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We investigate multipartite entanglement for quantum states of 3D space geometry, described via
generalized random spin networks with fixed areas, in the context of background independent approaches
to quantum gravity. We focus on entanglement negativity as a well defined witness of quantum correlations
for mixed states, in our setting describing generic subregions of the boundary of a quantum 3D region of
space. In particular, we consider a generic tripartition of the boundary of an open spin network state and we
compute the typical Rényi negativity of two boundary subregions A and B immersed in the environment C,
explicitly for a set of simple open random spin network states. We use the random character of the spin
network to exploit replica and random average techniques to derive the typical Rényi negativty via a
classical generalized Ising model correspondence generally used for random tensor networks in the large
bond regime. For trivially correlated random spin network states, with only local entanglement between
spins located on the network edges, we find that typical log negativity displays a holographic character, in
agreement with the results for random tensor networks, in large spin limit. When nonlocal bulk
entanglement between intertwiners at the vertices is considered the negativity increases, while at the

same time the holographic scaling is generally perturbed by the bulk contribution.
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I. INTRODUCTION

In the last decade, exciting new insights toward the
problem of the emergence of classical spacetime geometry
in quantum gravity came from ideas and tools of quantum
information theory, under the radical perspective that
classical spacetime might emerge from the entanglement
of the degrees of freedom of a nonperturbative quantum
level of description [1-11]. The idea of entanglement as the
fabric of spacetime and its interplay with holography is
advanced in the framework of the AdS/CFT correspon-
dence [12], as a natural consequence of the holographic
entropy formula of Ryu and Takayanagi (the RT formula
hereafter) and Maldacena’s extended black hole pic-
ture [13—15], which together suggested the possibility of
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reconstructing spacetime geometry in terms of a hierarchy
of correlations of the holographic dual CFT state.

In this context, quantitative studies of spacetime
reconstruction from entanglement have been carried on
for discretized toy models of holography, initially identify-
ing specific tensor network MERA [16] decompositions of
the CFT state with bulk AdS-like discrete geometry [17-22].
Diverse classes of tensor network states satisfying the RT
formula, like the quantum error-correcting HaPPY code [23],
perfect tensors and their generalizations in terms of random
tensor networks [22,24] have raised a lot of interest toward a
generalization of the holographic scheme beyond the
AdS/CFT duality. However, in most cases, the very mean-
ing of assigning a geometry to a tensor network remains
unclear, while the very holographic reconstructing power of
such models is often undermined by flat entanglement
spectra (see, e.g., [25]), eventually providing an oversim-
plified modeling of the holographic duality.

More recently, the idea of a holographic geometry/
entanglement correspondence has drawn a lot of attention
in background independent approaches to quantum gravity,
including loop quantum gravity (LQG) and its covariant
generalizations, spin foams, simplicial models, and higher
rank random matrix models generalizations like group field
theory (GFT) [26-31]. In this framework, different
approaches share a kinematic description of quantum
(space) geometry in terms of spin network states, namely
symmetric tensor network states defined on graphs labeled
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by spin representations and intertwining operators [32—34].
On the one hand, spin networks realize networks of frame
transformations, which operationally encode the 3D space
manifold description into purely combinatorial and alge-
braic variables. On the other hand, such networks can be
described as quantum many-body-like collections of fun-
damental quanta of space. Such quanta are glued by
quantum correlations to constitute discrete spatial geom-
etries and dynamically interacting to give rise to spacetime
manifolds of arbitrary topology [35-41]. Geometric and
topological features of such spin tensor networks are
inherently related to their entanglement structure and can
be studied in terms of well-defined quantum geometry
operators.

While the very role of holography is still unclear and to
some extent little explored in background-independent
quantum gravity, also in this context one expects holo-
graphic entanglement to play a key role in characterizing
“physical” quantum geometry states [42-46], possibly
reflecting signatures of Einstein’s equations or invariance
for diffeomorphisms at the quantum level, as well as
constraining coarse-graining and effective emerging
dynamics in the continuum limit [47-51].

Recent results in this framework have focused on local
realizations of a generalized holographic duality [52-54],
also by looking at classes of open spin network states
modeling quantum regions of space with boundaries [55].
In this sense, much work has investigated the validity of the
RT formula as a signature of holography for bipartite
entanglement in pure boundary spin network states.
Examples of bulk-from-boundary reconstruction in the
light of holography have been proposed in [56], supporting
the possibility of direct mapping of the hierarchy of
correlations of the spin networks to a hierarchy of geo-
metrical observables on quantum geometry states.

Further, in GFT, a convenient dictionary between the
spin networks and the tensor networks formalism has been
proposed in [57] (see also [58] for a recent review),
providing a tentative bridge between the entanglement
geometry correspondence in AdS/CFT and background
independent quantum gravity.

In particular, building on the quantum many-body
analogy, recent work in GFT along the lines of [24] has
investigated the notion of random spin network state, with
randomness intended as the result of some coarse-graining
induced by quantum gravitational dynamics. The statistical
description of random spin networks has been then
exploited to investigate the holographic character of the
entanglement entropy in relation to quantum typicality, in
the regime of large spins dimension [59-63].

In this work, we extend previous results on bipartite
entanglement entropy for random spin networks to the
case of multipartite entanglement, by focusing on mixed
boundary spin network states. For such states, we shift
the focus from entanglement entropy to entanglement

negativity [64-70], an entanglement witness well-defined
for mixed states. Our motivation is twofold. On the one
hand, we are interested in investigating computable mea-
sures of the mutual entanglement between two subsystems
in a mixed state. Characterizing the correlations of mixed
quantum geometry states is of fundamental importance for
consistently dealing with entanglement under coarse-grain-
ing, with the hope to shed light on the role of entanglement
in open issues like the dynamical process of emergence of
classical spacetime geometry, as well as quantum black
hole physics and quantum chaotic dynamics in quantum
gravity. On the other hand, quantifying multipartite entan-
glement is necessary to better characterize nonlocal corre-
lations in quantum geometry, hence to start considering
hierarchies of correlations and its geometric interpretation
in the perspective of a spacetime reconstruction from
entanglement.

In particular, inspired by the recent work [71,72], we
study the mutual entanglement of a random boundary spin
network state over a tripartite boundary Hilbert space
corresponding to three boundary regions A, B, C. We
quantify the entanglement of two subregions (A, B) by
measuring the typical logarithmic negativity of the reduced
mixed state p,p. The calculation is given in explicit details
for a set of very simple states.

For trivially correlated states, we find that the entangle-
ment negativity of the two boundary regions is proportional
to the sum of the areas of the minimal surfaces homologous
to A and B, which extend in the spin network bulk,

log NV yp (lral + lrsl) = lrcl-

with a negative contribution given by the bulk surface area
7| testifying the presence of the environment C. This is a
natural generalization of the RT formula for the entangle-
ment entropy of a pure bipartite state p,p.

The tripartite case, however, displays a richer entangle-
ment phases structure [73]. For states with nontrivial bulk
correlations, the presence of an environment reflects in the
appearance of new internal bulk domain, which we call
transition region T, corresponding to the so called quan-
tum islands in recent literature. When the bulk is
highly entangled, the minimal surfaces are prevented from
entering the graph and they end up coinciding with the
outer boundary surface. In this case, we have that
Ye = (ya Uyg) = yap, and the log negativity

log N sp ([7al + lval) = |7asl-

can be interpreted as a holographic formula for the quantum
mutual information /,.5 of the two subsystems.

In the proposed derivation, we see how local entangle-
ment between spin states located on the network’s
edges and nonlocal, gauge-invariant entanglement between
intertwiners at the vertices play two different roles.
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Respectively, spin entanglement has a structural role in
defining the connectivity of the graph, which naturally affect
the definition of the minimal bulk surfaces. On the other
hand, intertwiner entanglement, which defines correlations
between actual geometry excitations in the bulk, generally
tends to raise the negativity of the boundary by favoring the
formation of transitory regions in the bulk, while at the same
time tends to break up the holographic behavior.

The paper is organized as follows. Section II provides a
set of preliminary notions. First, we introduce the notion of
spin network vertex state and its dual interpretation as a
quantum of 3D geometry. Within the GFT formalism, we
then focus on generalized open spin networks describing a
3D quantum geometry with boundary. Here, we briefly
recall the dictionary between spin networks and tensor
networks to introduce a class of tensor product spin
network states analogue to symmetric PEPs. We use this
class of states as locally entangled backgrounds from
which nontrivially correlated states are defined via bulk
to boundary mappings. Finally, we characterize the notion
of random spin network states and we define the measure of
negativity we are going to compute.

In Sec. IIT we define our working setting. We are interested
in quantifying the entanglement of two generic subregions of
a boundary random spin network state. We consider a
tripartition of the boundary in three subregions {A, B, C},
and define areduced boundary mixed state p g by tracing out
the C system, intended as a generic environment. Due to the
random character of the states, k-th order Rényi log-neg-
ativity is computed in expected value. Expected momenta of
the reduced density matrix get mapped, via averaging, to
partition functions of a generalized Ising model [72,73],
where Ising spin variables are replaced by elements of the
permutation group attached to each vertex. This effectively
turns the random spin network ensemble into a Cayley graph,
where elements of the permutation group at each vertex
interact pairwise throughout the graph according to the
tripartite boundary conditions. In the large spin (typical)
regime, computing the log-negativity of the boundary state
amounts to finding the minimal free energy configurations of
such dual statistical model.

In Sec. IV, we define a specially simple class of random
spin networks. We explicitly compute the negativity for two
simple examples given by open spin network states defined
on open tree graphs with two and three vertices. A brief
discussion of the results follows in Sec. V. We provide
further auxiliary material in four appendices. In Appendix A
we recall the notion of geodesic for a Cayley metric on the
permutation group. Appendix B is dedicated to the technical
details of the statistical mapping to the generalized Ising
model. In Appendix C, we show how the third order
negativity can be mapped to an alternative Ising model by
decomposing the symmetric group S; in terms of swap
operators. The result is the natural extension of the Ising
model one obtains for the 2nd Rényi entropy via statistical

mapping [61]. Finally, in Appendix D, we give the details of
the computation of the kth order Hamiltonians discussed
in Sec. IV.

II. PRELIMINARIES

A. Quantum spin network states

Let us review how spin network states are constructed as
portions of 3D space quantized and glued together to form
extended quantum geometry states.

