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Modeling horizon absorption in spinning binary black holes
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The mass and spin of black holes (BHs) in binary systems may change due to the infall of gravitational-
wave (GW) energy down the horizons. For spinning BHs, this effect enters at 2.5 post-Newtonian (PN)
order relative to the leading-order energy flux at infinity. There is currently a discrepancy in the literature in
the expressions of these horizon fluxes in the test-body limit at 4PN order (relative 1.5PN order). Here, we
model the horizon absorption as tidal heating in an effective worldline theory of a spinning particle
equipped with tidally induced quadrupole and octupole moments. We match the tidal response to analytic
solutions of the Teukolsky equation in a scattering scenario and obtain general formulas for the evolution of
mass and spin. We then specialize to the case of aligned-spin—quasicircular binaries, obtaining the
corresponding contributions to the GW phasing through 4PN order. Importantly, we find that the number of
GW cycles due to horizon fluxes with masses observed by LIGO-Virgo-KAGRA detectors is about 2-3
orders of magnitude smaller than the other contributions to the phasing at the same PN order. Furthermore,
in the test-body limit, we find full agreement with results obtained earlier from BH perturbation theory,
with a small mass in an equatorial circular orbit treated as a source perturbing the Kerr metric. Thus, we
weigh in on one side of the previous discrepancy.
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I. INTRODUCTION AND SUMMARY

With 90 gravitational-wave (GW) events [1] from
compact-binary coalescences observed by the LIGO-Virgo
detectors [2,3], GW astronomy has become an important
instrument to explore our universe. While the worldwide
network of detectors has recently included the KAGRA
detector [4], and will continue to improve in sensitivity in the
future [5-9], the accuracy of waveform models needs to keep
in step with the increasing sensitivity in order to avoid
systematic errors in parameter estimation [10]. Predictions
for GWs from the late stage of a binary inspiral and merger
require full numerical solutions of the strong-field dynamics.
Here we focus instead on the early inspiral, applying the
post-Newtonian (PN, weak-field, and slow motion) approxi-
mation and calculate horizon-absorption effects on the GW
phase from black hole (BH) binaries up to 4PN order.

The presence of the horizon leads to some interesting
effects in BH binaries. In particular, GW energy can fall
into (or out of, in the case of superradiance) the horizon,
leading to a change in mass and magnitude of spin angular
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momentum' of the BHs in a binary. The change in these
parameters is consistent with the second law of BH
dynamics and always leads to an increase (or no change)
in the area of the horizon [11]. A change in mass and spin
can also happen for other compact bodies such as neutron
stars through tidal heating (see, e.g., Refs. [12,13]). Future
GW detectors may be sensitive to these dissipative effects,
which can then provide a probe for the nature of BHs (e.g.,
the presence of a horizon) [14—17]. Horizon-absorption
effects have been included in some effective-one-body
(EOB) waveform models [18-20] used for LIGO-Virgo-
Kagra (LVK) data analysis [21].

For spinning BHs, the leading-order flux into the horizon
starts at 2.5PN with respect to the leading quadrupolar flux
(of the binary) to infinity [22-28]. Through the flux-phase
relation, this means that the GW phase is also affected
at 2.5PN order (see, e.g., Refs. [29,30]). For nonspinning
BHs, the same effect starts at 4PN [22,25]. In the test-body
limit, when there is a tiny BH orbiting a much larger
spinning BH, one can solve for the horizon energy flux of
the large BH via BH perturbation-theory (BHPT), which
consists in this case of solving the Teukolsky equation with
incoming boundary conditions at the horizon, and outgoing

'We will refer to the magnitude of spin angular momentum
simply as “spin” in the rest of this work.
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boundary conditions at infinity, as was done, e.g., in
Ref. [22]. However, it is nontrivial to extend this calculation
to generic mass ratios. This was accomplished at leading
2.5PN order in Ref. [31], for the case of aligned-spin
circular orbits via arguments relating the spin-aligned—
quasicircular inspiral to the case when two spinning BHs
are held at rest with respect to each other. The result was
extended further to 1.5PN orders (to absolute 4PN order) in
Refs. [23,32] where BHPT was used along with a matching
between the near zone and the orbital zone for BHs in a
binary to derive the energy and angular-momentum fluxes
across their horizons for generic mass ratios. However, for
spinning BHs, the result was inconsistent with that obtained
in the test-body limit in Ref. [22]. This discrepancy is yet to
be settled in the literature and thus the correct expression
for mass and angular-momentum evolution for generic
mass ratios at 4PN is yet to be clarified. Settling this
discrepancy is crucial to derive the correct horizon-flux
contribution to the waveform phase at 4PN order, and it is
one of the goals of this paper.

The problem of computing the horizon fluxes for
spinning BHs was tackled recently in an effective field
theory (EFT) framework in Ref. [24] (see also, e.g.,
Refs. [33-38] for previous work in that direction and
Refs. [39-44] for the EFT formalism including spin and
tidal effects), where the BH was treated as a point particle
with tidally induced quadrupole moments. Then in an
“in-in” formalism, a parametrized expression for the
absorption cross section for a graviton being absorbed
by the effective particle was computed, whose parameters
were fixed by a matching calculation against the classical
absorption cross section for gravitational plane waves by a
spinning BH (from Ref. [45]). This in turn fixes the
correlation function for the quadrupole moment, which
was subsequently used to derive the dissipative part of
Green’s function relating the tidal fields to the quadrupole
moments. Once the tidal response was fixed in this way, the
EFT was applied to compute the evolution equation for
mass and spin by suitably defining them in the worldline
theory from the effective action. This calculation was
carried out at leading (2.5PN) order and the result was
consistent with earlier works in Refs. [25-28].

In this work, we similarly develop an effective worldline
framework to model the dissipative dynamics of spinning
BHs, but extend it by 1.5PN orders. We follow Ref. [24] in
treating the spinning BH as a point particle with tidally
induced moments, but work in a purely classical frame-
work. We identify and fix the dissipative part of the tidal
response by comparing results from the scattering of GWs
off the particle/BH between the effective and real theories
(see also, e.g., Refs. [46—49] for other works involving
comparison of such a scattering process between real and
effective theories). We then derive expressions for the
evolution of mass and spin up to 1.5PN order (relative
to the leading order). We find that the resulting expressions

are consistent with earlier results obtained in the test-body
limit in Ref. [22], thus weighing in on one side of the
discrepancy discussed above. We then derive the 4PN
contribution to the waveform phase due to the horizon
fluxes, while consistently including the effects due to the
changing parameters (mass and spin) of the members of the
binary (extending an earlier 3.5PN result [30]).

To accomplish this, we write down in Sec. II an
effective worldline action for a spinning particle with
(gravito-electric and -magnetic) quadrupole and octupole
moments, coupled accordingly to quadrupolar and octu-
polar (gravito-electric and -magnetic) tidal fields in the
action. We then motivate ansitze relating the tidal fields
linearly to the multipole moments. In the absence of spin,
spherical symmetry and parity symmetry imply that a
given tidal field only induces the corresponding multipole
moment (e.g., the electric-type quadrupole Q% is induced
only by the electric-type tidal field £*). However, in the
presence of spin, it is possible for octupolar tidal fields to
induce quadrupolar tidal fields and vice versa, while still
preserving parity. This is an important property of the
ansitze and turns out to be crucial for correctly modeling
the dissipative dynamics of spinning BHs. In particular,
the Teukolsky equation which governs the curvature
perturbations in a Kerr background is separable in
spheroidal harmonics with spin weight —2. This feature
can be modeled in the effective theory only by including
the interaction between quadrupole (octupole) fields and
octupole (quadrupole) moments.

Once we motivate general ansitze for the multipole
moments, we further specialize them by using the fact that
the response tensors (relating the tidal fields to the multipole
moments) can only have a nontrivial tensor structure due to
the spin of the particle, which allows us to decompose them
into a set of basis tensors with undetermined coefficients to
be fixed. For this purpose, in Sec. III, we place the effective
particle at the origin and scatter GWs off of it, and then use
the FEinstein equation and the ansitze to solve for the
scattered wave and then subsequently to compute the degree
of absorption for the spheroidal / = 2, 3 modes of the wave
to O(e’), where ¢ = GMw with M being the BH mass
and o the GW angular frequency. Comparing the degree of
absorption obtained by solving the scattering problem in
the effective theory with that obtained by solving the
same problem in the actual setup of GWs scattering off a
spinning BH, using BHPT as governed by the Teukolsky
equation [50], finally fixes the response coefficients that
contribute to dissipation. The response coefficients are
notably nonpolynomial in the BH spin.

Once the (dissipative part of the) tidal response is fixed,
we proceed to compute expressions for the evolution of
mass and spin in the effective theory in Sec. IV. We first
derive general evolution equations for mass m, and spin J,
in terms of the tidal fields and multipole moments from the
equations of motion obtained from the action, and then
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derive the explicit expressions for the special case parallel-
spin—quasicircular2 binaries to relative 1.5PN order. We
show its consistency (or lack thereof) with earlier results
and then proceed to compute the effect on the waveform
phase up to 4PN with respect to the leading-order quad-
rupolar flux of the system to infinity in Sec. V. With that,
we conclude our work in this paper in Sec. VI.

We work with the (—, 4+, +,+) metric signature con-
vention. We use greek symbols u, v, ..., for spacetime
indices ranging over {0, 1,2,3} with 0 being used for the
time-component, and latin symbols i, j, ..., for spatial
indices ranging over {1,2,3}. We use €g1p3 = €123 = 1 as
the convention for Levi-Civita tensor(s). We also use the
multi-index notation where u; = uu, - - - u; for conven-
iently representing a string of indices where useful and use
the notation (uu,---) to represent symmetrization and
trace removal of a tensor over the contained indices. We set
the speed of light ¢ = 1 in the work. However, we keep the
dependence on the Newton constant G explicit for most of
the work, and we mention explicitly when setting G = 1 as
well to facilitate comparison with earlier works.

II. SETUP IN EFFECTIVE WORLDLINE THEORY

In this section, we discuss the effective worldline theory
for the point particle used to model the spinning compact
object. We first briefly outline the particle’s multipole
structure and how it can be used to model absorption.
We then proceed to set up an effective action for the particle
including the multipole moments, and then we write down
general ansitze with undetermined coefficients for the
multipole moments as a linear function of the tidal fields
consistent with axisymmetry and parity symmetry.

We model the horizon flux of the spinning BH in
effective worldline theory as tidal heating of a composite
particle with several tidally induced multipole moments,
whose degrees of freedom are contained in symmetric
trace-free (STF) tensors an, Bn, [ >2,n >0, satisfying
o+ U, = 0, 1 <i <. In the effective action, we choose
the multipole moments to couple with the tidal fields

gﬂL = v(ﬂL-zRﬂl—l\(l|#1>/3uauﬁ’
1
BﬂL - §v</’L—2€|7|/41—1 ﬁR\aﬁW/}‘suyuﬁ’ ! 2 2’ (21)

where u* is the four-velocity and we are using the notation
(u;) to denote symmetrization and trace-removal. In the
effective action, we choose the electric “£” (magnetic “B”)
multipole moments to couple with electric (magnetic) tidal
fields in accordance with the number of indices and parity
as Siaa = (1/2) 2202, 32,1 IéLnguL + (€ < B)]. We will

2 . . .. . .

In this work, by parallel-spin—quasicircular binaries, we
always mean BHs in a binary with their spin vectors parallel
to each other and to the orbital angular momentum.

only need to consider their coupling and induction by
quadrupolar (I = 2) and octupolar (/ = 3) tidal fields to the
PN order relevant in this work. In addition, the various
multipole moments are dynamical and are coupled to each
other via an internal action S;,; such that the energy tidally
pumped into these modes may progressively escape into
higher order/smaller length-scale multipoles effectively
leading to dissipation. If there is a sufficiently large number
of degrees of freedom, and if they are appropriately
coupled, the recurrence time becomes essentially infinite
and the system becomes effectively irreversible. We will
not, however, explicitly model the process of dissipation
and only use that as a justification to write down ansitze
for the multipole moments in terms of the tidal fields that
allow for dissipation. Note that at the end of the day, we
only intend to mimic the BH’s horizon absorption (as tidal
heating) and acquire an effective model that may be used
to study the associated dynamics. Whether there is any
physical relation to the real microscopic degrees of freedom
of a BH and this model is unknown and not directly
relevant to this work. Our approach of incorporating tidal
moments in the action is slightly different at a superficial
level from the prescription used in Ref. [24] where instead a
single quadrupole moment was used but allowed to be a
function of several unknown microscopic degrees of free-
dom denoted by X. Practically however, there is not much
of a difference.

