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Dyonic matter equations, exact point-source solutions,
and charged black holes in generalized Born-Infeld theory
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We derive the equations of motion governing static dyonic matters, described in terms of two real scalar
fields, in nonlinear electrodynamics of the Born-Infeld theory type. We then obtain exact finite-energy
solutions of these equations in the quadratic and logarithmic nonlinearity cases subject to dyonic point-
charge sources and construct dyonically charged black holes with relegated curvature singularities. In the
case of quadratic nonlinearity, which is the core model of this work, we show that dyonic solutions enable
us to restore electromagnetic symmetry, which is known to be broken in nondyonic situations by exclusion
of monopoles. We further demonstrate that in the context of k-essence cosmology the nonlinear
electrodynamics models possess their own distinctive signatures in light of the underlying equations of
state of the cosmic fluids they represent. In this context, the quadratic and logarithmic models are shown to
resolve a density-pressure inconsistency issue exhibited by the original Born-Infeld model k-essence action
function as well as by all of its fractional-powered extensions. Moreover, it is shown that the quadratic
model is uniquely positioned to give rise to a radiation-dominated era in the early universe among all the
polynomial models and other examples considered.
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I. INTRODUCTION referred to as the first and second Born-Infeld models,
respectively. The static equations of motion of (1.1)
accommodate finite-energy solutions representing either
an electric or magnetic point charge, or monopole [5-9]
as is commonly known, but not a dyon [10], a finite-
energy solution representing a point source carrying both
electric and magnetic charges [11-15]. In other words,
in the sense of supporting a finite-energy point charge,
the Born-Infeld model (1.1) exhibits an electromagnetic
symmetry since both electric and magnetic point charges
are permitted by (1.1). On the other hand, although the
notion of monopoles is conceptually important and
fruitful in field theory physics [7,9,16,17], monopoles
themselves have never been observed in nature or
laboratory in isolation, except for some of their simulated
condensed-matter-system realizations [18-20]. Inspired
by the extensive applications of the idea of the Born-
Infeld theory in recent development, ranging from par-
ticle physics [21], superstring theory [22], and modified
gravity theories [23], it would be interesting to pursue
the idea of the Born-Infeld theory to come up with a
nonlinear electrodynamics theory that would exclude
monopoles but only accommodate electric point charges.
In [10], such a goal is achieved for the general polynomial
model of the form

It is well known that the motivation of Born and Infeld
[1-4] for the introduction of their nonlinear electromag-
netic field theory is to overcome the energy divergence
problem associated with a point charge source in the
original Maxwell theory, in order to model the electron
as a point charge. In its full formalism [4], the Born-Infeld
theory contains two related models, one based on a
consideration of the action principle of special relativity,
leading to the Lagrangian action density function

ﬁ_b2<1—\/1—%(E2—BZ)>, (1.1)

where E and B are electric and magnetic fields, respec-
tively, and b > 0 a coupling parameter, and the other on
an invariance principle consideration, giving rise to the
Lagrangian action density function,

L_b2<1—\/1—%(E2—B2)—%(E-B)2>, (1.2)

which contains a higher-order mixed interaction term of the

electric and magnetic fields. These models are sometimes
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and it is shown that the model accommodates finite-
energy electric point charges but not monopoles for
any n > 2. This phenomenon is specifically referred to
as electromagnetic asymmetry [10] associated with the
model (1.3). The model (1.3) is of broad interest and
importance because it may be regarded as to offer the
simplest nonlinearity function for the electrodynamics
theory and unlike the model (1.1) no finite-range trunca-
tion is imposed on s. Moreover, by the Stone-Weierstrass
density theorem [24,25], any continuous function over a
compact interval may uniformly be approximated by
polynomials so that polynomial type nonlinearities are
considered more elementary, although we know that in
the theory of electromagnetism the range of s is not
compact. Subsequently, it is of interest to know whether
electromagnetic symmetry may be restored in polynomial
models for dyonic point charges. Since dyons are
excluded from (1.1) but accommodated in (1.2) as shown
in [10,26], we see that the adequate question to ask is
whether dyons are supported in the polynomial model,

L=pu(s).  puls) =5+ aus",
m=2

(E2 - B?) +K—22(E ‘B)?, (1.4)

N =

S =

containing a higher-order mixed interaction term
spelled out in the second model of Born-Infeld based
on the invariance principle given in (1.2), where « is a
free parameter which may be set to zero to recover the
model (1.3) as its limiting situation. A main result of this
work is to confirm this inquiry by showing that, in the
quadratic situation with n = 2, the model (1.4) accom-
modates finite-energy dyons if and only if x > 0. Thus a
broken electromagnetic symmetry may be restored at
the dyonic theory level when both electricity and magnet-
ism are present. Furthermore, an important application
of finite-energy electromagnetism is to systematically
obtain [10,26] charged black holes with relegated or
sometimes removed singularities at the centers of charge
sources as demonstrated earlier in the contexts of the
Bardeen [27,28] and Hayward [29-31] magnetically
charged black holes, respectively. The interest and
importance of dyons explored thus prompt us to carry
out a systematic derivation of the static dyonic matter
equations in the generalized Born-Infeld theory in terms
of a pair of electric and magnetic scalar potentials.
Although these equations in a general setup are rather
complicated, for some interesting specific cases we are
able to obtain their exact solutions subject to point-charge
sources in explicit forms. These include the classical
Born-Infeld model and the exponential model considered
in [26]. In this work, we obtain such dyonic solutions for
the quadratic and logarithmic models as well. It will also
be shown that these new solutions give rise to dyonically

charged black holes with relegated or ameliorated curvature
singularities as in [26]. That is, they give rise to electrically
and magnetic charged black holes with reduced curvature
singularities. The dyonic solutions of the quadratic model
are of particular interest because the model does not allow
finite-energy monopole solutions and thus exhibits electro-
magnetic asymmetry as described earlier and dyonic sol-
utions with ¥ > 0 serve to restore electromagnetic symmetry.
Moreover, we will see that, in the context of k-essence
cosmology, various generalized Born-Infeld models may
further be differentiated with refined cosmic fluid character-
istics and dynamics. A notable feature worth mentioning
here is that, in this context, there is a density-pressure
inconsistency issue associated with the classical Born-Infeld
action function in that, at the big-bang moment, the
k-essence fluid density is infinite but the pressure remains
finite. This property clearly violates the general consensus
that the early universe is a radiation-dominated era, for
example. We will show that both the quadratic and loga-
rithmic models resolve such an inconsistency issue so that
the fluid density and pressure both become infinite at the big-
bang moment and that the equation of state of the quadratic
model also gives rise to a radiation-dominated era in the
early universe correctly, and distinctively.

In Secs. II and III, we schematically derive the dyonic
matter equations for the generalized Born-Infeld electro-
dynamics and present some existence and nonexistence
results. In Secs. IV and V, we construct solutions to the
dyonic matter equations for the quadratic and logarithmic
models, respectively, and show how the coupling parameter
k serves the role to switch on and off the finiteness of
energy of the dyonic solutions in the models. In Sec. VI,
we construct charged black holes with relegated curvature
singularities in the quadratic and logarithmic models and
explain that in these models electromagnetism contributes
to black hole thermodynamics. In Sec. VII, we characterize
the nonlinear dynamics models considered in the context
of k-essence cosmology. In particular, we show that the
quadratic model demonstrates a unique signature that it
gives rise to a radiation-dominated era in the early universe
in contrast against all other models considered. In Sec. VIII,
we draw conclusions.

II. GENERALIZED BORN-INFELD
ELECTROMAGNETISM AND DYONIC MATTER
EQUATIONS IN THE CLASSICAL MODEL

In this section, we consider the setup of the generalized
Born-Infeld nonlinear electrodynamics theory and develop
methods for deriving the associated dyonic matter equa-
tions and obtaining their solutions schematically.

Consider the Lagrangian action density [26]

2

L=f(s), s= (EZ—B2)+%(E-B)2 (2.1)

N[ =
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giving rise to a generalized nonlinear electrodynamics
theory of the Born-Infeld type, where the action density
profile function f is assumed to satisfy the condition
f(0) =0, f'(0) = 1, and E and B are electric and magnetic
fields, respectively. Let the associated electric displacement
and magnetic intensity fields be denoted by D and H,
respectively. Then they are related to E and B by the
nonlinear constitutive equations:

D = f'(s)(E + x*(E - B)B), (2.2)

H = f(s)(B-«*(E-B)E). (2.3)
This nonlinear theory of electromagnetism may be
viewed as describing the interaction of electromagnetic
fields in a nonlinear medium with field-dependent dielec-
trics and permeability coefficients of a mixed type. In fact,
from (2.2) and (2.3), we have

(3)-=0n(3)

/(s K‘4 . 2 K2 .
2(E,B)z<f()(1+ (E-B)7) «(E B)>’ (2.4)

*(E-B) %

where the matrix X(E,B) contains the dielectrics and
permeability information of the system such that the
property det(X(E,B)) = 1 resembles the constraint that
the speed of light in vacuum is normalized to unity. These
relations blend the electric and magnetic interactions in the
generalized Born-Infeld electrodynamics and comprise
the main core of all technical difficulties that come along.
For this theory, the Hamiltonian energy density may be
calculated to be
H = f'(s)(E> + *[E - B]?) = f(s). (2.5)
This expression will be useful when we evaluate the energy
of a dyonically charged source and compute the gravita-
tional metric factor of a charged black hole.
To illustrate the method for deriving the dyonic matter
equations in terms of associated scalar potentials, we begin
by considering the classical Born-Infeld model defined by

(2.6)

(5) =5 (1= VT=2s).

where f > 0 is a coupling parameter independent of the
parameter « in (2.1). This is a relatively simpler situation to
deal with. However, the insight developed will become
useful later for us to treat general situations as we will
soon see. For this purpose, we first obtain from (2.3) the
general expressions

E-H
b= e - ey 27
_H L 1 (E - H)
B=Fm T EBE=55 (}” 1= K2 E)

Now, specializing on (2.6), we can insert (2.7) and (2.8)
into

1
= R= V=25 = \1-B(E2 B2 4 C[E - B])
(2.9)
to obtain
B *(E-H)_\?
R>=1 —ﬂE2+ﬂR2<H+mE>
E-H \?2
- /))K'ZRZ <1—7K‘2]£2> s (210)

resulting in the solution

e 1 - pE?

