
Effective-one-body Hamiltonian in scalar-tensor gravity at third
post-Newtonian order

Tamanna Jain,1,* Piero Rettegno,2 Michalis Agathos,1,3 Alessandro Nagar,2,4 and Lorenzo Turco5
1Department of Applied Mathematics and Theoretical Physics, University of Cambridge,

Wilberforce Road CB3 0WA Cambridge, United Kingdom
2INFN Sezione di Torino, Via P. Giuria 1, 10125 Torino, Italy

3Kavli Institute for Cosmology Cambridge, University of Cambridge,
Madingley Road CB3 0HA Cambridge, United Kingdom

4Institut des Hautes Etudes Scientifiques, 91440 Bures-sur-Yvette, France
5Dipartimento di Fisica, Universitá degli studi di Genova e INFN, Sezione di Genova, I-16146 Genova, Italy

(Received 2 December 2022; accepted 13 February 2023; published 11 April 2023)

We determine the general local-in-time effective-one-body (EOB) Hamiltonian for massless scalar-
tensor (ST) theories at third post-Newtonian (PN) order. Starting from the Lagrangian derived in Bernard
[Phys. Rev. D 99, 044047 (2019)], we map it to the corresponding ordinary Hamiltonian describing the
two-body interaction in ST theories at 3PN level. Using a canonical transformation, we then map this onto
an EOB Hamiltonian so as to determine the ST corrections to the 3PN-accurate EOB potentials ðA; B;QeÞ
at 3PN. We then focus on circular orbits and compare the effect of the newly computed 3PN terms, also
completed with finite-size and nonlocal-in-time contributions, on predictions for the frequency at the
innermost stable circular orbit. Our results will be useful to build high-accuracy waveform models in ST
theory, which could be used to perform precise tests against general relativity using gravitational wave data
from coalescing compact binaries.
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I. INTRODUCTION

Among the gravitational theories alternative to Einstein’s
general relativity (GR), scalar-tensor (ST) theories with
massless scalar fields are those most thoroughly studied and
tested [1–6]. Besides their manifestly well-posed nature, the
presence of an additional gravitational scalar field arises as a
natural feature in theories of gravity designed to serve as UV
completions of GR. The nonminimally coupled scalar field
also gives interesting phenomenology, both in gravitating
astrophysical systems and in cosmology [7].
The recent breakthrough in experimental gravity, with

the first direct observation of gravitational waves (GW)
by the LIGO-Virgo Collaboration in 2015 [8], opened new
unexplored pathways toward probing the dynamics of
gravity at extreme conditions [9–15] and led to the first
bounds on high-order post-Newtonian coefficients [16].
With the sensitivity of the LIGO [17], Virgo [18], and
now KAGRA [19] detector network continuously improv-
ing [20], a wealth of detected GW signals emitted by
coalescing black-hole (BH) and neutron-star (NS) binaries
has been thoroughly analyzed in order to test the strong-
field dynamics of GR and probe the nature of the observed
compact objects [21–24]. So far, in their vast majority, these

are either null-hypothesis tests or searches for generic GR-
violating features (dispersion, nontensorial polarizations,
etc.), due to the lack of accurate and complete waveform
models in any gravitational theory alternative to GR, that are
reliable from the early binary inspiral all the way to merger.
Nevertheless, much progress has been achieved for a
selective set of promising theories, including ST as we
shall see in detail below. With this work, we make the next
step toward obtaining a model sufficiently accurate for
performing apples-to-apples comparisons between ST and
GR. This is already important for reliably interpreting
observational bounds using GW data from the current
network of detectors, and will become even more crucial
for probing the strong-field dynamics of gravity to much
greater accuracy with the next generation of detectors, such
as the Einstein Telescope [25] and Cosmic Explorer [26].
For ST theories in particular, although currently the most

stringent constraints come from binary pulsar observations,
studying the effects of scalarized NSs on the orbital
evolution [4], there is hope that future gravitational wave
detections of coalescing compact binaries will complement
current knowledge by placing additional constraints on the
ST parameters using genuine strong-field information from
the binary inspiral. GWs from compact binary inspirals
may also reveal effects of ST gravity in scenarios where the
scalarization process is suppressed for weakly gravitating*tj317@cam.ac.uk
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systems (therefore circumventing binary pulsar bounds) but
still arises during the late stages of the inspiral where
gravity is strong, a phenomenon known as dynamical
scalarization [5,27,28].
The interpretation of detected GW signals relies on

Bayesian data analysis techniques, where the theoretical
prediction of a waveform is matched against the data. To this
aim, there is an increasing effort in improving the analytical
knowledge of the two-body problem in ST theories, both for
what concerns the dynamics [29–34] and the waveform
generation [35,36] through post-Newtonian (PN) theory.
Finite-size effects in ST theories further modify the binary
dynamics by the contribution of dipole-sourced scalar
radiation to the outgoing energy flux [33]. In addition,
tidal Love numbers might be very different from their GR
counterparts [37]. This can eventually impact the measure-
ment of tidal polarizability and related constraints put on the
equation of state of cold matter at extreme densities [38–42].
To robustly describe the binary dynamics and waveform

in a strong field up to merger, PN results should be recast
within the effective-one-body (EOB) description of the
two-body problem [43–49]. The generalization of the EOB
method to ST theories at the 2PN level has been recently
worked out [50,51]. The aim of this paper is to extend the
results of Refs. [50,51] to 3PN order building upon the 3PN
Lagrangian in ST of [31,32].
The paper is organized as follows. In Sec. II we briefly

recall the definition of massless ST theories. Then, in
Sec. III we derive the order-reduced Lagrangian for ST
theory at 3PN, and from this we obtain the center-of-mass
ordinary Hamiltonian in Sec. IV. Finally, in Sec. V, we map
the ordinary Hamiltonian into an EOB Hamiltonian at 3PN
order and in Sec. VI we explore the relevance of the 3PN
ST terms (including nonlocal and finite-size contributions)
by studying the innermost stable circular orbit (ISCO). We
use geometric units throughout the paper, with c ¼ G ¼ 1.

II. SCALAR-TENSOR THEORY REMINDER

We consider monoscalar massless ST theories and
mostly adopt the notations and conventions of Damour
and Esposito-Farese (DEF hereafter, see Table I) [1,3]. The
theory is defined by the following action in the Einstein
frame:

S ¼ c4

16πG�

Z
d4x

ffiffiffiffiffiffi
−g

p ðR − 2gμν∂μφ∂νφÞ

þ Sm½Ψ;AðφÞ2gμν�; ð2:1Þ

where gμν is the Einstein metric, R is the Ricci scalar, φ is
the scalar field, Ψ collectively denotes the matter fields,
g≡ detðgμνÞ, and G� is the bare Newton’s constant. In
the Einstein frame, the scalar field is minimally coupled to
the Einstein metric gμν, and the dynamics of the latter is
governed only by the usual Einstein-Hilbert action. The

dynamics of the scalar field arises from its coupling to the
matter fields Ψ. The scalar field couples nonminimally to
the metric in the Jordan frame (physical frame),

g̃μν ¼ AðφÞ2gμν; ð2:2Þ
where g̃μν is the metric in the Jordan frame. The function
AðφÞ uniquely fixes the ST theory, and general relativity
is recovered when AðφÞ ¼ cst. The Einstein frame field
equations can be found in Ref. [1]. The parameter

αðφÞ ¼ ∂ lnA
∂φ

ð2:3Þ

arising in the equations of motion measures the coupling
between the matter and the scalar field. For compact, self-
gravitating objects in ST theories, we follow the approach
suggested by [52] to “skeletonize” the extended bodies as
point particles. The skeletonized matter action is then
given by

Sm ¼ −
X
I¼A;B

Z ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−g̃μν

dxμ

dλ
dxν

dλ

r
m̃IðφÞ; ð2:4Þ

where the Jordan frame mass m̃IðφÞ of body I is dependent
on the local value of the scalar field, and λ is the affine

TABLE I. Relation between the ST parameters used in the two-
body Lagrangian by Laura Bernard (LB hereafter) in Ref. [31],
the DEF ones, and the slightly simplified notation that we are
using here. The index 0 signifies a quantity evaluated at φ ¼ φ0,
where φ0 is the asymptotic constant value of the scalar field.

