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Entanglement is the quantum signature of Hawking’s particle pair creation from causal horizons, for
gravitational and analog systems alike. Ambient thermal fluctuations, ubiquitous in realistic situations,
strongly affect the entanglement generated in the Hawking process, completely extinguishing it when the
ambient temperature is comparable to the Hawking temperature. In this work, we show that optical analog
systems have a built-in robustness to thermal fluctuations which are at rest in the laboratory. In such
systems, horizons move relative to the laboratory frame at velocities close to the speed of light. We find that
a subtle interplay between this relative velocity and dispersion protects the Hawking-generated entangle-
ment—allowing ambient temperatures several orders of magnitude larger than the Hawking temperature

without significantly affecting entanglement.
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I. INTRODUCTION

That causal horizons spontaneously emit pairs of
entangled particles is a deeply fascinating prediction
[1,2] that subtly combines various aspects of physics:
the kinematics of causal barriers, thermodynamics, and
quantum mechanics. As a whole, the Hawking process (as
we generically call this phenomenon, regardless of the
physical system under consideration) is agreed to be a
genuinely quantum process. However, which particular
aspects of this process are quantum, and which are not?
In a classical universe, there are two aspects of the Hawking
effect which would not exist: (i) particle creation starting
from an initial vacuum (i.e., spontaneous emission) and
(i1) quantum-mechanically entangled Hawking pairs.

The first aspect is difficult to recreate, since it is
challenging to completely isolate event horizons; thermal
fluctuations and other sources of stochastic noise are
ubiquitous. This is certainly true for astrophysical black
holes, which are immersed in the cosmic microwave
background radiation (among other sources, such as the
stochastic background of gravitational waves, the cosmic
background of neutrinos, etc.). When embedded in a
populated environment, a horizon emits induced or stimu-
lated Hawking radiation, and it can be difficult to distin-
guish between spontaneous emission (originating from
vacuum fluctuations) and induced emission.

“agullo@lsu.edu
*ajbrady4 123 @arizona.edu
*dkranal @lsu.edu

2470-0010/2023/107(8)/085009(12)

085009-1

What about the second aspect—entanglement? It turns
out that background noise also deteriorates the Hawking-
generated entanglement, even causing it to completely
disappear for sufficiently intense noise. Mathematically,
the core of Hawking’s pair production is a process of two-
mode squeezing (see, e.g., Refs. [3,4]). In other words, the
time evolution induces the following transformation, which
relates creation and annihilation operators of the output
modes to those of the input:

aﬁin) - &5‘““) = cosh rﬁgin) + ¢/ sinh r &gnﬁ’ (1.1)
&éin) - &éout) = cosh r&S“) + ¢'? sinh r &Ein)-}-* (12)

where r and ¢ are the squeezing intensity and squeezing

angle, respectively. In this expression, &Em) (i=1,2)are

the annihilation operators for the progenitors of Hawking

pairs, while agouo labels the outgoing Hawking quanta and

agoul) their entangled partners.

Under the above transformation, the vacuum evolves to a
two-mode squeezed vacuum, in which case each subsystem
is in a mixed thermal state, but there exist quantum
correlations between the subsystems that purify the global
state. If one replaces the initial vacuum by a thermal state of
equal quanta n.,, in each of the two input modes, it is easy
to check that the entanglement in the final state degrades
and disappears for n.,, > ¢” sinh r (see, e.g., Appendix A
in Ref. [5] for details). Hence, when thermal fluctuations
dominate, the squeezer is incapable of entangling the
modes, and the final state is separable. This is a generic
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fact about two-mode squeezing processes—including the
Hawking process of gravitational and analog systems.

The goal of this article it to provide a quantitative
analysis for the impact that thermal noise has on
Hawking-generated entanglement. For concreteness, we
focus on an optical analog system containing a white—
black-hole pair that is moving at a finite velocity (a
fraction of the speed of light) with respect to the lab
frame. One of the main messages of our work is that this
relative velocity introduces a large blueshift, which, in
turn, significantly increases the threshold temperature (as
measured in the lab) at which entanglement vanishes. The
robustness of entanglement to high lab temperatures
originates from (i) dispersive effects of the medium
and (ii) the Lorentz boost between the lab frame—in
which the equilibrium temperature of the thermal bath is
naturally defined—and the comoving frame—in which
the Hawking temperature is naturally defined. We argue
that this is an interesting advantage for optical systems,
absent in other analog systems for which horizons are at
rest in the lab. We also argue that the robustness to thermal
fluctuations has an interesting analogy to gravitational
black holes.

Regarding previous works, the authors of Ref. [0]
identified the fragility of quantum entanglement to ambient
noise and computed a threshold temperature for the analog
Hawking effect in Bose-Einstein condensates (BECs). A
similar analysis was performed in Refs. [5,7] for optical
analog systems assuming the rather unphysical situation of
a thermal bath at rest with the propagating horizons. In
either of these configurations, one does not find the
enhanced robustness that we elucidate in this paper,
because there is no relative boost between the thermal
bath and the horizons. That a relative boost can add
robustness to some aspects of the Hawking process in
optical analogs was pointed out qualitatively in Ref. [8],
albeit with no reference to entanglement.

The rest of this article is organized as follows. Section II
contains a brief summary of the Hawking effect in optical
systems and includes references to more extended treat-
ments where the interested reader can find additional
details. Section III contains the main analysis of the
paper—specifically, a quantitative study of the complex
entanglement spectrum generated in the Hawking process
and how such deteriorates in noisy environments.
Section IV contains a qualitative comparison with the
physics of gravitational black holes. Conclusions and
take-home points are gathered in Sec. V. Throughout,
we adopt natural units in which ¢ = A = 1.

