expansion parameter x=l only appears through
ϵ2lþx. If we consider x ≪ l we can ignore the effect of it
and therefore the phase transition in the mutual informa-
tion is defined by x=zc.

VII. SUMMARY AND CONCLUDING REMARKS

In this work we have discussed different limiting
behavior of both entanglement entropy and mutual infor-
mation in deformed field theory at finite temperature. We
have showed that deformation parameter and temperature
have similar effect on holographic entanglement entropy.
At low temperature or small deformation limit the
entanglement entropy is proportional to the area of the

subsystem. It means that in this limit the degrees of
freedom near the boundary of the subsystem are involved
in the correlation between two subsystems. But at large
deformation parameter or high temperature limit it
behaves like thermal entropy and is proportional to the
volume of the subsystem. Therefore it seems that increas-
ing the temperature or deformation parameter causes
other degrees of freedom to be included in the correlation
between two subsystems. The deformation in field theory
by generalized TT̄ operator translates into introducing
nonzero cutoff in the bulk. So high temperature or large
deformation means probing deeper into the bulk and
this seems to cause the thermal fluctuations to have the
dominant effect.
There are three dimensionless expansion parameters in

the analytic result for the entanglement entropy, λ̃=l, Tl
and λ̃T, where T, λ̃ and l are temperature, deformation
parameter which is proportional to cutoff and subsystem
scale in field theory, respectively. The first two expansion
parameters are due to the nonlocal operator with scale l
that we are studying in field theory and the last one is
composed of only field theory scales and knows nothing
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about the nonlocal operator. The last expansion parameter
consistently emerges from the calculations. An interesting
observation in our results is that, in the regime of small
temperature and deformation, all three dimensionless
expansion parameters show up in the final result. But for
large deformation or large temperature the expansion
parameters reduce to two. In fact the effect of small
parameter appears only through λ̃T and it has no indepen-
dent effect on the entanglement entropy. It seems that the
nonlocal operator does only see the dominant effect due to
larger parameter.
As we mentioned previously, the effect of TT̄ deforma-

tion in field theory is to add UV cutoff in the theory or
somehow decrease the effective degrees of freedom in the
system. On the other hand we show in this paper that, in
different regimes of parameters, the deformation parameter
and temperature have similar effects on entanglement
entropy of the subsystem. Therefore it seems by having
a UV cutoff in field theory in the large deformation regime,
the correlation between the degrees of freedom in the
volume of the subsystems gives the main contribution to
the entanglement entropy.
We have also discussed the holographic mutual

information in various regimes of parameters. One of
the common features between all of these limits is that
the mutual information follows the area law behavior.
The other one is that temperature and deformation
correction terms reduce the mutual information and
therefore the quantum correlation between the two
subsystems. This is consistent with the result from
entanglement entropy that temperature and deformation
correction terms add negative contribution to the entan-
glement entropy. Therefore increasing the temperature
and deformation parameter causes the mutual informa-
tion to become zero at smaller separation distances. We
have shown this result in various phase diagrams we
have plotted for the mutual information in deformed
field theory at finite temperature.
One of the other results of our paper is that in the large or

intermediate deformation regimes (defined in Secs. VI C
and VI B) the mutual information does not diverge if the
separation distance between the two subsystems goes to
zero. This shows that deformation can correct the mutual
information in a way that correlation between the two
subsystems do not become infinite if they merge. This is
not true in the small deformation regime, Sec. VI A.
Therefore how large the deformation is compared to the
other scales in the theory is important in this discussion.
Interestingly we observe that high temperature regime does
not produce such result and only deformation parameter
leads to it.
For field theories with holographic duals, the role of

entanglement entropy as a probe of phase transition has
been indicated in [43,46,47]. It has also been discussed

in [48] that the mutual information can serve as an order
parameter in holographic field theory with critical point.
It is interesting to see what the analysis discussed in this
paper can tell us about the behavior of physical quantities in
field theories with phase transition or critical point. To do
so one needs to study the entanglement entropy and mutual
information in the holographic duals to such field theories
in presence of deformation. In fact mutual information
involves information on correlation between two subsys-
tems. Regarding the results we obtain in this paper, it seems
that the universal terms, corrections in terms of only
temperature and deformation parameter in field theory,
could have the dominant contribution near phase transition
or critical point.
Following this work it is interesting to see what the

effect of chemical potential might be on entanglement
entropy in a deformed theory. This field theory is dual to
charged AdS black hole and describes a non-Abelian
gauge theory at finite temperature and finite density. It is a
field theory characterized by a density matrix in a grand
canonical ensemble with inverse temperature β and the
total charge q. This resembles QCD-like theories. The
deformation operator in such field theory gets modified
due to the conserved current corresponding to the chemi-
cal potential. It can be discussed whether chemical
potential has similar effect on entanglement entropy to
temperature and deformation parameter. Another question
that the authors are currently involved with is whether the
correlation function in holographic deformed field theory
depends on deformation parameter and temperature the
same way we observe in holographic calculations; and
whether we can see the emergence of the dimensionless
parameter λ̃T there too.
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APPENDIX A: USED MATHEMATICAL
RELATIONS

In this appendix we present some useful relations which
has been used throughout the paper.
(1) Newton’s binomial and trinomial expansion

Newton’s generalized binomial expansion when
jyj < jxj is given by

ðxþ yÞr ¼
X∞
k¼0

�
r

k

�
xr−kyk;

