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We study the properties of 10D multiple D0-brane (mD0) system described by a recently proposed
complete supersymmetric and κ-symmetric nonlinear action which includes an arbitrary positive definite
function MðHÞ of the relative motion Hamiltonian H. First we show how the action with a particular
nonlinear MðHÞ can be obtained from the action for 11D multiple M-wave (multiple M0-brane or mM0)
system. Then we obtain the complete set of equations of motion of mD0 system with arbitrary positive
definite MðHÞ, perform a convenient gauge fixing, solve the center of energy equations and establish an
interesting correspondence between the relative motion mD0 equations and the equations of maximally
supersymmetric SUðNÞ Yang-Mills theory (SYM). We show that this correspondence does not imply a
gauge equivalence but establishes a relation between solutions of the system. In particular, it implies that all
the supersymmetric solutions of mD0 equations in its relative motion part coincide with supersymmetric
solutions of the SYM equations.
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I. INTRODUCTION

Supersymmetric extended objects, super-p-branes,1 play
very important role in string/M-theory [1–4] and in
AdS=CFT duality which has been developed to a much
more general gauge-gravity correspondence. Particularly
interesting are ten-dimensional (D ¼ 10) Dirichlet
p-branes or Dp-branes, the world volumes of which are
the surfaces where the fundamental string (sometimes
called F1-brane) can have its ends.
The (theoretical) discovery of these objects is dated by

late 80th [5–7] but the common interest to them was
awakened by the famous paper by Polchinski [8] in which
he identified them as mysterious supersymmetric solutions
ofN ¼ 2 (type-IIA and type-IIB) supergravity and showed
that they carry the charges of the Ramond-Ramond q-form
gauge fields of these supergravity theories. The complete
nonlinear world volume actions for the Dp-brane

possessing a worldline supersymmetry and the local
fermionic κ-symmetry was found soon by several groups
[9–14] but even before the supersymmetric equations of
motion had been found by Howe and Sezgin [15] in the
frame of a superembedding approach [16,17].
The spacetime-filling D9-brane in type-IIB supergravity

superspace corresponds to the case of open superstring, the
ends of which can move freely in the (super)spacetime (see
[18] and Refs. therein); such an end of the string can be
coupled to a vector gauge field. The vector gauge field is
also present in the quantum-state spectrum of the open
string, so that in this case it is natural to assume that we are
dealing with coupling of the string to one of its excitations
considered as a background. The equation of motion for
such a background gauge field can be found from the
requirement of preservation of the conformal symmetry of
string theory in such a background (vanishing of the beta
functions). Those were found [19] to be the same as
followed from the Born-Infeld action [20] which thus
can be considered as (the bosonic limit of) an effective
action for the open (super)string with free ends and, in
modern language, the effective action for the spacetime
filling D9-brane.2 Indeed, it was shown that Dp-branes
with p ≤ 9 carry out world volume vector gauge fields and
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1Here p refers to the number of spacial dimensions of the
world volume of the object so that p ¼ 1 corresponds to strings,
p ¼ 2 corresponds to membrane, and 0-branes are supersym-
metric particles.

2Also in the case of the bosonic string considered in [19] one
speaks about spacetime-filling D25-brane, we allow ourselves to
streamline the discussion a bit by referring directly to the
generalizations for the case of the superstring.
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thus that the effective action for this is the d ¼ pþ 1
dimensional Dirac-Born-Infeld action (which is to say the
generalization of Born-Infeld action to curved space with
metric of this induced by the embedding of the world
volume in the target spacetime) [21].
Interestingly enough, from the early years of string

theory it was known that the ends of open string can be
supplied with additional degrees of freedom describing
“isospin” [22]. This fact was associated to the possibility of
attaching “quarks” to the ends of the string. In the frame
of Lagrangian mechanics of the string model those are
described by auxiliary fermionic fields (boundary fer-
mions) “living” at the string endpoints [23,24]. In the case
of string amplitudes, the “isospin” degrees of freedom
manifest themselves as additional factor constructed from
the trace of matrices representing the generators of a non-
Abelian internal symmetry group which in the simplest
case is considered to be UðNÞ [22].
From this point of view one can find natural the brilliant

idea ofWitten [25]; that in the limit ofN (nearly) coincident
Dp-brane, when the strings connecting different branes can
be described by (nearly) massless U(1) gauge fields, as the
string with both ends on the same brane can, the manifest
ðUð1ÞÞN2

symmetry of the system is enhanced till UðNÞ
and thus in low-energy limit (and after an appropriate
gauge fixed with breaking Lorentz invariance) shall be
described by non-Abelian supersymmetric Yang-Mills
(SYM) model.
The search for a (more) complete nonlinear multiple

Dp-brane (mDp) action describing the system of N nearly
coincident Dp-branes and strings ending on the same
branes and on different branes has more than 25 years
of history. Despite many interesting and deep results
obtained on this way [26–54] one cannot say that the
problem is definitely solved even in the simplest case of
mD0 system. The expected properties of this action, which
should be a kind of non-Abelian generalization of the single
Dp-brane actions from [9–14], are Lorentz invariance,
spacetime (target superspace) supersymmetry, the counter-
part of local fermionic κ-symmetry of single Dp-brane
(which makes the ground state of the system supersym-
metric) and appearance of the UðNÞ SYM action as low-
energy description in the suitable gauge.
The so-called “dielectric brane” action by Myers [30],

which was widely accepted as a bosonic limit of such an
action and was studied and generalized in [35,37–39], still
resists its supersymmetric generalization3 (neither Lorentz
invariant formulation of this is known). An interesting
approach on “−1 quantization” level was developed in

[40–42]. It uses the superembedding approach version of
boundary fermion formalism and it looks like to obtain the
non-Abelian counterpart of the complete nonlinear action
for single Dp-brane on this basis the problem of quantiza-
tion of the system including supergravity and “−1 quan-
tized” Dp-brane should be addressed (more discussion on
this approach can be found in [51]).
The superembedding approach to mD0 and related mM0

(multiple M-wave or multiple M0-brane) system in type-
IIA 10D and in 11D superspaces was developed in [43–45].
It was based on the standard superembedding equations,
the same as was used to describe single D0-brane, and
seemed to provide some approximation to the mD0 and
mM0 equations. The suggestion on how to possibly modify
the superembedding equations might come from the action
principle for the 11D mM0 system which was constructed
in [47] and studied in [48].
In [54] we have constructed the nonlinear doubly-super-

symmetric action which possesses the properties expected
for 10D mD0 brane system (itsD ¼ 3 counterpart had been
found in [53]). An unexpected property was the presence in
the action of an arbitrary positively definite functionMðHÞ
of the relative motion HamiltonianH [constructed from the
matrix fields of the d ¼ 1 N ¼ 16 SUðNÞ SYM super-
multiplet].4 The model corresponding to constantMðHÞ ¼
m has been constructed before in [51] by adding to the
single D0-brane action (describing then the center-of-mass
motion of mD0 system) of the action for 1d N ¼ 16
SUðNÞ SYM supermultiplet coupled to supergravity
induced by the embedding of the center-of-mass worldline
into the target type-IIA superspace. The problem of the
relation of this candidate mD0 action to the previously
known action for 11D multiple M0-brane (multiple
M-wave or mM0) system from [47] was posed but not
solved in [51].
In this paper we will show how the dimensional

reduction of the mM0 action, performed after a suitable
redefinition of the matrix fields, produces a specific
representative of the family of candidate mD0 action
from [54] with a particular form of the function MðHÞ,

M ¼ m
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4
þ H
μ6

s
; ð1Þ

where m and μ are the constants of dimension of mass. The
first of these is associated with the center-of-mass motion
while the second is the coupling constant of the relative-
motion and center-of-energy variables.
Then we study the equations of motion which follows

from the action of [54]. In particular we show that equations
of motion imply the preservation of the relative motion

3The bilinear fermionic contributions to the hypothetical
supersymmetric generalization of the action [30] were searched
for in [46] using the suggestion form the studies of single Dp-
brane action in [55]. Notice that the approach with non-Abelian
version of κ-symmetry [31] successful in the linearized approxi-
mation cannot be extended to cubic level as it was shown in [32].

4Similar property is possessed by the 0-brane model proposed
in [36]. See [51] for the discussion on this model in the
perspective of our approach.
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Hamiltonian, dH ¼ 0 and, hence, of the on shell value of
the mass of the mD0 system

M ¼ mþ 2

μ6
H

MðHÞ ; ð2Þ

dM ¼ 0. We also show that the Bogomol’nyi-Prasad-
Sommerfield (BPS) condition appearing as consistency
condition for the existence of supersymmetric purely
bosonic solution of the system of mD0 equations is
expressed by the vanishing of the relative motion
Hamiltonian, Hsusy ¼ 0, so that the mass of supersymmet-
ric mD0 configuration is defined by the above mentioned
constant m from the center-of-mass part of the action,

Msusy ¼ m: ð3Þ

We also find a convenient gauge fixing, which simplifies
essentially the relative-motion equations, and also an
interesting correspondence of these with the equations of
motion of the maximally supersymmetric d ¼ 1 SUðNÞ
SYM model. In particular we show that all the super-
symmetric solutions of the mD0 equations preserve just a
half of the spacetime supersymmetry (this is to say are 1=2
BPS states) and, in its relative-motion sector, are in one-to-
one correspondence with BPS states of the SYM theory.
The rest of the paper is organized as follows. In Sec. II

we describe the action from [54] which possesses the
properties expected from the complete nonlinear super-
symmetric action of multiple D0-brane system so that we
call it candidate mD0 action or, simplifying the terminol-
ogy, mD0-action. It contains an arbitrary positive-definite
function MðHÞ of the relative motion Hamiltonian H
and in Appendix A we present the explicit form of the
κ-symmetry transformation for any choice of MðHÞ. In
Sec. III B we show that a particular representative of this
family with MðHÞ given in (1) can be obtained by
dimensional reduction of the action for multiple M0-brane
(mM0) [47] which is described in Sec. III A. The dimen-
sional reduction essentially uses the solution of the con-
straints for the 11D spinor moving-frame variables (Lorentz
harmonics) in terms of their 10D counterparts given in
Eq. (63). In Sec. IV we vary our mD0 action to obtain the
complete set of equations of motion and study their
properties. In Sec. IV E we describe convenient gauge
fixing in which the equations simplify essentially and
in IV G establish an interesting relation of the gauge fixed
equations with the equations of maximally-supersymmetric
1d SUðNÞ SYM theory. Supersymmetric bosonic solutions
of our mD0 equations are discussed in Sec. V where it is
shown that they obey the BPS equationH ¼ 0 and, in their
relative motion part, are in one-to-one correspondence with
BPS states of the SYM theory. We conclude and discuss the
obtained results in Sec. VI. Some technical details can be

found in Appendixes B and C. In Appendix D we consider
a particular nonsupersymmetric solution of mD0 equations.