In the absence of spin, an unperturbed BH is spherically
symmetric, and the linear tides can only be induced by the
fields to which they directly couple in the action, e.g., as’

> O, =M Zﬂ
n=0

and similarly for (£ <> B),

GM 24+14+m D" gpL’
Dt"

(2.2)

where parity symmetry4 prevents the magnetic (electric)
tidal field for the same [/ from inducing the electric
(magnetic) multipole moment and spherical symmetry
means there is no special tensor with which to contract
the higher multipolar order tidal fields (or multiply the
lower multipolar order ones) to contribute to the ansatz for
> QléﬁB) .- Spherical symmetry is also the reason there is

no mixing of indices in the response tensor. We can also

SWe will only ever need an ansatz for the sum of all multipole
moments for a given / and parity (£/B) for computing the
evolution equations for physical quantities such as total spin
angular momentum or total linear momentum. We, however,
allow for the presence of multiple multipole moments with the
same [ and parity labels £/B for generality.

“In general, £, (or B, ) transforms under parity as (=1)! or
[(- 1)(”1)] The multipole moments with which they explicitly
couple in the action cannot be induced by tidal fields with a
different transformation under parity if the particle is to be parity-
preserving.
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identify from Eq. (2.2) which response coefficients are
conservative and which are dissipative simply by looking at
the transformation under time-reversal. The coefficients
next to odd powers of time derivatives are dissipative and
the ones next to even powers are conservative. This is less
trivial for a spinning particle which allows for mixing of
multipolar orders with the help of the spin tensor and Pauli-
Lubanski spin vector.

However, a spinning BH can have induction between
different multipolar orders (different /), since the spin-
tensor S defined in Eq. (2.6), or Pauli-Lubanski spin
vector s* = —[1/(2m)]e",,,p*SP°, can appear in above
relations (2.2). We still need to keep parity considerations
in mind as spinning BHs obey parity symmetry. Crucially,
for our purposes, we need to include the induction of
octupole moments by quadrupolar fields and vice versa to
capture the tidal heating of the spinning BHs at relative
1.5PN order. We will write down a general ansatz for
multipole moments in the spinning case in Sec. II B. But
first, we will write down in Sec. II A an effective action for
a particle with spin and aforementioned multipole moments
and derive the equations of motion for spin and four-
momentum, and the effective stress-energy tensor, follow-
ing closely the prescription in Ref. [51] but with suitable
modifications to allow for the presence of tidally induced
moments. We will then write down general parametrized
ansitze for the multipole moments in terms of the tidal
fields constrained by the symmetries of the particle
(axisymmetry and parity invariance), which is somewhat
similar to the approach used in Ref. [24] to fix the form of
the correlation function of the quadrupole moments.

A. Action and equations of motion for momentum
and spin angular momentum

To get the equations of motion, we will follow a direct
extension of the simple procedure given in Ref. [51] for
deriving the equations of motion from an implicit action,
while including the aforementioned tidal moments. We
include the spinning degrees of freedom by attaching to

the particle a body-fixed tetrad e4* satisfying orthonormality
and completeness. The angular velocity of the particle is then
measured with the quantity Q" = ¢4 =5 D€ . It is sufficient in
this work just to include the spin at leadmg order and ignore
spin-induced multipole moments. The worldline of the
particle is denoted by z#(z), where 7 is the proper time.
We can then write down the action implicitly as

_ U OHY Hi HL  AHL  HHL
/dTL(L{,Q » Y En XBn ZEn» =Bn’

/w/)mvl ;w/m)’ (23)
where uw” = dz'/dr and we are using the notation
a = Da/Drz. Additionally, we have assumed that only the
first time derivative of each individual multipole moment
needs to be included in the action. We have also restricted
ourselves to including just the quadrupolar (/ =2) and
octupolar (I = 3) tidal fields in the action explicitly as
mentioned before. The coupling of tidal fields with higher
order multipole moments is irrelevant to the PN order of
interest in this work as we will see later. We do, however,
keep all the higher multipolar order moments since tidal
heating requires the presence of several additional degrees
of freedom into which the system may pump energy.
Additionally, as mentioned before, we choose the multipole
moments to couple directly with the corresponding tidal
fields (in accordance with number of indices and parity label)
by imposing

_:_ZQSH, a—:—ZQBn, 1=23, (2.4)

which is equivalent to having in the action a linear
combination of the form Sggy = >3 , >, [dr3E,, O +
(€ <> B) in the total action. We can derive the equations
of motion for momentum and spin angular momentum
directly from this implicit action. First, we consider a general
variation

1 oL 1 1
SL = p,Sut + = SUOQ + ~—8g,, — = JWO5R,,,,y — — JHHOSV,R
p/t uh + = 2 nv agﬂy g;w 6 Hvpo 12 A uvpo
e oL . oL oL .
HL 5 HL 5 ML . S ML , 25
+ lz: = ( ﬂL En + anéfn En + 0 lll%l:n B.n + 0 IéL,n B,n) ( )
where we have defined
1
= (OL/ow)gn.  Sit =7 (aL/oQ). (2.6)
JHpe — _ aR 32 [”QDHP 4l += Z QB €4 ;wu|/1|u (2_7)
Hvpo
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oL
av/l HUpo

o0
A A
= -6 EO ulH ng,),,“ﬂ>VR +3 EO Q‘;/r’l €ﬂa””u|ﬁ| u®vr
n= n=

(2.8)

Jﬂm//m - —12

where the expressions for the J’s follow trivially from
Eq. (2.4) and we are using (abcd), ({abced)yy) to represent
the symmetrization of indices according to the symmetries
of the Riemann tensor (covariant derivative of the Riemann
tensor), respectively. Now, if we consider a variation of the
form x* — x* + & corresponding to an infinitesimal change
of coordinates, we obtain the constraint

2 oL Jvipa

09,

2
= plu’ + S, —|—3R/‘

1 1
+ § Jﬁvrpavl Rﬂrpo' + E lerpav;t Rﬂrpo‘

N ! N nv L-1 nv
+D 5> IMES QU + PO + (£ B)),
=2 " n=0
(2.9)
where we have defined MZ?B)M :(aL/aQiEB),n) and

P, = (OL/003"").
motion for the multipole moments obtained upon variation
of the action with respect to them (dL/ aQ{;?W) —
(D/D7)(0L/0Q%s,) = O imply that My = Pity
on the actual worldline. Equation (2.9) is a useful identity
to eliminate the partial derivative with respect to the
metric later in the equations of motion for momentum
and spin angular momentum. First, we obtain the equation
for spin angular momentum easily by variation of the action
with respect to the tetrad variables e,#. We get the simple
equation

Note that the equations of

DSl

oL v A4
53:/&052#”59# =0= = =20k S0,

(2.10)

T

where we can eliminate the right-hand side (RHS) using
Eq. (2.9) by taking its antisymmetric part [which leads to
(dL/dg,,) vanishing], and we get

DSiy

4
Dt = 2[)[/‘14 I +§R[Mlp6‘]/l ltpo

1
S VIRV ] 50 4 CTVRy 0

W[ N

where we have used M’é’(‘&n = P’é’( B valid on the world-

line. We can now redefine the spin angular momentum
as " =S =22 00, IPE En'L— IQEM '+ (€< B),

to get
DSH 4
D = 2p[ﬂul’] + gR[ﬂipg‘]AD]TPG
2 1
VIR A7 4 IR, (2.12)

This is the appropriate definition of total spin angular
momentum of the body as reinforced by the fact that this
also shows up in the stress energy tensor [see Eq. (2.14)] in
the expected manner. To solve the equations of motion, we
also need to impose a “spin supplementary condition” (SSC)
to ensure that it is a spatial tensor with the right number
of degrees of freedom. Here, we impose the ‘“‘covariant”
or Tulczyjew-Dixon SSC at the level of the equations of
motion upon the total physical spin angular momentum
as $"p, = 0.

The equation of motion for momentum can be obtained
by variation of the action with respect to the worldline
7#(), which can be done following the covariant approach
as shown in Ref. [51] to get

D 1
De = "5

1
1 J PN NV Ry

1
WS~ 2TV, Ry

(2.13)

Note that only the sum of multipole moments »_, Q.
appear in the expressions for the time derivatives of
momentum and spin angular momentum.

Finally, the stress energy tensor of the particle can be
derived by varying the effective action with respect to the
metric g, as T" = \/1_ 5 , where all dependency of the
action on g,, needs to be taken into account during
the variation. This variation was performed in Ref. [51]
to obtain

TW — Tglo/le—dipole + Tgﬁadrupole + Tlé:;tupole’ (214)
My o (x )
Tpole—dipole - /dTp Hyv) \/‘~g
5(4
v /dTSM” Thzd s
V=9
1 1 y - 5(4) (x Z)
Tguadl‘upole = /dT§ ( lpo‘-] )Ap \/_g
2 SH (x —
_vpvg/df_Jﬂ(ﬂU)oM, (2.16)
: N
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s (x-2z)

v 1 v)épo 1 v)étpo
Thetupole = / dr {6 VARV 0] 597 4 5 VU R V55 ] N (2.17)
1 1 1 s (x - z)
+V, / dr [_ 6R(; &U_ﬂl’\ )Edo _ §R(ﬂmj Joéio ngwj(ﬂ )& ] 7_9 (2.18)
1 s (x - 2)
+V,V VG/dT—J"/’(WMi 2.19
AVp 3 \/_—g ( )
|
which holds true even in the presence of inducible multi- i D" -
pole moments when the contribution of the multipole =M Z (GM)H i, mps D €
moments is included in the definitions of the momentum -
and spin angular momentum. Since we are only interested )5 Hm D" or |
in linear tides, we can drop all nonlinear (in curvature or M ;(G ) CB Mpoy D b (< B),
metric perturbation) contributions in the quadrupolar and ©
;)tc;teuslsoelirerstress energy tensor to get a simpler truncated Qflfj,”/’ = MZ<GM)5+m’7§ oy Dy
gy tensor as m
+M Z(GM)MA@”;MD B (£ B).
TH — /dTp(ﬂuV)5(4) (x—2)-V, / drSPH ) 6 (x — 7) m
(2.21)

2
vV, / e 3 P75 (3~ 2)

1
LYYV, / e TS (5~ 2). (2.20)

This truncated stress energy tensor will be important later
to solve the problem of GWs scattering off the effective
particle.

To proceed further, we need to relate the tidal fields to the
multipole moments. We will now motivate and write down
general ansitze for the multipole moments.