- 211
2(E. 2 —7-
- p(H+ 550 E)" + pe (B

Therefore, in view of (2.2), (2.3), (2.7)—(2.9), and (2.11),
we get

E (E - H) (E - H)
D=_—+R— L (a+ " Tg) 212
K 1—1<2E2< M (2.12)

R
*(E-H)
B = H+———=E).
R( A= >

(2.13)
Furthermore, assume the presence of a dyonic charge
distribution given in terms of an electric charge density
function, p,, and a magnetic one, p,,. Then, in the static
situation, the governing equations of the theory (2.1) are of
the Maxwell type [11,26]:

VxE =0, VxH=0, (2.14)
V-D=p,, V-B=p,. (2.15)

Resolving (2.14), we obtain
E = V¢, H = Vy, (2.16)

for some real-valued scalar functions ¢) and y, respectively,
i.e., a pair of electric and magnetic scalar potentials.
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Consequently, inserting (2.16) into (2.11)—(2.13), we see
that (2.15) renders the equations

Vo, VeV V) T
v (R” R avgr [V‘” = VgP W’D =Pe
(2.17)
*(Veg - Vy) -
o 1 - BV |
(T N A

(2.19)
These new dyonic matter equations appear complicated. In

the limiting case of the first Born-Infeld model [1-4], with
k = 0, however, they reduce themselves into

1 — | Vy|?
1 - p|Ve|?

which are the Euler-Lagrange equations of the action
functional

A = [ (5 1=\ 1=svar\ 1= v

+ P+ pmw> dx.

(2.22)

As a comparison, we note that in this case the Lagrangian
action density of the Born-Infeld theory (2.6) with k = 0 is

L L [1=BIVe
L—ﬁ(l R)—ﬁ<1 ’/7l—ﬂlvwlz>’ (2.23)

in view of (2.19). Consequently, the associated
Hamiltonian (2.5) becomes
,_E _1( 1= BV Vy )
R PA\VT=BIVOPVT= VP )
(2.24)

using (2.16), (2.19), and (2.23). This quantity stays non-
negative since it can be examined that

1= st
L>1. srelol)

iyt (2.25)

As another limiting case, we consider the classical Born-
Infeld model [3,4] situation with # = k? so that the system
of the equations (2.17)—(2.19) becomes

Ro
Vi |—=-5V
(v
B(V¢ - Vy) D
7v — ,
Ro LV i—pwer ) T
V- (L[(l — IV )Vy + (Ve - vw)w]) -

+ﬁ(V¢ -Vy) {v
(2.26)
Ro

(2.27)

Ry = \/1=BIVOL = BV + B (Vg x V. (2.28)

We now study how the solutions of these dyonic matter
equations may be constructed explicitly. Interestingly,
although the governing equations (2.17)—(2.19) are derived
from exploring (2.3), their solutions may be obtained from
exploiting (2.2), on the other hand. In fact, the equations
in (2.15) indicate that the fields D and B are determined
by prescribing the electric and magnetic charge densities,
p. and p,,, respectively. With this fact in mind, we get
from (2.2) the equations

D? = (f'(s))*(E* + k*(2 + *B?)(E - B)?),  (2.29)

D-B = f(s)(1 + *B?)(E - B). (2.30)
These equations are nonlinear and nonhomogeneous equa-
tions in the unknowns E? and E - B which may be solved
to determine the quantity s given in (2.1). Note that we
sometimes replace (2.29) by (2.2) in the above system to
solve for E, E?, and E - B. Using this result in (2.2)
and (2.3), we find E and H. Therefore the electric and
magnetic potentials ¢ and y given in (2.16) are obtained.
To illustrate the methodology of this construction,
assume for simplicity that the dyonic matter is that of a
point charge source, namely, p, and p,, in (2.15) are given
by the Dirac distributions concentrated at the origin where a
dyonic point-charge source resides. Specifically, in such a
situation, the Eq. (2.15) assumes the form
V-D = 4rqé(x), V. B = 4ng¢5(x), (2.31)
where g and g are electric and magnetic charges, respec-
tively, which may be taken to be positive for definiteness.
Solving (2.31), we see that the nontrivial radial components
of D and B are simply given by

.4
D" = ol (2.32)
With (2.31) and (2.32) and the nontrivial radial components

obtained for E and H in [26] in light of the method
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described, we can integrate (2.16) to get a radially symmetric
solution to the general equations (2.17)—(2.19), fulfilling the
normalized asymptotic condition ¢, w — 0 as r — oo,
which reduces into a solution to (2.20) and (2.21) when
x = 0 and a solution to (2.26)—(2.28) when 8 = k2. These
explicit solutions are of independent interests and impor-
tance [3.,4,10,26].

It should be noted that the formalism of the generalized
electrodynamics (2.1) requires f’(s) stay nonvanishing.
This condition is usually well observed due to the under-
lying coupling properties of specific models, such as
what are seen in the classical Born-Infeld theory in which
the radical root operation imposes a natural cutoff range
for s similar to that in special relativity, and in the
polynomial model (1.4) for which all the coefficients are
all positive so that no cutoff is present, and in the
exponential model [32,33]

f(s) —%(eﬁf -1), p>0. (2.33)

for which f’(s) > 0 automatically follows. In general, it is
clear that the condition f'(0) = 1 ensures f'(s) # 0 in all
weak field situations, |s| < 1.

III. STATIC DYONIC MATTER EQUATIONS
IN GENERAL AND A NO-GO EXAMPLE

In this section, we use the method formulated in the
previous section to come up with a derivation of the dyonic
matter equations of the nonlinear electrodynamics in its
most general setting. We then present an example to show
that a dyonic solution in the full space may not exist. In
other words, combining the existence result in the previous
section and the nonexistence result of this section, we
conclude that whether a solution exists for the generalized
Born-Infeld dyonic matter equations depends on the under-
lying specific nonlinearity of the theory imposed.

To start, we use (2.7) and (2.8) to represent the quantity s
in (2.1) as

B 1 (E-H) _\?
2 =E -7 <H+1—K2E2 E>
of  E-H Y
* (f’(S)(l—K2E2)>
w2 1 5 I<2(E-H)2
o ey S

This is an implicit equation relating s to E and H which
are determined by a pair of scalar fields ¢ and y through
(2.16). Therefore, we may rewrite such a relation as

s =Q(Veg, V). (3.2)
On the other hand, in view of (2.7) and (2.8), we can

express the electric displacement field D given in (2.2) in
terms of E and H:

D= f(s)E +

2 .
*(E-H) H
1 — B2

*(E-H)
Foa—eey\1 E)

(3.3)

Thus, inserting (2.16) into (2.8) and (3.3), we see that the
system (2.15) becomes

v. (f’(S)Vqﬁ
(Ve - V) (Ve - Viy) _
TP = VP [V‘” = VP W’D =Pe

(3.4)
V-<f%w[vw>%§¥§§%%%gv¢}>::pw (3.5)

where s is given by (3.2). These equations appear too
complicated to solve in their general setting, although
it is clearly seen that the system consisting of the
Egs. (2.17)—~(2.19) is contained in (3.4) and (3.5) as a
limiting case.

As a nonexistence example, consider the arcsin model
proposed by Kruglov [34,35] given by

fls) = %arcsin(ﬁs), B> 0. (3.6)

Thus (3.1) becomes

2(E - H)2
m._E2—(y—wqa<H2+—§§P%%). (3.7)

Solving (3.7), we find

1 —«*E% + /(1 = x*E?)? + p*(H? — *|E x H]?)(H? — E?> + «*[E* - |[E x H[?])
s = ,
O~ 2[E = HP)

(3.8)

where E and H are given by (2.16) in terms of the scalar fields ¢ and y which leads to the determination of (3.2).
We now study the existence and nonexistence of a solution to (3.4) and (3.5) for the model (3.6).
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Inserting (2.32) into (2.2) and applying (3.6), we obtain
the equation that determines the nontrivial radial compo-
nent E” of the electric field E:

D’ /1 _[))2 2 :Er<1 —|—K'2[Br]2),

1 K>
s=S(EP =BT +5 (BPE?. (39)
From (3.9), we have
|

22(1 + &*[B"P) - P[B"P[D"])
PIDP(1 + [B')

PB4

p(1+2[BP)?

[Er}4 + [Er]2

=0. (3.10)

The discriminant of this quadratic equation in the updated
variable & = [E"]? reads

4 2(1 + ZBrZ _ﬁZBrZDrZZ .
R e ))] 1
Inserting (2.32) into (3.11), we have
A 16222 g* — [BPg* + k*g* — PP P)r* — 22 PrS — r12) (5.12)

,B4q4(’<292 + r4)2 ’

which becomes negative whenever r is sufficiently small if g > 0. In other words, the dyonic matter equations (3.4) and
(3.5) for the arcsin model (3.6) subject to the point-charge sources (2.31) or (2.32) have no compatible solution whatsoever

for any x > 0.

