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We consider polar perturbations of static Ellis-Bronnikov wormholes and derive the coupled set of
perturbation equations for the gravitational and the scalar field. For massless wormholes the perturbations
decouple, and we obtain two identical master equations for the scalar and gravitational modes, which
moreover agree with the master equation for the axial modes. Consequently there is isospectrality with
threefold degenerate modes. For a finite mass of the background wormhole solutions, the equations are
coupled. We then obtain two distinct branches of polar quasinormal modes for a given multipole number l,
associated with the presence of the two types of fields. We calculate the quasinormal mode frequencies and
decay rates for the branches with l ¼ 2, 3 and 4. For a given l the real frequencies of the two branches get
the closer, the higher the multipole number gets.
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I. INTRODUCTION

The Einstein-Rosen bridge is obtained by solving the
vacuum Einstein equations of the general theory of rela-
tivity for the static spherically-symmetric case [1]. It
represents a nontraversable wormhole, encumbered by
event horizons. Decades later, when considering the
Einstein equations in the presence of a scalar field,
Ellis [2,3] and Bronnikov [4] were able to obtain travers-
able wormhole solutions, provided they employed a non-
standard scalar field, i.e., a phantom field. The necessity of
the presence of a phantom field or, more generally, some
form of exotic matter violating the energy conditions in
classical general relativity was nicely discussed by Morris
and Thorne [5], who also contemplated the use of worm-
holes for rapid interstellar travel, see also [6,7].
In contrast to classical general relativity, however,

alternative theories of gravity do not necessarily require
the presence of exotic matter. Here the energy conditions
can be violated by the gravitational degrees of freedom
alone, as it happens, for instance, in Einstein-scalar Gauss-
Bonnet theories [8–10]. On the other hand, quantum

degrees of freedom like Dirac particles also allow for
the violation of the energy conditions and thus the
emergence of traversable wormholes [11–14]. Recently,
traversable wormholes have been constructed in Einstein-3-
form theory since the 3-form field can violate the energy
conditions as well [15,16].
Clearly, besides the pure theoretical interest the various

possible ways of detecting a wormhole are of even more
interest. Considering that wormholes might exist, one of the
possibilities to detect them would be optically. For instance,
one may look for the gravitational-lensing effects created
by a wormhole [17–28], one may search for their shad-
ows [16,26,29–33], seek their accretion disks and radiation
associated with quasiperiodic oscillations [34–40], etc.
Another interesting possibility for detecting wormholes

could arise via studies of scattering some scalar field.
Recently analytic expressions for the transmission and
reflection amplitudes of the corresponding effective potential
and the absorption cross section of wormholes have been
calculated and it has been shown that for both a massless and
amassive field, an observer at infinity can easily differentiate
between a wormhole and a Schwarzschild black hole by
examining the scattering data for the scalar field [41].
Currently, gravitational-wave astronomy [42–44] is giv-

ing us a new potential approach to observe wormholes
through their damping modes called quasinormal modes
(see e.g. [45–47]). Quasinormal modes are characteristic
modes of a freely oscillating space-time. When a compact
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object like a black hole, a neutron star or a wormhole
oscillates the system is open, and the gravitational waves
lose energy and decays in time, so these type of modes are
called quasinormal modes.
Quasinormal modes of wormholes have been considered

before in a variety of contexts [48–59]. A particularly
interesting aspect here is presented by the inverse problem,
which can allow to find the shape of the wormhole by its
quasinormal modes [52,54]. This is different from the case
of black holes where a family of effective potentials
produces the same quasinormal mode spectrum [60].
A particular example where the quasinormal modes have

allowed to reconstruct the metric near the throat are the
symmetric Ellis-Bronnikov wormholes [54]. The quasinor-
mal modes of the general family of Ellis-Bronnikov
wormholes have been investigated only partially up to
now [48,49,55]. A systematic analysis of the scalar, axial,
and radial perturbations was given in [55].
Here we calculate the quasinormal modes for the polar

perturbations for the multipole numbers l ¼ 2, 3 and 4. The
presence of the scalar field always leads to two such
families of modes, as the mass of the background worm-
holes is varied, whereas in the massless case the eigenval-
ues of the modes coincide. Indeed, for massless wormholes
we obtain two identical master equations for the scalar and
metric perturbations. Moreover, the previously obtained
master equation for the axial modes [55] is also identical to
these master equations.
The paper is organized as follows. In Sec. II we present

the theoretical setting, comprising the action, the equations
of motion and the family of static spherically symmetric
Ellis-Bronnikov wormhole solutions. These serve as the
background solutions for the perturbations discussed in
Sec. III, where a brief reminder of the formalism is given,
before the equations for the different multipoles, l ¼ 0,
l ¼ 1, and l ≥ 2 are obtained. Additionally, it is shown that
the spectrum possesses a threefold degeneracy for the
massless wormholes, since in this case all (scalar, polar
metric, and axial metric) perturbations satisfy the same
master equation. Starting with a description of the applied
methods, we then present our results for the polar quasi-
normal modes in Sec. IV, and we conclude in Sec. V.