Consider an elementary region of 3D space defined by a
convex polyhedron geometry with d faces. This can be
parameterized by d vectors {N,}4_, 1n R? with norms {j;},

satisfying the closure constraint Z, = 0. The space of
such vectors modulo rotations gives the phase space (or
space of shapes) of a convex polyhedron in three dimen-
sions with d faces with fixed areas [74-76]

s, = { Ui = Jf 1|ZN—0}/ 0G), (1)

which has the structure of a symplectic manifold. The
quantization of S, consists in the quantum reduction of the
product of irreducible representations spaces V/i of SU(2),
which quantize the 2-sphere Si of radius j; associated to

each element of {|N,;| = j;}. The result is the so called
intertwiner space

d .
Iy =Invgy(y [@ VJ‘} , (2)

which can be intended as the space of a quantum poly-
hedron with fixed areas values. The symplectic volume of
the space tells us in how many ways we can recouple d
spins into a singlet state (of recoupled spin J = 0) invariant
under SU(2). A basis state on Iy is defined by |{j;}.1),
labeled by the set of given recoupled spins {j;}, je5, and
the intertwiner number 1. Hereafter, we use |i) to ease the
notation. The Hilbert space of the quantum polyhedron
(with all possible values of surface areas) is achieved by a
direct sum over the spins, that is

H; =@l = ©CHjit- 3)
{Ji} {jitt

Collections of quantum polyhedra can be attached (or
glued) to form a network via edge maps realized by
bivalent intertwiners, consisting in SU(2)-invariant singlet
states of two spins

m) & |j.—m) € Invgyo) [V/ & V],

(4)

R Gt VL
>=Zm:\/ﬁ|],
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where | j, m) defines the usual spin basis in the representation
space V/, with magnetic momentum m running by integer
step from —j to +j. It is convenient to represent a quantum
polyhedron state dually as a star graph with a single vertex of
valence d, where each face is dual to a spin. Given the tensor
product of two intertwiner spaces 1,5 = I’{‘j‘_’j} Q1 ?k[_.j} and
a basis state |14) ® |i3) € I4p, the mapping

(1

e:liy) @ |ig) € Iyp ;ﬁumm
® (j.—mlip) € Q Vi @ V¥ (5)

{i.e}

realizes the gluing of two quantum polyhedra along a face
by projecting two spins from A and B into a singlet edge
state. The gluing results in the creation of a simple open
graph given by two vertices connected by an edge. More
generally, given V vertices and E edges, with £ C V, a spin
network state is a closed graph y = (V, E), with edges e €
E labeled by irreducibile representations (irreps) of SU(2),
and vertices v € V labeled by SU(2) intertwiner states 1,,
i.e., SU(2)-invariant tensors recoupling the representations
carried by the edges attached to the vertex (Fig. 1).

In particular, a spin network state |y,) associated to a
closed graph y can be obtained as a projection of a generic
state |y) in the tensor product space of V intertwiners,

\%4
=@, ©)

with {J} = ({ji};,....{ki}y), on a set of edge states
according to the given connectivity of the graph y. We write

(a)

FIG. 1. Construction of a spin network. Panel (a) shows a single
spin network vertex and (b) is the dual description in terms of a
tetrahedron. Panel (c) shows the gluing of two such vertices and
panel (d) represents a spin network with multiple vertices.

) = (@l ) ) )

eckE

This notation will be particularly useful in the next sections.

Notice that one can further relate couples of spins shared
by two vertices by a SU(2) group element g € SU(2), by
dressing the edge state as follows

lelge]) =Y (=1)7" Dl (ge)jer @) ® |jes b),  (8)

a,b

where D/(g) is a Wigner matrix representing the group
element g € SU(2). As D/(g) is a unitary matrix, this
corresponds to a local unitary transformation on one of the
two spins [77]. The resulting spin network becomes a
function of the edges group elements,

v, g ) = >0 dl Tk (9. @)

{1,}.a,b e

® lje: &) 1) ©)

A further sum over the spin sectors leads to the full spin
network Hilbert space

H =@l = @ cl{j.1u},) (10)
{7}

{Jeto}
Remarkably, one can show that
H, = L*(SUQ2)*E/SU(2)*"),

wherein

Zl:[Dz’ib(gewe,@ ® |je,b>1y1|zv> (11)

a,b

defines a spin network basis state.

In loop quantum gravity (LQG), quantum states of
geometry in H, are given by wave functions ¥, =
> 7w, [7.{g.}]), by construction invariant under the
SU(2)-action at each vertex v of the graph,

¥, SUQR)E > C
{ge}eey = lII({ge}’eey) = lIl({l’lt(e)ge]/‘s(e)" }eey)’ (12)

Y h, € SU(2), with t(e) and s(e) respectively referring to
the target and source vertices of the edge e. With the
appropriate scalar product [26,27], H, gives the kinemati-
cal Hilbert space of quantum geometry in LQG, where the
SU(2) group elements {g, } represent SU(2) holonomies of
the Ashtekar-Barbero connection field along directed edges
linking the two nodes. In this context, spin network
(directed, embedded) graphs represent networks of frame
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transformations, which partially encode the operational
content of the gravitational field reduced on 3D spacetime
slices [26,27,78].

B. Open graph states

Differently from LQG, in the next sections we will
consider quantum states of geometry with support on open
(undirected) graphs, namely graphs with sets of uncon-
tracted edges, modeling quantum regions of space with
boundaries. In this sense, a generalized description of the
spin network state requires enlarging the notion of Hilbert
space given in (10). Let us proceed as follows. Looking at
the form of the spin network state in (9), we see that by
breaking each entangled pair of spins forming an edge we
are left with a collection of single vertex open spin network
states (see Fig. 2),

. d
1= > G Uikn) @ @Linmy) - (13)
1. {m; } =

defined in the single vertex product space

d d
By, =Invgyp {@ V/'] ® @3 Vi, (14)

i=1 i=

One can think of such states as quantum polyhedron states
dressed with extra boundary edge modes, one per face.

In this case, the sum over the spins, carried on at each
vertex independently, leads to the full open vertex Hilbert
space

H,= @By, = L*(SU(2)?/5U(2)). (15)
Uy
where wave functions ¢,(g,...,g,;) can be intended as

group fields [79,80]. A collection of (distinguishable) V
open vertices is associated to the separable Hilbert space

Hy=QH,. (16)

In particular, we have that the embedding H, C Hy is
faithful, hence any closed spin network wave function in

(a)

my

FIG. 2. Construction of an open spin network by vertices gluing.
The white dots represent the boundary degrees of freedom.

H, is expressible in terms of functions in Hy, modulo
gluing conditions realized, again, via the action of bivalent
intertwiners on each fixed spin sector [29].

Generally, in the case of open graphs the result of the
gluing procedure in (7) is a mapping of the bulk degrees of
freedom of |¥,) on the boundary space of unrecoupled
spins. We have

¥,: SUQE ~ F(SUR)en)
{ge}eey = ‘P({ge}eey) = T({gehs(e‘)’] }eey)’ (17)

with [¥,) now defined in the boundary Hilbert space
Hoy = Qeeco,D jee%ng' Notice that in this case the gauge
invariant property of the wave function reduces to SU(2)-
covariance on the boundary.

The generalization allows us to describe the state of any
generic subregion of a closed spin network, by cutting out
the spin network along the subregion boundary edges. In
the following sections, we will limit our analysis to spaces
of fixed spins. Nevertheless, the open graph generalization
will be central in our analysis, as we will look at the
entanglement structure of a generalized open spin network
state through the correlations of its boundary edges modes.

C. Analogy with symmetric projected
entangled pairs tensor networks

Consider an open graph y = (V,L,dy), where we
separate the set of edges E into a set of internal edges L
and boundary edges dy for future convenience. In the
following, we focus on a class of spin network states
defined via (7) from product states of individual vertex
states with fixed spins |y) = &),|f,), glued according to
the connectivity pattern of y. The resulting spin network
states read

01 = (Be)@r e @V a3

e€eL eEdy

(notice we are always setting the edge holonomies intro-
duced in (8) to the identity). As first advanced in [62,81],
states like [¢,) in (18) are analogue to peculiar symmetric
tensor networks, where single vertex states are identified
with tensor states: the d vertex edge spin numbers {m;}
correspond then to tensor indices (virtual indices), while
the intertwiner number 1 plays the role of the physical index
of the tensor. Now, the definition of edge states in [¢,) as
singlet states given by maximally entangled pairs of spins,
characterizes |¢,) as symmetric projected entangled pair
states (SPEPS) [82].

The analogy suggests to think of spin networks as
entanglement networks, providing a direct relation between
the connectivity (topology) of the quantum geometry state
and its local entanglement structure.
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States with richer, nonlocal, structure of correlations can
be built from the tensor network analog in (18) as follows.
Given a generic state |{) in the tensor product space of V

intertwiners / éj}, that is

= 3 G @l (19)

.....

we can construct an open spin network state via the
projection (see Fig. 3)

160, (O) = (1)
- (c|®®< >®|fy

e€eL

=2 @Oy @ lieme). (20

{m.€ar}

with coefficients

=2 > > 0,

{4 {neer} {r}

(Dor () ey =

W

P _n1
I\rt
H / oW vl’ n} P
eel 2pl

In particular, one can think of the boundary state in (20) as
the output of a map defined between the intertwiner space
e

(21)

and the boundary (fixed) spins Hilbert space, i.e.

Mg, 18 = ®1{J}z S HJ =@V, (22)

e€oy

such that

Mg, )I0) = (loy) = |5y (). (23)
By feeding the bulk with an input state we set correlations
among the intertwiners, which are eventually encoded in

the boundary state [61].

FIG. 3. Bulk to boundary mapping of an open spin network
state |¢,) via a projection on a bulk state |{).

States constructed as |¢,,(£)) show that the entangle-
ment among spin magnetic indices is responsible for the
connectivity of the graph and plays a role in the definition
of the mapping. Differently, entanglement among inter-
twiners describes correlations between the geometry
(volumes, see [27,77]) of the 3D space quantum geometries
defined at each vertex.

In order to enhance the separation of roles between the
two levels of entanglement, in the next sections, we
consider spin network graph states |¢,) comprised by
random vertex states. On the one hand, building on the
tensor network analogy, we know that such random tensor
network states can be used to realize isometric bulk-to-
boundary mappings which display holographic entangle-
ment behavior. On the other, we know that such states are
characterized by a flat entanglement spectrum. Therefore,
we can use random |¢,) as convenient holographic entan-
glement background mappings on top of which nontrivial
correlations will be induced by the choice of the input bulk
state [().

D. Random spin networks as
entanglement background

Following [24], we assume that each single vertex state
|f,) in the boundary state (20) is chosen independently at
random from its single vertex space, with respect to the
uniform probability measure. This is equivalent to taking at
each vertex v of the graph y an arbitrary reference state
0) € BY;, and define [f,) = U|0) with U a unitary
operator. Accordingly, the random average of any function
F(If.)) is equivalent to an integration over the unitary U
with respect to the Haar measure u = dU, with normali-
zation [dU = 1.

The random density operator,

Pr(©) = 16,V Q)]
_ <|c><c| ® [le)e

eelL

) <]:[Ify><fyl), (24)

can be read as a partial trace carried over the bulk
intertwiner numbers and internal edges magnetic numbers,
that is a sum over all but the boundary spins (dangling legs
of the graph). In compact form, we write the boundary
density matrix

pol®) = (oo OLLrA). 29)

with a bulk graph density matrix p, defined by

w0 = (10 o [Tl ) =r @ [[pe  26)

eeL ecL
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The state py, is a linear function of the independent pure
states of each intertwiner [f,)(f,|. It defines an open
random spin network state describing a 3D quantum
geometry with a boundary.