Nevertheless, substituting (2.32) into (3.9), we can solve for E” to obtain the formal result:

o \/ﬁ2q2g2+2r2(\/r'2+21<292r8+(ﬂ2q4—|—K4g4—,82q292)r4—ﬂ21<2ng4—rczgzr2—r6)

pg\/ K> +rt ’

which is ill defined when r is small if k¥ > 0, as expected,
although it is well defined asymptotically for large r:

2.2
E=1 (1 —%) 1O, r» 1. (3.14)
I r

Similarly, the magnetic intensity field is ill defined too
when r is small and

2.2
.y K2q B

If x = 0, we have shown in [10] that no monopole or dyon
would exist. In fact, in all situations, if ¢ = 0, then £ = 0
in (3.9), which renders s = %, which cannot stay in
the permissible interval —1 < s <1 imposed by the
model (3.6). In conclusion, the dyonic matter equa-
tions (3.4) and (3.5) for the model (3.6) have no dyonic
nor monopole solution in the point-charge situation but

only the electric point-charge solution:

V2q

E =
¢#+ pqt+rt

, (3.16)

(3.13)

which may also be obtained by setting g = 0 in (3.13).
Thus, with E = V¢ or E" = ¢/(r), we can insert (3.16)

to have
= V2qdp V2q (r
o s (2)
r \/,04 4 ﬂ2q4 +,08 0 0
ro = ﬂ%q%, (3.17)
where the dimensionless function
(3.18)

TERy p—

is one of the generalized hypergeometric functions whose
specific form does not concern us here.

In the electrostatic situation, the Egs. (3.4) and (3.5) in
the context of the arcsin model (3.6) are reduced into a
single equation:

V. v

| = Pe
V1=51Vel*

(3.19)
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It is readily verified that (3.17) is a radially symmetric
solution to (3.19) when p,(x) = 47¢d(x) since ¢(r) given
in (3.17) satisfies

¢'(r)

—_—_— 3.20
=2 2

q
3

Subsequently, we will construct some exact solutions
to (3.4) and (3.5) explicitly when the charge density
distribution functions p, and p,, are those of dyonic point
charge sources with the nonlinearity function f(s) being
quadratic and logarithmic.

IV. DYONICALLY CHARGED POINT SOURCES
IN THE QUADRATIC MODEL

In this section, we obtain for the quadratic model the
exact solution representing a dyonic point charge and we
establish the roles played by the coupling parameter x
in rendering a finite-energy solution and restoration of
electromagnetic symmetry. Specifically, we show that, in
the quadratic model, although finite-energy magnetic
monopoles and dyons do not exist when x = 0, finite-
energy dyons, but not monopoles, are present when x > 0.

Recall that for the quadratic model [36-40], the non-
linearity in (2.1) assumes the simple form

f(s) = s +as?, (4.1)

where a > 0 is a constant. Using (4.1) in (2.2), we have

D = (1 +a[E? - B> +«*(E-B)?)(E + <*(E - B)B).
(4.2)

As before, we will consider a static dyonic point charge
source given by (2.31) such that the electric displacement
field and magnetic field are radial and described by (2.32).
Thus, implementing consistency in (4.2), we see that E is
also radially symmetric whose radial component E” satis-
fies the cubic equation,

Dr
HT(B,)Z-‘FCI(B )2E =(l+all +K2(B )2}(E )2)E ,
(4.3)

whose unique real solution, which is positive in view
of (2.32), can of course be obtained explicitly, although its
exact expression is too cumbersome to present here.
Nonetheless, we may content ourselves with an analytic
discussion. Indeed, for our purpose, we note that the left-
hand side of (4.3) represents a line in E” with a positive
vertical intercept and a positive slope and the right-hand
side of (4.3) represents a cubic concave up curve in E”
passing through the origin. As a consequence, they have a

unique intersection point in the first quadrant of the
coordinate plane which gives rise to the unique positive
solution of Eq. (4.3). Furthermore, to get more specific
information about E”, we insert (2.32) into (4.3) to obtain

qr6—|—ag2(Kzg2+r4)Er

= (K¢ + r')(al’g® + | [ET + F)E. (4.4)
Thus, from (4.4), we find the following asymptotic expan-
sions of E" for k > 0:

gl _(at)t gt
Kk 2ak’g

+0(r®), r<l1; (4.5)

2axk*g*

,_ 4 _aqlalg’—g'|+x°¢)

E
2 6

+0(r 19, r>1.

(4.6)

As a consequence, since the free electric charge density
induced from the electric field as a function of the radial
variable r reads

I d ,
< = —(r°E"), 0, 4.7
pfree(r) 471'7‘2 dr(r ) r> ( )
the total free electric charge of the dyon is
Qfree = /R3 PlreedX = (FPEZS = q. (4.8)

which agrees with the prescribed electric charge q.
On the other hand, in view of (4.5), (4.6), (2.3), sin (2.1),
and (4.1), we obtain

(a+x)qr* = q'r°
H = o(rd), <1, (49
a’g? a1<295+ (=), (49)
2 21, .20
Hr:%_g(“[g q6]+’< )01, r>1. (410)

r r

Hence, by the same computation, we find the total free
magnetic charge of the dyon to be

Ofree = (rZHr):ESO =9 (41 1)
in agreement with the prescribed magnetic charge.

We next consider the energy of a dyonic point source.
For this purpose, we insert (4.5) into s in (2.1) to obtain

(EV 1 am
— - EN? -1 Br2
s= Sl @EP - 1))
1 r? a8 g* = 3) = 2ar® + k) r*
__ L, a 2Jr( Bg 342 ) 005,
2a  2kag 8ak"g
r<l. (4.12)
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Inserting (4.12) into (2.5) and applying (4.1), we have

—3) —2aKk® + 2*

4ar*

a2 SK‘S 4
At
Kr

q(=3x> +a)r?

O(r4),
2aK3 g +00)

r<l. (4.13)

On the other hand, in view of (4.6), s given in (2.1),
and (2.32), we have

2.2

22 2
_ 99 4 > 2, K9 —12
S= 3 —r8<a[q —g]+2>+0(r 2), r>1.

(4.14)

Thus, using (4.1), (4.6), and (4.14) in (2.5), along with (2.32),
we obtain

2 2 2 _ 212 2,2
L8 LGP +2TT) o0y

24 45 r>1.

(4.15)

Combining (4.13) and (4.15), we see that the total energy
of a dyonic point source is indeed a finite quantity,

E= 4n/°° Hrdr < oo. (4.16)
0

In view of (4.13) and (4.15), it is seen that there is a local
electromagnetic asymmetry but a global electromagnetic
symmetry exhibited in the energy density of a dyonic point
source with respect to the roles played by its electric and
magnetic charges, ¢ and g, respectively.

The calculation above is only valid for x > 0. The
situation where x = 0 needs to be treated separately, as
done in [10], which we now consider briefly in the present
broader context, for completeness, while viewing « as a
“switching” parameter.

Setting k = 0 in (4.3), we have

D"+ a(B")?E" = (1 + a(E")?)E". (4.17)
Inserting (2.32) into (4.17), we may obtain E" explicitly
which is again too complicated to state here. Instead, we
write its asymptotic expressions as follows:

N2
=907 o), el (418)
r 2ag
r_ 4,94 -
E:ﬁ+7(g2—q2)+0(r 8, r>1. (4.19)

Besides, in view of (4.18), (4.19), (2.3), sin (2.1), and (4.1),
we obtain

N2
H’ :%_’_Mﬁ—O(rG), r<l, (420)
r 2ag
.9 a9(¢’ =) _
H :ﬁ+T+O(r 10, r>1. (4.21)

These expressions indicate that, near r = 0, the electric
field behaves like a magnetic field, and vice versa, in
leading orders, although they do appear to be purely electric
and magnetic asymptotically near infinity. As a conse-
quence, we see immediately that the free electric charge and
free magnetic charge induced from E” and H” are

(4.22)

9free = 4 — 9> Jfree = 9 — 4

respectively, which is an alternative indicator by finite
quantities that the total energy of such a dyon is necessarily
divergent [10].

In fact, in view of (2.5), (2.32), (4.1), (4.18), and (4.19),
we get

Y
H:q—f+(q 92) +O(Y), r<l, (4.23)
r 4ag
2 2
H:%JFO(r—S), r>1, (4.24)
r

for the Hamiltonian density of the dyon. This expression
clearly indicates that the energy of the dyon with ¢, g > 0
diverges at r = 0 as anticipated.

V. DYONIC POINT CHARGES IN THE
LOGARITHMIC MODEL

In this section, we consider the logarithmic model as a
companion case for comparison and obtain an exact dyonic
point-charge solution of finite energy as well when x > 0.
We also show that when x = 0, although finite-energy
electric and magnetic point charges are still present,
indicating the same electromagnetic symmetry as in the
classical Born-Infeld model, a dyon of finite energy is
excluded or turned off. As a by-product, we show that,
when k > 0, fine electromagnetic structures of the dyon
indicate local asymmetry near the point-charge source and
global symmetry away from the source.

Recall that the well-studied logarithmic Born-Infeld
nonlinear electrodynamics model [41-45] is defined by

f(s):—%ln(l—ﬂs), >0, (51)

Inserting (5.1) into (2.2) and using s in (2.1), we have

D<1 —g(E2 -B?) —/%Z(E : B)2> =E +«*(E-B)B.

