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We study the properties of 10D multiple DO-brane (mD0) system described by a recently proposed
complete supersymmetric and k-symmetric nonlinear action which includes an arbitrary positive definite
function M(H) of the relative motion Hamiltonian . First we show how the action with a particular
nonlinear M (H) can be obtained from the action for 11D multiple M-wave (multiple MO-brane or mMO0)
system. Then we obtain the complete set of equations of motion of mDO0 system with arbitrary positive
definite M (), perform a convenient gauge fixing, solve the center of energy equations and establish an
interesting correspondence between the relative motion mDO equations and the equations of maximally
supersymmetric SU(N) Yang-Mills theory (SYM). We show that this correspondence does not imply a
gauge equivalence but establishes a relation between solutions of the system. In particular, it implies that all
the supersymmetric solutions of mDO equations in its relative motion part coincide with supersymmetric

solutions of the SYM equations.

DOI: 10.1103/PhysRevD.107.086006

I. INTRODUCTION

Supersymmetric extended objects, super-p-branes,' play
very important role in string/M-theory [1-4] and in
AdS/CFT duality which has been developed to a much
more general gauge-gravity correspondence. Particularly
interesting are ten-dimensional (D = 10) Dirichlet
p-branes or Dp-branes, the world volumes of which are
the surfaces where the fundamental string (sometimes
called F1-brane) can have its ends.

The (theoretical) discovery of these objects is dated by
late 80th [5-7] but the common interest to them was
awakened by the famous paper by Polchinski [8] in which
he identified them as mysterious supersymmetric solutions
of N' = 2 (type-1IA and type-IIB) supergravity and showed
that they carry the charges of the Ramond-Ramond g-form
gauge fields of these supergravity theories. The complete
nonlinear world volume actions for the Dp-brane
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'Here p refers to the number of spacial dimensions of the
world volume of the object so that p = 1 corresponds to strings,
p = 2 corresponds to membrane, and O-branes are supersym-
metric particles.
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possessing a worldline supersymmetry and the local
fermionic x-symmetry was found soon by several groups
[9-14] but even before the supersymmetric equations of
motion had been found by Howe and Sezgin [15] in the
frame of a superembedding approach [16,17].

The spacetime-filling D9-brane in type-1IB supergravity
superspace corresponds to the case of open superstring, the
ends of which can move freely in the (super)spacetime (see
[18] and Refs. therein); such an end of the string can be
coupled to a vector gauge field. The vector gauge field is
also present in the quantum-state spectrum of the open
string, so that in this case it is natural to assume that we are
dealing with coupling of the string to one of its excitations
considered as a background. The equation of motion for
such a background gauge field can be found from the
requirement of preservation of the conformal symmetry of
string theory in such a background (vanishing of the beta
functions). Those were found [19] to be the same as
followed from the Born-Infeld action [20] which thus
can be considered as (the bosonic limit of) an effective
action for the open (super)string with free ends and, in
modern language, the effective action for the spacetime
filling D9-brane.” Indeed, it was shown that Dp-branes
with p <9 carry out world volume vector gauge fields and

%Also in the case of the bosonic string considered in [19] one
speaks about spacetime-filling D25-brane, we allow ourselves to
streamline the discussion a bit by referring directly to the
generalizations for the case of the superstring.

Published by the American Physical Society


https://orcid.org/0000-0001-5143-5352
https://orcid.org/0000-0002-6112-5291
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.107.086006&domain=pdf&date_stamp=2023-04-18
https://doi.org/10.1103/PhysRevD.107.086006
https://doi.org/10.1103/PhysRevD.107.086006
https://doi.org/10.1103/PhysRevD.107.086006
https://doi.org/10.1103/PhysRevD.107.086006
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/

IGOR BANDOS and UNAI D. M. SARRAGA

PHYS. REV. D 107, 086006 (2023)

thus that the effective action for this is the d =p + 1
dimensional Dirac-Born-Infeld action (which is to say the
generalization of Born-Infeld action to curved space with
metric of this induced by the embedding of the world
volume in the target spacetime) [21].

Interestingly enough, from the early years of string
theory it was known that the ends of open string can be
supplied with additional degrees of freedom describing
“isospin” [22]. This fact was associated to the possibility of
attaching “quarks” to the ends of the string. In the frame
of Lagrangian mechanics of the string model those are
described by auxiliary fermionic fields (boundary fer-
mions) “living” at the string endpoints [23,24]. In the case
of string amplitudes, the “isospin” degrees of freedom
manifest themselves as additional factor constructed from
the trace of matrices representing the generators of a non-
Abelian internal symmetry group which in the simplest
case is considered to be U(N) [22].

From this point of view one can find natural the brilliant
idea of Witten [25]; that in the limit of N (nearly) coincident
Dp-brane, when the strings connecting different branes can
be described by (nearly) massless U(1) gauge fields, as the
string with both ends on the same brane can, the manifest

(U(1))N* symmetry of the system is enhanced till U(N)
and thus in low-energy limit (and after an appropriate
gauge fixed with breaking Lorentz invariance) shall be
described by non-Abelian supersymmetric Yang-Mills
(SYM) model.

The search for a (more) complete nonlinear multiple
Dp-brane (mDp) action describing the system of N nearly
coincident Dp-branes and strings ending on the same
branes and on different branes has more than 25 years
of history. Despite many interesting and deep results
obtained on this way [26-54] one cannot say that the
problem is definitely solved even in the simplest case of
mDO system. The expected properties of this action, which
should be a kind of non-Abelian generalization of the single
Dp-brane actions from [9-14], are Lorentz invariance,
spacetime (target superspace) supersymmetry, the counter-
part of local fermionic x-symmetry of single Dp-brane
(which makes the ground state of the system supersym-
metric) and appearance of the U(N) SYM action as low-
energy description in the suitable gauge.

The so-called “dielectric brane” action by Myers [30],
which was widely accepted as a bosonic limit of such an
action and was studied and generalized in [35,37-39], still
resists its supersymmetric generalization® (neither Lorentz
invariant formulation of this is known). An interesting
approach on “—1 quantization” level was developed in

The bilinear fermionic contributions to the hypothetical
supersymmetric generalization of the action [30] were searched
for in [46] using the suggestion form the studies of single Dp-
brane action in [55]. Notice that the approach with non-Abelian
version of xk-symmetry [31] successful in the linearized approxi-
mation cannot be extended to cubic level as it was shown in [32].

[40—42]. Tt uses the superembedding approach version of
boundary fermion formalism and it looks like to obtain the
non-Abelian counterpart of the complete nonlinear action
for single D p-brane on this basis the problem of quantiza-
tion of the system including supergravity and “—1 quan-
tized” D p-brane should be addressed (more discussion on
this approach can be found in [51]).

The superembedding approach to mDO0 and related mMO
(multiple M-wave or multiple MO-brane) system in type-
ITIA 10D and in 11D superspaces was developed in [43-45].
It was based on the standard superembedding equations,
the same as was used to describe single DO-brane, and
seemed to provide some approximation to the mDO and
mMO equations. The suggestion on how to possibly modify
the superembedding equations might come from the action
principle for the 11D mMO system which was constructed
in [47] and studied in [48].

In [54] we have constructed the nonlinear doubly-super-
symmetric action which possesses the properties expected
for 10D mDO brane system (its D = 3 counterpart had been
found in [53]). An unexpected property was the presence in
the action of an arbitrary positively definite function M (H)
of the relative motion Hamiltonian H [constructed from the
matrix fields of the d =1 N =16 SU(N) SYM super-
multiplet].* The model corresponding to constant M (H) =
m has been constructed before in [51] by adding to the
single DO-brane action (describing then the center-of-mass
motion of mDO system) of the action for 1d A = 16
SU(N) SYM supermultiplet coupled to supergravity
induced by the embedding of the center-of-mass worldline
into the target type-IIA superspace. The problem of the
relation of this candidate mDO action to the previously
known action for 11D multiple MO-brane (multiple
M-wave or mMO0) system from [47] was posed but not
solved in [51].

In this paper we will show how the dimensional
reduction of the mMO action, performed after a suitable
redefinition of the matrix fields, produces a specific
representative of the family of candidate mDO action
from [54] with a particular form of the function M (H),

e
T‘*‘ (1)

=l

where m and u are the constants of dimension of mass. The
first of these is associated with the center-of-mass motion
while the second is the coupling constant of the relative-
motion and center-of-energy variables.

