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The mass and spin of black holes (BHs) in binary systems may change due to the infall of gravitational-
wave (GW) energy down the horizons. For spinning BHs, this effect enters at 2.5 post-Newtonian (PN)
order relative to the leading-order energy flux at infinity. There is currently a discrepancy in the literature in
the expressions of these horizon fluxes in the test-body limit at 4PN order (relative 1.5PN order). Here, we
model the horizon absorption as tidal heating in an effective worldline theory of a spinning particle
equipped with tidally induced quadrupole and octupole moments. We match the tidal response to analytic
solutions of the Teukolsky equation in a scattering scenario and obtain general formulas for the evolution of
mass and spin. We then specialize to the case of aligned-spin–quasicircular binaries, obtaining the
corresponding contributions to the GW phasing through 4PN order. Importantly, we find that the number of
GW cycles due to horizon fluxes with masses observed by LIGO-Virgo-KAGRA detectors is about 2–3
orders of magnitude smaller than the other contributions to the phasing at the same PN order. Furthermore,
in the test-body limit, we find full agreement with results obtained earlier from BH perturbation theory,
with a small mass in an equatorial circular orbit treated as a source perturbing the Kerr metric. Thus, we
weigh in on one side of the previous discrepancy.
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I. INTRODUCTION AND SUMMARY

With 90 gravitational-wave (GW) events [1] from
compact-binary coalescences observed by the LIGO-Virgo
detectors [2,3], GW astronomy has become an important
instrument to explore our universe. While the worldwide
network of detectors has recently included the KAGRA
detector [4], and will continue to improve in sensitivity in the
future [5–9], the accuracy of waveformmodels needs to keep
in step with the increasing sensitivity in order to avoid
systematic errors in parameter estimation [10]. Predictions
for GWs from the late stage of a binary inspiral and merger
require full numerical solutions of the strong-field dynamics.
Here we focus instead on the early inspiral, applying the
post-Newtonian (PN, weak-field, and slow motion) approxi-
mation and calculate horizon-absorption effects on the GW
phase from black hole (BH) binaries up to 4PN order.
The presence of the horizon leads to some interesting

effects in BH binaries. In particular, GW energy can fall
into (or out of, in the case of superradiance) the horizon,
leading to a change in mass and magnitude of spin angular

momentum1 of the BHs in a binary. The change in these
parameters is consistent with the second law of BH
dynamics and always leads to an increase (or no change)
in the area of the horizon [11]. A change in mass and spin
can also happen for other compact bodies such as neutron
stars through tidal heating (see, e.g., Refs. [12,13]). Future
GW detectors may be sensitive to these dissipative effects,
which can then provide a probe for the nature of BHs (e.g.,
the presence of a horizon) [14–17]. Horizon-absorption
effects have been included in some effective-one-body
(EOB) waveform models [18–20] used for LIGO-Virgo-
Kagra (LVK) data analysis [21].
For spinning BHs, the leading-order flux into the horizon

starts at 2.5PN with respect to the leading quadrupolar flux
(of the binary) to infinity [22–28]. Through the flux-phase
relation, this means that the GW phase is also affected
at 2.5PN order (see, e.g., Refs. [29,30]). For nonspinning
BHs, the same effect starts at 4PN [22,25]. In the test-body
limit, when there is a tiny BH orbiting a much larger
spinning BH, one can solve for the horizon energy flux of
the large BH via BH perturbation-theory (BHPT), which
consists in this case of solving the Teukolsky equation with
incoming boundary conditions at the horizon, and outgoing*msaketh@umd.edu
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1We will refer to the magnitude of spin angular momentum
simply as “spin” in the rest of this work.
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boundary conditions at infinity, as was done, e.g., in
Ref. [22]. However, it is nontrivial to extend this calculation
to generic mass ratios. This was accomplished at leading
2.5PN order in Ref. [31], for the case of aligned-spin
circular orbits via arguments relating the spin-aligned–
quasicircular inspiral to the case when two spinning BHs
are held at rest with respect to each other. The result was
extended further to 1.5PN orders (to absolute 4PN order) in
Refs. [23,32] where BHPTwas used along with a matching
between the near zone and the orbital zone for BHs in a
binary to derive the energy and angular-momentum fluxes
across their horizons for generic mass ratios. However, for
spinning BHs, the result was inconsistent with that obtained
in the test-body limit in Ref. [22]. This discrepancy is yet to
be settled in the literature and thus the correct expression
for mass and angular-momentum evolution for generic
mass ratios at 4PN is yet to be clarified. Settling this
discrepancy is crucial to derive the correct horizon-flux
contribution to the waveform phase at 4PN order, and it is
one of the goals of this paper.
The problem of computing the horizon fluxes for

spinning BHs was tackled recently in an effective field
theory (EFT) framework in Ref. [24] (see also, e.g.,
Refs. [33–38] for previous work in that direction and
Refs. [39–44] for the EFT formalism including spin and
tidal effects), where the BH was treated as a point particle
with tidally induced quadrupole moments. Then in an
“in-in” formalism, a parametrized expression for the
absorption cross section for a graviton being absorbed
by the effective particle was computed, whose parameters
were fixed by a matching calculation against the classical
absorption cross section for gravitational plane waves by a
spinning BH (from Ref. [45]). This in turn fixes the
correlation function for the quadrupole moment, which
was subsequently used to derive the dissipative part of
Green’s function relating the tidal fields to the quadrupole
moments. Once the tidal response was fixed in this way, the
EFT was applied to compute the evolution equation for
mass and spin by suitably defining them in the worldline
theory from the effective action. This calculation was
carried out at leading (2.5PN) order and the result was
consistent with earlier works in Refs. [25–28].
In this work, we similarly develop an effective worldline

framework to model the dissipative dynamics of spinning
BHs, but extend it by 1.5PN orders. We follow Ref. [24] in
treating the spinning BH as a point particle with tidally
induced moments, but work in a purely classical frame-
work. We identify and fix the dissipative part of the tidal
response by comparing results from the scattering of GWs
off the particle/BH between the effective and real theories
(see also, e.g., Refs. [46–49] for other works involving
comparison of such a scattering process between real and
effective theories). We then derive expressions for the
evolution of mass and spin up to 1.5PN order (relative
to the leading order). We find that the resulting expressions

are consistent with earlier results obtained in the test-body
limit in Ref. [22], thus weighing in on one side of the
discrepancy discussed above. We then derive the 4PN
contribution to the waveform phase due to the horizon
fluxes, while consistently including the effects due to the
changing parameters (mass and spin) of the members of the
binary (extending an earlier 3.5PN result [30]).
To accomplish this, we write down in Sec. II an

effective worldline action for a spinning particle with
(gravito-electric and -magnetic) quadrupole and octupole
moments, coupled accordingly to quadrupolar and octu-
polar (gravito-electric and -magnetic) tidal fields in the
action. We then motivate ansätze relating the tidal fields
linearly to the multipole moments. In the absence of spin,
spherical symmetry and parity symmetry imply that a
given tidal field only induces the corresponding multipole
moment (e.g., the electric-type quadrupole Qμν

E is induced
only by the electric-type tidal field Eμν). However, in the
presence of spin, it is possible for octupolar tidal fields to
induce quadrupolar tidal fields and vice versa, while still
preserving parity. This is an important property of the
ansätze and turns out to be crucial for correctly modeling
the dissipative dynamics of spinning BHs. In particular,
the Teukolsky equation which governs the curvature
perturbations in a Kerr background is separable in
spheroidal harmonics with spin weight −2. This feature
can be modeled in the effective theory only by including
the interaction between quadrupole (octupole) fields and
octupole (quadrupole) moments.
Once we motivate general ansätze for the multipole

moments, we further specialize them by using the fact that
the response tensors (relating the tidal fields to the multipole
moments) can only have a nontrivial tensor structure due to
the spin of the particle, which allows us to decompose them
into a set of basis tensors with undetermined coefficients to
be fixed. For this purpose, in Sec. III, we place the effective
particle at the origin and scatter GWs off of it, and then use
the Einstein equation and the ansätze to solve for the
scattered wave and then subsequently to compute the degree
of absorption for the spheroidal l ¼ 2, 3 modes of the wave
to Oðϵ7Þ, where ϵ ¼ GMω with M being the BH mass
and ω the GW angular frequency. Comparing the degree of
absorption obtained by solving the scattering problem in
the effective theory with that obtained by solving the
same problem in the actual setup of GWs scattering off a
spinning BH, using BHPT as governed by the Teukolsky
equation [50], finally fixes the response coefficients that
contribute to dissipation. The response coefficients are
notably nonpolynomial in the BH spin.
Once the (dissipative part of the) tidal response is fixed,

we proceed to compute expressions for the evolution of
mass and spin in the effective theory in Sec. IV. We first
derive general evolution equations for mass m, and spin J,
in terms of the tidal fields and multipole moments from the
equations of motion obtained from the action, and then
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derive the explicit expressions for the special case parallel-
spin–quasicircular2 binaries to relative 1.5PN order. We
show its consistency (or lack thereof) with earlier results
and then proceed to compute the effect on the waveform
phase up to 4PN with respect to the leading-order quad-
rupolar flux of the system to infinity in Sec. V. With that,
we conclude our work in this paper in Sec. VI.
We work with the (−;þ;þ;þ) metric signature con-

vention. We use greek symbols μ, ν, …, for spacetime
indices ranging over f0; 1; 2; 3g with 0 being used for the
time-component, and latin symbols i, j, …, for spatial
indices ranging over f1; 2; 3g. We use ϵ0123 ¼ ϵ123 ¼ 1 as
the convention for Levi-Civita tensor(s). We also use the
multi-index notation where μL ¼ μ1μ2 � � � μl for conven-
iently representing a string of indices where useful and use
the notation hμ1μ2 � � �i to represent symmetrization and
trace removal of a tensor over the contained indices. We set
the speed of light c ¼ 1 in the work. However, we keep the
dependence on the Newton constant G explicit for most of
the work, and we mention explicitly when setting G ¼ 1 as
well to facilitate comparison with earlier works.

II. SETUP IN EFFECTIVE WORLDLINE THEORY

In this section, we discuss the effective worldline theory
for the point particle used to model the spinning compact
object. We first briefly outline the particle’s multipole
structure and how it can be used to model absorption.
We then proceed to set up an effective action for the particle
including the multipole moments, and then we write down
general ansätze with undetermined coefficients for the
multipole moments as a linear function of the tidal fields
consistent with axisymmetry and parity symmetry.
We model the horizon flux of the spinning BH in

effective worldline theory as tidal heating of a composite
particle with several tidally induced multipole moments,
whose degrees of freedom are contained in symmetric
trace-free (STF) tensorsQμL

E;n, Q
μL
B;n, l ≥ 2, n ≥ 0, satisfying

QμLuμi ¼ 0, 1 ≤ i ≤ l. In the effective action, we choose
the multipole moments to couple with the tidal fields

EμL ¼ ∇hμL−2Rμl−1jαjμliβu
αuβ;

BμL ¼ 1

2
∇hμL−2ϵjγjμl−1

αβRjαβjμliδu
γuδ; l ≥ 2; ð2:1Þ

where uμ is the four-velocity and we are using the notation
hμLi to denote symmetrization and trace-removal. In the
effective action, we choose the electric “E” (magnetic “B”)
multipole moments to couple with electric (magnetic) tidal
fields in accordance with the number of indices and parity
as Stidal ¼ ð1=2ÞP∞

l¼2

P
n½QμL

E;nEμL þ ðE ↔ BÞ�. We will

only need to consider their coupling and induction by
quadrupolar (l ¼ 2) and octupolar (l ¼ 3) tidal fields to the
PN order relevant in this work. In addition, the various
multipole moments are dynamical and are coupled to each
other via an internal action Sint such that the energy tidally
pumped into these modes may progressively escape into
higher order/smaller length-scale multipoles effectively
leading to dissipation. If there is a sufficiently large number
of degrees of freedom, and if they are appropriately
coupled, the recurrence time becomes essentially infinite
and the system becomes effectively irreversible. We will
not, however, explicitly model the process of dissipation
and only use that as a justification to write down ansätze
for the multipole moments in terms of the tidal fields that
allow for dissipation. Note that at the end of the day, we
only intend to mimic the BH’s horizon absorption (as tidal
heating) and acquire an effective model that may be used
to study the associated dynamics. Whether there is any
physical relation to the real microscopic degrees of freedom
of a BH and this model is unknown and not directly
relevant to this work. Our approach of incorporating tidal
moments in the action is slightly different at a superficial
level from the prescription used in Ref. [24] where instead a
single quadrupole moment was used but allowed to be a
function of several unknown microscopic degrees of free-
dom denoted by X. Practically however, there is not much
of a difference.
In the absence of spin, an unperturbed BH is spherically

symmetric, and the linear tides can only be induced by the
fields to which they directly couple in the action, e.g., as3

X∞
n¼0

QμL
E;n ¼ M

X∞
m¼0

λlE;mðGMÞ2þlþm Dm

Dτm
EμL ;

and similarly for ðE ↔ BÞ; ð2:2Þ

where parity symmetry4 prevents the magnetic (electric)
tidal field for the same l from inducing the electric
(magnetic) multipole moment and spherical symmetry
means there is no special tensor with which to contract
the higher multipolar order tidal fields (or multiply the
lower multipolar order ones) to contribute to the ansatz forP

n Q
μL
EðBÞ;n. Spherical symmetry is also the reason there is

no mixing of indices in the response tensor. We can also

2In this work, by parallel-spin–quasicircular binaries, we
always mean BHs in a binary with their spin vectors parallel
to each other and to the orbital angular momentum.

3We will only ever need an ansatz for the sum of all multipole
moments for a given l and parity (E=B) for computing the
evolution equations for physical quantities such as total spin
angular momentum or total linear momentum. We, however,
allow for the presence of multiple multipole moments with the
same l and parity labels E=B for generality.

4In general, EμL (or BμL ) transforms under parity as ð−1Þl or
½ð−1Þðlþ1Þ�. The multipole moments with which they explicitly
couple in the action cannot be induced by tidal fields with a
different transformation under parity if the particle is to be parity-
preserving.
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identify from Eq. (2.2) which response coefficients are
conservative and which are dissipative simply by looking at
the transformation under time-reversal. The coefficients
next to odd powers of time derivatives are dissipative and
the ones next to even powers are conservative. This is less
trivial for a spinning particle which allows for mixing of
multipolar orders with the help of the spin tensor and Pauli-
Lubanski spin vector.
However, a spinning BH can have induction between

different multipolar orders (different l), since the spin-
tensor Sμν defined in Eq. (2.6), or Pauli-Lubanski spin
vector sμ ¼ −½1=ð2mÞ�ϵμνρσpνSρσ, can appear in above
relations (2.2). We still need to keep parity considerations
in mind as spinning BHs obey parity symmetry. Crucially,
for our purposes, we need to include the induction of
octupole moments by quadrupolar fields and vice versa to
capture the tidal heating of the spinning BHs at relative
1.5PN order. We will write down a general ansatz for
multipole moments in the spinning case in Sec. II B. But
first, we will write down in Sec. II A an effective action for
a particle with spin and aforementioned multipole moments
and derive the equations of motion for spin and four-
momentum, and the effective stress-energy tensor, follow-
ing closely the prescription in Ref. [51] but with suitable
modifications to allow for the presence of tidally induced
moments. We will then write down general parametrized
ansätze for the multipole moments in terms of the tidal
fields constrained by the symmetries of the particle
(axisymmetry and parity invariance), which is somewhat
similar to the approach used in Ref. [24] to fix the form of
the correlation function of the quadrupole moments.