(5.2)
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In the dyonic point charge situation where the radial components of D and B are as given in (2.32), we can solve for the

nontrivial radial component of E in (5.2) as before to obtain

E

r:\/K2g2—I—r4\/ﬂ2q292—|—(2ﬂq2+1<292)r4+r8—(Kzgz—i—r“)rz

Pa(g® + 1)

This clumsy looking expression actually enjoys rather
simple asymptotic properties of our concern, which are

12 (B -+ KA
Er=——-—_ o(r®), < 1,
< h T apegg o)

(5.4)

2_ 2
E" :%—% (ﬁ(q > J )+Kzgz> +0(r719), r>> 1.

(5.5)

Thus, we see that the electric field is finite near the point
source and the presence of the parameter « is essential.
Moreover, near infinity, in leading order the electric field
follows a Coulomb law of that of a pure electric charge as if
no magnetism is present but exhibits its magnetic charge
component only in higher-order terms.

We may insert the result (5.3) into (2.3) to obtain the
nontrivial radial component H” of the magnetic intensity
field H whose explicit expression appears complicated
and thus omitted here. Instead, like (5.4) and (5.5), we
content ourselves with listing the asymptotic expressions
for H” below:

2r2 q(p—-2)rt

H" :E—’_ pig —|—O(r6), r<l, (5.6)
2_ 2
Hr:r_g2_r_gG<M+K2q2> —|—O(r_10), r>1. (57)

As a consequence of (5.4)-(5.7), we obtain the same
conclusions for the free electric and magnetic charges as
those for the quadratic model, ¢f.. = ¢ and gg. = g. It is
|

(5.3)

|
interesting to note that, in leading terms, the induced
electric field and magnetic intensity field depend on the
prescribed electric and magnetic charges only, both locally
near the center of the dyonic charge source and asymp-
totically near infinity.

To estimate the dyonic energy, we use (2.5) to get the
asymptotic properties of the Hamiltonian density:

1 2
H:qz+<1nk‘%—]>+0(r2), r<l, (5.8)
kr-  f qr
2.2 2 PR Al
U g )_Bla”~g] Ay ) ro(r), rs 1.
2r 8r
(5.9)

These results lead to the finiteness of the total energy of a
dyonic point-charge source. As a by-product, we observe
that there is a local asymmetry near the center of the dyonic
charge sources between the electric and magnetic sectors
demonstrated through the induced electric and magnetic
fields as well as its energy density profile, and that
electromagnetic symmetry prevails again asymptotically
away from the charge sources.

It will be of interest to derive the governing equations
describing a static dyonic matter distribution. To this end,
we insert (5.1) into (3.1) to get

25 =E2—(1 —ﬂs)2<H2 +K]2(f:7’<21::22> (5.10)

Solving for s in (5.10), we obtain

KE? + fH2 — BCE x H” + V1 — <@E2\/B(2 - PE2)(PJE x H —H?) — B2 + 1 — |
s = .

p*(H? = *[E x HJ?)

Using (2.16) in (5.11), we can determine (3.2), and then
derive the governing equations (3.4) and (3.5). Here we
omit the details but only note that the dyonic matter
equations beyond the classical Born-Infeld model (2.6)
are generally much more complicated since inserting (2.6)
into (3.1) gives us

(5.11)

[
E%(1 - *E?) + «*|E x H|> — H

s = ,
2(1 —x’E?) — B(H?> — ¥*|E x H|?)

(5.12)

which is relatively much simpler, in contrast with (3.8)
and (5.11), for example.
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Setting k = 0 in (5.11), we have

1 2 — BE?
= - . (5.13)
Pop(1+T-p2 - pE?)
In view of (5.1) and (5.13), we have
1 + /1 = pH?(2 — pE?

Inserting (5.14) into (3.4) and (3.5) (with x =0) and
using (2.16), we arrive at

v.<r+vi—mvm%2—ﬂvw%
2
2 - IVl

v,( 2- VoI
L+ /1= By P2 - BIVOP
which is another new set of dyonic matter equations. In the

point-charge source case with (2.31) and (2.32), we may set
k=0 1in (5.3) to get

w) —p (515)

)Vl//) =pm (5.16)

q(2r* + Bg*)
P (r 4+ B+ B )

Er = (5.17)

As a consequence, we get the radial component of the
magnetic intensity field as well,

g(r“ + /7 + B (2rt + ﬁgz)>
r(2r* + Bg?) ’

which gives rise to the radial solution to (5.15) and (5.16)
through E" = ¢/ (r) and H" = y/(r) in the present dyonic
point-charge source situation. In [10], we showed that
the dyonic energy in this case diverges at » = 0. Such a
property is also clearly exhibited in (5.17) and (5.18) when
g # 0. In other words, when « = 0, a finite-energy dyonic
point-charge source is tuned off, which is turned back on
when « > 0.

H = (5.18)

VI. DYONICALLY CHARGED BLACK HOLES IN
QUADRATIC AND LOGARITHMIC MODELS

In [26], dyonic point charges of finite energies in the
generalized Born-Infeld theory that generate charged black
holes with relegated curvature singularities are explicitly
constructed for the classical Born-Infeld model [3,4] and
the exponential model [32,33], with ameliorated and
removed curvature singularities, respectively. In this sec-
tion, we construct dyonically charged black holes with
such relegated curvature singularities in the quadratic and
logarithmic models, based on the results obtained in

Secs. IV and V. We shall see that, although electromag-
netism of the generalized Born-Infeld theory does not
contribute to the Arnowitt-Deser-Misner (ADM) energy
as in the Reissner-Nordstrom charged black hole situation
based on the Maxwell theory, it does to black hole
thermodynamics.

In order to obtain dyonically charged black hole sol-
utions generated from the Einstein equations coupled
with the Born-Infeld type nonlinear electrodynamics of
the form (2.1), consider the spacetime line element
in the ordered spherical coordinates (z,r,0,¢) of the
Schwarzschild form:

5 , dr?

dz* = A(r)dr A0

In the Appendix, we show that the line element (6.1) is

the most general static spherically symmetric one for the

construction of a dyonically charged black hole solution in

the generalized Born-Infeld theory. Within the ansatz (6.1),

it has been shown [26] that the Einstein equations may be
reduced into the single equation,

— 2(d6? + sin20dg?).  (6.1)

(rA) =1 —8xGr*H(r), (6.2)

which directly relates the metric factor A to the energy
density of the electromagnetic sector through an integration,

2GM 8rG

Alr)=1- /H prdp,  (6.3)

where M is an integration constant which may be taken to be
positive to represent a mass. Since the energy of the dyonic
point charge is given by

= / H\/=gdrdodg = 4n / CHrdr, (6.4)
0

thus if this quantity is finite, we may rewrite (6.3) as

25 . (63

r

For the quadratic model (4.1), the quantity in (6.4) is
finite. Hence, inserting (4.13) into (6.5), we get

2G(M - E)
r
2 4,2
8n G< (a 8k g* — 3] 24aK + 2c*)r
12ax

A(r)y=1-

q(=3k> +a)rt

6.6
10ax3 g? (6.6)

) +0(r%), r<l.

With (6.6), we can examine the curvature singularity of
the dyonic black hole solution at the mass and charge
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center, r = 0. In fact, recall that the usual Kretschmann
invariant [47,48] of the metric (6.1) is given by

(FPA")2 + 4(rA")? + 4(A — 1)

A

K= (6.7)

As a consequence of (6.6), we see that a finite-energy
dyonic black hole shares the same curvature singularity as

that of the Schwarzschild black hole, K ~ r~°, and that,
under the critical mass-energy condition,
M =E, (6.8)

the singularity is relegated to K ~ r~*. This feature is

known to be also enjoyed by the charged black hole

solutions arising in the classical Born-Infeld theory [10,26].
Furthermore, applying (4.15) in (6.3), we obtain

2GM 412G
Al =1-==+= <q + P

2 _ 212 42l
_ (alg 91]01' qu))Jro(r—lO), r>1,
r

(6.9)

which in leading orders is of the form of the classical
Reissner-Nordstrom charged black hole metric.

For the logarithmic model (5.1), we can insert (5.8)
into (6.5) to obtain

2G(M —-E) kg 1
— - 8 G< 3ﬂ[1 ——§—2lnr:|>

+0(r"), r<l, (6.10)

Alr)=1-

which is seen to be slightly more singular at » = 0 than
that of the quadratic model due to the presence of the factor
In r but significantly improved upon that of the Reissner-
Nordstrom charged black hole again. Furthermore,
inserting (5.9) into (6.3), we get

2_g 22
2GM 417G <q2+g2_(ﬂ[q 2]0j4;< )>

(6.11)

Recall that, in terms of the metric (6.1), we may use the
Brown-York quasilocal energy formula [46] to compute the
ADM energy [47,49-53] of the system in the full space and
confirm that it agrees with the Schwarzschild black hole
mass such that the electromagnetic energy in the general-
ized Born-Infeld theory does not contribute to the ADM
gravitational energy [26] as in the Reissner-Nordstrom
charged black hole situation. In contrast, electromagnetism
in the generalized Born-Infeld theory does contribute to
black hole thermodynamics, as we now see below.