Then we study the equations of motion which follows
from the action of [54]. In particular we show that equations
of motion imply the preservation of the relative motion

“Similar property is possessed by the 0-brane model proposed
in [36]. See [51] for the discussion on this model in the
perspective of our approach.
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Hamiltonian, dH = 0 and, hence, of the on shell value of
the mass of the mDO system

2 H

d =0. We also show that the Bogomol’nyi-Prasad-
Sommerfield (BPS) condition appearing as consistency
condition for the existence of supersymmetric purely
bosonic solution of the system of mDO0 equations is
expressed by the vanishing of the relative motion
Hamiltonian, Hg,,, = 0, so that the mass of supersymmet-
ric mDO configuration is defined by the above mentioned
constant m from the center-of-mass part of the action,

Er)’zsusy = m. (3)

We also find a convenient gauge fixing, which simplifies
essentially the relative-motion equations, and also an
interesting correspondence of these with the equations of
motion of the maximally supersymmetric d =1 SU(N)
SYM model. In particular we show that all the super-
symmetric solutions of the mDO equations preserve just a
half of the spacetime supersymmetry (this is to say are 1/2
BPS states) and, in its relative-motion sector, are in one-to-
one correspondence with BPS states of the SYM theory.

The rest of the paper is organized as follows. In Sec. II
we describe the action from [54] which possesses the
properties expected from the complete nonlinear super-
symmetric action of multiple DO-brane system so that we
call it candidate mDO action or, simplifying the terminol-
ogy, mDO-action. It contains an arbitrary positive-definite
function M(H) of the relative motion Hamiltonian H
and in Appendix A we present the explicit form of the
k-symmetry transformation for any choice of M(H). In
Sec. Il B we show that a particular representative of this
family with M(H) given in (1) can be obtained by
dimensional reduction of the action for multiple MO-brane
(mMO) [47] which is described in Sec. III A. The dimen-
sional reduction essentially uses the solution of the con-
straints for the 11D spinor moving-frame variables (Lorentz
harmonics) in terms of their 10D counterparts given in
Eq. (63). In Sec. IV we vary our mDO action to obtain the
complete set of equations of motion and study their
properties. In Sec. IVE we describe convenient gauge
fixing in which the equations simplify essentially and
in IV G establish an interesting relation of the gauge fixed
equations with the equations of maximally-supersymmetric
1d SU(N) SYM theory. Supersymmetric bosonic solutions
of our mDO equations are discussed in Sec. V where it is
shown that they obey the BPS equation H = 0 and, in their
relative motion part, are in one-to-one correspondence with
BPS states of the SYM theory. We conclude and discuss the
obtained results in Sec. VI. Some technical details can be

found in Appendixes B and C. In Appendix D we consider
a particular nonsupersymmetric solution of mD0 equations.

II. 10D mD0 ACTION AND ITS SYMMETRIES

A. mDO fields

The field content of the mDp system is suggested by its
very low-energy gauge fixed description given, according
to [25], by the U(N) SYM action (where N is the number of
nearly coincident Dp-branes in the system), and by the
known fact that in the case of a single Dp-brane such a
description is given by the Abelian U(1) SYM action.
Hence, the field content of the Lorentz-covariant formu-
lation of mD p-brane system should be given by the fields
known from the description of single D p-brane, which are
essentially coordinate functions and an Abelian gauge field,
and by the fields of maximally-supersymmetricd = p + 1
SU(N) SYM multiplet.

In the case of the mDO-brane, the worldline gauge fields
(all depending on the proper time 7 which parametrizes the
center-of-mass worldline WW!') are coordinate functions

ZM(7) = (x*(1), 0\ (1), 6%(1)), u=0,..,9,
a=1,...16, (4)

describing the embedding of the worldline W' in target
type-IIA superspace X(1°32) with bosonic and fermionic
coordinates Z¥ = (x*, 0!, 62)°
wt ¢ £(1032); ZM = 7M(z), (5)
the matrix fields of the d=1 AN =16 SU(N) SYM
multiplet, and some auxiliary fields. The set of these latter
includes the spinor moving frame fields, which are
described below, and the matrix momentum field which
allows us to write the SYM action in first-order form.
The set of matrix fields of mDO system includes nine
bosonic traceless Hermitian N x N matrices X' enumerated
by the SO(9) vector index i = 1,...,9, sixteen Hermitian
fermionic N x N matrices ¥, enumerated by spinor SO(9)
[i.e., Spin(9)] index ¢ =1, ..., 16 and the anti-Hermitian
bosonic traceless N x N matrix 1-form A =dzA,. In
addition we introduce a 9-vector Hermitian N x N field
P’ which will play a role of momentum conjugate to the
matrix field X'.

3Greek indices from the middle of alphabet, in particular,
u=0,...,9 are spacetime 10-vector indices. In the case of curved
target superspace these should be distinguished form the target
superspace indices which we denote by symbols from the
beginning of Latin alphabet, a =0, ...,9. We find convenient
also use both these types of indices in the case of flat-target
superspace, although in this case they can be identified. The
letters from the beginning of Greek alphabet denote 10D
Majorana-Weyl spinor indices, e.g. @« = 1, ..., 16.
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B. Moving-frame and spinor moving-frame fields
(Lorenz harmonics)

Finally, to write the candidate mDO action from [54] we
need to introduce the moving frame and spinor moving-
frame fields. These are given by SO(1,9) valued and
Spin(1,9) valued matrices

(u),u,) € SO(1,9) and v,7 € Spin(1.9) (6)

which are related by the conditions of the Lorentz invari-
ance of sigma matrices

q _(b)

b b) ~
u;(, )Guaﬂ _ Uaﬂqpvg, (b) ~ap

Uy Gy = vgéﬁﬁvg. (7)

Here g, p =1, ..., 16 should be identified as the spinor
indices of SO(9) which is the group of symmetry preserv-
ing the splitting of the moving-frame matrix in (6),
0IiQik = gk,
(8)

This will be one of the gauge symmetries of our model.
Notice that the first of the relations in (6) implies

uO () > uw(t),  ut(t) > u ()07 (1),

WV =1,

0, pi — Lopnj — _§ij
" uu' =0, uut = =8 (9)

Choosing the SO(9) invariant representation

yliyd) = 8,
(10)

55177) = (84p-Vgp) = 5(qf)’ Yap = Vg

in which y!, =%, are d =9 gamma matrices, we find
that (7) implies

0 ._,0 0 Gy q i .0 — oy Gal p
Oap = UnOp = Va Vg, =00 =047y V4"

and vZ&Zﬂvgzugéqp—l-uLygp. (11)

We can also find

~0af . Ozpuafp _ ,, a, f ~iaf . ixpof _ _ ) a,i p
o = I/l”O' —Uq Uq s (2 = M”U = Z}q j/qup 5

(12)
where
045" =P, oosty = va?, (13)
obey
v, %v,P =6, & vl =6 (14)

and hence can be identified as the inverse spinor-frame
matrix.

Below we will use the Cartan forms
Q' = updut, (15)
QY = ul,dut, (16)

where Eq. (15) transforms covariantly under SO(9) gauge
group (8) while Eq. (16) has the property of SO(9)
connection. Using (9) we can express the derivatives of
the moving-frame variables in terms of the Cartan forms,

0.- 4,0 — ,,i Of i 40 JOJji — ,,00i
Du# -—duﬂ—uHQ, Du# .—duﬂ+uﬂQ —u”Q.

(17)

Here, we have also introduced the SO(9) covariant deriv-
atives with the composite connection given by the Cartan
form Q/ (16).

The derivatives of the spinor moving-frame matrix
is also expressed in terms of the same SO(1,9) Cartan
forms by

Dvaq = dvaq + ZQl'lv(xpyp]q = Eyqpvapg (18)
which implies

| R 1 o
Dv? = dv§ — ZQ’Jy'quv?) =-5 V572 (19)
The variation of the moving-frame and spinor moving-
frame variables can be also expressed in terms of Cartan
forms or, more precisely, in terms of the contraction of
these with the variational symbol,
Q" = usul,, isQU = uisul,. (20)
The latter parametrizes the SO(9) transformations which
will be the manifest gauge symmetry of our construction so
that the essential variations of the moving-frame vectors
and of the spinor moving-frame matrix are given by

Sul) = uli; Q' Sul, = ubiz Q' (21)

1 . .
vy = =y pvsisQ. (22)

T
5vaq = 5721pvaplégla q 2

The moving-frame formalism allows us to define the
Lorentz invariant 1-forms on the worldline by contracting
the pullback of the Volkov-Akulov (VA) 1-form of the
type-IIA superspace

" = dx* — id0'6*0' — id6*6+6* (23)

with moving frame vectors,

086006-4



PROPERTIES OF MULTIPLE DO-BRANE SYSTEMS: 11D ...