LB [31] DEF [1,3] This paper

m1 m0
A=A0 m0

A=A0 ≡ m̃0
A

m2 m0
B=A0 m0

B=A0 ≡ m̃0
B

α 1þα0Aα
0
B

1þα2
0

αAB

G̃α ð1þ α0Aα
0
BÞA2

0 ≡ GABA2
0 GABA2

0 ≡ G̃AB

γ̄ −2 α0Aα
0
B

1þα0Aα
0
B
≡ γ̄AB

γ̄AB

β̄1 1
2

ðβAα2BÞ0
ð1þα0Aα

0
BÞ2

≡ β̄ABB
β̄A

β̄2 1
2

ðβBα2AÞ0
ð1þα0Aα

0
BÞ2

≡ β̄BAA
β̄B

δ̄1 ðα0AÞ2
ð1þα0Aα

0
BÞ2

δA

δ̄2 ðα0BÞ2
ð1þα0Aα

0
BÞ2

δB

χ̄1 − 1
4

ðβ0Aα3BÞ0
ð1þα0Aα

0
BÞ3

≡ − 1
4
ϵABBB

− 1
4
ϵA

χ̄2 − 1
4

ðβ0Bα3AÞ0
ð1þα0Aα

0
BÞ3

≡ − 1
4
ϵBAAA

− 1
4
ϵB

β̄1β̄2=γ̄ − 1
8

β0Aα
0
Aβ

0
Bα

0
B

ð1þα0Aα
0
BÞ3

≡ − 1
8
ζABAB − 1

8
ζ

κ̄1 ðα4Bβ00AÞ0
8ð1þα0Aα

0
BÞ4

κ̄A

κ̄2 ðα4Aβ00BÞ0
8ð1þα0Aα

0
BÞ4

κ̄B
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parameter. Since g̃μν ¼ AðφÞ2gμν, the Einstein frame mass
is defined as

mðφÞ ¼ AðφÞm̃ðφÞ: ð2:5Þ

The mass function mðφÞ is used to define dimensionless
body-dependent parameters to encompass the scalar field
effect [1,3,51] i.e.

αI ¼
d lnmðφÞI

dφ
; ð2:6Þ

βI ¼
dαI
dφ

; ð2:7Þ

β0I ¼
dβI
dφ

; ð2:8Þ

β00I ¼
dβ0I
dφ

: ð2:9Þ

Reference [31] defines the two-body Lagrangian ST
parameters at 3PN in the Jordan frame. Table I converts
these Jordan-frame parameters into the Einstein frame
ones (DEF conventions), and the corresponding ones used
in this paper.

III. SCALAR-TENSOR 3PN ORDINARY
LAGRANGIAN

The ST two-body 3PN Lagrangian was obtained in
Ref. [32] in harmonic coordinates. As such, it depends
(linearly) on the acceleration of the two bodies. In this
section, we transform the Lagrangian of [32] into an
ordinary Lagrangian, that only depends on positions and
velocities. To do so, we can either boldly replace the
acceleration by the equations of motion or use the contact
transformation (modulo a total time derivative which is
irrelevant in a Lagrangian) [53]. Here we choose the second
approach, i.e. we use the contact transformation to make a
four-dimensional coordinate change to eliminate the accel-
eration dependence. The contact transformation at 3PN
order is based on the algorithm presented in Ref. [54],
constructed so to eliminate higher order derivative terms
from the Lagrangian. As the dependence on accelerations

starts at 2PN order, the contact transformation also starts at
2PN order. However, the 2PN method presented in [51] for
ST theory cannot be extended at the 3PN because of the
presence of the acceleration-dependent terms in the func-
tional derivative δL=δZi

A of the contact transformation. By
contrast, following Ref. [55], we have to introduce some sort
of “counterterm” at 3PN for ST theory in order to eliminate
the acceleration dependence from the Lagrangian (an over-
view of contact transformation at 3PN order is given in
Appendix A). To construct a general contact transformation,
we can freely add a term of the type ∂Vi

A
F=m0

A to the contact
transformation (see Ref. [56]), where F is an arbitrary
function that starts at 2PN and only depends on positions and
velocities. The total time derivative of F eliminates the
acceleration produced by the addition of this term, without
affecting the dynamics of the system. Therefore, the ordinary
(reduced) Lagrangian, Lred

f , is given by

Lred
f ¼ Lþ dF

dt
þ
X
A

δZi
A
δL
δZi

A
; ð3:1Þ

where L is the Lagrangian in the harmonic coordinate
system, and δZi

A indicates the contact transformation. Since
F starts at 2PN order, it can be formally written as

F ¼ F 2PN þ F 3PN; ð3:2Þ

where F 2PN is the 2PN contribution given in Ref. [51], and
F 3PN is the 3PN contribution, the most general form of
which is given in Eq. (3.3). This 3PN contribution depends
on 56 parameters, and the factor GAB appears in the
definition of parameters Fi of F 3PN for dimensional
convenience. We first derive the contact transformation at
3PN order for ST theory (see Appendix B), and then use it to
derive the reduced Lagrangian, Lred

f , at 3PN order. This
reduced Lagrangian is an ordinary Lagrangian, dependent
on Fi and fi.

1

Hence, we have a whole class of coordinate systems
(dependent on the parameters Fi and fi) in which our
derived Lagrangian, Lred

f , is ordinary, while harmonic
coordinates do not belong to this class. For completeness,
let us give here the explicit expression of F 3PN that readse

F 3PN ¼ GABm0
Am

0
B½F1ðV⃗A · V⃗AÞ2 þF2ðV⃗A · V⃗AÞV⃗A · V⃗B þ F3ðV⃗A · V⃗BÞ2 þ F4ðV⃗A · V⃗AÞðV⃗B · V⃗BÞ þ F5ðV⃗B · V⃗BÞV⃗A · V⃗B

þF6ðV⃗B · V⃗BÞ2�n⃗AB · V⃗A − ½F7ðV⃗A · V⃗AÞ2 þF8ðV⃗A · V⃗AÞV⃗A · V⃗B þ F9ðV⃗A · V⃗AÞðV⃗B · V⃗BÞ þ F10ðV⃗A · V⃗BÞ2
þ F11ðV⃗B · V⃗BÞV⃗A · V⃗B þ F12ðV⃗B · V⃗BÞ2�n⃗AB · V⃗B þ ½F13V⃗A · V⃗A þF14V⃗A · V⃗B þ F15V⃗B · V⃗B�ðn⃗AB · V⃗AÞ3

1By fi, we denote the parameters of the generic function at 2PN order given in Ref. [51].
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þ ½F16V⃗A · V⃗A þ F17V⃗A · V⃗B þ F18V⃗B · V⃗B�ðn⃗AB · V⃗AÞ2ðn⃗AB · V⃗BÞ
− ½F19V⃗A · V⃗A þ F20V⃗A · V⃗B þ F21V⃗B · V⃗B�ðn⃗AB · V⃗AÞðn⃗AB · V⃗BÞ2
− ½F22V⃗A · V⃗A þ F23V⃗A · V⃗B þ F24V⃗B · V⃗B�ðn⃗AB · V⃗BÞ3 þ F25ðn⃗AB · V⃗AÞ5 þ F26ðn⃗AB · V⃗AÞ4n⃗AB · V⃗B

þ F27ðn⃗AB · V⃗AÞ3ðn⃗AB · V⃗BÞ2 − F28ðn⃗AB · V⃗AÞ2ðn⃗AB · V⃗BÞ3 − F29ðn⃗AB · V⃗AÞðn⃗AB · V⃗BÞ4 − F30ðn⃗AB · V⃗BÞ5g

þG2
ABðm0

AÞ2m0
B

R
f½F31V⃗A · V⃗A þ F32V⃗A · V⃗B þ F33V⃗B · V⃗B�n⃗AB · V⃗A þ F37ðn⃗AB · V⃗AÞ3 þ F38n⃗AB · V⃗Bðn⃗AB · V⃗AÞ2

− ½F34V⃗A · V⃗A þ F35V⃗A · V⃗B þ F36V⃗B · V⃗B�n⃗AB · V⃗B − F39ðn⃗AB · V⃗BÞ2ðn⃗AB · V⃗AÞ − F40ðn⃗AB · V⃗BÞ3g

þG2
ABm

0
Aðm0

BÞ2
R

fðF41V⃗A · V⃗A þ F42V⃗A · V⃗B þ F43V⃗B · V⃗BÞn⃗AB · V⃗A − ðF44V⃗A · V⃗A þ F45V⃗A · V⃗B

þ F46V⃗B · V⃗BÞn⃗AB · V⃗B þ F47ðn⃗AB · V⃗AÞ3 þ F48n⃗AB · V⃗Bðn⃗AB · V⃗AÞ2 − F49n⃗AB · V⃗Aðn⃗AB · V⃗BÞ2 − F50ðn⃗AB · V⃗BÞ3g

þG3
ABðm0

AÞ2ðm0
BÞ2

R2
fF51n⃗AB · V⃗A − F52n⃗AB · V⃗Bg þ

G3
ABðm0

AÞ3m0
B

R2
fF53n⃗AB · V⃗A − F54n⃗AB · V⃗Bg

þG3
ABm

0
Aðm0

BÞ3
R2

fF55n⃗AB · V⃗A − F56n⃗AB · V⃗Bg; ð3:3Þ

where, GAB is the effective Newton’s gravitational constant
in DEF coordinates (see Table I), V⃗A;B are the velocities of
the two bodies, n⃗AB ≡ ðZ⃗A − Z⃗BÞ=R the unit vector of the
relative separation, where Z⃗A;B indicates the positions of the
two bodies and R≡ jZ⃗A − Z⃗Bj.