II. OPTICAL ANALOG WHITE-BLACK-HOLE
HORIZONS

This section provides a summary of the Hawking process
in optical analog horizons [8]. The reader is referred to
Refs. [8,9] for further details.

A. The system

Optical analogs [8,10-12] rely on the Kerr effect,
whereby a strong electromagnetic pulse propagating in
an optical medium modifies the local refractive index. In
turn, weak probe waves propagating thereon experience the
perturbed refractive index near the pulse. Probes initially
faster than the strong pulse will slow down when trying to
overtake it, and, for a strong enough pulse, its rear end
becomes an impenetrable barrier [8,13,14]. This is the
analog of a white-hole horizon. Similarly, an analog black-
hole horizon forms in the front end of the pulse. We, thus,
have a pair of white- and black-hole event horizons that
share an interior. We consider here that the material is a thin
fiber and assume symmetry in the transverse y-z plane.
Restricting further to one fixed polarization, e.g.,
along the y axis, the problem becomes effectively one
dimensional [9].

From the perspective of an observer at rest in the
laboratory, the pair white-black hole propagates with
the strong pulse, which moves at group velocity u. The
effective refractive index, therefore, depends on space and
time, n.; = n + én(x, t), where n is the refractive index of
the material in the absence of any pulse and the perturbation
on(x, 1) is proportional to the square of the electric field of
the strong pulse én(x, ) = aE2(t,X). It is more convenient
to move to the frame comoving with the pulse, because, in
this frame, the pulse is static and the refractive index
depends only on the spatial coordinate y = y(x — ut),

where y = 1/V1 —u? is the standard Lorentz factor.
This, in turn, implies that frequencies of weak probes
are conserved. We will denote frequencies in the comoving
frame by @ and the comoving wave number in the direction
of propagation as k(). Because of the spatial dependence
of the refractive index, the wave number £ is not conserved,
and modes of same frequency @ but different wave
numbers k;(w) can mix or scatter; see Fig. 1 for an
illustration.
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event horizon event horizon

FIG. 1. [Illustration of the structure of in, int, and out modes for
an optical analog white-black hole in the comoving frame
(adapted from Ref. [7]). The analog white-black hole is generated
by a strong electromagnetic pulse via the Kerr effect. There are
four ingoing modes (three arriving at the black-hole horizon and
one at the white-hole horizon) and four outgoing modes. There
are two real, propagating interior modes (int modes) between
horizons; the other two modes within this region are evanescent
(i.e., they have a complex wave number).
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For concreteness, we consider the microscopic model
proposed in Ref. [9] (building upon previous work [15]),
which describes a dielectric medium with one Sellmeier
pole (i.e., with a single absorption resonance; see, e.g.,
Ref. [16] for an introduction to optical properties of
dielectric media). The resolution of the dispersion relation
shows that, far away from the pulse, there are four real
allowed wave numbers corresponding to the same @, where
@ < Wy, For very high @, some of the modes disappear
and the analogy to the black-hole spacetime is lost. We
denote these four wave numbers by k;, i = 1, 2, 3, 4 (see
Fig. 1). (The details of the model and the resolution of the
dispersion relation are not needed for the analysis in this
paper, and we omit them for brevity. The reader is referred
to Ref. [9] for further information.) The modes k; and k4
are short-wavelength modes, while k, and k3 are of the
same order as w. The modes k1, k,, and k, are left movers in
the comoving frame (negative group velocity, using the
convention that the white hole is on the left of the black
hole; see Fig. 1). The mode k3 moves to the right. One
important property of the modes is the sign of their lab-
frame frequency sgn(w(®)), where () = y(w + uk),
because it determines the sign of the symplectic norm of
the modes.' The mode k, is the only mode with negative
%) This is crucial to understand the origin of sponta-
neous particle creation.

Inside the strong pulse, two of the solutions of the
dispersion relation become complex; i.e., they are evan-
escent modes in the interior. This is a consequence of the
perturbation of the refractive index induced by the strong
pulse, which modifies the dispersion relation near the pulse.
Complex wave numbers correspond to modes that fall off
exponentially. We are, thus, left with two propagating
modes in the interior; they are labeled as k" and kM in
Fig. 1. These interior propagating modes move to the left
toward the white hole, as expected, since they have support
in the common interior of a black and a white hole.

If the system is illuminated with a (ingoing) wave packet
sharply centered at frequency w and which has contribution
from only one of the four possible wave numbers k;, the
scattered (outgoing) wave will be a wave packet centered at
the same frequency @ but will have contributions from all
possible wave numbers. When the dynamics mixes modes
with the same sign of their symplectic norms, we have a
simple scattering process; i.e., intensities of the incoming
modes get distributed among the outgoing modes, but the
total intensity is conserved. However, when modes with
different signs of their symplectic norm mix (e.g., a positive

'In general, for all complex solutions f(¥, ) to the equations of
motion, the symplectic norm is defined from the symplectic
product via (fy.f2) =i [y d®Zn*(f1V,f2—V,f1f2), where
@’ is the volume element of the equal-time hypersurface X
and n* its future-directed unit normal (see, for instance,
Refs. [17,18]).

norm mode and a negative norm mode), the process
classically corresponds to an amplifier, in the sense that
the scattered waves generically are more intense than the
incident ones (with energy supplied by the strong pulse,
similar to how the mass sources Hawking radiation in
semiclassical black holes). Quantum mechanically, a scat-
tering process between two modes is described by a beam
splitter, while an amplification process corresponds to a two-
mode squeezer. Two-mode squeezing creates entangled
quanta. Thus, for the optical analogs, any scattering process
involving the k; mode (the only mode with negative norm)
will generally lead to the creation of entangled pairs.