B. Ansitze for multipole moments

Going forward, we define the sum of all multipole
moments for a given [/ and parity (electric or magnetic)
as individual moments for convenience as =5, 0k

Now, as mentioned earlier, when the pamcle obeys spher1—
cal symmetry, only the tidal fields to which the multipole
moment explicitly couples in the action can affect it, and we
have Eq. (2.2). However, in the presence of spin, it is
possible to have more fields in the formula for multipole
moments. Since we intend to model the spinning BH,
which breaks spherical symmetry but still respects parity,
we can only have tidal fields with the same transformation
under parity as the moment in the RHS. The transformation
under reflection is (—1)! for £ fields and (—1)"*! for B
fields. Furthermore, we restrict our attention to quadrupolar
and octupolar tidal fields as the higher multipolar order
tidal fields are not relevant to the order of interest in this
work. Thus, we can write a general ansatz as

where we have rendered the response tensors dimensionless
by removing factors of GM. The response tensors can
only have a nontrivial structure due to the spin of the
particle. Additionally, they must be orthogonal to #* and be
traceless in the upper and lower sets of indices separately.
One can thus generally decompose the response tensors
as a linear combination of building-block tensors made
up of the spin tensor S*, Pauli-Lubanski spin vector
st —(1 /2)6"W,,,u’“S’”’,5 and the orthogonal (to four-
velocity u*) projection operator Py = &, + utu,. While
infinitely many such combinations may be written, only a
handful of them are linearly independent, and we can
generally decompose the response tensors 4, {,  as (see,
e.g., Ref. [24] where the correlation function for the
quadrupole moment was fixed)

v o S 1/) NN y)
Alénpg fSn /)PI:; +fénS<# P +f2 S<”S(p56>
+ [ 55,8 o) T fe,8¥3,85,. (£« B).
léljl‘l/)o'y - /15 n<po-s7/ (fg,i’l - gBJ‘l)’
s = A’g”,,pd( fen = hen), (< B), (222

where the sets of coefficients f, g, h can now only
depend on the spin parameter y =J/(GM?), where

>The Pauli Lubanski spin vector is actually defined as
st = —[1/(2m)]e",,,p*S"*. However, as pt = mu" + O(R),
we can neglect the curvature-dependent corrections when sub-
stituting in the linear tidal response.
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=/(1/2)§*S,, is the magnitude of spin angular
momentum. Also, we have defined $* and 3 as the
normalized versions of the spin-tensor (3‘""3‘,w =2) and
spin-vector (§#5, = 1) so they are dimensionless and
independent of any parameter. Adding any other tensor
made up of the same ingredients will be linearly dependent
on the remaining pieces, which follows simply from
the relations S$*§, =0, SﬂpS”g =Pt P, + PP,y —
P 548" +PH .58, + P 545, —P*5,5,, and thus no more
free coefficients can be introduced. We have transferred all
freedom in choosing the response to the associated sets of
y-dependent parameters f, g, and h. We can similarly
decompose the tensor A%% but it turns out to be irrelevant
to the order of interest in this work, so we just drop its
contribution from now on. We can drop most of the time
derivatives of the tidal fields in the ansitze for the same
reason and work with simplified truncated ansitze by
including terms only up to (GM)?>,

e = (GM)" 2, € + (GM)* A,

&, 1[)(7D
+ (GM) Wy, 3,87, (€< B),
O’ = (GM)svgl) &%, (€< B), (2.23)
where we have defined 1/‘” ”( (fg 510 = 95()0)
and f’éofm = 50,,6< fewyo = he 0)- The 40 coefficients,

Fewo fewn
response of the particle. Some contribute to dissipative
effects, whereas others contribute only to conservative
effects. Unlike for the spinless case, it is not obvious here
which ones contribute to dissipation and which ones do not,
due to coupling between different multipolar orders. At
leading order, focusing only on the quadrupolar tidal field
inducing the quadrupolar multipole moment, it can be
shown (see Ref. [24]) that the part of the tensor 2" that is
antisymmetric under pv <> po contributes to dissipation.
This criterion is flipped for /15 1po A8 it is next to an odd

(5)_, he)o characterize the tidal

power of a time derivative. This includes the coefficients
flg(&o, fz(B),o’ fgw)’l, fg(B).l’ fg(B) \- It is less trivial for
the coefficients entering tensors that mix the different
multipolar orders. We will see in Sec. IIID which
coefficients are conservative and which are dissipative
among these. We accomplish this by scattering GWs off
the effective particle and computing the degree of
absorption for the / = 2 spheroidal modes and comparing
with the analogous result obtained by solving the
Teukolsky equation. This comparison, along with
demanding that the different spheroidal modes of the
Newman-Penrose scalar y, scatter independently in the
effective theory will help identify which coefficients lead
to dissipation and which lead only to conservative effects.

Additionally, we will also be able to fix the coefficients
that contribute to dissipative effects through comparison
with results from BHPT.

III. FIXING THE UNKNOWN PARAMETERS IN
ANSATZE FOR THE MULTIPOLE MOMENTS

To fix the dissipative part of the response, we now scatter
GWs off the effective particle with mass M and compute a
suitable quantity indicating the degree of absorption. We
can then fix the free parameters by comparison with the
analogous quantity for actual spinning BHs, obtained by
solving the Teukolsky equation. We will only consider the
effect of the linearly induced tidal moments in the scatter-
ing of the wave in what follows, since the other contribu-
tions to the scattered wave are expected to be purely
conservative or irrelevant (up to the order of interest).
However, in this way we also neglect the leading-order
effect of nonlinearities due to the wave scattering off
the stationary gravitational background, leading to certain
subtleties when matching with the result from the
Teukolsky equation which we will have to address.

A. The GW environment

Let the unperturbed particle be at the origin at rest, u* =
(1,0,0,0) and z# = (r = 1,0,0,0), where 7 is the proper
time of the particle which is identical to the background
time ¢ when undisturbed. We add to the particle’s back-
ground a general GW perturbation A* = ,/—gg" —n".
We choose the perturbation to be in the harmonic and
transverse-traceless (TT) gauge, satisfying d,h*" =0,
W*u, =0, i**n,, = 0. At zeroth order (in G), when the
interactions of the metric perturbation with the stationary
gravitational field of the particle are neglected, it just
satisfies the flat spacetime wave equation 17””6”6,,11"/’ =0
(except at origin where the particle is present). Then, we
can write the general tensor wave solution in the rest frame
of the particle (defined by u*) at leading order as

= 1 K trkiiki A
= Zwl 2 <C£lmn 0k,
=

1 L . ,
CIB(ImH e €k, 1m11aK,2n>Win + (ln - Out)v (31)

where o is the frequency of the wave in the rest frame of
the particle and TIY, = (1/2)(P'tP/, + P/, P!, — PiP),
with P = §Y + 00/ /w?, is a differential projection oper-
ator which ensures that the harmonic and TT gauge
conditions are satisfied. y;, = exp[—iw(t + r)]/(wr) and
Wout = exp[—iw(t —r)]/(wr) are the incoming and out-
going wave solutions for the / = 0 mode of a scalar wave,
respectively. Cf/’ Binjou are dimensionless STF tensors

characterizing the amplitudes of each / mode. £ and B
label the coefficients tuning the electric and magnetic
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polarizations, respectively.6 The different / modes and
polarizations (£, B) do not mix under rotations. However,
that does not mean we can tune them separately in the
presence of the particle, as the particle’s inducible multipole
moments combined with its spin can couple different modes
with each other. The general solution in Eq. (3.1) can be
understood by noting that a basis of solutions to the
homogeneous wave equation in flat spacetime (albeit
allowing for irregular behavior at the origin) can be obtained
by acting arbitrary number of spatial derivatives upon the
spherically symmetric solutions, i.e., ¥, ¥ ..., and any linear
combination of them. We can then generally write the
solution for A;; as a linear combination of the basis solutions
with undetermined tensors contracting them to get the
appropriate tensor structure. One can then decompose them
into rotationally independent pieces by splitting the unde-
termined tensors into STF tensors and then separating them
according to parity (5 and B). Finally, one uses the
projection operator H | to ensure A"/ is traceless and satisfies
the harmonic gauge condltlon.

Now, we want to split the total general solution in
Eq. (3.1) into two parts, one that can be regarded as the
“input” part of the wave which corresponds to the part that
induces the tidal moments and an “output” part which is
sourced from the induced tidal moments. Naively, one
might think that the input part can be obtained by simply
setting the outgoing mode coefficients C?;B.om =0, but
that is incorrect as there will be an outgoing wave in general
even in the absence of a particle due to the fact that an
incoming wave packet in the distant past becomes an
outgoing wave packet in the distant future (after crossing
the origin). Also, the incoming part of the wave by itself is
irregular at the origin and thus cannot be sustained without
the presence of a particle. In fact, the correct splitting is
given by the regular (input) and irregular (output) parts of
the wave, respectively, as follows:

= k ki A
K/ 1 1k
§ : < Sreg aKz 2

1 K kym A .
CBlregH i ek,_]mnal(,_zn Yieg + (reg - II’I'),

(3.2)
1 exp(—iwt) sin(wr
Yieg = Z (V/out - Win) = ( wz_ ( ) >
exp(—iwt) cos(wr
Vir = (Wout + Win) = ( ) ( ) ’ (33)

wr

®In general, there are two distinct solutions for each w, [, and m
for a massless tensor wave (except for scalars). We split them
according to parity in this work, with £ modes transforming as
(=1)! and B modes transforming as (—1)"*! under reflection. The
labels are also related to the manner in which different coef-
ficients contribute to the tidal fields [see Eq. (3.6)].

Creg = (Cout - Cin)iv Cir = Cout + Cin, (34)
where ., is regular at the origin and obeys the
wave equation everywhere, whereas ;. is irregular at
the origin and requires support from a source, such as the
stress energy tensor of the effective particle. More specifi-
cally, #*9 aul//reg =0 and ’7’”0 OWine = (47[/(0) 56) (F) X
exp(—iwt). Thus, we will use the regular part of #;;, which
has finite values at the origin to compute the tidal fields that
will induce the multipole moments, and the irregular part of
the fields will be related to the stress energy tensor of the

particle’s induced tidal moments through the relation

i ~exp(—iot) (ks
1" 0,0,hT = ZT (cglmn 80k
=2

1 A -
+— Cg,lirrnfjl'm ekl—lm”akl—2”> 4ﬂ5(3) (}")

= 167G|g|IT{ Ty (7), (3.5)

where we have projected out the stress energy tensor
appropriately since we are focusing on the radiative part
of the field and using h;;r to label the irregular part of the
metric perturbation (i.e., the part generated from acting
spatial derivatives on ;). We will have to solve this relation
with the stress energy tensor corresponding to that due to the
induced quadrupolar and octupolar multipole moments
given to leading order in the curvature tensor in Eq. (2.20).

B. Induced multipole moments

As mentioned earlier, the regular part of the wave, which
can exist without support and satisfies the homogeneous
wave equation, should be seen as the input part of the wave.
We will use this part of the metric perturbation to compute
the tidal fields which will induce the multipole moments.
With the definitions given earlier in Eq. (2.1), and the
formula for the regular part of the wave given in Eq. (3.2),
we find that the value of the tidal fields at the origin is
given by

5gngm: 3 ngreg, (3.6a)
Bl = £ 07l (3.6b)
ez:::gmzzl R
W -Teck, e

The multipole moments can now be computed by
substituting these fields in Eqgs. (2.23). However, we see
that the nontrivial (due to spin) response tensors mix the
various components together. While this is inconvenient, a
simple way to rewrite these expressions in a basis that does

084006-8



MODELING HORIZON ABSORPTION IN SPINNING BINARY ...

PHYS. REV. D 107, 084006 (2023)

not mix components is to orient the coordinate system so
that the Pauli-Lubanski spin vector is along the z axis and
expand in spin-weighted spherical harmonics. For later
convenience, we choose spherical harmonics with spin
weight —2. The simplest way to transform to this basis from
the Cartesian basis is to define

i — \% 0+ i),

0 = cos(0) cos(¢h)& + cos(8) sin(¢)$ — sin(6)2,

¢ = —sin(¢)z + cos(¢)3,

7 = sin(0) cos(¢)x + sin(0) sin(¢)P + cos(0)z, (3.7)

and then expand Q”sm;m; and O*nm 7 in spin weight
—2, spherical harmonics by projection as

0L " = / dQ QY s ;m; V5" (0. ),

Oé7%m :/dQ ngs’himj?kyl_zzlm(e,fﬁ), (3.8)

(GM )*

where we are using YS__Z(Q, ¢) to denote spherical
harmonics with spin weight —2. They are normalized
to 1 [ie, [dQY™(0,4)Y™(0,¢9)=1]. We similarly
define the incoming and outgoing mode coefficients in
this basis as

Crg" = / dQ C gin;in Y230, ),

cf;;"" = / dQ cg/Bm i Y0, 4),  (3.9)

44 n

where we have suppressed the (“out”) subscript for
brevity. The definitions are 1dentlcal for both incoming and
outgoing mode coefficients. Note that we are using the
symbol O for the octupole tensor in a spherical harmonic
(with spin weight —2) basis. Then, we can write down the
expressions for the multipole moments obtained by sub-
stituting Eq. (3.6) into the ansétze in Eq. (2.23) simply as

Q‘%:m — eI N2 {6.?0 reg +3i ]:l reg,, (m _ )[ ]:2 reg f3 reg + fg,reg(mz _ ])}},
. V9 —m?*(GM)?
O = —emiwippr = 7 L6h0 4 3ihlm + (m? - h2 inm+ hi(m? - 1)) c3 |
B 90\/7 { & & ( )[ & ( )]} £ reg
1 GM T¢ By By By By
oy = ie"“”sz( ) {6F 5™ + 3iF 5 m + (m? — 4)[=F 5% — iF 5 m + F 58 (m* = 1)]},
. V9 —m~(GM
O = ie ' Ma? # {6h% -+ 3ihlm + (m? = 4)[=h% — ildm + h(m? — 1)]}C1,.. (3.10)
90v/7
[
where ”eg = —iGMof s ) Col) et . ;
E(B E(B).reg THITY = 1% o — kl am
[(iV9 —m? 3\/A GMa)gB 0CBle) reg and we see that K kl( 0¢ + € m”QB Q
there is no longer any mixing of different m modes. This is L o oo (3) (=
simply because we oriented the coordinate system so that the ) e¥,mQp  0"0, |8 (X), (3.11)

z axis is along the spin, and thus it has 0 azimuthal quantum
number to add or remove from that of the STF tensors
characterizing the field. However, there is still mixing
between different / modes due to the tidal response mixing
the quadrupolar and octupolar sectors. This complicates the
process of defining a degree of absorption or a scattering
phase, and we will tackle this problem later in Sec. III D, by
switching to a basis where there is no mixing of modes.