PHYS. REV. D 107, 086006 (2023)

E' =T,  E =TFul. (24)

The spinor moving-frame formalism allows us to define
on the worldline the following Lorentz-invariant fermionic
1-forms,

EY =do"vl,  E2=d6. (25)

1
SmDO = m/ EO - lm/ (d9192 - 91d92) + 3
w! w!

1 [ dM .1 1
PX) +— [ ———
)25 | v

— | =
1w M I

In it E° is the projection (24) of the VA 1-form (23) to the
vector uy(z) of the moving frame (6), E'Y and E2 are
the contractions (25) of the differentials of the first and the
second fermionic coordinate functions with a spinor mov-
ing-frame matrix and with its inverse, respectively. The
bosonic P and X' and 16 fermionic ¥, are Hermitian

traceless N x N matrix fields and

1 o 1 S o
H = St(PIP) - — X\, X - 2(X Wy W) (27)

has the meaning of the Hamiltonian of the relative motion
of the mDO constituents.

M = M(H/u°)

is an arbitrary nonvanishing function of this Hamiltonian.
Actually the consistency requires the function M =
M(H/u®) to be positive definite and we will assume
this below,

M(H/,ué) > 0. (28)
The covariant derivatives of the matrix fields

DX/ = dXi — QUX/ + [A, X1], (29)
1
D¥, = d¥, - ZQUVq]plI’p +[A ], (30)

include the composite SO(9) connection given by the Cartan
form Q¥ (15) and the SU(N) connection which is the anti-
Hermitian traceless N x N matrix 1-form A = d7A,.

The formal Ricci identities for such a covariant
derivatives® read

®These can be calculated on the extension of the worldline to
some space of two or more dimensions. Such an extension can be
realized by considering the forms depending on both differentials
and variations of the variables, i.e., on dx*(z) and 6x#(z) etc.

C. Candidate mDO0 action(s)

The action for the N nearly-coincident DO-brane (multi-
ple DO-brane or mDO) system proposed in [54] involves
two constants of dimension mass, m and u, and has
the form,

o 2
/ (tr(lP’DX’ +4i¥,DY,) + — E0H>
Wl

M

(E'9 — Eg)tr<—4i(yi\1')qu3>i + % (y'), X, xi]> ) (26)

[
DDX! = Q' A QIX/ + [F,XI],

1
DD¥, = Q' A QI(//W), + [F. ¥, (1)

where F = dA — A A A is the formal 2-form field strength
of the 1-form gauge field A. When deriving (31) we have
used the Maurer-Cartan equations

DQ = dQ' — Q/ A QI =0,
dQU + Qik A QK = —Qi A QI (32)

which can be found by taking formal exterior derivatives
of (17). These formal expressions are useful to find the
variation of the Lagrangian forms by the method described
in Appendix C of [54].

The action (26) is manifestly invariant under 10D
type-IIA super-Poincaré transformations, including space-
time (actually target superspace) supersymmetry, as well as
under SU(N) gauge symmetry and SO(9) symmetry acting
on the suitable indices of moving-frame, spinor moving-
frame, and matrix matter fields. Moreover, it is invariant
under the worldline supersymmetry transformations the
explicit form of which can be found in [54] as well as in
Appendix A. This invariance generalizes x-symmetry of
single D0O-brane action and guarantees that the ground state
of the system described by the action (26) preserves a part
(1/2) of the spacetime supersymmetry.

III. 11D mM0 ACTION AND ITS DIMENSIONAL
REDUCTION TO D=10

In this section we will show that (as was announced
in [54]) a particular representative of the family of the
candidate mDO actions (26), that with M (H) given in (1),
can be obtained by dimensional reduction of the 11D mMO
action of [47].
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A. 11D mMO action and its symmetries

1. mMO center of energy variables

The mMO brane system which was assumed to be
decompactification limit (M-theory lifting) of mDO, carries
the same matrix fields of d=1 N =16 SYM on its
worldline, but the set of fields describing its center of
energy motion is different. It includes the coordinate
functions

a=1,..32, (33)

which describe the embedding of the worldline in the 11D
superspace (P2 with coordinates ZX = (X%, ©®%), the
spinor moving frame fields, which we describe below, and
the Lagrange multiplier p*(z), the role of which will be
clarified below.

The 11D Volkov-Akulov (VA) 1-form

¥ = dX* — idOr*e = (I, 11), (34)

involves real symmetric 32 x 32 matrices 1"” = 1";

|~< IQ

I*,C,s constructed from 11D Dirac matnces I,
—(I%,1)" obeying the Clifford algebra

T’ + TP = 27 Tap,3: (35)

and the conjugation matrix C which is antisymmetric
and imaginary in our mostly minus notation, C,; =

—Cpy =

ces with upper indices [#%# = [#£2 —

—(C,p)". We will also need the symmetric matri-
CQZF’i},E which can

be used to write the Clifford algebra (35) in the

form T « 5F”) =nt "5” 2
We use the following SO(1,9) invariant decomposition of

11D fermionic Majorana spinor coordinates on two 10D
Majorana-Weyl spinor coordinates of opposite chiralities

e = (9(;:) (36)

Then, with the appropriate SO(1,9) invariant representa-
tion of the 11D gamma matrices which is presented in
Appendix C, the 11D VA 1-form splits, as indicated already
in (34), in 10D VA 1-forms (23)

I = dX* — id0'6"0! — idg*5+0> (37)

and the scalar 1-form

IT* = dX* 4 id9' 6> + id9*6". (38)

The 11D SO(1,9)/[SO(1,1) x SO(9)] spinor moving
frame variables (or 11D Lorentz harmonics [56]; see
[47,48] and refs therein) are defined as rectangular blocks
of Spin(1,10)-valued matrix

V& = (v vz) €Spin(110)  (39)

which provides a kind of square root of the SO(1,10)
valued moving-frame matrix

a 1 — i ] —
UéJ — (E(UZ +Uy), UE,E(UE - U,_;)) € SO(1,10)

(40)
constructed from two lightlike vectors normalized in their

contraction and nine orthonormal spacelike vectors
orthogonal to that two,

= p= # = #

U, UL~ =0, UzU’—‘ =0, Uy UE' =2, (41)
UiUt= =0, ULUM =0, ULUY=-81. (42
The moving frame vectors also obey U ,(f>17(£)(£,> U i‘—l) = My
which can be written in the form of

! # o Lo
6 =5 U U +5 UU”——U’U”’ (43)

£ 2 2k
The above mentioned square root relations have the form
of the Lorentz invariance statement for the 11D Dirac
matrices
T _
VFE Vi =

UPT ., — VITWy =FLul®. (44

The spinor moving frame variables also obey the constraint
vevl =C (45)

manifesting the Lorentz invariance of the charge conjuga-
tion matrix. This implies that
— iCc%lyt

Vjg» vyt = —zC“ﬂvﬂq (46)

define the inverse spinor moving-frame matrix, i.e., that

a
a + _ a
Vg Vap = Ogp v,” Vgq = 0,

U;rgval, =0, U;rgv;p =0, (47)
With an appropriate [SO(1, 1) x SO(9) invariant] rep-

resentation of 11D gamma matrices (see Appendix C)
Eq. (44) split into
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”;Fﬁvl_ﬂ = Uygp, Ulizrgﬁ - Zqu'véq‘, (48)
il op = Uts,,. UL, 5= 200 vt (49)
vy = Uiy Uilap =20y YopVipp™> (50)

where 7., =y}, are SO(9) Dirac matrices,

y;ﬂ/{ﬂ + yg]"?i‘p = 25ij5qp' (51)

The derivative of the moving frame and spinor moving
frame variables can be expressed in terms of Cartan forms

Qi = UHdU, (52)
Q(O) = UE:dUz, (53)

QY = UF*dU],

Q= UL=dUy, (54)

(see e.g., [57,58] and references therein for more details).
The form (52) transforms as connection under the SO(9)
symmetry acting on the 9-vector indices i, j and 16
component spinor indices ¢, p of the moving-frame
variables and matrix fields. This is the counterpart of the
Cartan form (16) of the 10D SO(1,9)/SO(9) spinor
moving-frame (Lorentz harmonics) formalism.