IV. CENTER-OF-MASS FRAME
TWO-BODY ORDINARY
HAMILTONIAN AT 3PN

Let us now derive the ordinary Hamiltonian, in the
center-of-mass (COM) frame, corresponding to the class of
ordinary Lagrangians of Sec. III. We do so by ordinary
Legendre transformation. In the COM frame, the total
momentum vanishes, P⃗A þ P⃗B ¼ 0, where P⃗A;B are the
momenta of the two bodies, so the conjugate variables are
Z⃗ ¼ Z⃗A − Z⃗B and P⃗ ¼ P⃗A ¼ −P⃗B. Since we are consid-
ering nonspinning bodies, the motion is planar and we use
polar coordinates ðR;ϕÞ with conjugate momenta
ðPR; PϕÞ, setting θ ¼ π=2. The general structure of the
isotropic, time-translation-invariant Hamiltonian at 2PN in
the COM frame is presented in Eqs. (III.15)–(III.16) of
Ref. [51]. By defining M≡m0

A þm0
B the total mass of the

system and μ≡m0
Am

0
B=M its reduced mass, it is conven-

ient to use mass reduced variables (always indicated
with hat superscript, here and below) ðP̂; P̂R; R̂Þ, where
P̂2 ≡ P2=μ2 ¼ P̂2

R þ P̂2
ϕ=R̂

2, P̂R ≡ PR=μ, P̂ϕ ≡ Pϕ=ðμMÞ
and R̂≡ R=M, so that the 3PN contribution formally
reads

Ĥ3PN ¼
�
h3PN1 P̂8 þ h3PN2 P̂6P̂2

R þ h3PN3 P̂4P̂4
R

þ h3PN4 P̂2P̂6
R þ h3PN5 P̂8

R

�
þ 1

R̂

�
h3PN6 P̂6

þ h3PN7 P̂4P̂2
R þ h3PN8 P̂2P̂4

R þ h3PN9 P̂6
R

�

þ 1

R̂2

�
h3PN10 P̂4 þ h3PN11 P̂2P̂2

R þ h3PN12 P̂4
R

�

þ 1

R̂3

�
h3PN13 P̂2 þ h3PN14 P̂2

R

�
þ 1

R̂4
h3PN15 ; ð4:1Þ

where the h3PNi ’s formally indicate the numerical coeffi-
cients we are going to calculate. Before doing so explicitly
and introducing our results, let us recall an important
technical fact. The ordinary Hamiltonian directly obtained
from the class of Lagrangians of Sec. III via Legendre
transformation contains two undetermined constants r01
and r02. These constants parametrize logarithmic terms and
are directly inherited from the harmonic-coordinates
Lagrangian of Ref. [32], where they arise due to the
regularization procedure (via Hadamard partie finie tech-
nique). However, Ref. [57] found that these constants are
absent in the 3PN ordinary Hamiltonian in GR. As shown
in Ref. [58], the reason why it is so is that the two
constants, and the related logarithmic terms, can be gauged
away from the harmonic coordinate Lagrangian, in accor-
dance with the fact that these are pure gauge quantities.
More precisely, Ref. [55] showed that, in the GR case, the
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regularization constants can also be eliminated by includ-
ing a logarithmic dependence in the function F of the
contact transformation. Therefore, to gauge away the
dependence on r01 and r02 from the ordinary Hamiltonian
of ST theory, we take analogy with the approach of
Ref. [55] in GR and add the most generic logarithmic
dependent terms,

G3
ABðm0

AÞ3m0
B

R2

�
F57 log

r01
R

�
þ G3

ABm
0
Aðm0

BÞ3
R2

�
F58 log

r02
R

�
;

ð4:2Þ

to our arbitrary function F 3PN . In ST theory, the coef-
ficients F57 and F58 must be

F57 ¼
�
−
11

4
ð2þ γ̄ABÞ2 þ δA

�
; ð4:3Þ

F58 ¼
�
−
11

4
ð2þ γ̄ABÞ2 þ δB

�
; ð4:4Þ

in order to remove the gauge dependence on r01 and r
0
2 from

the ordinary class of Hamiltonians. The so-obtained
complete expression of the ordinary Hamiltonian coeffi-
cients of Eq. (4.1) at 3PN is given in Appendix C.

V. SCALAR-TENSOR DEFORMATION OF 3PN
EFFECTIVE ONE-BODY HAMILTONIAN

Let us now turn to discussing the main result of this
work, i.e. the instantaneous 3PN contribution to the EOB
potentials in ST theory. The mapping between the two-
body ordinary (ADM-like) Hamiltonian and the EOB
Hamiltonian can be done using different procedures (e.g.,
Delaunay Hamiltonian, canonical transformation, compari-
son of the periastron advance, see e.g. [43,45,59,60]). Here
we will use the canonical transformation approach, adapting
the procedure of Ref. [45].

A. Canonical transformation at 3PN

To fix notation, we indicate with ðQ;PÞ the conjugate
variables of the real, ordinary, two-body Hamiltonian,
while with ðq; pÞ those of the EOB Hamiltonian. We start
from the 2PN-accurate canonical transformation in ST
theory of Ref. [51] [see Eqs. (III.23) and (III.25) therein]
and augment it with 3PN terms. We do so by modifying the
generating function of the canonical transformation, whose
3PN contribution reads

GðQ;pÞ3PN
μM

¼ R̂p̂r

��
α3P6 þ β3P4p̂2

r þ γ3P2p̂4
r þ δ3p̂6

r

�

þ 1

R̂

�
ϵ3P4 þ η3P2p̂2

r þ θ3p̂4
r

�

þ 1

R̂2

�
λ3P2 þ ρ3p̂2

r

�
þ σ3
R̂3

�
; ð5:1Þ

where P, p̂r, and R̂ are the dimensionless variables with

P2 ≡ p̂2
r þ p̂2

ϕ

R̂2, and ðα3, β3, .., σ3) formally indicate the ten
3PN coefficients. We will then follow the same procedure
as Ref. [51], i.e. we will express the real and effective
Hamiltonian in an intermediate coordinate system ðQ;pÞ in
order to match the two.

B. Scalar-tensor effective-one-body Hamiltonian
at 3PN: Instantaneous part

Within the EOB approach, the real EOB Hamiltonian is
related to the effective Hamiltonian as

Ĥreal ≡Hreal

μ
¼ 1

ν

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2νðĤeff − 1Þ

q
; ð5:2Þ

where ν ¼ μ=M is the symmetric mass ratio and Ĥeff ≡
Heff=μ is the reduced-mass effective Hamiltonian. This
relation was originally proved to be correct up to 3PN in
GR [45]. Recently, within the post-Minkowskian scheme,
Ref. [61] proved it to hold at all PN orders, both in GR and
in ST theories. Here we choose to incorporate the 3PN
terms within the EOB Hamiltonian following the scheme of
Ref. [45], i.e. by writing the effective Hamiltonian Ĥeff as

Ĥeff ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aðr̂Þ

�
1þ p̂2

ϕ

r̂2
þ p̂2

r

Bðr̂Þ þ Q̂eðr̂; p̂Þ
�s
: ð5:3Þ

Here, we indicated with ðϕ; p̂ϕ; r̂; p̂rÞ the canonical vari-
ables, with p̂2 ¼ p̂2

r þ p̂2
ϕ=r̂

2, while ðA; B;QeÞ are the
EOB potentials. The structure of the nongeodesic term
Q̂e ≡Qe=μ2 at 3PN reads

Q̂eðr̂; p̂Þ ¼
1

r̂2
ðq1p̂4 þ q2p̂2p̂2

r þ q3p̂4
rÞ: ð5:4Þ

FollowingRef. [45],weuse the gauge freedomat our disposal
to set q1 ¼ q2 ¼ 0, so that the Qe function only depends on
the radial momentum. This choice is known as Damour-
Jaranowski-Schäfer (DJS) gauge, first introduced in
Ref. [45]. We recall, in passing, that this is just one among
the many (actually infinite) possibilities of devising an
effective dynamics based on a generalized mass shell con-
dition gμνeffpμpνþQeðpÞ¼0 and the relation between the
effective and real Hamiltonian given by Eq. (5.2) [61–67]. In
theDJS gauge, the three EOBpotentials at 3PN formally read
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Aðr̂Þ ¼ 1 −
2

r̂
þ a2

r̂2
þ a3

r̂3
þ a4

r̂4
; ð5:5Þ

Bðr̂Þ ¼ 1þ b1
r̂
þ b2

r̂2
þ b3

r̂3
; ð5:6Þ

Q̂eðr̂; p̂Þ ¼
q3
r̂2

p̂4
r ; ð5:7Þ

where theai andbi terms are theν-dependent deformations of
the Schwarzschild metric potentials, that take into account
both GR and ST corrections.2 The GR and ST contributions
are separated as