C. Solving for the outgoing wave

Now, we can use the wave equation with the appropriate
source in Eq. (3.5) to relate the multipole moments to the
irregular part of the wave. The relevant (projected) part of
the stress energy tensor in the chosen coordinate system is
given by

which is obtained by substituting the expressions for J#/°
and J#*° in terms of the multipole moments given in
Egs. (2.7) and (2.8) into the stress energy tensor Eq. (2.20)
and discarding terms with components along u/ (as they will
be eliminated upon projection). Now, substituting Eq. (3.11)
into the RHS of Eq. (3.5) and comparing, we get the relations

—m)t ij 3l —iwt (] — 9 3l
Ceipr =267 Q¢ e Cg,,, = 2iGw’ 0,
—twt ijk 4 Uk —la)t ijk 4 l]k
CS irr — = 26w Q CBzrr = —2iGw Q

(3.12)

which are simple proportionality relations and thus can be
trivially transformed to the [, m basis.
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Substituting Eq. (3.12) in Eq. (3.10), we get the relations

5
m € 0,re . ~1,re; 2,re 3,reg re
C%/B,m = —_{6fg/3g + 3l~7:s/zsgm + (m* - 4)[_~7:£/Bg "7:5/3 m+ s/Bg(mz - DI},
v9 m? .
ey = TN {6h0 + 3ihtm + (m* — 4)[—h% — ikim + hi(m?* — 1)}}C€reg,
V9
o I 457_ ¢ (6K + 3ihkm + (m® — 4)[~h3, — ihm + h(m?> — D]} CF. (3.13)

where we have defined ¢ = GM®. Now, we can use the relations in Eqs. (3.4) to solve the outgoing coefficients. Since we
are only interested in linear tides, and the leading-order tidal effects already start at a very high order in €, we can

approximate in the RHS as CE/E g N 21C{5"/’B .+ OE).

Then we get the expressions for C{E"}B’Om as

2165 in . in in . in in
Colsyom = ~CEigyin T 5 {6F 3y + 3iF ggym + (m? = 4)[=F g — iFfipm + Feig (m? = 1)},
1 /9 2
Clfh = =Clfh + = 7 {6 + 3t -+ ( —4) [ — i+ B = ],
3m 3m 9 —m’e 0 2 2 3 4
Cow = —Celin — {6} + 3’h + (m* —4)[~hg — ihgm + h (m - 1)}}6‘3 in* (3.14)

45\f

D. Degree of absorption

Now we need to compute a suitable quantity that
measures the degree of absorption. If there were no spin,
there would be no mixing of different / modes, and we
could simply define the degree of absorption (or emission)
for each /, m mode as 1 — |C5/B Out/Cg’vaL We can still do

the same if we instead use a different basis, formed by a
linear combination of the mode coefficients in the spherical
basis. To guess the appropriate combination (basis) in
which the modes should scatter independently, we now turn
to hints from BHPT. In BHPT, the Teukolsky equation [50]
governs the behavior of curvature perturbations in an exact
Kerr background. Specifically, it governs the behavior of
|

exp—iw(t—r*)] 1

the spin weight (—2) Teukolsky scalar _,y (¢, r, 0¢) related
to the standard Newman-Penrose curvature scalar y, by
Ly = (r—iacos(0))*wy, where a=GMy. A crucial
property of the Teukolsky equation for _,y is that it is
separable in spheroidal harmonic basis with spin weight —2
with fixed frequency eigensolutions with the form _,y
exp(—iwt)S™ (0, ¢, aw)_,R,,,(r) where we are using
Si’i_z to denote normalized (to 1) spheroidal harmonics
with spin weight —2 and _,R,,,(r) is an eigensolution
to the radial Teukolsky equation (see Sec. IIE).
Asymptotically far away from the BH, i.e., as r — oo,
the standard Newman-Penrose curvature scalar y, takes the
form [see Eq. (2.6) in Ref. [52]]

) 1. expl—iw(t+ r")] 1

2 in i

yi— o ,.m;ﬂ{m” o + 3¢ [Re(C) + 12ieP] K}, o SLam(6.0) +0( 5 ).
(3.15)

where r* is the tortoise coordinate and P = +1 is the KW, = —(=1)*mpP exp(2isim)Kin . (3.16)

index denoting the transformation under parity for
each mode with P=1 (P = —1) for modes that are
symmetric (antisymmetric) under reflection. The expres-
sion for Re(C) can be found in Eq. (31) of Ref. [53].
The outgoing and incoming mode coefficients for
each spheroidal mode /, m and parity P = +1 are related
simply as

where 54" € R is the conservative scattering phase for each
mode and 7;,, is the degree of absorption/emission (i.e., the
mode coefficients do not mix under scattering). Although
these scattering phases and degree of absorption are defined

out/in

for these abstract mode coefficients K, ", they are directly
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related to the scattering of a GW off a Kerr BH and are often
employed for that purpose (see, e.g., Refs. [53,54]). In
particular, n} characterizes the dissipation due to energy
flux into the horizon with the transmission factor for each
mode defined as

m =1 = |0 (3.17)

Absorption or emission of energy at the horizon is only
nonzero when |57 | differs from 1, and thus this is a suitable
quantity to be labeled as “degree of absorption” in the real
theory.

In the effective worldline theory, we can continue to
use the same quantity as the degree of absorption provided
we relate the outgoing (incoming) mode coefficients

Cfsn;zz out(in) of the wavelike metric perturbation to the

outgoing (incoming) mode coefficients of wy, i.e.,

Ko™ In other words, relating C¥l5.ou(in) 1© KU will

reveal the basis in which the modes of the wave will
scatter without mixing. We accomplish this by writing
down the asymptotic behavior of w, in the effective
theory using its definition y, = —mesm”myn”n where
mt, m, n*, " form a null tetrad field satisfying
P=m?=n*=0=1l-m=n-m,l-n=-1,m-m=1,
where /¥ and n* are real vectors, whereas m* is a complex
null vector with m* as its complex conjugate. In flat space,
or at leading order when the background curvature may be
treated as a small perturbation such as far away from the
particle, we can write them in terms of spherical polar
coordinates as A = (04 i)/V2, n* = (t* —r)/V2,
I* = (t* + #)/+/2. In the effective worldline picture, we
can thus evaluate y, at large distances by using the flat
spacetime null tetrad, using the linearized curvature due to
the wavelike metric perturbation in Eq. (3.1), yielding

Ve = @ exp[—iw(t —r)]

wr
Y 1
=2 ~K i .
PIPY Clalti iy +0( ). (319

which we can rewrite as an expansion in spherical
harmonics of spin weight —2 using the conventions in
Eq. (3.9) as

Yy =

o RO 1)] 5 {sz Y25(0.4)Cli

wr a=EBLtm==-2

+i Z Y320, ¢)cfa"am] +O< )

m==3

(3.19)

where we have dropped modes above [ = 3 (hexadecapolar
and above) as they are not relevant to the order of interest
here. Also note that our effective theory does not couple

[ > 4 modes with any of the lower modes (up to the order
of interest in this work), and thus we can safely set the
associated STF tensors to zero.

We can then switch to spheroidal harmonics of spin
weight —2 via the relations Y% = $2% — e;((2\/9 m?)/
(9V7)S3m, Y3 = S3 + e4(2v/9 — m?) /(9V/T)S2, . valid
at leading order in spheroidicity = €y, which is sufficient
for our purposes. Also note that we have dropped the
contribution to Y3_’§‘ from Sl_:24'm. This gives us

exp[—ia)(t B r)] m m 1
V4 = sz Z Cf"outSI—Z(e’ ¢) +0 ﬁ ’

I,m,P

(3.20)

where we have defined the coefficients characterizing
spheroidal modes as

C <C2m 26)( Y 9 m 3m )
P=1,out — E,out B out
m 26){\/ 9 — m? m
C%’:—l,out = (CB out CZ' out) (321)
m - 2(:')(\/ 9 —m?
C?’ loout — <1C% out S out)
2 V9 -
C%’ri—l out = < anéut e)( - CZBT)ut) ’ (322)
9 9\/’7 s

and P is used to split them according to parity, with P = 1
for parity symmetric modes and P = —1 for parity anti-
symmetric modes. We can now compare with the known
asymptotic form of y, from Eq. (3.15) to leading order
in 1/r. This gives us the simple identification between the
coefficients of the outgoing modes of y, and that of the
GW in effective theory as

out __ lm
KlmP CPout’

(3.23)

where we used the fact that the tortoise coordinate r*
asymptotes to r in the limit » — co. Now, we know the
appropriate combination of coefficients of outgoing modes
in the effective theory to use. To get a similar relation
between K , and the coefficients of incoming modes in
the effective theory, the simplest way is to just guess the
form by considering the limit where there is no scattering.
In the real theory, this is the limit where 77 =1 and
s =0, and we have K;’,=—(=1)"*"Ki 1In the
effective theory, this is simply when the irregular part

of the wave should vanish or Clg";&m =0= Clg"}Byin =
—Cls e Which in turn implies C3"., = —C3",, .,
where C3" +1n 18 defined exactly as CP tlout N
Egs. (3.21) and (3.22) except after transforming

0840006-11



SAKETH, STEINHOFF, VINES, and BUONANNO

PHYS. REV. D 107, 084006 (2023)

out —»in. Thus, we can simply identify KD,
(—1)’*’"C?£ﬂ’in. Then, the scattering phase relation in

Eq. (3.16) can now be written in the effective theory
simply as

Ol = =, xRS C (324

and the degree of absorption can be defined in the effective
worldline theory as

1—-nf =1 Cho 3.25
Ny = 1= Clm . ( . )
P.in

Note that in this way, we have defined a common quantity
as the degree of absorption valid for both real and effective
setups. Thus, this quantity will also serve for matching
between the real and effective theories to fix the unknown
tidal coefficients in the next subsection.