II. THEORETICAL SETTING

We consider the Einstein-Hilbert action

S ¼ 1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p ðRþ 2∇μϕ∇μϕÞ ð1Þ

with a massless minimally-coupled phantom field ϕ. By
varying the action we obtain the coupled set of equations of
motion

Rμν ¼ −2∂μϕ∂νϕ; ð2Þ
∇μ∇μϕ ¼ 0: ð3Þ

The family of static spherically symmetric Ellis-Bronnikov
wormholes is then given by

ϕ ¼ ϕðbÞðrÞ ¼ Q
r0

�
tan−1

�
r
r0

�
−
π

2

�
; ð4Þ

ds2 ¼ gðbÞμν dxμdxν

¼ −efdt2 þ 1

ef
½dr2 þ ðr2 þ r20Þðdθ2 þ sin2 θdφ2Þ�;

ð5Þ
with

f ¼ C
r0

�
tan−1

�
r
r0

�
−
π

2

�
; ð6Þ

and Q, r0, and C are constants discussed below. The
superscript (b) indicates, that these are the background
solutions to be employed in the perturbation expansions.
Asymptotically, for r → þ∞ the metric function f

tends to zero, f → 0, and the metric approaches
Minkowski spacetime. On the other hand, for r → −∞,
a coordinate transformation is needed to approach
Minkowski spacetime,

t̄ ¼ e−
Cπ
2r0t; r̄ ¼ e

Cπ
2r0r; r̄0 ¼ e

Cπ
2r0r0: ð7Þ

Thus, the spacetime has two asymptotically flat regions,
which are connected by a throat where the circumferential
radius RðrÞ,

R2ðrÞ ¼ e−fðr2 þ r20Þ; ð8Þ

assumes its minimal value.
The global charges of the solutions can be read off from

the asymptotic expansion of the phantom field and the
metric. The charge of the phantom field is given by the
constantQ. The mass of the wormhole solution as extracted
in the asymptotically flat region r → þ∞ is given by

C ¼ 2M: ð9Þ
Besides determining the mass, the constant C represents

also a measure of the symmetry of the wormhole. When
C ¼ 0, the wormhole is massless and symmetric with
respect to reflections of r → −r at the throat r ¼ 0.
However, when C ≠ 0, the wormhole possesses mass,
and it is asymmetric, its throat being located either in
the region r < 0 or r > 0. There is also a symmetry relation
between solutions with a positive value of C and those with
a negative value, which reads

fðr; CÞ ¼ fð−r;−CÞ − πC
r0

;

ϕðr; CÞ ¼ −ϕð−r;−CÞ − πQ
r0

: ð10Þ
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This relation relates the part of the spectrum of quasinormal
modes with C < 0 with the C > 0 part.

III. PERTURBATION THEORY

A. Formalism

We decompose the metric and the phantom field as
follows:

gμν ¼ gðbÞμν þ hμν; ð11Þ

ϕ ¼ ϕðbÞ þ ψ : ð12Þ

where the superscript (b) stands for the background, and the
perturbations are assumed to be small. The variation of the
Einstein equations with the phantom field source term is

δRμν ¼ −2δð∂μϕ∂νϕÞ; ð13Þ

where

2δRμν ¼ ∇ρ∇μh
ρ
ν þ∇ρ∇νh

ρ
μ −∇ν∇μh −□hμν; ð14Þ

and

δð∂μϕ∂νϕÞ ¼ ∂μψ∂νϕ
ðbÞ þ ∂μϕ

ðbÞ
∂νψ : ð15Þ

The variation of the scalar field equation leads to

δ□ϕ ¼ □ψ þ 1

2
∇λh∂λϕðbÞ −∇μðhμν∂νϕðbÞÞ ¼ 0: ð16Þ

Employing the Regge-Wheeler gauge [61] the polar
perturbations of the metric are given by

hpolμν ðt; r;θ;ϕÞ ¼
X
l

Z
dωe−iωtPlðcosθÞ

2
666664

efðrÞH0lðrÞ H1lðrÞ 0 0

H1lðrÞ e−fðrÞH2lðrÞ 0 0

0 0 e−fðrÞðr2 þ r20ÞKlðrÞ 0

0 0 0 e−fðrÞðr2 þ r20Þsin2θKlðrÞ

3
777775
;

ð17Þ

which contains no m dependence because of the spherical symmetry of the background solutions. Likewise, we employ a
spherical-harmonic decomposition (m ¼ 0) of the perturbation ψ of the scalar field, yielding

ψðt; rÞ ¼
X
l

Z
dωe−iωtulðrÞPlðcos θÞ: ð18Þ

For given values of l and ω the Laplacian of the phantom field perturbation then becomes

□ψ ¼
�
ulðrÞ
efðrÞ

ω2 þ efðrÞ
�

2r
r2 þ a2

∂rulðrÞ þ ∂
2
rulðrÞ −

lðlþ 1Þ
r2 þ r20

ulðrÞ
��

e−iωtPlðcos θÞ: ð19Þ

In the following the index l of the perturbation functions
of the metric and the scalar field will be omitted to simplify
the notation. With the scalar spherical harmonics defined
for l ≥ 0, the vector spherical harmonics for l ≥ 1, and the
tensor spherical harmonics for l ≥ 2, the monopole (l ¼ 0)
case and the dipole (l ¼ 1) case will be treated in separate
subsections, following the quadrupole (l ¼ 2) case, which
will include also the higher multipoles (l > 2).

B. l ≥ 2

We first consider the set of equations to be solved in
order to obtain l ≥ 2 polar quasinormal modes, since these
represent the main objective of the present investigations.

In the derivation of the equations we need to distinguish
between the two cases C ≠ 0 and C ¼ 0 which are treated
consecutively in the following two subsections.