II. 10D mD0 ACTION AND ITS SYMMETRIES

A. mD0 fields

The field content of the mDp system is suggested by its
very low-energy gauge fixed description given, according
to [25], by the UðNÞ SYM action (whereN is the number of
nearly coincident Dp-branes in the system), and by the
known fact that in the case of a single Dp-brane such a
description is given by the Abelian U(1) SYM action.
Hence, the field content of the Lorentz-covariant formu-
lation of mDp-brane system should be given by the fields
known from the description of single Dp-brane, which are
essentially coordinate functions and an Abelian gauge field,
and by the fields of maximally-supersymmetric d ¼ pþ 1
SUðNÞ SYM multiplet.
In the case of the mD0-brane, the worldline gauge fields

(all depending on the proper time τ which parametrizes the
center-of-mass worldline W1) are coordinate functions

ZMðτÞ ¼ ðxμðτÞ; θα1ðτÞ; θ2αðτÞÞ; μ ¼ 0;…; 9;

α ¼ 1;…; 16; ð4Þ

describing the embedding of the worldline W1 in target
type-IIA superspace Σð10j32Þ with bosonic and fermionic
coordinates ZM ¼ ðxμ; θα1; θ2αÞ5

W1 ⊂ Σð10j32Þ∶ ZM ¼ ZMðτÞ; ð5Þ

the matrix fields of the d ¼ 1 N ¼ 16 SUðNÞ SYM
multiplet, and some auxiliary fields. The set of these latter
includes the spinor moving frame fields, which are
described below, and the matrix momentum field which
allows us to write the SYM action in first-order form.
The set of matrix fields of mD0 system includes nine

bosonic traceless HermitianN × N matricesXi enumerated
by the SO(9) vector index i ¼ 1;…; 9, sixteen Hermitian
fermionic N × N matrices Ψq enumerated by spinor SO(9)
[i.e., Spin(9)] index q ¼ 1;…; 16 and the anti-Hermitian
bosonic traceless N × N matrix 1-form A ¼ dτAτ. In
addition we introduce a 9-vector Hermitian N × N field
Pi which will play a role of momentum conjugate to the
matrix field Xi.

5Greek indices from the middle of alphabet, in particular,
μ ¼ 0;…; 9 are spacetime 10-vector indices. In the case of curved
target superspace these should be distinguished form the target
superspace indices which we denote by symbols from the
beginning of Latin alphabet, a ¼ 0;…; 9. We find convenient
also use both these types of indices in the case of flat-target
superspace, although in this case they can be identified. The
letters from the beginning of Greek alphabet denote 10D
Majorana-Weyl spinor indices, e.g. α ¼ 1;…; 16.
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B. Moving-frame and spinor moving-frame fields
(Lorenz harmonics)

Finally, to write the candidate mD0 action from [54] we
need to introduce the moving frame and spinor moving-
frame fields. These are given by SO(1,9) valued and
Spin(1,9) valued matrices

ðu0μ; uiμÞ ∈ SOð1; 9Þ and vαq ∈ Spinð1; 9Þ ð6Þ

which are related by the conditions of the Lorentz invari-
ance of sigma matrices

uðbÞμ σμαβ ¼ vqασ
ðbÞ
qp v

p
β ; uðbÞμ σ̃qpðbÞ ¼ vqασ̃

αβ
μ vpβ : ð7Þ

Here q; p ¼ 1;…; 16 should be identified as the spinor
indices of SO(9) which is the group of symmetry preserv-
ing the splitting of the moving-frame matrix in (6),

uμ0ðτÞ↦uμ0ðτÞ; uμiðτÞ↦uμjðτÞOjiðτÞ; OjiOjk¼δik:

ð8Þ

This will be one of the gauge symmetries of our model.
Notice that the first of the relations in (6) implies

u0μuμ0 ¼ 1; u0μuμi ¼ 0; uiμuμj ¼ −δij: ð9Þ

Choosing the SO(9) invariant representation

σðaÞqp ¼ ðδqp; γiqpÞ ¼ σ̃qpðaÞ; γiqp ¼ γipq; γðiγjÞ ¼ δij;

ð10Þ

in which γiqp ¼ γipq are d ¼ 9 gamma matrices, we find
that (7) implies

σ0αβ≔u0μσ
μ
αβ¼vαqvβq; σiαβ≔uiμσ

μ
αβ¼vαqγiqpvβp;

and vqασ̃
αβ
μ vpβ ¼u0μδqpþuiμγiqp: ð11Þ

We can also find

σ̃0αβ ≔ u0μσ̃μαβ ¼ vqαvqβ; σ̃iαβ ≔ uiμσ̃μαβ ¼−vqαγiqpvpβ;

ð12Þ

where

vqασ̃0αβ ¼ vqβ; σ0αβvq
β ¼ vαq; ð13Þ

obey

vqαvαp ¼ δq
p ⇔ vαqvqβ ¼ δα

β ð14Þ

and hence can be identified as the inverse spinor-frame
matrix.

Below we will use the Cartan forms

Ωi ¼ u0μduμi; ð15Þ

Ωij ¼ uiμduμj; ð16Þ

where Eq. (15) transforms covariantly under SO(9) gauge
group (8) while Eq. (16) has the property of SO(9)
connection. Using (9) we can express the derivatives of
the moving-frame variables in terms of the Cartan forms,

Du0μ ≔ du0μ ¼ uiμΩi; Duiμ ≔ duiμ þ ujμΩji ¼ u0μΩi:

ð17Þ

Here, we have also introduced the SO(9) covariant deriv-
atives with the composite connection given by the Cartan
form Ωji (16).
The derivatives of the spinor moving-frame matrix

is also expressed in terms of the same SO(1,9) Cartan
forms by

Dvαq ≔ dvαq þ
1

4
Ωijvαpγ

ij
pq ¼ 1

2
γiqpvαpΩi ð18Þ

which implies

Dvαq ≔ dvαq −
1

4
Ωijγijqpvαp ¼ −

1

2
vαpγipqΩi: ð19Þ

The variation of the moving-frame and spinor moving-
frame variables can be also expressed in terms of Cartan
forms or, more precisely, in terms of the contraction of
these with the variational symbol,

iδΩi ¼ uμ0δuiμ; iδΩij ¼ uμiδujμ: ð20Þ

The latter parametrizes the SO(9) transformations which
will be the manifest gauge symmetry of our construction so
that the essential variations of the moving-frame vectors
and of the spinor moving-frame matrix are given by

δu0μ ¼ uiμiδΩi; δuiμ ¼ u0μiδΩi; ð21Þ

δvαq ¼
1

2
γiqpvαpiδΩi; δvαq ¼ −

1

2
γiqpvαpiδΩi: ð22Þ

The moving-frame formalism allows us to define the
Lorentz invariant 1-forms on the worldline by contracting
the pullback of the Volkov-Akulov (VA) 1-form of the
type-IIA superspace

Πμ ¼ dxμ − idθ1σμθ1 − idθ2σ̃μθ2 ð23Þ

with moving frame vectors,
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E0 ¼ Πμu0μ; Ei ¼ Πμuiμ: ð24Þ

The spinor moving-frame formalism allows us to define
on the worldline the following Lorentz-invariant fermionic
1-forms,

E1q ¼ dθα1vqα; E2
q ¼ dθ2αvαq: ð25Þ

C. Candidate mD0 action(s)

The action for the N nearly-coincident D0-brane (multi-
ple D0-brane or mD0) system proposed in [54] involves
two constants of dimension mass, m and μ, and has
the form,

SmD0 ¼ m
Z
W1

E0 − im
Z
W1

ðdθ1θ2 − θ1dθ2Þ þ 1

μ6

Z
W1

�
trðPiDXi þ 4iΨqDΨqÞ þ

2

M
E0H

�

−
1

μ6

Z
W1

dM
M

trðPiXiÞ þ 1

μ6

Z
W1

1ffiffiffiffiffiffiffiffiffi
2M

p ðE1q − E2
qÞtr

�
−4iðγiΨÞqPi þ 1

2
ðγijΨÞq½Xi;Xj�

�
: ð26Þ

In it E0 is the projection (24) of the VA 1-form (23) to the
vector u0μðτÞ of the moving frame (6), E1q and E2

q are
the contractions (25) of the differentials of the first and the
second fermionic coordinate functions with a spinor mov-
ing-frame matrix and with its inverse, respectively. The
bosonic Pi and Xi and 16 fermionic Ψq are Hermitian
traceless N × N matrix fields and

H ¼ 1

2
trðPiPiÞ − 1

64
tr½Xi;Xj�2 − 2trðXiΨγiΨÞ ð27Þ

has the meaning of the Hamiltonian of the relative motion
of the mD0 constituents.