The form (53) transforms as the connection under the
SO(1,1) group acting on the moving frame, spinor moving
frame variables and Lagrangian multiplier p* according to
the weights indicated by their sign indices. In particular
# = 4+ so that under SO(1,1)

Uz (B ezﬁUZ, Uy = e‘zﬂU/_T, U, — Uy,
QY — QO +ap, Q> QY
Pt ePpt, (55)

The forms (54) are covariant with respect to both sym-
metries which will serve as gauge symmetry of the mMO
action.

2. Matrix fields describing the relative
motion of mMO0 constituents

Matrix fields describing the relative motion of the mMO
constituents are exactly the same as those of the mDO-
system; the bosonic traceless N x N matrices X' and P,
carrying the SO(9) vector indices, fermionic traceless N x N
matrices ¥, carrying SO(9) spinor index g = 1, ..., 16, and
bosonic traceless N x N matrix 1-form A = d7zA,.

3. mMO action

The action for the 11D mMO system proposed in [47] can
be written in the form,

1 . 1
SmMo = / p'E= + —5 (tr([P”DX’ +4i¥,D¥Y,) + E##H>
w! wh p

7
L
Y p*

in which the matrix fields are redefined (with respect to the
ones used in [47]) to be inert under the SO(1,1) symmetry
acting on spinor moving frame variables and Lagrange
multiplier p* (55).

The covariant derivatives of the matrix fields in (56)

DX := dX/ — Qiixj + [A’ Xi]’ (57)

1w
DY, = d¥, —  QUrl,¥, + (A ¥, (58)

include, besides the SU(N) connection 1-form A, also the
composite SO(9) connection QY (52), while

Dp* = dp* — 2@ (59)

1 o
E+q—tr(—4i(y"l’)q|]3” +

1, . o 1 Dp* .
— (y¥ 4 J R IY!
e ‘I’)q[X,X]) ,ﬁ/w (P, (56)

|
includes the SO(1,1) connection (53). Let us recall that
these composite connections are Cartan forms representing
the nonvanishing components of the derivatives of the
moving frame and spinor moving-frame variables.

The moving frame and spinor moving-frame variables
enter the action also explicitly through the projections

# #
E - HEU#s

E= =TI'U;, (60)

of the VA 1-form (34), which are the bosonic supervielbein
forms of flat 11D superspace, and

E™ = dO%v, (61)

of the pullback of the fermionic supervielbein form of this
superspace.
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The relative motion Hamiltonian in (56)

H = Ju(PPY) = L ulX X - 2u(XW W) (62)
coincides with that of the mDO system, Eq. (27).

The action (56) has the manifest 11D target superspace
supersymmetry and, as it was shown in [47], is invariant
under 16 parametric worldline supersymmetry generalizing
the x-symmetry of single MO-brane action in its spinor
moving frame formulation of [59,60].

The properties of this mMO system described by the
action (56) were further studies in [48]. The problem of its
dimensional reduction to D = 10 was addressed in [51] but
was not solved there. The reason was that a suitable
convenient choice of the basic matrix fields was not found
in [51]; we have found it more recently, first for the
simplified case of D = 4 counterpart of mMO system [53],
and we have already written the mMO action of [47] in
terms of these fields in Eq. (56). The dimensional reduction
of this mMO brane action is the subject of the next (sub)
section.

B. Dimensional reduction of mMO0 action to D=10

As we have already noticed, with the suitable represen-
tation for 11D Gamma matrices and charge conjugation
matrix which can be found in Appendix C [see Egs. (Cl),
(C2), and (C3)] the 11D Volkov-Akulov (VA) 1-form is
split as in (34) into 10D VA I-form (37) and SO(1,9)
invariant 1-form (38).

1. SO(1, 9) invariant expressions for 11D spinor moving
frame and basic 1-forms

The next stage is to solve the constraints defining
the above described 11D spinor moving frame variables
in terms of Spin(1,9)/Spin(9) spinor moving frame
variables (6). The convenient form of the solution is

111 ( Va )
— = ,
/p# aq \/z /M _Uq(l
Vg, = M < v > (63)
P Vog = 7= al’
NG v,
which implies the complementary relations
I 4 1 1 (Uq“)
S 5 S .
Vot V2VMA
v

gty e

Equations (63) involve the Lagrange multiplier p* of the
mMO action and also an arbitrary function M = M(z) of

the proper time parametrizing the center-of-energy world-
line of the mMO system.

Let us stress that this is not an ansatz but rather a general
solution of the constraints (48)—(50) and (45). This can be
easily checked by counting the number of degrees of free-
dom, modulo natural gauge symmetries, in the left and right-
hand sides of the relation (63) which gives 1 +9 =1+ 9.
Indeed, both sides include scalar functions, p* and M
respectively, and spinor frame variables parametrizing

. . . SO(1,
cosets isomorphic to S° sphere: (SO(l,l)x(é(;?g)) == =S
$0(1.9)

and S00) ~S? respectively (see e.g., [57,58] and

references therein for more details). Notice also that the
lhs of (63) preserves the characteristic SO(1,1) gauge
symmetry (55) of the 11D spinor moving-frame formalism
(which was taken into account in the above counting of the
degrees of freedom).

As far as the 11D Lorentz symmetry SO(1,10) is
concerned, the expressions (63) break this down to its
SO(1,9) subgroup which becomes 10D Lorentz symmetry
of the reduced theory.

Using (63) we obtain the following expression for (the
pullbacks of) 11D fermionic supervielbein forms which
enter Eq. (56)

1
Et1 = \/p* —— (EY — E2), 65
where
EY = doleyd, E%I = dH(ZIUZ, (66)

can be naturally identified with the pullbacks of the
fermionic D = 10 type-IIA supervielbein forms (25).
Now, substituting (63) into Eqgs. (48) and (49) and using
the suitable representation for 11D gamma matrices (see
Appendix C) as well as (11) we find that the 11D moving-
frame vectors are related to its 10D counterparts by

M, M

U;:—#M”, Uf:——#, (67)
p
# #
14 14
Uﬁ:MMB, Uﬁ:ﬂ, (68)
so that
Ef 1
#E= = M(E" —IT%), = =—(E'+1I1"). (69
PE=ME-I), o= G E ). (69)
In the same way we find from (50)
UL = éﬁ”u,’;, (70)

which can be used to check that the composite SO(9)
connection of the mMO system coincides with its 10D
counterpart (16),
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Qi = UH AU, = widu), =: QY. (71)
Thus the covariant derivative of the matrix fields in the
mMO action (56), Egs. (57) and (58), coincide with (29)
and (30) used in the mDO action (26).

As far as SO(1,1) connection is concerned, we find
from (67) and (68)

1 _ 1 /dp” dM
QO = Ut == [ L-——=— 2
Q 4U dU; 2<p# M> (72)

In particular, this implies that
|

= p#ﬂ_ (73)

Dp# _ dp# _ 2P#Q(O) M

At this stage one can observe that, after using in (56) the
relations (63) and their consequences, p* disappears from
the 11D action being replaced by M.

2. Dimensional reduction of mMO0 action

Thus with the solution (63) and the splitting (34) the
mMO action (56) acquires the form

Suoloy = [ ME =14 [ e [ wEDx e, - [ SuEo)
6w M 1 S w M
1 1 lg _ 2 i l ij i J
+— /le\/_(E E )tr( i(r), P +5 (/) XX ) (74)

where the covariant derivatives are defined in (29), (30), the
relative motion Hamiltonian H has the form of (27),

E° = T1"u) (75)

with II* from (37) [see (24)], II* is given in (38) and,
according to (66),

E'l — E7 = d0'*v] — d65v8 (76)
The dimensional reduction is then completed by deriving

from the action (74) the equation of motion for eleventh
bosonic coordinate field X*,

d(/\/l - %%) —0, (77)

and substituting its solution back into the functional (74).
Equation (77) can be equivalently written in the form

M-—"m (78)

with some constant m. Its solution which has a non-
vanishing limit when H +— 0 is

[\S]

m- H
— (79)
u

4

Substituting the result back into (74) we find the action (26)
with a particular function M = M (H/u®) given by (79).