We are interested in characterizing the entanglement of
generic subregions of the boundary. To this aim, we
consider a multi-partition of the boundary in three sub-
regions {A, B, C}, and focus on a reduced state obtained by
tracing out C as a generic environment. Thereby, we look at
the quantum correlation of the mixed state for {A, B} via a
measure of log-negativity.

E. Entanglement negativity

Quantum negativity is a good measure of mutual entan-
glement between two subsystems in a mixed state [64—70].
As such, it allows to generalize von Neumann entanglement
entropy measures to the case of multipartite systems.

Let us then recall the definition of quantum negativity as
follows. Consider a bipartite system, with total Hilbert
space 'H = H, ® Hp, described by the generic density
operator p,p. Given an orthonormal basis |i), in H, and
similarly |j)z in Hp, the partial transpose of p,p with
respect to one of the subsystems, say B, is defined as

(PiAjB,kAIB)TB = Pi,lgkajp- (27)

The eigenvalues of the partially transposed reduced density
matrix pgg are real since the partial transposition is an

Hermitian and trace-preserving map. Yet Pfoﬁ is not
completely positive, i.e. it may have negative eigenvalues.

If p4p is not entangled (separable), it is easy to see that pi%
remains a positive semidefinite operator. Thereby, the
presence of negative eigenvalues in the partial transpose
is an indicator of quantum correlations in p,g. The measure
is designed to distinguish quantum correlated mixed states
from classically correlated ones [73].

In particular, one can quantify the amount of entanglement
of a state according to the number of negative eigenvalues of
the partial transpose in terms of the measures of negativity
and logarithmic negativity [69], respectively defined as

= > il (28)

i:4;<0

P
N(pAB) ” AB”l

where ||-||; is the trace norm, and

Eyn(pap) = log ||P/€% - (29)

Both quantities are entanglement monotone under general
positive partial transpose (PPT) preserving operations [64].
In this sense, we are considering the negativity as a faithful
measure of quantum entanglement for our states.
Nevertheless, we shall remark here that the PPT condition
is not generally a necessary and sufficient separability

criterion. There are generally entangled PPT states which
belong to the class of bound entangled states that have a
non-negative partial transpose [83,84].

In the next sections, we shall focus on logarithmic
negativity (or log negativity) in particular.

Analogously to the Rényi generalization of von
Neumann entropy, the latter can be computed in the limit
k — 1 of a k-the Rényi negativity measure [72], defined by

= Tr((piyp)"]. (30)

Notice that, since p 1 has negative eigenvalues, even and
odd moments should be treated separately

odd
k (PaB) ngn (A0 |4

N oan) = 3 I (31)

Ni(pag)

The logarithmic negativity only depends on the absolute
values of eigenvalues, hence it can be recovered in the
k — 1 limit of the logarithm of the analytic continuation of
the momenta for even k. If we set k = 2n, we have then

En(pag) = limlog N, (PaB) (32)
n—3

In the next sections, we focus on the even k-th Rényi
negativity. We compute the averaged logarithmic negativity
of the random mixed boundary state p,p, that is

En(pag) = E, [Ex(pag)]s (33)

where we use the bar hereafter to denote the random
average with respect to the Haar probability measure u. In
the following sections, we assume that quantum typicality
is reached for our spin network system, such that the
approximation

En(pap) = limlog NV, No(pag)- (34)

n—1

holds in the large spin limit. Therefore, getting Ey(paz)
amounts to compute the expected value of the even
momenta of the partial transposed matrix pig. As shown
in [72], such computation is mapped to the evaluation of
partition functions of classical generalized Ising models,
with a Sym,, permutation group element at each vertex and
cyclic, anticyclic and identity permutations as boundary
pinning fields.

III. TRIPARTITE BOUNDARY SPIN
NETWORK STATE

Let us define the tripartition of the boundary into three
regions A, B, and C by dividing the set of boundary edges
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dy into three subsets JdA, 0B, and dC (see Fig. 4).
Accordingly, within the fixed spins setting, the boundary
Hilbert space factorizes as follows

H({)}{a} —QVi® QVi® ® Vi (35)

e€0A e€oB eedC

Starting from the boundary density matrix in (24), via a
trace over the spin numbers in C we get the reduced
(mixed) boundary state

pap(§) = Trc[ﬂay(‘:)]- (36)

We want to measure the quantum correlation between the
subregions A and B via a measure of kth Rényi negativity of
the reduced state, that is

Ni(pap(©)) = Trl(pap(0)"*)"/ (Trlpan(O)])].  (37)

where the denominator in (37) ensures the normalization of
pap(C). Note that the traces above are over boundary
indices.

For p,p(¢) is now a random density matrix, the neg-
ativity measure must be computed in expected value with
respect to the uniform Haar measure y. In the large spin
regime, as the trace concentrates, we can approximate the
negativity by its typical value, which we eventually assume
being expressed as a ratio of expected values of the kth
moment and the kth power of the partition function of

pAE(C). We have

Nk(ﬂAB(é’))z$E:- (38)

FIG.4. {A, B, C} tripartition of an open spin network state. The
boundary edges are dual to the surface of the quantum 3D region.
The boundary spin are attached to virtual vertices, whose color
indicates the different boundary set. Hereafter, we indicate as
C (gray) the environment over which we compute the partial
trace; B (red) the region over which we take the partial transpose;
A (blue) the remaining part of the boundary.

Before dealing with the expectation value, via replica trick
we can linearize the partial transpose matrix as follows:

Tr[(pA%(0)"] = Trlpag(O)® PA(X) ® Py(X™")]
= Tf[ﬂay(C)WPA(X) ® Pp(X™") @ Pc(1)].
(39)

where P;(c) denotes a unitary representation of the
permutation 6, I = A, B, C and X, X! and 1 are the
cyclic, anticyclic, and identity permutations. Specifically,
Po(1) and Pyz(X~') respectively implement the partial
trace and the partial transpose, while P,(X) realizes the
replica trick, namely it allows us to linearize under the
trace. We give in Appendix A a thorough discussion of
the permutation group and all the notions that will be
relevant in the following.

For the linearity of the trace, the average over the random
tensors can be carried out before taking the partial trace.
Then, by (25), we get

20 el 0 (@ TIT))

v

“P4(X) @ Pp(X™") ® Pc(1)

’

Z0 = 1x [p?" ® o2 (®(|fv><fv|)®k> . 40)

v

where the trace here runs over both bulk and boundary
indices and p; = @), |e)(el.

The average of the k copies of the vertex state in (40) by
integration over the Haar measure, results (Schur’s lemma,
see [85]) into the sum over unitary representations of the
permutation group g, acting on the k copies of the single
vertex Hilbert space Bf{)j,-},,’

VI Ew I atv-ys D,—1)!
S C TR L 41
9vESk
with dimension dim(B{, , ) =D, = [];d;:D; .

By performing the average individually on each inde-
pendent random vertex state, eventually we obtain

P2 @ pP* <® > Pv(gv))

v gliesk

Z\" = cTr

Py(X) ® Py(X) ® Pcm)} L @)

where the trace factorizes over the Hilbert spaces of
(a) internal edges, (b) boundary spins, and (c) bulk inter-

twiners, while C = [T, [; L()l?i;i)l!)!

with X and X~! replaced by 1.

] Z((]k> has the same form
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Now, to compute the action of the permutation operators
on the different degrees of freedom at each vertex, we
factorize P,(g,) into three different sets of operators,

Pi}(gﬂ) = P1:.0(g1f) ® ® Pv,i(gv) ® ® Pv,i(gv)v (43)

e, €L el €dy

where P, (g,) acts on k copies of the intertwiner space,
Q.i erPr.i(g,) acts on k copies of the internal links and
®e;ﬂed},Pv.,~(gv) acts on the boundary semiedges, with ¥
representing a virtual vertex which is connected to v by the
boundary edge e¢!;. We have indicated with e/, € L an
internal link which connects the vertex v to the vertex w
along the ith edge.

As a consequence of this factorization, the whole
computation of the trace can be decomposed in three
contributions, respectively for the (a) internal edges,
(b) boundary spins, and (c) bulk intertwiners. The three
contributions are explicitly computed in Appendix B.

The result is that Z(II;)O can be written as

®
ZY;)O _ Ze—Alk,O[{yﬁ}]’ (44)
{9.}
where
o= D Algpgn)logdy, + > Alg,.X)logd;,
el €L e, E0A
+ Z gva_ logdji,
e, €08
+ Y Alg, Dlogdy +A(0) +¢ (45)
e, €0C
and

Pt = > Ag,.gu) logdy,

ey, EL

+ D Alg, T

e, €0y

Jlogd; +A(L)+¢&  (46)

£ being a constant term and

4@ = -tog T f 0€2 (@Putan) ) || @0

is the bulk state contribution. This is obtained from (B16)
by setting Q = V. In (45) and (46), A(g, h) indicates the
Cayley distance on the permutation group between the
permutations g and &, see Appendix A.

Remarkably, for the random character of the network, the
computation of the typical kth Rényi negativity is mapped
to the evaluation of the partition functions of a generalized

Ising Model defined by the action A(lk). The latter describes
a two-body interaction between permutation elements,
which therefore act as generalized spins, attached to the
spin network vertices. These interactions are described by
the Cayley distance on the permutation group and the
pinning fields X, X!, and 1 are permutations attached to
virtual vertices playing the role of boundary conditions.
The strength of the interactions is given by logd, d being
the dimension of the link, semilink or intertwiner space
according to the term we consider. This action prefers
neighboring “spins” to be parallel. This means that in the
large dimension limit, namely the strong coupling or “low
temperature” regime, the dominant configurations that
minimize the action contain large domains separated by
domain walls, which in turn give the energy cost of the
configuration.

Differently from [72], the actions (45) and (46) contain
new terms due to the internal degrees of freedom, i.e., the
intertwiners, that characterize the spin network structure of
the graph. Inserting a bulk state we end up with an
additional contribution to the actions deriving from the
bulk correlations. In turn, these give a relevant contribution
to the analysis of the minimal surfaces.

IV. kth ORDER RENYI NEGATIVITY

We shall now explicitly calculate the kth order Rényi
negativity for boundary spin network states defined by the

mapping

M(p,12) = (lg,) = |9, (). (48)

for a specially simple class of ¢, and |{).