A ¼ AGR þ δAST; ð5:8Þ

B ¼ BGR þ δBST; ð5:9Þ

Q̂e ¼ Q̂GR
e þ δQ̂ST

e ; ð5:10Þ

which reflects on the ν-dependent contributions as

ai ¼ aiðνÞ ¼ aGRi ðνÞ þ δaSTi ðνÞ; ð5:11Þ

bi ¼ biðνÞ ¼ bGRi ðνÞ þ δbSTi ðνÞ; ð5:12Þ

q3 ¼ q3ðνÞ ¼ qGR3 ðνÞ þ δqST3 ðνÞ: ð5:13Þ

The GR terms are known analytically up to 6PN [68,69],
except for some yet unknown coefficients proportional to
ν2. As mentioned above, the 2PN ST corrections to the
EOB potentials have been computed in Refs. [50,51].
Starting from the 3PN, nonlocal-in-time contributions

have to be added to the local terms. In this section, we will
focus on the latter and we defer the computation of the
complete nonlocal terms into the companion paper [70].
See, however, the next section for the nonlocal terms
restricted to the circular case.
Let us now compute the local ST contributions to the

EOB potentials at 3PN, i.e. ðδaST4;loc; δbST3;loc; δqST3;locÞ. We do
so by first applying the canonical transformation of
Sec. VA to both the real two-body ordinary Hamiltonian
(Ĥreal) of Sec. IV and the 3PN EOB Hamiltonian (Ĥeff ) to
express them in the intermediate coordinate system ðQ;pÞ.
Then, the canonically transformed Ĥreal is matched with the
PN expanded Ĥreal obtained using Eq. (5.2) to find the
unique solution of ai, bi, and qi up to 3PN. For the new
3PN-order ST contributions, we get

δaST4;loc ¼ −2γ̄AB −
13

2
γ̄2AB − 5γ̄3AB þ

�
−
7

6
ð2þ γ̄ABÞ2 þ 9γ̄2AB

�
hβ̄i − γ̄ABhϵi þ

2

3
hκ̄i þ 2

3
ð1þ 2γ̄ABÞhδi þ 6ðβ2þ þ β2−Þ

− 12XABβ−βþ þ 2

3
ðβ−ðδ− þ XABδþÞ − hδiβþÞ þ ν

�
11

4αAB
ð2þ γ̄ABÞγ̄AB −

hδiγ̄AB
αABð2þ γ̄ABÞ

þ 32

γ̄2AB
hβ̄iðβ2þ − β2−Þ

þ 4

γ̄AB

�
β−

�
ϵ− − XABϵþ þ 4

3
ð2δ− − XABδþÞ

�
þ βþ

�
4

3
ð2δþ − XABδ−Þ − hϵi

��

þ γ̄AB

�
581

18
−
75

64
π2 − 8ζ −

32

3
hβ̄i − 20βþ þ 1

2
hδi þ

�
4

3
þ 7

32
π2
�
δþ þ 2ϵþ

�
þ γ̄2AB

�
239

18
−

5

32
π2 −

2

3
hβ̄i

�

þ γ̄3AB

�
−
3

8
þ 7

128
π2
�
þ 3ζ − 6ðβ2þ þ β2−Þ −

5

3
hβ̄i þ 3

2
XABβ− − 12XABβ−βþ −

8

3
ðδþhβ̄i þ β−δ−Þ

− δþ

�
92

9
−

7

16
π2
�
þ 1

3
XABδ− −

2

3
hκ̄i − 4

3
κþ þ hϵi

�
þ ν2ð−4β2−Þ; ð5:14Þ

δbST3;loc ¼ 29γ̄AB þ 131

4
γ̄2AB þ 47

4
γ̄3AB þ 22ð1þ γ̄ABÞhβ̄i − 5ð1þ γ̄ABÞhδi − hϵi

þ ν

�
−93γ̄AB − 42γ̄2AB − 3γ̄3AB − 7ζ þ 2ð3þ 2γ̄ABÞδþ þ 2hδi þ ϵþ þ XABϵ−

− 2

�
57

4
þ γ̄AB

�
XABβ− − 2ð4 − 9γ̄AB

�
hβ̄i

�
þ ν2ð10γ̄AB þ γ̄2AB − 6ζ − 18βþ þ 4δþ þ 2ϵþÞ; ð5:15Þ

2Let us remember in this respect that the 1PN term in the ai function, a2, is identically zero in GR [43], while it is nonzero in ST
theory [51].
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δqST3;loc ¼ ν

�
26

3
γ̄AB þ 5

2
γ̄2AB þ 2

3
hβ̄i − 2

3
hδi

�
− ν2ð4γ̄AB − 2hβ̄iÞ; ð5:16Þ

where we combine the notations of Refs. [35,51]. More
precisely, introducing XA;B ≡m0

A;B=M, we have

XAB ≡ XA − XB; ð5:17Þ

hβ̄i≡ −XABβ− þ βþ; ð5:18Þ

hκ̄i≡ −XABκ− þ κþ; ð5:19Þ

hδi≡ XABδ− þ δþ; ð5:20Þ

hχ̄i≡ −XABχ− þ χþ ≡ −
hϵi
4

; ð5:21Þ

hϵi≡ −XABϵ− þ ϵþ; ð5:22Þ

with the “�” subscript denoting the symmetric and anti-
symmetric parts of the ST parameters, e.g. x�≡ðxA�xBÞ=2.
As expected, the functions ðA;B; Q̂eÞ do not depend on

the functionF of Sec. III since, similarly to the 2PN case of
Ref. [51], it is absorbed by the canonical transformation. As
a consistency check of our results, we verify that the
binding energy of the system along circular orbits, obtained
from the condition ∂r̂Ĥeff ¼ 0, exactly matches the corre-
sponding function given in Eq. (5.4) of [32]. Similarly, we
correctly obtain the GR terms up to 3PN as well as the ST
ones at 2PN calculated in Refs. [50,51].
The results of Eqs. (5.14)–(5.16) can also be found in the

Mathematica file attached as a supplementary
material [71].

C. Completing the circular conservative 3PN dynamics
with contributions from tails and tides

Throughout this paper, we focused on the instantaneous
contributions to the EOB Hamiltonian at 3PN. However, at
3PN, there are two more contributions entering the PN
computations: (i) the (nonlocal-in-time) tail terms [31,32],
and (ii) the finite-size (tidal) effects [33]. The coordinate-
invariant circular case real two-body energy for tail and
finite-size contributions at 3PN in ST theory are given in
Eq. (5.5) of Ref. [32], and Eq. (8) of Ref. [33], respectively.
In this section, we will restrict ourselves to circular orbits
and compute the corrections to the EOB A potential due to
both tail and finite-size effects. For the circular case, the
complete 3PN term δaST4 is decomposed as

δaST4 ¼ δaST4;loc þ δaST4;nonloc þ δaST4;tidal: ð5:23Þ

When only considering circular systems, the EOB metric
potential A is simply computed by comparing the circular

case real two-body ordinary Hamiltonian with the circular
case EOB Hamiltonian using Eq. (5.2).
Let us now compute the complete 3PN metric potential

A. We do so first by computing the gauge-invariant circular
case EOB energy. Then, this gauge-invariant EOB energy is
matched with the gauge-invariant real two-body energy
using Eq. (5.2) to find ST corrections to A.
We leave the extension to noncircular orbits with the

complete computation of the B and Qe corrections to
future works.

1. Tail effects

Following the procedure discussed above, the tail con-
tribution to A reads

δaST4;nonloc ¼ δaST4;nonloc;0 þ δaST4;nonloc;log log

�
1

r̂

�
; ð5:24Þ

where

δaST4;nonloc;0 ¼ ν

�
2δþ þ γ̄ABð2þ γ̄ABÞ

2

��
8

3
ðlog 2þ γEÞ

�
;

ð5:25Þ

and

δaST4;nonloc;log ¼
4

3
ν

�
2δþ þ γ̄ABð2þ γ̄ABÞ

2

�
; ð5:26Þ

with δþ defined as above. For the equal-mass case, the tail
contribution, Eq. (5.24), vanishes as the common factor of
Eqs. (5.25) and (5.26) for the equal mass case is zero. It can
be seen from Table I and that α0A ¼ α0B as scalar charge for
both the bodies are the same for the equal-mass case.