Consider the dyonically charged black holes generated
from the logarithmic model (5.1) for instance. For sim-
plicity, we assume a supercritical condition, M < E, in
order to include the Maxwell theory limit, E = oo.
Then (6.10) implies A(r) - oo as r — 0. From (6.11),
we have A(r) > 1 as r — oco. Thus we encounter the
possibilities that A(r) > 0 for all r > 0, giving rise to a
naked singularity at » = 0, A(r) vanishes at exactly one
spot, say ry > 0, leading to the extremal event horizon
at r =ry, and A(r) vanishes at multiple spots among
which there is a rightmost one, r,. > 0, rendering the outer
event horizon at r = r, where the black hole resides so
that A’(r,) > 0 holds necessarily, which determines the
Hawking radiation temperature through the formula [54,55]

A'ry)
T. =
H 471_ ’

(6.12)

where if r is relatively large then it may be solved by
setting (6.11) to zero to arrive at the approximate equation:

2GM
r

2 _ 282
G (g p WL CE LR

Alr)=1-

(6.13)

Using (6.13) with » = r, we have the following dyonic-
charge dependent Hawking temperature:

1 GM\ | G(lg* — ] + 4>¢*)
TH — 1 - + 7 )
2mry ry Srh

(6.14)

by (6.12). Although it is impractical to determine r, by
(6.13) explicitly, this equation gives us the estimate

ri > rex = GM + 1/ (GM)? —42G(q* + ).

GM? > 4n(q*> + ¢%), (6.15)

where rgy denotes the classical Reissner-Nordstrom black
hole radius. Using rgy to approximate r,, we have the
approximation

1 GM
T, ~ =27
ZﬂrRN RN

In the weak charge limit, gy ®#2GM = rg (the Schwarzschild
radius), the expression (6.16) is further reduced into

G(plg*> — 1> + 42 q*g?)
5r7RN '
(6.16)

N i R s

T, ~
" 87rGM+ 640G° M’ ’

(6.17)
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where the first term on the right-hand side is the classical
Hawking temperature. This result clearly exhibits the dyonic
charge correction to the Hawking temperature arising from
the logarithmic Born-Infeld model (5.1). For the quadratic
model (4.1), similar results follow from (6.9). For example,
the expression (6.17) is now replaced by the formula

1 a(qZ _ 92)2 + 2K2q292

T. ~
H 87:GM+ 320G°M7

(6.18)

VII. CHARACTERIZATION BY K-ESSENCE
COSMOLOGY AND SIGNATURE
OF QUADRATIC MODEL

In this section, we show that k-essence cosmology may
be considered in the individual cases of the generalized
Born-Infeld formalism to understand their shared similar-
ities and distinctions. For example, both the quadratic and
logarithmic models describe a big-bang universe and have
the same curvature singularity initially in time. On the other
hand, we show that they interpolate different cosmic fluid
matters and possess different equations of state such that
their associated adiabatic squared speeds of sound are
confined in different physical ranges. More importantly,
we shall see that these generalized models may be used to
resolve a density-pressure inconsistency issue associated
with the classical Born-Infeld model that the induced
k-essence fluid density is infinite but the pressure remains
finite at the big-bang moment. In particular, unlike the
classical Born-Infeld model and all of its fractional-
powered extensions, the quadratic model is shown to give
rise to an equation of state describing a radiation-dominated
era for the early evolution of the universe correctly, in
addition to the rejection of the model against the presence
of a finite-energy monopole. Furthermore, we show that
the quadratic model is the unique choice among all the
polynomial models that may lead to a k-essence model
giving rise to an early-universe radiation-dominated era.
Consequently, the features obtained indicate that, with
regard to electromagnetic asymmetry (exclusion of monop-
oles [10]) and symmetry restoration (inclusion of dyons,
Sec. IV) and k-essence cosmology (onset of radiation-
dominated era in the early universe, this section), the
quadratic model is uniquely positioned.

Specifically, we have seen earlier that, in the context
of point-charge sources, the quadratic model (4.1) and the
logarithmic model (5.1) behave rather differently from the
classical Born-Infeld model (2.6), although they all give
rise to finite-energy electric point charges. A sharp differ-
ence arises, however, in the quadratic model, as well as in
the general polynomial model [10], that a finite-energy
magnetic point charge is no longer allowed, a distinctive
mechanism referred to as electromagnetic asymmetry [10]
which is not observed in models (2.6) and (5.1). Interesting,
we have shown in the preceding sections that the lost

electromagnetic symmetry is restored at the dyonic point
charge level in the sense that finite-energy dyonic point
charges are now allowed in all three models. Moreover,
with regard to acquiring finite-energy electric, magnetic,
and dyonic point charges, the models (2.6) and (5.1) are
nondistinguishable. In order to understand the distinctions
and similarities of the generalized models (4.1) and (5.1) in
comparison with the classical model (2.6), here we consider
the cosmological characterizations of these models. We
shall focus our attention on the relation between the matter-
wave density and pressure arising from the k-essence
formalism of these models. We will see that, although
these models all give rise to big-bang cosmology, they
lead to drastically different density-pressure relations: The
classical model (2.6) renders an infinite density but a finite
pressure at the big-bang moment, which indicates a
discrepancy or inconsistency issue, but the generalized
models (4.1) and (5.1) accommodate both infinite density
and pressure at that moment, thereby resolving such a
discrepancy, surprisingly. More note worthily, we show that
the classical model leads to a dust-dominated era in the
early universe, which violates the general consensus that
the early universe is radiation dominated instead, but the
quadratic model gives rise to a radiation-dominated era
correctly, with explicit precision in the associated equation
of state.

In order to study the cosmological expansion of a
universe propelled by a Born-Infeld type k-essence scalar
field, we consider the Lagrangian action density of the
general form [56-65]

L=fX)=V(p), (7.1)
where X = 10,00"¢ = 1 ¢"“0,00,, ¢ being a real-valued
scalar field and g, the gravitational metric tensor, and V' is
a potential density function, aimed to compare the simi-
larities and differences of various nonlinear electro-
dynamics models discussed. We consider an isotropic
and homogeneous universe governed by the Robertson-
Walker line element

ds? = dr? — a*(1)(dx? + dy?* + dz?), (7.2)
expressed in Cartesian coordinates, (f,x,y,z), where
a(t) > 0 is the scale factor or radius of the universe to
be determined. With the notation a = %, etc., and assuming
that the scalar field is also only time dependent, the
equation of motion of (7.1) reads

(@f'(X)¢) = =a*V'(¢). (7.3)

giving rise to the effective energy density p and pressure P,
p=@*f'(X) = (f(X)=V(e)).

P=f(X)-V(p). (74)
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and the FEinstein equations are reduced into the single
Friedmann equation
a

<5>2 =220 =78 (X /(%) - (X) + Vo))

(7.5)
See [10] for details. A simple but highly relevant special
situation is when the potential density function V is
constant, say V, > 0. In this case, the Eq. (7.3) leads to

the result
1 c
/ _— 7 2 7 p—
A <2 @ )rp et

where ¢ is taken to be a nonzero constant to avoid
triviality, which may be set to be positive for convenience.
Solving (7.6), we get

(7.6)

(7.7)

say. Hence (7.5) reads
a\? 8zG c\ , c c
@) =5 (@) ((5)-((5)) +w)

which is a closed-form equation in a rendering the dynamic
evolution of the universe.

We now specialize on the quadratic model (4.1), by
replacing the constant a there with « here in order to avoid
a conflict with the standard notation of the scale factor
a = a(t) given in (7.2), with setting

f(X) =X+ aX?, a > 0. (7.9)
See also [36,38,66—68]. In this case, the mass density
assumes the form
p=X+3aX>+V,, (7.10)
which is positive definite and gives rise to an expanding
universe. Solving (7.6) or

c

(})+agb3:a3, (7.11)
we find
2 L2
1, 12([VI2a T 8Tac + 9yac] - 12i?)
X==-¢*=

2
2 T2aa* [\/ 12a° + 8lac? + 9\/5(:} ’

(7.12)

In view of (7.10) and (7.12), the Friedmann equation (7.5)
appears rather complicated. However, in leading-order
approximations, we have

B3cfc\s1 1/c\il 1
== () - (=) S+—+V,+0(a?), axl,
p 4(a) at 2(0{) a2+6a+ 0+0(d%). a
(7.13)
2
p===%+0(a"?)+ V. a>1. (7.14)
2a

Using (7.13) in (7.5) and the big-bang initial condition
a(0) =0, we get

a(ty~,  t—0. (7.15)
Besides, if V; = 0, then using (7.14) in (7.5), we obtain the
power growth law

a(t) ~ t%, t = oo; (7.16)
if Vi > 0, then using (7.14) in (7.5), we get the familiar
exponential growth law

a(t)NeV%’, t > o0,

unsurprisingly. Both situations give rise to the same big-
bang cosmological expansion scenario, a(0) = 0, a(r) > 0
for t > 0, and a(r) - o as t - oco. Moreover, since the
Kretschmann scalar of the line element (7.2) assumes
the form

(7.17)

3(a* - 2aa*a + 2a*d?)

K= o , (7.18)
we arrive at the properties
K(t) ~ 174, t - 0; (7.19)
K(t) ~ 17, t — oo, Vo =0;
}LIB,K(I) = w, Vo > 0. (7.20)

The property (7.19) indicates that the big-bang moment
t = 0 is inevitably a curvature singularity.

The discussion here, especially the result (7.17), suggests
that the potential V() may well be identified with a field-
dependent cosmological constant, A=A(p)=38zGV(p),
so that (7.4) gives rise to the matter density p,, and matter
pressure P,, with

P=pP, -

. 7.21
87G ( )

P ="Pm SHG’
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Therefore, we are led to the expressions

pm =2Xf'(X) - f(X). P, = [f(X), (7.22)

which is a kind of parametrized form of the equation of state
of the cosmic fluid relating p,,, and P,,. Specifically, for the
quadratic model (7.9), we have

Pm =X + 3aX?, (7.23)

by the first equation in (7.22). Solving this equation, we have

Xz%(\/l  12ap,, — 1).