Let us first define the bulk state. We divide the set of the
bulk vertices in a region Q C V and its complement Q. We
shall consider a state |{q) where intertwiners are entangled,
while considering a direct product state for the intertwiners
in the region Q. Accordingly, we define the bulk state as the
product state over the two regions

0 = Ca) ® <®|cp>) M. (49)

veQ

It is easy to see that noncorrelated intertwiners give no
contribution to the Ising partition function, as shown in
Appendix B. The partition functions read

20 =i st @2 (@ W™

vEQ
®® (|fv(€)><fv(é)l)®k> PA(X)
® Py(X) ® Pcm}, (50)
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Z0 =1 {%@p (@2 AR
®Q® (Ify(C)><fv(C)l)®">}, (51)
veEQ

where |f,({)) denotes the contraction of the random single
vertex state with an individual intertwiner state in Q,

=310 {11}®|st ). (52)

{m:}

1F2(8)) = (Lol )

where f,(¢ )B,;]% =>.f {{,’n”} (¢V)* are the coefficients of
the boundary state.

In the region Q, we construct |{q) in terms of products of
maximally entangled pairs of intertwiner states connecting
disjoint couples of vertices v and w with identical sets of
spins {j},, in the bulk. Since each vertex has one
intertwiner index, we cannot have a common vertex
between more pairs, differently from what occurs for the
internal links. Besides this restriction, the choice of the
vertices is arbitrary, depending on the bulk correlation that
one wants to implement. We write

la) = & lew) (53)

(vw)eQ

with

(54)

E \/{—Z|{J}1W7 ® |{]}vw’ >

With the choice of Bell-like pairs of intertwiner (see [86]
for a similar description), the bulk entropy contribution
reduces to

A(‘Q) = Z A(gwgw) IOgD{j},,w’ (55)

(vw)eQ

namely the equivalent of an extra edge contribution to the
action, with two main differences: the bond weight, which
is now given by the logarithm of the minimal intertwiner
space dimension, Dy;, , for each pair (vw) € Q, and the
nonlocal nature of the bond, which can now connect
nonadjacent vertices.

Concerning the spin network state |¢,), we restrict our
analysis to open regular graphs, where all vertices have the
same valence and homogeneous spin coloring, with all
spins fixed to the same value j. Homogeneity in spins
makes all intertwiner spaces maximally symmetric, with
maximal dimension D; = d. This implies that edges
and intertwiner Hilbert spaces have equal dimension, that is

dj, =dj =Dy =d. (56)

In the generalized Ising model description, this allows us to

introduce a unique temperature parameter [ = logd for
the whole system and write the action Agk) as
A {g.)) = pral{e. ). (57)

where H;[{g,}] is the Ising-like Hamiltonian. We will
denote with H;[{g,}] and H{[{g,}] the Hamiltonians
corresponding respectively to a tensor product bulk state
(no correlations) and to a bulk state exhibiting link-wise
intertwiner correlations in the region Q. With this notation,
we have respectively

= Algg) + ZA 90:X)

etweL
+ ;A(gv,X‘l) + ;A(gy, 1) (58)

and

=D Algog) + ZA Go-

ey, EL

+) Alg,, 1) +
aC

X)+) Ag,. X!
0B
Z A(g/[)’ gw)' (59)

(vw)eQ

We see that, for large f3, the leading contribution in (44) are
the ones associated to the configuration of permutations on
the graph that minimizes the Hamiltonian.

In the following sections we compute the minimal value
of the Hamiltonians H; and Hf for k =3, 4 for two
examples of open spin network states defined on open tree
graphs with two and three vertices.

A. Open tree-graph with 2 vertices

Consider an open graph y composed by two 4-valent
vertices, v and w, glued by an edge, and a generic
tripartition of its boundary as follows (see Fig. 5).

The vertex v has two boundary legs in A and one in C
and similarly w has two boundary legs in B and one in C;
hence, the corresponding kth Hamiltonian can be written as

Hk = A(gw gw) + 2A(g1/,X)
+2A(g,, X71) + A9y, 1) + Al 1) (60)

If we consider a bulk with entangled vertices in this simple
case, the contribution of A(Q) to the Hamiltonian consists
in an additional A(g,, g,,) local internal edge contribution
(see Fig. 6). The kth Hamiltonian for the correlated case
reads
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FIG. 5. Tripartion of a tree graph with two vertices.

chc = ZA(gvs gw) + 2A(g1nx) + ZA(gW’X_l)
+ A(g,. 1) + A(gy. 1) (61)

In the following we discuss the values of H; and H{, for
k=3 and k = 4.

1. Order k=3 minimal Hamiltonians

In order to determine the minimal value of Hs, we study
the energy cost of each configuration of generalized spins,
for given graph and boundary conditions. Generally, we
expect dominant configurations minimizing the action to
correspond to a tripartition of the spin domains, with
boundary condition percolating in the bulk up to a shared
domain wall.

In the tripartite case, however, interesting new equilib-
rium configurations are associated to the emergence of an
extra spin domain, corresponding to set of vertices labeled
by permutation elements that are simultaneous geodesics for
the Cayley metric between any pair of the permutations 1, X,
and X! (see Appendix A; a detailed discussion can be found
in [72]). Being geodesics, the permutations in 7 naturally
minimizes the energy cost given by the Cayley distance
whenever the 1, X, and X' elements meet, creating an
energetically favorable bubble. Such domain is absent in the
case of pure bipartite states previously studied in [24].

For the simple graph under study, with &k = 3, we can
have three geodesic configurations given by the three swap
operators Sy, S»3 and S;3 (corresponding to the non-
crossing partitions of S3, see Appendix A). We denote by 7
the generic geodesic element. Using the results in (A14),
we then compute the value of the Hamiltonian of the
configuration with swap operators in the bulk vertices v and
w. From (A14), we get

A(1,7) = 1
AX,7)=AX 1) =1

These permutations define the new geodesic transition
domain, that we label by T. Hence, we have that g, =
gy =7—>v,weT and

Hy =2A(7, X) +2A(7, X ) +2A(7, 1) =6 (62)

FIG. 6. Tree graph with two vertices and a pairwise correlation
between the intertwiners.

For the simple graph under study, the 7 domain fills the
whole bulk, preventing the A, B, C domain walls to enter
the graph (see Fig. 7).

For the same graph, we can repeat the analysis with the
insertion of a bulk intertwiner correlations. Again, we
report the numerical results in Appendix D.

In this case, due to the edgelike form of the bulk
correlations, the effect of the bulk is an increase of the value
of the Hamiltonian for configurations with different permu-
tations on correlated intertwiner pairs. Because of the spin
homogeneity assumption, the pairwise intertwiner correla-
tions contributes to the Hamiltonian as additional domain
wall crossing edges (dashed line in Fig. 6) inside the graph. If
the same permutation is inserted on the two adjacent vertices,
their interaction gives no contribution. Both the edge and the
bulk terms of the Hamiltonian in (59) in facts vanish.

Further, bulk correlations remove the degeneracy of the
minimal Hamiltonian. For instance, we see that if the bulk
entropy vanishes (i.e., there is no correlations between
intertwiners) the minimal value of Hamiltonian (6 in the
example above) is shared by the configurations in (D8)
and (62): in this sense we have a degenerate minimum value
of 'H;. The degeneracy is removed once we insert the bulk
correlations as the second configuration has an higher
energy cost because of the additional edge, crossing the
domain walls between A and B. Similar behavior was
already discussed in [61].

Finally, when the transition domain 7 extends over the
two vertices and the domain wall is pushed out of the bulk
region, the additional link does not cross any domain wall.
The Hamiltonian is left unchanged and it has a unique
minimum.

FIG. 7. Transition domain on a tree graph with two vertices.
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2. Order k=4 minimal Hamiltonians

All the considerations about H3 hold for the case of Hy:
(i) the bulk correlations increase the value of the
Hamiltonian for configurations with vertices in
different domains;
(i) the degeneracy of the minimal Hamiltonian is
reduced by such correlations; and
(iii) the lowest energy configuration is characterized by a
transition domain filling the whole bulk: in this
configuration, the domain walls are pushed out of
the bulk. In the large spin limit, such configuration
gives the dominant contribution of the Ising action.
Looking at our results for k = 3,4, we see how the values
of the Hamiltonian scale both with the number of links
crossing the domain walls and with the order k. In fact, the
same configuration assumes larger and larger values of H,
as the order of the replicas increases. The Hamiltonian of
our generalized Ising model can be written in terms of the
number of edges crossing each domain wall, respectively
denoted as |y4|, |yz|, and |y¢|. Notice that these quantities
include both the graph and entanglement edges. If we
look at the values of H; for each configuration (see
Appendix D), it is possible to verify that (notice hereafter
we focus on k even only)

>

k k
M= (5= 1)l +lra) + 5l keven (6

The partition function Z, is dominated by the lowest energy
configuration term

7 =3 e M e, (64)
{9.}
which is unique when we have bulk correlations. We write
the Rényi log negativity as
log N, = log ng) —log Z(()k) (65)

Looking at Hy = >, A(g,, 94) + >_5, A(T, g,), We notice
that its minimal value is 0, corresponding to the configu-

ration with all vertices labeled by the identity permutation.
Then

log N, = log ng) = —,BHE(min) (66)

Eventually, the log negativity is given by the analytic
continuation of the logarithm of the even momenta. We get

log\V = limlog Ny, = —plimHy,
k—35 k_’i

1 1
= 5(|7A\+\73|)—5|7c| (67)

The entanglement of the boundary random spin network
mixed state p, 5 scales with the areas of the domain walls of
the dual generalized Ising model, corresponding to minimal

energy configurations. The measure of log negativity
depends on the local correlation structure only in relation
to the connectivity of the graph, which necessarily plays a
role in defining the minimal energy configurations. On the
other hand, the area scaling is directly affected by the bulk
correlations between intertwiners. A similar behavior has
been pointed out in recent works [58,61] regarding 2nd
Rényi entropy for a pure bipartite random spin network.
Note that since we are dealing with the trivial case of a
homogeneous spin network with edgewise intertwiner
correlations, the extra contributions to the area law (63)
are hidden in the increased values of the domains, while the
correlations become effective additional connectivity.

The form of our results is consistent with the behavior
obtained for random tensor network in [72], where the
right-hand term of the (67) is interpreted as the guantum
mutual information I 4. g of the two subsystems. In our case,
the domain of the third region is yc = (y4 U yp)° = 7ap
and we have the equality p|yc| = Sup. The effect of
inserting quantum correlations among intertwiners is the
removal of the degeneracies of (™" and the appearance
of the intermediate region (the transition region T) filling
the bulk. Since y is the complement of the two remaining
boundary regions, the log negativity can be written as the
mutual information between A and B. In this terms, the
typical value of the log negativity is given by

- 1
log N yp = 5 [Sa + Sp — Sag]- (68)

B. Open tree-graph with 3 vertices

We now move to the slightly more articulate case of an
open tree-graph with one extra vertex. This setting allows
us to consider the effect of nonlocal edgelike correlations in
the bulk.

Consider a graph y composed by three 4-valent vertices
x,y, and z, with tripartite boundary conditions as pictured
in Fig. 8.