B. Formalism

In a previous work [7], we have solved the dynamics
of the system numerically—again, using the model in
Ref. [9]—and derived the evolution matrix describing
the dynamics (see Refs. [13,14,19-28] for numerical efforts
in similar systems). The evolution takes a simple form in
the Heisenberg picture, as we now describe. Since comov-
ing frequency w is conserved, it suffices to focus on one
frequency at a time. For each frequency w, there are eight
total asymptotic modes—four ingoing modes moving
toward the horizons which scatter to the four outgoing
modes moving away from the horizons; see Fig. 1.

Let us denote by &}f and &}:T the annihilation and
creation operators, respéctively, for wave-packet modes
peaked at each of the four ingoing modes. From them, we

. . A — 1 in ~inf
can construct canonical pairs le_ =7§(ak[ +akl_ ) and
D o— i in _ ainf :
Py = _ﬁ(aki —ay'). We collect these operators in a

(column) vector:

k(in) = (Q(in)’ P]((i]n)’ Ql((izn), i,(in)’ Ql(in), p(in), ~ (in) i)]((in))'l'.

>~

If we denote by R (©u) the vector similarly constructed from
the outgoing modes, Heisenberg evolution can be recast as

an expression for R©™ in terms of R™. Although the
existence of optical horizons originates in nonlinear optics,
the evolution of weak probes is well approximated by
linear equations, with the nonlinearities induced by the
strong pulse all encoded in the optical properties of the
medium, in analogy with the quantum field theory in
curved spacetimes used in Hawking’s original derivation.
This implies that the relation we are looking for can be
written in matrix form as

RO = SR (2.2)
where the 8 x 8 matrix § contains all the information about
the dynamics of the system. Furthermore, due to the
linearity of the system, the matrix S can be obtained by
solving the classical equations of motion. In other words, S
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contains the Bogoliubov coefficients between in and out
complex solutions to the equations of motion.

In what follows, we shall focus on a special class of
states, Gaussian quantum states (e.g., ground states of
quadratic Hamiltonians, coherent states, etc.), as these are
easy to generate and manipulate in the lab. Moreover, it can
be shown that linear dynamics [i.e., Eq. (2.2)] maps
Gaussian states to Gaussian states. We use many efficient
techniques for dealing with Gaussian states and refer to the
reader to our previous work [5,7] and Refs. [29,30] for
further details about these techniques.

Gaussian states are completely characterized by their
first and second moments (similar to multivariate Gaussian
probability distributions). The first moments are codified in
the vector u = (R), while the second moments are con-
veniently encoded in the covariance matrix

o'l = ({R' —p', R - p'}), (2.3)
where the expectation value is computed with respect to the
quantum state under consideration (either pure or mixed)
and {-,-} denotes the symmetric anticommutator. For a
Gaussian state, rather than working with a density operator
p, we can equivalently describe the state by a pair (¢, ).
For linear systems, evolution preserves the Gaussian
character of the state, and the relation between the in
and out states is given by the matrix S discussed above:

ﬂ(out> — S .ﬂ(in)’ (24)

6 =§ .50 . 8T (2.5)

Our primary focus in this work is on entanglement in
optical analogs. To quantify such, we use logarithmic
negativity (LN) [31,32]. This is an easily computable
measure of entanglement for pure states and mixed states
alike. It is based on the positivity of partial transpose
criterion for separable states [32]. This is a necessary
condition for separability and tells us that, given the
density matrix of a bipartite system p,p, the operator
resulting from transposition with respect to one of the
subsystems (also known as partial transpose) must be a
positive operator if p,p is separable. Note that this
property does not depend on the concrete basis used to
compute the partially transposed operator. In simple
terms, a nonzero value of LN implies the existence of
entanglement (or nonseparability). However, the reverse is
not generically true—some entangled states have zero LN.

For Gaussian quantum states, the value of the LN has an
operational meaning as the exact cost® that is required to
prepare or simulate the quantum state under consideration

The cost refers to exchange of a “currency”—which is
entangled bits, or ebits—where 1 ebit is equal to the entanglement
contained in one Bell pair.

[33,34]. It is also an upper bound for entanglement that can
be distilled from the system through local operations and
classical communications. Importantly, when restricting to
Gaussian states and when one of the two subsystems is
made of a single mode, the LN is greater than zero if and
only if the state is entangled—regardless of the size of the
other subsystem—and is larger for states with more
entanglement. In other words, the LN is a faithful quantifier
of entanglement for 1 versus N mode bipartitions [29,30].
We later apply this technical fact to optical event horizons
to find physical lab temperatures at which entanglement
between subsystems vanishes.

For Gaussian states, the LN can be obtained directly from
the covariance matrix. Given a system A of N modes and
system B of M modes occupying a Gaussian quantum state
pap With covariance matrix 6,5, the LN can be computed
from the symplectic eigenvalues 7; of the partially trans-
posed covariance matrix 6,5 = (I, ® Tg)osg(Iy ® Tp),
where Tp = @7, (%) (see Refs. [29,30] for further
details):

M+N

LN(pap) = Z max [0, —log, (Z,)]. (2.6)

C. Analytical description of dynamics

To finish this summary, we consider a convenient way of
describing the dynamics of the optical system under
consideration. In previous works [5,7], we showed that
the scattering process of the four ingoing modes to the four
outgoing modes can be accurately described by a specific
combination of two-mode squeezers and beam splitters; see
Fig. 2. Each squeezer is associated with Hawking particle
production from either the black-hole horizon or the white-
hole horizon, which originates from scattering of the modes
k, and k4 to the modes k; and k3. Since k; has negative
symplectic norm, this scattering process is described by a
two-mode squeezer. Each beam splitter describes the
scattering between the modes k, and k3 (and results in
graybody factors). In realistic situations, such mixing is
extremely weak and can be neglected, but we maintain this

(i) . (out
@, —> _1 —al®

~(in) S H

~(out
ay, (out)

>0
4

(in)

al" MO

akz

~(in
al(c " ) a’((osut)

FIG. 2. Symplectic circuit of the Hawking process for an
optical white-black-hole pair (adapted from Ref. [7]). The
two-mode squeezer (blue box) and beam splitter (gray rectangle)
on the left correspond to the black hole, while the elements to the
right correspond to the white-hole horizon.
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TABLE I. Comoving wave numbers k; and lab frequencies a),g_ab) for three representative values of the comoving frequency w. All

quantities in units of the Hawking temperature Ty = 4.6 x 10™* PHz (in Kelvin, Ty = 3.51 K). The numbers here are for a refractive
index perturbation with ény = 0.05 and D = 6 fs, for which u = 0.41.