M ¼ MðH=μ6Þ
is an arbitrary nonvanishing function of this Hamiltonian.
Actually the consistency requires the function M ¼
MðH=μ6Þ to be positive definite and we will assume
this below,

MðH=μ6Þ > 0: ð28Þ

The covariant derivatives of the matrix fields

DXi ¼ dXi − ΩijXj þ ½A;Xi�; ð29Þ

DΨq ¼ dΨq −
1

4
ΩijγijqpΨp þ ½A;Ψq�; ð30Þ

include the composite SO(9) connection given by the Cartan
form Ωij (15) and the SUðNÞ connection which is the anti-
Hermitian traceless N × N matrix 1-form A ¼ dτAτ.
The formal Ricci identities for such a covariant

derivatives6 read

DDXi ¼ Ωi ∧ ΩjXj þ ½F ;Xi�;

DDΨq ¼
1

4
Ωi ∧ ΩjðγijΨÞq þ ½F ;Ψq�; ð31Þ

where F ¼ dA − A ∧ A is the formal 2-form field strength
of the 1-form gauge field A. When deriving (31) we have
used the Maurer-Cartan equations

DΩi ¼ dΩi − Ωj ∧ Ωji ¼ 0;

dΩij þ Ωik ∧ Ωkj ¼ −Ωi ∧ Ωj; ð32Þ

which can be found by taking formal exterior derivatives
of (17). These formal expressions are useful to find the
variation of the Lagrangian forms by the method described
in Appendix C of [54].
The action (26) is manifestly invariant under 10D

type-IIA super-Poincaré transformations, including space-
time (actually target superspace) supersymmetry, as well as
under SUðNÞ gauge symmetry and SO(9) symmetry acting
on the suitable indices of moving-frame, spinor moving-
frame, and matrix matter fields. Moreover, it is invariant
under the worldline supersymmetry transformations the
explicit form of which can be found in [54] as well as in
Appendix A. This invariance generalizes κ-symmetry of
single D0-brane action and guarantees that the ground state
of the system described by the action (26) preserves a part
(1=2) of the spacetime supersymmetry.

III. 11D mM0 ACTION AND ITS DIMENSIONAL
REDUCTION TO D= 10

In this section we will show that (as was announced
in [54]) a particular representative of the family of the
candidate mD0 actions (26), that with MðHÞ given in (1),
can be obtained by dimensional reduction of the 11D mM0
action of [47].

6These can be calculated on the extension of the worldline to
some space of two or more dimensions. Such an extension can be
realized by considering the forms depending on both differentials
and variations of the variables, i.e., on dxμðτÞ and δxμðτÞ etc.
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A. 11D mM0 action and its symmetries

1. mM0 center of energy variables

The mM0 brane system which was assumed to be
decompactification limit (M-theory lifting) of mD0, carries
the same matrix fields of d ¼ 1 N ¼ 16 SYM on its
worldline, but the set of fields describing its center of
energy motion is different. It includes the coordinate
functions

ZMðτÞ ¼ ðXμðτÞ;ΘαðτÞÞ; μ ¼ 0; 1;…; 9; 10;

α ¼ 1;…; 32; ð33Þ

which describe the embedding of the worldline in the 11D
superspace Σð11j32Þ with coordinates ZM ¼ ðXμ;ΘαÞ, the
spinor moving frame fields, which we describe below, and
the Lagrange multiplier ρ#ðτÞ, the role of which will be
clarified below.
The 11D Volkov-Akulov (VA) 1-form

Πμ ¼ dXμ − idΘΓμΘ ¼ ðΠμ;Π�Þ; ð34Þ

involves real symmetric 32 × 32 matrices Γ
μ

α β ¼ Γ
μ

β α ¼
Γμ

α
γCγ β constructed from 11D Dirac matrices Γμ

α
γ ¼

−ðΓμ
α
γÞ� obeying the Clifford algebra

ΓaΓb þ ΓbΓa ¼ 2ηabI32×32 ð35Þ

and the conjugation matrix C which is antisymmetric
and imaginary in our mostly minus notation, Cγ β ¼
−Cβ γ ¼ −ðCγ βÞ�. We will also need the symmetric matri-

ces with upper indices Γ̃μ α β ¼ Γ̃μ β α ¼ Cα γΓμ
γ
β which can

be used to write the Clifford algebra (35) in the

form Γðμ
α δΓ̃

νÞδ β ¼ ημ νδ
β
α.

We use the following SO(1,9) invariant decomposition of
11D fermionic Majorana spinor coordinates on two 10D
Majorana-Weyl spinor coordinates of opposite chiralities

Θα ¼
�
θ1α

θ2α

�
: ð36Þ

Then, with the appropriate SOð1; 9Þ invariant representa-
tion of the 11D gamma matrices which is presented in
Appendix C, the 11DVA 1-form splits, as indicated already
in (34), in 10D VA 1-forms (23)

Πμ ¼ dXμ − idθ1σμθ1 − idθ2σ̃μθ2 ð37Þ

and the scalar 1-form

Π� ¼ dX� þ idθ1θ2 þ idθ2θ1: ð38Þ

The 11D SOð1; 9Þ=½SOð1; 1Þ × SOð9Þ� spinor moving
frame variables (or 11D Lorentz harmonics [56]; see
[47,48] and refs therein) are defined as rectangular blocks
of Spin(1,10)-valued matrix

V
ðβÞ
α ¼ ð vþαq; v−αq Þ ∈ Spinð1; 10Þ ð39Þ

which provides a kind of square root of the SOð1; 10Þ
valued moving-frame matrix

UðaÞ
μ ¼

�
1

2
ðU#

μ þ U¼
μ Þ; Ui

μ;
1

2
ðU#

μ −U¼
μ Þ
�

∈ SOð1; 10Þ

ð40Þ

constructed from two lightlike vectors normalized in their
contraction and nine orthonormal spacelike vectors
orthogonal to that two,

U¼
μ U

μ¼ ¼ 0; U#
μU

μ# ¼ 0; U¼
μ U

μ# ¼ 2; ð41Þ

Ui
μU

μ¼ ¼ 0; Ui
μU

μ# ¼ 0; Ui
μU

μj ¼ −δij: ð42Þ

The moving frame vectors also obey UðcÞ
μ ηðcÞðdÞU

ðdÞ
ν ¼ ημ ν,

which can be written in the form of

δμ
ν ¼ 1

2
U¼

μ Uν# þ 1

2
U#

μUν¼ −Ui
μUνi: ð43Þ

The above mentioned square root relations have the form
of the Lorentz invariance statement for the 11D Dirac
matrices

VΓμVT ¼ UðaÞ
μ ΓðaÞ; VT Γ̃ðaÞV ¼ Γ̃μUðaÞ

μ : ð44Þ

The spinor moving frame variables also obey the constraint

VCVT ¼ C ð45Þ

manifesting the Lorentz invariance of the charge conjuga-
tion matrix. This implies that

vþα
q ¼ iCα βvþβq; v−αq ¼ −iCα βv−βq ð46Þ

define the inverse spinor moving-frame matrix, i.e., that

v−αq vþαp ¼ δqp; v−αq v−αq ¼ 0;

vþα
q vþαp ¼ 0; vþα

q v−αp ¼ δqp: ð47Þ

With an appropriate [SOð1; 1Þ × SOð9Þ invariant] rep-
resentation of 11D gamma matrices (see Appendix C)
Eq. (44) split into
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v−q Γ̃μv−p ¼ U¼
μ δqp; U¼

μ Γ
μ

α β ¼ 2vαq−vβq−; ð48Þ

vþq Γ̃μvþp ¼ U#
μδqp; U#

μΓ
μ

α β ¼ 2vαqþvβqþ; ð49Þ

v−q Γ̃μvþp ¼ Ui
μγ

i
qp; Ui

μΓ
μ

α β ¼ 2vðαjq−γiqpvjβÞpþ; ð50Þ

where γiqp ¼ γipq are SO(9) Dirac matrices,

γiqrγ
j
rp þ γjqrγirp ¼ 2δijδqp: ð51Þ

The derivative of the moving frame and spinor moving
frame variables can be expressed in terms of Cartan forms

Ωij ≔ UμidUj
μ; ð52Þ

Ωð0Þ ≔ Uμ¼dU#
μ; ð53Þ

Ω#j ≔ Uμ#dUj
μ; Ω¼j ≔ Uμ¼dUj

μ; ð54Þ

(see e.g., [57,58] and references therein for more details).
The form (52) transforms as connection under the SO(9)
symmetry acting on the 9-vector indices i, j and 16
component spinor indices q, p of the moving-frame
variables and matrix fields. This is the counterpart of the
Cartan form (16) of the 10D SOð1; 9Þ=SOð9Þ spinor
moving-frame (Lorentz harmonics) formalism.

The form (53) transforms as the connection under the
SO(1,1) group acting on the moving frame, spinor moving
frame variables and Lagrangian multiplier ρ# according to
the weights indicated by their sign indices. In particular
# ¼ þþ so that under SO(1,1)

U#
μ ↦ e2βU#

μ; U¼
μ ↦ e−2βU¼

μ ; Ui
μ ↦ Ui

μ;

Ωð0Þ ↦ Ωð0Þ þ dβ; Ωij ↦ Ωij;

ρ# ↦ e2βρ#: ð55Þ

The forms (54) are covariant with respect to both sym-
metries which will serve as gauge symmetry of the mM0
action.

2. Matrix fields describing the relative
motion of mM0 constituents

Matrix fields describing the relative motion of the mM0
constituents are exactly the same as those of the mD0-
system; the bosonic traceless N × N matrices Xi and Pi,
carrying the SO(9) vector indices, fermionic tracelessN × N
matricesΨq carrying SO(9) spinor index q ¼ 1;…; 16, and
bosonic traceless N × N matrix 1-form A ¼ dτAτ.