The uncorrelated Hamiltonian is
Hi = A(gx.9y) + A(9y.9:) +2A(9:. X) + A(gy. X)

+A(ge 1) +A(g,, 1)+ A(g.. 1) +2A(g.X71) - (69)
If we insert local correlations between adjacent vertices
(xy and yz equivalently, see Figs. 9 and 10) the two
Hamiltonians become
H = 2A(g,.9,) + Algy. 9) + 289, X) + A(gy. X)
+A(ge 1) + A9y, 1) + A(ge. 1) + 2A(g. X 7).
(70)
HY = Algeegy) +2A(9y. 92) + 289, X) + Algy. X)
+ A0 1)+ Algy, 1) + Alg:, 1) +24(g:, X7).
(71)
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FIG. 8. Tripartition of a tree graph with three vertices.

The neat result is an increase of the local connectivity of
the graph, while the Hamiltonians do not get new terms.
Differently, by inserting nonlocal correlation between the
intertwiner in x and z, the Hamiltonian is modified by the
new term A(g,, g.) (see Fig. 11).

We get

M = A9y gy) + A9y 92) + Mg 82)
+2A(gy, X) + A(gy, X) + A(g,, 1)
+ A(gy. 1) + A(g,. 1) +2A(g,, X71). (72)

Despite the minimal change made to the graph with respect
to the previous case, we now find many more spin
configurations of interest. In Appendix D we report the
examples of the low energy configurations which are very
close to the minimal value of the Hamiltonian and the
degenerate configurations of the latter. Using the relations
on distances in (D6), the value of the Hamiltonian is easily
calculated. Once again, as an explicit example, let us look
at the case of H; for k =3 and k = 4.

1. Order k=3 minimal Hamiltonians

It easy to see that if we insert a local bulk correlation
between adjacent vertices (xy or yz), only some degener-
acies are removed. In fact, consider the case with a bulk
correlation between x and y: the Hamiltonian has an addi-
tional term that increases its value only if the vertices x and y
belong to different domains, i.e., the distance between
the permutations g, and g, is not vanishing. The minimal
energy configurations [reported in (D19)-(D21)] are left
untouched, since the two spin variables in x and y are the
same. The Hamiltonians of (D22) and (D23) must be

FIG. 10. Tree graph with three vertices and a pairwise local
correlation between the intertwiners in y and z.

discussed. As we pointed out, (D22) actually corresponds
to three different degenerate configurations with H; = 8:
the ones with the transition region filling only a couple of
vertices of the bulk, e.g., xy, yz, and xz. The first of these
configurations will have a vanishing contribution from the
bulk link insertion, so one of these degeneracies will not be
eliminated. The same result holds for (D23), since we have
the three cases with the transition region only filling one
vertex in the bulk; it is now clear that the configuration with
z €T and x,y € A will still have H; = 8.

Consider now the other possibile of local correlation, i.e.,
the couple yz. The Hamiltonians of the configurations (D19)
and (D21) remain the same. The Hamiltonian (D20)
becomes

My =8+ AX.X") =10 (73)

Similarly to the previous case, the degenerate configura-
tions with pair of vertices in the transition regions are
partially removed: the Hamiltonians of the configura-
tions with x and y or x and z in the 7 region increase
their value by one, while the other is unchanged. The same
result (degeneracy partially removed) is obtained for the
configurations with the transition region filling only one
vertex.

We insert now a nonlocal correlation in the bulk, that is
an edge between x and z and study the effect of such
correlation on the different configurations:

@) 9«=9,=9.,=1->x,y,z€ C (Fig. 12)

H3=2A(g,.X)+A(g,.X)+2A(g.. X" 1) =10. (74)

FIG. 9. Tree graph with three vertices and a pairwise local
correlation between the intertwiners in x and y.

FIG. 11.
correlation between the intertwiners in x and z.

Tree graph with three vertices and a pairwise nonlocal
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FIG. 12. Three vertices configuration with x,y,z € C.

(i) g, =g, =X, 9. =X > x.y €4,z € B (Fig. 13)

Hs = A(gy’gz) + A(gx’ gz) + A(]]’X)
FA(1,X) + A(LX) = 10. (75)

(i) g, =9g,=g9g,=t—>x,y,z €T (Fig. 14)

Hy =2A(7, X) + A(7, X) + 3A(1,7)
+2A(7, X1 =8. (76)

The configuration with the transition region filling
the whole bulk is unchanged.
iv) g, =X, 9, =9, =7t—>x€A, y,z€T (Fig. 15)

My = 2A(z, X) + A(T, X)
+2A(1,7) + 2A(7, X) + A(X,7) =9.  (77)

V) go=9,=X,9,=7—>x,y€A, €T (Fig. 16)

Hy = A(n.X) + A(r. X)) + AX.7) + A(1, X)
FAEX)+AX L) +AX. 1) =9. (78)

The lowest energy configuration is given in (76). Once
again the dominant term is given by the configuration with
the transition region filling the whole bulk and domain
walls pushed out of the latter.

The same arguments hold for the fourth order
Hamiltonian and give exactly the same results: local
correlations partially remove degeneracies of the lowest
energy configuration while nonlocal correlations tend to
favor equilibrium configurations where the boundary spins
domains are prevented to enter the correlated bulk. As a

FIG. 14. Three vertices configuration with x,y,z € T.

consequence, there is one nondegenerate configuration
with minimal surface area |y;|, which correspond to the
whole spin network boundary surface. In the above results,
we see that nonlocality completely removes all the degen-
eracies between minimal configurations. This is due to the
simplicity of the considered graphs. In more complex
graphs, nonlocality might not have the same effect: by
looking at such nonlocal correlations as additional links
(beside their different nature), the connectivity of the three-
vertices graph we analyzed is such that the additional link
between vertices x and z spreads throughout all the graph,
intersecting the domain walls of both A and B. If we
consider a graph with more vertices, or if we choose a
different tripartition of the boundary, even nonlocal corre-
lations might not be strong enough to push the domain
walls out of the bulk. In these cases, not all the degeneracy
would be eliminated and the minimal energy configurations
could still be found via direct computation of Hamiltonians,
with the foresight of taking into account the number of
degenerate contributions in the statistical model.

In this sense, nonlocal correlations must be further
investigated in graphs with an arbitrary number of vertices
in order to provide a deeper understanding of their role in
the statistical model and their physical interpretation.

V. DISCUSSION

In this paper, we study the entanglement structure of a
class of spin network states describing a quantum patch of
3D space with boundary. We consider a tripartition of such
boundary, and focus on the mixed state description of two
patches A and B, generically disconnected and immersed
in an environment C. We investigate the entanglement
between A and B via a measure of logarithmic negativity

FIG. 13.

Three vertices configuration with x,y € A and z € B.

FIG. 15. Three vertices configuration with x € A and y,z € T
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FIG. 16. Three vertices configuration with x,y € A and z € T.

and its Rényi generalization. Negativity is a measure of
entanglement well defined for both pure and mixed states,
hence suitable for generalizing most recent results on spin
network entanglement entropy from a bipartite to a simple
tripartite system. The introduction of the notion of neg-
ativity from the recent literature on multipartite random
tensor networks (see, e.g., [72]) to the quantum gravity
setting is a first element of novelty of the work.

We provide an explicit calculation of the negativity by
restricting to a class of extremely simple quantum spin
network states. First of all, we limit our analysis to fixed area
and fixed graphs spin networks, corresponding at most to a
truncation of a quantum 3D geometry state, hence disre-
garding all possible quantum correlations involving sums
over the spins, as well as the effect of any graph super-
position. Further, we use the generalized notion of random
spin network and bulk to boundary mapping to engineer a
very transparent structure of bulk correlations for our states.
In facts, we construct the spin networks in two ideal steps.
First, we build what we call a random entanglement back-
ground state, defined by a collection of single random vertex
tensors—dual to randomized states of quantum tetrahedra
with extra boundary spin information—glued together via
maximal entangled edgelike pairs of spins. By taking the
rank of the vertex tensors regular (four) and the value of the
spin homogeneous throughout the graph, the resulting spin
network is a gauge symmetric analogue of a projected
entangled pairs tensor network state (s-PEP TN) with
random nodes. Second, we plug non random bulk correla-
tions on such background via a projection, which realizes a
bulk to boundary mapping procedure. This eventually turns
our random spin networks into the analog of an error-
correcting code, incorporating bulk degrees of freedom in
the boundary and adding the desired bulk entanglement.

Such two levels of construction correspond to two
different entanglement structures of the spin network state
we want to make apparent. The first layer of local
entanglement between spin states located on the network’s
edges involves non-gauge invariant degrees of freedom.
Despite playing a key role in the definition of the spin
network graph connectivity, such entanglement cannot be
measured in a proper gauge invariant setting involving
quantum geometry operators. In this sense, most recent
literature considers this layer of entanglement unphysi-
cal and irrelevant for the entanglement/geometry

correspondence. Here, we shall understand such entangle-
ment layer by considering the edge spins as higher energy
degrees of freedom, coexisting with the single vertex
quanta description of GFT and disappearing once the gauge
invariance has been established and the spin network graph
has formed at some lower energy scale. In this sense, the
ultra-local entanglement layer do contribute to any measure
of entanglement in a spin network as long as it is interpreted
as a resource for generating the connectivity of the spin
network graph in the first place. This is not the usual
interpretation of spin network states, which pertains to a
speculated context beyond the present-day formulation of
LQG or GFT.

The second layer of entanglement consists of the
nonlocal, gauge-invariant quantum correlations between
intertwiners, intended as genuine correlations of excitations
of quantum geometry in the bulk. To keep the bulk
entanglement structure of our states under control, we
define the bulk correlations in terms of pairs of maximally
entangled intertwiner states. This choice eventually allows
us to avoid departures from the holographic scaling of the
entanglement negativity, while making the effect of a
nonlocally correlated bulk apparent.

Concretely, we first compute the typical kth Rényi
negativity for a generic open random spin networks.
Thanks to the random character of the states, the compu-
tation of the averaged kth Rényi negativity is mapped to the
evaluation of the partition functions of a generalized Ising
model, defined by a two-body interaction model between
permutation elements, which act as generalized spins
attached to the spin network vertices. The tripartite boun-
dary conditions are set by the permutations fields X, X!,
and 1 attached to virtual pinning vertices comprising the A,
B, C boundary subregions. For k = 3, we can write the
generalized Ising model for triples of spins, given by swaps
operators at each vertex, by which we parameterize the
symmetric group S3 (in Appendix C). The use of spin
variables for the model allows for a direct comparison of
the similar model for the bipartite boundary entanglement
entropy studied in [62]. For the generic k, we rederive the
approach of [72] which effectively describes the two-body
interaction via the Cayley distance on the permutation
group. This action prefers neighboring generalized spins to
be parallel. This means that in the large spin dimension
limit, namely the strong coupling or low temperature
regime, the dominant configurations that minimize the
action contain large domains separated by domain walls,
which in turn give the energy cost of the configuration.
Differently from [72], the models we define contain new
terms deriving from the bulk correlations between inter-
twiners degrees of freedom. Such correlations give new
relevant contributions to the analysis of the minimal
surfaces. Also, our model is characterized by a priori
different interactions strengths, given by the logarithm of
the dimension of the link, semi-link or intertwiner space
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according to the term we consider. Nevertheless, under the
homogeneity assumption, we end up dealing with a single
(inverse) temperature logd.