® (ky, @) (kys 02) (k3. 0) (kg 0)

107! (—1.62,-.737) x 10* (—1.41,.459) x 107! (1.15,.530) x 10 (1.62,.737) x 10*
1 (—1.63,-.739) x 10* (—1.41, 459) (1.15,.530) x 102 (1.62,.735) x 10*
10 (—1.68,-.761) x 10* (—1.41,.459) x 10 (1.15,.532) x 103 (1.56,.709) x 10*

scattering in our analysis for completeness. The mixing
between modes k, and k; (and likewise for modes k, and
k4) is negligibly small, due to the large differences in their
wavelengths (see, e.g., Table I).

Taking all this into account, the evolution from the
ingoing to the outgoing modes can be described by the
circuit in Fig. 2—we call this a symplectic circuit because it
is constructed from simple symplectic transformations
[5,7]. From the symplectic circuit, it is straightforward

|

(1 + cos?sinh?ry)I,

—cos @sin@sinh rye, cos?6I,

S p—
WB sin 01,

cos@sinhrye,

—cos?0 cosh ry sinh 76,

where the subscript WB refers to a “white-black” hole, I, is
the 2 x 2 identity matrix, and 6, is the Pauli-Z matrix. The
squeezing intensity ry is a function of frequency, and, for
physical setups where the analogy with the Hawking effect
is on firm ground, ry (@) = arctanhe=®/Tn), where T}, is
the Hawking temperature associated to the event horizons.
The angle 0 is also frequency dependent and is related to
the graybody factor I' (typically introduced to describe
classical scattering in the Hawking effect of black holes)
via " = cos? 6. The scattering matrix Syp assumes that the
strong pulse generating the horizons is symmetric, which
amounts to saying that their Hawking temperatures and
graybody factors are the same. (It is straightforward to drop
this assumption, though.)

D. Physical setup

In our numerical simulations, we model the perturbation of
the refractive index by a sech profile of the form
&n(x, t) = 8ng sech®("=“). This is a common and conven-
ient choice [8,10,14]. In this expression, u is the group
velocity of the perturbation caused by the strong pulse, which
can be obtained from the refractive index of the crysta1,3 and x

The self-Kerr effect introduces perturbations on the pulse
itself and can lead to higher-order corrections.

cos@sin@sinhryo,

—cos@sinfcosh ryl,

to write an analytical expression for the evolution matrix of
the system S in terms of the parameters describing the
squeezers and beam splitters; see Appendix A for details.
Such parameters can be extracted from numerical simu-
lations. The circuit in Fig. 2 and the analytical expression
for § are extremely useful to understand many aspects of
the physics of the system. The full scattering matrix
describing the transformation from the four ingoing modes
to the four outgoing modes is

—cos@sinhrye,  cos?dcosh ry sinh 16,
sin 61,
0 cos@coshryl,

(sin?@ — cos?@sinh?ry )1,

—cosdsinécoshryl, (27)

cosfcosh ryl,

[

and ¢ are spacetime coordinates in the lab frame. This
profile depends on two real positive numbers, Jng
and D, which determine the amplitude and width of the
perturbation, respectively. The position of the horizon yy in

comoving coordinates is determined from the condition

v(gw) (& — 0) = 0, where ygco) (w — 0) is the group velocity

of a weak probe in the comoving frame in the small-
frequency limit (because small frequencies are faster, due
to the subluminal nature of the dispersion relation). Since this
group velocity is determined from the refractive index
Neig = N + 6n, the location of the horizon is determined
by on. Though note that, in the comoving frame, the horizon’s
location is static.

In Refs. [7,35], we have explored values of dong €
[0.01,0.1] and D € [2,10] fs. Away from these ranges,
one does not have a horizon for all frequencies or dispersive
effects are large and jeopardize the analogy with the
Hawking effect. For the calculations in this paper, we will
choose the concrete values dny = 0.05 and D = 6 fs. Other
choices within the ranges specified above do not change
our conclusions. Our tools permit one to extend the analysis
beyond these ranges, but analyzing such lacks motivation,
since we would be away from the analogy with the
Hawking effect.

For 6ny =0.05 and D =6 fs, the velocity of the
horizons is u = 0.41 for diamond [36], and we obtain a
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value of Ty = 0.00046 PHz (T = 3.51 K if we restore
the values of 72 and Boltzmann’s constant k) for the
Hawking temperature. We extract this temperature from
numerical simulations by fitting the expected value of
Hawking quanta to a Planckian distribution [7,35].
Interestingly, a good analytic approximation can be
obtained from the perturbation é&n(x,7) via Ty =

a _ney_dn - eyalyated at the location of the horizon [9].
2n l=nZ, dy

Table I contains the values of k; and lab frequencies for
three representative values of the comoving frequency ,
namely, /Ty = 107!, 1, 10. Observe the large blueshift
that the comoving frequency w suffers when translated to
the laboratory frame. For the modes k/, k3, and k4 (the three
modes primarily involved in the Hawking process), we
have 0% > @. As a consequence, one would need temper-
atures in the lab frame much larger than the Hawking
temperature 7 in order to significantly populate these
modes with thermal quanta.