2. Finite-size effects

When considering extended bodies, tidal effects have an
impact on the binary dynamics. Therefore, by considering
the finite-size addition to the 3PN circular case energy,
Eq. (8) of Ref. [33], the procedure discussed above yields:

δaST4; tidal ¼ 4να20

�
m0

A

M
δBk

ðsÞ
A þm0

B

M
δAk

ðsÞ
B

�
; ð5:27Þ

where kðsÞA;B are the dimensionless scalar l ¼ 1 tidal
Love numbers of the two bodies. The contributions in
Eqs. (5.24) and (5.27) are also included in the Supple-
mental Material [71].
To estimate the magnitude of the scalar-mediated finite-

size effect, we observe that the prefactor in Eq. (5.27) for the
equal-mass case is Oð10−8Þ in the dynamical scalarization
regime, i.e. for α ≃ 10−1. The correction toA is then linear in
the scalar Love numbers, which we take of the order same as
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GR kðsÞfA;Bg ≲ 10−1 (see, Ref. [37] for l ≥ 2), depending on
the equation of state. This results to a correction of at most
Oð10−9Þ, thus rendering the effect of scalar tides on the
ISCO frequency practically unmeasurable.

VI. MODIFICATIONS OF THE CONSERVATIVE
BINARY DYNAMICS AT THE INNERMOST

STABLE CIRCULAR ORBIT

Let us now study the impact of the 3PN ST corrections to
the circular dynamics. We do so by evaluating the fre-
quency at ISCO.
For the GR part, we rely on the NR-informed A potential

used within the TEOBResumS waveform model [72–74].
More precisely, the AGR is based on (formal) 5PN infor-
mation where the nonlogarithmic 5PN coefficient, ac6ðνÞ, is
informed by NR simulation after the full potential has been
resummed using a (1,5) Padé approximant, and is given by
Eq. (33) of Ref. [72]. In practice, we have

AGRðr̂; νÞ≡ P1
5½A5PN

GR ðr̂; νÞ� ð6:1Þ

where A5PN
GR indicates the GR A function expanded at 5PN.

Focusing on the sequence of circular orbits (p̂r ¼ 0), the
ISCO orbital radius and angular momentum ðr̂ISCO; pISCO

ϕ Þ
are defined by the conditions ∂r̂Ĥeff ¼ ∂

2
r̂ Ĥeff ¼ 0, and

ΩISCO is obtained from the corresponding Hamilton’s
equation. Reference [51] already considered two ways of
flexing the GR potential so as to include the scalar-tensor
contribution. First, δAST was just considered as a contri-
bution simply added to the Padé resummed GR potential of
Eq. (6.1), but this choice was not found to be robust versus
the ST coupling constant. As an alternative, Ref. [51]
proposed to resum, with a Padé approximant, the full PN-
expanded function with GR and ST contributions. We
follow here this approach and define

Aðr̂Þ ¼ P1
5

�
AGR
5PN þ δAST

�
; ð6:2Þ

where now δAST includes up to the 3PN instantaneous
correction of Eq. (5.14) and tail correction of Eq. (5.24).
Focusing on the equal-mass case, Ref. [51] noted that
the 1PN and 2PN ST corrections are numerically of
the same order, so that, for simplicity, in the numerical
analysis of the ISCO frequency behavior they were
considered to be exactly the same. For completeness we
stick here to using the correct analytical expression without
any approximation.
Figure 1 focuses on an equal-mass binary3 and depicts

ΩISCO as a function of the ST coupling constant α

considered in a reasonable range of values compatible
with the experimental constraints, where we fix β ¼ −4.2.
Here, for simplicity we neglect the corrections from the ST
parameters β0 and β00, by fixing them to zero. Their impact
on the 2PN and 3PN ST corrections to A, δaST3 and δaST4 ,
when varying β0 and β00 within a reasonable range of values
½−10; 10�, is at the level of 5% and 1% respectively.
Therefore, their overall contribution to the potential A
[see Eqs. (5.5) and (5.11)], that controls the circular
conservative dynamics and thus the correction to the
ISCO frequency, will indeed be negligible.
For comparison, the figure also shows, as dashed lines,

the curves obtained when not applying a resummation on
the ST part of the potential. In Fig. 2 we also show the
modification ofΩISCO as a function of both α and β within a
viable range, again for the equal-mass case.

FIG. 1. Fractional change in ISCO frequency with respect to
GR for equal-mass systems, ν ¼ 1=4, as a function of the ST
parameter α, with β fixed to β ¼ −4.2. We show different PN
orders for the ST corrections [included in the overall Padé
resummation, Eq. (6.2)]. They all reduce to the GR limit when
α → 0. The results obtained by simply adding the nonresummed
ST terms are reported using dashed lines.

FIG. 2. Frequency at the innermost stable circular orbit at 3PN
order for equal-mass systems, as a function of the ST parameters
α and β.

3The ST tail correction vanishes for equal-mass case as
mentioned in Sec. V C 2.
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VII. CONCLUSIONS

Building upon recent results [32] for massless scalar-
tensor theory, we have generalized the 2PN EOB
Hamiltonian of Ref. [51] to 3PN order, though restricting
ourselves to the local-in-time contribution. First, we
derived a class of two-body ordinary Hamiltonians (i.e.
dependent only on position and momenta) for ST theory
by (i) reducing the two-body harmonic coordinate local-
in-time Lagrangian of [32] to an ordinary class of
Lagrangians by constructing a general contact transforma-
tion for ST theories; (ii) augmenting the general contact
transformation with the logarithm-dependent terms to
gauge away regularization constants from the ordinary
Lagrangian by taking analogy with general telativity
results of [55]; and (iii) performing Legendre transforma-
tion of this ordinary Lagrangian to derive the ordinary
Hamiltonian. We then recasted this local-in-time ordinary
Hamiltonian into equivalent, 3PN-accurate, EOB poten-
tials ðA;B;QeÞ, see Eqs. (5.14)–(5.16). As a test of our
results, we checked that the energy along circular orbits
computed from the EOB Hamiltonian precisely coincides
with that given in Eq. (5.4) of Ref. [32]. We also computed
the corrections due to the tail and finite-size effects at
3PN for ST theories only for the circular conservative
dynamics using the gauge-invariant circular case energy of
Refs. [32,33]. We additionally studied the shift in the
orbital frequency of the innermost stable circular orbit
induced by scalar-tensor corrections. After the submission
of this work, an independent work computing similar
contributions appeared [75]. We cross-checked the results
of EOB potentials ðA;B;QeÞ presented there and, although
computed following different steps, we found them to be
consistent with ours.
This paper must be seen as a first step in the effort of

incorporating massless scalar-tensor corrections within the
EOB waveform model TEOBResumS-GIOTTO [76,77]
for coalescing, precessing, BH-NS and NS-NS binaries.
We leave to future work the extension to the radiative
sector. PN results for the scalar-tensor corrections to the
waveform and radiation reaction are already present in the
literature [29,30,35,36,78]. For quasicircular orbits, wewill
only need to compute their factorized and resummed forms
so to improve the expansions behavior in the strong-field
regime (as is done for their GR counterparts, see e.g.
Refs. [79–82]). Instead, when considering general orbits
[30,36], more computations will be needed (e.g., Refs. [83–
87]). Finally, NR simulations of binaries evolving in scalar-
tensor theories [88–91] will be of great importance to assess
the overall accuracy of our EOB description and complete it
through plunge and merger.
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APPENDIX A: REMINDER OF 3PN-ACCURATE
CONTACT TRANSFORMATION

The four-dimensional coordinate change through the
contact transformation at 3PN order is based on the
application of the method introduced in Ref. [57] to
eliminate higher order derivative terms. The new
Lagrangian based on the coordinate change δZA is

L → Lþ
X
I¼A;B

δZi
I
δL
δZi

I
þ dF

dt
¼ Lred

f ; ðA1Þ

where F is the generic function introduced in Sec. III, and
δL
δZi

I
is the functional derivative term. Since the contact

transformation coordinate change δZi
I starts at 2PN order,

according to Eq. (A1), the fractional derivative term at 3PN
should be considered up to 1PN order, i.e.,

δL
δZi

I
¼ m0

I

�
−aiI −

X
I≠J

GABmJ

R2
niAB þ 1

c2
Ci
I

�
; ðA2Þ

where Ci
I can be derived using the harmonic-coordinate

Lagrangian given in Ref. [32].
The 1PN term Ci

I depends on accelerations; therefore, it
will give additional acceleration-dependent terms (on
multiplying with 2PN contribution of contact transforma-
tion δZi

I) in the Lagrangian at 3PN order. Therefore, as
shown in Ref. [55] in the GR case, we will have to
introduce some sort of counterterm, Xi

I, for scalar-tensor
theory as well as to eliminate the acceleration dependence
from the Lagrangian. Hence, the contact transformation at
3PN order becomes [55]