For a restricted class of spin network states with support
on two-vertices and three-vertices tree-graphs, we compute
the logarithmic negativity as the analytic continuation of
the kth Rényi negativity, for even k = 4. We find that the
logarithmic negativity is nontrivial whenever the entangle-
ment wedge of A and B are connected in the bulk.
Differently from the bipartite case, where the two entan-
glement wedges always share a unique extremal surface in
the bulk, in the tripartite case, the appearance of a transition
domain depends on the degree of nonlocality of the bulk
correlations and generically on the effect of the environ-
ment C. Whenever such environment is not too big, for any
(even) k, the negativity is nontrivial and it displays a
holographic scaling given by the formula,

_ 1 1
logN = p 5(|7A| + [75l) —5|7c| : (79)

This is a natural generalization of the RT formula for the
entanglement entropy of a pure bipartite state p,p.

In particular, we see that the bulk intertwiner entangle-
ment generally increases the negativity of the boundary by
favoring the formation of transitory regions in the bulk,
while at the same time tends to break up the holographic
behavior. In our setting, we do not see the deviation from
the area scaling, just due to the special form of bulk
correlations considered, defined by Bell-like pairs of
intertwiner states. In this case the effect of the bulk is
limited to an increase of the value of the minimal domain
wall surfaces in the bulk.

Further, in the cases of two and three-vertices tree-graphs,
we find that the dominant configurations always correspond
to the appearance of transition domains 7', which englobes
the whole bulk, hence preventing the A and B domain walls to
enter the network. For such configurations, we identify the
domain C as the complementary boundary region to the
union of A and B, thereby identifying typical log negativity as
half of the quantum mutual information between the two
subsystems A and B. In particular, such configurations are
unique, while in general the expression of the negativity is
corrected by a degeneracy factor.

Despite the very simple spin network states considered,
the obtained results open a series of new instances which
deserve further investigation. First of all, the richer entan-
glement wedge structure which appears in the case of a
tripartite state. By using the dual simplicial description of
our spin networks, we have a first geometric interpretation
of the domain walls emerging in the statistical model as
extremal surfaces, with areas measured by the value of the
spins of the crossing edges. However, we see that max-
imally entangled intertwiner correlations in the bulk can
mimic the same result, while now relating the value of the

extremal surface areas to some effective dimension of the
correlated intertwiner spaces. The latter does not have a
clear geometric understanding yet. The very simplicial
(dual) interpretation of the entanglement wedges involved
in the definition of the mutual information is open.
Nevertheless, we expect the quantum volume of such
wedges to play a role from an information theoretic
viewpoint, for instance in relation to a possible measure
of quantum complexity (see, e.g., [87,88]) for quantum
geometry described via spin network states.

Already a straightforward generalization to more generic
graphs, with a higher number of vertices and some degree
of inhomogeneity in the spins, would allow to investigate
the richer entanglement phase diagram appearing in the
tripartite setting, as a function of the ratios of the dimen-
sions of the three subregions A, B, and C, along the lines
of [73]. For a bipartite random open spin network system,
the entanglement entropy follows the Page curve [61]. In
the tripartite case, the Page curve is modified due to the
presence of a third subsystem C. Typically, one finds that
the Page curve admits a plateau in the intermediate regime
where the log negativity depends only on the size of the
system but not on how the system is partitioned [73]. In our
setting, the result in (68) can be interpreted as a con-
firmation of such a plateau regime for the spin network
framework. Having larger graphs with bigger environment
C degrees of freedom would further allow to study the
vanishing of the entanglement of the two A, B patches due
to the large dimensionality of the region C. Moreover, a
different factorization of the spin network Hilbert space, for
instance with bulk curvature degrees of freedom playing the
role of the C environment, would allow us to describe the
degree of thermalization of the boundary system (the AB
reduced state) as a function of the dimension of the bulk
environment. In this sense, the tripartite setting seems to
provide a natural minimal framework to further investigate
the very notion of quantum black hole in nonperturbative
quantum gravity from an information theoretic viewpoint
(see, e.g., [89-93] for a diverse set of ideas in this sense).
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APPENDIX A: PERMUTATION APPROACH

The permutation group plays a crucial role in the
computation of the kth Rényi negativity via statistical
mapping. We briefly recall some useful definitions and
tools regarding this group that have been used in the
derivation of our results.
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1. Permutation group

The permutation group of order n, S, is a finite group of
cardinality n!. Each element ¢ € S, is defined to be a
bijection of a given set M to itself, i.e.,

oliy=j Vi, jeM. (A1)

There are different notations to represent a permutation.
We use two of them: the first one is Cauchy’s two lines
notation, which is very practical in the calculation of the
composition of two group element; the second one is
the cyclic form, which turns out to be very useful in the
calculation of the cycles and of the Cayley metric that we
define later. In particular, Cauchy’s two lines notation
consists in writing two rows. Say ¢ € §,, is a permutation
acting on a given set of n element {x, ..., x, }. In the first
row we list all the element of the set. In the second row we
write the image under the permutation below each number,

that is
X1 X2 e Xy
o= .
o(x;) olxy) ... o(x,)
For instance a particular permutation of the set {1, 2, 3,4}
can be written as

1 2 3 4
o = .

2 4 3 1
In the cyclic notation, we write in round brackets the chains
of numbers such that the second one is the image of the first
one, the third element is the image of the second on and so
on. For example the previous permutation is written as

(124)(3) where (3) is a trivial cycle because it is left
unchanged by the permutation.

(A2)

(A3)

2. Geodesics on permutation group

Permutation group is equipped with a natural metric that
plays a key role in the generalized Ising model described in
Sec. III. In the computation of the negativity, the mini-
mization of the action of the statistical model requires to
study geodesics on permutation group. In particular, we
focus on the class of permutations that are geodesics
between the identity, the cyclic permutation and its
inverse [72].

Consider a permutation g € S;, we can define the length
of g as the minimum number of swaps to get g starting from
the identity. For example in S5 the permutations (12)(3) and
(123) have respectively length 1 and 2. Similarly we can
define the number of disjoint cycles of a permutation as
x(g) = #(cycles). The permutation (12)(3) and (123) have
respectively 2 and 1 cycles. By this example it is easy to
see that

1(9) +x(9) = k. (A4)
We can thus introduce a natural metric, given by
A(g.h) = 1U(g~"h) =k —x(g"'h). (AS)

As mentioned before, we will be interested in studying the
distance between 3 particular permutations of S;:

1
X = (12...k),
X! = (k..21). (A6)

Since both lengths and cycles are easy to calculate for these
permutations, we can immediately obtain the distances
between them:

A(1,X)=k—-1, (A7)
A(T],X‘l):k—l, (A8)
k—1 Kk odd,
A(X, X1 = { (A9)
k—2 keven.

A set of permutation (g;,¢,,...g,) is a geodesic on the
permutation group if

Ag1.92) + A(g2. 93) + -+ + AGue1. 9n) = A(91. Gn)-
(A10)

The set of permutations that are on a geodesic between
1 and X, ie., A(T,9) +A(¢,X) =A(1,X)=k—1, is
known to be in bijection with the set of noncrossing
partitions of the set [k] = {1,2,...k}. A NCP is a set of
nonempty pairwise disjoint subsets called “blocks,” such
that no two blocks cross each other: consider the following
permutations in Ss

g=(1)(25)(34), h=(1)(24)(35). (A11)
These permutations can be diagrammatically drawn
as We can see that only (1)(25)(34) is a noncrossing
pairing. These permutations can be diagrammatically
drawn as shown in Figs. 17 and 18. The number of
NCP of S, is given by the Catalan number:

€= Ivew) = 1 (2
£ Ck+1\ k)

We will use this information to obtain the set of permu-

tations that are simultaneously geodesics for the three

(A12)
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distances (A9). Namely we are looking for the permuta-
tions such that:

A(l,7) + A(r.X) =k —1
A7) + A, X ) =k—1

(A13)
k—1 kodd
AX,7) + A(r, X7 =
k—2 keven.
These conditions are equivalent to
k
A Hs = |5
.9= 5]
- k
A(X,7) = A(X,7) = fﬂ ~1,  (Al4)

where L%J and |’§'| represent respectively the floor and
ceiling functions. By solving these conditions, it is possible
to prove that 7 is on the geodesic only if it is a permutation
corresponding to a noncrossing partition of the set [k]
containing only blocks of length 2 plus a single block of
length 1 if k is odd. We call this set noncrossing pairings
NC, (k) and its cardinality is denoted by a;. For even k
there exists a bijection NC, (k) <> NC(%), and for odd k we
have a; = ka;_,. Thus we can calculate cardinality in the
two different cases

kC% odd
= , AlS
U { Cé even (A1)
whose limit for k — 1 is given by
li Loodd Al6
e S even’ (A16)

This detailed discussion of permutations properties pro-
vides a quick recap of all the mathematics we need to
develop a statistical model for Rényi negativity. Indeed,
there exists an alternative way to describe this class of
states. Following the previous works on random spin

1 2 3 4 5

0

FIG. 17. Diagrammatic representation of permutation (1)(25)(34).

FIG. 18. Diagrammatic representation of permutation (1)(24)(35).

network [61,62], we can consider a reference state |0) €
‘H and consider all the states that can be obtained acting
with a unitary operator. Negativity exhibits a natural
internal symmetry related to the permutation group. So it
is natural to consider the unitary operator acting on the
reference state as a unitary representation of the group S,,.
Since we are interested in ensemble averaging for induced
mixed states, we can consider a preliminary example to see
how permutations arise in the calculation [85]. Consider a
bipartite system

H:HA ®HB’ (A17)
described by a density matrix p. Tracing over B we have an
induced mixed state. If we calculate the average over a
copies of p,, since trace and averaging are commuting
operations, we get

P = Try ) (w[®). (AI8)
Group averaging is given by the sum over all the possible
permutations acting on « copies of the system, so:

E o ZTESagTATr[gTB]

Pa ZTESaTr[gT] ’ (Alg)
where 7, and 7p are permutation acting only on the
subsystems A and B. The trace of a permutation is easy
to calculate since it is equal to the dimension of the Hilbert
space (d4 or dp) to the number of the cycles y(z). So the
denominator becomes:

ZTY[QT] = Z(dAdBV(T)

T

(A20)

This quantity can be summed exactly: the number of
permutation of a element with k cycles is given by the
well-known Stirling number of first kind [}]. Since we are
interested in the regime of large dimensions, only the
permutation that maximizes y(z) will contribute at lead-
ing order. This permutation is the Identity, i.e., the only
permutation of S, with a cycles. Thus the denominator can
be approximated to (d,dp)”.