Although it is tempting to associate the large blueshift
exclusively with the Lorentz boost, dispersive effects play a
key role. Notice that, for u = 0.41, we have y = 1.1, which
is close to unity. Consequently, if the system had the

vacuum dispersion relation kK = +w, the expression w}jb

y(® + uk;) would imply that i is of the same order as the

comoving frequency . For the optical system that we are
considering, we find instead that k,, k3, and k4 are all much
larger than @ (see Table I) due to the bending of the
dispersion relation away from the straight line k = +w. In
turn, this causes »'®® to be much larger than  for i = 1, 3,
4. On the other hand, the mode k, lives in a region in which
the dispersion is close to vacuum dispersion, and, con-
sequently, its lab frequency is similar to its comoving
frequency. In other words, there is no blueshift for the k,
mode; but the contribution of this mode to the Hawking
process is faint. The results that we obtain in the next
section originate from the blueshift of ®!®® (compared to w)
fori =1, 3, 4.

III. THERMAL NOISE IN THE
LABORATORY FRAME

We evaluate the impact that initial thermal fluctuations
have on entanglement. We focus on thermal fluctuations,
since they are a common noise source in experimental
settings. We introduce thermal noise in our calculations by
replacing the initial vacuum state for the weak probe modes
by thermal (mixed) states at temperature 7', . As explained
above, we focus on situations in which the thermal bath is
at rest in the lab frame and, thus, at rest with the optical
medium. Because of the form of the dispersion relation,
each mode k; (i =1, 2, 3, 4) has a different population of
thermal quanta; for a simplified analysis with isotropic
noise, corresponding to a thermal bath at rest in the
comoving frame, see Ref. [5].

A. Ingoing and outgoing states

In general, a thermal state for a quantum system of N
modes is a mixed state with a density operator given by

A

p=eP1/Z, where Z = Tre™H is a normalization factor
(the partition function), A is the Hamiltonian of the system
(which, here, is quadratic in the canonical variables), and
p =1/T is the inverse temperature. This is, in fact, a
Gaussian state and can be simply described by its first
moments and its covariance matrix. The first moments
of a thermal state are zero, and its covariance matrix is
o = DY (1 + 2neny)I,, Where ng,; is the mean num-
ber of quanta for the mode i. For the optical system
under consideration, the ingoing state of the modes is
described by

(in,lab)

Ky =0, (3.1)

4
in,lab (lab
o-fh ) :®(1 +2 env)z)l

i=1

(3.2)

(lab)

in the laboratory frame, where ng,, ;

Einstein formula®

are given by the Bose-

§ 1
. S— (3.3)

env;i ‘ “‘b|/T (lab)

env _1

lab
For any nonzero value of Ténv), the covariance matrix

n,lab)
681' defines a (uncorrelated) mixed state, since its

)y with i = 1, 2, 3, 4,

env;i
are larger than one. Furthermore, o-t(;ln’lab) is asum of 2 x 2
independent covariance matrices for each mode. Hence,
there are no correlations between the four modes in
this state.

The evolution problem of the last section was formulated
in the comoving frame, for which frequencies @ are
conserved. Therefore, we must translate the thermal state
from the lab to the comoving frame. It is well known that

the absence of correlations makes this an easy task; all we
(lab)

env;i

symplectic eigenvalues, (1 + 2n

must do is transform n
(lab) .

env;i

to the comoving frame. In doing

so, note that n is the number of quanta per volume in

(1) 43 xd3k is the number of

phase space. In other words, n.;
quanta within d®x and with the wave number inside a

volume d3k centered at k. Volumes in phase space are

Lorentz invariant, which automatically implies that ”énv): is

a Lorentz scalar (see, e.g., Ref. [37]). Hence, the number of
quanta in the comoving frame in the mode k; is given by

*We write || rather than just @, because the mode k; has
negative lab frequency for positive comoving frequency w. To
compute the number of physical quanta, |a)1‘"‘b| must be used in
this expression.
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(co) (lab)

envii = Menyi- We can, thus, describe the quantum state in

the comoving frame (via ﬂ[(}lln ) and o-th "0y by simply

relabeling nénaf )l as ninv)l in Egs. (3.1) and (3.2).
Observe that the number of noisy quanta in the mode k;,

for a thermal bath at rest in the lab frame, is determined

solely by the ratio |wglab>|/Tg§\t,’>. This is interesting,
because, although the modes k; have the same comoving
frequency w, they have very different lab frequencies
(see Table I). This, in turn, implies that the modes
are initially populated with noisy quanta in an exponen-
tially different manner. In particular, the values of lab

frequencies written in Table I result in the hierarchy

(co) (co) (co) (co)
n 1~ nenv 4K nenv 3K nenv 2°

env: This hierarchy affects
the entanglement between different subsystems, as we
discuss in the next section.

Finally, given an initial thermal state in the lab frame
with temperature Te,flv) and using the general transforma-
tions (2.4) and (2.5), the outgoing state, in the comoving

frame, is characterized by

(inco)

=Swp Hy =0,

”(out .c0) (34)

out,co) __

_ SWB . (1n co) S

ol (3.5)
The covariance matrix ¢(°"**°) encodes information about
all four outgoing modes, though we often focus on
particular subsystems by looking at the reduced
moments—i.e., submatrices of ¢(°*®), From the output
covariance matrix, we can extract information about the
number of particles created (see Appendix B for analytical
expressions for these quantities), the amount of entangle-
ment generated in the scattering process (see below), etc.
We remark that, although entanglement calculations in the
next section are done in the comoving frame, the results do
not change by going back to the lab frame, because a
Lorentz boost does not mix the modes.