δZi
I ¼

1

m0
I

�
qiA þ ∂F

∂Vi
I
þ Xi

I

�
; ðA3Þ

with the counterterm, Xi
I as defined in Eq. (3.17) of

Ref. [55], and qiI ¼ ∂L
∂aiI

is the conjugate momenta of

acceleration.
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APPENDIX B: CONTACT TRANSFORMATION FOR SCALAR-TENSOR THEORY AT 3PN

The final result of our contact transformation dependent on the parameters of the function F are as follows. The first and
second terms of Eq. (A3) are readily obtained by differentiating Lagrangian and function F with respect to acceleration and
velocity, respectively. The third term, i.e. the counterterm Xi

A;B, purely 3PN order term, is

Xi
A ¼ Vi

B

	!�
GABm0

Am
0
BðV⃗A · V⃗AÞ

�
−
1

2
f2ðn⃗AB · V⃗AÞþ

�
1

2
f5þ

1

2
γABþ

7

8

�
n⃗AB · V⃗B

�

þG2
ABðm0

AÞ2m0
B

R
½f3ð7þ4γ̄ABÞn⃗AB · V⃗A−f6ð7þ4γ̄ABÞn⃗AB · V⃗B�

þG2
ABm

0
Aðm0

BÞ2
R

�
f2ð−3−2γ̄ABÞn⃗AB · V⃗Aþ

�
2γ̄2ABþ

13γ̄AB
2

þ2γ̄ABf5þ3f5þ
21

4

�
n⃗AB · V⃗B

��

þ V⃗i
AðGABm0

Am
0
B

��
−f3−

1

2
γ̄AB−

7

8

�
n⃗AB · V⃗AðV⃗B · V⃗BÞþ

�
−2f2n⃗AB · V⃗Aþ

�
f5þ γ̄ABþ

7

4

�
n⃗AB · V⃗B

�
V⃗A · V⃗B

þð3f4n⃗AB · V⃗B−4f1n⃗AB · V⃗AÞV⃗A · V⃗A−3f7ðn⃗AB · V⃗AÞ3−2f8ðn⃗AB · V⃗AÞ2n⃗AB · V⃗Bþ
�
f9þ

1

8

�
n⃗AB · V⃗Aðn⃗AB · V⃗BÞ2

�

þG2
ABðm0

AÞ2m0
B

R

��
2γ̄ABf2þ

7

2
f2−f11þ2γ̄2ABþ7γ̄ABþ

49

8

�
n⃗AB · V⃗Aþf5

�
−2γ̄AB−

7

2

�
n⃗AB · V⃗B

�

þG2
ABm

0
Aðm0

BÞ2
R

½ð−f12−6f1−4γ̄ABf1Þn⃗AB · V⃗Aþf4ð6þ4γ̄ABÞn⃗AB · V⃗B�Þ

þ n⃗iAB

�
GABm0

Am
0
B

��
−
3

2
f7ðn⃗AB · V⃗AÞ2−f8ðn⃗AB · V⃗AÞðn⃗AB · V⃗BÞþ

�
f9
2
þ 1

16

�
ðn⃗AB · V⃗BÞ2þ

�
−
γ̄AB
4

−
f3
2
−

7

16

�
V⃗B · V⃗B

−
1

2
f1ðV⃗A · V⃗AÞ−

1

2
f2ðV⃗A · V⃗BÞ

�
V⃗A · V⃗A

�
þG2

ABðm0
AÞ2m0

B

R

��
−
7

2
− γ̄2AB−

15γ̄AB
4

−2γ̄ABf4−4f4−
f11
2

�
V⃗A · V⃗A

þf5ð−4−2γ̄ABÞV⃗A · V⃗Bþf6ð−4−2γ̄ABÞV⃗B · V⃗Bþ
�
11

8
þ3γ̄AB

2
þ1

2
f2þf8ð4þ2γ̄ABÞ

�
ðn⃗AB · V⃗AÞ2

þ
�
f3−

1

2
f5−4f9ð2þ γ̄ABÞ

�
ðn⃗AB · V⃗AÞðn⃗AB · V⃗BÞþð−f6−6f10ð2þ γ̄ABÞÞðn⃗AB · V⃗BÞ2

�

þG2
ABm

0
Aðm0

BÞ2
R

��
f1ð−3−2γ̄ABÞ−

1

2
f12

�
V⃗A · V⃗Aþf2ð−3−2γ̄ABÞV⃗A · V⃗Bþ

�
−
21

8
−
13γ̄AB
4

− γ̄2AB

þf3ð−3−2γ̄ABÞ
�
V⃗B · V⃗Bþ3f7ð−3−2γ̄ABÞðn⃗AB · V⃗AÞ2þ2f8ð−3−2γ̄ABÞðn⃗AB · V⃗AÞðn⃗AB · V⃗BÞ

þ
�
3

8
þ γ̄AB

4
þf9ð3þ2γ̄ABÞ

�
ðn⃗AB · V⃗BÞ2

�
þG3

ABðm0
AÞ3m0

B

R2
½f13ð−4−2γ̄ABÞ�

þG3
ABðm0

AÞ2ðm0
BÞ2

R2
½f11ð−3−2γ̄ABÞþf14ð−4−2γ̄ABÞ�þ

G3
ABm

0
Aðm0

BÞ3
R2

½f12ð−3−2γ̄ABÞ�
�
; ðB1Þ

Xi
B ¼ V⃗i

B

�
GABm0

Am
0
B

��
f4 þ

1

2
γ̄AB þ

7

8

�
n⃗AB · V⃗BðV⃗A · V⃗AÞ þ

�
2f5n⃗AB · V⃗B −

�
f2 þ γ̄AB þ

7

4

�
n⃗AB · V⃗A

�
V⃗A · V⃗B

þ ð4f6n⃗AB · V⃗B − 3f3n⃗AB · V⃗AÞV⃗B · V⃗B þ 3f10ðn⃗AB · V⃗BÞ3 þ 2f9ðn⃗AB · V⃗AÞðn⃗AB · V⃗BÞ2

−
�
f8 þ

1

8

�
ðn⃗AB · V⃗AÞ2n⃗AB · V⃗B

�
þG2

ABðm0
AÞ2m0

B

R
½ð−4γ̄ABf3 − 6f3Þn⃗AB · V⃗A þ ð4γ̄ABf6 þ 6f6 þ f13Þn⃗AB · V⃗B�

þG2
ABm

0
Aðm0

BÞ2
R

��
2γ̄ABf2 þ

7

2
f2

�
n⃗AB · V⃗A þ

�
−2γ̄ABf5 −

7

2
f5 þ f14 − 2γ̄2AB − 7γ̄AB −

49

8

�
n⃗AB · V⃗B

��
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þ V⃗i
A

�
GABm0

Am
0
BV⃗B · V⃗B

��
−
1

2
f2 −

1

2
γ̄AB −

7

8

�
n⃗AB · V⃗A þ

1

2
f5n⃗AB · V⃗B

�

þG2
ABðm0

AÞ2m0
B

R

��
−2γ̄ABf2 − 3f2 − 2γ̄2AB −

13

2
−
21

4

�
n⃗AB · V⃗A þ ð2γ̄ABf5 þ 3f5

�
n⃗AB · V⃗B

�

þG2
ABm

0
Aðm0

BÞ2
R

½ð4γ̄ABf1 þ 7f1Þn⃗AB · V⃗A − ð4γ̄ABf4 þ 7f4Þn⃗AB · V⃗B�
�

þ n⃗iAB

�
GABm0

Am
0
B

��
−
1

2
f8ðn⃗AB · V⃗AÞ2 þ f9ðn⃗AB · V⃗BÞðn⃗AB · V⃗AÞ þ

3

2
f10ðn⃗AB · V⃗BÞ2 þ

1

2
f4V⃗A · V⃗A þ

1

2
f5V⃗A · V⃗B

þ1

2
f6ðV⃗B · V⃗BÞ−

1

16
ðn⃗AB · V⃗AÞ2 þ

1

4
γ̄ABV⃗A · V⃗A þ

7

16
V⃗A · V⃗A

�
V⃗B · V⃗B

�

þGABðm0
AÞ2m0

B

R

��
γ̄2AB þ

13γ̄AB
4

þ ð2γ̄AB þ 3Þf4 þ
21

8

�
V⃗A · V⃗A þ

�
ð2γ̄AB þ 3Þf6 þ

f13
2

�
V⃗B · V⃗B þ f5ð2γ̄AB þ 3ÞV⃗A · V⃗B

þ
�
ð−2γ̄AB − 3Þf8 −

3

8
−
1

4
γ̄AB

�
ðn⃗AB · V⃗AÞ2 þ f9ð4γ̄AB þ 6Þðn⃗AB · V⃗BÞðn⃗AB · V⃗AÞ þ f10ð6γ̄AB þ 9Þðn⃗AB · V⃗BÞ2