3. mM0 action

The action for the 11DmM0 system proposed in [47] can
be written in the form,

SmM0 ¼
Z
W1

ρ#E¼ þ 1

μ6

Z
W1

�
trðPiDXi þ 4iΨqDΨqÞ þ E# 1

ρ#
H
�

þ 1

μ6

Z
W1

Eþq 1ffiffiffiffiffi
ρ#

p tr

�
−4iðγiΨÞqPi þ 1

2
ðγijΨÞq½Xi;Xj�

�
−

1

μ6

Z
W1

Dρ#

ρ#
trðPiXiÞ; ð56Þ

in which the matrix fields are redefined (with respect to the
ones used in [47]) to be inert under the SO(1,1) symmetry
acting on spinor moving frame variables and Lagrange
multiplier ρ# (55).
The covariant derivatives of the matrix fields in (56)

DXi ≔ dXi −ΩijXj þ ½A;Xi�; ð57Þ

DΨq ≔ dΨq −
1

4
ΩijγijqpΨp þ ½A;Ψq�; ð58Þ

include, besides the SUðNÞ connection 1-form A, also the
composite SO(9) connection Ωij (52), while

Dρ# ¼ dρ# − 2Ωð0Þρ# ð59Þ

includes the SO(1,1) connection (53). Let us recall that
these composite connections are Cartan forms representing
the nonvanishing components of the derivatives of the
moving frame and spinor moving-frame variables.
The moving frame and spinor moving-frame variables

enter the action also explicitly through the projections

E# ¼ ΠμU#
μ; E¼ ¼ ΠμU¼

μ ; ð60Þ

of the VA 1-form (34), which are the bosonic supervielbein
forms of flat 11D superspace, and

Eþq ¼ dΘαvþαq ð61Þ

of the pullback of the fermionic supervielbein form of this
superspace.
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The relative motion Hamiltonian in (56)

H ¼ 1

2
trðPiPiÞ − 1

64
tr½Xi;Xj�2 − 2trðXiΨγiΨÞ ð62Þ

coincides with that of the mD0 system, Eq. (27).
The action (56) has the manifest 11D target superspace

supersymmetry and, as it was shown in [47], is invariant
under 16 parametric worldline supersymmetry generalizing
the κ-symmetry of single M0-brane action in its spinor
moving frame formulation of [59,60].
The properties of this mM0 system described by the

action (56) were further studies in [48]. The problem of its
dimensional reduction to D ¼ 10was addressed in [51] but
was not solved there. The reason was that a suitable
convenient choice of the basic matrix fields was not found
in [51]; we have found it more recently, first for the
simplified case of D ¼ 4 counterpart of mM0 system [53],
and we have already written the mM0 action of [47] in
terms of these fields in Eq. (56). The dimensional reduction
of this mM0 brane action is the subject of the next (sub)
section.

B. Dimensional reduction of mM0 action to D= 10

As we have already noticed, with the suitable represen-
tation for 11D Gamma matrices and charge conjugation
matrix which can be found in Appendix C [see Eqs. (C1),
(C2), and (C3)] the 11D Volkov-Akulov (VA) 1-form is
split as in (34) into 10D VA 1-form (37) and SO(1,9)
invariant 1-form (38).

1. SO(1, 9) invariant expressions for 11D spinor moving
frame and basic 1-forms

The next stage is to solve the constraints defining
the above described 11D spinor moving frame variables
in terms of Spinð1; 9Þ=Spinð9Þ spinor moving frame
variables (6). The convenient form of the solution is

1ffiffiffiffiffi
ρ#

p vþαq ¼
1ffiffiffi
2

p 1ffiffiffiffiffiffi
M

p
�

vqα

−vqα
�
;

ffiffiffiffiffi
ρ#

p
v−αq ¼

1ffiffiffi
2

p ffiffiffiffiffiffi
M

p �
vqα

vqα

�
; ð63Þ

which implies the complementary relations

1ffiffiffiffiffi
ρ#

p vþα
q ¼ 1ffiffiffi

2
p 1ffiffiffiffiffiffi

M
p

�
vqα

vqα

�
;

ffiffiffiffiffi
ρ#

p
v−αq ¼ 1ffiffiffi

2
p ffiffiffiffiffiffi

M
p �

vqα

−vqα
�
: ð64Þ

Equations (63) involve the Lagrange multiplier ρ# of the
mM0 action and also an arbitrary function M ¼ MðτÞ of

the proper time parametrizing the center-of-energy world-
line of the mM0 system.
Let us stress that this is not an ansatz but rather a general

solution of the constraints (48)–(50) and (45). This can be
easily checked by counting the number of degrees of free-
dom,modulo natural gauge symmetries, in the left and right-
hand sides of the relation (63) which gives 1þ 9 ¼ 1þ 9.
Indeed, both sides include scalar functions, ρ# and M
respectively, and spinor frame variables parametrizing
cosets isomorphic to S9 sphere:

and SOð1;9Þ
SOð9Þ ≃ S9, respectively (see e.g., [57,58] and

references therein for more details). Notice also that the
lhs of (63) preserves the characteristic SOð1; 1Þ gauge
symmetry (55) of the 11D spinor moving-frame formalism
(which was taken into account in the above counting of the
degrees of freedom).
As far as the 11D Lorentz symmetry SOð1; 10Þ is

concerned, the expressions (63) break this down to its
SOð1; 9Þ subgroup which becomes 10D Lorentz symmetry
of the reduced theory.
Using (63) we obtain the following expression for (the

pullbacks of) 11D fermionic supervielbein forms which
enter Eq. (56)

Eþq ¼
ffiffiffiffiffi
ρ#

p 1ffiffiffiffiffiffiffiffiffi
2M

p ðE1q − E2
qÞ; ð65Þ

where

E1q ¼ dθ1αvqα; E2
q ¼ dθ2αvαq; ð66Þ

can be naturally identified with the pullbacks of the
fermionic D ¼ 10 type-IIA supervielbein forms (25).
Now, substituting (63) into Eqs. (48) and (49) and using

the suitable representation for 11D gamma matrices (see
Appendix C) as well as (11) we find that the 11D moving-
frame vectors are related to its 10D counterparts by

U¼
μ ¼ M

ρ#
u0μ; U¼� ¼ −

M
ρ#

; ð67Þ

U#
μ ¼

ρ#

M
u0μ; U#� ¼

ρ#

M
; ð68Þ

so that

ρ#E¼ ¼ MðE0 − Π�Þ; E#

ρ#
¼ 1

M
ðE0 þ Π�Þ: ð69Þ

In the same way we find from (50)

Ui
μ ¼ δμ

νuiν; ð70Þ

which can be used to check that the composite SO(9)
connection of the mM0 system coincides with its 10D
counterpart (16),
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Ωij ≔ UμidUj
μ ¼ uμidujμ ≕Ωij: ð71Þ

Thus the covariant derivative of the matrix fields in the
mM0 action (56), Eqs. (57) and (58), coincide with (29)
and (30) used in the mD0 action (26).
As far as SOð1; 1Þ connection is concerned, we find

from (67) and (68)

Ωð0Þ ¼ 1

4
U¼μdU#

μ ¼
1

2

�
dρ#

ρ#
−
dM
M

�
: ð72Þ

In particular, this implies that

Dρ# ¼ dρ# − 2ρ#Ωð0Þ ¼ ρ#
dM
M

: ð73Þ

At this stage one can observe that, after using in (56) the
relations (63) and their consequences, ρ# disappears from
the 11D action being replaced by M.

2. Dimensional reduction of mM0 action

Thus with the solution (63) and the splitting (34) the
mM0 action (56) acquires the form

SmM0jð63Þ ¼
Z
W1

MðE0 − Π�Þ þ 1

μ6

Z
W1

1

M
ðE0 þ Π�ÞHþ 1

μ6

Z
W1

trðPiDXi þ 4iΨqDΨqÞ −
1

μ6

Z
W1

dM
M

trðPiXiÞ

þ 1

μ6

Z
W1

1

2
ffiffiffiffiffiffi
M

p ðE1q − E2
qÞtr

�
−4iðγiΨÞqPi þ 1

2
ðγijΨÞq½Xi;Xj�

�
; ð74Þ

where the covariant derivatives are defined in (29), (30), the
relative motion Hamiltonian H has the form of (27),

E0 ¼ Πμu0μ ð75Þ

with Πμ from (37) [see (24)], Π� is given in (38) and,
according to (66),

E1q − E2
q ¼ dθ1αvqα − dθ2αvαq: ð76Þ

The dimensional reduction is then completed by deriving
from the action (74) the equation of motion for eleventh
bosonic coordinate field X�,

d

�
M −

1

M
H
μ6

�
¼ 0; ð77Þ

and substituting its solution back into the functional (74).
Equation (77) can be equivalently written in the form

M −
1

M
H
μ6

¼ m ð78Þ

with some constant m. Its solution which has a non-
vanishing limit when H ↦ 0 is

M ¼ m
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4
þ H
μ6

s
: ð79Þ

Substituting the result back into (74) we find the action (26)
with a particular function M ¼ MðH=μ6Þ given by (79).
Thus just this particular case of (26) model has the

apparent 11D origin.

IV. EQUATIONS OF MOTION OF 10D mD0

In this section we write the complete set of equations of
motion for the multiple D0-brane system which follow
from our action (26).