B. Entanglement degradation

We study how ambient thermal noise in the lab frame
degrades the Hawking-generated entanglement and, in
particular, determine the threshold temperature above
which entanglement is extinguished. This is a rich problem,
because the threshold temperature depends on the comov-
ing frequency w. This dependence is easy to understand,
because the intensity of the Hawking squeezers,
ry = arctanhe™®/(2Tn) | falls exponentially with w; hence,
entanglement is weaker for modes with large @ and is
consequently more fragile. Moreover, entanglement and its
sensitivity to noise also depend on which bipartitions and
subsystems of the outgoing state we consider. We report
results for three representative values of the comoving
frequency: w/Ty = 107!, 1, 10. For completeness, we
show results obtained both from numerical resolution of the

Entanglement (w/Tq ~1)

3.0 ------- H : : :
..... g,
I ......... |
pX 1] TR SO SE— |
Z, 15F < "... "-‘ ".‘ '-‘ -
’q ..‘ ..o "‘ “. “-
1) SEEREEEE R — . 4
0.5} ]
0.0F . o e ....‘:_...._.—
10° 10* 102 10° 10* 10°
Lab Temperature, T2 /Ty
(Ko, k3, kalker) (K3, Kealky) (K1 1kq)
(Ky, b, Kol ks) (kg, ey | Ks) (K1 kes)
FIG. 3. Entanglement versus lab temperature Téfvb ) for various

bipartitions evaluated at w/Ty ~ 1. Here, Ty = 4. x 10~* PHz
(in Kelvin, Ty = 3.51 K). Solid curves correspond to numeri-
cally obtained values. Dotted curves correspond to the analytic
circuit approximation. The agreement is excellent. Vertical
dashed lines label the threshold lab temperature T;ﬁlvab) at which
entanglement vanishes for that bipartition; see the second row in
Table II.

equations of the model for the dielectric medium [9] as well
as from the analytical expressions derived from Eq. (2.7).
As shown in Fig. 3, both approaches agree well when
computing the entanglement.

In Fig. 3, we plot the LN versus the lab temperature Ténv>
at w/Ty =~ 1 for various subsystems of modes, where, e.g.,
we use the notation (k;|k;) to represent a bipartite cut
across the reduced subsystem containing only the Hawking
pairs emitted by the white-hole horizon; similarly,
(ky, ko, k4|k3) represents the cut partitioning the white-hole
exterior and black-hole exterior, etc. The bipartition with
the largest amount of entanglement is (k,, k3, k4|k; ), which
partitions the positive norm modes (k», k3, k4) from the
negative norm mode k;. The subsystem with the least
amount of entanglement is (k|k,), which we do not show
on the plot, as the entanglement in this subsystem is 5
orders of magnitude smaller than the rest.

For each subsystem, there exists a threshold lab temper-

ature Te,EVb at which point entanglement vanishes within

that subsystem. The values of T;Elvab) are indicated in Fig. 3

by dashed vertical lines. We also give explicit values for

cnlvab (in units of Ty =3.51 K) in Table II for three

representative comoving frequencies w/Ty = 107!, 1, 10.
The threshold temperatures drastically vary across the
different subsystems and for different frequencies, which
highlights the richness of the entanglement spectrum.
Generally, though, entanglement is more robust for low
frequencies. The lowest threshold temperature is found for
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*(lab)

TABLEIIL. Threshold lab temperatures 7 cqy

at which entanglement for various bipartitions vanishes for three representative values of

the comoving frequency . All quantities in units of the Hawking temperature Ty = 4.6 x 10~* PHz (in Kelvin, Ty = 3.51 K). The
label (A|B) represents a bipartite cut across the modes A and modes B for which entanglement is evaluated.

® (ka, k3, kylky) (kg k. ko ks3) (k3. kalky) (kq, kylks) (ky |k7) (ky |k3) (K |ky)
10~! 1.41 x 10° 1.40 x 10° 9.51 x 103 620 3.86 x 1073 2.30 1.74 x 10°
1 2.22 x 10* 1.41 x 10* 8.06 x 103 442 x 103 442 x 1072 1.20 x 10? 1.64 x 10°
10 1.50 x 103 1.50 x 10° 1.41 x 103 1.41 x 103 1.27 1.40 x 103 340

the subsystem (k|k,); the reason being that the entangle-
ment in this subsystem is the weakest, as such entanglement
does not originate from the Hawking effect. For various
subsystems whose entanglement originates from the

Hawking process, and at various frequencies (low and

high), we observe threshold temperatures T;Elvab) /Ty ~

O(10°%) or larger.

IV. COMPARISON WITH GRAVITATIONAL
BLACK HOLES

The robustness to thermal fluctuations is reminiscent of
what happens for astrophysical black holes. First of all,
there is a close similarity between the way entanglement is
generated in the optical systems considered in this work
and astrophysical black holes. If we restrict attention to the
optical analog of the black-hole horizon, leaving aside the
white hole for a moment, Fig. 1 shows three incoming

FIG. 4. Illustration of the Hawking process in astrophysical
black holes (adapted from Ref. [7]). The outgoing Hawking
quanta, when traced back in time to past null infinity, originate
from three modes. Two of them (green and blue) are the
progenitors of Hawking quanta and their “partner” modes. The
third mode (orange) is a “late-time” mode that mixes with
outgoing Hawking quanta by a scattering process induced by
the gravitational potential barrier surrounding the black hole.
These three modes produce three outgoing modes, two of which
fall inside the horizon (blue and orange) and one which escapes to
infinity in the form of Hawking radiation (red). Colors labeling
the modes are chosen in correspondence with the colors used in
Fig. 1 to emphasize the analogy.

modes, k;, k,, and k4, and three outgoing modes, k;, k,,
and k3, at the black-hole horizon. The same is true for
astrophysical black holes; see Fig. 4. (The colors associated
with each mode in this figure are in correspondence with
the colors used for the analog modes in the optical case,
depicted in Fig. 1.) The way entanglement (via two-mode
squeezing) is produced is also similar. The differences
between the two systems are evident though: While the
optical systems considered in this article also have a white-
hole horizon, only a black-hole horizon is present in the
astrophysical setting, according to general relativity.” The
goal of this section is to point out that, in spite of this
important difference, there are interesting similarities
regarding the robustness of Hawking-generated entangle-
ment to ambient thermal fluctuations.