Essentially, comparing the form of y, in the full and
effective theories at large distances has revealed to us the
combination of incoming and outgoing coefficients in the
spherical basis that scatter without mixing. However,
unsurprisingly, for general choices of tidal coefficients,
the relation between the outgoing and incoming spheroidal
coefficients is not going to nicely factorize as given
in Eq. (3.24). In fact, the tidal coefficients that mix the

spherical / =2 and [ = 3 modes g ; and A ; have to be|

4fer _

451

CE™ 1 out ey ’

g = e[ o] el
CE™ | out 2o >

B e E L TR e
C3m C3m
ETN

where we find that the degree of absorption for the
spheroidal /=3 modes vanishes up to O(e’) in the
effective theory. Also note that the coefficients fg 180"

[&5.0> Fe/8.0> F&/3.15 f2/53 do not appear anywhere in the
degree of absorption. These coefficients thus only add to
the conservative phase, and we will see later in Egs. (4.6)

"We only focus on the degree of absorption and not on the
conservative phase as the conservative phase also gains contri-
butions from effects other than tidally induced multipole mo-
ments in the effective theory, e.g., spin-induced multipole
moments. A matching of the conservative phase can be per-
formed only when all such effects are included in the solution of
the scattering problem in the effective theory, which we do not.

chosen on the effective theory side such that the combi-
nations given in Egs. (3.21) and (3.22) scatter without
mixing. In this work, we impose this on the effective theory
by plugging in the expressions for the spherical outgoing
modes from Eq. (3.14) into the left-hand side (LHS) of
Eq. (3.24) and demanding that it be proportional to the
RHS, ie., Cﬁ,’f’in. We refer to this as imposing spheroidal
separability on the effective theory, and doing so yields
the constraints

. . 2
Ipo = heo = g)(f £00

oo = s = ~22F ko (326)
which greatly reduces our list of unknown variables
entering the tidal response, and fixes the ratio of the
coefficients connecting the octupole (quadrupole) fields
to the quadrupole (octupole) moments, i.e., the coefficients
9e/5.0(he ), to the coefficients connecting the quadru-
pole fields to quadrupole moments, i.e., the coeffi-
cients ff‘,‘/B,O'

Provided these relations are true, the different spheroidal
modes will be scattered without mixing by the tidal
moments in the effective worldline theory, and we can
compute the degree of absorption for the various modes
using Eq. (3.25) with constraints in Eq. (3.26) to be’

(m* —4) [% %(’"2 - 1)] } + O(e7),
(m* —4) [2{%53" 2{42" (m? - 1)} } +0(e"),

(3.27)

and (4.7) that they behave similarly with mass/spin evo-
lution equations as well contributing only total-time deriv-
atives to dm/dt and dJ/dt. We can now compare Eq. (3.27)
with the degree of absorption derived in the real theory
by solving the Teukolsky equation for n} and fix the
coefficients that contribute to dissipation. However,
because we solved the scattering problem in effective
theory in flat spacetime, thus ignoring the nonlinear
interactions between the wave and the stationary gravita-
tional field of the particle, there are some subtleties in this
matching process which we will have to tackle. We will
very briefly outline the computation of 77 in the real theory
by solving the Teukolsky equation and then match with
the result from the effective theory while keeping the
subtleties in mind.
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E. Matching with Teukolsky solution

In the full theory, the degree of absorption defined
from the O(1/r%) expansion of w, in Eq. (3.15) as
1 —|KSt, /K™ | can be computed from analytical solu-
tions [55] to the Teukolsky equation [50] as follows.
Following the review [55], the Teukolsky equation for
_w [= (r—iacos(0))*y, in Boyer-Lindquist coordinates]
is separable with fixed-frequency solutions given by
Ly« e @S0, ¢ aw) R, (r), where S"(0,,aw)
are spin-weighted spheroidal harmonics and (R, (r) is
a solution to the (homogeneous) radial Teukolsky equation,
with s = -2,

d d\ K?-2is(r—GM)K
A= — AS-H -
[ dr ( dr) + A

+ diswr — sj'lm:| stmw(r) = O’

(3.28)

where A =r>+a’>-2GMr, K= (r’+a*)o—am,
and (4;, is the spheroidal eigenvalue. The relevant

where B2 and B}?fnws are the coefficients of the incident
and reflected waves. The ratio B! /B¢ ' is completely
determined by demanding that _,RZ (r) solve the
radial Teukolsky equation (3.28) with the boundary con-
dition (3.29). We refer the reader to Ref. [55] for details of a
procedure to produce the expansion of this ratio in powers
of GMw. Finally, the relevant scattering phase shifts and
the transmission factor /), > (equivalent to C% /C

from the effective theory above) for waves of parity
P = =£1 are given, e.g., as in Eq. (30) of Ref. [53], by

El

Re(C) + 12iGMcoP> B

‘maw
160)4 Bmc

‘mw

M, exp(2i67,,) = (=1)!*! (

(3.31)

with [Re(C)]? as given in Eq. (31) of Ref. [53].

This yields the complete expression for the degree of
absorption for / =2 and [ =3 spheroidal modes up to
O(€’) to be

physical solutions, labeled _,RI (r), satisfy the
boundary condition demandlng that they consist of | _— Visd
purely ingoing radiation at the event horizon o Al )
r=r,=GM+/(GM)* - &, =—em {—0— (m* — 4)—A8} (14 2ex)
—ZRfmw - Bt;dmn(ZAz ior. asr—ry, (329) 4 66{45 (l) _ (mZ 4) |:21_"45tz+21_“£5t4( 2 _ 1):| }
where r, is the tortoise coordinate and @ = w — ma/ 7
(2GMr,). This fixes the asymptotic behavior at radial +0(e) (3.32)
infinity to be of the form
1- = 7 3.33
—2Rfm(u = B;]r(rzta) _l _lwr* + Brfe)zw : lwr "73m | (6 )’ ( )
as r - oo, (3.30) where
|
loy 43
! 3 3 - 5>
Ay = 45 (1+37%), Ap 3
16
A) = 405 (9 + 9 + 97x% + 117y — 6¢* + Sdoy* + 36yB, + 108%°B,),
A2 = 135(115;( + 135ky% + 5x* + 90ky* — 24yB, + 18y B, + 48y B, + 144y°B,),
8
At = —— (20y* + 45ky* — 24y B, + 18° B, + 12¢B, + 36/°B,), (3.34)

135

and we are using the notation B,,

= Im[PolyGamma(0, 3 + imy/x)], which is odd in y, and x =

— y*. Note that the

degree of absorption obtained from solving the Teukolsky equation in Eqs. (3.32) and (3.33) has almost exactly the same
form as that obtained from the effective theory given in Eq. (3.27), with the only difference being the factor of (1 + 2ex)
next to the leading-order € result for the / = 2 mode. This factor is missing in the degree of absorption derived in the

¥Note that the above form is identical to the one used earlier in Eq. (3.15) except that the parity dependent factors have been absorbed
into BI™ . As a result, the expression for the scattering phase now contains a parity-dependent factor [see Eq. (3.31)]. This may be a
more convenlent convention for BHPT but the former is more transparent for matching with the effective theory.
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effective theory in Eq. (3.27) due to us neglecting the
leading-order nonlinear interaction between the GW and
the gravitational field of the particle. In principle, this can
also be obtained from the effective worldline theory by
including the nonlinearities and regulating any resulting
divergences. However, including the leading-order non-
linearities in this classical setup which we are using is a
complicated task, and not very illuminating. It is easier
instead to just replace the factor with 1 on the Teukolsky
side by tracing its origins to the nonlinearities neglected in
the scattering problem in the effective picture. We establish
this explicitly for the simpler case of a scalar field scattering
of a Schwarzschild BH by including the leading-order
nonlinearities on the effective theory side in Appendix.
There are essentially two physical processes involved in the
effective theory picture, both arising from the interaction of
the external wave (gravitational or otherwise) with the
stationary gravitational field sourced by the particle. The
first is that the value of the tidal field of the wave at
the origin (location of the particle) is modified, as shown
for a scalar wave in Eq. (A19) by a factor of (1 + ze¢). This
in turn modifies the strength of the tidally induced multi-
pole moment subsequently affecting the irregular (output)
part of the wave and the degree of absorption. Additionally,
the wave is modified in its journey away (to) the particle to
(from) infinity again due to scattering off the particle’s

gravitational field. This factor modifies the form of the
wave asymptotically far away from the particle, as shown
again for a scalar wave in Eq. (A15) in such a way that the
degree of absorption is further multiplied by a factor of
(1 + ze). This result has also been derived for the case of
GW amplitudes sourced by arbitrary multipole moments in
Refs. [41,56] and is seen to modify the radiated power
by the square of that factor. Together, these two effects
modify the leading-order degree of absorption by a factor
(1 +en)? ~ (1 + 2ex) + O(€?) which is seen in Eq. (3.32).
We have in fact verified the presence of this factor
multiplying the leading-order degree of absorption for all
different / modes (for which we had the solution) for scalar,
and tensor (gravitational) fields, specifically / =0, 1, 2, 3
modes for the scalar field and [ = 2, 3 for the gravitational
field. Thus, to match the part of the true degree of
absorption which corresponds to the flat spacetime scatter-
ing in the effective picture, it is sufficient to simply replace
the (1 + 27ze) factor for 1 from Eq. (3.32).

Thus, dropping the (1 + 2¢x) factor from Eq. (3.32), and
then comparing it with Eq. (3.27), we fix the unknown
coefficients to be

4)(3

16y
e f?f/B,O = 3

Fiso = 2 (1+37), (335)

16
fe51 = 105 (9 + 9k + 97y + 117xy? — 6¢* + 54ky* + 36y B, + 1087°B,),

8
fe81 = ~13s (1152 + 135> + 5¢* + 90ky* — 24yB, + 18y B, + 48yB, + 144°B,),

8
fé/B,l = —— (20y* + 45ky* — 24y B, + 18y B, + 12yB, + 364°B,),

135

. . 2
Ipo = hgo = g)(f £.0

. . 2
Jeo = hpo = _gﬂ(f B.0>

where we have also restated the constraints obtained by
imposing spheroidal separability from Eq. (3.26). Having
fixed the (dissipative) response coefficients, we can now
compute the (dissipative part of the) induced multipole
moments in any setup. In particular, we can now consider
the effect of induced tides in a binary system with two
spinning BHs in the inspiral phase. Our focus is on
computing the change in mass and angular momentum
due to tidal effects in the worldline effective theory (and
horizon fluxes in the real setup). In the next section, we
derive general formulas for evolution equations of mass
and spin and then specialize to the case of parallel-spin—
quasicircular orbits, which can then be compared with
earlier results available in the literature.

(3.36)

IV. GENERAL EXPRESSIONS FOR EVOLUTION
EQUATIONS OF MASS AND SPIN

In this section, we derive general formulas for computing
the evolution of mass and spin from the equations of
motion. Then, we proceed to compute them explicitly using
the now fixed response coefficients for the special case of
parallel-spin—quasicircular inspiral to relative 1.5PN order.
We conclude this section by comparing these results with
those obtained earlier in Refs. [22,23,31].

We can derive the formula for mass and spin evolution
from the equations of motion for momentum and spin
angular momentum, respectively. For mass, we start with
the equation of motion for momentum, i.e.,
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Dp/l 1 No 1 NC
Dr = —ER”W)O.MDS/ - EJAUI V”R/h,/)o-

1
— Jthvpo B V.V.Rpo. (4.1)

where we substitute the expressions for J##¢ and J#wre
given in Egs. (2.7) and (2.8), yielding

Dp# 1 vers L e |
D_T == 5 Rm//)o-u N 5 Qp vﬂg/m - 5 Q/[}; V”B/)o-
1 e |
—3 (08 Avﬂgpoﬂ —3 0% lvﬂBpaﬁ (4.2)

Now, we define in the effective worldline theory the mass m

simply as \/—p?. Then we have
-
" Dz dr
o O PRy 50 (- V)E
o (P VBt 5O (P V)E

(4.3)
|

L e
+ m Q% A(P : V)Bpa}n

and the first term can be shown to vanish using the
relation between p* and u* if we neglect terms cubic or
higher powers in curvature. They are not relevant to the
relative 1.5PN order (in horizon fluxes) we are interested
in with this work. Similarly, we can substitute p* = mu*
in the terms with multipole moments to the order of interest
to get

O O 3 O + (€ B), (44)
which gives us the general formula for mass evolution valid
to relative 1.5PN order. We expect this to match with the
horizon energy flux up to any total-time derivatives of
functions of tidal fields, which should vanish for scattering
events or for quasiperiodic processes (such as parallel-spin—
quasicircular inspiral which we shall consider shortly). The
quadrupolar contribution to mass-change matches with that
given in Ref. [24] if we identify our quadrupole tensors as
twice of theirs. This is because they choose a different
normalization in the tidal coupling terms.”

We can similarly derive the equation for spin evolution
from the equation of motion for spin angular momentum,
ie.,

1
= SR el 7S+ 3 VIR ] 7S+ 15 VP Ry 7S,

DS 4 2 1 .
Dz = zp[ﬂul/] + gR[ﬂT[J{FJ P + gvﬂR[MT/mJ/ly P + gv[ﬂRi‘r/)o’JUM ? 5
,DI_1 DS 2
dc 2" Dr
DI 1, 3
E:ng 5ﬂ”Sl,y +§0Z~ gﬂApSVP‘F(E(—)B),

(4.5)

where we have defined J? = (1/ 2)§"S,,, as the magnitude of spin angular momentum of the BH. Again, the quadrupolar
contribution to evolution of spin(dJ/dt) is identical to that in Ref. [24] once the multipole moments are properly identified

(see footnote 9).