Thus just this particular case of (26) model has the
apparent 11D origin.

[
IV. EQUATIONS OF MOTION OF 10D mD0

In this section we write the complete set of equations of
motion for the multiple DO-brane system which follow
from our action (26).

A. Equations for the center-of-energy variables

Beginning from the center of energy variables, we
regroup the variation with respect to the coordinate func-
tions, 6ZY(7) = (6x#(z), 567! (z), 56%(7)), into

isE' = 6ZM (2)ES,(ZM (7)) u!

B0 = 62" (2) Efy (ZM (7) )ug (7)., (80)
and
is(E9' — E(ZI), is(E9" + Eé), (81)
where
isE1 = 507 v,4, iéEé = 5631%“. (82)

This choice simplifies the form of the equations of motion

for the coordinate functions [originally defined as
OSmno
52" (z)

manner into

= 0] and splits their set in a Lorentz-covariant

: 2 H
Q —— ) =
(m+/46./\/l) 0, (83)
1 H —i
+—=—— |(EYM+ E}) = ————7!,iv,Q, (84
<m ﬂ6M>( q) 4 /—2M”67qp ( )
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and

2 1 M

M( yGMH) H =0, (85)

1 1 1 M
—iD dH—— EY—E2YH =0,
NI Ny v Y (B -
(86)

where

v, = tr <—4i(yi‘P)qPi + % (Vij\l’>q[xiv Xj]) . (87)

As we will show below, Eqgs. (85) and (86) are depen-
dent, this is to say they are satisfied identically when
other equations are taken into account. This statement is
the content of Noether identities for the worldline repar-
ametrization gauge symmetry and for the worldline

Sul) = ul,isQ', S, 5

result in

P22y 1
o M 2u®/2M

(E' + E2)y! iv, — —tr

supersymmetry (k-symmetry) the “local parameters” of
which can be identified with i;E® and is(EY' — EJ),
respectively. Keeping this in mind, we will first discuss
(83), (84), and the equations for spinor frame variables
and then turn to the matrix equations [which will then
allow us to make the above statements about dependence
of (85) and (86)].

As far as the function M (H/u®) in our action is positive
definite, (28), Eq. (83) implies

Q= 0. (88)

Taking this into account, we find that the fermionic
equations (84) simplifies to

E'Y 4 E2 =0. (89)

Finally, the essential variations of the moving-frame and
spinor moving-frame variables,

1 . [ 2,0 1 . i a,,l
= i7" ov,* = —5159 Vp %Y g (90)

(PiXI) + Wy W)QJ = 0, (91)

where iv,, is defined in (87). Taking into account (88) and the fermionic equations (89), we see that (91) finally simplifies to

E =0. (92)

Thus the set of equations for the center of energy variables is given by Egs. (88), (89), and (92). This coincides with the
set of equations of motion for single DO-brane in its spinor moving frame formulation [61].

B. Equations of the relative motion of the constituents of mDO0 system

The equations of motion for the matrix fields describing the relative motion of the mDO constituents read

_lM opi 1 LM sciqr — pi Y pa gy (aiwy - LM pi
( H)EP +ﬂ6M(XdH PdK)+m(E E2)(4i(y'P), 2 g v ) (93)
2

, 1 M 1 M
DP = |(1-—
wal (=)

(B = B3| (3503050 = 12, 0,) )

1 M

dlC< [[xi,xq,xf]—y;,,{\rp,\ll,}) —ﬂpldﬂ (94)

M64\/2M
1 iy . 1 M
- E' — E2)[(/7%),, /] + —
e (B B, %)
1 .
D\I’q = —ﬁ(Elp — E%) <]/pq[|:bl + 87 [Xl X/ })

i IM N,y M
—2M<<1 MH)E 5+ s

and

1 M
6\V2M

(£ Eﬁ)ivp) (), 1. (95)
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X, Pi] = 4i{¥, ¥,}. (96)
In Egs. (93)-(95) 'H is given in (27),
K = tr(X'P) (97)

and iy, is defined in (87). Equation (96) appears as a
result of variation with respect to the worldline gauge field
A = d7zA, and is the (non-Abelian version of the) Gauss
law of 10D SYM reduced to 1d.

Using Egs. (93)—-(95) and (96) one can check (by
straightforward although a bit involving calculations) that

dH =0 (98)
and
. 2v2
lDl/q = \/—M (Elq - Eé)H, (99)

which implies that Eqgs. (85) and (86) are satisfied iden-
tically (as we have announced and discussed just after their
derivation).

Taking into account (98) we find that the equations for
bosonic matrix matter fields (93) and (94) simplify,

. 2 1 M 1T M 1 . 1 M )
DX = —— (1 =22 H ) EOP — — 22 PldK + —— (EY — E2)( 4i(y'¥), — — " iv, P 1
/\/l( ﬂ6MH> /46./\/1 K+ T./\/l( q)( l(}/ )q 2#6/\/1% ), ( OO)
i 2 AIMoN o LM o T (i st s i
P! = = Kl ﬂGMH>E tosavan B Eivg (161040050 = 7 (%, 0}
L m- ), 50 + LM (L 50 50 -, 0, ) (101)
V2M ! r pt M TT\16 T prifp o )

This form of equations is not yet final since it involves dC = tr(DX'P? 4+ X‘DP?). Calculating the rhs of this expression

with the use of (100) and (101), we find

(E' — E2) tr(4i(y"™¥) P + (y7),[X\ X)) = 5155 Div,

N (L
(1+hsio) L #
with

9 = t(P'P) + Ltr[X", XA 4 2t (XIWy ). (103)

16

Thus the final form of the equations for the matrix matter
fields is given by (100), (101) and (95) with d/C substituted
by the rhs of (102). This looks frighteningly complicated
but, as we will show, the equations can be simplified
essentially by fixing in a convenient manner the gauge
symmetries of our dynamical system. However, before
turning to the gauge fixing, we have to discuss the mass of
the mDO system.

C. Mass of mDO0 system and its center-of-mass motion

It is instructive to calculate the canonical momentum for
the center-of-energy coordinate function of mDO system

2 H
Py = <m+ﬁﬂ) u2 =: imug (104)

V2M

<1 +%%$) . (102)

The mass I of the mDO is defined by the square of this
10-momentum, p,p* = 92, and thus is given by

2 H

M=m+ oo (105)

Note that it depends essentially on the choice of the
positively definite function M(H/u®) in the action (56).
However, as a consequence of (98), this mass is a constant
of motion,

dm = 0. (106)

It is important that the mass depends on the relative
motion of the mDO constituents so that in our super-
symmetric model the relative motion does influence the
center of energy motion like it does in the purely bosonic
dynamical system from [30].
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The constant parameter m in the action (26) is thus the
mass of the center-of-energy motion of mDO the relative
motion sector of which is in the ground state, i.e., with
H = 0. As we will see below, the supersymmetric states of
mDO systems have this property. Thus, exciting the state of
relative motion of the mDO constituents we inevitably
increase the mass of the center of energy of mDO system
[remember (28)] and, as we will see below, inevitably break
supersymmetry.

Now let us also observe that, by definition of Cartan
forms, du) = u/, Q' and hence Eq. (88) implies that on the
mass shell

du2 =0. (107)
This together with (106) implies that the momentum (104)
is a constant of motion

dp, = 0. (108)

D. Gauge fixing of the local SO(9)
and SU(N) symmetries

For the future use, let us also notice that on the surface of
Eq. (88) the derivatives of the orthogonal moving frame
vectors u/, are decomposed on the set of these vectors only,

dul, = Qiuj,. (109)
Furthermore, as Q¥ transforms as the connection under
local gauge SO(9) symmetry of the mDO action (26), and as
any one-dimensional connection can be gauged away, we
can always fix the gauge
Q=0 (110)
in which also nine spacelike vectors of the moving frame
become constant

dul = 0.

; (111)

Similarly, we can use the SU(N) gauge symmetry to fix the
gauge in which the su(N) valued gauge field vanishes,

A =0, (112)
so that the covariant derivative D = dzD, reduces to time
derivative,

DX/ = dTiXi = deX(, DPi = dri Pl = dzP',
dr dr

d .
DY, = de—‘I‘q = dr'¥,. (113)

T

Notice that, as far as moving frame and spinor moving-
frame variables are now (proper-)time independent,

EY = dtE? = dx' — id09'90" — id926?

aYq
Ed' = do'e, E; = d6Z, (114)
and
E' = dtEL = dx' — id0'%y! ,0' + id6%y! 65, (115)
where
x° :x"ug, X :x”uL, o4 zealvaq, 9,2] :930‘;,
(116)

describe supersymmetric generalization of the comoving
coordinate system of the center-of-mass of mDO-brane.