APPENDIX B: MAPPING RENYI kTH
NEGATIVITY TO GENERALIZED
ISING MODEL

In this appendix we show the detailed calculations for the

partition function Z&k) in (42). We will derive the explicit
form of the actions with a particular bulk state |) which
however is easily generalized to a generic state. We will
write the state |{) as
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) = [t) ® (®|¢@.>) (B1)

veEQ

Q C Vand Q U Q = V. The intertwiner degrees of freedom
in Q will not enter in the trace computation. To see this
observe that

150 =D {ibe ) (B2)
gives
1£0(8)) = (Culfo)
= Z{Z} P (@) @i i) o (73, {712
{m)

where f(0){)} =3, f}i',,}},@f"h*. Now [f,(¢)) are random
states and with the randomization we get

o (D=1
[E[(|f1/(z.:)><fb(§)|) ] (Dm +k—1 gLGZSAPm 91
where
P01gL ®P1zg@®®P1zg@ (BS)

el €L el - €dy

and Dy, = [[;d;» = Dl()—j} Therefore we see that the bulk

intertwiners that get contracted with a state |¢,) € Q do not

contribute to the trace. )

Keeping this in mind, the partition function Z\° can be
written as
2 = ered ot @ o2 (@ W70
X (fu(C)><fv(C)l)®k> PA(X)
® Py(x) ® Pcm)}, (B6)

D,—1)! (Dyy—1) .
where C = (HDGQ e 1 Do) U ea Daf+k 1)) This trace

factorizes over (a) 1nterna1 edges, (b) boundary spins,
and (c) bulk intertwiners degrees of freedom. At each
vertex, the sum over the permutation operators factorizes
according to the product structure of the single vertex
Hilbert space. Thus, the computation of the trace defining

the averaged partition function can be decomposed in three
contributions, following [72], as follows
(i) Edges contribution

R Y Py(gy)}

v G esk

= ZTr |6UW 1,W| ®k

{90}

_ Z H d—k+)( 9" 9w)

{9} el eL

:Z H d:A(!/w.qw)7

{gl'} eiWEL

Tr, [P%k

( v l(gv) ® Pw,i(gv))]

(B7)

where the term d]"‘ comes from the normalization of
the link states |e’),).
(ii)) Boundary contributions
We can rewrite the constant C as C =

[Tea D7 (1+ O(D‘l))] [T.ea D5; (1+0(D3)))].
Taking the term d‘ out of D‘k and D,, for the

boundary contnbutlons for dA we get

<Hd;k> TfaA [ <ZP1; 9o ) ® PA(X>1|
vEA €,;€0A \g,€S,

_ (vgdﬁ{«) T 3 TroalPui(g,) ® Pa(X)]

el E0A 9,ESk

:Z H a7 )

{9,} ¢!, €0A

=>4

{g,} oA

Similarly, for 0B and dC, we have

(el 2, () v

DO
{9,} 9B
(2 @ (grim) e
=S I (B10)

(B9)

(ii1)) Bulk contribution
The contribution of the bulk to the partition
function is
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ZTrg{ICg Cg|®k<®ongL )} B11)

{g} vEQ

which depends on the form chosen for the bulk
state |{q).
®) ag

Putting these terms all together, we can write Z,

Z(lk) — C/Z{( ]m gl 9w ) < H d‘ gl )
{9,} el EL el €0A

—A(g,,,Xil) A(ﬂw“)
' ( H djr ) < H djs )
el €oB e, €0C

oo Kool @Pulan )|} 12

where C' is another constant whose value is not relevant

since it will be simplified. Indeed, Zék> will have the same

form of (B12) but with X and X~! replaced by 1.
Finally, we can write these partition functions as

1/0 Ze 1/0 {gu}] (Bl3)
{9,}
where
Y1} =Y A(gy.9.)logd,;,
el €L
+ Y Alg-X)logdy + > Ag,.X™")logd;,
e, €0A e\ €08
+ Y Alg,.Dlogd; +A(lg) +£ (B14)
e, €0C
and
Yo} = Algy g logdy,
el €L
+ ) A(g, 1)logd; +A(lq) + & (BIS)
el €0y
£ being a constant term and
A(ca) = =g Tra Ica) ol ( @ Prola) ) } | (B16)
VE

is the bulk state contribution.

APPENDIX C: STATISTICAL MODELING
OF N; USING SPINS

1. Setup

We here show an alternative way of dealing with the
computation problem for the third order negativity which is
more similar to what some of the authors have previously
done [62]. To do so, we will parametrize the symmetric
group S5 using swaps operator, namely

S3 = {1]7512,513,52315125137512523}- (Cl)

Here, the combination S1,573 is the cyclic permutation X
while §1,5,3 = X~!. The boundary of the graph will always
be divided in three regions: C will be traced to obtain a
mixed state and we will compute the correlations between
A and B (over the latter we perform the partial transpose).
We want to compute the third negativity momentum of

pas(&) = Trc{ps, ()}, namely
my = Try g{E[(pas()"*)’]}- (C2)

The bulk state ¢ is written in the same way as before

0) = Ita) ® (® m), (c3)

thus the intertwiner degrees of freedom that are contracted
with a product state will not give a contribution as before.
Dividing the vertices into the two regions Q and Q we have
from Schur’s lemma

E[(If)(f.1)®] =

D, +2) 25k

D7 ( ) T 1 ﬂES
1

S0
D01 (D()v + 1)(Dd1) + 2) Z

nES;

E[(1f0) (1) %] = (C4)

For v € Q and v € Q respectively. In the above D, =
[lid;D; and D,, =
vertices Hilbert spaces in Q and Q respectively. S? (S%) is a
swap operator acting on the tensor product of three copies

of the Hilbert space of the vertex v € Q (v € Q). The third
momentum can therefore be written as

[I;d;» are the dimensions of the

(C5)

with
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-enfizonr(g 2
-<§327;§3ng)5? .SB sB } (C6)

and Zy = Tr{E[p®]}. In the above, p; gives the contri-
bution from the bulk insertions and, for bulk states of the
form (54), it will give the same contribution of the p; term,
just computed, in general, on a different set of vertices,
Pro =By |€4w) (€l Clearly, for the swap operators on
the vertices we have a factorization over the degrees of
freedom

=529 @ Si'® & Sy (C7)
el EL el edy
and
SP= Q@S e® ® Si. (C8)

el €L el eoy
2. Explicit computations

We now assign a spin variable to each of the three swap
operators, namely o} to S15, 0, to S13, and o3 to S,3, so that
we can rewrite the trace in (C6) as

ey {m (| ® s
{a}’ el €L 0" =—1

el EL ot =—1

Z,—CZTr{p&Z@p ( ® S >( X S>
7} vEQ o]= VEQ 0y =

< ® S>< R 37;2>( R s;g)
veQioy= vEQ:ol=—1 veQ:ol=-1

(8 _ss)stspsnss ) o
where
U;!ZD_ 21+2D )}
LE!;D (1+Dy)) 21+2D53)] (C10)

and {6’} = {5, 6,, 63} stands for all the configurations of
the three spins attached to each vertex, without (1, -1, —1)
and (—1,—1,-1) corresponding to ;35,3 = S1,5;3 and
S128138,3 = S5 that are not to be considered in (C6). This
trace can be factorized with respect to the different degrees
of freedom, therefore

® si)( ®

LR L
ey ELoy=

%)
-1

(e s)(.e ) (.8 %)

Tra},{S 4,58 5B ®< R

eiedyia’l’:—l

Moreover, the three traces above factorize over all the degrees of freedom, therefore

Trp = [] Tre,.

ewEL

Trg = HTrezW,
(vw)

(e si)( e sl (i)
e'€dyioy=—1 e'€dyioi=-1
Try, = [ Tro . (C12)

e, Edy

a. Bulk links and intertwiners

For the trace over L we have to compute

[T Te{(lebeinh® T E“*

e el ij=12,13,23

1
of)1 +5(1 -0} )S“} ®

1 1 ) w,i
{5(1 + o)l "‘5(1 _GZk)Shl;:| }

hk=12,13,23

By computing this trace over all the possible configurations {6}’ we get that there are three possible results, namely d”,

with n =1,2,3.

ow
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To model this trace in terms of a spin action we write the
result as df(”l"”w) with K(6",6") being the most general
interaction term between the six spins involved in the trace.
This will be made up by a constant term, linear terms in all
the spins, pairwise interactions and so on up to six order

interaction terms. If we enforce the symmetry between the
|

exchange of the two vertices, we have 64 parameters in this
unknown function that can be determined by enforcing that
this function takes on the values (1,2,3) we computed
before on the configurations {6}’ and that it is 0 on all the
other configurations (64 equations in total). Doing so
we get

o o 1
K(c',6") = ﬁ{_63 + 0767 (5+4306y) + oY ooy (3 + oy — 116y)] + 11(c% + 0§) + o4[11 + 65 + 96

+ —o¥o} + oloY (3 + 504 — 30y —oyo})| + o511 + 964 + o} — 646} + o]0} (3 + 564 — 304

+—030%)] = 03(11 + 05 + 05 = 90305 + oj0Y (03 -

therefore the trace over the bulk links gives

K {_}l',(_fw
dse 7.
- Jow
e, €L

vw

(C14)

A similar result holds for the bulk contribution from the
intertwiners. Indeed the trace that should be computed is
the same, the only difference being the set over which the
links are considered. Thus for the intertwiners we have

DX, (C15)

Jow
(vw)eQ !

b. Boundary edges

The other trace is given by

[Ire{susististio (@ sif)
e’e()y:dll':—l

e’l',z,edy
( X 13>< X 55‘3’)}, (C16)
e'edyiof=-1 e'edy:of=-1

where the operators S and S” act on the Hilbert space of
the virtual vertex 7. We can model this trace in terms of spin

oy + 3050y —1))]}. (C13)

[
actions by introducing a pinning field i which model the
presence or absence of the additional swap operators
coming from the replica trick. In particular, we have

(1,1,1), veC
=< (-1,-1,1), ve€A. (C17)
(-1,1-.1), veB

To compute the action for the boundary edges, we follow
the same steps as before. Indeed, we can imagine that the
boundary edges link the boundary vertices to virtual
vertices on which the pinning fields are assigned, propa-
gating on the link. Therefore the conceptual framework is
the same of the bulk links calculation in which the
interaction occurs between two vertices. Thus, we compute
the trace over all possible configurations of the spins ¢ and
the pinning fields ji, obtaining as results d;.’;, with
n=1,2,3; then, we write the most general interaction
term G(a, ji) and we enforce that this function vanish on the
spin configurations ¢ = (1,—1,—1),(—=1,—1,—-1) and on
the pinning fields configurations that are not in (C17) and
that it gives the results 1,2,3 that we obtain on the other
configurations. Subtracting the constant 3 coming from
(C10) we get

N 1 i . i . . . , . ,
GG ") = {=159 + 11(ss + 0§ + %) + o + 3ulo] + o} = ofo} + Suiolos - oilo} + o5+

+36Y65 + P4 (=9 + 65 + 36V 4 616%)| + us[11 + 905 + 64 — 650} + o1(3 + 564 — 304 — 646%) + uy(—11+
— 05 — 0} + 906505 + 6! (5 + 30} + 304 + 650%))| — ui[—11 + 56} — 65 + 36V65 + 65(—1 + 964 + 307+
+061065) + p3(11 + 965 + 63 — 656%) + 67 (3 + 505 — 365 — 6505)) + ps (11 + 367 + 65 + 56705+

—03(=9 + 03 + 301 + 0703)) + 3 (113 + 03 + 05 — 0303)) — 0](=1 + 03) + 05 + 30303]}.