Now, substituting the ansitze for the multipole moments from Egs. (3.7) into the expressions for the evolution of mass

and spin in Egs. (4.4) and (4.5), we get

dm* m

dr 2

+§§)(f}j,()(‘6ypﬁg/ _Bﬂ/mgyp)sﬂsu +§§)(f(35‘,0(81/p/15;4 _Bzzpigﬂ )Sﬂs SpSo‘{|}+(5<_>B’§_)_§)’

;- M
dr 2

—(Gm)4{ FEo(EE,L8,,) + [20(E,L 78548 ,0) + (Gm) [fgl(é“”é,w) FFEELE8Y) 4 fh (£, E 68457557

(4.6)

o> (Gm)4{—2fé,0 (Eii€Y) + (B3f ko = [20)(EFEUS'S) + f30(E:3'8)?

A . . 2 R o
— (Gm) [fg’l(é"‘ ELSy) + [31(ESE7584S,,) + ggxfgo(zswewsﬂsv 8,

2 AU Q 0Q 2 oAU Q AQ T
+ gggfgo(zﬁ,,,,lé’w’sﬂsy SH + ggxfg’o(z@b,,,gﬂ s15v58 48, )] } + (€< B¢ — =f),

(4.7)

°In Ref. [24], the quadrupole tidal coupling terms in the action are 0¥ E,, + (€ < B). Thus, before comparing the expressions in this
work with that in Ref. [24]. One must first transform as Q’g'”(B) - 2Q’;?B>.
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where dots represent covariant derivatives with respect to proper time, £ = 1, and we have imposed the constraints obtained
by demanding spheroidal separability from Eq. (3.26). Additionally, we have

m* = m— % (Gm)4{ FLo(EE,) + F2o(ELESIE) + [4 (£, po887337)

2 R 2 o 2

+ (Gm) [ég%fg,()(lgﬂvpgvpsﬂ) + gg)ff%,o(vaagﬂgsﬂsysp) + 5g)(fg’,o(Bpaﬂgyysﬂsyspsgsl)} }

+ (€« B, &> =&, (4.8)
M o s - P

Jr=J- Z (GM)S{f},‘] [(guvgpasﬂpsw) - (EWEMPSDGS;)G)] - f?,’l (gﬂpgbasﬂs S/‘SM)}, (49)

and we see that all the tidal coefficients that do not enter the
degree of absorption in the RHS of Eq. (3.27) only shift the
definition of mass and angular momentum by quadratic
functions of fields (i.e., they only contribute terms that are
total-time derivatives to dm/dt and dJ/dt), whereas the
ones that do show up in the degree of absorption contribute
terms that cannot be absorbed as such in total-time
derivatives. Thus, for any quasiperiodic setup (as for
parallel-spin—quasicircular orbits) or in a scattering setup
where the two particles are infinitely far in the distant
past or future, the average or total change in mass/spin,
respectively, is determined entirely by the coefficients that
contribute to dissipation, which we have already fixed
through comparison with the degree of absorption obtained
in the real theory by solving the Teukolsky equation in
Sec. III E. This is since the total-time derivative terms either
vanish (when the particles are far away) or cancel (in a
periodic setup). In deriving the above result, we have also
used the fact that the covariant time derivative of spin tensor
and vector (which enter the ansitze) vanishes up to the
relative order to which we have expanded the expressions
for dm/dt and dJ/dt (i.e., up to relative 1.5PN).

The expressions for mass and spin evolution in Egs. (4.6)
and (4.7) can be compared with those in Refs. [23,24] by
substituting the response coefficients from Eq. (3.35), and
we indeed find that our expressions are identical at leading
order in GM [i.e., the (GM)* part], but differs from Ref. [23]
at next order in GM. A crucial difference in our expressions
when compared with those in Ref. [23] is that octupolar tidal
fields do not enter their expressions at all. Another interest-
ing difference is that there are z°-containing coefficients in
their next-to-leading-order expression for dJ/dt (and sub-
sequently in dm/dt), whereas 7> does not enter any of our

1 my
5(5114'522):—% 5
1 3m X, -4
5(5”_522):_2—#’2 {1+ITV
3m2 X|—4
=2 2|42 "
e 273 { 3

V2 —2X,0,V? + (’)(v‘*)} sin(2Q7),

tidal-response coefficients. However, we will see later in
Sec. IV B that our expression for mass and spin evolution is
consistent with Ref. [22] for the special case of a test-body in
a circular orbit around a Kerr BH to relative 1.5PN order,
unlike Ref. [23].

In the next section, we specialize to the parallel-spin—
quasicircular setting to compute the expression mass and
spin evolution during inspiral up to 1.5PN relative to the
same at leading order (4PN with respect to leading-order
flux to infinity), and compare with earlier works that
produced expressions for the same.

A. Results for the special case of binaries
with parallel spins in and circular orbits

Now, we consider a system of two BHs with initial
masses m; and m, and spin parameters y; and y,. Their
spins are parallel and orthogonal to the orbital plane, and
they are in a quasicircular orbit. We can compute the rate of
change of (initial) mass m, and spin J, = Gm?y, averaged
over one orbit using Eqgs. (4.4) and (4.5). In this section,
we will refer to the BH with initial mass m; and J, as the
primary BH, and the other BH as secondary here onwards.
The tidal fields are sourced by the other BH of mass m,
with spin parameter y,, although they are affected by
nonlinear interaction with the fields due to the primary BH
(my, J;). This is most conveniently done when the tidal
fields are computed in a locally flat rest frame of the
primary BH (see Fig. 1), since then the covariant deriva-
tives of the field with respect to proper time can be treated
simply as ordinary time derivatives. This has already been
done for the quadrupolar fields £* and B** in Ref. [23],
and we simply borrow the expressions from there.
Rewriting the expressions here, we have

X
{1 +2Lv2 _6Xy, V3 + O(V“)] ,

22XV + O(V“)} cos(2Q7),

(4.10)
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AN

(m2, J2)

FIG. 1. A graphic illustrating a parallel-spin—quasicircular
binary with two BHs with masses m; and m,, and spins J;
and J,. The spin vectors are orthogonal to the orbital plane. The
image is drawn in the comoving frame of BH with mass m;, with
7 being the unit vector pointing toward the other BH (m,, J,) and
» being the unit vector along the other BH’s velocity. Q is the
angular velocity of the other BH and hence of the tidal fields in
this frame. 7 is the proper time of mass m;.

B = _3;%2 V(1 = Xop,V) cos(Qz) + O(V3),
r
—3m, . 3
By = 3 V(1 = X,o0,V)sin(Qz) + O(V?), (4.11)

where Q is the angular velocity of the tidal field in the
primary BH frame (m;) given by

M[ 1 1
Q= —3[1——(3+n)vz——;?v3+0(v4), (4.12)
r 2 2

7 =Xi(1+X0)x +3nx, (4.13)
and we are using the following notation: M = m; + m,
and X, =m;/M, X, =m,/M are the mass fractions.
n = XX, is the symmetric mass ratio, r is the orbital

separation in harmonic coordinates, and V = \/@ Here,

we are working in units with G = ¢ = 1, as was done in
Ref. [23] so that we can easily compare our results although
we have changed the notation quite a bit. Additionally, in

Ref. [23], a sign factor ¢ = £1 was used in front of the
|

16
Cy=——
v 5

XX

3

expression for Q to denote whether the secondary BH was
spin aligned or antialigned with respect to the orbital
angular momentum. However, we simply let the spin
parameter(s) y;, range over [—1,1] (instead of [0,1])
and always fix the orbital angular momentum to be aligned
along the positive z axis without loss of generality.

The octupolar fields were not derived in Ref. [23] since
they were not relevant in their expression for the mass or
spin evolution. For us, the octupolar fields do contribute
to the expressions for mass and spin evolution as seen from
Eqgs. (4.6) and (4.7). Fortunately, they (octupolar fields)
are only relevant at leading order and thus can easily be
computed from the test-body limit at leading post-
Newtonian order where the secondary BH (as test mass)
is orbiting the primary BH in the limit m, < m;. The
formula for leading-order fields does not change from this
for the generic mass ratio. We get the expressions

my . . .
gl]k = —157n<,njnk>, (414)
Bijx = 30— Ve "ty .
i = (fiy, iy, i) = (cos(Qr), sin(Q7), 0),
D = (D, Dy, D3) = (—sin(Q7), cos(Qr),0), (4.15)

where n; is the normal vector directed from the primary BH

to the secondary BH in harmonic coordinates and » = 7 is
the relative velocity vector of the secondary BH with
respect to primary BH.

Now, substituting these tidal fields from Egs. (4.10),
(4.11), (4.14), and (4.15) into the formulas for mass and
spin evolution in Egs. (4.6) and (4.7), with the fixed
coefficients listed in Eqgs. (3.35) and (3.36), we get the
orbit-averaged results

<%> = Q(Qy - Q)Cy. (4.16)
<%> = (Qu-Q)Cy, (4.17)
<%> :(dml _d?HdJl)g?ﬂ:_fﬂ(QH_Q)ZCV’ (4.18)

where Qy = y;/[2m (1 +«;)] is the horizon angular
velocity of the primary BH, A; = 8zm?}(1 +«) is the
horizon-surface area, and

51
mIXn? (1 + zq)vlz{l + 32+ V? (—3 + X, -+ 3X1;(%>

4

(4.19)
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The contributions to the definition of mass and angular
momentum due to the conservative tidal coefficients as
seen in Egs. (4.8) and (4.9) were removed upon averaging
over an orbit. They will also not contribute in a scattering
scenario provided we can set the tidal fields to zero along
the worldlines of the particle asymptotically (in the distant
past and future).

However, the results in Egs. (4.16), (4.17), and (4.18) are
written in terms of gauge-dependent quantities, namely r
(which enters through V) that is the separation between the
two bodies in harmonic coordinates. Furthermore, it is
written in the frame of the primary BH as opposed to the
more convenient PN barycentric frame (which coincides
with the primary BH frame in the test-body limit for the
secondary BH). Thus, before comparison, we convert the
results to the PN barycentric frame using the relations

= x{l + 6(3 n)x? + é)(x + O(x )} (4.20)
t= 1{1 +5 (2X,| +3X,) X, + O(x )] (4.21)

16

C,= —?MZX%nZ(I +K1)x'2<1 +3p7 +

where x = (Mwey)'/3 with @y is the orbital angular
velocity, which is the gauge invariant PN expansion
parameter and 7= (2X2+3n)y, + (3n+2X3)y,. t is the
PN barycentric time, and its relation to the proper time of
the primary BH 7 is given in Eq. (4.21). These expressions
have been taken from Egs. (39) and (40) in Ref. [23]. Then,
the expressions in Eqgs. (4.16)—(4.18) can be rewritten in
the PN barycentric frame as an expansion in the gauge
invariant parameter x as

1
n x3{§ (=4 + 3y = 2X, (1 + 313 (X, (x1 +x2) +4B5(11))

5 9
+X, [_5(23 + 30k )71 + (7= 126117 + 412 + Zlm] }>

d
<ﬂ> = Q(Qy - Q)C,, (4.22)
dt
d
<i> — Q- Q)C,, (4.23)
dt
dA (dm1 —_ QHdJ1> 871' —877:
kel B Q, —Q)>C,,
< dt> dt K K @y = Q°C,
(4.24)
where
1
—[B(2+x3) +2X, (1 + 3¢)(2 + 3X))]»?
(4.25)

2

which can now be conveniently compared with the expressions for the same quantities given in Eq. (45) of Ref. [23].
We find that our expression for C, for generic-mass ratios is consistent with the result [23] to next-to-leading order (NLO)
(to x'*) but not at next-to-next-to-leading order (NNLO) (at x'3). An important visible difference is that we have no
zrz—containing terms at NNLO. However, as we will see in the next subsection, it is consistent in the test-body limit with
earlier results computed by solving the Teukolsky equation for the curvature perturbation sourced by a test-body moving in

a circular orbit around a spinning BH up to relative 1.5PN order (x'°).