A. Action and equations of motion for momentum
and spin angular momentum

To get the equations of motion, we will follow a direct
extension of the simple procedure given in Ref. [51] for
deriving the equations of motion from an implicit action,
while including the aforementioned tidal moments. We
include the spinning degrees of freedom by attaching to

the particle a body-fixed tetrad ϵAμ satisfying orthonormality
and completeness. The angular velocity of the particle is then
measured with the quantity Ωμν ¼ ϵA

μ DϵAν

Dτ . It is sufficient in
this work just to include the spin at leading order and ignore
spin-induced multipole moments. The worldline of the
particle is denoted by zμðτÞ, where τ is the proper time.
We can then write down the action implicitly as

S ¼
Z

dτLðuμ;Ωμν; gμν; Q
μL
E;n; Q

μL
B;n; _Q

μL
E;n; _Q

μL
B;n;

Rμνρσ;∇λRμνρσÞ; ð2:3Þ

where uμ ¼ dzμ=dτ and we are using the notation
_a ¼ Da=Dτ. Additionally, we have assumed that only the
first time derivative of each individual multipole moment
needs to be included in the action. We have also restricted
ourselves to including just the quadrupolar (l ¼ 2) and
octupolar (l ¼ 3) tidal fields in the action explicitly as
mentioned before. The coupling of tidal fields with higher
order multipole moments is irrelevant to the PN order of
interest in this work as we will see later. We do, however,
keep all the higher multipolar order moments since tidal
heating requires the presence of several additional degrees
of freedom into which the system may pump energy.
Additionally, as mentioned before, we choose the multipole
moments to couple directly with the corresponding tidal
fields (in accordancewith number of indices and parity label)
by imposing

∂L
∂EμL

¼1

2

X
n

QμL
E;n;

∂L
∂BμL

¼1

2

X
n

QμL
B;n; l¼2;3; ð2:4Þ

which is equivalent to having in the action a linear
combination of the form Stidal ¼

P
3
l¼2

P
n

R
dτ 1

2
EμLQ

μL
E;n þ

ðE ↔ BÞ in the total action. We can derive the equations
of motion for momentum and spin angular momentum
directly from this implicit action. First, we consider a general
variation

δL ¼ pμδuμ þ
1

2
SrotμνδΩμν þ ∂L

∂gμν
δgμν −

1

6
JμνρσδRμνρσ −

1

12
Jλμνρσδ∇λRμνρσ

þ
X∞
l¼2

X∞
n¼0

�
∂L

∂QμL
E;n

δQμL
E;n þ

∂L

∂ _QμL
E;n

δ _QμL
E;n þ

∂L
∂QμL

B;n
δQμL

B;n þ
∂L

∂ _QμL
B;n

δ _QμL
B;n

�
; ð2:5Þ

where we have defined

pμ ¼ ð∂L=∂uμÞjΩμν ; Srotμν ¼
1

2
ð∂L=∂ΩμνÞ; ð2:6Þ

Jμνρσ ¼ −6
∂L

∂Rμνρσ
¼ −3

X∞
n¼0

u½μQν�½ρ
E;n u

σ� þ 3

2

X∞
n¼0

Qαhρ
B;nϵβα

μνujβjuσiR ; ð2:7Þ
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Jλμνρσ ¼ −12
∂L

∂∇λRμνρσ

¼ −6
X∞
n¼0

uhμQνρλ
E;nu

σi∇R þ 3
X∞
n¼0

Qαhρλ
B;n ϵβα

μνujβjuσi∇R ;

ð2:8Þ

where the expressions for the J’s follow trivially from
Eq. (2.4) and we are using habcdiR (habcdi∇R) to represent
the symmetrization of indices according to the symmetries
of the Riemann tensor (covariant derivative of the Riemann
tensor), respectively. Now, if we consider a variation of the
form xμ → xμ þ ξμ corresponding to an infinitesimal change
of coordinates, we obtain the constraint

2
∂L
∂gμν

¼pμuνþSμρrotΩν
ρþ

2

3
Rμ

λρσJνλρσ

þ1

3
Jλντρσ∇λRμ

τρσþ
1

12
Jνλτρσ∇μRλτρσ

þ
X∞
l¼2

l
2

X∞
n¼0

½MμμL−1
E;n QE;n ν

μL−1 þPμμL−1
E;n

_QE;n ν
μL−1 þðE↔BÞ�;

ð2:9Þ

where we have defined MμL
EðBÞ;n ¼ ð∂L=∂ _QEðBÞ;n

μL Þ and

PμL
EðBÞ;n ¼ ð∂L=∂QEðBÞ;n

μL Þ. Note that the equations of

motion for the multipole moments obtained upon variation
of the action with respect to them ð∂L=∂QμL

EðBÞ;nÞ −
ðD=DτÞð∂L=∂ _QμL

EðBÞ;nÞ ¼ 0 imply that MμL
EðBÞ;n ¼ _PμL

EðBÞ;n
on the actual worldline. Equation (2.9) is a useful identity
to eliminate the partial derivative with respect to the
metric later in the equations of motion for momentum
and spin angular momentum. First, we obtain the equation
for spin angular momentum easily by variation of the action
with respect to the tetrad variables ϵAμ. We get the simple
equation

δS ¼
Z

dτ
∂L
∂Ωμν δΩ

μν ¼ 0 ⇒
DSμνrot
Dτ

¼ 2Ω½μ
ρS

ν�ρ
rot ; ð2:10Þ

where we can eliminate the right-hand side (RHS) using
Eq. (2.9) by taking its antisymmetric part [which leads to
(∂L=∂gμν) vanishing], and we get

DSμνrot
Dτ

¼ 2p½μuν� þ 4

3
R½μ

λρσJλν�τρσ

þ 2

3
∇λR½μ

τρσJλν�τρσ þ
1

6
∇½μRλτρσJν�λτρσ

þ
X∞
l¼2

X∞
n¼0

l
D
Dτ

½P½μ
E;nμL−1

Qν�μL−1
E;n þ ðE ↔ BÞ�;

ð2:11Þ

where we have used MμL
EðBÞ;n ¼ _PμL

EðBÞ;n, valid on the world-

line. We can now redefine the spin angular momentum

as Sμν ¼ Sμνrot −
P∞

l¼2

P∞
n¼0 l½P½μ

E;nμL−1Q
ν�μL−1
E;n þ ðE ↔ BÞ�,

to get

DSμν

Dτ
¼ 2p½μuν� þ 4

3
R½μ

λρσJλν�τρσ

þ 2

3
∇λR½μ

τρσJλν�τρσ þ
1

6
∇½μRλτρσJν�λτρσ: ð2:12Þ

This is the appropriate definition of total spin angular
momentum of the body as reinforced by the fact that this
also shows up in the stress energy tensor [see Eq. (2.14)] in
the expected manner. To solve the equations of motion, we
also need to impose a “spin supplementary condition” (SSC)
to ensure that it is a spatial tensor with the right number
of degrees of freedom. Here, we impose the “covariant”
or Tulczyjew-Dixon SSC at the level of the equations of
motion upon the total physical spin angular momentum
as Sμνpμ ¼ 0.
The equation of motion for momentum can be obtained

by variation of the action with respect to the worldline
zμðτÞ, which can be done following the covariant approach
as shown in Ref. [51] to get

Dpμ

Dτ
¼ −

1

2
RμνρσuνSρσ −

1

6
Jλνρσ∇μRλνρσ

−
1

12
Jτλνρσ∇μ∇τRλνρσ: ð2:13Þ

Note that only the sum of multipole moments
P

n Q
μl
E;n,

appear in the expressions for the time derivatives of
momentum and spin angular momentum.
Finally, the stress energy tensor of the particle can be

derived by varying the effective action with respect to the
metric gμν as Tμν ¼ 1ffiffiffiffi−gp δS

δgμν
, where all dependency of the

action on gμν needs to be taken into account during
the variation. This variation was performed in Ref. [51]
to obtain

Tμν ¼ Tμν
pole−dipole þ Tμν

quadrupole þ Tμν
octupole; ð2:14Þ

Tμν
pole−dipole ¼

Z
dτpðμuνÞ

δð4Þðx − zÞffiffiffiffiffiffi−gp

−∇ρ

Z
dτSρðμuνÞ

δð4Þðx − zÞffiffiffiffiffiffi−gp ; ð2:15Þ

Tμν
quadrupole ¼

Z
dτ

1

3
Rðμ

λρσJνÞλρσ
δð4Þðx − zÞffiffiffiffiffiffi−gp

−∇ρ∇σ

Z
dτ

2

3
JρðμνÞσ

δð4Þðx − zÞffiffiffiffiffiffi−gp ; ð2:16Þ
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Tμν
octupole ¼

Z
dτ

�
1

6
∇λRðμ

ξρσJλνÞξρσ þ
1

12
∇ðμRξτρσJνÞξτρσ

�
δð4Þðx − zÞffiffiffiffiffiffi−gp ð2:17Þ

þ∇ρ

Z
dτ

�
−
1

6
Rðμ

ξλσJjρjνÞξλσ −
1

3
Rðμ

ξλσJνÞρξλσ þ
1

3
Rρ

ξλσJðμνÞξλσ
�
δð4Þðx − zÞffiffiffiffiffiffi−gp ð2:18Þ

þ∇λ∇ρ∇σ

Z
dτ

1

3
JσρðμνÞλ

δð4Þðx − zÞffiffiffiffiffiffi−gp ; ð2:19Þ

which holds true even in the presence of inducible multi-
pole moments when the contribution of the multipole
moments is included in the definitions of the momentum
and spin angular momentum. Since we are only interested
in linear tides, we can drop all nonlinear (in curvature or
metric perturbation) contributions in the quadrupolar and
octupolar stress energy tensor to get a simpler truncated
stress energy tensor as

Tμν ¼
Z

dτpðμuνÞδð4Þðx − zÞ −∇ρ

Z
dτSρðμuνÞδð4Þðx − zÞ

−∇ρ∇σ

Z
dτ

2

3
JρðμνÞσδð4Þðx − zÞ

þ∇λ∇ρ∇σ

Z
dτ

1

3
JσρðμνÞλδð4Þðx − zÞ: ð2:20Þ

This truncated stress energy tensor will be important later
to solve the problem of GWs scattering off the effective
particle.
To proceed further, we need to relate the tidal fields to the

multipole moments. We will now motivate and write down
general ansätze for the multipole moments.

B. Ansätze for multipole moments

Going forward, we define the sum of all multipole
moments for a given l and parity (electric or magnetic)
as individual moments for convenience as QμL

E ¼ P
n Q

μL
E;n.

Now, as mentioned earlier, when the particle obeys spheri-
cal symmetry, only the tidal fields to which the multipole
moment explicitly couples in the action can affect it, and we
have Eq. (2.2). However, in the presence of spin, it is
possible to have more fields in the formula for multipole
moments. Since we intend to model the spinning BH,
which breaks spherical symmetry but still respects parity,
we can only have tidal fields with the same transformation
under parity as the moment in the RHS. The transformation
under reflection is ð−1Þl for E fields and ð−1Þlþ1 for B
fields. Furthermore, we restrict our attention to quadrupolar
and octupolar tidal fields as the higher multipolar order
tidal fields are not relevant to the order of interest in this
work. Thus, we can write a general ansatz as

Qμν
E ¼M

X∞
m

ðGMÞ4þmλμνE;mρσ

Dm

Dτm
Eρσ

þM
X∞
m

ðGMÞ5þmζμνB;mρσγ

Dm

Dτm
Bρσγ; ðE ↔ BÞ;

Qμνρ
B ¼M

X∞
m

ðGMÞ5þmημνρE;mσγ

Dm

Dτm
Eσγ

þM
X∞
m

ðGMÞ6þmΛμνρ
B;mασδ

Dm

Dτm
Bασδ; ðE ↔ BÞ;

ð2:21Þ

where we have rendered the response tensors dimensionless
by removing factors of GM. The response tensors can
only have a nontrivial structure due to the spin of the
particle. Additionally, they must be orthogonal to uμ and be
traceless in the upper and lower sets of indices separately.
One can thus generally decompose the response tensors
as a linear combination of building-block tensors made
up of the spin tensor Sμν, Pauli-Lubanski spin vector
sμ ≈ −ð1=2ÞϵμνρσuνSρσ ,5 and the orthogonal (to four-
velocity uμ) projection operator Pμ

ν ¼ δμν þ uμuν. While
infinitely many such combinations may be written, only a
handful of them are linearly independent, and we can
generally decompose the response tensors λ, ζ, η as (see,
e.g., Ref. [24] where the correlation function for the
quadrupole moment was fixed)

λμνE;nρσ ¼ f0E;nP
hμ
hρP

νi
σi þ f1E;nŜ

hμ
hρP

νi
σi þ f2E;nŝ

hμŝhρδ
νi
σi

þ f3E;nŝ
hμŝhρŜ

νi
σi þ f4E;nŝ

hμŝhρŝνiŝσi; ðE ↔ BÞ;
ζμνB;nρσγ ¼ λμνE;nhρσ ŝγiðfE;n → gB;nÞ;
ημνρE;n ρσ

¼ ŝhρλμνiE;nρσ
ðfE;n → hE;nÞ; ðE ↔ BÞ; ð2:22Þ

where the sets of coefficients f, g, h can now only
depend on the spin parameter χ ¼ J=ðGM2Þ, where

5The Pauli Lubanski spin vector is actually defined as
sμ ¼ −½1=ð2mÞ�ϵμνρσpνSρσ . However, as pμ ¼ muμ þOðRÞ,
we can neglect the curvature-dependent corrections when sub-
stituting in the linear tidal response.
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J ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1=2ÞSμνSμν
p

is the magnitude of spin angular
momentum. Also, we have defined Ŝμν and ŝμ as the
normalized versions of the spin-tensor (ŜμνŜμν ¼ 2) and
spin-vector (ŝμŝμ ¼ 1) so they are dimensionless and
independent of any parameter. Adding any other tensor
made up of the same ingredients will be linearly dependent
on the remaining pieces, which follows simply from
the relations Ŝμνŝν ¼ 0, ŜμρŜ