In the astrophysical case, the progenitors of the Hawking
radiation are modes supported on ultrahigh frequencies as
measured by observers in the distant past (at past null
infinity, J_). Therefore, any thermal fluctuations in the
past would be incapable of significantly affecting the
outgoing Hawking spectrum (measured by observers at
future null infinity, J ) or its entanglement with the black
hole, unless those thermal fluctuations had an ultrahigh
temperature (larger than the Planck temperature) in the
natural frame at J_. To better elucidate these points, in
both the astrophysical and analog settings, we examine the
scenario from the viewpoint of preferred reference frames.

For astrophysical black holes, there are two preferred
frames—the ingoing and outgoing frames. The ingoing
frame (selected by the time-translation symmetry at 7 _) is
the natural frame to set up the initial state; for this purpose,
it is equivalent to a freely falling (ff) frame (see, e.g.,
Refs. [39—41]) defined by an observer which crosses the
horizon at the same instance the surface of the collapsing
object does. The outgoing frame at future null infinity (the
frame selected by the time-translation symmetry at 7, ) is
the natural one to evaluate the Hawking radiation. There is
an exponential blueshift between the ingoing and outgoing
frequencies (defined in the ingoing and outgoing frames,
respectively), @™ ~ @ where x is the surface

*Note, however, that, in some approaches to quantum gravity
[38], the classical singularity is replaced by a new region of
spacetime containing a white hole, resulting in a causal structure
much closer to the one arising in optical analogs.
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w (out)

J+

".... Comoving frame

P S

w(in)N emuw(out)

FIG. 5. [Illustration depicting the correspondence between
reference frames for an astrophysical black hole (ff frame and
J*) and an optical analog (lab frame and comoving frame).
Blueshift between ingoing and outgoing frequencies is also
shown. For the ff frame, the black-hole event horizon is in
motion; similarly, for the optical analog, the white-black hole
(i.e., the pulse) is in motion with respect to the lab frame. For
observers at J, the black hole is stationary; similarly, for the
optical analog, the white-black hole is stationary in the frame
comoving with the pulse.

gravity of the black hole (proportional to 7') and u is the
retarded time along J , ; see Fig. 5 for an illustration.® The
blueshift between these frames has a gravitational origin;
wave packets reaching 7, at late u, when propagated back
in time toward 7 _, come arbitrarily close to the horizon,
blueshifting as they approach the horizon. The trip from the
horizon to J_ does not undo the blueshift. Thus, it is the
time asymmetry induced by gravitational collapse that
causes an exponentially large blueshift.

The analogs to the ingoing and outgoing frames in the
optical systems discussed in this article are the lab and
comoving frames, respectively; see Fig. 5 for a visual. For
the optical system, there is a large blueshift between the lab
frame and comoving, similar to the astrophysical black
hole. The difference from the astrophysical case is, of
course, the physical origin of the blueshift. For optical
systems, the blueshift originates from the combined effects
of a Lorentz boost and dispersion. Moreover, contrary to
the astrophysical case, the blueshift between lab and
comoving frames is not exceedingly (exponentially) large.
However, for all practical purposes, it is still large enough
to protect the Hawking effect from spurious thermal
fluctuations (see Tables I and II).

V. CONCLUSIONS

Optical systems present an intriguing setting to recreate
the physics of the Hawking effect. They have attractive

®Recall that Hawking quanta reach 7, for asymptotically
large u.

advantages, such as current experimental capabilities to
manipulate individual photons and to measure their entan-
glement. These systems also have the peculiar feature that
the analog horizons move with respect to the lab frame at a
fraction of the speed of light. We have shown in this paper
that moving horizons actually provide an advantage: They
naturally protect entanglement generated during the
Hawking process against background thermal noise.

The robustness of entanglement to harmful thermal
fluctuations derives from an interplay between dispersive
effects and the Lorentz boost between the lab frame and
the frame comoving with the horizons. Modes with
comoving frequency @ that are of the order of the
Hawking temperature 7 appear to be high-frequency
modes as seen in the lab frame due to the boost.
Consequently, the lab temperatures needed to appreciably
affect Hawking-generated entanglement are several orders
of magnitude larger than T'y;.

Such robustness is absent for systems with analog
horizons that are at rest in the laboratory frame, like
BECs. For BEC analogs, both temperatures Ty and
T, are defined in the same frame, and, consequently,
Teny = Ty suffices to decohere the outgoing radiation and
eliminate all quantum traces of the Hawking effect [6]; in
which case, the final state can then be accounted for by a
classical process of amplification of thermal radiation.
One is required to work at low temperatures T,, < Ty for
quantum features to survive.

In this sense, optical systems share some analogy with
astrophysical black holes. For the latter, the entanglement
produced during Hawking’s evaporation is shielded against
background thermal fluctuations (such as the cosmic
microwave background radiation) for which T.,, > Ty
for black holes of astrophysical origin. One needs an
exponentially high background temperature to noticeably
populate the Hawking progenitors and, thus, decohere
astrophysical Hawking particles from their partners. The
difference is that, for astrophysical black holes, the pro-
tection originates entirely from gravitational blueshifting,
while for optical analogs, it originates from an interplay of
blueshifting (due to a Lorentz boost) and dispersive effects.