A. Equations for the center-of-energy variables

Beginning from the center of energy variables, we
regroup the variation with respect to the coordinate func-
tions, δZMðτÞ ¼ ðδxμðτÞ; δθα1ðτÞ; δθ2αðτÞÞ, into

iδEi ¼ δZMðτÞEa
MðZMðτÞÞuiaðτÞ;

iδE0 ¼ δZMðτÞEa
MðZMðτÞÞu0aðτÞ; ð80Þ

and

iδðEq1 − E2
qÞ; iδðEq1 þ E2

qÞ; ð81Þ

where

iδEq1 ¼ δθα1vαq; iδE2
q ¼ δθ2αvqα: ð82Þ

This choice simplifies the form of the equations of motion
for the coordinate functions [originally defined as
δSmD0
δZMðτÞ ¼ 0] and splits their set in a Lorentz-covariant

manner into

Ωi

�
mþ 2

μ6
H
M

�
¼ 0; ð83Þ

�
mþ 1

μ6
H
M

�
ðE1q þ E2

qÞ ¼
−i

4
ffiffiffiffiffiffiffiffiffi
2M

p
μ6

γiqpiνpΩi; ð84Þ
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and

2

M

�
1 −

1

μ6
M0

M
H
�
dH ¼ 0; ð85Þ

1ffiffiffiffiffiffiffiffiffi
2M

p iDνq−
1

μ6
1

2
ffiffiffiffiffiffiffiffiffi
2M

p M0

M
iνqdH−

2i
M

ðE1q−E2
qÞH¼ 0;

ð86Þ

where

iνq ≔ tr

�
−4iðγiΨÞqPi þ 1

2
ðγijΨÞq½Xi;Xj�

�
: ð87Þ

As we will show below, Eqs. (85) and (86) are depen-
dent, this is to say they are satisfied identically when
other equations are taken into account. This statement is
the content of Noether identities for the worldline repar-
ametrization gauge symmetry and for the worldline

supersymmetry (κ-symmetry) the “local parameters” of
which can be identified with iδE0 and iδðEq1 − E2

qÞ,
respectively. Keeping this in mind, we will first discuss
(83), (84), and the equations for spinor frame variables
and then turn to the matrix equations [which will then
allow us to make the above statements about dependence
of (85) and (86)].
As far as the functionMðH=μ6Þ in our action is positive

definite, (28), Eq. (83) implies

Ωi ¼ 0: ð88Þ

Taking this into account, we find that the fermionic
equations (84) simplifies to

E1q þ E2
q ¼ 0: ð89Þ

Finally, the essential variations of the moving-frame and
spinor moving-frame variables,

δu0μ ¼ uiμiδΩi; δvαq ¼
1

2
iδΩiγiqpvαp; δvqα ¼ −

1

2
iδΩivpαγipq; ð90Þ

result in

Ei

�
mþ 2

μ6
H
M

�
−

1

2μ6
ffiffiffiffiffiffiffiffiffi
2M

p ðE1q þ E2
qÞγiqpiνp −

2

μ6
trðP½iXj� þ iΨγijΨÞΩj ¼ 0; ð91Þ

where iνq is defined in (87). Taking into account (88) and the fermionic equations (89), we see that (91) finally simplifies to

Ei ¼ 0: ð92Þ

Thus the set of equations for the center of energy variables is given by Eqs. (88), (89), and (92). This coincides with the
set of equations of motion for single D0-brane in its spinor moving frame formulation [61].

B. Equations of the relative motion of the constituents of mD0 system

The equations of motion for the matrix fields describing the relative motion of the mD0 constituents read

DXi ¼ −
2

M

�
1 −

1

μ6
M0

M
H
�
E0Pi þ 1

μ6
M0

M
ðXidH − PidKÞ þ 1ffiffiffiffiffiffiffiffiffi

2M
p ðE1q − E2

qÞ
�
4iðγiΨÞq −

1

2μ6
M0

M
iνqPi

�
; ð93Þ

DPi ¼ 2

M

��
1 −

1

μ6
M0

M
H
�
E0 þ 1

μ6
M0

4
ffiffiffiffiffiffiffiffiffi
2M

p ðE1q − E2
qÞiνq

��
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�

−
1ffiffiffiffiffiffiffiffiffi
2M

p ðE1q − E2
qÞ½ðγijΨÞq;Xj� þ 1

μ6
M0

M
dK

�
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�
−

1

μ6
M0

M
PidH; ð94Þ

DΨq ¼ −
1

2
ffiffiffiffiffiffiffiffiffi
2M

p ðE1p − E2
pÞ
�
γipqPi þ i

8
γijpq½Xi;Xj�

�

−
i

2M

��
1 −

1

μ6
M0

M
H
�
E0 þM0

2μ6
dKþ 1

4μ6
M0ffiffiffiffiffiffiffiffiffi
2M

p ðE1p − E2
pÞiνp

�
½ðγiΨÞq;Xi�; ð95Þ

and
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½Xi;Pi� ¼ 4ifΨq;Ψqg: ð96Þ

In Eqs. (93)–(95) H is given in (27),

K ¼ trðXiPiÞ ð97Þ

and iνq is defined in (87). Equation (96) appears as a
result of variation with respect to the worldline gauge field
A ¼ dτAτ and is the (non-Abelian version of the) Gauss
law of 10D SYM reduced to 1d.
Using Eqs. (93)–(95) and (96) one can check (by

straightforward although a bit involving calculations) that

dH ¼ 0 ð98Þ

and

iDνq ¼
2

ffiffiffi
2

p
ffiffiffiffiffiffi
M

p ðE1q − E2
qÞH; ð99Þ

which implies that Eqs. (85) and (86) are satisfied iden-
tically (as we have announced and discussed just after their
derivation).
Taking into account (98) we find that the equations for

bosonic matrix matter fields (93) and (94) simplify,

DXi ¼ −
2

M

�
1 −

1

μ6
M0

M
H
�
E0Pi −

1

μ6
M0

M
PidKþ 1ffiffiffiffiffiffiffiffiffi

2M
p ðE1q − E2

qÞ
�
4iðγiΨÞq −

1

2μ6
M0

M
iνqPi

�
; ð100Þ

DPi ¼ 2

M

��
1 −

1

μ6
M0

M
H
�
E0 þ 1

μ6
M0

4
ffiffiffiffiffiffiffiffiffi
2M

p ðE1q − E2
qÞiνq

��
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�

−
1ffiffiffiffiffiffiffiffiffi
2M

p ðE1q − E2
qÞ½ðγijΨÞq;Xj� þ 1

μ6
M0

M
dK

�
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�
: ð101Þ

This form of equations is not yet final since it involves dK ¼ trðDXiPi þXiDPiÞ. Calculating the rhs of this expression
with the use of (100) and (101), we find

dK ¼ −
2

M
H�

1þ 1
μ6

M0
M H

�
�
1 −

1

μ6
M0

M
H
�
E0 þ ðE1q − E2

qÞffiffiffiffiffiffiffiffiffi
2M

p
trð4iðγiΨÞqPi þ ðγijΨÞq½Xi;Xj�Þ − 1

2μ6
M0
M Hiνq�

1þ 1
μ6

M0
M H

� ; ð102Þ

with

H ≔ trðPiPiÞ þ 1

16
tr½Xi;Xj�2 þ 2trðXiΨγiΨÞ: ð103Þ

Thus the final form of the equations for the matrix matter
fields is given by (100), (101) and (95) with dK substituted
by the rhs of (102). This looks frighteningly complicated
but, as we will show, the equations can be simplified
essentially by fixing in a convenient manner the gauge
symmetries of our dynamical system. However, before
turning to the gauge fixing, we have to discuss the mass of
the mD0 system.

C. Mass of mD0 system and its center-of-mass motion

It is instructive to calculate the canonical momentum for
the center-of-energy coordinate function of mD0 system

pμ ¼
�
mþ 2

μ6
H
M

�
u0μ ≕Mu0μ: ð104Þ

The mass M of the mD0 is defined by the square of this
10-momentum, pμpμ ¼ M2, and thus is given by

M ¼ mþ 2

μ6
H
M

: ð105Þ

Note that it depends essentially on the choice of the
positively definite function MðH=μ6Þ in the action (56).
However, as a consequence of (98), this mass is a constant
of motion,

dM ¼ 0: ð106Þ

It is important that the mass depends on the relative
motion of the mD0 constituents so that in our super-
symmetric model the relative motion does influence the
center of energy motion like it does in the purely bosonic
dynamical system from [30].
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The constant parameter m in the action (26) is thus the
mass of the center-of-energy motion of mD0 the relative
motion sector of which is in the ground state, i.e., with
H ¼ 0. As we will see below, the supersymmetric states of
mD0 systems have this property. Thus, exciting the state of
relative motion of the mD0 constituents we inevitably
increase the mass of the center of energy of mD0 system
[remember (28)] and, as we will see below, inevitably break
supersymmetry.
Now let us also observe that, by definition of Cartan

forms, du0μ ¼ uiμΩi and hence Eq. (88) implies that on the
mass shell

du0μ ¼ 0: ð107Þ
This together with (106) implies that the momentum (104)
is a constant of motion

dpμ ¼ 0: ð108Þ

D. Gauge fixing of the local SO(9)
and SUðNÞ symmetries

For the future use, let us also notice that on the surface of
Eq. (88) the derivatives of the orthogonal moving frame
vectors uiμ are decomposed on the set of these vectors only,

duiμ ¼ Ωijujμ: ð109Þ

Furthermore, as Ωij transforms as the connection under
local gauge SO(9) symmetry of the mD0 action (26), and as
any one-dimensional connection can be gauged away, we
can always fix the gauge

Ωij ¼ 0 ð110Þ

in which also nine spacelike vectors of the moving frame
become constant

duiμ ¼ 0: ð111Þ

Similarly, we can use the SUðNÞ gauge symmetry to fix the
gauge in which the suðNÞ valued gauge field vanishes,

A ¼ 0; ð112Þ

so that the covariant derivative D ¼ dτDτ reduces to time
derivative,

DXi ¼ dτ
d
dτ

Xi ¼ dτ _Xi; DPi ¼ dτ
d
dτ

Pi ¼ dτ _Pi;

DΨq ¼ dτ
d
dτ

Ψq ¼ dτ _Ψq: ð113Þ

Notice that, as far as moving frame and spinor moving-
frame variables are now (proper-)time independent,

E0 ¼ dτE0
τ ¼ dx0 − idθ1qθ1q − idθ2qθ2q;

Eq1 ¼ dθ1q; E2
q ¼ dθ2q; ð114Þ

and

Ei ¼ dτEi
τ ¼ dxi − idθ1qγiqpθ1p þ idθ2qγiqpθ2p; ð115Þ

where

x0 ¼ xμu0μ; xi ¼ xμuiμ; θ1q ¼ θα1vαq; θ2q ¼ θ2αvαq;

ð116Þ

describe supersymmetric generalization of the comoving
coordinate system of the center-of-mass of mD0-brane.