E. Gauge fixing of x-symmetry
and reparametrization symmetry

The last two of consequences (114) of Egs. (88) and the
gauge-fixing conditions (110) allow us to reduce (89) to
de's = —dQ?]. (117)

This equation is clearly invariant under spacetime super-

symmetry and x-symmetry which in coordinate basis (116)
implies

6x = idg' (€' — k9/V/2) + ib (e + K9/ V/2).

80" = €'+ x1/V2, 802 = €2 —k1/V2, (118)

and

SEY = —2i(d6'7 — d62)x4/V/2. (119)

Clearly, the worldline supersymmetry can be used to set
one of two (but not both) fermionic coordinate functions
equal to zero (as the x-symmetry of single DO-brane
can be). Let us choose

02 =0.

4 (120)

This gauge is preserved by the combination of supersym-
metry and worldline supersymmetry which obey
€2 =x1/V2. (121)
This relation also implies that the parametric function of
the worldline supersymmetry becomes a fermionic constant
spinor at this stage.
The gauge choice (120) simplifies Eq. (117) to

d6'e =0, (122)

which in its turn reduces E° form (114) to dx?,
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E° = dx, (123)
and E' form (115) to dx',
E' = dxi. (124)
This is supersymmetric because now
sxV=i(el+e2)0', sxi=i(e'+e2)y 07, (125)

and the right-hand sides of these expressions are constants
[due to (122), dvg = 0 and de*'? = 0].

In this gauge with respect to the k-symmetry we can fix
the gauge with respect to the reparametrization symmetry
by setting

dr=d®=E =  E'=i=1  (126)

still preserving the supersymmetry. We however find
convenient to do not do this and preserve explicit
7-reparametrization symmetry at the next stages.

F. Gauge fixed form of the field equations

Thus the above gauge fixing and the field equations for
the center of energy variables imply that

dug =0, duj, = 0, dvd =0, (127)
E'=dx' =0, (128)
E'Y = d#'7 =0, EZ =0, (129)

and E° = dzi®. With this in mind the equations for the
matrix fields reduce to

.. 2 1 M I M
X=——(1-— OP - — P! 1
M < oM H) s M K, (130)

(131)

. i 1 M M i i
‘I‘q——m<(l —6WH>x"+2—mlC>[(7‘I’)q,XL

(132)

&t

2
e

with $ defined in (103).
Substituting (133) we find that the final form of the
gauge fixed Eqs. (130)—(132) is

2 (1—,%%71) (1 o

pio 2L M [P~ (2, ).
M(l_‘_%%s) 16
(135)
-4 H)
L ( M -0
- w0 136)
q 2M (1 _,_}%%ﬁ q

Notice that, despite the possibility to fix the gauge x° = 1
(126), we prefer to keep it unfixed to stress the invariance of
our equations of motion under the = reparametrizations, the
fact which will be important for our discussion below.

G. Relation of the relative motion equations of mD0 with SYM equations

O|H

o< | g<

Formally, we can define the new time variable by
>
dr = dx®

2 )
M

E=

m|._.

(137)

and write the above equations in terms of derivative % arriving at
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d

— X! = —p 1
dt ' (138)
dpi_ L (X, X, X =y {¥,, ¥, },  (139)
a 16 Tpri®p
Sy, = L1, 1) (140)
dr 4= g e b

which has the form of the equations of motion of d =1
reduction of 10D YM theory in the gauge A, = 0.

Notice, however, that this procedure cannot be consid-
ered as reparametrization (1d general coordinate) trans-
formations of the proper time z. The simplest way to see
this is to appreciate that the defining equation (137) for the
“new time” is actually invariant under the z reparametriza-
tions and hence cannot be a gauge fixing condition for this
symmetry.’

The other, more physical observation is that a change of
the form of the positively definite function M (H) implies
the changes of the physical characteristic of the system.
Namely such a passage will change the mass 9t of the mDO
system (105) which is different for different forms of
M(H). Hence, such a change cannot be achieved by
transformation of a gauge symmetry of the system.

Thus what we have found is not a kind of gauge
equivalence, but an interesting correspondence of the gauge
fixed form of the relative motion equations of our mDO
system with the equation of maximally supersymmetric
N =16d =1 SU(N) SYM theory. Notice that the formal
definition (137) of new time variable involves the matrix
fields X', P, W, and thus generically it is different for
different solutions of the field equations. Indeed, although
'H, and hence M (’H), are constants on the mass shell, this is
not the case for $ = H(X', P, ¥, ). However, in the
particular case of solutions with H =0, also $ =0, ¢ is
related with x* by a constant rescaling and the correspon-
dence between such solutions of relative motion mDO0 and
SU(N) SYM equations is one-to-one.

As we will see in a moment, this is the case for bosonic
supersymmetric solutions of mDO equations.

V. SUPERSYMMETRIC BOSONIC SOLUTIONS

As we have discussed in Sec. IV E, on the mass shell one
of two center-of-energy fermions can be gauged away by
the worldline supersymmetry (k-symmetry), (120), and
then the remaining fermionic coordinate function becomes
constant (122). Setting this also to zero, thus arriving at
purely bosonic center-of-mass configuration with

0 =0, 62 =0, (141)

" Actually the equations (130)—(132) are manifestly reparamet-
rization invariant themselves and thus cannot be transformed into
the other form (138)—(140) by 7 reparametrizations.

we find that such a choice is still preserved by a half
of the target (super)space supersymmetry with two
spinor parameters expressed in terms of one SO(9) spinor
parameter of the worldline supersymmetry and spinor
frame variables [which are constant in the gauge under
consideration, (127)] by

el = -8 /V?2, €2 =kl /V2.  (142)
Then, after fixing the reparametrization invariance by

setting x°(z) = 7, the solution of the bosonic center-of-
energy equations can be written in the form

X (1) = xfy + —7, (143)

m

where p# and I are given in (104) and (105). These are
constants due to (98) which is the Noether identity for the
reparametrization symmetry. Let us stress that any of these
bosonic solutions of the equations of center of energy
motion preserves 1/2 of the type-1IA spacetime supersym-
metry, which can be then broken or preserved by the
relative motion of the mDO constituents.

Originally the matrix fields which describe the relative
motion of the mDO constituents are inert under spacetime
supersymmetry. However, after gauge fixing of the world-
line supersymmetry (x-symmetry) by (120), this is no
longer the case since the parameter of the worldline
supersymmetry, which does act on the matrix fields,
becomes identified with the parameter of the second
spacetime supersymmetry, Eq. (121). Furthermore, setting
the remaining fermionic coordinate function to zero, (141),
also identifies with that the parameter of the first spacetime
supersymmetry (142), so that the action of spacetime
supersymmetry on the matrix fields becomes nontrivial
but coincides with the action of the worldline supersym-
metry which is now parametrized by a constant fer-
mionic k9.

Setting the fermionic matrix field to zero

¥Y,=0 (144)
we can still preserve the worldline supersymmetry (com-
pletely or partially), and hence also a part of the spacetime
supersymmetry if the following Killing spinor equation
[see (A4) in Appendix A]

i

1 ) )
¥ =m0 g

(ky"7) ,[X, X7] = 0
(145)
has a nontrivial solution. Notice that the contribution of the

nonvanishing function M(H) can be factored out thus
reducing the equation to
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i

8

KPL,, = k” (y},qﬂj’i — (yij)pq[Xi, Xj]> =0, (146)

which is formally the same as defining the potentially-
preserved supersymmetry in the case of (the first-order
formulation of) the maximally-supersymmetric SU(N)
SYM theory.8 It also formally coincides with the equation
defining the supersymmetry which can be preserved by
purely bosonic solutions of 11D mMO equations [47] so
that our discussion below will be close to the one in [47].

The preservation of the 1/2 of the target super-
space supersymmetry implies, in the light of (142), that
Eq. (146) does not impose any restriction on the para-
meter k¢ which implies that the matrix L,, vanishes,

VheP' =& (r) ,,[X',X/] = 0. This in its turn implies that

Pi=0, [X,X]=0, (147)

which describes the vacuum of the relative motion of the
mDO constituents. In it H = 0 and, actually, (147) can be
obtained from this equation.