1. C ≠ 0

From the Einstein field equations we obtain seven
nontrivial equations, associated with the perturbations of
the Ricci tensor δRtt, δRtr, δRtθ ðδRtφÞ, δRrr, δRrθ ðδRrφÞ,
δRθθ, and δRφφ. We extract K00 from δRθθ and replace it in
δRφφ. We then find the equality

H2 ¼ H0: ð20Þ
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Next, we eliminate H2 in the remaining six equations and obtain

δRtt ¼
�
−
e2f

2
H00

0 −
e2fðCþ 2rÞ
2ðr2 þ r20Þ

H0
0 þ

�
lðlþ 1Þe2f
2ðr2 þ r20Þ

þ ω2

2

�
H0;

þ iωe2f
�
−H0

1 þ
C − 4r

2ðr2 þ r20Þ
H1

�
þ Ce2f

2ðr2 þ r20Þ
K0 þ ω2K

�
e−iωtPlðcos θÞ ¼ 0; ð21Þ

δRtr ¼
�
−iω

�
C − 2r

2ðr2 þ r20Þ
H0 þ

C − r
r2 þ r20

K − K0
�
þ lðlþ 1Þe2f

2ðr2 þ r20Þ
H1

�
e−iωtPlðcos θÞ

¼ 2iω e−iωtuðrÞPlðcos θÞ∂rϕðbÞ; ð22Þ

δRtθ ¼
1

2

�
iωðH0 þ KÞ þ e2f

�
C

r2 þ r20
H1 þH0

1

��
e−iωt ∂θ Plðcos θÞ ¼ 0; ð23Þ

δRrr ¼
�
1

2

��
lðlþ 1Þ
r2 þ r20

− ω2e2f
�
H0 þ

Cþ 2r
r2 þ r20

H0
0 þH00

0

�

þ iωef
�

C
2ðr2 þ r20Þ

H1 þH0
1

�
þ C − 4r
2ðr2 þ r20Þ

K0 − K00
�
e−iωtPlðcos θÞ

¼ −4e−iωt ∂ruðrÞPlðcos θÞ∂rϕðbÞ; ð24Þ

δRrθ ¼
1

2

�
C

r2 þ r20
H0 þH0

0 þ ωe−fH1 − K0
�
e−iωt∂θPlðcos θÞ

¼ −2e−iωt uðrÞ∂θPlðcos θÞ∂rϕðbÞ; ð25Þ

and

δRθθ ¼
�
H0 −

C − 2r
2

H0
0 þ

iω
2
ðC − 2rÞe−fH1 þ

1

2
ððl − 1Þðlþ 2Þ − ω2ðr2 þ r20Þe−2fÞK

þ 1

2
ðC − 4rÞK0 −

1

2
ðr2 þ r20ÞK00

�
e−iwtPlðcos θÞ ¼ 0: ð26Þ

Equations (22), (23), and (25) are of first order. We now solve the equation of δRtr for K0ðrÞ, the equation of δRtθ forH0
1ðrÞ,

and the equation of δRrθ for H0
0ðrÞ after inserting K0ðrÞ here. This leads to

K0 ¼ 1

r2 þ r20

�
−
C − 2r

2
H0 þ

lðlþ 1Þ
2ω

efH1 þ ðC − rÞK þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
uðrÞ

�
; ð27Þ

H0
1 ¼ −iωe−fðH0 þ KÞ − C

r2 þ r20
H1; ð28Þ

and

H0
0 ¼

1

r2 þ r20

�
2r − 3C

2
H0 þ

i
2

�
lðlþ 1Þ

ω
ef − 2ωðr2 þ r20Þe−f

�
H1 þ ðC − rÞK −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
uðrÞ

�
: ð29Þ

Now we extract K00ðrÞ from δRθθ and H00
0ðrÞ from δRtt and insert these together with the first derivatives of the metric

functions in δRrr. This leads to the algebraic relation
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q �
2u0

r2 þ r20
−
uðC − 4rÞ
ðr2 þ r20Þ2

�
þ
�
2ðl − 1Þðlþ 2Þ

r2 þ r20
−
3CðC − 2rÞ
ðr2 þ r20Þ2

�
H0 þ i

�
2ωðC − 2rÞ
r2 þ r20

e−f þ lðlþ 1ÞC
ωðr2 þ r20Þ2

ef
�
H1

þ 2

�
2ω2e−2f −

ðl − 1Þðlþ 2Þ
r2 þ r20

þ CðC − rÞ
ðr2 þ r20Þ2

�
K ¼ 0: ð30Þ

When solving this algebraic relation for u0, we are left with four first-order equations for the four variables. By taking the
first and second derivative of the algebraic relation we obtain the three metric perturbation functionsH0,H1, and K in terms
of u and its derivatives. If we would set uðrÞ ¼ 0 (i.e., turn off the scalar perturbation) the metric perturbations would also
vanish. This means that the metric perturbations are coupled with the phantom field perturbation, and we can not decouple
the phantom field from metric perturbations, in general. We next need to study the behavior of the perturbation functions at
both radial infinities. We therefore make series expansions for the functions assuming asymptotic flatness. Employing the
tortoise coordinate r�

dr�

dr
¼ e−f ð31Þ

the expansion for r → þ∞ becomes

uðrÞ ¼ eiωr
�
�
u1
r
þ u2

r2
þ u3

r3
þ � � �

�
; ð32Þ

H0ðrÞ ¼ eiωr
�
�
iωK0rþ

ð3iCω − ðlþ 2Þðl − 1ÞÞ
2

K0 þ � � �
�
; ð33Þ

H1ðrÞ ¼ eiωr
�
�
−iωK0r −

ð3iCω − ðlþ 2Þðl − 1ÞÞ
2

K0 þ � � �
�
; ð34Þ

KðrÞ ¼ eiωr
�
�
K0 −

ω2ðC2 þ 4r20Þ þ 6iCω − l4 − 2l3 þ l2 þ 2l
8ω2r2

K0 þ � � �
�
; ð35Þ

where u1 ¼ Aþ
s and K0 ¼ Aþ

g are free amplitudes that fix the rest of the parameters of the expansion

u2 ¼
1

4ω
ðð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
K0 − 2u1ÞCωþ 2ilðlþ 1Þu1Þ; ð36Þ

u3 ¼
1

8ω2
ððω2ðC2 − 4r20Þ − 2iωCð2l2 þ 2l − 1Þ − l4 − 2l3 þ l2 þ 2lÞu1

þ iωC
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
ðlþ 2Þðl − 1ÞK0Þ: ð37Þ