We conclude that entanglement generated by optical
analog event horizons is extremely robust to background
thermal fluctuations in the lab frame. This observation—
together with the fact that precise manipulation of quantum
states of light is a staple of modern quantum technologies
[42,43]—indicates that optical analogs [8,10-12] are
promising candidates for observing the genuinely quantum
nature of the Hawking effect in a practical setting, hope-
fully in the near future.
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APPENDIX A: SYMPLECTIC MATRIX FOR
WHITE-BLACK HOLE

To construct the symplectic matrix for the white-black
hole, Swg in Eq. (2.7), we can regard the entire scattering
process as a succession of four distinct events. (For
justification of this, see Refs. [5,7].) , ,

High-frequency progenitor modes ™ and k"
approach the black-hole side of the strong pulse (affected
negligibly by a dispersion-induced potential barrier, due to
their high frequencies) and participate in a two-mode

squeezing process converting into Hawking pairs kgom)

and kgim), where kgom) denotes the outgoing Hawking
radiation and k(lmt) denotes the entangled Hawking partner
that falls into the white-black hole. This pair creation event

is described by the symplectic matrix

coshrygl, 0 O sinh ryo,
0 I, 0 0
S, = : . (A1)
0 0 I, 0
sinh ryo, 0 O cosh ryl,

where the ordering of elements follows the convention
in Eq. (2.1).

As the outgoing Hawking radiation kgom) (a lower-
frequency mode) propagates outward, it meets a potential
barrier where it mixes with the low-frequency mode kgm),
partly getting scattered back into the white-black hole as kg .
This scattering process is described by a symplectic matrix

I, 0 0 0
0 cosb,, 0 —sind,l
S, = ? 1. (A2
0 0 I, 0
0 sinfg,, 0 cos6,l,

where cos? @ is the graybody factor of the potential barrier (i.e.,
its transmission probability). Taken together, S,S; denotes the
dynamics induced by the black-hole event horizon.
Following the scattering processes induced by black
hole, we have the white-hole dynamics. Intuitively, the
white-hole dynamics follows the black-hole dynamics,
because the black-hole pair creation mechanism actually
sources the white-hole scattering processes. Indeed, the
backscattered mode kgm traverses through the interior of
the white-black hole unscathed. However, as it exits the
(in)

white-hole event horizon, it meets the k3 * mode (the time

reverse of the outgoing Hawking radiation) at a potential
barrier and scatters. This scattering process is described by
the matrix

I, 0 0 0
0 cosf@,l sin 8,1, O
S5 = o i (A3)
0 —-sinf,l, cosf,, O
0 0 0 I,

Observe the sign reversal of the angle 6, which is due to the
fact that, for symmetric pulses, the white hole can be
understood as the time reverse of the black hole.

The portion of ingoing mode kgm) that makes it to the
white-hole event horizon then interacts with the k(lmt) from
the black-hole pair creation process by a two-mode

. . .7
squeezing 1nteraction :

coshryl, 0 —sinhrye, O
0 I, 0 0
0 0 0 I,

—sinh ryo, 0 coshryl, O

Again, the relative sign between S; and S, is due to the
inverse character of the white hole relative to the black hole.
The product S35, denotes the white-hole scattering process.

Altogether, Swg = 54535,9, which reduces to Eq. (2.7);
see Fig. 1 for a visual aid and Fig. 2 for a circuit description
of the processes.

APPENDIX B: MEAN NUMBER OF QUANTA

When analyzing particle pair production in analog
gravity or quantum fields in curved spacetime, one often
computes the mean number of quanta produced. For
completeness, we do so here for the optical white—black-
hole pair and an thermal initial state.

Quite generally, starting from the output covariance

matrix 6", we can compute the outgoing number of
out

quanta in the mode kl(- ) via

(B1)

i

~ (out) :l (red) l (red) T, (red) _l

where u,(»red) and aﬁ“*d) are the subvector and submatrix of

) and 6 respectively, for the mode k;.® Assuming
that the modes are initially populated with thermal

7Locally, the kﬁ'm) mode occupies a thermal state at temper-
ature T'y; thus, the white-hole pair creation process is stimulated
by the Hawking partners generated by the black hole.

The relation between the mean number of quanta and the first
and second moments [Eq. (B1)] holds for any quantum state, not
just Gaussian states, though the state under consideration is
indeed a Gaussian state.
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quanta and utilizing Egs. (3.4) and (3.5), it is straightfor-
ward to obtain the following analytical expressions for the
|

outgoing quanta in each mode. First, for brevity, define
Nenv;k = <1 + 2nenv;k)‘ Then’

1
<ﬁ(1°‘“)> =5 [=1 + Nepy:1cosh® ryy + sinh? ry[cosh? ry (Nepy.y cos* 0 — 2Ny, sin® 0)

+ ¢08? O(Neny:3 + Nenya $in? 0)] + Ny sin® @sinh* ry ],

1
<ﬁg°”t)> =5 [—1 4 Nepya €08* 0 + Ny 8in? 0 + c0s? 0 sin? O(N g4 cOSh? gy + Nepy.p sinh? )],

1
(™Y = Z[=1 + Nepyeo 8in2 0 + c0s? O(Nopyus cOSh® ryy + Ny sinh? )],

2

1
<ﬁg°m>> = = [=1 + Nepy4 cosh? ryy sin* 0 + Ny sinh* ryy + cosh? ry(cos? O[Nepy3 + Nepyoo sin® 6]

2

+ sinh? 7 [Nepy: €08* 0 — 2N .4 sin” 6])].

(BS)

If we substitute n,,.; = 0 (N¢py,; = 1) into this expression, such that the initial state is vacuum, we obtain the radiation
spontaneously emitted by the system. Terms proportional to n.,.;, thus, correspond to induced or stimulated radiation.
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