ν
σ ¼−Pμ

σPν
ρþPμνPρσ −

Pρσ ŝμŝνþPμ
σ ŝνŝρþPν

ρŝμŝσ−Pμνŝρŝσ, and thus no more
free coefficients can be introduced. We have transferred all
freedom in choosing the response to the associated sets of
χ-dependent parameters f, g, and h. We can similarly
decompose the tensor Λμνρ

ασδ, but it turns out to be irrelevant
to the order of interest in this work, so we just drop its
contribution from now on. We can drop most of the time
derivatives of the tidal fields in the ansätze for the same
reason and work with simplified truncated ansätze by
including terms only up to ðGMÞ5,

Qμν
E ¼ ðGMÞ4λμνE;0ρσEρσ þ ðGMÞ5λμνE;1ρσ

D
Dτ

Eρσ

þ ðGMÞ5νμνB;0hρσ ŝγiBρσγ; ðE ↔ BÞ;
Qμνρ

B ¼ ðGMÞ5ŝhρξμνiE;0αβE
αβ; ðE ↔ BÞ; ð2:23Þ

where we have defined νμνB;0ρσ ¼ λμνBðEÞ;0ρσðfEðBÞ;0 → gBðEÞ;0Þ
and ξμνE;0ρσ ¼ λμνE;0ρσðfEðBÞ;0 → hE;0Þ. The 40 coefficients,

fiEðBÞ;0, fiEðBÞ;1, giBðEÞ;0, hEðBÞ;0 characterize the tidal

response of the particle. Some contribute to dissipative
effects, whereas others contribute only to conservative
effects. Unlike for the spinless case, it is not obvious here
which ones contribute to dissipation and which ones do not,
due to coupling between different multipolar orders. At
leading order, focusing only on the quadrupolar tidal field
inducing the quadrupolar multipole moment, it can be
shown (see Ref. [24]) that the part of the tensor λμνρσE;0 that is
antisymmetric under μν ↔ ρσ contributes to dissipation.
This criterion is flipped for λμνE;1ρσ as it is next to an odd
power of a time derivative. This includes the coefficients
f1EðBÞ;0, f

3
EðBÞ;0, f

0
EðBÞ;1, f

2
EðBÞ;1, f

4
EðBÞ;1. It is less trivial for

the coefficients entering tensors that mix the different
multipolar orders. We will see in Sec. III D which
coefficients are conservative and which are dissipative
among these. We accomplish this by scattering GWs off
the effective particle and computing the degree of
absorption for the l ¼ 2 spheroidal modes and comparing
with the analogous result obtained by solving the
Teukolsky equation. This comparison, along with
demanding that the different spheroidal modes of the
Newman-Penrose scalar ψ4 scatter independently in the
effective theory will help identify which coefficients lead
to dissipation and which lead only to conservative effects.

Additionally, we will also be able to fix the coefficients
that contribute to dissipative effects through comparison
with results from BHPT.

III. FIXING THE UNKNOWN PARAMETERS IN
ANSÄTZE FOR THE MULTIPOLE MOMENTS

To fix the dissipative part of the response, we now scatter
GWs off the effective particle with mass M and compute a
suitable quantity indicating the degree of absorption. We
can then fix the free parameters by comparison with the
analogous quantity for actual spinning BHs, obtained by
solving the Teukolsky equation. We will only consider the
effect of the linearly induced tidal moments in the scatter-
ing of the wave in what follows, since the other contribu-
tions to the scattered wave are expected to be purely
conservative or irrelevant (up to the order of interest).
However, in this way we also neglect the leading-order
effect of nonlinearities due to the wave scattering off
the stationary gravitational background, leading to certain
subtleties when matching with the result from the
Teukolsky equation which we will have to address.

A. The GW environment

Let the unperturbed particle be at the origin at rest, uμ ¼
ð1; 0; 0; 0Þ and zμ ¼ ðτ ¼ t; 0; 0; 0Þ, where τ is the proper
time of the particle which is identical to the background
time t when undisturbed. We add to the particle’s back-
ground a general GW perturbation hμν ¼ ffiffiffiffiffiffi−gp

gμν − ημν.
We choose the perturbation to be in the harmonic and
transverse-traceless (TT) gauge, satisfying ∂μhμν ¼ 0,
hμνuν ¼ 0, hμνημν ¼ 0. At zeroth order (in G), when the
interactions of the metric perturbation with the stationary
gravitational field of the particle are neglected, it just
satisfies the flat spacetime wave equation ημν∂μ∂νhαβ ¼ 0

(except at origin where the particle is present). Then, we
can write the general tensor wave solution in the rest frame
of the particle (defined by uμ) at leading order as

hij ¼
X∞
l¼2

1

ωl−2

�
CKl
E;inΠ

kl−1kl
ij ∂̂Kl−2

þ 1

ω
CKl
B;inΠ

klm
ij ϵkl−1mn∂̂Kl−2n

�
ψ in þ ðin → outÞ; ð3:1Þ

where ω is the frequency of the wave in the rest frame of
the particle and Πij

kl ¼ ð1=2ÞðPi
kPj

l þ Pj
kPi

l − PijPklÞ,
with Pij ¼ δij þ ∂

i
∂
j=ω2, is a differential projection oper-

ator which ensures that the harmonic and TT gauge
conditions are satisfied. ψ in ¼ exp½−iωðtþ rÞ�=ðωrÞ and
ψout ¼ exp½−iωðt − rÞ�=ðωrÞ are the incoming and out-
going wave solutions for the l ¼ 0 mode of a scalar wave,
respectively. CKl

E=B;in=out are dimensionless STF tensors
characterizing the amplitudes of each l mode. E and B
label the coefficients tuning the electric and magnetic
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polarizations, respectively.6 The different l modes and
polarizations (E, B) do not mix under rotations. However,
that does not mean we can tune them separately in the
presence of the particle, as the particle’s inducible multipole
moments combined with its spin can couple different modes
with each other. The general solution in Eq. (3.1) can be
understood by noting that a basis of solutions to the
homogeneous wave equation in flat spacetime (albeit
allowing for irregular behavior at the origin) can be obtained
by acting arbitrary number of spatial derivatives upon the
spherically symmetric solutions, i.e., ψ in, ψout, and any linear
combination of them. We can then generally write the
solution for hij as a linear combination of the basis solutions
with undetermined tensors contracting them to get the
appropriate tensor structure. One can then decompose them
into rotationally independent pieces by splitting the unde-
termined tensors into STF tensors and then separating them
according to parity (E and B). Finally, one uses the
projection operator Πij

kl to ensure h
ij is traceless and satisfies

the harmonic gauge condition.
Now, we want to split the total general solution in

Eq. (3.1) into two parts, one that can be regarded as the
“input” part of the wave which corresponds to the part that
induces the tidal moments and an “output” part which is
sourced from the induced tidal moments. Naively, one
might think that the input part can be obtained by simply
setting the outgoing mode coefficients CKl

E=B;out ¼ 0, but
that is incorrect as there will be an outgoing wave in general
even in the absence of a particle due to the fact that an
incoming wave packet in the distant past becomes an
outgoing wave packet in the distant future (after crossing
the origin). Also, the incoming part of the wave by itself is
irregular at the origin and thus cannot be sustained without
the presence of a particle. In fact, the correct splitting is
given by the regular (input) and irregular (output) parts of
the wave, respectively, as follows:

hij ¼
X∞
l¼2

1

ωl−2

�
CKl
E;regΠ

kl−1kl
ij ∂̂Kl−2

þ 1

ω
CKl
B;regΠ

klm
ij ϵkl−1mn∂̂Kl−2n

�
ψ reg þ ðreg → irrÞ;

ð3:2Þ

ψ reg ¼
1

2i
ðψout − ψ inÞ ¼

expð−iωtÞ sinðωrÞ
ωr

;

ψ irr ¼ ðψout þ ψ inÞ ¼
expð−iωtÞ cosðωrÞ

ωr
; ð3:3Þ

Creg ¼ ðCout − CinÞi; Cirr ¼ Cout þ Cin; ð3:4Þ
where ψ reg is regular at the origin and obeys the
wave equation everywhere, whereas ψ irr is irregular at
the origin and requires support from a source, such as the
stress energy tensor of the effective particle. More specifi-
cally, ημν∂μ∂νψ reg ¼ 0 and ημν∂μ∂νψ irr ¼ ð4π=ωÞδð3Þðr⃗Þ×
expð−iωtÞ. Thus, we will use the regular part of hij, which
has finite values at the origin to compute the tidal fields that
will induce the multipole moments, and the irregular part of
the fields will be related to the stress energy tensor of the
particle’s induced tidal moments through the relation

ημν∂μ∂νhirrij ¼
X∞
l¼2

expð−iωtÞ
ωl−1

�
CKl
E;irrΠ

kl−1kl
ij ∂̂Kl−2

þ 1

ω
CKl
B;irrΠ

klm
ij ϵkl−1mn∂̂Kl−2n

�
4πδð3Þðr⃗Þ

¼ 16πGjgjΠkl
ijTklðr⃗Þ; ð3:5Þ

where we have projected out the stress energy tensor
appropriately since we are focusing on the radiative part
of the field and using hirrij to label the irregular part of the
metric perturbation (i.e., the part generated from acting
spatial derivatives on ψ irr). Wewill have to solve this relation
with the stress energy tensor corresponding to that due to the
induced quadrupolar and octupolar multipole moments
given to leading order in the curvature tensor in Eq. (2.20).

B. Induced multipole moments

As mentioned earlier, the regular part of the wave, which
can exist without support and satisfies the homogeneous
wave equation, should be seen as the input part of the wave.
We will use this part of the metric perturbation to compute
the tidal fields which will induce the multipole moments.
With the definitions given earlier in Eq. (2.1), and the
formula for the regular part of the wave given in Eq. (3.2),
we find that the value of the tidal fields at the origin is
given by

Eij
origin ¼ −

1

5
ω2Cij

E;reg; ð3:6aÞ

Bij
origin ¼

i
5
ω2Cij

B;reg; ð3:6bÞ

Eijk
origin ¼

1

21
ω3Cijk

E;reg; ð3:6cÞ

Bijk
origin ¼

−i
21

ω3Cijk
B;reg: ð3:6dÞ

The multipole moments can now be computed by
substituting these fields in Eqs. (2.23). However, we see
that the nontrivial (due to spin) response tensors mix the
various components together. While this is inconvenient, a
simple way to rewrite these expressions in a basis that does

6In general, there are two distinct solutions for each ω, l, andm
for a massless tensor wave (except for scalars). We split them
according to parity in this work, with E modes transforming as
ð−1Þl and B modes transforming as ð−1Þlþ1 under reflection. The
labels are also related to the manner in which different coef-
ficients contribute to the tidal fields [see Eq. (3.6)].
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not mix components is to orient the coordinate system so
that the Pauli-Lubanski spin vector is along the z axis and
expand in spin-weighted spherical harmonics. For later
convenience, we choose spherical harmonics with spin
weight −2. The simplest way to transform to this basis from
the Cartesian basis is to define

m⃗ ¼ 1ffiffiffi
2

p ðθ̂ þ iϕ̂Þ;

θ̂ ¼ cosðθÞ cosðϕÞx̂þ cosðθÞ sinðϕÞŷ − sinðθÞẑ;
ϕ̂ ¼ − sinðϕÞx̂þ cosðϕÞŷ;
r̂ ¼ sinðθÞ cosðϕÞx̂þ sinðθÞ sinðϕÞŷþ cosðθÞẑ; ð3:7Þ
and then expand Qijm̄im̄j and Oijkm̄im̄jr̂k in spin weight
−2, spherical harmonics by projection as

Ql¼2;m
E=B ¼

Z
dΩQij

E=Bm̄im̄jȲ
l¼2;m
−2 ðθ;ϕÞ;

Ol¼3;m
E=B ¼

Z
dΩQijk

E=Bm̄im̄jr̂kȲ
l¼3;m
−2 ðθ;ϕÞ; ð3:8Þ

where we are using Ylm
s¼−2ðθ;ϕÞ to denote spherical

harmonics with spin weight −2. They are normalized
to 1 [i.e.,

R
dΩYlm

−2ðθ;ϕÞȲlm
−2ðθ;ϕÞ ¼ 1]. We similarly

define the incoming and outgoing mode coefficients in
this basis as

Cl¼2;m
E=B ¼

Z
dΩCij

E=Bm̄im̄jȲ2m
−2ðθ;ϕÞ;

Cl¼3;m
E=B ¼

Z
dΩCijk

E=Bm̄im̄jr̂kȲ3m
−2ðθ;ϕÞ; ð3:9Þ

where we have suppressed the “in” (“out”) subscript for
brevity. The definitions are identical for both incoming and
outgoing mode coefficients. Note that we are using the
symbol O for the octupole tensor in a spherical harmonic
(with spin weight −2) basis. Then, we can write down the
expressions for the multipole moments obtained by sub-
stituting Eq. (3.6) into the ansätze in Eq. (2.23) simply as

Q2m
E ¼ −e−iωtMω2

ðGMÞ4
30

f6F 0;reg
E þ 3iF 1;reg

E mþ ðm2 − 4Þ½−F 2;reg
E − iF 3;reg

E mþ F 4;reg
E ðm2 − 1Þ�g;

O3m
B ¼ −e−iωtMω2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
ðGMÞ5

90
ffiffiffi
7

p f6h0E þ 3ih1Emþ ðm2 − 4Þ½−h2E − ih3Emþ h4Eðm2 − 1Þ�gC2m
E;reg;

Q2m
B ¼ ie−iωtMω2

ðGMÞ4
30

f6F 0;reg
B þ 3iF 1;reg

B mþ ðm2 − 4Þ½−F 2;reg
B − iF 3;reg

B mþ F 4;reg
B ðm2 − 1Þ�g;

O3m
E ¼ ie−iωtMω2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
ðGMÞ5

90
ffiffiffi
7

p f6h0B þ 3ih1Bmþ ðm2 − 4Þ½−h2B − ih3Bmþ h4Bðm2 − 1Þ�gC2m
B;reg; ð3:10Þ

where F i;reg
EðBÞ ¼ ðfiEðBÞ;0 − iGMωfiEðBÞ;1ÞC2m

EðBÞ;regþ
½ði

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
Þ=ð3 ffiffiffi

7
p Þ�GMωgiBðEÞ;0C

3m
BðEÞ;reg, and we see that

there is no longer any mixing of different m modes. This is
simply because we oriented the coordinate system so that the
z axis is along the spin, and thus it has 0 azimuthal quantum
number to add or remove from that of the STF tensors
characterizing the field. However, there is still mixing
between different l modes due to the tidal response mixing
the quadrupolar and octupolar sectors. This complicates the
process of defining a degree of absorption or a scattering
phase, and we will tackle this problem later in Sec. III D, by
switching to a basis where there is no mixing of modes.