On the other hand, for r → −∞ the expansion becomes

ūðrÞ ¼ e−iωr
�
�
ū1
r
þ ū2

r2
þ ū3

r3
þ � � �

�
; ð38Þ

H̄0ðrÞ ¼ e−iωr
�
�
−iωreCπ=r0K̄0 −

3iCωeCπ=r0 þ ðlþ 2Þðl − 1Þ
2

K̄0 þ � � �
�
; ð39Þ

H̄1ðrÞ ¼ e−iωr
�
�
−iωreCπ=r0K̄0 −

3iCωeCπ=r0 þ ðlþ 2Þðl − 1Þ
2

K̄0 þ � � �
�
; ð40Þ

K̄ðrÞ ¼ e−iωr
�
�
K̄0 −

ω2ðC2 þ 4r20Þ − 6iCωe−Cπ=r0 − ðl4 þ 2l3 − l2 − 2lÞe−2Cπ=r0
8ω2r2

K̄0 þ ::

�
; ð41Þ
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where again ū1 ¼ A−
s and K̄0 ¼ A−

g are free amplitudes and

ū2 ¼
1

4ω

�� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
K̄0 − 2ū1

�
Cω − 2ilðlþ 1Þe−Cπ=r0 ū1

�
; ð42Þ

ū3 ¼
1

8ω2
ððω2ðC2 − 4r20Þ þ 2iωe−Cπ=r0Cð2l2 þ 2l − 1Þ − ðl4 þ 2l3 − l2 − 2lÞe−2Cπ=r0Þū1

þ iωe−Cπ=r0C
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
ðlþ 2Þðl − 1ÞK̄0Þ: ð43Þ

2. C = 0

In the massless case the first-order equations reduce to

K0 ¼ 1

2ωðr2 þ r20Þ
ðilðlþ 1ÞH1 − 2ωðrK − rH0 − 2r0uÞÞ; ð44Þ

H0
0 ¼

1

2ωðr2 þ r20Þ
ðð−2iω2ðr2 þ r20Þ þ ilðlþ 1ÞÞH1 − 2ωðrK − rH0 þ 2r0uÞÞ; ð45Þ

H0
1 ¼ −iωðH0 þ KÞ; ð46Þ

u0 ¼ −
1

4r0
ðð2ω2ðr2 þ r20Þ þ ðlþ 2Þðl − 1ÞÞK þ ðlþ 2Þðl − 1ÞH0 − 2iωrH1Þ −

2r
r20 þ r2

u: ð47Þ

The asymptotic expansions shown in the previous section remain valid when we substitute C ¼ 0.
Calculating u00 by taking the derivative of (47) leads to a decoupled equation for the scalar perturbation,

u00 ¼ −
2r

r20 þ r2
u0 −

1

ðr20 þ r2Þ2 ðr
4
0ω

2 þ ð2r20ω2 − l2 − lþ 4Þr20 þ ðr2ω2 − l2 − lÞr2Þu: ð48Þ

A nontrivial solution to this equation can be written in closed form,

uðrÞ ¼ C1r
r20 þ r2

HeunC

�
0;
1

2
;−2;−

r20ω
2

4
;
1

4
ðr20ω2 − l2 − lþ 5Þ;− r2

r20

�

þ C2

r20 þ r2
HeunC

�
0;−

1

2
;−2;−

r20ω
2

4
;
1

4
ðr20ω2 − l2 − lþ 5Þ;− r2

r20

�
; ð49Þ

where HeunC is the Heun Confluent function, C1 and C2 are constants.
The equations for the space-time perturbations can be cast into a single second-order differential equation for H1,

H00
1 ¼

8iωr0ru0 þ 16iωr0r2u=ðr2 þ r20Þ − 2rω2ðr2 þ r20ÞH0
1

ðl2 þ l − 2 − ðr2 þ r20Þω2Þðr2 þ r20Þ

þ ððr2 þ r20Þ2ω4 þ ½6r2 þ 2r20 − 2ðr2 þ r20Þlðlþ 1Þ�ω2 þ l4 þ 2l3 − l2 − 2lÞH1

ðl2 þ l − 2 − ðr2 þ r20Þω2Þðr2 þ r20Þ
: ð50Þ

The previous perturbation equations can be written in terms of a single master equation, that coincides with the master
equation of the axial perturbations. First note that, if we parametrize the scalar perturbation in terms of the master variable
ZðrÞ such as

u ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ r20

p ZðrÞ; ð51Þ
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then Eq. (48) can be written as a Schrödinger-like master
equation

d2ZðrÞ
dr2

þ ðω2 − VðrÞÞZðrÞ ¼ 0; ð52Þ

with effective potential,

VðrÞ ¼ lðlþ 1Þ
r2 þ r20

−
3r20

ðr2 þ r20Þ2
: ð53Þ

Note that, for C ¼ 0 the tortoise coordinate (31) r� is the
same as r. This potential is the same as the one found
in [55] for the axial perturbations with C ¼ 0.