B. The test-body limit for circular orbits with parallel spins

In the special case where the other BH with mass m, becomes a test particle, we only evaluate the quantities to leading
order in X, the mass ratio of the other particle. This is equivalent to simply setting X; = 1, X, — 0,and thus M = m|; — o
such that MX, = m, remains constant. Then the result simplifies to

dm 33 x8
dtl—f { (4303 - X7 (;(1+16 )+E[6+7Oﬁ—3}(‘1‘+6k1(1+13)(?+6)(‘1‘)+24(;n+3)(?)Bz(;n)]},

_2 <—> x'% and Qﬂ dm

here F
where ==

(4.26)

which is consistent with the results obtained via BH perturbation theory for the case of a tiny test particle orbiting a
spinning BH in Refs. [22]. This result has been produced by solving the Teukolsky equation for a perturbation sourced
by a tiny nonspinning BH (M.,,) around a large spinning BH M and computing the energy flux down the horizon. This
result has also been reproduced in Ref. [57], and the method has been employed to push the results for flux to infinity
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and horizon fluxes to a very high PN order in the test-
body limit (see Refs. [57-59]). It is thus reassuring that
our expression for mass loss matches with this in the
appropriate limits, suggesting that our effective worldline
picture is suitable for the purpose of modeling horizon-
related dissipation in spinning BHs.

V. EFFECT OF HORIZON FLUXES ON THE
WAVEFORM FOR CIRCULAR ORBITS

A simple way to derive the contribution to the waveform
phase from horizon fluxes for parallel-spin—quasicircular
inspiral in the adiabatic limit is via the stationary-phase
approximation (SPA) [60-62]. This was used to incorporate
the effect of the leading-order rate of the change of mass (at
2.5PN) in the waveform in the appendix of Ref. [29] and to
4PN in Ref. [63], albeit the horizon fluxes used in Ref. [63]
(which were taken from Ref. [31]) are only accurate to
leading order and the contribution due to the changing mass
in the expression for binding energy was not taken into
account [see Eq. (5.4)]. Here, we use the same method (i.e.,
SPA) and extend the computation completely to 4PN order,
while including all relevant effects due to the changing
mass and spin and compute the phase contribution to the
waveform due to horizon fluxes. We use x as the gauge-
invariant—-PN-counting parameter to relative 1.5PN (and
absolute 4PN) order. We start from the relation

x = (Mwyg)s = ( d¢)

- (5.1)

where ¢ is the orbital phase and M = m + m, is the total
mass of the system. The binding energy E of the system is
given to 1.5PN order'® (see, e.g., Ref. [29]) as

Mnx -3 7
E = 1 —
2 { R < 4 12>

8y 8 4n
3| Aa !
e G-l

where § = (m _mZ)/M’ I/[:mlmZ/Mz’)(a = (Zl _)(2)/2’
xs = (x1 +x2)/2. Now, we use the energy balance law
valid for circular orbits given by

(5.2)

E=-F,—-M, (5.3)
where F, is the energy flux to infinity and the overdot
represents the derivative with respect to time. For non-
circular orbits, one may have to include additional Schott
terms [64]. Now, we see from Eq. (5.2) that E is a function

"1t is sufficient for us to include the expression for the binding
energy to 1.5PN order as we are only interested in computing the
waveform phase contribution due to horizon fluxes which were
derived in this work to relative 1.5PN order.

of x, the masses m, m,, and the spins y, y», and thus we
can write

e oE . +()E. +0E. +6E +()E (5.4)

— iy +—— 1, — ¥, .
" T om T T G, T g AT g,

which, along with the balance relation, yields

. OE\ ! - . .

X = —<0—> (fw+M+mlam1E+mzam7E
x 2

+ 1104, E + 720,,E) (5.5)

where we can drop the terms arising from the spin
dependence as they do not contribute until relative
2.5PN order in horizon fluxes. Similarly, we can substitute
the leading-order formula for E in partial derivatives with
respect to m; and m, and only substitute the flux to infinity
up to 1.5PN relative order to get

. AN PEEEY x?
X = — e ]-' + M- W (m2m1 + mlmz)

(5.6)
The flux to infinity up to 1.5PN order can be found in

Ref. [29]. We can then invert this expression and integrate
to compute the time function #(x) and orbital phase ¢(x) as

9= [an [Pa= [T a= g0

Then, the orbital phase function ¢(x) and the time function
t(x) can be related to the waveform phase y, in Fourier
domain for any spherical mode m, via the relation [62]

(5.7)

Win(f) = 2xfty - (5.8)

me(ts) —
where f is the Fourier variable (frequency) and 7, corre-
sponds to the time when the instantaneous GW frequency
coincides with f, i.e.,

dm¢
dr

(1)) = 2nf = x(t,) = v = (”ff > (5.9)

Wi (f) is a useful quantity directly relevant for detectors,
and we provide its correction due to the horizon fluxes
explicitly as

&lllm( 128 1} [Zél//n v +Z§l/f nlOg ):|

(5.10)
_ <%) (5.11)
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where Sy, (f) is the correction to v, (f) due to horizon fluxes with coefficients Sy

(n =15) and up to 4PN (n = 8) given by

10
stV

,(1PN) and &//SZZI) starting from 2.5PN

ys == (1 =301+ 922+ 32) +6(1 = mxa(1 + 373 + 922), (5.12)
PN PN
syl = 3oy ™ (5.13)
5
PN = Teg (9a[=1667 = 437172 — 1311322 + 6167 (1 + 372 +93) + 5n(311 + 8073 +24212)]
1, [84002 (92 + 352 + 1) + (383312 + 1277752 + 4889) — 13113y2 — 43712 — 1667}, (5.14)
sy =0, (5.15)
and
&lléPN) _ &lléPN),a n &l/éPN),b n 61//(8PN>,C, (5.16)
PN PN
Sy, = =3y, (5.17)
with
. 5
sy = — 57 114481 = 1) + 4878(n — Dz + 3(278n = 3700 +75)zk + (=360 + 2137 — 6773
+ x5[=128(n% + 1905 — 75) 2 + 26(100% + 1247 — 67 )y, + 4327(3n — 1)y% + 487(3n — 1)]
+ 22[43228(n — 1)y, + 90(365> — 6217 + 15)x2 — 1725> + 3037 — 67] + 3(821> — 2505 + 75)x?
+ 23126217 = 1300 + 75)y, + 144x(3n — 1)] = 12(2% — 4n+ 1)}, (5.18)
(PN).b _ _& _ 192 4 2 4 2 2
Sy o U820 = D)rg + (=1 =2i7" + 4, [1 + 67 + 1375 + 675 + xa(13 + 36¢7)]
= 2[ka (1 =4 +21°) + 6(1 = 2nm)xJras[13 + 1207z + x7)1} (5.19)
sV =20 B, (2 =+ Dy (92 + 322+ 1) = 62— Va2 + 92 + 1
s =g 1Basl(207 —dn+ 1)y, Opa + 375 +1) = 6(2n = Do Bya + 95 + 1))
+ By [3(27 = 4+ 1)y + 96(1 = 2n)yans + (207 —4n+ Dy, (93 +1) =620 — )y, Bys + 1)}, (5.20)

where we have defined k; = (k| +x,)/2, k, = (k1 — k2)/2,
and By =[B;(x1) +Ba(x2)]/2, Bau = [B2(x1) = B2(x2)]/2
for convenience. Note that the 2.5PN and 3.5PN correc-
tions vanish for the spinless case which is consistent with
the fact that horizon fluxes only start at 4PN for non-
spinning BHs (and 2.5PN for the spinning case). We also
find that the 4PN correction to the waveform phase contains
functions that are nonpolynomial in the spin parameters
through x = /1 —x? and B, = Im[PolyGamma(0, 3 +
i2y/x)], as expected from the expression for the horizon
energy fluxes (or rate of change of masses) in Eq. (4.22) at
relative 1.5PN order. The Fourier phase solely due to the
flux to infinity (i.e., neglecting horizon fluxes) to 3.5PN
can be found in Eq. (7) and Appendix in Ref. [65].

The correction to the Fourier phase &y, (f) can now be
conveniently incorporated in waveform models to include
the effect of horizon fluxes to next-to-next-to-leading order
(up to 1.5PN relative, or 4PN absolute) during inspiral for
quasicircular aligned-spin binaries.

To get a qualitative idea of the relevance of horizon
fluxes to the waveform, we can look at the correction to the
orbital phase ¢(x) and compute how many additional (or
fewer) orbital cycles occur, as a result of the inclusion
of those effects, for some specific choices of the initial
masses of the BHs. We consider first the case of two
initially equal-mass m; = m, = 10M, and equal-aligned-
spin y; = y» = y BHs, and second the case for a binary
consisting of a nonspinning 1.4M, neutron star and a
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TABLE L.

Number of orbital cycles as the frequency (f) of the gravitational wave increases from f = 10 Hz to the

frequency at the innermost stable circular orbit (ISCO) fisco = 1/(6>/2Mxr) Hz for equal masses (10M ) and equal
aligned (to orbital angular momentum) spins. Recall that k = /1 — y%. Here, B, = PolyGamma(0, 3 + 2iy/x) lies
between 0 (at y = 0) and z/2 (at y = 1). The terms in boxes are contributions from horizon fluxes, and the
remaining terms come from the flux to infinity, written here for comparison.

PN (10 4+ 10)M, equal aligned spins y; =y, = x

0 603.6

1 59.4

1.5 —51.4 432y

2 4.1 — 4.4y

2.5 —7.1 + 113y +[10712.8(1 + 35%)4]

3 2.2 — 6.5y — 0.64y2

3.5 —0.8 +3.67 + 1357 — 045> +[1073(8.4 + 22/%)y|

4 [1073[=0.3(1 + k) = (6.7 + L.1By)y(1 + 34%) — (0.4 + 3.5¢)% + (9.5 — 1.6K)*]]
TABLE II. Number of orbital cycles as the frequency increases from f = 10 Hz to the frequency at the ISCO

fisco = 1/(6*>Mz) Hz for a binary composed of a nonspinning 1.4M, neutron star (NS) and a 10M,, BH with
spin parameter y. Any contributions due to the internal structure of the NS have not been included.

PN (104 1.4) My, BH-NS), 71 = 7. > =0
0 3587.6

1 2135

1.5 —181.5+ 126.2y

2 9.8 — 13.5x2

2.5 ~20.0 + 36.8y +[1029.4(1 + 35%)4]

3 2.3 —18.6y — 0.5/°

35 —1.8 + 10.57 +3.1x% — > +[102(5.9 + 15.45%)y|

4 [102[=0.3(1 + &) = (4.3 + 1.2By)x(1 + 3¢*) — (1.7 + 3.9)x* + (5.6 — 1.8x)"]]

10M BH with spin parameter y. In the latter case, only
the BH’s horizon-flux contribution is considered, and the
neutron star is treated as a structureless particle. We
then compute the additional (or fewer) number of
cycles due to horizon flux(es) starting from the minimum
lower frequency of the bandwidth of LVK detectors,
w=rnx10Hz" to that of the ISCO @ = wsco =
1/(6:M) Hz (in Schwarzschild), which generally is a
good approximation of the binary’s merger frequency.
We use the formula

N, 9= (Mwisco)’] = d¢lx = (Mn x 10 Hz)]
GW — ’

T

(5.21)

where the correction to the orbital phase function due to
horizon fluxes is obtained as shown in Eq. (5.7). We list the
results obtained for the aforementioned special cases in
Tables I and II. In Table I, we also list the contribution to
the number of cycles due to the flux to infinity up to 3.5PN

"Note that we are working in units where G = ¢ = 1.

(but with only nonspinning contributions to flux to infinity
at 3PN and 3.5PN) using the expressions for fluxes and
binding energy from Ref. [29]. This is to facilitate
comparison and get a qualitative understanding of the
relevance of the horizon flux to the waveforms. Similar
tables with flux-to-infinity contributions can be found for
example in Refs. [66,67]. There are slight numerical
differences between Table I here and the tables in these
works because the final result is very sensitive to the
precision used for the mass of the Sun and the gravitational
constant. As clearly evident from the table, the contribution
to the number of cycles from horizon fluxes (boxed terms
in the table) is quite small when compared to the usual
contributions from the flux to infinity even at the same
PN order, although it is better for larger mass ratios. This
is due to the (relatively) small numerical value of the
coefficients in the horizon fluxes when compared with
analogous terms in the fluxes to infinity when the masses
are equal. This feature of a small contribution due to the
horizon fluxes has already been pointed out in Ref. [31] but
it was obtained using an expression for the horizon fluxes
that is only correct at leading order. This fact (relative
smallness of horizon flux contributions) does not change
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much for other configurations of spins and masses either, at
least for the frequency band of LVK detectors. Although
the effect of the horizon flux on the waveform phase is
small, they would need to be included when building highly
accurate waveform models for next generation detectors on
the ground and in space.