E. Gauge fixing of κ-symmetry
and reparametrization symmetry

The last two of consequences (114) of Eqs. (88) and the
gauge-fixing conditions (110) allow us to reduce (89) to

dθ1q ¼ −dθ2q: ð117Þ

This equation is clearly invariant under spacetime super-
symmetry and κ-symmetry which in coordinate basis (116)
implies

δx0 ¼ idθ1qðϵ1q − κq=
ffiffiffi
2

p
Þ þ iθ2qðϵ2q þ κq=

ffiffiffi
2

p
Þ;

δθ1q ¼ ϵ1q þ κq=
ffiffiffi
2

p
; δθ2q ¼ ϵ2q − κq=

ffiffiffi
2

p
; ð118Þ

and

δE0 ¼ −2iðdθ1q − dθ2qÞκq=
ffiffiffi
2

p
: ð119Þ

Clearly, the worldline supersymmetry can be used to set
one of two (but not both) fermionic coordinate functions
equal to zero (as the κ-symmetry of single D0-brane
can be). Let us choose

θ2q ¼ 0: ð120Þ

This gauge is preserved by the combination of supersym-
metry and worldline supersymmetry which obey

ϵ2q ¼ κq=
ffiffiffi
2

p
: ð121Þ

This relation also implies that the parametric function of
the worldline supersymmetry becomes a fermionic constant
spinor at this stage.
The gauge choice (120) simplifies Eq. (117) to

dθ1q ¼ 0; ð122Þ

which in its turn reduces E0 form (114) to dx0,

IGOR BANDOS and UNAI D. M. SARRAGA PHYS. REV. D 107, 086006 (2023)

086006-12



E0 ¼ dx0; ð123Þ

and Ei form (115) to dxi,

Ei ¼ dxi: ð124Þ

This is supersymmetric because now

δx0¼ iðϵ1qþ ϵ2qÞθ1q; δxi ¼ iðϵ1qþ ϵ2qÞγiqpθ1p; ð125Þ

and the right-hand sides of these expressions are constants
[due to (122), dvqα ¼ 0 and dϵα1;2 ¼ 0].
In this gauge with respect to the κ-symmetry we can fix

the gauge with respect to the reparametrization symmetry
by setting

dτ ¼ dx0 ¼ E0 ⇒ E0
τ ¼ _x0 ¼ 1 ð126Þ

still preserving the supersymmetry. We however find
convenient to do not do this and preserve explicit
τ–reparametrization symmetry at the next stages.

F. Gauge fixed form of the field equations

Thus the above gauge fixing and the field equations for
the center of energy variables imply that

du0μ ¼ 0; duiμ ¼ 0; dvqα ¼ 0; ð127Þ

Ei ¼ dxi ¼ 0; ð128Þ

E1q ¼ dθ1q ¼ 0; E2
q ¼ 0; ð129Þ

and E0 ¼ dτ _x0. With this in mind the equations for the
matrix fields reduce to

_Xi ¼ −
2

M

�
1 −

1

μ6
M0

M
H
�
_x0Pi −

1

μ6
M0

M
Pi _K; ð130Þ

_Pi ¼
�
2

M

�
1 −

1

μ6
M0

M
H
�
_x0 þ 1

μ6
M0

M
_K
�

×

�
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�
; ð131Þ

_Ψq ¼ −
i

2M

��
1 −

1

μ6
M0

M
H
�
_x0 þM0

2μ6
_K
�
½ðγiΨÞq;Xi�;

ð132Þ

where

_K ¼ −
2

M
H�

1þ 1
μ6

M0
M H

�
�
1 −

1

μ6
M0

M
H
�
_x0 ð133Þ

with H defined in (103).
Substituting (133) we find that the final form of the

gauge fixed Eqs. (130)–(132) is

_Xi ¼ −
2

M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

� _x0Pi; ð134Þ

_Pi¼ 2

M

�
1− 1

μ6
M0
MH

�
�
1þ 1

μ6
M0
MH

� _x0
�
1

16
½½Xi;Xj�;Xj�−γiprfΨp;Ψrg

�
;

ð135Þ

_Ψq ¼ −
i

2M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

� _x0½ðγiΨÞq;Xi�: ð136Þ

Notice that, despite the possibility to fix the gauge _x0 ¼ 1
(126), we prefer to keep it unfixed to stress the invariance of
our equations of motion under the τ reparametrizations, the
fact which will be important for our discussion below.

G. Relation of the relative motion equations of mD0 with SYM equations

Formally, we can define the new time variable by

dt ¼ dx0
2

M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

� ⇔
dtðτÞ
dτ

¼ _x0
2

M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

� ; ð137Þ

and write the above equations in terms of derivative d
dt arriving at
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d
dt
Xi ¼ −Pi; ð138Þ

d
dt
Pi ¼ 1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg; ð139Þ

d
dt
Ψq ¼ −

i
4
½ðγiΨÞq;Xi�; ð140Þ

which has the form of the equations of motion of d ¼ 1
reduction of 10D YM theory in the gauge A0 ¼ 0.
Notice, however, that this procedure cannot be consid-

ered as reparametrization (1d general coordinate) trans-
formations of the proper time τ. The simplest way to see
this is to appreciate that the defining equation (137) for the
“new time” is actually invariant under the τ reparametriza-
tions and hence cannot be a gauge fixing condition for this
symmetry.7

The other, more physical observation is that a change of
the form of the positively definite function MðHÞ implies
the changes of the physical characteristic of the system.
Namely such a passage will change the massM of the mD0
system (105) which is different for different forms of
MðHÞ. Hence, such a change cannot be achieved by
transformation of a gauge symmetry of the system.
Thus what we have found is not a kind of gauge

equivalence, but an interesting correspondence of the gauge
fixed form of the relative motion equations of our mD0
system with the equation of maximally supersymmetric
N ¼ 16 d ¼ 1 SUðNÞ SYM theory. Notice that the formal
definition (137) of new time variable involves the matrix
fields Xi, Pi, Ψq and thus generically it is different for
different solutions of the field equations. Indeed, although
H, and henceMðHÞ, are constants on the mass shell, this is
not the case for H ¼ HðXi;Pi;ΨqÞ. However, in the
particular case of solutions with H ¼ 0, also H ¼ 0, t is
related with x0 by a constant rescaling and the correspon-
dence between such solutions of relative motion mD0 and
SUðNÞ SYM equations is one-to-one.
As we will see in a moment, this is the case for bosonic

supersymmetric solutions of mD0 equations.

V. SUPERSYMMETRIC BOSONIC SOLUTIONS

As we have discussed in Sec. IV E, on the mass shell one
of two center-of-energy fermions can be gauged away by
the worldline supersymmetry (κ-symmetry), (120), and
then the remaining fermionic coordinate function becomes
constant (122). Setting this also to zero, thus arriving at
purely bosonic center-of-mass configuration with

θα1 ¼ 0; θ2α ¼ 0; ð141Þ

we find that such a choice is still preserved by a half
of the target (super)space supersymmetry with two
spinor parameters expressed in terms of one SO(9) spinor
parameter of the worldline supersymmetry and spinor
frame variables [which are constant in the gauge under
consideration, (127)] by

ϵα1 ¼ −κqvαq=
ffiffiffi
2

p
; ϵ2α ¼ κqvqα=

ffiffiffi
2

p
: ð142Þ

Then, after fixing the reparametrization invariance by
setting x0ðτÞ ¼ τ, the solution of the bosonic center-of-
energy equations can be written in the form

xμðτÞ ¼ xμ0 þ
pμ

M
τ; ð143Þ

where pμ and M are given in (104) and (105). These are
constants due to (98) which is the Noether identity for the
reparametrization symmetry. Let us stress that any of these
bosonic solutions of the equations of center of energy
motion preserves 1=2 of the type-IIA spacetime supersym-
metry, which can be then broken or preserved by the
relative motion of the mD0 constituents.
Originally the matrix fields which describe the relative

motion of the mD0 constituents are inert under spacetime
supersymmetry. However, after gauge fixing of the world-
line supersymmetry (κ-symmetry) by (120), this is no
longer the case since the parameter of the worldline
supersymmetry, which does act on the matrix fields,
becomes identified with the parameter of the second
spacetime supersymmetry, Eq. (121). Furthermore, setting
the remaining fermionic coordinate function to zero, (141),
also identifies with that the parameter of the first spacetime
supersymmetry (142), so that the action of spacetime
supersymmetry on the matrix fields becomes nontrivial
but coincides with the action of the worldline supersym-
metry which is now parametrized by a constant fer-
mionic κq.
Setting the fermionic matrix field to zero

Ψq ¼ 0 ð144Þ

we can still preserve the worldline supersymmetry (com-
pletely or partially), and hence also a part of the spacetime
supersymmetry if the following Killing spinor equation
[see (A4) in Appendix A]

δκΨq ¼ −
1

2
ffiffiffiffiffiffi
M

p ðκγiÞqPi −
i

16
ffiffiffiffiffiffi
M

p ðκγijÞq½Xi;Xj� ¼ 0

ð145Þ

has a nontrivial solution. Notice that the contribution of the
nonvanishing function MðHÞ can be factored out thus
reducing the equation to

7Actually the equations (130)–(132) are manifestly reparamet-
rization invariant themselves and thus cannot be transformed into
the other form (138)–(140) by τ reparametrizations.
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κpLpq ≔ κp
�
γipqPi −

i
8
ðγijÞpq½Xi;Xj�

�
¼ 0; ð146Þ

which is formally the same as defining the potentially-
preserved supersymmetry in the case of (the first-order
formulation of) the maximally-supersymmetric SUðNÞ
SYM theory.8 It also formally coincides with the equation
defining the supersymmetry which can be preserved by
purely bosonic solutions of 11D mM0 equations [47] so
that our discussion below will be close to the one in [47].
The preservation of the 1=2 of the target super-

space supersymmetry implies, in the light of (142), that
Eq. (146) does not impose any restriction on the para-
meter κq which implies that the matrix Lpq vanishes,
γipqPi − i