ðxþ yÞ−r ¼
X∞
k¼0

ð−1Þk
�
rþ k − 1

k

�
x−r−kyk: ðA1Þ
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Similarly the generalized trinomial expansion for
jyþ zj < jxj is given by

ðxþ yþ zÞr ¼
X∞
k¼0

Xk
j¼0

�
r

k

��
k

j

�
xr−kyk−jzj;

ðxþ yþ zÞ−r ¼
X∞
k¼0

Xk
j¼0

ð−1Þk
�
rþ k − 1

k

�

×
�
k

j

�
x−r−kyk−jzj; ðA2Þ

where x; y; r ∈ R and r > 0. Note that for any real
numbers p and q we have

�
p

q

�
¼ Γðpþ 1Þ

Γðqþ 1ÞΓðp − qþ 1Þ : ðA3Þ

(2) Polylogarithm function
The polylogarithm function is a special function

of order s and argument zwhich is denoted as LisðzÞ.
It is defined by a power series which is valid for
arbitrary complex order s and for all complex values
of z where jzj < 1

LisðzÞ ¼
X∞
k¼1

zk

ks
: ðA4Þ

By analytic continuation, the polylogarithm function
can be extended to jzj ≥ 1. For s ¼ 1 it is the usual
known logarithm function

Li1ðzÞ ¼ − ln ð1 − zÞ: ðA5Þ
Also for ReðsÞ > 0 and jzj > 1 its leading term is
given by [49]

LisðzÞ ∼ −
½lnðzÞ�s
Γðsþ 1Þ : ðA6Þ

(3) Hypergeometric function expansions
The hypergeometric function accepts two differ-

ent limits. One where z → 0 which leads to a
convergent series for the hypergeometric function
and the other one is the limit z → 1. For the second
one the hypergeometric function is not necessarily
convergent.
Taylor series expansion for the hypergeometric

function as z → 0 is:

2F1ða; b; c; zÞ ¼
Γ½c�
Γ½b�

X∞
n¼0

Γ½nþ b�
Γ½nþ c�

ðaÞn
n!

zn;

ðaÞn ¼ aðaþ 1Þ…ðaþ n − 1Þ;

2F1ða; b; c; zÞ ¼ 1þ ab
c
zþ aðaþ 1Þbðbþ 1Þ

cðcþ 1Þ
z2

2!

þ � � � : ðA7Þ

For the second limit where z → 1, if the param-
eters in the hypergeometric function satisfy
Realðc−a−bÞ> 0 then 2F1ða; b; c; ZÞ is abso-
lutely convergence. So, we can it as linear combi-
nation of two other convergent hypergeometric
functions with argument 1 − z

2F1ða; b; c; zÞ ¼
Γ½c�Γ½c− a− b�
Γ½c− a�Γ½c− b� 2F1

× ða; b;aþ bþ 1− c;1− zÞ

þ Γ½c�Γ½aþ b− c�
Γ½a�Γ½b� ð1− zÞc−a−b2F1

ðc− a; c− b; 1þ c− a− b; 1− zÞ:
ðA8Þ
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APPENDIX B: NUMERICAL COEFFICIENTS

Here is the list of all coefficients defined throughout the paper:

ck ≡
ffiffiffi
π

p
Γðdðkþ1Þ

2ðd−1ÞÞ
ð1þ kdÞΓð 1þkd

2ðd−1ÞÞ
; ðB1Þ

and

a1 ≡ ð2c0Þd−1
2ð2 − dÞ ;

a2 ≡ 1

2d
ð2c0Þ2ðd−1Þ;

a3 ≡ ð1 − dÞ
d2

ð2c0Þ3ðd−1Þ;

a4 ≡ ðd − 1Þc1
4ð2c0Þ2

;

a5 ≡ ðd − 1Þc1ð2c0Þd−3
d

;

a6 ≡ ð2c0Þ2ðd−1Þ
8d

−
ð4d2 − 7dþ 3Þc1ð2c0Þ2ðd−2Þ

d2
;

a7 ≡ 3ðd − 1Þc2
8ðdþ 2Þð2c0Þdþ2

−
ðd − 1Þc12
4ð2c0Þdþ3

;

a8 ≡ ð2d2 − dþ 3Þc12
2dð2c0Þ4

−
3c2

4dð2c0Þ3
;

a9 ≡ ð2c0Þd−5
4d2

ð4dð2d − 1Þc02c1 − 2ð9d3 − 36d2 þ 19d − 12Þc12 − 6ð5d2 − 2dþ 3Þc0c2Þ: ðB2Þ

[1] J. M. Maldacena, The large N limit of superconformal field
theories and supergravity, Int. J. Theor. Phys. 38, 1113
(1999); Adv. Theor. Math. Phys. 2, 231 (1998).

[2] S. S. Gubser, I. R. Klebanov, and A.M. Polyakov, Gauge
theory correlators from noncritical string theory, Phys. Lett.
B 428, 105 (1998).

[3] E. Witten, Anti-de Sitter space and holography, Adv. Theor.
Math. Phys. 2, 253 (1998).

[4] A. B. Zamolodchikov, Expectation value of composite field
TT̄ in two-dimensional quantum field theory, arXiv:hep-th/
0401146.

[5] F. A. Smirnov and A. B. Zamolodchikov, On space of
integrable quantum field theories, Nucl. Phys. B915, 363
(2017).
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