It is also possible to cast the space-time perturbation
equation (50) into the same master equation. However the
transformation is more involved. We define

H1ðrÞ ¼ AðrÞẐðrÞ; ð54Þ

uðrÞ ¼ BðrÞẐðrÞ; ð55Þ

where ẐðrÞ is the new master variable and AðrÞ and BðrÞ
are

AðrÞ¼ ðr2þ r20Þ
ffiffi
3

p
−3=2

l2þ l−2−ω2ðr2þ r20Þ
�
D1r3HeunG

�
−r20ω2β;−

r20ω
2β

2
þ5

ffiffiffi
3

p

2
þ3;

5

4
þ

ffiffiffiffiffiffiffiffi
149

p

4
þ

ffiffiffi
3

p
;

ffiffiffi
3

p
þ5

4
−

ffiffiffiffiffiffiffiffi
149

p

4
;
5

2
;0;βω2r2

�

þD2HeunG

�
−r20ω2β;−

r20ω
2β

2
−

ffiffiffi
3

p

2
þ3

2
;−

1

4
þ

ffiffiffiffiffiffiffiffi
149

p

4
þ

ffiffiffi
3

p
;

ffiffiffi
3

p
−
1

4
−

ffiffiffiffiffiffiffiffi
149

p

4
;−

1

2
;0;βω2r2

��
; ð56Þ

BðrÞ ¼ −
iωðr20 þ r2Þ

4r0
A −

iðr20 þ r2Þðl2 þ l − 2 − ω2ðr20 þ r2ÞÞ
4r0rω

A0; ð57Þ

where β−1 ¼ l2 þ l − 1 − r20ω
2 and HeunG is the Heun General function, D1 and D2 are two arbitrary constants.

Then it is possible to show that Eq. (50) simplifies into Eq. (52) for ẐðrÞ and with the same axial perturbations potential.
As we will explicitly calculate later, this means that the spectrum of polar quasinormal modes of the C ¼ 0 wormholes is
exactly the same as the axial spectrum.

C. l = 1

For l ¼ 1 three of the Einstein’s equations are identically zero,

δRtφ ¼ δRrφ ¼ δRθφ ¼ 0: ð58Þ

From the nontrivial equations we obtain the following three first-order differential equations,

K0 ¼ 1

r20 þ r2

�
ief

ω
H1 −

C − 2r
2

H2 þ ðC − rÞK þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
u

�
; ð59Þ

H0
1 ¼ −

C
r2 þ r20

H1 − iωe−fðH2 þ KÞ; ð60Þ

H0
0 ¼ −

C − r
r2 þ r20

H0 − i

�
ωe−f −

ef

ωðr2 þ r20Þ
�
H1 −

C
2ðr2 þ r20Þ

H2 þ
C − r
r2 þ r20

K −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p
r2 þ r20

u; ð61Þ

and the following algebraic equation,

−
C2 − 3Cr − 2r20

2ðr2 þ r20Þ
H0 þ

i
2

�
C

ωðr2 þ r20Þ2
þ wðC − 2rÞe−f

ðr2 þ r20Þ
�
H1 −

c2 þ 4r20
4ðr2 þ r20

H2

þ
�
ω2e−f þ CðC − rÞ

2ðr2 þ r20Þ2
�
K þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p
r2 þ r20

�
4r − C

2ðr2 þ r20Þ
uþ u0

�
¼ 0: ð62Þ
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This set of equations still has a gauge freedom that we can use to simplify the system further. Let us discuss here two
possibilities.
Imposing the gauge H1 ¼ 0, we obtain from δRtθ

K ¼ −H2: ð63Þ

Then it is possible to simplify the remaining perturbation equations and obtain the following system of first-order
differential equations

H0
2 ¼

ð4r − 3CÞH2 þ 2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p
u

2ðr2 þ r20Þ
; ð64Þ

H0
0 ¼

1

r2 þ r20

�
ðr − CÞH0 þ

2r − 3C
2

H2 −
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

q
u

�
; ð65Þ

and

u0 ¼ C2 − 3Cr − 2r20
2ðr2 þ r20Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p H0 þ
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

C2 þ 4r20
p

�
ω2e−f þ r20

r2 þ r20
þ 3C2 − 2Cr

4ðr2 þ r20Þ
�
H2 þ

C − 4r
2ðr2 þ r20Þ

u: ð66Þ

We are then left with three first-order equations to calculate the quasinormal modes.
Alternatively, we may consider the variation of the phantom field (16), which leads to the second-order equation for the

function u

u00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p
4ðr2 þ r20Þ

ðH0
0 þ 2iωe−fH1 þH0

2 − 2K0Þ −
�
ω2e−2f þ 2

r2 þ r20

�
u −

2r
r2 þ r20

u0: ð67Þ

This equation is compatible with (59)–(62). We may now choose the gauge

H0
0 þ 2iωe−fH1 þH0

2 − 2K0 ¼ 0; ð68Þ

to simplify the equation, yielding

u00 ¼ −
�
ω2e−2f þ 2

r2 þ r20

�
u −

2r
r2 þ r20

u0: ð69Þ

This is the equation for l ¼ 1 scalar field perturbations in the background of the Ellis wormhole as shown in [55], from
which we can calculate the scalar quasinormal modes.