C. Solving for the outgoing wave

Now, we can use the wave equation with the appropriate
source in Eq. (3.5) to relate the multipole moments to the
irregular part of the wave. The relevant (projected) part of
the stress energy tensor in the chosen coordinate system is
given by

TklΠij
kl ¼ Πij

kl

�
1

2
Q̈kl

E þ 1

2
ϵhkmn

_Qlin
B ∂

m −
1

2
Q̈kl

E m∂
m

−
1

2
ϵhkmn

_Qlino
B ∂

m
∂o

�
δð3Þðx⃗Þ; ð3:11Þ

which is obtained by substituting the expressions for Jμνρσ

and Jλμνρσ in terms of the multipole moments given in
Eqs. (2.7) and (2.8) into the stress energy tensor Eq. (2.20)
and discarding terms with components along uμ (as they will
be eliminated upon projection). Now, substituting Eq. (3.11)
into the RHS of Eq. (3.5) and comparing, we get the relations

e−iωtCij
E;irr ¼ 2Gω3Qij

E ; e−iωtCij
B;irr ¼ 2iGω3Qij

B ;

e−iωtCijk
E;irr ¼ −2Gω4Qijk

E ; e−iωtCijk
B;irr ¼ −2iGω4Qijk

B ;

ð3:12Þ

which are simple proportionality relations and thus can be
trivially transformed to the l, m basis.
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Substituting Eq. (3.12) in Eq. (3.10), we get the relations

C2m
E=B;irr ¼ −

ϵ5

15
f6F 0;reg

E=B þ 3iF 1;reg
E=B mþ ðm2 − 4Þ½−F 2;reg

E=B − iF 3;reg
E=B mþ F 4;reg

E=B ðm2 − 1Þ�g;

C3m
B;irr ¼ i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
ϵ6

45
ffiffiffi
7

p f6h0E þ 3ih1Emþ ðm2 − 4Þ½−h2E − ih3Emþ h4Eðm2 − 1Þ�gC2m
E;reg;

C3m
E;irr ¼ −i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
ϵ6

45
ffiffiffi
7

p f6h0B þ 3ih1Bmþ ðm2 − 4Þ½−h2B − ih3Bmþ h4Bðm2 − 1Þ�gC2m
B;reg; ð3:13Þ

where we have defined ϵ ¼ GMω. Now, we can use the relations in Eqs. (3.4) to solve the outgoing coefficients. Since we
are only interested in linear tides, and the leading-order tidal effects already start at a very high order in ϵ, we can
approximate in the RHS as Clm

E=B;reg ≈ −2iClm
E=B;in þOðϵ5Þ. Then we get the expressions for Clm

E=B;out as

C2m
EðBÞ;out ¼ −C2m

EðBÞ;in þ
2iϵ5

15
f6F 0;in

EðBÞ þ 3iF 1;in
EðBÞmþ ðm2 − 4Þ½−F 2;in

EðBÞ − iF 3;in
EðBÞmþ F 4;in

EðBÞðm2 − 1Þ�g;

C3m
B;out ¼ −C3m

B;in þ
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
ϵ6

45
ffiffiffi
7

p f6h0E þ 3ih1Emþ ðm2 − 4Þ½−h2E − ih3Emþ h4Eðm2 − 1Þ�gC2m
B;in;

C3m
E;out ¼ −C3m

E;in −
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
ϵ6

45
ffiffiffi
7

p f6h0B þ 3ih1Bmþ ðm2 − 4Þ½−h2B − ih3Bmþ h4Bðm2 − 1Þ�gC2m
B;in: ð3:14Þ

D. Degree of absorption

Now we need to compute a suitable quantity that
measures the degree of absorption. If there were no spin,
there would be no mixing of different l modes, and we
could simply define the degree of absorption (or emission)
for each l,mmode as 1 − jClm

E=B;out=C
lm
E=B;inj. We can still do

the same if we instead use a different basis, formed by a
linear combination of the mode coefficients in the spherical
basis. To guess the appropriate combination (basis) in
which the modes should scatter independently, we now turn
to hints from BHPT. In BHPT, the Teukolsky equation [50]
governs the behavior of curvature perturbations in an exact
Kerr background. Specifically, it governs the behavior of

the spin weight (−2) Teukolsky scalar −2ψðt; r; θϕÞ related
to the standard Newman-Penrose curvature scalar ψ4 by

−2ψ ¼ ðr − ia cosðθÞÞ4ψ4, where a ¼ GMχ. A crucial
property of the Teukolsky equation for −2ψ is that it is
separable in spheroidal harmonic basis with spin weight −2
with fixed frequency eigensolutions with the form −2ψ ∝
expð−iωtÞSlm−2ðθ;ϕ; aωÞ−2RlmωðrÞ where we are using
Slms¼−2 to denote normalized (to 1) spheroidal harmonics
with spin weight −2 and −2RlmωðrÞ is an eigensolution
to the radial Teukolsky equation (see Sec. III E).
Asymptotically far away from the BH, i.e., as r → ∞,
the standard Newman-Penrose curvature scalar ψ4 takes the
form [see Eq. (2.6) in Ref. [52]]

ψ4 → ω2
X

l;m;P¼�1

�
Kout

lmP
exp½−iωðt − r�Þ�

ωr
þ 1

16
½ReðCÞ þ 12iϵP� 1

ω4r4
Kin

lmP
exp½−iωðtþ r�Þ�

ωr

�
Sl−2;mðθ;ϕÞ þO

�
1

r6

�
;

ð3:15Þ

where r� is the tortoise coordinate and P ¼ �1 is the
index denoting the transformation under parity for
each mode with P ¼ 1 (P ¼ −1) for modes that are
symmetric (antisymmetric) under reflection. The expres-
sion for ReðCÞ can be found in Eq. (31) of Ref. [53].
The outgoing and incoming mode coefficients for
each spheroidal mode l, m and parity P ¼ �1 are related
simply as

Kout
lmP ¼ −ð−1ÞlþmηPlm expð2iδlmP ÞKin

lmP; ð3:16Þ

where δlmP ∈ R is the conservative scattering phase for each
mode and ηlm is the degree of absorption/emission (i.e., the
mode coefficients do not mix under scattering). Although
these scattering phases and degree of absorption are defined
for these abstract mode coefficientsKout=in

lmP , they are directly
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related to the scattering of a GWoff a Kerr BH and are often
employed for that purpose (see, e.g., Refs. [53,54]). In
particular, ηPlm characterizes the dissipation due to energy
flux into the horizon with the transmission factor for each
mode defined as

Tlm ¼ 1 − jη�lmj2: ð3:17Þ

Absorption or emission of energy at the horizon is only
nonzero when jηPlmj differs from 1, and thus this is a suitable
quantity to be labeled as “degree of absorption” in the real
theory.
In the effective worldline theory, we can continue to

use the same quantity as the degree of absorption provided
we relate the outgoing (incoming) mode coefficients
Clm
E=B;outðinÞ of the wavelike metric perturbation to the

outgoing (incoming) mode coefficients of ψ4, i.e.,

KoutðinÞ
lmP . In other words, relating Clm

E=B;outðinÞ to KoutðinÞ
lmP will

reveal the basis in which the modes of the wave will
scatter without mixing. We accomplish this by writing
down the asymptotic behavior of ψ4 in the effective
theory using its definition ψ4 ¼ −Rμνγδm̄μm̄γnνnδ, where
mμ, m̄, nμ, lμ form a null tetrad field satisfying
l2 ¼ m2 ¼ n2 ¼ 0 ¼ l ·m ¼ n ·m, l · n ¼ −1, m · m̄ ¼ 1,
where lμ and nμ are real vectors, whereas mμ is a complex
null vector with m̄μ as its complex conjugate. In flat space,
or at leading order when the background curvature may be
treated as a small perturbation such as far away from the
particle, we can write them in terms of spherical polar
coordinates as m̂ ¼ ðθ̂ þ iϕ̂Þ= ffiffiffi

2
p

, nμ ¼ ðtμ − rμÞ= ffiffiffi
2

p
,

lμ ¼ ðtμ þ r̂μÞ= ffiffiffi
2

p
. In the effective worldline picture, we

can thus evaluate ψ4 at large distances by using the flat
spacetime null tetrad, using the linearized curvature due to
the wavelike metric perturbation in Eq. (3.1), yielding

ψ4 ¼ ω2
exp½−iωðt − rÞ�

ωr

×
X
a¼E;B

X∞
l¼2

il−2CKl−2ij
a;out r̂Kl−2

m̂im̂j þO
�
1

r2

�
; ð3:18Þ

which we can rewrite as an expansion in spherical
harmonics of spin weight −2 using the conventions in
Eq. (3.9) as

ψ4 ¼ ω2
exp½−iωðt − rÞ�

ωr

X
a¼E;B

�X2
m¼−2

Y2m
−2ðθ;ϕÞClm

a;out

þ i
X3
m¼−3

Y3m
−2ðθ;ϕÞClm

a;out

�
þO

�
1

r2

�
; ð3:19Þ

where we have dropped modes above l ¼ 3 (hexadecapolar
and above) as they are not relevant to the order of interest
here. Also note that our effective theory does not couple

l ≥ 4 modes with any of the lower modes (up to the order
of interest in this work), and thus we can safely set the
associated STF tensors to zero.
We can then switch to spheroidal harmonics of spin

weight −2 via the relations Y2m
−2 ¼ S2m−2 − ϵχð2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p
Þ=

ð9 ffiffiffi
7

p ÞS3m−2 , Y3m
−2 ¼ S3m−2 þ ϵχð2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
9−m2

p
Þ=ð9 ffiffiffi

7
p ÞS2−2;m, valid

at leading order in spheroidicity ¼ ϵχ, which is sufficient
for our purposes. Also note that we have dropped the
contribution to Y3m

−2 from Sl¼4;m
−2 . This gives us

ψ4 ¼ ω2
exp½−iωðt − rÞ�

ωr

X3
l;m;P

ClmP;outS
lm
−2ðθ;ϕÞ þO

�
1

r2

�
;

ð3:20Þ

where we have defined the coefficients characterizing
spheroidal modes as

C2mP¼1;out ¼
�
C2m
E;out þ i

2ϵχ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p

9
ffiffiffi
7

p C3m
B;out

�
;

C2mP¼−1;out ¼
�
C2m
B;out þ i

2ϵχ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p

9
ffiffiffi
7

p C3m
E;out

�
; ð3:21Þ

C3mP¼1;out ¼
�
iC3m

B;out −
2ϵχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p

9
ffiffiffi
7

p C2m
E;out

�
;

C3mP¼−1;out ¼
�
iC3m

E;out −
2ϵχ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9 −m2

p

9
ffiffiffi
7

p C2m
B;out

�
; ð3:22Þ

and P is used to split them according to parity, with P ¼ 1
for parity symmetric modes and P ¼ −1 for parity anti-
symmetric modes. We can now compare with the known
asymptotic form of ψ4 from Eq. (3.15) to leading order
in 1=r. This gives us the simple identification between the
coefficients of the outgoing modes of ψ4 and that of the
GW in effective theory as

Kout
lmP ¼ ClmP;out; ð3:23Þ

where we used the fact that the tortoise coordinate r�
asymptotes to r in the limit r → ∞. Now, we know the
appropriate combination of coefficients of outgoing modes
in the effective theory to use. To get a similar relation
between Kin

lmP and the coefficients of incoming modes in
the effective theory, the simplest way is to just guess the
form by considering the limit where there is no scattering.
In the real theory, this is the limit where ηPlm ¼ 1 and
δlmP ¼ 0, and we have Kup

lmP ¼ −ð−1ÞlþmKin
lmP. In the

effective theory, this is simply when the irregular part
of the wave should vanish or Clm

E=B;irr ¼ 0 ⇒ Clm
E=B;in ¼

−Clm
E=B;in, which in turn implies C2mP¼�1;out ¼ −C2mP¼�1;in,

where C2mP¼�1;in is defined exactly as C2;mP¼�1;out in
Eqs. (3.21) and (3.22) except after transforming
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out → in. Thus, we can simply identify Kin
lmP ¼

ð−1ÞlþmC2;mP¼�1;in. Then, the scattering phase relation in
Eq. (3.16) can now be written in the effective theory
simply as

ClmP;out ¼ −ηPlm expð2iδlmP ÞClmP;in; ð3:24Þ

and the degree of absorption can be defined in the effective
worldline theory as

1 − ηPlm ¼ 1−
				 C

lm
P;out

ClmP;in

				: ð3:25Þ

Note that in this way, we have defined a common quantity
as the degree of absorption valid for both real and effective
setups. Thus, this quantity will also serve for matching
between the real and effective theories to fix the unknown
tidal coefficients in the next subsection.
Essentially, comparing the form of ψ4 in the full and

effective theories at large distances has revealed to us the
combination of incoming and outgoing coefficients in the
spherical basis that scatter without mixing. However,
unsurprisingly, for general choices of tidal coefficients,
the relation between the outgoing and incoming spheroidal
coefficients is not going to nicely factorize as given
in Eq. (3.24). In fact, the tidal coefficients that mix the
spherical l ¼ 2 and l ¼ 3 modes giE=B and hiE=B have to be

chosen on the effective theory side such that the combi-
nations given in Eqs. (3.21) and (3.22) scatter without
mixing. In this work, we impose this on the effective theory
by plugging in the expressions for the spherical outgoing
modes from Eq. (3.14) into the left-hand side (LHS) of
Eq. (3.24) and demanding that it be proportional to the
RHS, i.e., ClmP;in. We refer to this as imposing spheroidal
separability on the effective theory, and doing so yields
the constraints

giB;0 ¼ hiE;0 ¼
2

3
χfE;0;

giE;0 ¼ hiB;0 ¼ −
2

3
χfiB;0; ð3:26Þ

which greatly reduces our list of unknown variables
entering the tidal response, and fixes the ratio of the
coefficients connecting the octupole (quadrupole) fields
to the quadrupole (octupole) moments, i.e., the coefficients
giE=B;0ðhiE=B;0Þ, to the coefficients connecting the quadru-
pole fields to quadrupole moments, i.e., the coeffi-
cients fiE=B;0.
Provided these relations are true, the different spheroidal

modes will be scattered without mixing by the tidal
moments in the effective worldline theory, and we can
compute the degree of absorption for the various modes
using Eq. (3.25) with constraints in Eq. (3.26) to be7

1−
				 C

2m
P¼1;out

C2mP¼1;in

				 ¼ −ϵ5m
�
2f1E;0
5

− ðm2 − 4Þ 2

15
f3E;0

�
þ ϵ6

�
4f0E;1
5

− ðm2 − 4Þ
�
2f2E;1
15

þ 2f4E;1
15

ðm2 − 1Þ
��

þOðϵ7Þ;

1−
				 C

2m
P¼−1;out

C2mP¼−1;in

				 ¼ −ϵ5m
�
2f1B;0
5

− ðm2 − 4Þ 2

15
f3B;0

�
þ ϵ6

�
4f0B;1
5

− ðm2 − 4Þ
�
2f2B;1
15

þ 2f4B;1
15

ðm2 − 1Þ
��

þOðϵ7Þ;

1−
				 C

3m
P¼1;out

C3mP¼1;in

				 ¼ 1−
				 C

3m
P¼−1;out

C3mP¼−1;in

				 ¼ Oðϵ7Þ; ð3:27Þ

where we find that the degree of absorption for the
spheroidal l ¼ 3 modes vanishes up to Oðϵ7Þ in the
effective theory. Also note that the coefficients f0E=B;0,

f2E=B;0, f
4
E=B;0, f

1
E=B;1, f

3
E=B;3 do not appear anywhere in the

degree of absorption. These coefficients thus only add to
the conservative phase, and we will see later in Eqs. (4.6)

and (4.7) that they behave similarly with mass/spin evo-
lution equations as well contributing only total-time deriv-
atives to dm=dt and dJ=dt. We can now compare Eq. (3.27)
with the degree of absorption derived in the real theory
by solving the Teukolsky equation for ηPlm and fix the
coefficients that contribute to dissipation. However,
because we solved the scattering problem in effective
theory in flat spacetime, thus ignoring the nonlinear
interactions between the wave and the stationary gravita-
tional field of the particle, there are some subtleties in this
matching process which we will have to tackle. We will
very briefly outline the computation of ηPlm in the real theory
by solving the Teukolsky equation and then match with
the result from the effective theory while keeping the
subtleties in mind.