(7.24)

Inserting (7.24) into the second equation in (7.22), we obtain
the equation of state

1 4
p == (725
m <3+3(\/_12apm+1+1)>pm (7.25)

explicitly. Since

limp,, (1) = 0,

1—00

limp,, (1) = . (7.26)
=

in view of (7.13) and (7.14), we arrive at the limits

limw,, () = 1,

=00

. 1
il_l;rolwm(t) - 57 <7'27)

where

1 4
Wy = ——

om 3 3(VDap F1+1)

This result indicates that the quadratic model monotonically
interpolates two classical linear equations of state, radiation-
dominated matter with w,, = % and stiff matter withw,,, = 1,
respectively.

As an analog with the classical Newtonian mechanics,
the equation of state (7.25) renders us the adiabatic squared
speed of sound c2 to be

(7.28)

o _dn,
© dp
2 142 4 8ap,, +1
= o —_— ).
(V12ap, +1+1) Pt 2ap, 11

(7.29)

This is a monotone decreasing function of p,, such that

limc? =1,
/)nl_)()

1
lim == (7.30)

pm_)oo

In particular, we have < c¢? <1 at any time 7> 0,
regardless of the value of the positive parameter a. Since
the permissible range for the adiabatic squared speed of
sound is [0, 1), we conclude that the quadratic model (7.9)
is of relevance in giving rise to a meaningful cosmic fluid.

We now briefly consider the logarithmic model (5.1)
such that the k-essence nonlinearity is given by

f(X):—%ln(l—ﬂX), p>0, 0SX<%. (7.31)
Inserting (7.31) into (7.6), we have
X c?

Solving for X in (7.32) and observing the range of X stated
in (7.31), we get

X = h(;) :ﬂzlcz <a6+ﬂ02 —a3\/a6+2ﬂc2>

C2

@S+ B + a3 1 2p

On the other hand, inserting (7.31) into (7.5), we find the
density of the cosmic fluid defined by the k-essence to be

(7.33)

2X 1
X) = —In(1 - X) + V. 7.34
p(X) = =+ 5 =X Vo (730)
It is clear that p/(X) > 0 and
p(0) =V, limp(X) = oo, (7.35)
X—>3

corresponding to a = oo and a = 0, respectively. In par-
ticular, p > V, > 0, which ensures a forever expanding
universe. In view of (7.33) and (7.34), we have

2¢ 1 243
p:—\/_03+_<1n—\/—a —1> +V0
vha®  p\ Ve
2 3
—‘/_f’ +0(a®), axl, (7.36)
4p2c
Pt ~
p:ﬁ—m—f—vo—f—O(a 18, ax>1. (7.37)

From (7.36) and (7.5), we see that the big-bang initial
condition a(0) = 0 gives us the behavior
a(t)~6, K@) ~r?,  1-0, (7.38)

of the scalar factor and the Kretschmann invariant (7.18),
respectively, near the start of time. Furthermore,
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comparing (7.37) with (7.14), we see that the behavior (7.20)
holds asymptotically near time infinity. Following (7.22),
we may express the matter density p,, and pressure P,, of the
logarithmic model (7.31) as

2X 1
+-In(1-pX).

TR

P, - —%ln(l _BX), (7.39)

resulting in the equation of state

2
P =P —1)=P,,. (7.40)
p
Besides, using (7.33), we have
l'mX—l IimX =0 (7.41)
t1—>0 o ﬁ’ tl»rg o ’
Hence, applying (7.41) to (7.39), we have
limp,, (1) = oo, limP,, (1) = oo;
t—0 t—0
limp,,(¢) =0, tlium(t) =0, (7.42)
—o0 —00

which are all expected in cosmology. In view of (7.40) and
L’Hopital’s rule, we obtain

P
lim—2 =0,
=0 Py,

lim—" =1,
t—>oopm

(7.43)

indicating that the logarithmic k-essence model interpolates
between the dust-matter and stiff-matter models. The adia-
batic squared speed of sound is

dpP 1
2 _Wm _ , 7.44
Cs dp,, 2efPn -1 (7.:44)
which decreases in P,, € [0, 00) and satisfies
lim ¢2 = 1, lim ¢ = 0. (7.45)
m—0 P,—

In particular, the range 0 < ¢ < 1 suggests that the loga-
rithmic k-essence model (7.31) could serve as a relevant
cosmic fluid model governing an expanding universe.
Finally, it will be instructive to compare these results with
those of the classical Born-Infeld model (2.6) within our
formalism, which in this context gives rise to the corre-
sponding k-essence Lagrangian action density (7.1) with

7(x) = 5 (1= VT=25%).

Inserting (7.46) into (7.6), we find

(7.46)

CZ

which leads to the density function

2X 1
= =g (VIR A

B 2X
- VT=2BX(1+ /T =2pX)

implicating an expanding universe. On the other hand, in
view of (7.47) and (7.48), we have

p(X)

+ V. (7.48)

c 1 a’
=————+Vy+—5+0(a’), axl, 7.49
P T 2 @) )
c? c*
p= ﬁ_%Jr Vo +0O(a™'8), a>1. (7.50)

Note that (7.49) is similar to (7.36) but (7.50) is identical
to (7.37). As a result, we have similar time evolution
descriptions for various quantities. Besides, we have the
following nonlinear equation of state [10,69]:

Pom
P, = ,
L+ Bpm

which renders the limiting behavior (7.43), the bound
0 < ¢? < 1, and the limits

(7.51)

lim ¢2 =0, lim c? =1,

(7.52)
corresponding to t = 0 and ¢t = oo, respectively. Note that
in (7.52) we use p,, to describe the limits of the adiabatic
squared speed of sound instead because by virtue of (7.47)
or (7.51) the matter pressure P,, stays bounded and enjoys
the limits

1
limP,, (1) = —, limP,,(t) = 0.

t—0 ﬁ t—o0 (753)
In other words, unlike that in the quadratic and logarithmic
models, the matter pressure of the classical Born-Infeld
model stays bounded even at the big-bang time ¢ =0,
although its matter density tends to infinity there. This is
certainly a less desirable, physically unnatural or discrepant,
feature. Therefore, we conclude that, as cosmic fluids,
both the quadratic model (7.9) and the logarithmic model
(7.31) significantly deviate from the classical Born-Infeld
model (7.46), in view of k-essence cosmology, in addition to
their shared common features. These detailed fine points are
summarized as follows.
(a) In the context of k-essence cosmology, the classical
Born-Infeld model, the quadratic model, and the
logarithmic model all give rise to a big-bang scenario
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for the evolution of the universe such that at the initial
moment the matter density in each model is infinite
and in far future it vanishes.

(b) The matter pressure in the classical Born-Infeld model
remains finite at the initial moment despite the fact that
the matter density is infinite then. However, in both the
quadratic and logarithmic models, the matter pressures
become infinite initially at the big-bang moment as
well, which is consistent with the infinite matter-
density property, and thus may be considered physi-
cally more natural or agreeing.

(c) In terms of the equations of state, the classical Born-
Infeld model and the logarithmic model both inter-
polate between the dust-matter and stiff-matter fluids,
but the quadratic model interpolates between the
radiation-dominated matter and stiff matter.

(d) In either the classical Born-Infeld model or the
logarithmic model, the adiabatic squared speed of
sound is confined in the unit interval (0,1), but in the
quadratic model, it stays more restrictively in (5. 1),
reflecting the fact that the associated fluid links the
radiation-dominated matter and stiff matter ones.

(e) The three models also share the common property that
their equations of state in each case define the
associated fluid pressure as a concave down function

2
ot
speed of sound c¢? decreases as p,, increases. This
property is consistent with the classical Newton-
Laplace sound speed formula [70-72] for fluids.
In Fig. 1, these points are further illustrated graphically.
Regarding property (b) stated above, the equations of
state (7.25), (7.40), and (7.51), for the quadratic, logarith-
mic, and the classical Born-Infeld models, respectively,
clearly describe the dependence relations between the fluid
density and pressure in each case; in particular, why the
pressure in the last case stays finite even though the density
approaches infinity as 7 — 0. Mathematically, such a
feature is exhibited in the nonlinearity function (7.46) in
that when the quantity X given in (7.47) goes to its
threshold value ﬁ as a — 0 the function f(X) given
by (7.46) goes to a finite limiting value. On the other
hand, the function f(X) given by (7.31), for example, tends
to infinity as X goes to its threshold value }3 as a — 0 as

shown in (7.33). As for the quadratic model (7.9), the
quantity X has no threshold value and X — co as @ — 0 so
that both fluid density and pressure go to infinity at the big-
bang moment. Such a consistency property has also been
established in several other models [10], although it is
lacking in the original Born-Infeld model as observed.

It will be of interest to consider various energy con-
ditions [73-79] in our context, which are

(i) weak energy condition: p,, > 0,p,, + P,, >0,

(i) dominant energy condition: p,, > |P,,|, and

(iii) strong energy condition: p,, +P,, >0,p,, +3P,, >0.

of the density, —=* < 0, such that the adiabatic squared

Pressure versus densitv
quadratic model —

= logarithmic model

= = Born-Infeld model **-*"* horizontal asym ptote
m
— p—
-
—
—
—
=
—
—
s T
i
./
P

FIG. 1. Ilustrative plots of the curves of the equations of state of
the k-essence cosmic fluids described by the classical Born-Infeld,
the logarithmic, and the quadratic models, as labeled respectively.
At the far future corresponding to ¢ = oo (the coordinate origin on
the left), the fluid density p,, and pressure P,, of each model both
vanish with unit limiting pressure-and-density ratio, w,, = 5— =1,
and adiabatic squared speed of sound, c? = 1. At the initial big-
bang moment, r = 0 (far right), however, these models behave
rather differently. For the classical Born-Infeld model, although the
fluid density becomes infinite as t — 0, the fluid pressure stays
finite and in fact approaches its limiting value, % as t — 0,
indicating a discrepancy. In the quadratic and logarithmic models,
such a discrepancy is resolved in the sense that in either of the
models the fluid pressure also approaches infinity as ¢ — 0.
Moreover, as t — 0, the adiabatic squared speeds of sound of
the classical Born-Infeld and logarithmic models both approach
zero, implying a dust-matter fluid, but that of the quadratic model
tends to % indicating a radiation-dominated-matter fluid.