Now let us check whether other parts of spacetime
supersymmetry can be preserved. To this end we have to
study Eq. (146) which is actually a set of 16 traceless
N x N matrix equations. It is convenient to extract from
this just 16 equations by multiplying it by the matrix
L, = (vi,P" +£(y7),,[X".X/]), which differs by relative
sign from the matrix L, in (146), and tracing the result with
respect to the SU(N) indices. In this way we arrive at

kPtr(LL),, =K <tr(PiPi) - %U([X’? Xj]2)>

FIR P X) =0, (148)

where we have used yU*ur([X, X/][XK, X)) =
YR (XX, XK, X)) =0 (which follows from the
Jacobi identity [XU, [X*, X!]] = 0). Now one can recognize
that the multiplier of the first term the bosonic limit of the
relative-motion Hamiltonian H (27) is multiplied by 2 and
also appreciate that the coefficient for the second term
vanishes as a consequence of the (bosonic limit of the)
Gauss constraint (96), tr(P[X/, X/]) = t([P?, X/]X/) = 0.
Thus, if we use this constraint, the final form of the
consistency condition (148) for the supersymmetry pres-
ervation by mDO configuration simplifies to

¥The word formally refers to the fact that the relation between
P’ and X' in the case of the generic mDO action includes the
contribution of M (H) and, if M’ # 0, also of P’ and X' inside of
9 function (103), see (135).

k9H = 0. (149)
Hence, the BPS equations determining the supersymmetric
pure bosonic solution of the mDO equations is just the
vanishing of the (bosonic limit of the) relative motion
Hamiltonian,

1 o 1 S
= — ey — 1 ]2:
H = Su(PP) - —[X\. X = 0.

: (150)

As we have already noticed, the general solution of this
equation is given by the vacuum (147) so that only 1/2 of
the spacetime supersymmetry can be conserved by the
mDO system.

Furthermore, this allows us to conclude that any super-
symmetric solution of the maximally-supersymmetric
SU(N) SYM theory gives rise to the set of supersym-
metric solutions of the mDO equations with arbitrary
nonvanishing function M(H) since the relative motion
mDO equations then differ from the SYM equations by a
rescaling of the time variable by the constant factor
M(0)/2. Here we are speaking about a family of solutions
since these can have different characteristics of the center-
of-mass motion x’g and p* = Mu' in (143). As far as the
supersymmetric solutions of relative motion equations of
mDO constituents is concerned, these are in one-to-one
correspondence with such solutions of the SU(N) SYM
equations.

The correspondence of the relative motion equations of the
mDO brane constituents and the maximally-supersymmetric
d=1N =16 SU(N) SYM equations can be also used to
search for nonsupersymmetric solutions of the former. See
Appendix D for an example.

VI. CONCLUSION

In this paper we have studied the properties of the
dynamical system described by recently constructed in [54]
doubly-supersymmetric nonlinear action (26) which pos-
sesses the properties expected from the action for multiple
super-D0O-brane (mDO) system (hence the name candidate
mDO action or simply mDO action which we use above).

Doubly supersymmetric means that the action possesses
both spacetime (or more precisely, target superspace) super-
symmetry and worldline supersymmetry, generalizing the
famous k-symmetry of the action for single DO-brane.’ This
property guarantees that the ground state of the dynamical
system preserves a part (one half) of the target space
supersymmetry, and thus is a stable 1/2 BPS state, the
property expected for mDO brane system.

This was found for the first time in [62] for N =2D =4
massive superparticle, lower-dimensional counterpart of 10D
DO-brane [13].
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The action of [54], Eq. (26), which is under study in this
paper, includes an arbitrary positive definite function
M (H/u®) of the relative motion Hamiltonian. The simpler
candidate mDO action previously proposed in [51] can be
obtained by choosing M to be equal to the constant mass
parameter m which appears in the center-of-energy part of
the action, M(H/u®) = m. This center-of-energy part of
the action coincides formally with the spinor moving-frame
action [61] of a single DO-brane with mass m.

As we have shown in this paper, the action (26) with

other particular choice M =% + 1/% + % (where p is a

parameter of dimension of mass entering the relative
motion sector of the action and characterizing its inter-
action with the center of energy sector), can be obtained by
dimensional reduction from the 11D mMO action of [47],
Eq. (56) (this fact was announced in [54] but not
proved there).

We have also obtained the complete set of equations of
motion which follow from Eq. (26) with an arbitrary
positive M (H/u®) and show that their part describing
the center-of-energy motion formally coincides with the set
of equations for a single DO-brane [but with effective mass
M=m +%% (105)] expressed in terms of the above

mentioned positive definite function M (#/u®). The com-
plete gauge-invariant form of the relative motion equations
is quite complicated but we have shown that they imply that
the relative-motion Hamiltonian is a constant of motion,
dH = 0. This relation, which is the Noether identity
manifesting the reparametrization symmetry (1d general
coordinate invariance) of our mDO action (26), is particu-
larly important as it guarantees that the effective mass of
mDO system is constant.

The relative motion equations simplify essentially in a
certain gauge fixed on the center-of-energy variables and
1d SU(N) gauge field. In this gauge we have established an
interesting relation of the gauge fixed form of our equations
of relative motion with the equations of A" =16 d =1
SU(N) SYM model. This relation, which is valid for
arbitrary positive M (H/u®), does not imply a gauge
equivalence. This fact can be seen from that it can be used
to relate the (equations of relative motion of the) models
with different M and hence with different values of the
mass I of our mDO system, Eq. (105).

The established relation allows us to show that all
supersymmetric bosonic solutions of our mD0 equations
(in its relative motion sector) are given essentially by
supersymmetric solutions of the SYM model. The BPS
equations which are obeyed by that supersymmetric sol-
utions are shown to reduce to single equation as the relative
motion Hamiltonian H = 0 vanishes. Hence, according to
(105), the effective mass I of the configurations described
by these supersymmetric solutions are given by center-of-
energy parameter m.

Thus, in other words, for any choice of positive function
M(H/u®) the spectrum of the BPS sector of our mDO
model essentially coincides (as far as the relative motion
sector is considered) with the set of vacua of maximally-
supersymmetric A' = 16 d = 1 SU(N) SYM theory. The
established correspondence also allows us to study the
nonsupersymmetric solutions of our mDO0 equations using
the knowledge of the SYM solutions (see Appendix D for a
simple example).

The enigma of surprising multiplicity of massive p = 0
supersymmetric objects still cannot be claimed as
resolved.'” However, our present study of the equations
following from the candidate mDO actions (26) [54] has
allowed us to establish an interesting relation of the gauge
fixed equations for any M (H/u®) and maximally-super-
symmetric SYM equations which, in its turn, suggests a
possible reason why such a multiplicity becomes possible.
In particular, it allows us to show that the BPS spectra of
the model (26) with different M (H/u®) coincides and in its
relative-motion sector is given by the BPS spectrum of the
SYM model.

One of the most interesting directions of the development
of our approach is to attack the problem of its generalization
for the case of higher p multiple Dp-brane system, begin-
ning from p = 1 case of multiple Dirichlet strings (mD1).
This simplest case is particularly interesting as an attempt to
indicate what animal in the 10D type-IIA O-brane zoo
describes the true mDO system as this has to be related to
mD1 by T-duality transformations. Such a study could also
deepen our comprehension of T-duality.

In this respect it is also interesting to note the appearance
of an indication of a new possible inhabitant of the type II
1-brane zoo. It comes from [52] where a DBI-like non-
Abelian 2d model was recently obtained by the so-called
TT- deformation of a 2d non-Abelian SYM model. It was
noticed in [52] that its properties are quite different from the
non-Abelian generalization of the DBI action which would
describe a mD1 system, but its origin in T7-deformation
suggests, using the arguments from [63—-66], an existence
of possible maximally-supersymmetric generalizations.
An interesting direction for future study is to construct
explicitly such a supersymmetric generalization, to try to
extend it to an action for a new 10D multiple 1-brane
system and to find what representative of supersymmetric
multiple O-brane family is related to it by T-duality.