7We only focus on the degree of absorption and not on the
conservative phase as the conservative phase also gains contri-
butions from effects other than tidally induced multipole mo-
ments in the effective theory, e.g., spin-induced multipole
moments. A matching of the conservative phase can be per-
formed only when all such effects are included in the solution of
the scattering problem in the effective theory, which we do not.
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E. Matching with Teukolsky solution

In the full theory, the degree of absorption defined
from the Oð1=r6Þ expansion of ψ4 in Eq. (3.15) as
1 − jKout

lmP=K
in
lmPj can be computed from analytical solu-

tions [55] to the Teukolsky equation [50] as follows.
Following the review [55], the Teukolsky equation for

−2ψ [¼ ðr − ia cosðθÞÞ4ψ4 in Boyer-Lindquist coordinates]
is separable with fixed-frequency solutions given by

−2ψ ∝ e−iωtSlms ðθ;ϕ; aωÞ−2RlmωðrÞ, where Slms ðθ;ϕ; aωÞ
are spin-weighted spheroidal harmonics and sRlmωðrÞ is
a solution to the (homogeneous) radial Teukolsky equation,
with s ¼ −2,

�
Δ−s d

dr

�
Δsþ1

d
dr

�
þ K2 − 2isðr − GMÞK

Δ

þ 4isωr − sλlm

�
sRlmωðrÞ ¼ 0; ð3:28Þ

where Δ ¼ r2 þ a2 − 2GMr, K ¼ ðr2 þ a2Þω − am,
and sλlm is the spheroidal eigenvalue. The relevant
physical solutions, labeled −2R

in
lmωðrÞ, satisfy the

boundary condition demanding that they consist of
purely ingoing radiation at the event horizon
r ¼ rþ ≔ GM þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðGMÞ2 − a2

p
,

−2R
in
lmω ¼ Btrans

lmωΔ2e−iω̃r� as r → rþ; ð3:29Þ

where r� is the tortoise coordinate and ω̃ ¼ ω −ma=
ð2GMrþÞ. This fixes the asymptotic behavior at radial
infinity to be of the form

−2R
in
lmω ¼ Binc

lmωr
−1e−iωr� þ Bref

lmωr
3eiωr�

as r → ∞; ð3:30Þ

where Binc
lmω and Bref

lmω
8 are the coefficients of the incident

and reflected waves. The ratio Bref
lmω=B

inc
lmω is completely

determined by demanding that −2R
in
lmωðrÞ solve the

radial Teukolsky equation (3.28) with the boundary con-
dition (3.29). We refer the reader to Ref. [55] for details of a
procedure to produce the expansion of this ratio in powers
of GMω. Finally, the relevant scattering phase shifts and
the transmission factor ηPlme

2iδPlmω (equivalent to ClmP;out=C
lm
P;in

from the effective theory above) for waves of parity
P ¼ �1 are given, e.g., as in Eq. (30) of Ref. [53], by

ηPlm expð2iδPlmωÞ ¼ ð−1Þlþ1

�
ReðCÞ þ 12iGMωP

16ω4

�
Bref
lmω

Binc
lmω

;

ð3:31Þ

with ½ReðCÞ�2 as given in Eq. (31) of Ref. [53].
This yields the complete expression for the degree of

absorption for l ¼ 2 and l ¼ 3 spheroidal modes up to
Oðϵ7Þ to be

1 − jηP¼�
2m j

¼ −ϵ5m
�
2A1

0

5
− ðm2 − 4Þ 2

15
A3

0

�
ð1þ 2ϵπÞ

þ ϵ6
�
4A0

1

5
− ðm2 − 4Þ

�
2A2

1

15
þ 2A4

1

15
ðm2 − 1Þ

��

þOðϵ7Þ; ð3:32Þ

1 − jηP¼�
3m j ¼ Oðϵ7Þ; ð3:33Þ

where

A1
0 ¼

16χ

45
ð1þ 3χ2Þ; A3

0 ¼ −
4χ3

3
;

A0
1 ¼

16

405
ð9þ 9κ þ 97χ2 þ 117κχ2 − 6χ4 þ 54σχ4 þ 36χB2 þ 108χ3B2Þ;

A2
1 ¼ −

8

135
ð115χ2 þ 135κχ2 þ 5χ4 þ 90κχ4 − 24χB1 þ 18χ3B1 þ 48χB2 þ 144χ3B2Þ;

A4
1 ¼

8

135
ð20χ4 þ 45κχ4 − 24χB1 þ 18χ3B1 þ 12χB2 þ 36χ3B2Þ; ð3:34Þ

and we are using the notation Bm ¼ Im½PolyGammað0; 3þ imχ=κÞ�, which is odd in χ, and κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
. Note that the

degree of absorption obtained from solving the Teukolsky equation in Eqs. (3.32) and (3.33) has almost exactly the same
form as that obtained from the effective theory given in Eq. (3.27), with the only difference being the factor of ð1þ 2ϵπÞ
next to the leading-order ϵ5 result for the l ¼ 2 mode. This factor is missing in the degree of absorption derived in the

8Note that the above form is identical to the one used earlier in Eq. (3.15) except that the parity dependent factors have been absorbed
into Binc

lmω. As a result, the expression for the scattering phase now contains a parity-dependent factor [see Eq. (3.31)]. This may be a
more convenient convention for BHPT but the former is more transparent for matching with the effective theory.
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effective theory in Eq. (3.27) due to us neglecting the
leading-order nonlinear interaction between the GW and
the gravitational field of the particle. In principle, this can
also be obtained from the effective worldline theory by
including the nonlinearities and regulating any resulting
divergences. However, including the leading-order non-
linearities in this classical setup which we are using is a
complicated task, and not very illuminating. It is easier
instead to just replace the factor with 1 on the Teukolsky
side by tracing its origins to the nonlinearities neglected in
the scattering problem in the effective picture. We establish
this explicitly for the simpler case of a scalar field scattering
of a Schwarzschild BH by including the leading-order
nonlinearities on the effective theory side in Appendix.
There are essentially two physical processes involved in the
effective theory picture, both arising from the interaction of
the external wave (gravitational or otherwise) with the
stationary gravitational field sourced by the particle. The
first is that the value of the tidal field of the wave at
the origin (location of the particle) is modified, as shown
for a scalar wave in Eq. (A19) by a factor of ð1þ πϵÞ. This
in turn modifies the strength of the tidally induced multi-
pole moment subsequently affecting the irregular (output)
part of the wave and the degree of absorption. Additionally,
the wave is modified in its journey away (to) the particle to
(from) infinity again due to scattering off the particle’s

gravitational field. This factor modifies the form of the
wave asymptotically far away from the particle, as shown
again for a scalar wave in Eq. (A15) in such a way that the
degree of absorption is further multiplied by a factor of
ð1þ πϵÞ. This result has also been derived for the case of
GW amplitudes sourced by arbitrary multipole moments in
Refs. [41,56] and is seen to modify the radiated power
by the square of that factor. Together, these two effects
modify the leading-order degree of absorption by a factor
ð1þ ϵπÞ2 ≈ ð1þ 2ϵπÞ þOðϵ2Þwhich is seen in Eq. (3.32).
We have in fact verified the presence of this factor
multiplying the leading-order degree of absorption for all
different lmodes (for which we had the solution) for scalar,
and tensor (gravitational) fields, specifically l ¼ 0, 1, 2, 3
modes for the scalar field and l ¼ 2, 3 for the gravitational
field. Thus, to match the part of the true degree of
absorption which corresponds to the flat spacetime scatter-
ing in the effective picture, it is sufficient to simply replace
the ð1þ 2πϵÞ factor for 1 from Eq. (3.32).
Thus, dropping the ð1þ 2ϵπÞ factor from Eq. (3.32), and

then comparing it with Eq. (3.27), we fix the unknown
coefficients to be

f1E=B;0 ¼
16χ

45
ð1þ 3χ2Þ; f3E=B;0 ¼ −

4χ3

3
; ð3:35Þ

f0E=B;1 ¼
16

405
ð9þ 9κ þ 97χ2 þ 117κχ2 − 6χ4 þ 54κχ4 þ 36χB2 þ 108χ3B2Þ;

f2E=B;1 ¼ −
8

135
ð115χ2 þ 135κχ2 þ 5χ4 þ 90κχ4 − 24χB1 þ 18χ3B1 þ 48χB2 þ 144χ3B2Þ;

f4E=B;1 ¼
8

135
ð20χ4 þ 45κχ4 − 24χB1 þ 18χ3B1 þ 12χB2 þ 36χ3B2Þ;

giB;0 ¼ hiE;0 ¼
2

3
χfE;0;

giE;0 ¼ hiB;0 ¼ −
2

3
χfB;0; ð3:36Þ

where we have also restated the constraints obtained by
imposing spheroidal separability from Eq. (3.26). Having
fixed the (dissipative) response coefficients, we can now
compute the (dissipative part of the) induced multipole
moments in any setup. In particular, we can now consider
the effect of induced tides in a binary system with two
spinning BHs in the inspiral phase. Our focus is on
computing the change in mass and angular momentum
due to tidal effects in the worldline effective theory (and
horizon fluxes in the real setup). In the next section, we
derive general formulas for evolution equations of mass
and spin and then specialize to the case of parallel-spin–
quasicircular orbits, which can then be compared with
earlier results available in the literature.

IV. GENERAL EXPRESSIONS FOR EVOLUTION
EQUATIONS OF MASS AND SPIN

In this section, we derive general formulas for computing
the evolution of mass and spin from the equations of
motion. Then, we proceed to compute them explicitly using
the now fixed response coefficients for the special case of
parallel-spin–quasicircular inspiral to relative 1.5PN order.
We conclude this section by comparing these results with
those obtained earlier in Refs. [22,23,31].
We can derive the formula for mass and spin evolution

from the equations of motion for momentum and spin
angular momentum, respectively. For mass, we start with
the equation of motion for momentum, i.e.,
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Dpμ

Dτ
¼ −

1

2
RμνρσuνSρσ −

1

6
Jλνρσ∇μRλνρσ

− Jτλνρσ
1

12
∇μ∇τRλνρσ; ð4:1Þ

where we substitute the expressions for Jμνρσ and Jλμνρσ

given in Eqs. (2.7) and (2.8), yielding

Dpμ

Dτ
¼ −

1

2
RμνρσuνSρσ −

1

2
Qρσ∇μEρσ −

1

2
Qρσ

B ∇μBρσ

−
1

2
Qρσλ

E ∇μEρσλ −
1

2
Qρσλ

B ∇μBρσλ: ð4:2Þ

Now, we define in the effectiveworldline theory the massm
simply as

ffiffiffiffiffiffiffiffiffi
−p2

p
. Then we have

pμ
Dpμ

Dτ
¼ −m

dm
dτ

⇒
dm
dτ

¼ 1

2m
pμuνRμνρσSρσ þ

1

2m
Qρσ

E ðp ·∇ÞEρσ

þ 1

2m
Qρσ

B ðp ·∇ÞBρσ þ
1

2m
Qρσλ

E ðp · ∇ÞEρσλ

þ 1

2m
Qρσλ

B ðp ·∇ÞBρσλ; ð4:3Þ

and the first term can be shown to vanish using the
relation between pμ and uμ if we neglect terms cubic or
higher powers in curvature. They are not relevant to the
relative 1.5PN order (in horizon fluxes) we are interested
in with this work. Similarly, we can substitute pμ ¼ muμ

in the terms with multipole moments to the order of interest
to get

dm
dτ

¼ 1

2
Qρσ

E
_Eρσ þ

1

2
Qρσλ

E
_Eρσλ þ ðE ↔ BÞ; ð4:4Þ

which gives us the general formula for mass evolution valid
to relative 1.5PN order. We expect this to match with the
horizon energy flux up to any total-time derivatives of
functions of tidal fields, which should vanish for scattering
events or for quasiperiodic processes (such as parallel-spin–
quasicircular inspiral which we shall consider shortly). The
quadrupolar contribution to mass-change matches with that
given in Ref. [24] if we identify our quadrupole tensors as
twice of theirs. This is because they choose a different
normalization in the tidal coupling terms.9

We can similarly derive the equation for spin evolution
from the equation of motion for spin angular momentum,
i.e.,

DSμν

Dτ
¼ 2p½μuν� þ 4

3
R½μ

τρσJντρσ þ
2

3
∇λR½μ

τρσJλντρσ þ
1

6
∇½μRλτρσJν�λτρσ;

J
DJ
dτ

¼ 1

2
Sμν

DSμν

Dτ
¼ 2

3
Rμ

τρσJντρσSμν þ
1

3
∇λRμ

τρσJλντρσSμν þ
1

12
∇μRλτρσJνλτρσSμν;