VI. CONCLUSION

In this work, we set out to tackle the problem of
including horizon-related dissipation effects in spinning
BHs in an effective worldline theory, which is an important
physical effect to include in precision GW predictions for
future detectors. For that purpose, we wrote down an
effective action with additional multipolar moment degrees
of freedom which couple directly with tidal fields in the
action and are tidally induced by them in accordance with
the symmetries of a Kerr BH, namely axisymmetry and
parity invariance. We fixed the remaining freedom in the
ansatz relating the tidal fields to the multipole moments
by considering a scattering scenario wherein GWs were
scattered off the effective particle and the degree of
absorption was compared with that obtained from the
full theory by solving the Teukolsky equation. A crucial
ingredient in being able to fix the complete dissipative
part of the ansatz through this method was to impose upon
the effective theory the requirement that the scattering be
independent for different spheroidal modes of the Weyl
scalar y,, which follows from the separability of the
Teukolsky equation in the full theory in spheroidal har-
monics with spin weight —2. Having fixed the relevant part
(for horizon-related dissipation) of the ansatz in this way,
we used the model to compute the orbit averaged variation
in mass and spin due to horizon fluxes to relative 1.5PN
order for a binary in circular orbit with parallel spins. The
mass and spin rate of change derived using our effective
model is consistent with the results obtained in the test-
body limit in Ref. [22] to relative 1.5PN order, and with
Ref. [23] for generic mass ratios up to relative 1PN order
and at leading order with the generic mass ratio results in
Refs. [24-28,31]. Importantly, we have weighed in one side
(specifically on the side of Ref. [22]) in the previous
discrepancy in the expression for evolution of mass in a
binary in the literature between Refs. [22,23]. While the
source of the earlier discrepancy is still unclear and remains
to be settled, our approach suggests that it may have
something to do with including the effect of octupolar tidal
fields in the evolution of mass and spin.

Having consistently modeled the horizon-related dissi-
pation and the associated changes in mass, spin, and area of
the horizon in this manner, we then proceeded to compute
the contribution to the phasing of the waveform due to
the relative 1.5PN horizon fluxes, which is relevant to the
waveform at 4PN with respect to that of the leading-order
quadrupolar flux to infinity. This was done using the SPA

valid in the adiabatic quasicircular regime of interest
during inspiral. We found that a qualitative measure of
the contribution of the horizon fluxes, i.e., the number of
cycles in the waveform as the frequency evolves from
10 Hz to figco, 1s very small (2 to 3 orders of magnitude)
compared to other contributions arising from the GW
energy flux to infinity at the same PN orders for typical
masses observed by LIGO-Virgo-KAGRA detectors.

An interesting future direction will be to use the model to
derive the contribution to the waveform phasing without
relying on the stationary-phase approximation to get a
result valid outside of the adiabatic regime. This can be
done for example by deriving the radiation-reaction forces
due to the tidally induced moments obtained from first
principles instead of relying on balance arguments. It is also
of interest to consider how these results, namely the
variation in mass and spin and the contribution to waveform
phasing are affected in the presence of eccentricity or
nonparallel spins. It may also be of interest to study
possible resummations for the evolution equations of mass
and spin and their contribution to the waveform phase
along the lines of Refs. [18-20], now aided by an
expression valid at higher (relative 1.5) PN orders for
generic mass ratios. Finally, the approach used for model-
ing the particle in this work may be extended to generic
compact bodies wherein the changes in mass and spin
may occur due to tidal heating, e.g., in a viscous fluid.
Parametrizing the changes in mass, spin, and the sub-
sequent contribution to waveform phasing for generic
bodies could be very useful for testing the predictions of
general relativity, and more specifically in the search for
exotic compact bodies using next-generation GW detectors.
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APPENDIX: SCALAR FIELD SCATTERING IN
EFFECTIVE WORLDLINE THEORY INCLUDING
LEADING-ORDER TAIL EFFECTS

In the main text, we mentioned that the leading-order tail
effect, due to the scattering of GWs off the particle’s
gravitational field, leads to a factor of (1 4 2ex) multiply-
ing the leading-order degree of absorption. This is seen
clearly in the Teukolsky solution given in Eq. (3.32), but
not in the one derived using effective worldline theory in
Eq. (3.27) since we only solved the scattering problem in
flat space. We suggested that this can be reproduced in the
effective theory as well by including the effect of leading-
order nonlinearities due to the gravitational field of the
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particle while solving the wave equation but did not prove
it. Here, we show this explicitly in the case of a scalar field
scattering off a spinless BH. In particular, we consider the
scattering of the monopole mode [/ = m = 0 to O(e*) and
show that an identical factor of (1 + 2ex) multiplies the
leading-order degree of absorption for this mode when the
leading-order tail effects are included.

In the effective theory, we model the spinless BH as a
particle with mass m with an inducible monopole moment
m(7) in the presence of an external scalar field. We write
an effective worldline action including a tidal scalar
monopole moment as

S=- / dt(m — Kqmy (7))
K
- / d1d*3 /=5 4P

4
16 G [ d'xv=aR. (A1)

which is identical to the action used in Ref. [47] except
we have restricted it to just including a monopole moment
for simplicity.

Spherical symmetry ensures that the scalar monopole
moment can be induced only by a scalar monopole mode.
Since we are only interested in dissipative effects, we can
write a general ansatz for the moment simply as

® d2"+1¢
=GMK, > (GM)"v
n=0

The particle sources a static gravitational field given at
linear order in G in the rest frame as

GM
W0 = —4—,
r

WOl = hii =0, (A3)

R = \/=gg" —n, (A4)
which will affect the behavior of the scalar field through the
Klein-Gordon equation. The scalar field obeys the Klein-
Gordon equation in curved spacetime, which to linear order
in G with the above metric perturbation is given by

¢ = -+ V¢ = 4G—Mg'i> + %m¢(r)5<3)(?), (AS)
¢
= 02+ V2 =L 4 Lm0, (A9
¢

in the rest frame of the particle. Here we have dropped
divergent terms arising from the expansion of (/=g — 1) x
83)(¥) in the Klein-Gordon equation. Such terms can
also be shown to cancel among themselves perturbatively
but it is not relevant to our purpose. We have also restricted
our attention to a single frequency mode of the wave;
i.e., we set ¢ ~ exp(—iwt)y(7). Now, we can expand the
scalar field as

¢ =P + epV) (A7)

PO = me N exp[—iw(t + r)]

wr wr
sin(wr cos(wr)
= Creg ) irr ( s (Ag)
wr r

Og® = my(2)5 (7). (A9)
where ¢(% is the leading-order flat spacetime solution and

#") is the leading-order correction due to gravitational
interaction. We have split ¢(*) into incoming (C;,) and
outgoing modes (C,,), and into regular (Cy,) and irregular
(C;;r) modes. The regular mode is the homogeneous part of
the flat spacetime wave equation and the irregular part is the
particular solution obtained from the source with the time-
symmetric propagator. We can perturbatively write down
an equation for ¢(!) as

Opl) = —47“’45(0) O(€?). (A10)
Solving this in general is difficult, but we only need to
understand the asymptotic behavior far away of ¢(!) and its
behavior at origin (location of the particle). This is because
the asymptotic behavior dictates the form of the wave as
measured by a distant observer who can then measure the
degree of absorption from that, and the value at origin
perturbs the strength of the induced monopole moment
through the ansatz.
The general solution can be written as

0)(+_ |7 _ g 0
Py o (e e S
2 |[F—r"]

r\r—

1+ |7 =77
=7

(A1)

where we are using the time-symmetric propagator for
consistency (as the irregular part of the leading-order
solution contains both incoming and outgoing modes)
and convenience. We can now derive its asymptotic
behavior as
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/

limeg(!) :26—“’ &7
.

r—0o0 r

[e] 1 . )

o in2
= exp(—iwt) cos(wr) <7z€Cirr + 4€iCreg/ dp i (p))’
0

wr

where the second integral next to C,,, which comes from
the scattering of the homogenous solution off the static
gravitational field of the particle is divergent but also does
not contribute to absorption due to the i in front of it. Thus,
we can ignore it. The remaining part has the familiar ze
factor in front of it. Thus dropping the irrelevant part, we
can write the total field asymptotically as

limg = lim[p© + eppV)]
sin(wr)

cos\wr
= CregT+Cin(l +€7[) ( )

(A15)

wr

Now, before deriving the degree of absorption, we need to
find the relation between C., and Cj, through the induced
monopole moment. The strength of the induced monopole
moment depends on the value of the field at origin, and thus
we also need to understand how the value of the field at
origin is affected due to gravitational interaction. We will
only use the regular part of the wave for computing the
value of the field at origin since it is the input which induces
the moment. Also, we are only interested in linear tidal
effects in this work.
At origin, we have

ew [qbﬁS;(r— PP i+, ?/)}
2n *

12%645(1) == [ &7 (r/)z (r/)z

(A16)

= 4eexp(—iwt) [Creg /oo dp w}

0 p

(A17)
= exp(—iwt)meCpep. (A18)
Thus, we have for the total regular part of the field
1ir%¢£2g> = (1 + en)Crgexp(—iwr),  (A19)

which as claimed in the main text brings in another factor of
ex. We can now compute the induced monopole moment as

O(f—parp. 7
s er ),

alt troh 7/)] (A12)
; (A13)
(A14)

p

my(t) ==K ,GMexp(—iwt)(1+€r)iCreg » v, (=1)"e* 1.
n=0

(A20)

Finally, we can now use the leading-order wave equation to
solve for the relation between the regular and irregular
coefficients as

4 K
0 =22 50)(7)Cy = Ly (053 (7F), (A1)
0] K¢
K @
= Cirr K, mg( )47[
_ _(1 + €7Z)&1C 6‘2 iy (_1)n€2n (A22)
4 "B pr ! ,

which we can now substitute in Eq. (A15) to get

. sin(wr cos(wr Ko .
X Z v,(=1)"e* (A23)
n=0
_ sin(wr) Croa + cos(wr) cer (A24)
or r

Note the factor of (1 + ex)? = [1 + 2ex + O(e?)] modi-
fying the effective values of the irregular part (Cieg) of the
wave far away from the source. This in turn modifies the
coefficients next to the incoming and outgoing parts of
the wave as well, changing the degree of absorption and
the scattering phase. The degree of absorption can now be

obtained as

eff : eff

1_‘ Cout| 1_‘ Creg + ICY
eff |~ - ~eff

Ci Creg — iCiy

1+ (1+2em)Kpe Y% v, (ie)*"
1= (1 =2en)Kpe® S 2 v, (ie)* |
(A25)
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eff
where Cf Jout

outgoing parts of the complete solution at asymptotic
infinity. We have also defined K o = Ky/(4r). Note that
in the absence of tail corrections, there are no odd powers
of ¢ in the degree of absorption for a spinless BH. Now,
expanding this in €, we get

are the coefficients next to the incoming/

= —2Ke?(1 + 2en) + O(e*). (A26)

where we have truncated our expression to next-to-leading
order since we only included leading-order tail effects in
this analysis. Here, we see explicitly that the leading-order
tail effect, arising from the scattering of the wave off
the static gravitational field of the particle modifies the

leading-order degree of absorption by a factor of (1 + 2ex).
Crucially, this introduces odd powers of € as well which
the effective theory cannot otherwise reproduce. We have
checked it against the same result obtained in the real
theory by solving the Klein-Gordon equation in the vicinity
of a real BH with incoming boundary conditions at the
horizon and obtained

8e?(1 + 2me) + O(e*) (A27)
as the degree of absorption for the monopole mode of a
scalar wave. Note that this has a form identical to that
obtained from the effective theory when leading-order tail

effects are included, thus proving our claim in the main text
for the special case of monopolar scalar-field scattering.
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