A search for the generalization of our approach to mD1
case, as well as the above-mentioned search for new exotic
non-Abelian 1-branes, will require the use of the appro-
priate spinor moving-frame (Lorentz harmonic) formalism

""Notice that the set of these also includes, besides our mDO
models with different positive M (H/u®), a beautiful 0-brane
model of [36] including arbitrary function of relative motion
variables M(X',¥,).
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which was developed in [67—69]. This is suggested by a 125700NB-C21 and by the Basque Government Grant
special role which is played by SO(1,9)/SO(9) spinor  No. IT1628-22. We are thankful to Dmitri Sorokin for the

moving-frame formalism in the construction of our candi-  interest to this work and useful discussions.

date mDO actions and in studying their properties.“

APPENDIX A: WORLDLINE SUPERSYMMETRY

ACKNOWLEDGMENTS TRANSFORMATION

The work has been partially supported by Spanish AEI The action of the worldline gauge supersymmetry on
MCIN and FEDER (ERDF EU) under Grant No. PID2021-  the center-of-energy variables imitates the action of the

k-symmetry on the variables of single DO-brane

80" = K102/ V2, 5.6 = —k1v,9/V/2,
St = i5.0'640" + 15,6766,
S04 =0 = Sty =0 = S.ul,.

The worldline supersymmetry transformations of the matrix matter fields are [54]

. 4i 1 M 1M
5.XI = np L 5 Xt — A IC[PI
=TT E MO T
i 1 ij J i 1 M/ 1 i J J i
5P =— _M[Ky Y, X/] - 5HIP +_WAK 6[[X X7], X =7p{¥p. ¥y} ).
1 o i i M ,
(SK‘I‘ = - ! H:Dl - & Xl Xl _77A IC ’Xl
= = (7P = e (67, X = ™ ALK (), X
where
s = R0 P48, o))
UM + 545
with

NI | o .
9 = tr(P'PY) + Etr[Xl, X7 + 2tr (XY 'WP)

is the worldline-supersymmetry variation of the relative-motion Hamiltonian (27) and

1 tr(4i(1<y“l’)[|3>" S (kW) X, X]) |

AK]C: ’
2/M lMSj

(A1)

(AS)

(A6)

(A7)

"'To stress the importance of the spinor moving-frame variables, let us discuss the way of possible derivation of our model (26)
starting from the maximally-supersymmetric d =1 SU(N) SYM model which possesses SO(16) symmetry and rigid N = 16
supersymmetry, or from its nonlinear deformations, preserving all the supersymmetry and at least SO(9) parts of SO(16). First we
observe that spinor moving-frame variables allow us to convert the SO(9) spinor index of the fermionic parameter of rigid SYM
supersymmetry into the SO(1,9) Majorana-Weyl spinor [Spin(1,9)] index which is carried by the coordinates of target superspace and
also by a parameter of xk-symmetry of a single DO-brane. We can also find that they can be used to provide us with a composite
supergravity induced by the embedding of the DO-brane worldline into the target superspace. Then we add the single super-DO-brane
action to the SYM action coupled to supergravity, thus possessing reparametrization symmetry and local supersymmetry due to this

coupling, to arrive at our candidate mDO action. For the simplest case of M = m this program was realized in [51].
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Finally, the transformations of the worldline gauge field are

) A——iEO( ) (l_/%%H) ! (Elq_EZ)( iK) X¢
T T MM (1+549) VM I\
M 1 s
—(E'1 - E2)— Pt 4i(7), P+ (), [XEX] ). A8
I (4670, S0, e ). ()

APPENDIX B: COMPLETE SET OF GAUGE INVARIANT mD0 EQUATIONS

The center-of-mass equations are the same as in the case of single DO-brane,

E =0, (B1)
E'Y 4 E2 =0, (B2)
Qi = 0. (B3)

The relative-motion equations are the Gauss constraint

[XI, Pi] = 4i{‘I‘q,‘I‘q}, (B4)
and
o (1-f4H) ey #%’H(‘li(ﬂ‘l‘) P/ 3 (), X))
i _ = EO i N ) i _ oz i
DX =" (1+5409) T M [4,@ \P)" +E 9 P] .
i_ 2 (1_%%‘,7{) 1 i U] i (Elq_Egi) ij j
DP! = MWEO <E HX ,X/],XJ} - ]/pr{\I’py \Pr}) _W[(y Jll‘)q’ X]]
(E'—E2) 1 M t(di(y k\P) PE+3 (M), XX 1 i
+ ,/2Mq 28 M 1M’35 (16[[X X Xj]_y”’{\ll”’wr}) (50)

(Elq B Eé) i i j
2V2M (”’P +8y X X])

(B =E}) i Mu(4i(y¥),P’ +§(7""‘1’) X/, XH))
VoM 8t M 1 & Rl

DY, — -;fE°[<yfw>q,xf1 -

[(r"¥),. X (B7)

Writing the relative-motion equations we have already taken into account the fact that they and the center-of-mass
equations imply the preservation of the relative-motion Hamiltonian (27),

dH = 0. (B8)

This is the Noether identity for the reparametrization symmetry. The Noether identity for the worldline supersymmetry,

086006-18



PROPERTIES OF MULTIPLE DO-BRANE SYSTEMS: 11D ...

PHYS. REV. D 107, 086006 (2023)

. 2v2
iDy, = T (E'""— E2)H (B9)
where iv, is defined in (87), also holds.
APPENDIX C: CONVENIENT
REPRESENTATIONS FOR
11D GAMMA MATRICES
1. SO(1,9) covariant representation
oﬁﬁ 0 0 -5,/
Fﬁﬁ:( ) F23:( ) (C1)
ar 0 5;4(1/} ar _5ﬂa 0
P 0 0 6,*
frap _ R 7. 2
< 0 O'Zﬂ> (5(/3 0 (€2)
0 s,/ 0 57
caﬁ_z< ) e = ( ”), (C3)
T\ 0 —5/ 0
™ = CT“C. (C4)

20 0
™, = ( rq ) =19,
(Mg 0 0
0 0 -
(F:)(lﬂ = = l"#ﬂé’ (CS)
= \o 25,
0 i
(I“z) — ' qu _ I—\za/_}’ (C6)
ap i 0
- Ypq
0 i0
==L, o) P
-t == —id,, 0
(C7)

APPENDIX D: A NONSUPERSYMMETRIC
SOLUTION OF mD0 EQUATIONS

As an example of using the correspondence with 1d
SYM of the relative motion equations of mDO system to
find nonsupersymmetric solutions of these, let us discuss
the SYM solution used in [70] to study the possibility
to describe cosmology in the frame of the BFSS matrix
model [71]. It uses the ansatz

X/(7) = a(r)Y', (D1)

where Y’ are nine constant traceless N x N matrices which
obey

[V, Y/]Y/] = 164Y! (D2)
with some constant 4.

Let us search for a solution of our equations of motion
with this ansatz. Equation (134), after fixing the gauge
i% = 1, implies that

Pi(z) = b(7)Y', (D3)
where b(z) should be found from solving Eq. (134)
with (D1) and (D3). Then, with the above ansatz

H=2H+ %tr([xi, X?) = 2H — 3cia*

=2¢(b? — Aa®), (D4)

where

1 .
c= Etr(Y’Y‘), (DS5)
so that the straightforward approach to (134) does not look
too promising. However, at this stage we can use Eq. (98)
stating that on the mass shell H is constant and conclude
from (D4) that

A 32
bzzﬂ—ia“, 33:27{_7614'

C

(D6)

Furthermore, the approach in [70] allows for the field-
dependent redefinition of the time variable similar to (137)
so that we use this with the chosen ansatz to define

dt =dr— (D7)
M1+ LA e - at(0))
and to obtain in such a way the equations
d d’a 3
—a=-b —=—— D8
ar” ' dr? a (D8)

Following [70], we can now multiply the last equation by %
and integrate it over dt arriving at

1 /da\? Ay
() =2 k
2(dt> 34T

with constant k. Next we can redefine the time variable
once more

(D9)
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d7 = dra(t) (D10)
thus arriving at the Friedmann equation
1 (da\? A 2k
— (=) =-Z2+=. D11
a? (dt> 2t (b11)

This was the basis of the discussion of “BFSS cosmology”
in [70].

Although the change of variables (D10) is similar in
spirit with our (D7), for our model with nonconstant M the

complete equation for the change-of-time variable is much
more complicated

2a(7)

di =dr
M (14 LA 0 - at (1))

(D12)

so that to find the evolution in proper time is not an easy
problem.
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