(C18)

To simplify this cumbersome formula, we write it as the sum over the three regions A, B, and C and in which our boundary

graph is divided. In particular we have i = (—=1,-1,1), i

regions. Doing so we obtain

= (=1,1,-1), and ji = (1,1,1) respectively for the three
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G(c". ji") = Ga(6") + Gp(6") + Gc(a").  (C19)
where

G, (3") = 1{_13 + o8+ 508(1 - o)
+ollos — 1 —-065(3+03)]}, (C20)

Gp(5") = %{_13 + ot +503(1 oY)
follt—1-abG el (C21)

Ge(6Y) = é{—13 +07(3+4 0%+ 0%) + 505

+ 05 -05(1+0})]}. (C22)

Therefore the trace over the boundary half-links gives

I1 4 5, (C23)
e, Edy
with G(6%, i) = G4 (6") + Gg(c") + G¢(aY).
3. The action
We now write the result as
logms =logZ, —logZy, = Fy, — F}, (C24)
where F; are the free energies that we write as
F;=—logZ; = —log [Ze““f@}, (C25)
{5}

with A;(c) given by — the logarithm of the trace computed
in the previous subsection. In particular we have

Z K(c",6 *W)logD;W

(vw)eQ

+ ZG (6", i")logd;i
vEy

+Y K(5".5")logd;, —¢&

=)

-A,(6) =

(C26)

and Ay(6) has the same functional form but with all the
pinning fields set to 1, v = (1,1,1). £ is just a constant
whose value is not relevant, since in the large spin limit the
dominant configuration for Z; (Z) is the one that mini-
mizes the action A; (Ag), thus we have logm; = A| — A,.
In computing this difference, ¢ cancels out.

In the case of homogeneous spin network, all the above
dimensions are the same, D;.W =d; =di=d=2j+1.
Therefore we can rewrite the action as

A1(3) = BH(G. i), (c27)
with 8 := log d. Since we are in the large d limit, namely the
low temperature regime, the dominant will be the one that
minimizes the Hamiltonian H, while A, = 0. We show this
for the configurations that minimize the Hamiltonian for
the two vertices and the three vertices cases analyzed in the
main text.

For the two vertices case we have that the configuration
that minimizes the Hamiltonian is the one where the two
vertices are colored with the same noncrossing pairing. For
the case k = 3 the noncrossing pairings are given by the
swap operators Si3, Sq2, and S,3. These correspond to the
spin configurations

gv:gw:SIZ: —)v: :( 171’1)
gv:ngslf&: O?u: :(1 -1, 1)
9y = 9w = 823: 6—;} = = (17 1’_1) (CZS)

With this in mind, it is possible to easily compute (C26) to
obtain the value of the Hamiltonian in these three configu-
rations. These give the same value of H = 6 both with and
without the intertwiner link.

For the three vertices case the minimal configuration still
corresponds to the one where the three vertices are all
colored with the same noncrossing pairing (one of the swap
operators) and the value of the Hamiltonian is easily
obtained from (C26) to be H = 8 both with and without
the nonlocal intertwiner link.

APPENDIX D: COMPUTATION
OF kth ORDER HAMILTONIAN

The Hamiltonian associated to the Ising model can be
written as

=D Age-gn +ZA 90 X

e, EL

+Y A(g, X+ Alg, 1),
oB aC

for each order k. Inserting bulk correlations, H, exhibits a
corrective term

= > Alg,.90) +ZA 90 X) + > Ag,. X!
oB

el EL
+D Al D+ D Alge gu)-
aoC (vw)eQ

We can consider the generic boundary tripartition exam-
ined in Secs. IVA and IV B for the case of a two and
three vertices graph, and compute the value of the kth
Hamiltonian for different configurations of the domain
walls associated to the Ising model.

(D1)

(D2)
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FIG. 19. Tripartition of a tree graph with two vertices.

1. Hamiltonian of the two vertices graph
a. Order k=2 Hamiltonians

This case has no particular interest, because of the trivial
features of S5, such as X = X~! and NCP given by only one
permutation, whose domain is actually the same of the
second configuration (Fig. 19). More interesting results can
be found investigating higher orders of negativity, since
X # X~V if k #2. In this case the value of the minimal
Hamiltonian is equal to the number of links that cross the
domain wall. For higher orders such equality is lost, but a
proportionality still holds, thus allowing us to find a
formula that directly relates the value of the Hamiltonian
to the number of links crossing the domain wall.

b. Order k=3 Hamiltonians

The permutation group S3 has 3! = 6 elements

S3 = {“ = (1)(2)@)’512 = (12)<3)’513 = (13)(2),
Sy = (1)(23). X = (123), X~ = (321)}. (D3)

Cyclic and anticyclic permutations are now different. Using
the relations (A9) we can write some preliminary calcu-
lations on the distances:

ALX)=k-1=2, (D4)
ALX ) =k-1=2, (D5)
AX, X)) =k—1=2(odd k). (D6)

FIG. 20. Two vertices k = 3 configuration with v, w € C.

FIG. 21.
w € B.

Two vertices k = 3 configuration with v € A and

We can now compute the Hamiltonian for some configu-
rations emerging from the six possible “spins” that can be
attached to vertices. To lighten the notation, we will only
write the nonvanishing terms of the Hamiltonian.

@ g,=9,=1,-v,we C (Fig. 20),

Hy =2A(1,X) +2A(1, X7 1) =8. (D7)
(i) g,=X,g,=X"'"—>veAwe B (Fig. 21),
Hy=AX, X)) +AX,1)+AX 1, 1)=6. (D8)
Gi) g,=X,9, =1 ->0ve€A,we C (Fig. 22),
Hy=AX, 1) +2A(1L,X ) +A(X,1)=8. (D9)

We can now consider correlations between intertwiners

Hj = 2A(9,. gw) + 2A(9,. X)

+2A(g,. X7') + Alg,. 1) + Alg,. 1) (D10)

and investigate on how the values of the previous
Hamiltonians are modified.
@ g,=9g,=1-0v,we C (Fig. 23),

HS =2A(1,X) +2A(1,X"1) =8, (DI1)

FIG. 22. Two vertices kK = 3 configuration with » € A and
we C.
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FIG. 23. Two vertices k = 3 configuration with v,w € C and
intertwiner correlation.

(i) g, =X.9, =X"' > v e A we B (Fig. 24),
H=2A(X. X" +AX.1)+AX 1, 1)=8. (DI2)
(i) g, =X,g9, =1->veA,we C (Fig. 25),
HS=2A(X,1)+2A(1, X" 1) +A(X,1)=10. (D13)
@) g,=g, =17 — v,w e T (Fig. 26),

HS =2A(7,X) +2A(r. X)) +2A(z, 1) =6. (D14)

¢. Order k =4 Hamiltonians

The permutation group S, has 4! = 24 elements. We can
focus on the set of permutations we are going to use in the
calculation of Hy:

X =(1234) X~ = = (4321) =(1)(2)(3)(4),
t=(12)(34), (14)(23).
A(1.X) = ( X)) =4-1=3,
AX. X =4-2=2,

FIG. 24. Two vertices kK = 3 configuration with v € A, w € B
and intertwiner correlation.

FIG. 25. Two vertices k = 3 configuration with v € A, w € C
and intertwiner correlation.

We can study in detail the cases of the two degenerate
minimal configurations
(i g,=X.9, =X"'>veAwe B Fig. 27),

Hy=AX, X+ AX,1)+AX"1,1)=8. (DI15)

(i) The set of noncrossing pairings is made up by
permutations with two blocks of length two. In S,
there are two NCP, given by S|,534 and S45,3.
Denoting by 7 such permutations we have g, =
g, =7 — v,weT (Fig. 28),

Hy=2A(7,X)+2A(7,X71) +2A(z, 1) =8. (D16)

FIG. 26. Two vertices k = 3 configuration with v,w € T and
intertwiner correlation.

FIG. 27. Two vertices kK =4 configuration with » € A and
weE B.
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FIG. 31. Three vertices k = 3 configuration with x,y,z € C
and intertwiner nonlocal correlation.

FIG. 32. Three vertices k =3 configuration with x,y € A,
FIG. 29. Two vertices k = 4 configuration with v € A, w € B z € B and intertwiner nonlocal correlation.
and intertwiner correlation.

FIG. 33. Three vertices k = 3 configuration with x,y,z €T
and intertwiner nonlocal correlation.

FIG. 30. Two vertices k = 4 configuration with v»,w € T and

intertwiner correlation.

Considering now bulk correlation
() g, =X,9, =X' > veEAwe B (Fig. 29),

Hy = 20X, X7 + A(X. 1) + A(X1, 1) = 10.
(D17)

(i) g,=g9, =7t — v,weT (Fig. 30),
FIG. 34. Three vertices k =3 configuration with x € A,

Hy=2A(7,X) +2A(7, X7') +2A(7,1) =8. (D18) y,z € T and intertwiner nonlocal correlation.

() g =9, =X,9. = X! > x,y € A,z € B (Fig. 32),
2. Hamiltonian of the three vertices graph 9x =9 gz Y £

a. Order k=3 Hamiltonians

@ gx =gy =g.=1.>xy.z€C (Fig. 31), Hs=A(g,.9.) +A(1.X)+A(1.X) +A(1.X™") =8.

Hy=2A(1,X)+A(1,X)+2A(1,X"1)=10. (D19) (D20)
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FIG. 35. Three vertices k = 3 configuration with x,y € A,
z € T and intertwiner nonlocal correlation.

(ii) g, =gy =g. =7 — x,y,z € T (Fig. 33),

Hy=2A(2,X) +A(7,X) +3A(1,7) +2A(z, X 1) =8.

(D21)

(iv) 9. =X,9, =9, =7 —>x€A,y,z €T (Fig. 34),

Hy=2A(7.X) + A(1,X) +2A(1.7) +2A(2. X) =8.
(D22)

The configuration with x and y in T gives the same
value of Hj.
V) ge=9,=X,9.=7t—>x,y€A,z€eT (Fig. 35),

Hy=A(r,X)+ Az, X )+ A(X,7)

FALX)+A(LX)+AX 1, 1)=8. (D23)

The configurations with x or y in T gives the same
value of Hj.
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