D. l = 0

In this case the function H1 does not contribute in the Einstein equations. Thus for simplicity we put H1 ¼ 0. We now
again consider the variation of the phantom field (16), yielding for u the equation

u00 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p
4ðr2 þ r20Þ

ðH0
0 þH0

2 − 2K0Þ − ω2e−2fu −
2r

r2 þ r20
u0: ð70Þ

We now fix the gauge as follows:

H0 ¼ 2K −H2: ð71Þ

The scalar field equation decouples from space-time perturbations

u00 ¼ −ω2e−2fu −
2r

r2 þ r20
u0: ð72Þ
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Nontrivial solutions to this equation result in the spectrum of l ¼ 0 scalar quasinormal modes. The space-time perturbations
can be cast into a second-order differential equation for K,

K00 ¼ −
ð2Crþ 4r20ÞK0

ðr2 þ r20ÞðC − 2rÞ þ
2CK

ðr2 þ r20ÞðC − 2rÞ − ω2e−2fK þ 4u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2 þ 4r20

p
ðr2 þ r20ÞðC − 2rÞ : ð73Þ

The unstable modes are found for solutions with u ¼ 0. With help of the function Z,

K ¼ ðC − 2rÞffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2 þ r20

p e
C
2r0

arctanð r
r0
Þ Z; ð74Þ

and the tortoise coordinate r� [Eq. (31)] we rewrite the equation into a Schrödinger-like equation,

d2Z
dr�

þ ðω2 − VrðrÞÞZ ¼ 0; ð75Þ

with the effective potential VrðrÞ

Vr ¼
e2f

4ðC − 2rÞ2ðr2 þ r20Þ
ðC4 − 8rC3 þ 12ðr2 − r20ÞC2 − 16rðr2 − r20ÞC − 16r20ð3r2 þ 2r20ÞÞ: ð76Þ

The above expression corrects the misprints in the corresponding effective potential in [55]. Since the effective potential
has a singularity at C ¼ 2r, we study its behavior near this singularity

Vr

�
r →

C
2

�
¼ 2e

2C
r0
ðtan−1ð C

2r0
Þ−π

2
Þ

ðr − C
2
Þ2 þ 8Ce

2C
r0
ðtan−1ð C

2r0
Þ−π

2
Þ

ðCþ 4r20Þðr − C
2
Þ −

4e
2C
r0
ðtan−1ð C

2r0
Þ−π

2
Þ

C2 þ 4r20
þ � � � : ð77Þ

For r → þ∞ the effective potential becomes

Vrðr → þ∞Þ ¼ C
r3

−
− 7C2

4
þ 3r20
r4

þ � � � ; ð78Þ

and for r → −∞

Vrðr → −∞Þ ¼ e−
2πC
r0 C
r3

−
e−

2πC
r0 C2 þ e

−2πCr0 ð12C2−48r2
0
Þ

16

r4
þ � � � :

ð79Þ

We exhibit the effective potential VrðrÞ, multiplied by the
factor ðr − C=2Þ2 to cancel the singularity, in Fig. 1 for
C ¼ 0, 0.1, 0.25, 0.5 and 1 (r0 ¼ 1). We note, that this
figure corrects the corresponding figure in [55]. The
calculations of the perturbation equations and the quasi-
normal modes were, however, not affected by the misprints.

IV. RESULTS

We now study the spectrum of polar quasinormal modes.
Since these characteristic modes of oscillation are damped,
the modes are complex,

ω ¼ ωR þ iωI; ð80Þ

with frequency ωR and decay rate ωI (and sign convention
ωI < 0 for stable modes). In the following we first discuss
the method used to calculate the quasinormal modes and
present the numerical results for l ≥ 2. Subsequently we
briefly recall the method and results for l ¼ 1 and l ¼ 0.
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FIG. 1. Effective potential VrðrÞ · ðr − C=2Þ2 versus radial
coordinate r for C ¼ 0, 0.1, 0.25, 0.5 and 1 (r0 ¼ 1).
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A. l ≥ 2

1. Method

For the numerical calculation of the quasinormal modes
with l ≥ 2, we rewrite the system of equations (27)–(30).
This system can be simplified into a second-order ordinary
differential equation (ODE) for u, coupled with two first-
order ODEs for the functions H1 and K (the other
perturbation functions are then given algebraically in terms
of these three functions). Schematically this set may be
expressed as

d
dr

Z⃗ þMZ⃗ ¼ 0; ð81Þ

where Z⃗ denotes the column vector with components u, u0,
H1, and K. The matrixM contains the coupling among the
perturbation functions and the background functions.
To obtain the quasinormal modes we need to solve the

coupled set of equations (81) subject to the corresponding
set of physically motivated boundary conditions, i.e., we
have to impose that we do not have any incoming waves
from infinity. Therefore the modes are purely outgoing at
infinity, r� → �∞ [see (32)–(35) and (38)–(41)], with
components Zi

Zi ∼
�
eiωr

�
; r → þ∞;

e−iωr
�
; r → −∞:

ð82Þ

For the numerical integration we divide space at some
value rc into two regions. In the region r > rc, perturbation
functions ZiðrÞ possess the asymptotic behavior for r →
þ∞ [60]

r > rc; Zþ
i ðrÞ ¼ eiωr

�
ZP
i ðrÞ; ð83Þ

while in the region r < rc the asymptotic behavior for
r → −∞ is given by

r < rc; Z−
i ðrÞ ¼ e−iωr

�
ZN
i ðrÞ: ð84Þ

Based on the corresponding expansions for r → �∞, we
then generate independent solutions (with different values
for the scalar and gravitational amplitudes A�

s and A�
g ) for

the functions ZN
i ðrÞ and ZP

i ðrÞ for some chosen value of ω.
Then we match these functions at r ¼ rc and calculate the
derivatives of the functions. We obtain the quasinormal
mode, when a linear combination of the two independent
solutions in one region smoothly matches a linear combi-
nation of the solutions of the other region (see Sec. 4.1.3 for
further details).
In order to integrate numerically the equations subject to

the corresponding boundary conditions, we use the package
Colsys [62], a collocation method for systems of ordinary
differential equations with error estimation and adaptive
mesh selection.