DJ
dτ

¼ 1

J
Qμν

E Eμ
ρSρν þ

3

2J
Oμνλ

E Eμλ
ρSνρ þ ðE ↔ BÞ; ð4:5Þ

where we have defined J2 ¼ ð1=2ÞSμνSμν as the magnitude of spin angular momentum of the BH. Again, the quadrupolar
contribution to evolution of spinðdJ=dtÞ is identical to that in Ref. [24] once the multipole moments are properly identified
(see footnote 9).
Now, substituting the ansätze for the multipole moments from Eqs. (3.7) into the expressions for the evolution of mass

and spin in Eqs. (4.4) and (4.5), we get

dm�

dτ
¼m

2
ðGmÞ4

�
f1E;0ð _EμνEμ

ρŜνρÞþf3E;0ð _Eμ
ρEν

σ ŝμŝνŜρσÞþðGmÞ
�
f0E;1ð _Eμν _EμνÞþf2E;1ð _Eμ

ρ _EνρŝμŝνÞþf4E;1ð _Eμν
_Eρσ ŝμŝνŝρŝσÞ

þξ
2

3
χf1E;0ðBμρσ

_Eνρ− _BμρσEνρÞŝμŜνσþξ
2

3
χf3E;0ðBνρλ

_Eμ
σ − _BνρλEμ

σÞŝμŝνŝρŜσλ
��

þðE↔B;ξ→−ξÞ; ð4:6Þ

dJ�

dτ
¼ M

2
ðGmÞ4

�
−2f1E;0ðEijEijÞ þ ð3f1E;0 − f3E;0ÞðEi

kEjkŝiŝjÞ þ f3E;0ðEijŝiŝjÞ2

− ðGmÞ
�
f0E;1ð _EμνEμ

ρŜνρÞ þ f2E;1ð _Eμ
ρEν

σ ŝμŝνŜρσÞ þ ξ
2

3
χf1E;0ðBμσλEνρŝμŜν

σŜρ
λÞ

þ ξ
2

3
χf1E;0ðBμρλEνρŝμŜν

σŜσ
λÞ þ ξ

2

3
χf3E;0ðBνρτEμ

σ ŝμŝνŝρŜσ
λŜλ

τÞ
��

þ ðE ↔ B; ξ → −ξÞ; ð4:7Þ

9In Ref. [24], the quadrupole tidal coupling terms in the action areQμν
E Eμν þ ðE ↔ BÞ. Thus, before comparing the expressions in this

work with that in Ref. [24]. One must first transform as Qμν
EðBÞ → 2Qμν

EðBÞ.
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where dots represent covariant derivatives with respect to proper time, ξ ¼ 1, and we have imposed the constraints obtained
by demanding spheroidal separability from Eq. (3.26). Additionally, we have

m� ¼ m −
m
4
ðGmÞ4

�
f0E;0ðEμνEμνÞ þ f2E;0ðEμ

ρEσ
νρŝμŝνÞ þ f4E;0ðEμνEρσ ŝμŝνŝρŝσÞ

þ ðGmÞ
�
ξ
2

3
χf0E;0ðBμνρEνρŝμÞ þ ξ

2

3
χf2E;0ðBνρσEμ

σ ŝμŝνŝρÞ þ ξ
2

3
χf4E;0ðBρσλEμνŝμŝνŝρŝσ ŝλÞ

��

þ ðE ↔ B; ξ → −ξÞ; ð4:8Þ

J� ¼ J −
M
4
ðGMÞ5ff1E;1½ðEμνEρσŜμρŜνσÞ − ðEμνEμ

ρŜν
σŜρσÞ� − f3E;1ðEμ

ρEν
σ ŝμŝνŜρ

λŜσλÞg; ð4:9Þ

and we see that all the tidal coefficients that do not enter the
degree of absorption in the RHS of Eq. (3.27) only shift the
definition of mass and angular momentum by quadratic
functions of fields (i.e., they only contribute terms that are
total-time derivatives to dm=dt and dJ=dt), whereas the
ones that do show up in the degree of absorption contribute
terms that cannot be absorbed as such in total-time
derivatives. Thus, for any quasiperiodic setup (as for
parallel-spin–quasicircular orbits) or in a scattering setup
where the two particles are infinitely far in the distant
past or future, the average or total change in mass/spin,
respectively, is determined entirely by the coefficients that
contribute to dissipation, which we have already fixed
through comparison with the degree of absorption obtained
in the real theory by solving the Teukolsky equation in
Sec. III E. This is since the total-time derivative terms either
vanish (when the particles are far away) or cancel (in a
periodic setup). In deriving the above result, we have also
used the fact that the covariant time derivative of spin tensor
and vector (which enter the ansätze) vanishes up to the
relative order to which we have expanded the expressions
for dm=dt and dJ=dt (i.e., up to relative 1.5PN).
The expressions for mass and spin evolution in Eqs. (4.6)

and (4.7) can be compared with those in Refs. [23,24] by
substituting the response coefficients from Eq. (3.35), and
we indeed find that our expressions are identical at leading
order inGM [i.e., the ðGMÞ4 part], but differs from Ref. [23]
at next order in GM. A crucial difference in our expressions
when compared with those in Ref. [23] is that octupolar tidal
fields do not enter their expressions at all. Another interest-
ing difference is that there are π2-containing coefficients in
their next-to-leading-order expression for dJ=dt (and sub-
sequently in dm=dt), whereas π2 does not enter any of our

tidal-response coefficients. However, we will see later in
Sec. IV B that our expression for mass and spin evolution is
consistent with Ref. [22] for the special case of a test-body in
a circular orbit around a Kerr BH to relative 1.5PN order,
unlike Ref. [23].
In the next section, we specialize to the parallel-spin–

quasicircular setting to compute the expression mass and
spin evolution during inspiral up to 1.5PN relative to the
same at leading order (4PN with respect to leading-order
flux to infinity), and compare with earlier works that
produced expressions for the same.

A. Results for the special case of binaries
with parallel spins in and circular orbits

Now, we consider a system of two BHs with initial
masses m1 and m2 and spin parameters χ1 and χ2. Their
spins are parallel and orthogonal to the orbital plane, and
they are in a quasicircular orbit. We can compute the rate of
change of (initial) mass m1 and spin J1 ¼ Gm2

1χ1 averaged
over one orbit using Eqs. (4.4) and (4.5). In this section,
we will refer to the BH with initial mass m1 and J1 as the
primary BH, and the other BH as secondary here onwards.
The tidal fields are sourced by the other BH of mass m2

with spin parameter χ2, although they are affected by
nonlinear interaction with the fields due to the primary BH
(m1, J1). This is most conveniently done when the tidal
fields are computed in a locally flat rest frame of the
primary BH (see Fig. 1), since then the covariant deriva-
tives of the field with respect to proper time can be treated
simply as ordinary time derivatives. This has already been
done for the quadrupolar fields Eμν and Bμν in Ref. [23],
and we simply borrow the expressions from there.
Rewriting the expressions here, we have

1

2
ðE11 þ E22Þ ¼ −

m2

2r3

�
1þ X1

2
V2 − 6X2χ2V3 þOðV4Þ

�
;

1

2
ðE11 − E22Þ ¼ −

3m2

2r3

�
1þ X1 − 4

2
V2 − 2X2χ2V3 þOðV4Þ

�
cosð2ΩτÞ;

E12 ¼ −
3m2

2r3

�
1þ X1 − 4

2
V2 − 2X2χ2V3 þOðV4Þ

�
sinð2ΩτÞ; ð4:10Þ
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B13 ¼
−3m2

r3
Vð1 − X2χ2VÞ cosðΩτÞ þOðV3Þ;

B23 ¼
−3m2

r3
Vð1 − X2χ2VÞ sinðΩτÞ þOðV3Þ; ð4:11Þ

where Ω is the angular velocity of the tidal field in the
primary BH frame (m1) given by

Ω ¼
ffiffiffiffiffi
M
r3

r �
1 −

1

2
ð3þ ηÞV2 −

1

2
χ̄V3 þOðV4Þ

�
; ð4:12Þ

χ̄ ¼ X1ð1þ X1Þχ þ 3ηχ2; ð4:13Þ

and we are using the following notation: M ¼ m1 þm2

and X1 ¼ m1=M, X2 ¼ m2=M are the mass fractions.
η ¼ X1X2 is the symmetric mass ratio, r is the orbital

separation in harmonic coordinates, and V ¼
ffiffiffiffi
M
r

q
. Here,

we are working in units with G ¼ c ¼ 1, as was done in
Ref. [23] so that we can easily compare our results although
we have changed the notation quite a bit. Additionally, in
Ref. [23], a sign factor ϵ ¼ �1 was used in front of the

expression for Ω to denote whether the secondary BH was
spin aligned or antialigned with respect to the orbital
angular momentum. However, we simply let the spin
parameter(s) χ1;2 range over ½−1; 1� (instead of [0,1])
and always fix the orbital angular momentum to be aligned
along the positive z axis without loss of generality.
The octupolar fields were not derived in Ref. [23] since

they were not relevant in their expression for the mass or
spin evolution. For us, the octupolar fields do contribute
to the expressions for mass and spin evolution as seen from
Eqs. (4.6) and (4.7). Fortunately, they (octupolar fields)
are only relevant at leading order and thus can easily be
computed from the test-body limit at leading post-
Newtonian order where the secondary BH (as test mass)
is orbiting the primary BH in the limit m2 ≪ m1. The
formula for leading-order fields does not change from this
for the generic mass ratio. We get the expressions

Eijk ¼ −15
m2

r4
n̂hin̂jn̂ki; ð4:14Þ

Bijk ¼ 30
m2

r4
Vϵhimnn̂jn̂kin̂mv̂n;

n̂ ¼ ðn̂1; n̂2; n̂3Þ ¼ ðcosðΩτÞ; sinðΩτÞ; 0Þ;
v̂ ¼ ðv̂1; v̂2; v̂3Þ ¼ ð− sinðΩτÞ; cosðΩτÞ; 0Þ; ð4:15Þ

where ni is the normal vector directed from the primary BH
to the secondary BH in harmonic coordinates and v̂ ¼ _̂n is
the relative velocity vector of the secondary BH with
respect to primary BH.
Now, substituting these tidal fields from Eqs. (4.10),

(4.11), (4.14), and (4.15) into the formulas for mass and
spin evolution in Eqs. (4.6) and (4.7), with the fixed
coefficients listed in Eqs. (3.35) and (3.36), we get the
orbit-averaged results

hdm1

dτ
i ¼ ΩðΩH −ΩÞCV; ð4:16Þ

hdJ1
dτ

i ¼ ðΩH −ΩÞCV; ð4:17Þ

hdA1

dτ
i ¼ ðdm1 −ΩHdJ1Þ

dτ
8π

κ
¼−8π

κ
ðΩH −ΩÞ2CV; ð4:18Þ

where ΩH ¼ χ1=½2m1ð1þ κ1Þ� is the horizon angular
velocity of the primary BH, A1 ¼ 8πm2

1ð1þ κÞ is the
horizon-surface area, and

CV ¼ −
16

5
m2

1X
2
1η

2ð1þ κ1ÞV12

�
1þ 3χ21 þ V2

�
−3þ X1 −

51

4
χ21 þ 3X1χ

2
1

�

þ V3

�
−X1χ1

3
ð64þ 60κ1 þ 33χ21 þ 36κ1χ

2
1Þ −

3

2
X2ð4þ 7χ21Þχ2 − 8X1ð1þ χ21ÞB2ðχ1Þ

��
: ð4:19Þ

FIG. 1. A graphic illustrating a parallel-spin–quasicircular
binary with two BHs with masses m1 and m2, and spins J1
and J2. The spin vectors are orthogonal to the orbital plane. The
image is drawn in the comoving frame of BH with mass m1, with
n̂ being the unit vector pointing toward the other BH (m2, J2) and
v̂ being the unit vector along the other BH’s velocity. Ω is the
angular velocity of the other BH and hence of the tidal fields in
this frame. τ is the proper time of mass m1.
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The contributions to the definition of mass and angular
momentum due to the conservative tidal coefficients as
seen in Eqs. (4.8) and (4.9) were removed upon averaging
over an orbit. They will also not contribute in a scattering
scenario provided we can set the tidal fields to zero along
the worldlines of the particle asymptotically (in the distant
past and future).
However, the results in Eqs. (4.16), (4.17), and (4.18) are

written in terms of gauge-dependent quantities, namely r
(which enters through V) that is the separation between the
two bodies in harmonic coordinates. Furthermore, it is
written in the frame of the primary BH as opposed to the
more convenient PN barycentric frame (which coincides
with the primary BH frame in the test-body limit for the
secondary BH). Thus, before comparison, we convert the
results to the PN barycentric frame using the relations

V ¼ x

�
1þ 1

6
ð3 − ηÞx2 þ 1

6
χ̃x3 þOðx4Þ

�
; ð4:20Þ

t ¼ τ

�
1þ 1

2
ð2X1 þ 3X2ÞX2x2 þOðx4Þ

�
; ð4:21Þ

where x ¼ ðMωorbÞ1=3 with ωorb is the orbital angular
velocity, which is the gauge invariant PN expansion
parameter and χ̃¼ð2X2

1þ3ηÞχ1þð3ηþ2X2
2Þχ2. t is the

PN barycentric time, and its relation to the proper time of
the primary BH τ is given in Eq. (4.21). These expressions
have been taken from Eqs. (39) and (40) in Ref. [23]. Then,
the expressions in Eqs. (4.16)–(4.18) can be rewritten in
the PN barycentric frame as an expansion in the gauge
invariant parameter x as



dm1

dt

�
¼ ΩðΩH −ΩÞCx; ð4:22Þ



dJ1
dt

�
¼ ðΩH − ΩÞCx; ð4:23Þ



dA
dt

�
¼ ðdm1 − ΩHdJ1Þ

dt
8π

κ
¼ −8π

κ
ðΩH −ΩÞ2Cx;

ð4:24Þ

where

Cx ¼ −
16

5
M2X2

1η
2ð1þ κ1Þx12

�
1þ 3χ21 þ

1

4
½3ð2þ χ21Þ þ 2X1ð1þ 3χ21Þð2þ 3X1Þ�x2

þ x3
�
1

2
ð−4þ 3χ21Þχ2 − 2X1ð1þ 3χ21ÞðX1ðχ1 þ χ2Þ þ 4B2ðχ1ÞÞ

þ X1

�
−
2

3
ð23þ 30κ1Þχ1 þ ð7 − 12κ1Þχ31 þ 4χ2 þ

9χ21χ2
2

���
; ð4:25Þ

which can now be conveniently compared with the expressions for the same quantities given in Eq. (45) of Ref. [23].
We find that our expression for Cx for generic-mass ratios is consistent with the result [23] to next-to-leading order (NLO)
(to x14) but not at next-to-next-to-leading order (NNLO) (at x15). An important visible difference is that we have no
π2-containing terms at NNLO. However, as we will see in the next subsection, it is consistent in the test-body limit with
earlier results computed by solving the Teukolsky equation for the curvature perturbation sourced by a test-body moving in
a circular orbit around a spinning BH up to relative 1.5PN order (x15).

B. The test-body limit for circular orbits with parallel spins

In the special case where the other BH with mass m2 becomes a test particle, we only evaluate the quantities to leading
order in X2, the mass ratio of the other particle. This is equivalent to simply setting X1 ¼ 1, X2 → 0, and thusM ¼ m1 → ∞
such that MX2 ¼ m2 remains constant. Then the result simplifies to

dm1

dt
¼ F∞

�
−
x5

4
ðχ1 þ 3χ31Þ − x7

�
χ1 þ

33

16
χ31

�
þ x8

12
½6þ 70χ21 − 3χ41 þ 6κ1ð1þ 13χ21 þ 6χ41Þ þ 24ðχ1 þ 3χ31ÞB2ðχ1Þ�

�
;

where F∞ ¼ 32

5

�
m2

M

�
2

x10 and Ω
dJ1
dt

¼ dm1

dt
; ð4:26Þ

which is consistent with the results obtained via BH perturbation theory for the case of a tiny test particle orbiting a
spinning BH in Refs. [22]. This result has been produced by solving the Teukolsky equation for a perturbation sourced
by a tiny nonspinning BH (Mext) around a large spinning BH M and computing the energy flux down the horizon. This
result has also been reproduced in Ref. [57], and the method has been employed to push the results for flux to infinity
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and horizon fluxes to a very high PN order in the test-
body limit (see Refs. [57–59]). It is thus reassuring that
our expression for mass loss matches with this in the
appropriate limits, suggesting that our effective worldline
picture is suitable for the purpose of modeling horizon-
related dissipation in spinning BHs.