8
ðγijÞpq½Xi;Xj� ¼ 0. This in its turn implies that

Pi ¼ 0; ½Xi;Xj� ¼ 0; ð147Þ

which describes the vacuum of the relative motion of the
mD0 constituents. In it H ¼ 0 and, actually, (147) can be
obtained from this equation.
Now let us check whether other parts of spacetime

supersymmetry can be preserved. To this end we have to
study Eq. (146) which is actually a set of 16 traceless
N × N matrix equations. It is convenient to extract from
this just 16 equations by multiplying it by the matrix
L̃qr ≔ ðγiqrPi þ i

8
ðγijÞqr½Xi;Xj�Þ, which differs by relative

sign from the matrix Lqr in (146), and tracing the result with
respect to the SUðNÞ indices. In this way we arrive at

κptrðLL̃Þpq ≔ κq
�
trðPiPiÞ − 1

32
trð½Xi;Xj�2Þ

�

þ i
4
κpðγjÞpqtrðPi½Xi;Xj�Þ ¼ 0; ð148Þ

where we have used γijkltrð½Xi;Xj�½Xk;Xl�Þ ¼
γijkltrðXi½Xj; ½Xk;Xl��Þ ¼ 0 (which follows from the
Jacobi identity ½X½j; ½Xk;Xl���≡ 0). Now one can recognize
that the multiplier of the first term the bosonic limit of the
relative-motion Hamiltonian H (27) is multiplied by 2 and
also appreciate that the coefficient for the second term
vanishes as a consequence of the (bosonic limit of the)
Gauss constraint (96), trðPi½Xi;Xj�Þ ¼ trð½Pi;Xi�XjÞ ¼ 0.
Thus, if we use this constraint, the final form of the
consistency condition (148) for the supersymmetry pres-
ervation by mD0 configuration simplifies to

κqH ¼ 0: ð149Þ

Hence, the BPS equations determining the supersymmetric
pure bosonic solution of the mD0 equations is just the
vanishing of the (bosonic limit of the) relative motion
Hamiltonian,

H ¼ 1

2
trðPiPiÞ − 1

64
tr½Xi;Xj�2 ¼ 0: ð150Þ

As we have already noticed, the general solution of this
equation is given by the vacuum (147) so that only 1=2 of
the spacetime supersymmetry can be conserved by the
mD0 system.
Furthermore, this allows us to conclude that any super-

symmetric solution of the maximally-supersymmetric
SUðNÞ SYM theory gives rise to the set of supersym-
metric solutions of the mD0 equations with arbitrary
nonvanishing function MðHÞ since the relative motion
mD0 equations then differ from the SYM equations by a
rescaling of the time variable by the constant factor
Mð0Þ=2. Here we are speaking about a family of solutions
since these can have different characteristics of the center-
of-mass motion xμ0 and pμ ¼ Mu0μ in (143). As far as the
supersymmetric solutions of relative motion equations of
mD0 constituents is concerned, these are in one-to-one
correspondence with such solutions of the SUðNÞ SYM
equations.
The correspondence of the relativemotion equations of the

mD0 brane constituents and the maximally-supersymmetric
d ¼ 1 N ¼ 16 SUðNÞ SYM equations can be also used to
search for nonsupersymmetric solutions of the former. See
Appendix D for an example.

VI. CONCLUSION

In this paper we have studied the properties of the
dynamical system described by recently constructed in [54]
doubly-supersymmetric nonlinear action (26) which pos-
sesses the properties expected from the action for multiple
super-D0-brane (mD0) system (hence the name candidate
mD0 action or simply mD0 action which we use above).
Doubly supersymmetric means that the action possesses

both spacetime (or more precisely, target superspace) super-
symmetry and worldline supersymmetry, generalizing the
famous κ-symmetry of the action for single D0-brane.9 This
property guarantees that the ground state of the dynamical
system preserves a part (one half) of the target space
supersymmetry, and thus is a stable 1=2 BPS state, the
property expected for mD0 brane system.

8The word formally refers to the fact that the relation between
Pi and _Xi in the case of the generic mD0 action includes the
contribution ofMðHÞ and, ifM0 ≠ 0, also of Pi andXi inside of
H function (103), see (135).

9This was found for the first time in [62] for N ¼ 2 D ¼ 4
massive superparticle, lower-dimensional counterpart of 10D
D0-brane [13].
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The action of [54], Eq. (26), which is under study in this
paper, includes an arbitrary positive definite function
MðH=μ6Þ of the relative motion Hamiltonian. The simpler
candidate mD0 action previously proposed in [51] can be
obtained by choosing M to be equal to the constant mass
parameter m which appears in the center-of-energy part of
the action, MðH=μ6Þ ¼ m. This center-of-energy part of
the action coincides formally with the spinor moving-frame
action [61] of a single D0-brane with mass m.
As we have shown in this paper, the action (26) with

other particular choice M ¼ m
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

4
þ H

μ6

q
(where μ is a

parameter of dimension of mass entering the relative
motion sector of the action and characterizing its inter-
action with the center of energy sector), can be obtained by
dimensional reduction from the 11D mM0 action of [47],
Eq. (56) (this fact was announced in [54] but not
proved there).
We have also obtained the complete set of equations of

motion which follow from Eq. (26) with an arbitrary
positive MðH=μ6Þ and show that their part describing
the center-of-energy motion formally coincides with the set
of equations for a single D0-brane [but with effective mass
M ¼ mþ 2

μ6
H
M (105)] expressed in terms of the above

mentioned positive definite function MðH=μ6Þ. The com-
plete gauge-invariant form of the relative motion equations
is quite complicated but we have shown that they imply that
the relative-motion Hamiltonian is a constant of motion,
dH ¼ 0. This relation, which is the Noether identity
manifesting the reparametrization symmetry (1d general
coordinate invariance) of our mD0 action (26), is particu-
larly important as it guarantees that the effective mass of
mD0 system is constant.
The relative motion equations simplify essentially in a

certain gauge fixed on the center-of-energy variables and
1d SUðNÞ gauge field. In this gauge we have established an
interesting relation of the gauge fixed form of our equations
of relative motion with the equations of N ¼ 16 d ¼ 1

SUðNÞ SYM model. This relation, which is valid for
arbitrary positive MðH=μ6Þ, does not imply a gauge
equivalence. This fact can be seen from that it can be used
to relate the (equations of relative motion of the) models
with different M and hence with different values of the
mass M of our mD0 system, Eq. (105).
The established relation allows us to show that all

supersymmetric bosonic solutions of our mD0 equations
(in its relative motion sector) are given essentially by
supersymmetric solutions of the SYM model. The BPS
equations which are obeyed by that supersymmetric sol-
utions are shown to reduce to single equation as the relative
motion Hamiltonian H ¼ 0 vanishes. Hence, according to
(105), the effective massM of the configurations described
by these supersymmetric solutions are given by center-of-
energy parameter m.

Thus, in other words, for any choice of positive function
MðH=μ6Þ the spectrum of the BPS sector of our mD0
model essentially coincides (as far as the relative motion
sector is considered) with the set of vacua of maximally-
supersymmetric N ¼ 16 d ¼ 1 SUðNÞ SYM theory. The
established correspondence also allows us to study the
nonsupersymmetric solutions of our mD0 equations using
the knowledge of the SYM solutions (see Appendix D for a
simple example).
The enigma of surprising multiplicity of massive p ¼ 0

supersymmetric objects still cannot be claimed as
resolved.10 However, our present study of the equations
following from the candidate mD0 actions (26) [54] has
allowed us to establish an interesting relation of the gauge
fixed equations for any MðH=μ6Þ and maximally-super-
symmetric SYM equations which, in its turn, suggests a
possible reason why such a multiplicity becomes possible.
In particular, it allows us to show that the BPS spectra of
the model (26) with differentMðH=μ6Þ coincides and in its
relative-motion sector is given by the BPS spectrum of the
SYM model.
One of the most interesting directions of the development

of our approach is to attack the problem of its generalization
for the case of higher p multiple Dp-brane system, begin-
ning from p ¼ 1 case of multiple Dirichlet strings (mD1).
This simplest case is particularly interesting as an attempt to
indicate what animal in the 10D type-IIA 0-brane zoo
describes the true mD0 system as this has to be related to
mD1 by T-duality transformations. Such a study could also
deepen our comprehension of T-duality.
In this respect it is also interesting to note the appearance

of an indication of a new possible inhabitant of the type II
1-brane zoo. It comes from [52] where a DBI-like non-
Abelian 2d model was recently obtained by the so-called
TT̄- deformation of a 2d non-Abelian SYM model. It was
noticed in [52] that its properties are quite different from the
non-Abelian generalization of the DBI action which would
describe a mD1 system, but its origin in TT̄-deformation
suggests, using the arguments from [63–66], an existence
of possible maximally-supersymmetric generalizations.
An interesting direction for future study is to construct
explicitly such a supersymmetric generalization, to try to
extend it to an action for a new 10D multiple 1-brane
system and to find what representative of supersymmetric
multiple 0-brane family is related to it by T-duality.
A search for the generalization of our approach to mD1

case, as well as the above-mentioned search for new exotic
non-Abelian 1-branes, will require the use of the appro-
priate spinor moving-frame (Lorentz harmonic) formalism

10Notice that the set of these also includes, besides our mD0
models with different positive MðH=μ6Þ, a beautiful 0-brane
model of [36] including arbitrary function of relative motion
variables M̄ðXi;ΨqÞ.
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which was developed in [67–69]. This is suggested by a
special role which is played by SOð1; 9Þ=SOð9Þ spinor
moving-frame formalism in the construction of our candi-
date mD0 actions and in studying their properties.11
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APPENDIX A: WORLDLINE SUPERSYMMETRY
TRANSFORMATION

The action of the worldline gauge supersymmetry on
the center-of-energy variables imitates the action of the

κ-symmetry on the variables of single D0-brane

δκθ
1α ¼ κqvαq=

ffiffiffi
2

p
; δκθ

2
α ¼ −κqvαq=

ffiffiffi
2

p
;

δκxμ ¼ iδκθ1σμθ1 þ iδκθ2σ̃μθ2;