From (7.9), (7.22), (7.23), (7.39), and (7.51), it is clear
that the quadratic, logarithmic, and classical Born-Infeld
models given by (7.9), (7.31), and (7.46) satisfy all these
energy conditions.

More generally, we can extend (7.46) to consider the
fractional-powered model [10]

1 X\

f(X)z—(l—[l—ﬂ—} > 0<p<l, (7.54)
p p

as in [80-82] in the context of nonlinear electrodynamics.

Thus, using (7.22), we obtain the bound P, S% and the

equation of state

2p

pn= (2P =Pyt ([1 _pp,] 5 = 1). (7.55)
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As a consequence, we have

2(1-p)
(1-pP,,)

dpm,
dp,,

1
>1, P,<-

5 (756

=Q2p-1)+

resulting in the physically desired bounds 0 < ¢2 < 1 for
all ¢+ > 0 again. Furthermore, combining (7.55) and (7.56),
we arrive at

) 1
lim P,, =—.
plﬂ_)w

(7.57)

In other words, the density-pressure inconsistency univer-
sally occurs in the fractional-powered model (7.54) as in
the classical Born-Infeld model (7.46) as depicted in Fig. 1.
In particular, we see that the consensus that the early
universe is a radiation-dominated era [52,83,84] charac-
terized by the equation of state

1

Pm:_pm

: (7.58)

is violated by the model (7.54), as well as by the models
(7.31) and (7.46). In contrast, it is fortunately observed
by the quadratic model (7.9), as described by (7.27), or
more precisely by (7.28).

The above study prompts us to compare the quadratic
model in contrast with some other extended models with
respect to the preservation of the equation of state (7.58) in
the early universe limit ¢+ — 0. For this purpose and for
convenience, we rewrite (7.6) as

FOVX = 5

a

¢>0, (7.59)

so that the dynamic quantity X =]¢* depends on the
metric factor ¢ monotonically. Now set

Xy = lil‘I(l)X = lin(}X. (7.60)
a—> =
We are to consider the limiting ratio
P,(X X
wY, = limw,(X) = lim nX) _ lim ,L,
Xy X% p(X) X% 2XF'(X) — F(X)
(7.61)

in view of (7.22).
Indeed, for the polynomial model [10]

fX)=X+) "a,X". a....a,>0. n>2, (1.62)
m=2

it is clear that X, = oo, so that (7.61) renders

X n X" 1
wd, = lim T2 -
n —

(7.63)

So, to observe a radiation-dominated era with w9, =1, the
unique choice is n = 2, namely, the quadratic model (7.9).
It is interesting that (7.63) is independent of the values of
the coefficients a,,...,a, which define the polynomial
model (7.62).

As another example, we consider the exponential
model [32,33]

1

fX) = 5@ =), p>0 (7.64)

Inserting (7.64) into (7.59), we see again that X, = oo
in (7.60). Hence, substituting (7.64) into (7.61), we have

X —1

0 pu— 1. pu—
Xow (26X — 1) 1 1

Win

0,  (7.65)

which cannot realize a radiation-dominated era in the early

universe, regardless of the value of the parameter f.
Moreover, it is clear that the exponential model (7.64) is

the large-p limit of the fractional-powered model [10]

1 P
f(X)——<[1+gX} —1>, p>1, p>0. (7.66)
p p
For this model, we also have X; = oo so that (7.61) yields
X)
0(p) = li _ X
W) = LX) - 1)
1-(1+Lx)"
= lim ; P
Xow 2BX(1+ LX) — 14 (1 4+ LX)
1
= . 7.67
-1 (7.67)

Consequently, (7.65) is the large-p limit of (7.67) as well.
Furthermore, the condition of realizing a radiation-
dominated era in the early universe, or w9, (p) = 1, singles
out the quadratic model p = 2 again. Incidentally, when the
power p in (7.60) is an integer, p = 2, 3, ..., the fractional-
powered model (7.66) is contained in the polynomial
model (7.62).

Thus we conclude that, through k-essence cosmology,
the quadratic model distinguishes itself further in giving
rise to a correct early-universe equation of state for the
wave-matter cosmic fluid it generates.

VIII. CONCLUSIONS

The main contributions of this work are the derivation of
the equations of motion governing static dyonic matters,
described in terms of two real scalar fields, in nonlinear
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electrodynamics of the Born-Infeld theory type, construc-
tion of exact finite-energy solutions of these equations in
the quadratic and logarithmic models in light of electro-
magnetic symmetry and asymmetry, subject to dyonic
point-charge sources, construction of dyonically charged
black holes with relegated curvature singularities in these
models, and cosmological differentiation of the nonlinear
models under consideration with regard to the associated
k-essence dynamics. Specifically, put in perspective, these
new results are summarized and commented on as follows.

®

(i)

(iii)

(iv)

We have considered the nonlinear electrodynamics
of the Born-Infeld theory in its most general for-
malism and derived its equations of motion de-
scribed in terms of two scalar potential fields which
govern a static dyonic matter distribution and con-
tain two independent coupling parameters, f and «.
The first limiting case, k = 0, corresponds to the first
Born-Infeld model arising from special relativity.
The second limiting case, f = K2, corresponds to the
second Born-Infeld model based on an invariance
principle.

As important examples, static dyonic matter equa-
tions in the classical Born-Infeld model, the quad-
ratic model, and the logarithmic model are presented
and their exact solutions subject to point-charge
sources are obtained explicitly. These solutions
demonstrate the crucial role played by the coupling
parameter x as a switch to turn on and off the
finiteness of the energy carried by a solution.

Of particular interest is the quadratic model situa-
tion. In an earlier study, we have seen that a finite-
energy electric point charge is accommodated in all
nonlinear electrodynamics models with polynomial
type nonlinearity but a magnetic point charge is
excluded, within the first Born-Infeld theory context
characterized with x = 0, which is a phenomenon
referred to as electromagnetic asymmetry. In the
present study with k > 0, the obtained finite-energy
dyonic point-charge solutions indicate that electro-
magnetic symmetry may be restored in the quadratic
model by dyons which accommodate electricity and
magnetism simultaneously, although in terms of the
fine structures of electromagnetism both field-wise
and energy-wise there is local asymmetry near the
center of the dyonic point-charge source but sym-
metry restoration asymptotically near spatial infin-
ity. This phenomenon of local asymmetry and
asymptotic symmetry of electromagnetism of dyons
is further exhibited transparently in the logarithmic
model as well.

As for the dyonically charged black hole obtained
earlier in the classical Born-Infeld model, the
charged black holes in the quadratic and logarithmic
models have relegated curvature singularities at
the center of the charges, r = 0, measured by the

)

(vi)

(vii)
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Kretschmann invariant, K, which are of the same
order as that of the Schwarzschild black hole,
K ~r7®, in general, as a result of the finiteness
of the associated electromagnetic energy of the
dyonic point-charge sources. This singularity may
further be ameliorated to K ~ r~* under a critical
mass-energy condition, as in the classical Born-
Infeld model.

For both the quadratic and logarithmic models,
the gravitational metric factors of the dyonically
charged black holes are indistinguishable and be-
have like the Reissner-Nordstrom black hole up to
the order of r=® for r>> 1, although they possess
different fine local structures electromagnetically
and energetically for r < 1. Up to the order r~2,
these black holes have the same Brown-York qua-
silocal energy within the radial coordinate distance
r > 1 such that they possess the same ADM mass to
which the electromagnetic energy makes no con-
tribution. However, in these models, electromagnet-
ism contributes to black hole thermodynamics
through the Hawking radiation.

In the context of k-essence cosmology, the quadratic
and logarithmic models both give rise to the same
big-bang universe scenario and initial curvature
singularities, although as cosmic fluids these models
follow different equations of state and interpolate
different limiting states. In particular, the associated
adiabatic squared speeds of sound of the models take
different physically meaningful ranges during the
evolution of the universe.

In terms of k-essence cosmology, the quadratic and
logarithmic models are shown to distinguish them-
selves against the classical Born-Infeld model in that
the former give rise to a consistent description for the
expansion of the universe in a big-bang scenario
such that in these two former models both fluid
density and pressure blow up at the initial moment
but the latter third model renders a finite limit of
the pressure despite the initial blowup of the fluid
density, which signals a physical discrepancy or
inconsistency in the classical model in contrast.
More importantly and interestingly, the quadratic
model gives rise to a radiation-dominated era in the
early universe, and in contrast, the classical model,
and more generally, the fractional-powered model,
the logarithmic model, as well as the exponential
model, all fail to do so, but instead, give rise to a
dust-dominated era, rendering another inconsistency
against the commonly accepted consensus. In this
regard, the quadratic model seems more favorable
and advantageous, in addition to its exclusion of a
finite-energy monopole, and stands out uniquely
among other polynomial models, beyond the quad-
ratic model, which all exclude monopoles but give
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rise to incorrect pressure-density ratios in the
early universe.