V. EFFECT OF HORIZON FLUXES ON THE
WAVEFORM FOR CIRCULAR ORBITS

A simple way to derive the contribution to the waveform
phase from horizon fluxes for parallel-spin–quasicircular
inspiral in the adiabatic limit is via the stationary-phase
approximation (SPA) [60–62]. This was used to incorporate
the effect of the leading-order rate of the change of mass (at
2.5PN) in the waveform in the appendix of Ref. [29] and to
4PN in Ref. [63], albeit the horizon fluxes used in Ref. [63]
(which were taken from Ref. [31]) are only accurate to
leading order and the contribution due to the changing mass
in the expression for binding energy was not taken into
account [see Eq. (5.4)]. Here, we use the same method (i.e.,
SPA) and extend the computation completely to 4PN order,
while including all relevant effects due to the changing
mass and spin and compute the phase contribution to the
waveform due to horizon fluxes. We use x as the gauge-
invariant–PN-counting parameter to relative 1.5PN (and
absolute 4PN) order. We start from the relation

x ¼ ðMωorbÞ13 ¼
�
M

dϕ
dt

�1
3

; ð5:1Þ

where ϕ is the orbital phase and M ¼ m1 þm2 is the total
mass of the system. The binding energy E of the system is
given to 1.5PN order10 (see, e.g., Ref. [29]) as

E ¼ −
Mηx2

2

�
1þ x2

�
−3
4

−
η

12

�

þ x3
�
8δχa
3

þ
�
8

3
−
4η

3

�
χs

��
; ð5:2Þ

where δ¼ðm1−m2Þ=M, η¼m1m2=M2, χa ¼ ðχ1 − χ2Þ=2,
χs ¼ ðχ1 þ χ2Þ=2. Now, we use the energy balance law
valid for circular orbits given by

_E ¼ −F∞ − _M; ð5:3Þ

where F∞ is the energy flux to infinity and the overdot
represents the derivative with respect to time. For non-
circular orbits, one may have to include additional Schott
terms [64]. Now, we see from Eq. (5.2) that E is a function

of x, the masses m1, m2, and the spins χ1, χ2, and thus we
can write

_E ¼ ∂E
∂x

_xþ ∂E
∂m1

_m1 þ
∂E
∂m2

_m2 þ
∂E
∂χ1

_χ1 þ
∂E
∂χ2

_χ2; ð5:4Þ

which, along with the balance relation, yields

_x ¼ −
�
∂E
∂x

�
−1
ðF∞ þ _M þ _m1∂m1

Eþ _m2∂m2
E

þ _χ1∂χ1Eþ _χ2∂χ2EÞ; ð5:5Þ
where we can drop the terms arising from the spin
dependence as they do not contribute until relative
2.5PN order in horizon fluxes. Similarly, we can substitute
the leading-order formula for E in partial derivatives with
respect to m1 and m2 and only substitute the flux to infinity
up to 1.5PN relative order to get

_x ¼ −
�
∂E
∂x

�
−1
�
F 1.5PN

∞ þ _M −
x2

2M2
ðm2

2 _m1 þm2
1 _m2Þ

�
:

ð5:6Þ
The flux to infinity up to 1.5PN order can be found in
Ref. [29]. We can then invert this expression and integrate
to compute the time function tðxÞ and orbital phase ϕðxÞ as

δtðxÞ ¼
Z

1

_x
dx;

Z
dϕ
dt

dt ¼
Z

x3

M
dt
dx

dx ¼ ϕðxÞ: ð5:7Þ

Then, the orbital phase function ϕðxÞ and the time function
tðxÞ can be related to the waveform phase ψ , in Fourier
domain for any spherical mode m, via the relation [62]

ψ lmðfÞ ¼ 2πftf −mϕðtfÞ −
π

4
; ð5:8Þ

where f is the Fourier variable (frequency) and tf corre-
sponds to the time when the instantaneous GW frequency
coincides with f, i.e.,

dmϕ

dt
ðtfÞ ¼ 2πf ⇒ xðtfÞ ¼ v ¼

�
2πMf
m

�1
3

: ð5:9Þ

ψ lmðfÞ is a useful quantity directly relevant for detectors,
and we provide its correction due to the horizon fluxes
explicitly as

δψ lmðfÞ¼
3

128ηv5
m
2

�X8
n¼5

δψ ðPNÞ
n vnþ

X8
n¼5

δψ ðPNÞ
nðlÞ v

n logðvÞ
�
;

ð5:10Þ

v ¼
�
2πMf
m

�1
3

; ð5:11Þ

10It is sufficient for us to include the expression for the binding
energy to 1.5PN order as we are only interested in computing the
waveform phase contribution due to horizon fluxes which were
derived in this work to relative 1.5PN order.
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where δψ lmðfÞ is the correction to ψ lmðfÞ due to horizon fluxes with coefficients δψ ðPNÞ
n and δψ ðPNÞ

nðlÞ starting from 2.5PN

(n ¼ 5) and up to 4PN (n ¼ 8) given by

δψ ðPNÞ
5 ¼ −

10

9
½ð1 − 3ηÞχsð1þ 9χ2a þ 3χ2sÞ þ δð1 − ηÞχað1þ 3χ2a þ 9χ2sÞ�; ð5:12Þ

δψ ðPNÞ
5ðlÞ ¼ 3δψ ðPNÞ

5 ; ð5:13Þ

δψ ðPNÞ
7 ¼ 5

168
fδχa½−1667 − 4371χ2a − 13113χ2s þ 616η2ð1þ 3χ2a þ 9χ2sÞ þ 5ηð311þ 807χ2a þ 2421χ2sÞ�

þ χs½840η2ð9χ2a þ 3χ2s þ 1Þ þ ηð38331χ2a þ 12777χ2s þ 4889Þ − 13113χ2a − 4371χ2s − 1667�g; ð5:14Þ

δψ ðPNÞ
7ðlÞ ¼ 0; ð5:15Þ

and

δψ ðPNÞ
8 ¼ δψ ðPNÞ;a

8 þ δψ ðPNÞ;b
8 þ δψ ðPNÞ;c

8 ; ð5:16Þ

δψ ðPNÞ
8ðlÞ ¼ −3δψ ðPNÞ

8 ; ð5:17Þ

with

δψ ðPNÞ;a
8 ¼ −

5

27
f144πδðη − 1Þχ3a þ 48πδðη − 1Þχa þ 3ð278η2 − 370ηþ 75Þχ4a þ ð−36η2 þ 213η − 67Þχ2a

þ χs½−12δðη2 þ 190η − 75Þχ3a þ 2δð10η2 þ 124η − 67Þχa þ 432πð3η − 1Þχ2a þ 48πð3η − 1Þ�
þ χ2s ½432πδðη − 1Þχa þ 90ð36η2 − 62ηþ 15Þχ2a − 172η2 þ 303η − 67� þ 3ð82η2 − 250ηþ 75Þχ4s
þ χ3s ½12δð21η2 − 130ηþ 75Þχa þ 144πð3η − 1Þ� − 12ð2η2 − 4ηþ 1Þg; ð5:18Þ

δψ ðPNÞ;b
8 ¼ −

20

9
f½δð2η − 1Þκa þ ð−1 − 2η2 þ 4ηÞκs�½1þ 6χ4a þ 13χ2s þ 6χ4s þ χ2að13þ 36χ2sÞ�

− 2½κað1 − 4ηþ 2η2Þ þ δð1 − 2ηÞκs�χaχs½13þ 12ðχ2a þ χ2sÞ�g; ð5:19Þ

δψ ðPNÞ;c
8 ¼ 80

9
fB2;s½ð2η2 − 4ηþ 1Þχsð9χ2a þ 3χ2s þ 1Þ − δð2η − 1Þχað3χ2a þ 9χ2s þ 1Þ�

þ B2;a½3ð2η2 − 4ηþ 1Þχ3a þ 9δð1 − 2ηÞχ2aχs þ ð2η2 − 4ηþ 1Þχað9χ2s þ 1Þ − δð2η − 1Þχsð3χ2s þ 1Þ�g; ð5:20Þ

where we have defined κs¼ðκ1þκ2Þ=2, κa ¼ ðκ1 − κ2Þ=2,
and B2;s¼½B2ðχ1ÞþB2ðχ2Þ�=2, B2;a¼½B2ðχ1Þ−B2ðχ2Þ�=2
for convenience. Note that the 2.5PN and 3.5PN correc-
tions vanish for the spinless case which is consistent with
the fact that horizon fluxes only start at 4PN for non-
spinning BHs (and 2.5PN for the spinning case). We also
find that the 4PN correction to the waveform phase contains
functions that are nonpolynomial in the spin parameters
through κ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
and B2 ¼ Im½PolyGammað0; 3þ

i2χ=κÞ�, as expected from the expression for the horizon
energy fluxes (or rate of change of masses) in Eq. (4.22) at
relative 1.5PN order. The Fourier phase solely due to the
flux to infinity (i.e., neglecting horizon fluxes) to 3.5PN
can be found in Eq. (7) and Appendix in Ref. [65].

The correction to the Fourier phase δψ lmðfÞ can now be
conveniently incorporated in waveform models to include
the effect of horizon fluxes to next-to-next-to-leading order
(up to 1.5PN relative, or 4PN absolute) during inspiral for
quasicircular aligned-spin binaries.
To get a qualitative idea of the relevance of horizon

fluxes to the waveform, we can look at the correction to the
orbital phase ϕðxÞ and compute how many additional (or
fewer) orbital cycles occur, as a result of the inclusion
of those effects, for some specific choices of the initial
masses of the BHs. We consider first the case of two
initially equal-mass m1 ¼ m2 ¼ 10M⊙ and equal-aligned-
spin χ1 ¼ χ2 ¼ χ BHs, and second the case for a binary
consisting of a nonspinning 1.4M⊙ neutron star and a
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10M⊙ BH with spin parameter χ. In the latter case, only
the BH’s horizon-flux contribution is considered, and the
neutron star is treated as a structureless particle. We
then compute the additional (or fewer) number of
cycles due to horizon flux(es) starting from the minimum
lower frequency of the bandwidth of LVK detectors,
ω ¼ π × 10 Hz11 to that of the ISCO ω ¼ ωISCO ¼
1=ð63

2MÞ Hz (in Schwarzschild), which generally is a
good approximation of the binary’s merger frequency.
We use the formula

N GW ¼ δϕ½x ¼ ðMωISCOÞ13� − δϕ½x ¼ ðMπ × 10 HzÞ13�
π

;

ð5:21Þ

where the correction to the orbital phase function due to
horizon fluxes is obtained as shown in Eq. (5.7). We list the
results obtained for the aforementioned special cases in
Tables I and II. In Table I, we also list the contribution to
the number of cycles due to the flux to infinity up to 3.5PN

(but with only nonspinning contributions to flux to infinity
at 3PN and 3.5PN) using the expressions for fluxes and
binding energy from Ref. [29]. This is to facilitate
comparison and get a qualitative understanding of the
relevance of the horizon flux to the waveforms. Similar
tables with flux-to-infinity contributions can be found for
example in Refs. [66,67]. There are slight numerical
differences between Table I here and the tables in these
works because the final result is very sensitive to the
precision used for the mass of the Sun and the gravitational
constant. As clearly evident from the table, the contribution
to the number of cycles from horizon fluxes (boxed terms
in the table) is quite small when compared to the usual
contributions from the flux to infinity even at the same
PN order, although it is better for larger mass ratios. This
is due to the (relatively) small numerical value of the
coefficients in the horizon fluxes when compared with
analogous terms in the fluxes to infinity when the masses
are equal. This feature of a small contribution due to the
horizon fluxes has already been pointed out in Ref. [31] but
it was obtained using an expression for the horizon fluxes
that is only correct at leading order. This fact (relative
smallness of horizon flux contributions) does not change

TABLE I. Number of orbital cycles as the frequency (f) of the gravitational wave increases from f ¼ 10 Hz to the
frequency at the innermost stable circular orbit (ISCO) fISCO ¼ 1=ð63=2MπÞ Hz for equal masses (10M⊙) and equal
aligned (to orbital angular momentum) spins. Recall that κ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − χ2

p
. Here, B2 ¼ PolyGammað0; 3þ 2iχ=κÞ lies

between 0 (at χ ¼ 0) and π=2 (at χ ¼ 1). The terms in boxes are contributions from horizon fluxes, and the
remaining terms come from the flux to infinity, written here for comparison.

PN ð10þ 10ÞM⊙, equal aligned spins χ1 ¼ χ2 ¼ χ

0 603.6
1 59.4
1.5 −51.4þ 32χ
2 4.1 − 4.4χ2

2.5 −7.1þ 11.3χ þ 10−312.8ð1þ 3χ2Þχ
3 2.2 − 6.5χ − 0.64χ2

3.5 −0.8þ 3.6χ þ 1.3χ2 − 0.4χ3 þ 10−3ð8.4þ 22χ2Þχ
4 10−3½−0.3ð1þ κÞ − ð6.7þ 1.1B2Þχð1þ 3χ2Þ − ð0.4þ 3.5κÞχ2 þ ð9.5 − 1.6κÞχ4�

TABLE II. Number of orbital cycles as the frequency increases from f ¼ 10 Hz to the frequency at the ISCO
fISCO ¼ 1=ð63=2MπÞ Hz for a binary composed of a nonspinning 1.4M⊙ neutron star (NS) and a 10M⊙ BH with
spin parameter χ. Any contributions due to the internal structure of the NS have not been included.

PN (10þ 1.4) M⊙, (BH-NS), χ1 ¼ χ, χ2 ¼ 0

0 3587.6
1 213.5
1.5 −181.5þ 126.2χ
2 9.8 − 13.5χ2

2.5 −20.0þ 36.8χ þ 10−29.4ð1þ 3χ2Þχ
3 2.3 − 18.6χ − 0.5χ2

3.5 −1.8þ 10.5χ þ 3.1χ2 − χ3 þ 10−2ð5.9þ 15.4χ2Þχ
4 10−2½−0.3ð1þ κÞ − ð4.3þ 1.2B2Þχð1þ 3χ2Þ − ð1.7þ 3.9κÞχ2 þ ð5.6 − 1.8κÞχ4�

11Note that we are working in units where G ¼ c ¼ 1.
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much for other configurations of spins and masses either, at
least for the frequency band of LVK detectors. Although
the effect of the horizon flux on the waveform phase is
small, they would need to be included when building highly
accurate waveform models for next generation detectors on
the ground and in space.