2. Spectrum

For l ≥ 2 we have two families of modes [63]. For black
holes they can be labeled as gravitational-led modes, that
are dominated by the gravitational perturbations, i.e., their
dominant amplitude is A�

g , and scalar-led modes with
dominant amplitude A�

s . Here such a clear distinction
seems not possible. Therefore we refer to the two families
of modes for a given l as branch 1 and branch 2, where we
currently focus on the fundamental branches. However, we
might obtain such a classification if we were to consider
larger wormhole masses, since in this limit the wormhole
modes are expected to approach those of the Schwarzschild
black hole [55].
We exhibit the two fundamental branches of polar

quadrupole (l ¼ 2) modes in Fig. 2. Here the left figure
shows the scaled frequency ωRr0 versus the scaled mass
M=r0, while the right figure shows the scaled decay time
ωIr0 versus the scaled mass. We note, that the two branches
cross precisely at M ¼ 0, since the eigenvalue ω degen-
erates in the massless case. Away from the crossing, the
frequencies and decay times are quite distinct for the two
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FIG. 2. Polar l ¼ 2 quasinormal modes: dimensionless frequency ωRr0 (left) and dimensionless decay rate ωIr0 (right) vs
dimensionless mass M=r0 (r0 ¼ 1).
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branches. A selection of values for these quasinormal
modes is also reported in Table I.
We exhibit the polar l ¼ 3 and l ¼ 4 modes in Figs. 3

and 4, respectively. Again we notice the crossing of the two
branches in the massless case. Away from the crossings the
frequencies ωR of both branches are getting closer for l ¼ 3
and even closer for l ¼ 4 than for the quadrupole. The
decay rates show a smoother behavior for the higher l as
compared to the quadrupole. Table I shows again a
selection of values for these quasinormal modes.
We have collected the branches for l ¼ 2, 3 and 4 in

Fig. 5 to allow for a better comparison of the different l.
The left figure shows that the frequencies rise monoton-
ically with increasing l. From the right figure we note the
overall trend on an increase of the decay rates with
increasing l. However, here the branches of the different
l intertwine. For large positive masses, the decay rate of the
branches 1 increases with l and is smaller than the decay
rate of the branches 2, where the l ¼ 4 decay rate is smaller
than the l ¼ 3 decay rate. For large negative masses, the
decay rate of the branches 2 increases with l and is smaller
than the decay rate of the branches 1, where again the l ¼ 4
decay rate is smaller than the l ¼ 3 decay rate. We note, that

TABLE I. Polar l ¼ 2, 3 and 4 quasinormal modes: dimension-
less frequency ωRr0 and dimensionless decay rate ωIr0 vs
dimensionless mass M=r0 (r0 ¼ 1).

l ¼ 2 l ¼ 3 l ¼ 4

M=r0 Branch ωR ωI ωR ωI ωR ωI

0.2 1 1.10 −0.157 1.76 −0.199 2.39 −0.223
2 0.738 −0.275 1.70 −0.330 2.35 −0.320

0.15 1 1.22 −0.177 1.98 −0.230 2.69 −0.258
2 0.955 −0.303 1.91 −0.348 2.66 −0.346

0.1 1 1.37 −0.205 2.24 −0.271 3.06 −0.305
2 1.19 −0.292 2.18 −0.364 3.03 −0.375

0.05 1 1.54 −0.245 2.56 −0.329 3.51 −0.367
2 1.44 −0.290 2.52 −0.382 3.50 −0.408

0 1 & 2 1.74 −0.305 2.95 −0.410 4.08 −0.449
−0.05 1 1.97 −0.398 3.45 −0.524 4.78 −0.559

2 2.10 −0.336 3.50 −0.451 4.81 −0.502
−0.1 1 2.23 −0.547 4.08 −0.681 5.68 −0.703

2 2.56 −0.384 4.20 −0.509 5.73 −0.571
−0.15 1 2.45 −0.779 4.90 −0.894 6.82 −0.888

2 3.14 −0.453 5.07 −0.588 6.90 −0.663
−0.2 1 2.59 −0.965 5.97 −1.16 8.27 −1.12

2 3.87 −0.550 6.19 −0.696 8.39 −0.784
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FIG. 3. Polar l ¼ 3 quasinormal modes: dimensionless frequency ωRr0 (left) and dimensionless decay rate ωIr0 (right) vs
dimensionless mass M=r0 (r0 ¼ 1).
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FIG. 4. Polar l ¼ 4 quasinormal modes: dimensionless frequency ωRr0 (left) and dimensionless decay rate ωIr0 (right) vs
dimensionless mass M=r0 (r0 ¼ 1).
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the decay rates of the branches 1 are very close for l ¼ 3
and l ¼ 4.
Comparison with the l ≥ 2 axial modes [55] shows that

the wormhole solutions do not possess isospectrality of
their modes, as long as they possess a finite mass. The
spectrum degenerates only in the massless case and all three
fundamental branches for a given l possess the same
eigenvalue. This is demonstrated in Fig. 6 for l ¼ 2, 3
and 4.