δκv
q
α ¼ 0 ⇒ δκu0μ ¼ 0 ¼ δκuiμ: ðA1Þ

The worldline supersymmetry transformations of the matrix matter fields are [54]

δκXi ¼ 4iffiffiffiffiffiffi
M

p κγiΨþ 1

μ6
M0

M
δκHXi −

1

μ6
M0

M
ΔκKPi; ðA2Þ

δκPi ¼ −
1ffiffiffiffiffiffi
M

p ½κγijΨ;Xj� − 1

μ6
M0

M
δκHPi þ 1

μ6
M0

M
ΔκK

�
1

16
½½Xi;Xj�;Xj� − γipqfΨp;Ψqg

�
; ðA3Þ

δκΨq ¼ −
1

2
ffiffiffiffiffiffi
M

p ðκγiÞqPi −
i

16
ffiffiffiffiffiffi
M

p ðκγijÞq½Xi;Xj� − i
4μ6

M0

M
ΔκK½ðγiΨÞq;Xi� ðA4Þ

where

δκH ¼ 1ffiffiffiffiffiffi
M

p trðκqΨqð½Xi;Pi� − 4ifΨq;ΨqgÞÞ
1þ 1

μ6
M0
M H

ðA5Þ

with

H ≔ trðPiPiÞ þ 1

16
tr½Xi;Xj�2 þ 2trðXiΨγiΨÞ ðA6Þ

is the worldline-supersymmetry variation of the relative-motion Hamiltonian (27) and

ΔκK ¼ 1

2
ffiffiffiffiffiffi
M

p trð4iðκγiΨÞPi þ 5
2
ðκγijΨÞ½Xi;Xj�Þ

1þ 1
μ6

M0
M H

: ðA7Þ

11To stress the importance of the spinor moving-frame variables, let us discuss the way of possible derivation of our model (26)
starting from the maximally-supersymmetric d ¼ 1 SUðNÞ SYM model which possesses SO(16) symmetry and rigid N ¼ 16
supersymmetry, or from its nonlinear deformations, preserving all the supersymmetry and at least SO(9) parts of SO(16). First we
observe that spinor moving-frame variables allow us to convert the SO(9) spinor index of the fermionic parameter of rigid SYM
supersymmetry into the SO(1,9) Majorana-Weyl spinor [Spin(1,9)] index which is carried by the coordinates of target superspace and
also by a parameter of κ-symmetry of a single D0-brane. We can also find that they can be used to provide us with a composite
supergravity induced by the embedding of the D0-brane worldline into the target superspace. Then we add the single super-D0-brane
action to the SYM action coupled to supergravity, thus possessing reparametrization symmetry and local supersymmetry due to this
coupling, to arrive at our candidate mD0 action. For the simplest case of M ¼ m this program was realized in [51].
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Finally, the transformations of the worldline gauge field are

δκA ¼ −
2

M
ffiffiffiffiffiffi
M

p E0ðκqΨqÞ
�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

�þ 1ffiffiffi
2

p
M

ðE1q − E2
qÞðγiκÞqXi

− ðE1q − E2
qÞ

1

μ6
M0ffiffiffi
2

p
M2

1�
1þ 1

μ6
M0
M H

� κpΨðqtr
�
4iðγiΨÞpÞPi þ 5

2
ðγijΨÞpÞ½Xi;Xj�

�
: ðA8Þ

APPENDIX B: COMPLETE SET OF GAUGE INVARIANT mD0 EQUATIONS

The center-of-mass equations are the same as in the case of single D0-brane,

Ei ¼ 0; ðB1Þ

E1q þ E2
q ¼ 0; ðB2Þ

Ωi ¼ 0: ðB3Þ

The relative-motion equations are the Gauss constraint

½Xi;Pi� ¼ 4ifΨq;Ψqg; ðB4Þ

and

DXi ¼ −
2

M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

�E0Pi þ ðE1q − E2
qÞffiffiffiffiffiffiffiffiffi

2M
p

�
4iðγiΨÞq −

1
2μ6

M0
M trð4iðγjΨÞqPj þ 5

2
ðγjkΨÞq½Xj;Xk�Þ

1þ 1
μ6

M0
M H

Pi

�
ðB5Þ

DPi ¼ 2

M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

�E0

�
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�
−
ðE1q − E2

qÞffiffiffiffiffiffiffiffiffi
2M

p ½ðγijΨÞq;Xj�

þ ðE1q − E2
qÞffiffiffiffiffiffiffiffiffi

2M
p 1

2μ6
M0

M

trð4iðγkΨÞqPk þ 5
2
ðγklΨÞq½Xk;Xl�Þ

1þ 1
μ6

M0
M H

�
1

16
½½Xi;Xj�;Xj� − γiprfΨp;Ψrg

�
; ðB6Þ

DΨq ¼ −
i

2M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M H

�E0½ðγiΨÞq;Xi� − ðE1q − E2
qÞ

2
ffiffiffiffiffiffiffiffiffi
2M

p
�
γipqPi þ i

8
γijpq½Xi;Xj�

�

−
ðE1p − E2

pÞffiffiffiffiffiffiffiffiffi
2M

p i
8μ6

M0

M

trð4iðγjΨÞpPj þ 5
2
ðγjkΨÞp½Xj;Xk�Þ

1þ 1
μ6

M0
M H

½ðγiΨÞq;Xi�: ðB7Þ

Writing the relative-motion equations we have already taken into account the fact that they and the center-of-mass
equations imply the preservation of the relative-motion Hamiltonian (27),

dH ¼ 0: ðB8Þ

This is the Noether identity for the reparametrization symmetry. The Noether identity for the worldline supersymmetry,
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iDνq ¼
2

ffiffiffi
2

p
ffiffiffiffiffiffi
M

p ðE1q − E2
qÞH ðB9Þ

where iνq is defined in (87), also holds.

APPENDIX C: CONVENIENT
REPRESENTATIONS FOR
11D GAMMA MATRICES

1. SOð1;9Þ covariant representation

Γμ
αβ ¼

�
σμαβ 0

0 σ̃μαβ

�
; Γ�

αβ ¼
�

0 −δαβ
−δβα 0

�
; ðC1Þ

Γ̃μαβ ¼
�
σ̃μαβ 0

0 σμαβ

�
; Γ̃�αβ ¼

�
0 δβ

α

δα
β 0

�
; ðC2Þ

Cαβ ¼ i

�
0 δα

β

−δβα 0

�
; Cαβ ¼ i

�
0 δβ

α

−δαβ 0

�
; ðC3Þ

Γ̃μ ¼ CΓμC: ðC4Þ

2. SOð1;1Þ × SOð9Þ covariant representation

ðΓ#Þα β ¼
�
2δpq 0

0 0

�
¼ Γ̃¼α β;

ðΓ¼Þα β ¼
�
0 0

0 2δpq

�
¼ Γ̃#α β; ðC5Þ

ðΓiÞα β ¼
�

0 γipq

γipq 0

�
¼ −Γ̃iα β; ðC6Þ

Cα β ¼ −Cβ α ¼
�

0 iδpq
−iδpq 0

�
¼ ðC−1Þα β ≕Cα β:

ðC7Þ

APPENDIX D: A NONSUPERSYMMETRIC
SOLUTION OF mD0 EQUATIONS

As an example of using the correspondence with 1d
SYM of the relative motion equations of mD0 system to
find nonsupersymmetric solutions of these, let us discuss
the SYM solution used in [70] to study the possibility
to describe cosmology in the frame of the BFSS matrix
model [71]. It uses the ansatz

XiðτÞ ¼ aðτÞY i; ðD1Þ

where Y i are nine constant traceless N × N matrices which
obey

½½Y i;Y j�Y j� ¼ 16λY i ðD2Þ

with some constant λ.
Let us search for a solution of our equations of motion

with this ansatz. Equation (134), after fixing the gauge
_x0 ¼ 1, implies that

PiðτÞ ¼ bðτÞY i; ðD3Þ

where bðτÞ should be found from solving Eq. (134)
with (D1) and (D3). Then, with the above ansatz

H ¼ c

�
b2 þ λ

2
a4
�
;

H ¼ 2Hþ 3

32
trð½Xi;Xi�2Þ ¼ 2H − 3cλa4

¼ 2cðb2 − λa4Þ; ðD4Þ

where

c ¼ 1

2
trðY iY iÞ; ðD5Þ

so that the straightforward approach to (134) does not look
too promising. However, at this stage we can use Eq. (98)
stating that on the mass shell H is constant and conclude
from (D4) that

b2 ¼ H
c
−
λ

2
a4; H ¼ 2H −

3λ

2
a4: ðD6Þ

Furthermore, the approach in [70] allows for the field-
dependent redefinition of the time variable similar to (137)
so that we use this with the chosen ansatz to define

dt ¼ dτ
2

M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M ð2H − 3λ

2
a4ðτÞÞ

� ðD7Þ

and to obtain in such a way the equations

d
dt
a ¼ −b;

d2a
dt2

¼ −
λ3

a
: ðD8Þ

Following [70], we can now multiply the last equation by da
dt

and integrate it over dt arriving at

1

2

�
da
dt

�
2

¼ −
λ

4
a4 þ k ðD9Þ

with constant k. Next we can redefine the time variable
once more
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dt̃ ¼ dtaðtÞ ðD10Þ

thus arriving at the Friedmann equation

1

a2

�
da
dt̃

�
2

¼ −
λ

2
þ 2k

a4
: ðD11Þ

This was the basis of the discussion of “BFSS cosmology”
in [70].
Although the change of variables (D10) is similar in

spirit with our (D7), for our model with nonconstantM the

complete equation for the change-of-time variable is much
more complicated

dt̃ ¼ dτ
2aðτÞ
M

�
1 − 1

μ6
M0
M H

�
�
1þ 1

μ6
M0
M ð2H − 3λ

2
a4ðτÞÞ

� ðD12Þ

so that to find the evolution in proper time is not an easy
problem.
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