VI. CONCLUSION

In this work, we set out to tackle the problem of
including horizon-related dissipation effects in spinning
BHs in an effective worldline theory, which is an important
physical effect to include in precision GW predictions for
future detectors. For that purpose, we wrote down an
effective action with additional multipolar moment degrees
of freedom which couple directly with tidal fields in the
action and are tidally induced by them in accordance with
the symmetries of a Kerr BH, namely axisymmetry and
parity invariance. We fixed the remaining freedom in the
ansatz relating the tidal fields to the multipole moments
by considering a scattering scenario wherein GWs were
scattered off the effective particle and the degree of
absorption was compared with that obtained from the
full theory by solving the Teukolsky equation. A crucial
ingredient in being able to fix the complete dissipative
part of the ansatz through this method was to impose upon
the effective theory the requirement that the scattering be
independent for different spheroidal modes of the Weyl
scalar ψ4, which follows from the separability of the
Teukolsky equation in the full theory in spheroidal har-
monics with spin weight −2. Having fixed the relevant part
(for horizon-related dissipation) of the ansatz in this way,
we used the model to compute the orbit averaged variation
in mass and spin due to horizon fluxes to relative 1.5PN
order for a binary in circular orbit with parallel spins. The
mass and spin rate of change derived using our effective
model is consistent with the results obtained in the test-
body limit in Ref. [22] to relative 1.5PN order, and with
Ref. [23] for generic mass ratios up to relative 1PN order
and at leading order with the generic mass ratio results in
Refs. [24–28,31]. Importantly, we haveweighed in one side
(specifically on the side of Ref. [22]) in the previous
discrepancy in the expression for evolution of mass in a
binary in the literature between Refs. [22,23]. While the
source of the earlier discrepancy is still unclear and remains
to be settled, our approach suggests that it may have
something to do with including the effect of octupolar tidal
fields in the evolution of mass and spin.
Having consistently modeled the horizon-related dissi-

pation and the associated changes in mass, spin, and area of
the horizon in this manner, we then proceeded to compute
the contribution to the phasing of the waveform due to
the relative 1.5PN horizon fluxes, which is relevant to the
waveform at 4PN with respect to that of the leading-order
quadrupolar flux to infinity. This was done using the SPA

valid in the adiabatic quasicircular regime of interest
during inspiral. We found that a qualitative measure of
the contribution of the horizon fluxes, i.e., the number of
cycles in the waveform as the frequency evolves from
10 Hz to fISCO, is very small (2 to 3 orders of magnitude)
compared to other contributions arising from the GW
energy flux to infinity at the same PN orders for typical
masses observed by LIGO-Virgo-KAGRA detectors.
An interesting future direction will be to use the model to

derive the contribution to the waveform phasing without
relying on the stationary-phase approximation to get a
result valid outside of the adiabatic regime. This can be
done for example by deriving the radiation-reaction forces
due to the tidally induced moments obtained from first
principles instead of relying on balance arguments. It is also
of interest to consider how these results, namely the
variation in mass and spin and the contribution to waveform
phasing are affected in the presence of eccentricity or
nonparallel spins. It may also be of interest to study
possible resummations for the evolution equations of mass
and spin and their contribution to the waveform phase
along the lines of Refs. [18–20], now aided by an
expression valid at higher (relative 1.5) PN orders for
generic mass ratios. Finally, the approach used for model-
ing the particle in this work may be extended to generic
compact bodies wherein the changes in mass and spin
may occur due to tidal heating, e.g., in a viscous fluid.
Parametrizing the changes in mass, spin, and the sub-
sequent contribution to waveform phasing for generic
bodies could be very useful for testing the predictions of
general relativity, and more specifically in the search for
exotic compact bodies using next-generation GW detectors.
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APPENDIX: SCALAR FIELD SCATTERING IN
EFFECTIVE WORLDLINE THEORY INCLUDING

LEADING-ORDER TAIL EFFECTS

In the main text, we mentioned that the leading-order tail
effect, due to the scattering of GWs off the particle’s
gravitational field, leads to a factor of ð1þ 2ϵπÞ multiply-
ing the leading-order degree of absorption. This is seen
clearly in the Teukolsky solution given in Eq. (3.32), but
not in the one derived using effective worldline theory in
Eq. (3.27) since we only solved the scattering problem in
flat space. We suggested that this can be reproduced in the
effective theory as well by including the effect of leading-
order nonlinearities due to the gravitational field of the
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particle while solving the wave equation but did not prove
it. Here, we show this explicitly in the case of a scalar field
scattering off a spinless BH. In particular, we consider the
scattering of the monopole mode l ¼ m ¼ 0 to Oðϵ4Þ and
show that an identical factor of ð1þ 2ϵπÞ multiplies the
leading-order degree of absorption for this mode when the
leading-order tail effects are included.
In the effective theory, we model the spinless BH as a

particle with mass m with an inducible monopole moment
mϕðτÞ in the presence of an external scalar field. We write
an effective worldline action including a tidal scalar
monopole moment as

S ¼ −
Z

dτðm − KQmϕðτÞϕÞ

−
Kϕ

2

Z
dtd3x⃗

ffiffiffiffiffiffi
−g

p
gαβ∇αϕ∇βϕ

þ 1

16πG

Z
d4x

ffiffiffiffiffiffi
−g

p
R; ðA1Þ

which is identical to the action used in Ref. [47] except
we have restricted it to just including a monopole moment
for simplicity.
Spherical symmetry ensures that the scalar monopole

moment can be induced only by a scalar monopole mode.
Since we are only interested in dissipative effects, we can
write a general ansatz for the moment simply as

mϕðτÞ ¼ GMKϕ

X∞
n¼0

ðGMÞnνn
d2nþ1ϕ

dτ2nþ1
: ðA2Þ

The particle sources a static gravitational field given at
linear order in G in the rest frame as

h00 ¼ −4
GM
r

; h0i ¼ hij ¼ 0; ðA3Þ

hμν ¼ ffiffiffiffiffiffi
−g

p
gμν − ημν; ðA4Þ

which will affect the behavior of the scalar field through the
Klein-Gordon equation. The scalar field obeys the Klein-
Gordon equation in curved spacetime, which to linear order
in G with the above metric perturbation is given by

□ϕ ¼ −ϕ̈þ∇2ϕ ¼ 4GM
r

ϕ̈þ KQ

Kϕ
mϕðτÞδð3Þðr⃗Þ; ðA5Þ

⇒ ω2ϕþ∇2ϕ ¼ −
4ϵω

r
ϕþ KQ

Kϕ
mϕðτÞδð3Þðr⃗Þ; ðA6Þ

in the rest frame of the particle. Here we have dropped
divergent terms arising from the expansion of ð ffiffiffiffiffiffi−gp − 1Þ ×
δð3Þðx⃗Þ in the Klein-Gordon equation. Such terms can
also be shown to cancel among themselves perturbatively
but it is not relevant to our purpose. We have also restricted
our attention to a single frequency mode of the wave;
i.e., we set ϕ ∼ expð−iωtÞψðr⃗Þ. Now, we can expand the
scalar field as

ϕ ¼ ϕð0Þ þ ϵϕð1Þ; ðA7Þ

ϕð0Þ ¼ Cout
exp½−iωðt − rÞ�

ωr
þ Cin

exp½−iωðtþ rÞ�
ωr

¼ Creg
sinðωrÞ
ωr

þ Cirr
cosðωrÞ

ωr
; ðA8Þ

□ϕð0Þ ¼ mϕðτÞδð3Þðr⃗Þ; ðA9Þ

where ϕð0Þ is the leading-order flat spacetime solution and
ϕð1Þ is the leading-order correction due to gravitational
interaction. We have split ϕð0Þ into incoming (Cin) and
outgoing modes (Cout), and into regular (Creg) and irregular
(Cirr) modes. The regular mode is the homogeneous part of
the flat spacetime wave equation and the irregular part is the
particular solution obtained from the source with the time-
symmetric propagator. We can perturbatively write down
an equation for ϕð1Þ as

□ϕð1Þ ¼ −
4ω

r
ϕð0Þ þOðϵ2Þ: ðA10Þ

Solving this in general is difficult, but we only need to
understand the asymptotic behavior far away of ϕð1Þ and its
behavior at origin (location of the particle). This is because
the asymptotic behavior dictates the form of the wave as
measured by a distant observer who can then measure the
degree of absorption from that, and the value at origin
perturbs the strength of the induced monopole moment
through the ansatz.
The general solution can be written as

ϕð1Þ ¼ ω

2π

Z
d3r⃗ 0

�
ϕð0Þðt− jr⃗ 0− r⃗j;r⃗ 0Þ

r0jr⃗− r⃗ 0j þϕð0Þðtþjr⃗ 0− r⃗j;r⃗ 0Þ
r0jr⃗− r⃗ 0j

�
;

ðA11Þ

where we are using the time-symmetric propagator for
consistency (as the irregular part of the leading-order
solution contains both incoming and outgoing modes)
and convenience. We can now derive its asymptotic
behavior as
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lim
r→∞

ϵϕð1Þ ¼ ϵω

2πr

Z
d3r⃗0

�
ϕð0Þðt − rþ r̂ · r⃗0Þ

r0
þ ϕð0Þðtþ r − r̂ · r⃗0Þ

r0

�
ðA12Þ

¼ 4ϵ expð−iωtÞ cosðωrÞ
ωr

�
Cirr

Z
∞

0

dρ
cosðρÞ sinðρÞ

ρ
þ iCreg

Z
∞

0

dρ
sin2ðρÞ

ρ

�
ðA13Þ

¼ expð−iωtÞ cosðωrÞ
ωr

�
πϵCirr þ 4ϵiCreg

Z
∞

0

dρ
sin2ðρÞ

ρ

�
; ðA14Þ

where the second integral next to Creg which comes from
the scattering of the homogenous solution off the static
gravitational field of the particle is divergent but also does
not contribute to absorption due to the i in front of it. Thus,
we can ignore it. The remaining part has the familiar πϵ
factor in front of it. Thus dropping the irrelevant part, we
can write the total field asymptotically as

lim
r→∞

ϕ ¼ lim
r→∞

½ϕð0Þ þ ϵϕð1Þ�

¼ Creg
sinðωrÞ
ωr

þ Cirrð1þ ϵπÞ cosðωrÞ
ωr

: ðA15Þ

Now, before deriving the degree of absorption, we need to
find the relation between Creg and Cirr through the induced
monopole moment. The strength of the induced monopole
moment depends on the value of the field at origin, and thus
we also need to understand how the value of the field at
origin is affected due to gravitational interaction. We will
only use the regular part of the wave for computing the
value of the field at origin since it is the input which induces
the moment. Also, we are only interested in linear tidal
effects in this work.
At origin, we have

lim
r→0

ϵϕð1Þ ¼ ϵω

2π

Z
d3r⃗0

�
ϕð0Þ
regðt − r0; r⃗0Þ

ðr0Þ2 þ ϕð0Þ
regðtþ r0; r⃗0Þ

ðr0Þ2
�

ðA16Þ

¼ 4ϵ expð−iωtÞ
�
Creg

Z
∞

0

dρ
cosðρÞ sinðρÞ

ρ

�

ðA17Þ

¼ expð−iωtÞπϵCreg: ðA18Þ

Thus, we have for the total regular part of the field

lim
r→0

ϕð0Þ
reg ¼ ð1þ ϵπÞCreg expð−iωtÞ; ðA19Þ

which as claimed in the main text brings in another factor of
ϵπ. We can now compute the induced monopole moment as

mϕðtÞ¼−KϕGMexpð−iωtÞð1þϵπÞiCreg

X∞
n¼0

νnð−1Þnϵ2nþ1:

ðA20Þ

Finally, we can now use the leading-order wave equation to
solve for the relation between the regular and irregular
coefficients as

□ϕð0Þ ¼ 4π

ω
δð3Þðr⃗ÞCirr ¼

KQ

Kϕ
mϕðtÞδð3Þðr⃗Þ; ðA21Þ

⇒ Cirr ¼
KQ

Kϕ
mϕðtÞ

ω

4π

¼ −ð1þ ϵπÞKQ

4π
iCregϵ

2
X∞
n¼0

νnð−1Þnϵ2n; ðA22Þ

which we can now substitute in Eq. (A15) to get

lim
r→∞

ϕ ¼ sinðωrÞ
ωr

Creg −
cosðωrÞ

ωr
ð1þ ϵπÞ2KQ

4π
iCregϵ

2

×
X∞
n¼0

νnð−1Þnϵ2n ðA23Þ

¼ sinðωrÞ
ωr

Creg þ
cosðωrÞ

ωr
Ceff
irr : ðA24Þ

Note the factor of ð1þ ϵπÞ2 ¼ ½1þ 2ϵπ þOðϵ2Þ� modi-
fying the effective values of the irregular part (Ceff

irr ) of the
wave far away from the source. This in turn modifies the
coefficients next to the incoming and outgoing parts of
the wave as well, changing the degree of absorption and
the scattering phase. The degree of absorption can now be
obtained as

1−
				C

eff
out

Ceff
in

				 ¼ 1−
				Creg þ iCeff

irr

Creg − iCeff
irr

				
¼ 1−

				 1þ ð1þ 2ϵπÞK̂Qϵ
2
P∞

n¼0 νnðiϵÞ2n
1 − ð1 − 2ϵπÞK̂Qϵ

2
P∞

n¼0 νnðiϵÞ2n
				;
ðA25Þ
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where Ceff
in=out are the coefficients next to the incoming/

outgoing parts of the complete solution at asymptotic
infinity. We have also defined K̂Q ¼ KQ=ð4πÞ. Note that
in the absence of tail corrections, there are no odd powers
of ϵ in the degree of absorption for a spinless BH. Now,
expanding this in ϵ, we get

1−
				C

eff
out

Ceff
in

				 ¼ −2K̂Qϵ
2ð1þ 2ϵπÞ þOðϵ4Þ; ðA26Þ

where we have truncated our expression to next-to-leading
order since we only included leading-order tail effects in
this analysis. Here, we see explicitly that the leading-order
tail effect, arising from the scattering of the wave off
the static gravitational field of the particle modifies the

leading-order degree of absorption by a factor of ð1þ 2ϵπÞ.
Crucially, this introduces odd powers of ϵ as well which
the effective theory cannot otherwise reproduce. We have
checked it against the same result obtained in the real
theory by solving the Klein-Gordon equation in the vicinity
of a real BH with incoming boundary conditions at the
horizon and obtained

8ϵ2ð1þ 2πϵÞ þOðϵ4Þ ðA27Þ

as the degree of absorption for the monopole mode of a
scalar wave. Note that this has a form identical to that
obtained from the effective theory when leading-order tail
effects are included, thus proving our claim in the main text
for the special case of monopolar scalar-field scattering.
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