�

þGABm0
Aðm0

BÞ2
R

�
f1ð2γ̄AB þ 4ÞV⃗A · V⃗A þ f2ð2γ̄AB þ 4ÞV⃗A · V⃗B þ

�
γ̄2AB þ

15γ̄AB
4

þ ð2γ̄AB þ 4Þf3 þ
f14
2

þ 7

2

�
V⃗B · V⃗B

þðð6γ̄AB þ 12Þf7 þ f1

�
ðn⃗AB · V⃗AÞ2 þ

�
ð4γ̄AB þ 8Þf8 þ

f2
2
− f4

�
ðn⃗AB · V⃗AÞ⃗ðn12 · V⃗BÞ

þ
�
−
3γ̄AB
4

− ð2γ̄AB þ 4Þf9 −
f5
2
−
11

8

�
ðn⃗AB · V⃗BÞ2

�
þG3

ABðm0
AÞ3m0

B

R2
½f13ð2γ̄AB þ 3Þ�

þG3
ABðm0

AÞ2ðm0
BÞ2

R2
½f11ð2γ̄AB þ 4Þ þ f14ð2γ̄AB þ 3Þ� þG3

ABm
0
Aðm0

BÞ3
R2

½f12ð2γ̄AB þ 4Þ�
�
: ðB2Þ

Here, fi are the parameters of the generic function F at 2PN order given in Ref. [51].
With these results, the full expression of the coordinate change (based on contact transformation) at 3PN, and that

depends on the parameters of the function F , is derived. This is then used to obtain the class of ordinary Lagrangian in ST
theory at 3PN

APPENDIX C: 3PN TWO-BODY HAMILTONIAN

For the whole class of ordinary Hamiltonians of Sec. IV, the 15 coefficients h3PNi of the Hamiltonian at 3PN for ST theory
in COM frame are

h3PN1 ¼ −
5

128
þ 35

128
ν −

70

128
ν2 þ 35

128
ν3; h3PN2 ¼ h3PN3 ¼ h3PN4 ¼ h3PN5 ¼ 0;

h3PN6 ¼ GAB

�
−

7

16
−

5

16
ν3 −

3

8
γ̄AB þm0

A

M
ð2f6 − F12Þ þ

m0
B

M
ð2f1 − F1Þ þ ν

�
4þ 23

8
γ̄AB þ F1 þ F2 − F6 − F7

þ F11 þ F12 − 2½f1 þ f6� −
3

2
½f2 þ f5� þ

3

2
½f3 þ f4� þ

m0
A

M

�
−F2 þ F7 þ 3F12 þ

3

2
f2 −

3

2
f4 −

13

2
f6

�

þm0
B

M

�
3F1 þ F6 − F11 −

13

2
f1 −

3

2
f3 þ

3

2
f5

��
þ ν2

�
−
331

16
−
93

8
γ̄AB − 2½F1 þ F2 − F6 − F7 þ F11 þ F12�

þ 9

2
½f1 þ f6� þ

7

2
½f2 − f3 − f4 þ f5� þ

m0
A

M
½F2 þ F5 − F7 − F9 − F10 − F12 − 3f2 þ 3f4 þ 3f6�

þm0
B

M
½−F1 − F3 − F4 − F6 þ F8 þ F11 þ 3f1 þ 3f3 − 3f5�

��
;
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h3PN7 ¼ GAB

�
−

3

16
ν3 þm0

A

M
½F12 − 3F24 − 2f6 þ 6f10� þ

m0
B

M
½F1 − 3F13 − 2f1 þ 6f7� þ ν

�
−
27

16
− γ̄AB − F1 − F2

þ F6 þF7 − F11 − F12 þ 3½F13 þF14 þF16 þF21 þ F23 þ F24� þ 2½f1 þ f6� þ
3

2
½f2 þ f5 − f3 − f4�

− 6½f7 þ f10�−
9

2
½f8 þ f9� þ

m0
A

M

�
F2 − F7 þ

13

2
ðf6 − 3f10Þ − 3

�
F12 þ F14 þ F16 − 3F24 þ

1

2
ðf2 − f4 − 3f8Þ

��

þm0
B

M

�
F11 − F6 − 3

�
F1 þ F21 þ F23 − 3F13 þ

1

2
ðf5 − f3 − 3f9Þ

�
þ 13

2
ðf1 − 3f7Þ

��
þ ν2

�
169

4
þ 89

4
γ̄AB

þ 2½F1 þ F2 − F6 − F7 þF11 þF12 − 3F13 − 3F14 − 3F16 − 3F21 − 3F23 − 3F24�−
9

2
½f1 þ f6 − 3f7 − 3f10�

þ 7

2
½f3 − f2 − f5 þ f4 þ 3f8 þ 3f9� þ

m0
A

M
½−F2 − F5 þ F7 þF9 þF10 þ F12 þ 3ðF14 þF16 þF18 − F20 − F22

− F24 þ f2 − f4 − f6 − 3f8 þ 3f10Þ� þ
m0

B

M
½F1 þF3 þ F4 þ F6 − F8 − F11 þ 3ð−F13 − F15 − F17 þ F19

þ F21 þ F23 − f1 − f3 þ f5 þ 3f7 − 3f9Þ�
��

;

h3PN8 ¼ GAB

�
−

3

16
ν3 þm0

A

M
½3F24 − 5F30 − 6f10� þ

m0
B

M
½3F13 − 5F25 − 6f7� þ ν

�
5

16
þ 3

8
γ̄AB − 3½F13 þ F14 þ F16

þ F21 þ F23 þ F24� þ 5½F25 þ F26 þ F29 þ F30� þ 6½f7 þ f10� þ
9

2
½f8 þ f9� þ 3

m0
A

M

�
F14 þ F16 − 3F24

−
5

3
F26 þ 5F30 −

3

2
f8 þ

13

2
f10

�
þ 3

m0
B

M

�
F21 þ F23 − 3F13 −

5

3
F29 þ 5F25 −

3

2
f9 þ

13

2
f7

��

þ ν2
�
−
117

4
−
129

8
γ̄AB þ 6½F13 þ F14 þ F16 þ F21 þ F23 þ F24� − 10½F25 þ F26 þ F29 þ F30� −

21

2
½f8 þ f9�

−
27

2
½f7 þ f10� þ 3

m0
A

M

�
−F14 − F16 − F18 þ F20 þ F22 þ F24 þ

5

3
ðF26 − F28 − F30Þ þ 3ðf8 − f10Þ

�

þ 3
m0

B

M

�
F13 þ F15 þ F17 − F19 − F21 − F23 þ

5

3
ðF29 − F27 − F25Þ þ 3ðf9 − f7Þ

���
;

h3PN9 ¼ GAB

�
−

5

16
ν3 þ 5

m0
A

M
F30 þ 5

m0
B

M
F25 þ 5ν

�
−F25 − F26 − F29 − F30 þ

m0
A

M
½F26 − 3F30� þ

m0
B

M
½F29 − 3F25�

�

þ5ν2
�
15

16
þ 1

2
γ̄AB þ 2½F25 þ F26 þ F29 þ F30� þ

m0
A

M
½F28 þ F30 − F26� þ

m0
B

M
½F25 þ F27 − F29�

��
;

h3PN10 ¼ G2
AB

�
−
17γ̄2AB
16

−
11γ̄AB
4

−
29

16
þm0

A

M
½F12 − F36 þ ð9γ̄AB þ 12Þf6 þ f13� þ

m0
B

M
½F1 − F41 þ ð9γ̄AB þ 12Þf1 þ f12�

þ ν

�
41

12
þ 199

48
γ̄2AB þ

67

8
γ̄AB − F1 − F12 þ F36 þ F41 − ð9γ̄AB þ 12Þ½f1 þ f6� þ

1

2
½f11 þ f14�− f12 − f13

þm0
A

M

�
F6 − F11 − 3F12 − F33 þF35 þ 2F36 − F46 þ 9γ̄ABðf3 − f5 − f6Þ þ

1

2
ð27f3 − 26f5 þ f14 − 11f6 − 5f13Þ

�

þm0
B

M

�
F7 − 3F1 − F2 − F31 þ F42 þ 2F41 − F44 þ 9γ̄ABðf4 − f1 − f2Þ þ

1

2
ð27f4 − 26f2 þ f11 − 11f1 − 5f12Þ

��
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þ ν2
�
395

48
−
77γ̄2AB
12

−
29γ̄AB
4

þ 2F1 þF2 −F6 −F7 þF11 þ 2F12 þF31 þF32 þF33 −F34 −F35 −F36 −F41

−F42 −F43 þF44 þF45 þF46 þ
1

2
½f3 þ f4�−

3

2
½f2 þ f5�−

13

2
½f1 þ f6� þ 2½f12 þ f13 − f11 − f14�

þm0
A

M
½F12 −F5 −F6 þF9 þF10 þF11 þ 3ðf3 − f5 − f6Þ� þ

m0
B

M
½F1 þF2 þF3 þF4 −F7 −F8 þ 3ðf4 − f1 − f2Þ�

��
;

h3PN11 ¼G2
AB

�
1

16
ðγ̄ABþ2Þ2þm0

A

M
½4F12þ3F24þ2F36−3F40−12f6ð2þ γ̄ABÞþ9f10ð4þ3γ̄ABÞ−2f13�

þm0
B

M
½4F1þ3F13þ2F41−3F47−12f1ð2þ γ̄ABÞþ9f7ð4þ3γ̄ABÞ−2f12�þν

�
211

48
þ71

8
γ̄ABþ

137

48
γ̄2AB−4½F1þF12�

−3½F13þF24−F40−F47�−2½F36þF41�þ12½2þ γ̄AB�ðf1þf6Þ−9½4þ3γ̄AB�ðf7þf10Þ− ½f11þf14�þ2½f12þf13�

þm0
A

M

�
4ðF6−F11−3F12−F36Þ−3½F21þF23þ3F24−F39−2F40þF50�þ2½F33−F35þF46�

−12ð2þ γ̄ABÞ½f3−f5−f6�−
5

2
f5þ

19

2
f6−

27

2
f9ð3þ2γ̄ABÞ−

27

2
f10ð1þ2γ̄ABÞþ5f13−f14�

þm0
B

M

�
4ðF7−F2−3F1−F41Þ−3ð3F13þF14þF16þF37þ2F47þ3F48Þþ2ðF31−F42þF44Þ

þ12ð2þ γ̄ABÞ½f1þf2−f4�þ
19

2
f1−

5

2
f2−

27

2
f7ð1þ2γ̄ABÞ−

27

2
f8ð3þ2γ̄ABÞ−f11þ5f12

��

þν2
�
889

12
þ63γ̄ABþ

149

12
γ̄2ABþ4½2F1þF2−F6−F7þF11þ2F12�þ3½2F13þF14þF16þF21þF23þ2F24

þF37þF38−F39−F40−F47−F48þF49þF50

�
−2½F31þF32þF33−F34−F35−F36−F41−F42−F43þF44

þF45þF46�−
19

2
½f1þf6�þ5½f3þf4�−

45

2
½f7þf10�−

9

2
½f8þf9�þ4½f11−f12−f13þf14�

þm0
A

M

�
4ð−F5−F6þF9þF10þF11þF12Þþ3ð−F18þF20þF21þF22þF23þF24Þþ

9

2
ðf3−f5−f6−2f9−2f10Þ

�

þm0
B

M

�
4ðF1þF2þF3þF4−F7−F8Þþ3ðF13þF14þF15þF16þF17−F19Þþ

9

2
ðf4−f1−f2−2F7−2f8Þ

���
;

h3PN12 ¼G2
AB

�
m0

A

M
½2F24þ5F30þ4F40−30γ̄ABf10−48f10�þ

m0
B

M
½2F13þ5F25þ4F47−30γ̄ABf7−48f7�

þν

�
5γ̄2AB
36

þ19γ̄AB
12

−2F13−2F24−5F25−5F30−4F40−4F47þ30γ̄ABf7þ30γ̄ABf10þ48f7þ48f10þ
227

72

þm0
B

M

�
−6F13−2F14−2F16−15F25−5F26þ4F37−8F47−4F48þ30γ̄ABf7þ30γ̄ABf8−f1þ2f2þ

81f7
2

þ51f8

�

þm0
A

M

�
−2F21−2F23−6F24−5F29−15F30−4F39−8F40þ4F50þ30γ̄ABf9þ30γ̄ABf10þ2f5−f6þ51f9þ

81f10
2

��

þν2
�
5γ̄2AB
9

−
7γ̄AB
2

þ4F13þ2F14þ2F16þ2F21þ2F23þ4F24þ10F25þ5F26þ5F29þ10F30−4F37−4F38þ4F39
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þ 4F40 þ 4F47 þ 4F48 − 4F49 − 4F50 − f3 − f4 þ 6f7 þ
3f8
2

þ 3f9
2

þ 6f10 −
581

144

þm0
B

M

�
2F13 þ 2F14 þ 2F15 þ 2F16 þ 2F17 − 2F19 þ 5F25 þ 5F26 þ 5F27 − 2f1 − 3f2 − 3f3 þ f6 þ

3f9
2

þ 3f10
2

�

þm0
A

M

�
−2F18 þ 2F20 þ 2F21 þ 2F22 þ 2F23 þ 2F24 þ 5F28 þ 5F29 þ 5F30 þ f1 − 3f4 − 3f5 − 2f6 þ

3f7
2

þ 3f8
2

���
;

h3PN13 ¼G3
ABν

αAB

�
11

24
½γ̄ABþ2�γ̄AB−

ðγ̄ABþ10ÞðδAm0
AþδBm0

BÞ
ð6γ̄ABþ12ÞM

�
þG3

AB

�
−γ̄3AB−

29γ̄2AB
6

−
47γ̄AB
6

−
17

4
−
2ðf6m0

Aβ̄Bþf1m0
Bβ̄AÞ

M

þm0
A

M
½F36−F54−2ð3γ̄ABþ5Þf6þð5γ̄ABþ7Þf13�þ

m0
B

M
½F41−F55−2ð3γ̄ABþ5Þf1þð5γ̄ABþ7Þf12�þ

m0
BϵAþm0

AϵB
12M

þ½2γ̄ABþ3�m
0
Aβ̄Bþm0

Bβ̄A
2M

−
�
4γ̄AB
3

þ2

�
m0

AδAþm0
BδB

M
þν

��
7π2

256
−
11

24

�
γ̄3AB−

�
5π2

64
þ923

72

�
γ̄2AB−

�
1421

36
þ75π2

128

�
γ̄AB

−
1531

48
−
41π2

64
−F36−F41þF54þF55þ2ð3γ̄ABþ5Þðf1þf6Þ−

�
5γ̄ABþ

7

2

�
ðf12þf13Þþð5γ̄ABþ7Þðf11þf14Þ

þm0
A

M

�
F33−F35−2F36þF46−F52−F53þF54þ6γ̄ABðf5þf6−f3Þ−11f3þ

21f5
2

þ8f6þ
3f11
2

−
7f12
2

�

þm0
B

M

�
F31−2F41−F42þF44−F51þF55−F56þ6γ̄ABðf1þf2−f4Þþ8f1þ

21f2
2

−11f4−
7f13
2

þ3f14
2

�

−
�
7γ̄ABþ

37

4

�
m0

Aβ̄Bþm0
Bβ̄A

M
þ
�
5

2
þ γ̄AB

�
m0

Aβ̄Aþm0
Bβ̄B

M
−2f1

m0
Bβ̄B
M

−2f6
m0

Aβ̄A
M

þ2½2f6þf5−f3�
m0

A

M
β̄B

þ2½2f1þf2−f4�
m0

B

M
β̄A−

�
34

9
þ2

3
γ̄AB−

7

64
π2
�
γ̄AB
2

þ1

��
ðδAþδBÞþ

�
γ̄AB
6

−
7

18

�
δAm0

AþδBm0
B

M
þ4ðβ̄AδAþ β̄BδBÞ

γ̄AB

−
8β̄Aβ̄B
γ̄AB

−
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:

As a consistency check with the results of GR, we find that our ST 3PN Hamiltonian reduces to the Hamiltonian of
Ref. [57] in the GR limit by setting the F 3PN parameters as
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F2 ¼ F11 ¼ 2F27 ¼ 2F28 ¼ 6F16 ¼ 6F21 ¼ −
15

8
;

F3 ¼ F10 ¼ 2F6 ¼ 2F7 ¼
2

5
F34 ¼

2

5
F43 ¼ −

7

4
;

F33 ¼ F44 ¼ −F54 ¼ −F55 ¼ −
2

3
F15 ¼ −

2

3
F22 ¼ −

3

4
;

F5 ¼ F8 ¼
47

8
; F4 ¼ F9 ¼ −

23

4
; F14 ¼ F23 ¼

5

12
;

F17 ¼ F20 ¼
41

8
; F18 ¼ F19 ¼ −

27

16
; F31 ¼ F46 ¼ −

113

24
;

F32 ¼ F45 ¼
195

16
; F36 ¼ F41 ¼

1

8
; F37 ¼ F50 ¼ −

91

144
;

F38 ¼ F49 ¼
21

16
; F51 ¼ F52 ¼

245

18
−
21

32
π2;

F53 ¼ F56 ¼ −
1079

72
;

with the remaining parameters of F 3PN set to zero and F 2PN coinciding with the expression in Ref. [51].
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