3. Isospectrality for C = 0

We now briefly comment on the mode degeneracy for the
massless wormholes from our numerical point of view. For
l > 1, we look for a linear combination of two independent
solutions on the left side, Z−

i ðIÞ and Z−
i ðIIÞ, that smoothly

matches a linear combination of two independent solutions
on the right side, Zþ

i ðIÞ and Zþ
i ðIIÞ. Written explicitly, this

implies that, at r ¼ rc

det M̄ ¼ 0 ð85Þ

where

M̄ ¼

2
6664
u−ðIÞ u−ðIIÞ uþðIÞ uþðIIÞ
u0−ðIÞ u0−ðIIÞ u0þðIÞ u0þðIIÞ
H−

1 ðIÞ H−
1 ðIIÞ Hþ

1 ðIÞ Hþ
1 ðIIÞ

K−ðIÞ K−ðIIÞ KþðIÞ KþðIIÞ

3
7775
r¼rc

: ð86Þ

When C ≠ 0, this determinant becomes zero for two
different values of ω, one of them belonging to branch 1
and the other one belonging to branch 2.1 At each of these
zeros of the determinant, there is a single linear combina-
tion of the perturbation functions that results in a smooth
solution across all of the space-time (for each value of ω,
the kernel of matrix M̄ has dimension one). As we have
seen in the previous subsection, as we decrease the value
ofC, the two branches of modes get closer and closer. What
happens is that, in the limit when C vanishes, the deter-
minant possesses a single double-zero at one particular
value of ω. In this case it is possible to find, for this value of
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FIG. 5. Comparison of polar l ¼ 2, 3 and 4 quasinormal modes: dimensionless frequency ωRr0 (left) and dimensionless decay rate
ωIr0 (right) vs dimensionless mass M=r0 (r0 ¼ 1).
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FIG. 6. Comparison of axial and polar l ¼ 2, 3 and 4 quasinormal modes: dimensionless frequency ωRr0 (left) and dimensionless
decay rate ωIr0 (right) vs dimensionless mass M=r0 (r0 ¼ 1).

1Of course the determinant has more than two zeros, corre-
sponding to excited modes, with larger imaginary part of ω. We
here focus only on the fundamental modes.
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the eigenfrequency, two distinct linear combinations of the
perturbation functions that result in two independent
smooth solutions of the perturbation equation (the kernel
of matrix M̄ has dimension two). In other words, the
massless wormhole possesses a doubly-degenerate funda-
mental polar mode, as predicted in Sec. III in terms of the
master equations.
In Fig. 7 we demonstrate the degeneracy of the polar

modes in the massless case (C ¼ 0) for the first overtone
(n ¼ 1) of l ¼ 2. For comparison the figure also shows the
corresponding fundamental (n ¼ 0) modes.

B. l = 1 and l = 0

To obtain the damped quasinormal modes for the l ¼ 1
and l ¼ 0 perturbations, we solve Eqs. (69) and (72)
respectively. These equations can be cast into a second-
order Schrödinger-like equation, as discussed in Sec. III

d2Z
dr�

þ ðω2 − VsðrÞÞZ ¼ 0; ð87Þ

where Vs is the scalar perturbation potential for l ¼ 0, 1
(see [55]). Assuming again, that the modes are purely
outgoing at infinity r� → �∞

Z ≃ e�iωr� ; r� → �∞; ð88Þ

we then solve the second-order equation subject to these
boundary conditions. The quasinormal modes are obtained
when the condition

1

Z−
dZ−

dr�

����
r¼rc

−
1

Zþ
dZþ

dr�

����
r¼rc

¼ 0 ð89Þ

is satisfied.
The polar l ¼ 0 and l ¼ 1 quasinormal modes corre-

spond to the scalar branches obtained previously [55].
Clearly, we obtain only one branch of fundamental modes
for each of these values. The frequencies of these modes
increase with l, although their decay rates don’t change

much. For large masses the corresponding Schwarzschild
scalar modes are approached.
For l ¼ 0 there is in addition an unstablemode [55,64–67].

In this case, the unstable mode can be obtained solving
equation (75). This unstable radial mode decreases in
strength with increasing wormhole mass. Thus, the worm-
hole gets more stable as its mass increases, however, the
wormhole always retains a radial instability as long as its
mass is finite.

V. CONCLUSIONS

Here we have considered the polar modes of Ellis-
Bronnikov wormholes. We have obtained the sets of
perturbation equations for general multipole number l.
For l ≥ 2 we have then solved numerically the correspond-
ing system of equations subject to purely outgoing boun-
dary conditions at both radial infinities. For l ¼ 1 and l ¼ 0
we have shown, that analogous to the case of the axial
modes single master equations result.
The massless wormholes are special, however. Here

isospectrality with a threefold degeneracy arises, since
the set of polar equations can be reduced to the same
master equation for both types of polar modes, which
moreover agrees with the master equation for the axial
modes, obtained previously [55].
For finite wormhole masses the spectrum of polar

quasinormal modes possesses two distinct branches for a
given multipole number l. For large wormhole masses these
may possibly be associated with the scalar and the
gravitational modes of a Schwarzschild black hole. The
modes exhibit an overall increase of the frequencies with
the multipole number l. Similarly, the decay rates show an
overall increase with l. For a given l, the two branches of
polar modes also differ from the branch of axial modes,
except for the degenerate massless case.
Since we now have access to the complete spectrum of

quasinormal modes of the static spherically-symmetric
Ellis-Bronnikov wormholes, we may next consider the
inclusion of rotation. This will be done perturbatively for
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small angular momenta analogous to [68]. Of particular
interest will, however, be the influence of rotation on the
unstable radial mode of the Ellis-Bronnikov wormholes.
Could rotation have a stabilizing influence in four space-
time dimensions analogous to what has been observed
before in five spacetime dimensions [69].
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