The data that supports the findings of this study are
available within the article.
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APPENDIX: METRIC FACTORS

In this Appendix, we elaborate on the metric factor
problem associated with dyonically charged black holes
generated from the nonlinear electrodynamics of the
Born-Infeld type considered in Sec. VI. Recall that, with
spherical symmetry, the most general static spacetime line
element assumes the form [47,52]

dr*> = Gy dxdx”

= P(r)d® — Q(r)dr? — r*(d¢* + sin® 0d¢?*),  (Al)
where P and Q are positive-valued functions of the radial
variable r only. It is well known that, in the situations of
the vacuum FEinstein equations and the Einstein equations
coupled with the Maxwell equations so that the solutions
are the Schwarzschild massive black hole and the Reissner-
Nordstrom charged black hole, respectively, it can be
shown that P and Q must satisfy the normalized condition

PO =1. (A2)
In the context of the generalized nonlinear electrodynamics,
it continues to be consistent to assume the condition (A2).
That is, it is consistent to work with the line element (6.1) as
an ansatz. On the other hand, it will be interesting and
important to study whether the condition (A2) is dictated, as
in the classical situations, by nonlinear electrodynamics as
well. In this Appendix, we show, indeed, that (A2) must hold
for dyonically charged black hole solutions as a necessary
condition, regardless of the form of the function f(s) in the
nonlinear electrodynamics theory (2.1). In other words, the
line element (6.1) is the most general line element to bring
forth static spherically symmetric dyonically charged black
hole solutions to the Einstein equations coupled with non-
linear electrodynamics of the Born-Infeld type.

To proceed, we shall relate the Ricci tensor of the line
element (Al) to the energy-momentum tensor of the
nonlinear electrodynamics defined by (2.1) through the
Einstein equations. We see that the governing equations of
electromagnetism impose some constraints to the energy-
momentum tensor, hence to the Ricci tensor as well, which
inevitably results in (A2). As a by-product of this

formalism, we also show that electric and magnetic charges
arise as integration constants, rather than prescribed
quantities, naturally giving rise to dyonically charged
black holes. This property is an interesting aspect for its
own sake.

First, with (A1), the nontrivial and independent compo-
nents of the Ricci tensor are given by the expressions

oy r
w=-tig(r )0
_ P PP 0N O
H=op 4P<P+Q> rQ’ (A4)
PR S S
Ry = 1+Q+2Q<P Q>, (AS)
R33 = Sil’l2 9R22. (A6)

Next, since the electromagnetic tensor now is also
radially symmetric [26], we see that the nontrivial and
independent components of F*¥ are

FO' = X, F? =-Y, (A7)
in which X and Y may be regarded as the radial components
of the underlying electric and magnetic fields sustained
by a dyonic charge, respectively, whose properties will
become clearer later. Thus, using (g,,) = diag(P,—Q. -1,
—r?sin? @) and (¢*) =diag(P~',—Q~!,—r7%,—r 2sin~20)
to lower and raise indices, respectively, we see that
the nontrivial and independent components of F,,, F

s F s
and F* are

FO] = PQX, F23 = —r4 Sin2 QY, (AS)
Fo = \/PQOrsin6y, Fy3 = \/PQOr’sinfX, (A9)
VPO r*sin@

respectively. Here F** is the Hodge dual of F** with respect
to the metric (g,,) given by

- 1 1
F = Es"”"ﬂFaﬁ, 0123 = ——g (A11)
With these results, we have
F, F* = —4r?sin0\/POXY. (A12)

Moreover, recall that the curved-spacetime Born-Infeld
electromagnetic field equations of (2.1) now read

1

= (A13)

aﬂ(\/—_gP/“’) =0,
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P = 1) (=S IPg ). (A1

where the quantity s in (2.1) and (A14) assumes the form

1 iy Kz Touv)2
S:_ZFI'”’F +§(FMDF )

2
(POX® — r* sin? Y?) + % r*sin? OPQ(XY)?,

0| —

(A15)

by (A7), (A8), and (A12). Similarly, in view of (A7), (A10),
and (Al12), we obtain the nontrivial and independent
components of the tensor field P* given in (A14) to be

PO = —f'(s)(1 + k?r* sin? OY?)X, (Al6)

PP = —f'(5)(1 — &2POX?)Y. (A17)

On the other hand, from (A10), we see that the Bianchi
identity
1
V=9

has only two independent nontrivial components at v = 0
and v = 3, respectively, which can be reduced into

0,(y=gF") = 0 (Al8)

(r*sin?0Y), = 0, (A19)

(A20)

since /=g = /PQr? sin 6. As a consequence of (A20), we
find that X depends on r only. Moreover, within spherical
symmetry, the quantity (A15) depends on r only. With this

fact in mind, we obtain from the v =3 component of
Eq. (A13) the result

(sindY), =0, (A21)
which implies the conclusion
Z
Y =——, A22
sin @ ( )

where Z depends on r only. Hence, in terms of the
r-dependent functions X and Z, we have

Fo = \/POr’Z, Fy3 = \/PQOr’sin0X, (A23)
ROl _ _ 2z P VvVPOX (A24)

VPO’ r2sin@’
F, F» = —4r*\/POXZ, (A25)

1 2
s =5 (POX* —12) + % FHPOX2Z2.  (A26)

Inserting (A8) and (A23)-(A26) into
momentum tensor given by

the energy-

K2 ~ 7
T ==1"(5) (FﬂagaﬁFuﬁ = FuvF* )FuagaﬁFvﬁ>

= 9uf(s), (A27)
we see that its nontrivial components are
Tog = P2Of'(s)(1 + 2 Z%)X? = Pf(s),  (A28)
Ty = =PQf'(s)(1 + 2r'Z2)X* + Qf(s),  (A29)
Ty =r°f'(s)(1 =k*POX?)Z* + r*f(s).  (A30)
T = sin® T ,. (A31)

Using (A28)-(A31), we find the trace of the energy-
momentum tensor to be

T =2f"(s)(POX? + 2> r*PQX?Z% — r*Z2) — 4f(s).
(A32)
We are now ready to derive the anticipated reduction

of the line element (A1), as stated in (A2). To this end, we
use (A3), (A4), (A28), (A29), and (A1) to arrive at

Lp o Q
;(F"‘E):_FROO_RH
= 87‘[G<%T00 + Tll)

—4zG <%900 + 911> T=0, (A33)
in view of the Einstein equations

1
R,, = —81G <TW -5 gﬂDT> : (A34)

Note that the vanishing of the second term on the right-hand
side of (A33) is actually independent of the details of 7.
As a consequence of (A33), we have

(PQ) =0, (A35)

which leads to PQ = constant. Since we are interested
in an asymptotically flat metric, we should impose the
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condition P(r), Q(r) — 1 as r — oo. This establishes (A2)
so that we arrive at the line element (6.1).

As a consequence, with P=A and Q = A%, we see
that (A3)—(A6) and (A28)—-(A32) become
A 1
Ro=-53 (rPA), Ru=551 (rPA"),
R22 = (I’A), - 1, R33 = Sin2 0R22, (A36)
and
Too = Af'(s)(1 +x*r*Z2)X? — Af(s), (A37)
/
Ty, = _ff‘s) (1+ K222 X2 +f—£f) . (A38)

Ty =rf'(s)(1 =k°X*)Z> + 1 f(s), T3 =sin’ 0Ty,

(A39)
T =2f"(s)(X? + 2214 X2 7% — ¥4 Z%) — 4f(s), (A40)

respectively. Therefore, in view of (A36)-(A40), we see
that the Einstein equations (A34) are reduced into

(rPA") = 16aGr2(r*f'(s)(Z* — k*[XZ)?) + f(s)), (A41)
(rA) =1=8aGr*(f'(s)(X> +x*r*[XZ)*) = f(s)), (A42)
which are overdetermined. We now show that (A41) is
necessarily contained in (A42). In fact, in terms of A, X, Z,
the v = 0 component of (A13) becomes
(2 f'(s)(1 + *r*Z%)X), = 0. (A43)

Thus, applying (A43), we see that (A41) and (A42) lead to
2 AT\ " 6 / 2v2 rZ
(rrA") = r(rA)" = 162Gr°Zf'(s)(1 — k*X*) ZZ—l—7 ,

(A44)

in view of

% =1+ Z22)XX" + r* (-1 + K*X*) 27
+ 23 (=1 +k*X?)Z2, (A45)
because (A26) is updated into
1 K2
s=3 (X2 —r*Z%) + > . CVA (A46)

Since consistency requires (r?A’)" — r(rA)” = 0, we are led
to imposing the equation

rZ' = —-47 (A47)
in (A44). However, it is clear that (A47) must hold in
view of (A19) and (A22). Hence, we have verified that
(A41) is contained in (A42). In other words, the Einstein

equations (A34) are reduced into the single equation (A42).
Besides, the solution to (A47) reads

9
zZ = a (A48)

which represents a magnetic point charge. In fact,
applying (A48) to (A43), we have

2
£(s) (1 + K2%>x =4

A49
: (A49)
where the constant ¢ may naturally be interpreted as a
prescribed electric charge. In view of (2.32), we see that
(A49) is the radial version of the constitutive equation (2.2)
with setting

_4 _ 259

Dr—ﬁ, Er—X, Br—rZ—p, (ASO)
so that (A37)-(A40) and (A46) all assume their expected
radially symmetric forms in terms of the prescribed
electric charge g and magnetic charge g, respectively.
Consequently, we arrive at the formulation carried out in

Sec. VI as described.
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